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On a bottom layer in a group

We consider the problem of recognizing a group by its bottom layer. This problem is solved in the class
of layer-finite groups. A group is layer-finite if it has a finite number of elements of every order. This
concept was first introduced by S. N. Chernikov. It appeared in connection with the study of infinite locally
finite p-groups in the case when the center of the group has a finite index. S. N. Chernikov described the
structure of an arbitrary group in which there are only finite elements of each order and introduced the
concept of layer-finite groups in 1948. Bottom layer of the group G is a set of its elements of prime order.
If have information about the bottom layer of a group we can receive results about its recognizability by
bottom layer. The paper presents the examples of groups that are recognizable, almost recognizable and
unrecognizable by its bottom layer under additional conditions.
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Introduction

Every direct product of finite groups, having for each prime number p only a finite number of factors
with orders divisible by p, is a periodic group with a finite set of elements of each order. The direct
product of quasi-cyclic p-groups containing only a finite number of factors of this type for each p has
the same property. Each direct product of a group of the first kind and a group of the second kind has
the same property. However, the last products do not exhaust all periodic groups possessing a finite
set of elements of each order. Groups with a finite set of elements of each order are called layer-finite,
and a layer is called a set of elements of the same order.

This concept was first introduced by S. N. Chernikov. It appeared in connection with the study
of infinite locally finite p-groups in the case when the center of the group has a finite index in it.
S. N. Chernikov in 1948 described the structure of an arbitrary group in which there are an finite
number of elements of each order, and in this work the term layer-finite groups appeared. The main
result describing the structure of layer-finite groups was obtained by S. N. Chernikov also in 1948. It
says that a group is then and only then layer-finite when it can be represented as the product of two
elementwise permutation subgroups, of which the first is a layer-finite complete Abelian group, and
the second is a layer-finite group with finite Sylow subgroups. The bottom layer of the group G is the
set of its elements of prime orders. In this work we will recognize the group by its bottom layer under
additional conditions. It will be convenient for us to do this in the class of layer-finite groups.

For the convenience of reading the article, the last section contains well-known results that we
referred to in the proof of the theorems as proposition with the corresponding number.

Main part

A group G is called recognizable by the bottom layer under additional conditions if it is uniquely
reconstructed by the bottom layer under these conditions. A group G is said to be almost recognizable by
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its bottom layer under additional conditions if there are finitely many pairwise non-isomorphic groups
with the same bottom layer the same as in the group G under these conditions. A group G is called
unrecognizable by the bottom layer under additional conditions if there is an infinite number of pairwise
non-isomorphic groups with the same bottom layer as in the group G under these conditions.

Recall that the set of elements of prime order in a group is called its bottom layer.

Among the results on recognizability by the bottom layer, we can name those that describe the
entire structure of the group by its bottom layer. For example: if the bottom layer of an infinite group
consists of elements of order 2 and the group does not have non-identity elements of other orders, then
G is an infinite elementary Abelian 2-group. That is, the group under such conditions is recognizable
by the bottom layer.

V. P. Shunkov proved that if the bottom layer in an infinite layer-finite group consists of one element
of order 2, then the group is either quasi-cyclic or an infinite generalized group of quaternions [1]. In
this example, groups are almost recognizable by the bottom layer.

The following series of groups gives an example of unrecognizability by the bottom layer: in groups
Cpoo X Cy, Cpoo X Cp2, Cpoo X Cs, . .. the same bottom layer consisting of the p — 1 element of order p
and the ¢ — 1 element of order q.

If the set of orders of elements of the bottom layer of an infinite group is small in terms of the
number of its constituent numbers, but not in magnitude, then such examples of groups are quite
rare. According to the figurative expression of Yu. I. Merzlyakov, they are comparable with "samples
of lunar soil". Such examples include monsters of A. Yu. Olshansky [2]. Olshansky groups, as well
as direct products of cyclic groups of prime order, are examples of groups without a single element
coinciding with their bottom layer.

N. D. Gupta and V. D. Mazurov proved that for the group G, which, without a unit element,
coincides with its bottom layer consisting of elements of orders 3, 5, one of the statements is true:
1) G = FT; where F is a normal 5-subgroup of nilpotent class at most two and |T| = 3; 2) G
contains a normal 3-subgroups T' of nilpotent class at most three such that G/T is a 5-group [3]. In the
same work, it was shown that a group that, without a unit element, coincides with its bottom layer
consisting of elements of orders 2, 5, either contains an elementary Abelian 5-subgroup of index 2, or
an elementary Abelian normal Sylow 2-subgroup |[3].

Sometimes you can restore a group by the bottom layer of a group, sometimes you can say something
about the properties of such a group. Among the results of the first type, we can name those that
describe the entire structure of the group by its bottom layer, for example: if the bottom layer consists
of elements of orders 2, 3, 5 and the group does not have non-identity elements of other orders,
then A. S. Kondratiev and V. D. Mazurov proved that this is a group of even permutations on five
elements [4]. The results of the second type include the establishment by V. D. Mazurov of the local
finiteness of a group with a bottom layer consisting of elements of orders 2, 3, 5, in which all other
non-unit elements are of order 4 [5].

In the theory of finite groups, a similar concept of spectrum recognition of a group is considered.

The spectrum of a finite group is the set of orders of its elements. The spectrum of a group G is
denoted by w(G). A finite group G is called spectrum recognizable if any finite group whose spectrum
coincides with the spectrum of the group G is isomorphic to G. A group G is said to be almost
recognizable by spectrum if there exist finitely many pairwise nonisomorphic groups with the same
spectrum as the group G. A group G is said to be unrecognizable by spectrum if there is an infinite
number of pairwise nonisomorphic groups with the same spectrum as the group G.

It was proved in [6] that the symmetric groups S,, are recognizable by spectrum for n ¢ {2,3,4,5,6, 8,
10,15, 16,18, 21,27, 33, 35,39, 45}.

In 1994, W. Shi and R. Brandl proved spectrum recognizability of an infinite series of simple linear
groups La(q), ¢ # 9 [7,8].
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Let G be a finite group and w(G) = w(Ss(2)). Then G is isomorphic to Sg(2) or O%. In particular,
the group Sg(2) is almost recognizable by spectrum [9].

An example of a group not recognized by the spectrum is the group Ag with the spectrum
1,2,3,5,4,8,9 (there are infinitely many groups, one of which is the group Ag) [10]. Also, the group
L3(3) with the spectrum, 1,2,3,4,8,9,13, 16,27, is unrecognizable by the spectrum [10].

By the theorem of A. V. Vasiliev (Proposition 1), a finite simple non-Abelian group Uy(5) is
not recognizable by spectrum. In this regard, we prove the result of recognizability of this group
simultaneously by the spectrum and by the bottom layer.

Theorem 1. Let G be a finite simple group Uy(5) and H be a finite group with the property
w(H) = w(G) and the bottom layer same as the group Us(5). Then H = G. That is, the group U4(5)
is an unique finite group with such a spectrum and a bottom layer.

Proof. Indeed, let G be a finite simple group Uy(5) and H be a finite group with the property
w(H) = w(G).

By the theorem of A. V. Vasiliev (Proposition 1), in addition to the group U4(5), there is only one
such group H = G(v), where 7 is a field automorphism of the group G of order 2. The groups Uy(5)
and H have the same spectrum, while these groups have different bottom layers, which differ at least
by an element of order 2. Thus, the group Uy (5) is an unique finite group with such a spectrum and a
bottom layer. The theorem is proved.

Definition. Recall that if the orders of all elements of a group are finite, then the group is called
periodic.

Theorem 2. If G is a complete group in which Z(G) is layer-finite and G/Z(G) is a periodic group
containing for each prime p only a finite number of p-elements, then the group G is recognizable by
the bottom layer among groups with such properties.

Proof. Indeed, let the group G satisfy the indicated conditions. Since Z(G) is layer-finite
and G/Z(G) is a periodic group containing for each prime p only a finite number of p-elements,
by proposition 2, the group G is layer-finite. Since, by Proposition 3, each complete subgroup of a
layer-finite group G is contained in the center of the group G, then since G is complete, then it is
Abelian.

By Proposition 4, the complete Abelian group G decomposes into a direct sum of subgroups
isomorphic to the additive group of rational numbers or to quasicyclic groups, possibly for different
prime numbers. There can be no rational groups in this extension, since G is a layer-finite group and,
therefore, there are no elements of infinite order in it. Since the direct product of quasi-cyclic groups
is obviously restored from the bottom layer, the group G is recognizable by the bottom layer among
groups with the properties as in the theorem. The theorem is proved.

Definition. Layer-finite group is called a thin layer-finite group if all of its Sylow subgroups are
finite.

Theorem 3. Let G be a group in which the center contains a complete layer-finite subgroup R such
that the factor group G/R is a thin layer-finite group. Then the group G is recognizable by the bottom
layer among groups with such properties.

Proof. Suppose that the group G satisfies the indicated conditions. Since G is a group in which
the center contains such a complete layer-finite subgroup R such that the factor group G/R is a thin
layer-finite group, by Proposition 5 the group G is layer-finite .

Since by Proposition 3 each complete subgroup of a layer-finite group G is contained in the center of
the group G, the group G, being complete, is Abelian. Then, by Proposition 4, the group G decomposes
into a direct sum of subgroups isomorphic to the additive group of rational numbers or to quasi-cyclic
groups, possibly for different prime numbers.

Among the direct components there can only be quasi-cyclic groups, since the group of rational
numbers has elements of infinite order, and G is a layer-finite group and therefore cannot contain
elements of infinite order. So G decomposes into a direct sum of quasi-cyclic primary groups, and such
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a group is recognizable by the bottom layer among groups with the properties as in the theorem. The
theorem is proved.

Theorem 4. Let G be a complete nilpotent p-group with finite bottom layer. Then the group G is
recognizable by the bottom layer among groups with such properties.

Proof. Indeed, since G is a complete nilpotent p-group with a finite bottom layer, by Proposition
6 the group G is layer-finite. Given that GG is a complete group and repeating the final part of the
previous proof, we see that the group G is recognizable by the bottom layer among groups with the
properties as in the theorem. The theorem is proved.

Theorem 5. Let G be a complete periodic group in which for each prime p there is only a finite
number of Sylow p-subgroups and for every prime p there is at least, one Sylow p-subgroup in G, which
is a layer-finite group. Then the group is recognizable by the bottom layer among groups with such
properties.

Proof. Suppose that the group G satisfies the given conditions. Because G is the group in which
the conditions are satisfied: G is the periodic group; for each prime number p there is only a finite
number of Sylow p-subgroups; for every prime number p there is at least one Sylow p-subgroup in G,
which is a layer-finite group, then by Proposition 7 the group G is layer-finite. Based on the fact that
the group is layer-finite, complete, and applying Propositions 3 and 4, we have that the group G is
complete Abelian and decomposes into a direct sum of subgroups isomorphic to the additive rational
group or quasi-cyclic groups, may be according to different prime numbers.

Among the direct components there can be only quasi-cyclic groups, since the group of rational
numbers has elements of infinite order, and G is a layer-finite group and therefore cannot contain
elements of infinite order. Therefore, G decomposes into a direct sum of quasi-cyclic primary groups,
and such a group is recognizable by the bottom layer among groups with the properties as in the
theorem. The theorem is proved.

In proving the results of the paper, we used the following theorems, which were referred to as
proposition with the corresponding number.

Proposition 1 (A.V. Vasiliev [10]). Let G be a finite simple group Us(5) and H be a finite group
with the property w(H) = w(G). Then H = G or H = G(7), where 7 is a field automorphism of the
group G of order 2. In particular, h(G) = 2.

By h(G) we denote the number of non-isomorphic groups with the same spectrum.

Proposition 2 (R. Baer [11]). The following properties are equivalent;

a) G is a layer-finite group;

b) Z(G) is layer-finite and G/Z(G) is a periodic group containing for each prime p only a finite
number of p-elements;

c) there is a subgroup S in the center of G such that S and G/S are layer-finite groups.

Proposition 8 (S.N. Chernikov, Lemma 3.1. from [12]). Each complete subgroup of a locally normal
(in particular, layer-finite) group is contained in the center of the group.

Proposition 4 (Theorem 9.1.6 from [13]). A nonzero complete Abelian group can be decomposed
into a direct sum of subgroups isomorphic to the additive rational group or quasi-cyclic groups, may
be for different prime numbers.

Proposition 5 (S. N. Chernikov, Theorem 1 from [14]). A group G if and only if is layer-finite if
its center contains such a complete layer-finite subgroup R such that the factor group G/R is a thin
layer-finite group.

Proposition 6 (S. N. Chernikov [15]). If a nilpotent p-group of G contains only a finite set of
elements of some non-unit order, then it is layer-finite.

Proposition 7. (R. Baer [11]). A group G is layer-finite if and only if the following conditions are
satisfied:

a) G is a periodic group;

b) for each prime number p there is only a finite number of Sylow p-subgroups;
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¢) for every prime number p there is at least one Sylow p-subgroup in G, which is a layer-finite
group.
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B.U. Cenamos, N.A. [Tapamyk

I'pynmamarbl ToeMeHTi KabaT TypaJibl

Maxkanasma rpynmaarsl ToMeHri KabaT OONBIHINA TAHBLIY M9CeseCi KapacThIPBLIABL. By Moceme KabaTThl
MIEKTI rpyHnajapably KJIaChlH g mremriiesai. ['pynmna KabaTTsl MIeKTi Jel aTajaj bl, erep rpyIiaHbH opoip
perinze mekTi caump! dstemeHT Gap 6osca. By yreivasr C.H. Yeprukos enrisren. Our mekci3 JIOKaIbIbI-
IIEKT] p-rpymmajapblH TPYNIAHBIH IEHTPIHIAE MIEeKTI WHAEKC OOJFaH JKarmaiia 3eprreyre OalTaHBICTDI
naiiga 6osapl. C.H. Yepuukos 1948 »kbuibl opbip perrTeri ajieMeHTTep >KUBIHBI IIEKCI3 Ke3 KeJINeH I'PYIl-
MaHbIH KYPbLUIBIMBIH CHMATTAIbI YKOHE OChI KYMBICTa, KabATThI IIEKTI IpyHnajap TEPMUHI maiiga GOJIbL.
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(G rpynnachlHBIH TOMEHIT KabaTbl eIl OHBIH, »Kail PeTTi 3JIeMeHTTEep »KUbIHBIH afitambi3. Temenri kabar
TypaJibl MoJIiMeTTep COMBIHINA IPYIITAHBIH TOMEHT1 KabaThl GOMBIHINA TAHBLIYBI TYPAJIbl HOTUXKEIEP] ajla-
MbI3. 2KymbicTa ToMeHTi KabaThl OONBIHITIA TAHBLIATHIH, TAHBLIATHIH JEPJIiK, TAHBIIMANTHIH IPYITAIAD/IbIH
MBICAJIZIAPbI KeJITipijreH.

Kiam cesdep: rpynna, KabaTThI IEKTLTIK, TOMEHT1 KabaT, XKyKa KabaTThI MIEKTi TPYyIa, CIIEKTD, TEPUOITHI
rpyIa, CUIOB iIKi IPynnacel, abeIbIiK IPYINa, KBA3UIUKIIAIK IPYIIa, TOJIBIK, PYIIIA.

B.. Cenamos, 1.A. ITapamyk

O HEUXKHEM cJjioe B TpyIIie

B crarbe paccMoTpeH BOmpoc 0 pacmo3HaBaHUHU TPYIIIBI IO €€ HUXKHEMY CJIOI0. DTOT BOIPOC PEIAeTcs B
KJIacce CJIONHO KOHEYHBIX rpymil. ['pymnmna Ha3pIiBaeTCs CIIOHO KOHEYHOM, €CTH OHA MMEeT KOHEYHOE HUHCIIO
3JIEMEHTOB KaKJOro MOopsaKa. DT1o mnoHsrtue Brepsble 6but0 BBeneno C.H. YepuukoBbiM. OHO 1MOSIBHIIOCH
B CBsI3U C U3yYeHWEeM OECKOHEUYHBIX JIOKAJIHHO KOHEUHBIX P-TPYII B CIydae, KOTrja IEHTP TPYIIbl UMeeT
KoHe4HbIH uHAeke B Heil. B 1948 r. C.H. YepHukoB onmcaj cTpoeHue MPOU3BOJILHON PYIIbI, B KOTOPOH
GECKOHEYHO MHOXKECTBO 3JIEMEHTOB KarKJOr'0 IIOPSIJIKA, ¥ BBEJI IOHSTHE CJIOWHO KOHEYHBIX rpyiil. Huxkaum
cjtoeM Tpymnmnbl G Ha3BIBAETCS MHOXKECTBO €€ JIEMEHTOB MPOCTHIX MOPsAKOB. [lo mHbOpManmm o0 HIKHEM
CJI0€ ABTOPAMU CTATHU TOJIyYeHbl PE3YJIbTaThl O PACIO3HABAEMOCTH I'PYIIILI 110 HUXKHEMY ¢JI010. [IpuBegennl
[IPpUMEPBI I'PYIII, PACIIO3HABAEMbIX 10 HUXKHEMY CJIOIO, IIOYTH PAIlO3HABAEMbBIX U HEPACIIO3HABAEMBbIX I'DYIII
MIpY JIOTIOJTHUTETBHBIX OTPAHUIEHUSIX.

Kmouesvie caosa: rpyina, caoiiHas KOHEIHOCTb, HUKHUI CJION, TOHKasi CJIOMHO KOHEYHAas T'PyIIia, CIEKT,
IleproguYecKasl I'PYIIa, CUJIIOBCKAsA MOAIPYIIa, abejieBa IPyNIa, KBA3UIUKINIECKas IPYIIIa, IOJIHAS IPYII-
na.
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