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A note on well-posedness of source identification
elliptic problem in a Banach space

We study the source identification problem for an elliptic differential equation in a Banach space. The exact
estimates for the solution of source identification problem in Holder norms are obtained. In applications,
four elliptic source identification problems are investigated. Stability and coercive stability estimates for
solution of source identification problems for elliptic equations are obtained.
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Introduction

Several source identification problems for partial differential equations have been extensively inve-
stigated by many researchers (see [3,4,8-11,14,15,17-19] and the bibliography herein). Well-posedness
of nonclassical boundary value problems for various partial differential and difference equations was
established in a number of publications (see [1]-|22] and references therein).

Large number of the source identification problems for an elliptic differential equations can be
written as the source identification problem for the second order differential equation

—u’(t) + Au(t) = f(t) +p, 0<t<]1,
(1)
uw(0) = u(1), v/(0) = u/(1),u(N) =& X € (0,1)

in an arbitrary Banach space E with a positive operator A. Here parameter p € E and abstract
function u : [0,1] — E are unknown and element & € D(A) and abstract function f : [0,1] — E are
given.

Let E; C E and F(FE) be the Banach space of E—valued smooth functions on [0, 1]. We say that
the pair {u(t),p} is the solution of the source identification problem (1) in F'(E) x Ej if the following
conditions are valid:

(i) pe€ Ey,u"(t) € F(E), Au(t) € F(E),

(ii) {u(t),p} is satisfied the equation and all three conditions of (1).

In the present paper, theorem on well-posedness of the source identification problem (1) in Holder
spaces is established. In applications, stability and coercive stability estimates for solution of the four
type of source identification problems for elliptic equations are obtained.
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Stability and coercive stability estimates

Denote by C5;“(E) (0 < o < 1), the Banach space obtained by completion of the set of E—valued
smooth functions ¢(t) defined on [0, 1] with values in F in the norm

Ielemesy = lello + s 71— 0%+ 7)ot +7) = o0l 5.
0<t<t+7<1

where C'(E) is the Banach space of all continuous functions ¢(t) defined on [0,1] with values in F

equipped with the norm
liellogs = max le®ls-

Assume that v(t) is the solution of the nonlocal boundary value problem

—"(t)+ Av(t) = f(t), 0 <t <1,

(2)
v(0) =v(1), v'(0) =(1)
Then, for the solution of problem (1) we have the following formulas
u(t) = v(t) + A" p, (3)
p = AE — Av(\). (4)

Therefore, the following algorithm can be used to find the solution of problem (1):

(1) Find the solution v(¢) of nonlocal boundary value problem (2).

(2) Use (4) to obtain the source element p of source identification problem (1).

(3) Applying (3), obtain the solution wu(t) of source identification problem (1).

It is known that the operator B = As is the strongly positive operator for any positive operator
A. Therefore, the operator —B will be a generator of an analytic semigroup exp —tB (¢t > 0) with
exponentially decreasing norm (see |7]), when ¢t — oo, i.e. there exist some M (B) € [1,+00),
a(B) € (0,400) such that the following estimates

lexp(=tB)| g, < M(B) exp(—a(B)1), (5)
[tB exp(=tB)|lp_,p < M(B)exp(-a(B)t)(t > 0), (6)
Il g < M(B) (1 — exp(—a(B))) ™ (7)

are satisfied. Here T = (I — exp(—B))~L.
The solution of direct problem (2) is defined by (formula (1.7) [1])

1
v(t) = 1B 1T exp(— (1 —t) B) Ofexp(—sB)f(s)ds (8)

¢ 1
+3B71 Z)fexp(— (t—s)B)f(s)ds + B! {exp((t —8)B)f(s)ds
1

+ 4B Texp(—4B) [ exp(— (1= ) B)f(s)ds
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From (4) and (8), it follows that

p=A¢ — 3BT exp(—(1—\)B) Oflexp(sB)f(s)ds 9)
A 1
—%Bofexp(— (A—3s)B)f(s)ds — %B{exp(()\ —8)B)f(s)ds

ABTexp(—B) [ expl— (1 - ) B 5)ds

Finally, by using formulas (8), (3) and (9), we can obtain u(t).

Now, we formulate result on well-posedness of the source identification problem (1) in the space
Cop" ().

Theorem 1. Assume that £ € D(A) and f(t) € Cyi"(E),0 < o < 1. For the solution {u(t), p} of
the source identification problem (1) the following stability inequality

lllogsy + 114725 < M [lEls + 17l (10)
and coercive inequality
"oy e) + Al g sy + Ipls < MIIAELg + agy I lge e (11)

hold, where M is independent of o, and f(t).

The proof of Theorem 1 is based on the formula (3) and estimates (5) and (7) on the Theorem on
well-posedness of the nonlocal boundary value problem (2) [1].

Note that same results can be established for the solutions of the general source identification
problems

—u"(t) + Au(t) = f(t) +p, 0<t<]1,

N
w(0) = 3 aju(ty) + ¢, v'(0) =u'(1) +,u(r) = A€ (0,1),
j=1
where 0 < t1 < ... < ty < 1, if the operator
N
J— 2B _ Zaj (efth e (@t)B _ ~(1-t;)B | 67(1+tj)3)
j=1
has a bounded inverse in £ and

—u"(t) + Au(t) = f(t)+p, 0<t<]1,

=2

u(0) = u(1) + ¢, u'(0) = 1%’”’(%’) +,ud) =&, A€(0,1),

where 0 < 51 < ... < sy < 1, if the operator

N
(I _ 6—3)2 B Zaj <e—3jB e (2=5)B _ ~(1=s))B _ e—(1+sj)B>
j=1

has a bounded inverse in FE .
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Applications

In this section, we consider the applications of Theorem 1. First, we study the source identification
problem for the two dimensional elliptic differential equation with nonlocal boundary conditions

2u(t,x 2u(t,x
—Qultr) 8&3’ ) _ a(ac)a 83(:27 ) du(t,z) = f(t,x) + p(x),

O0<t<1,0<x <,
(12)
U(O,J)) = u(l,x),ut(O,x) = ut(la'r)a U(/\,.%) = 6(1‘),0 S x S la

u(t,0) = u(t, 1), uy(t,0) =wuy(t, 1), 0<t <1,

\

where a(x), £(z) and f(t,x) are given sufficiently smooth functions and a(z) >0, 0 < A< 1,0 > 0 is
a sufficiently large number. Assume that all compatibility conditions are satisfied.

We introduce the Banach spaces C?[0,1] (0 < 8 < 1) of all continuous functions o(z) satisfying a
Holder condition for which the following norms are finite

p(z +7) — p(2)]

¢ llcspg=l ¢ llcog +  sup ;
CB[0,]] [0,7] 0<ocm i< B

where C[0, 1] is the space of the all continuous functions ¢(z) defined on [0,!] with the usual norm

H@%mfgggww%

Theorem 2. For the solution of the source identification problem (12) the following stability and
coercive stability estimates hold:

lulleeaoay < MB) [lellosoy + 1 fleesioa] -

||U||c§1+a7a(cﬁ[o,q) + ||U\|cgf"(cﬁ+2[o,11) + ||p”(jﬂ[0,l]

< aticey 1 legecopn + MB) [Ellgs2pog
where M () is independent of o, {(z) and f(t,2),0<a <1, 0< B < 1.
The proof of Theorem 2 is based on the Theorem 1 and the positivity of the elliptic operator A in
Cch10,1 [7].
Second, we investigate the source identification problem on the range {0 <t < 1,z € R"}

(o) + Y (@) u(t,x) + du(t,z) = f(t,x) + p(x),

l 1
ll=2m 8x11...8zn"

O<t<1l,xz€ R,

uw(0,2) = u(l,z),u(0,2) = u(1,x), u(\,z) =¢£(z),z € R"

for the 2m—order multidimensional elliptic equation, where a;(z) (I = (I1,...,1),[l| =0,...,2m) and
&(z) are known sufficiently smooth functions, a;(x) > 0, and 0 < A < 1, 6 > 0 are given real numbers.
Assume that all compatibility conditions are satisfied and the symbol

F7 Q)= > a,0) ()" ... (i)™, ¢=(¢1,---,Cn) € R

[l|=2m
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of the differential operator
. olll
B = Z az(C)W (14)
li|=2m 1Otn
acting on functions in the space R™, satisfies the inequalities

0< My [¢P™ < (—1)™F"(¢) < Ma |¢]*™ < o0,

for ¢ # 0.
Theorem 3. For the solution of the source identification problem (13) the following stability and
coercive stability estimates are satisfied:

lelloencrmy < M) [1Ellougam + 1 lownrny)] -

I
ull g2 g gy + PRI Pl re
oy (CH(R™)) |1|=2m a96111“"95’3% Coi™(CH(R™)) B
M () olle
< oo n M A A ln
< atreay I llegiecney + M) 3 NG|

where M (u) is independent of «, {(z) and f(¢,2),0<a <1, 0 <p <1

The proof of Theorem 3 is based on the Theorem 1 and the positivity of the elliptic operator A*
in C*(R™) |7] and the coercivity estimate for an operator A* in C*(R") [8|.

Third, let Q = (0,1)" be the open cube in R" with suitable boundary S, Q@ = QU S. In [0,1] x Q,
we study the source identification problem

7

M=

_Utt(ta «75) - ak(x)uxkzk (t, .73) + 5u(t7 x) = f(tv x) +p(x),

k=1

x=(r1,..,2y) €Q0<t <1,

u(0,2) = u(l,z),u(0,2) = ue (1, x), u(A,z) =£&(z),x € Q,

[ w(t,z)=0,0<t<1,zes

for the multidimensional elliptic equation. Here a,.(z) (z € Q) and o(z), ¥(z), £(z) (z € Q) are given
sufficiently smooth functions, and 0 < A < T, § > 0 are known numbers. Assume that all compatibility
conditions are satisfied.

Denote by Cgl(ﬁ)(ﬂ = (B1,..,6n),Bi,1 < i < n), the Banach spaces of continuous functions
satisfying a Holder condition with weight xf’“(l —ap —h)%,0 < < x4+ hp <1,1 <k <nand the
indicator 8 which equipped with the corresponding norm

”f”cgl(ﬁ) = Hch(ﬁ)

n Bri
+ s ) = @ (E) (1w b
0 < xp< xzp+hr <1, k=1
1<k<n
It is well known that the differential expression
n
A%y = — Zak Ugpay, + OU (16)

k=1
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defines a positive operator A” acting on C’gl () with domain D(A%) C C’gfr () and satisfying the
boundary condition v =0 on S.

Theorem 4. For the solution of the source identification problem (15) the following stability and
coercive stability estimates hold

lullogem @y < M) [ legen @) + 1Ellon @) (17)

Jullcggom @y + 3 ltsenellogcpam + IPllog @)

< N gy + M) Il vy

O<a<lyu=(p1, i) 0<p; <1, 1<i<nmn,

where M (p) is independent of «, &(x) and f(t,x).
Fourth, in [0, 1] x €, we consider the source identification problem

;

et 2) = 32 k(@) (1) + dult,2) = £(1,7) £ p(a),

reN0<t<,

u(0,2) = u(l,z),u(0,2) = u(1, ), u(A z) =&(x),x € Q,

L %u(t,x):(), 0<t<1l,zes

for the multidimensional elliptic equation. Assume that all compatibility conditions are satisfied. The
differential expression (16) defines a positive operator A* acting on C’Ol(ﬁ) with domain
D(A”") C Cgfr A (Q) and satisfying the boundary condition 2 5= = 0 on S. Therefore, by using Theorem
1, we can get the following result.

Theorem 5. For the solution of the source identification problem (19) the stability and coercive
stability estimates (17) and (18) respectively are valid.

Conclusion

In the present paper, the well-posedness of the source identification problem for the abstract elliptic
equation in Banach spaces is investigated. The exact estimates for the solution of this problem in Holder
norms are established. In future investigation, absolute stable difference schemes for approximately
solution of the source identification problem for elliptic differential equations will be constructed and
investigated.
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A. Amprpaseie, Y. Ambipaseies, B.I. 3sarun

Banax keHicTirinze JepeKKe3/1l COiKecTeHIipy/ie
JIJINTCTIK €CEeNTiH KOPPEKTILJIIri TypaJibl eCKepTy

Banax kericririame simrnctik quddepeHnnaliIbiK, TeHIey VIIH IePEeKKO3/Ii COMKEeCTEH/Iipy Moceieci Kapac-
TBHIPBLIFaH. XeJiep HOPMacChIHIa JePEKKe3/epi ColKecTeH1ipy ecebiH Imenry yIiiH 1o/ 6araMbl ajIbIHIBL.
Kocbivmmanapia nepekkesi coffkeCTeHIIPY/IiH TOPT JUIUICTIK ecebi 3epTTereH. DJUIUICTIK TeHIAEY VIMiH
JEePEKKO3JeP/Il COMKECTEH 1Py ecebiH Imerny YIIiH MoXKOYpPJi OPHBIKTBIIBIK >K9HE OPHBIKTBLIBIK, OaraMbl
aJILIHFAH.

Kiam cesdep: KOPPEKTIIiri, SJIUIICTIK TEHIEY, TO3UTUBTI, MoXKOYPJIi OPHBIKTBLIBIK, JTEPEKKO3/I1 CofiKeCTeH-
Iipy, mos1 6araMbl, IMIETTIK ecelr.

A. Amprpaseie, Y. Ambipassies, B.I. 3sarun

3aMevaHre 0 KOPPEKTHOCTH SJIJIUIITUYIECKOI 3a1aum
NAeHTU(PUKAINN NCTOYHNKA B 0aAHAXOBOM HPOCTPAHCTBE

HccnenoBana npobiemMa uaeHTUDUKAIIUNA UCTOYHUKA JIJIS SJTUITHIECKOTO TuddepeHINaTLHOIO YPaBHEHNS
B GaHaxoBOM IpocTpaHcTBe. [loIyYeHbl TOYHBIE ONEHKU JJIsI PEIIEHMs 3a1a9¥ UICHTH(MUKAIUNT UCTOYHU-
Ka B HOpMax XeJjjepa. B IpPUIOXKEHUSIX MCCIETOBAHBI YEThIPE IJIITUINTHIECKUX 3aJa4UN WUICHTUPUKAITUN
UCTOYHUKA. [10JIyIeHbI ONEHKM YCTOWYNBOCTU U KOIPIUTUBHON YCTONYMBOCTH JIJIsl PEIIeHHs] 33124 WJIEHTH-
dUKaIUKM UCTOYHUKA JIJIST SJITUIITHIECKUX YPABHEHUN.

Karouesvie carosa: KOPPEKTHOCTD, IJIJIMIITUICCKNE YPaBHEHUA, IOSUTUBHOCTDH, KOIPIIUTUBHAaA yCTOI'-/'I“II/IBOC"I‘L7
I/I,HEHTI/I(l)I/IKaLII/IH UCTOYHUKa, TOYHbIC OIIEHKH, KpacBad 3a1a4a.
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