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Smoothness and approximative properties of solutions
of the singular nonlinear Sturm-Liouville equation

It is known that the eigenvalues A, (n = 1,2, ...) numbered in decreasing order and taking the multiplicity
of the self-adjoint Sturm-Liouville operator with a completely continuous inverse operator L™' have the
following property

(*) An — 0, when n — oo, moreover, than the faster convergence to zero so the operator L1 is best
approximated by finite rank operators.

The following question:

- Is it possible for a given nonlinear operator to indicate a decreasing numerical sequence characterized
by the property (*)?
naturally arises for nonlinear operators.

In this paper, we study the above question for the nonlinear Sturm-Liouville operator. To solve the above
problem the theorem on the maximum regularity of the solutions of the nonlinear Sturm-Liouville equation
with greatly growing and rapidly oscillating potential in the space L2(R) (R = (—00,0)) is proved. Two-
sided estimates of the Kolmogorov widths of the sets associated with solutions of the nonlinear Sturm-
Liouville equation are also obtained. As is known, the obtained estimates of Kolmogorov widths give the
opportunity to choose approximation apparatus that guarantees the minimum possible error.

Keywords: maximum regularity; singular nonlinear equation; Sturm-Liouville equation; smoothness of
solutions; approximative properties; approximate numbers; Kolmogorov widths; rapidly oscillating potential;
greatly growing potential; two-sided estimates.

Introduction

In this paper we study the nonlinear Sturm-Liouville equation
Ly =—y" +q(z,y)y = f(z) € L2(R), R = (—00,00).

The existence and the smoothness of nonlinear elliptic equations solutions in a bounded domain
have been studied quite well. A very comprehensive bibliography is contained, for example, in [1-6]
and the works cited there.

However, nonlinear equations in an unbounded domain with greatly increasing and rapidly oscillating
coefficients arise in applications. For example, the nonlinear Sturm-Liouville equation, which is especially
interesting for quantum mechanics.

Here we are interested in the question:

A) to find out the conditions on the potential function ¢ (x,y) which provide y” € Ly (R), when
y (x) is a solution of the nonlinear equation Ly = f € Lo (R).

We note that the linear case is well studied and reviews are available in [7-12].

It is known that eigenvalues A, (n =1,2,...) of the self-adjoint positive completely continuous
operator A in the Hilbert space H are numbered according to their decreasing magnitude and observing
their multiplicities have the following approximative properties
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a) A\p = imln |A — K||, where [, is the set of all finite-dimensional operators with dimension no greater
Eln

than n;
b) Ap, — 0, when n — oo, wherein the faster convergence to zero, the operator A better approximated
by finite rank operators.

It will be natural to explore a similar issues for a nonlinear Sturm-Liouville operator, i.e. to study
the question

B) Is it possible for a given non-linear operator to specify a numerical sequence that characterizes
properties a)-b)?

This paper is devoted to the study of the issues A) and B) for the nonlinear Sturm-Liouville
equation.

Formulation of the main results. FExample

We will make some notation and definitions for the statement of results.

The set of integrable functions with respect to the square of the module in each strictly internal
subdomain Q C R is denoted by Lg 1o (R).

The set of functions from Ls ;.. (R) having generalized first-order derivatives (from L jo. (R)) will
be denoted by W}, (R). We denote the subset of Wi, (R) by Wi (R), which elements together

Jloc Jloc

with the first generalized derivatives belong to Lo (R). By W, . (R) we denote the set of all functions
u € L3 joc (R) which with their generalized derivatives up to and including the second order belong to
L2,loc (R)
|||, is the norm of an element in Ly (R), || ||, ; is the norm of an element in W3 (R), |- [l5 0. i
the norm of an element in Lj 4. (R). ’ ’
Consider the nonlinear Sturm-Liouville equation

Ly=—y"+q(z,y)y=f(x) € Ly(R), R=(-00,00). (1)

Suppose that ¢ (z,y) satisfies the conditions:

i) q (x,y) is a continuous mapping R x C' in [0, 00), § > 0, C'is a set of complex numbers;
Q(a:ﬂcl)

dnc) < i (A) < oo, where A is a finite value, p (A) is a continuous function

i1) sup sup
|z—n|<1le1—ca|<A

from A.

Definition 1. The function y € Lo(R) is called a solution of the equation (1) if there exist a sequence
[}, © W3 (R) such that {g}2%, © Wiy, (R), lyn — yll,,, =0 Ly — fl,, —0asn - oc.

Definition 2. Following [13-15], we say that the solution y (z) € Lo (R) of equation (1) is called the
maximal regular in Lo (R) if ¢ (z,y)y € La(R), vy € Ly (R).

Theorem 1.1. Let the conditions i) — ii) be fulfilled. Then there is the most regular solution to
equation (1).

The condition ), imposed in Theorem 1.1 and in [16], limits the potential oscillations. This
condition is removed in the following theorem. In order to formulate the theorem, we introduce the
following condition:

2es) < OO Q (z, c2) is a special averaging of the function ¢ (x,c;) [11], i.e.
T€ER |c1—ca| 2

Q (z,c2) = inf (d_l -+ /CI:—F2 q(t,cz)dt> ,

d>0 d
2

where A is a finite value.
Theorem 1.2. Let the conditions i) —ig) be fulfilled. Then there exist the maximal regular solution
to equation (1).
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Ezample 1. Let q (z,y) = el*l - sin el*l + el¥l. Then it is not difficult to verify that all conditions of
Theorem 1.2 are satisfied for the equation

Ly = —y” + (e‘xl - sin® elml + e\yl) y=1r (33) :

Therefore, there exists a solution y (x) for the equation such that y” (x) € Lo (R).

This shows that Theorem 1.2 holds for a very wide class of nonlinear equations, including equations
with potentials that are rapidly oscillating at infinity.

Now, we consider consider the question B), i.e. finding such sequences of numbers that have
approximative properties of the type a)-b). To do this, we study the behavior of the Kolmogorov
k-widths of the set

M = {u €Wy (R) : ||—y"+q(a:,y)yH§ < T}.

By definition [17], the Kolmogorov k-width of the set M is called the quantity

di (M, Lo) = di, = inf sup inf ||u —v||,,
(M. L2) = di. = nf sup inf o,

where f}, is a subspace of dimension k.

Note that the Kolmogorov widths of a compact set have the following properties: 1)
do>dy >doy>...>dp>...;2)dp — 0 as k — 0.

By L3 (R, q(x,0)) we denote the space obtained by completing C§° (R) with respect to the norm

ly - L5 (R q (x,0)|, = (/_Z (‘3/”‘2 +4q(z,0) !y\2> dw) :

Theorem 1.3. Let the conditions )-ii) be fulfilled. Then any bounded set is compact in L3 (R, g (z,0))
if and only if
lim ¢ (z,0) = occ. (%)

|z| =00

We introduce the following counting function N (A) = de> y 1 of those widths dj, greater than
A> 0.
Theorem 1.4. Let the conditions 7)-ii) be fulfilled. Then the estimate

AV 2mes (r€R:q(z,0) < c_l)\_l) <
< NA) < edV2mes (z€R:q(x,0) < c)\_l) ,
holds, ¢ > 0 is a constant depending, generally speaking, on T'.

Ezxample 2. Let us take g¢(x) = |z| + |y| + 1. Then, by virtue of Theorem 1.4, the
estimate ¢ IN"3/2 < N (N < eA73/2 holds for the distribution function of the widths of the set

M = {y eWs(R): |-y +q(z,y) y||§ < 1}, where ¢ > 0 is a constant. Since N (\) is a monotone
function then we have dj ~ ]CQ%, k=1,2,3,...

On the existence of solutions of the nonlinear Sturm-Liouville equation

In this section we prove a lemma on the existence of solutions.

Lemma 2.1. Let the condition i) be fulfilled. Then there exists a solution of the equation (1) in the
space W3 (R) for any f € Lo (R).

To prove this lemma we need some auxiliary assertions.

Consider the following problem

Loy =—y" (x) +q(x,0)y = [ Xn, (2)
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y(=n)=y(n) =0, (3)

where Y, is the characteristic function of the segment [—n,n|, n=1,2,..., v(x) € C[—n,n|, C[-n,n]
is a space of continuous functions.

Lemma 2.2. Let the condition ) be fulfilled and let v € C[—n,n]|. Then there exists a unique
solution of problem (2)-(3) for any f - x» € La (—n,n) such that

Wllwi o < o1 £1ls- (4)

Yl ernn < ellfll2- (5)

where ¢y > 0 and ¢ > 0 are constant numbers.
Proof. Assume ¢ () = g (z,v). Then the problem (2)-(3) takes the form

Loy =—y" () +q(@)y = f xns (6)

y(=n)=y(n)=0. (7)

From the general theory of boundary value problems [7] it follows that the problem (6)-(7) has a
unique solution W2 (—n,n) such that

1Yl -y < €0 (6) [ xnlly < co (6) [ £l - (8)

It is known that W3 (—n,n) is completely continuously embedded in the space C' [—n, n]. Therefore,
the following estimate

HyHC[fn,n} <a ”yHWQI(fn,n) ) (9)

holds, where ¢; > 0 is the constant of the embedding theorem.
So problem (6)-(7) has a unique solution

Yno = Loy (fXn) (10)

where L, 3, is the inverse operator of the operator Ly, corresponding to the problem (6)-(7). And

[F 2 P (11)

where ¢ = ¢1 - ¢g (9).
Lemma 2.3. Let the condition i) be fulfilled. Then the operator L, maps the ball 5 into itself,

n,v
where § = {v € C[-n,n]: [[vllgj_pn < A} is a ball in the space C'[—n,n| and A is an arbitrary
positive number.

Proof. If the radius A of the ball 5 is equal to the right side of the inequality (5), i.e. A = c||f,,
then Lemma 2.2 implies that the operator LY_L}J maps the set § into itself. Lemma 2.3 is proved.

Let K = {ynw € C[=n,n] : ynp = Ly3, (fXn) ,v €5, f € Ly (R)} is the image of the ball § under
the mapping L,_Lj,.

Lemma 2.4. Let the condition i) be fulfilled. Then the set K is compact in the space C [—n,n].

Proof. Lemma 2.2 implies that the inequality

Hyn,vHWQl(_mn) <co|fll,

holds for any function y,, (z) from K, where ¢y > 0 is a constant.

This and the embedding theorem imply that the set K is compact in C[—n,n]. Lemma 2.4 is
proved.

Lemma 2.5. Let the condition ¢) be fulfilled. Then the operator L;}) is continuous.
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Proof. Let f(x) € La (R) and let the sequence {vy},-; converge to the element v () of the ball §
in the norm of the space C' [—n, n] and

L Ynw, = f () X, (12)

Ln,vyn,v =f (x) * Xns (13)
From the equality (12)-(13) we find that

- (yn,’uk - yn,v) +q(z,vg) (yn,vk - yn,v) + (¢ (z,vr) — q(z,v)) Ynw = 0.

Hence
L, (yn,vk - yn,v) = (q (iL‘, 'U) —q (.TU, 'Uk)) Yn,v- (14)
It is easy to verify that the coefficients of the operator L, ,, satisfy the conditions of Lemma 2.2,
therefore there exist an inverse operator L,j})k and the equality
Yn,or, = Yno = L,;},k (¢ (z,v) — q (2, v)) Yn,v

holds.
From this and the inequalities (4)-(5) and (9)-(11) we obtain that

Hyn,vk - yn,vuc[,mn] = HL;’ik (q (fl', ’U) —q (.%', Uk)) Ynv

C[—n,n] =

< Eillorn 1@ (@ 0) = 0 (@06 ynoll o <

<c- sup |Q($7U) - Q(x)vk” : ||yn,v||L2(_n7n) .

z€[—n,n|
From this and from the inequality (4) we have
e = Vsl S sUD g (@) — 0] - Ao- £l =
x€[—n,n]

=<C1- Sup |Q(:U7,U)_Q(xvvk)‘HfH2a

z€[—n,n]

(15)

where ¢; = ¢ - ¢p.
Since [[vg — ||y, — 0 for & — oo then we obtain from (15) that

klggo | Ynvp — ynv””C[—n,n] <cp- khanoloxes[l_lgn] lq (z,v) —q(z,v)] - || fll; = O

The last relation shows that the operator L;}}k is continuous. Lemma 2.5 is proved.
Now, consider the following nonlinear problem

Lyyn = —y;{ +4q ($ayn) Yn = f " Xn (16)
Yn (—1) = yp (n) = 0. (17)

Lemma 2.6. Let the condition ¢) be fulfilled. Then there exist a solution of the problem (16)-(17)
for any f € Lo (R) such that

HynHC[—n,n] + ||ynHW21(—n,n) <c Hf”?’ (18)

where ¢ > 0 is a constant.
Proof. The function y, , = L;}, (fxn) belongs to the domain D (L,,) of the operator L,, for each
function v € C[—n,n] corresponding to the problem (16)-(17). Therefore, the existence of a solution
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to problem (16)-(17) is equivalent to the existence of a fixed point of the operator L, 7}, in the space

C[—n,n], i.e., to the existence of a function y,, € C[—n,n] such that y, = L, 3 f-2n. Thus y, € D (Ly),
since L1, (fxn) € D (Ly) for any v (z) from C[—n,n].

To find a fixed point, it remains to show that the operator L} maps the convex set into itself
and it is completely continuous. The proof of this assertion follows from Lemmas 2.2-2.5. Lemma 2.6
is proved.

Proof of Lemma 2.1. Each y, is continued by zero outside [—n, n] and the continuation is denoted
by 9. As you know, we get the elements W, (R) with such a continuation and (18) implies that their
norm is bounded

il < ¢ 1Ny - (19)

Therefore, from the sequence {7,} one can select a subsequence g, such that

Un,, — Yy weakly in W21 (R), (20)
Uny, — y strongly in Ly o, (21)

and the estimate
Il < - 171 (22

holds. The last estimate follows from (19) and (20).
Let [—a, o] is an arbitrary fixed segment in R, where o > 0 is any number. Then there exists a
number N for any € > 0 such that

| LYn, — fHLQ(fa’a) — 0 for ng, — oo (23)

for n > N [—a, a] C supp @y, and by virtue of (16).
(21) and (23) imply that y (x) is a solution to the equation (1). Lemma 2.1 is proved. O

On smoothness of solutions

Proof of Theorem 1.1. Let |z —n| <1, then by Lemma 2.1 and from the inequality (22) we have

ly () —y(n)] =

[vw dtl < Va7l flly < ellfll-
n

Now supposing y (z) = ¢, y(n) =c2 A =c||f|, we obtain that

sup q(fv,y(ﬂf))S sup sup q(z,c1)

<u(A) < oo.
|lx—n|<1 Q(nuy(n)) |lx—n|<1|c1—c2|<A Q(TLCQ)

Hence, according to Theorem 3 in [11] y”, ¢ (x,y)y belongs to Lo (R). Theorem 1.1 is proved. O

Proof of Theorem 1.2. By Lemma 2.1, there exist a solution y (x) for the equation (1) such that
y (z) € W4 (R). Consequently, by the Sobolev embedding theorem y (x) € C (R). In the space C (R)
the norm is defined by the formula

1Yllor) = sup |y (z)].
T€R
Then, according to the condition ) ¢ (x,y (x)) € Cioc (R). Further, the inequality

ly(z)—ym)| <|laa—c] <A

holds, where y () = c1, y(n) = co.
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Hence, we have:

ap @G g(ee) o a(e)

z€ER Q2 (l‘,y(ﬂ?)) ZER |c1|<A Q% (1"761) TER |c1—ca|<A Q2 (.7),62)
From the last inequality according to the condition i) we find that

sup q(z,y(x)) “sup  sup q(z,c1) < o

2eR Q* (2,9 (7)) 2eR|c1—es)<a Q% (,C2)

It follows that all the conditions of Theorem 4 of [11] are fulfilled. Consequently, ¢ (z,y)y(z),
y"” € Lo (R). Theorem 1.2 is proved. O

Two-sided estimates of the approximate numbers of solutions
of the nonlinear Sturm-Liouville equation

As is known for a compact set, especially, when it contains solutions of a differential equation, the
problem of the asymptotics of their widths is meaningful. The Kolmogorov widths estimation of the
set M can be used to determine for the equation Ly = f the convergence rate of approximate solutions
to the exact one.

In order to prove Theorem 1.3, first we prove several lemmas.

Lemma 3.1 Let the conditions ¢) — 4i) be fulfilled. Then there exist a number K (7) such that

M C M C M,

where N )
M={yeLy(R): |-y"[;+ la @)yl < K (D)},

N

M=ty L) [/} +la e wlE< T |

Proof. Let y € M. Then, using the triangle inequality, we get

Ter
5 =

H—W+@Cuwwﬁ§2(WWW@+WM%wyﬁ)§2-

It follows that y € M, i.e. M C M.
Let y € M. Then, by virtue of Lemma 2.1 and the estimate (22) and the embedding theorem
W (R) in the space C (R) we have

1Yl <cll-y" +a(@y)yl,,

where ¢ is independent of y (z) u q (z,y).
It follows that

sup [y (@)llgy < ¢ TV (24)
yeM

On the other hand, using the estimate (22), we have

ly (@) —y )| <cll-y" +a(@y)y| <c TY? (25)

for any y € M, where ¢ > 0 is a constant independent of y (z).
Now, supposing y (z) = ¢1, y (1) = ¢2, A=c- T2 from (25) we obtain that |¢; — ¢3| < A.
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Let yo (x) € M and suppose qo (x) = g (z,yo (x)). Denote by L the closure in the norm of Ls (R)

of the operator defined on C§° (R) by the equality

Loy = —y" () + @ () y.

It is easy to verify that the operator L is self-adjoint, positive definite and yo (x) € D (L), wherein the

estimate
=9t 1l, < 1 (A) | =yo + q (z,%0) yll,

holds. The estimate (26) follows from Theorem 1.1.
This shows that the inequality
I=y"ll, < p(a) T2

holds for all y € M.
From the inequality (27) we have

lg (@ 9)ylls = [|=y" +a @)y +3"[|, < [[y"[] , + | ="+ a (@ 9y, <

SM(A)T1/2+T1/2 §2,U,(A)T1/2

for any y € M. Here we take into account that the condition 47) implies that u (A) > 1.
From the inequalities (27) and (28) we find

="+ lla (x,9) I3 < p2(A) - T + 44> (A) - T < K (T)

for any y € M, where K (T) = 5u% (A) - T. The estimate (29) proves Lemma 3.1.
Lemma 3.2. Let the conditions i) — ii) be fulfilled. Then M C B, where

= 2
B={ueLa(R): |[~y[3+lla(z.0)yl3 < K1 (1)}
Proof. By the embedding theorems, we have

1/2
Wlleqr < e (Il-v" 3+ la () wl?) < e K (T)

for any y (x) € M, where ¢ > 0 is the constant of the embedding theorem.

Hence, using the computations and arguments used in the proof of (29), we obtain that

y@) =c1, y(m) =co, le1—ca| <A, A=2c K'V2(T).
Hence, using the conditions of i) for all y (z) € ]\:4, we have

Pt (A)q(2,0) < q(x,y(2) < p(A)q(x,0),

where A =2¢- K'2(T), pn(A) =p (20K1/2 (T)).
From (32) we have

|="[15 + Nla (2,00 yl? < [|=9"|[2 + 1 (A) lla (= 9) w2 < w2 () (|]-9"|2 +

+ IIq(w,y)yHi) <p’(A)-K(T) < K1 (T), Ky (T) = i (20[(1/2) K (T)

for any y (x) € M. This implies M C B.

(26)

(27)

(28)

(29)

(30)
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Lemma 3.3. Let the conditions i) — 44) be fulfilled. Then B C M, where
~ 2
B={uels(B):[|~y"[3+lla (x,0)yl} < K2 (T},

K5 (T) is a positive number depending on 7', such that Ky (T") < %
Proof. Let u € B. Then, using the embedding theorem, we have

T

lllew s e K2 (T) <e- 5, (33)
¢ > 0 is the constant of the embedding theorem from W2 (R) to C (R).
Now, using the condition i), we obtain from (33) that for all u € B
_ T T
i 1(c-2)q<x,o>Sq<m,y<x>>sM(c-2)q<x,o>. (34)
Hence, we find
2 2
=13+ la ol < =12 0 (e 3 ) -l o000l <
<i (e 3 ) (1ol + a0 wl2) <2 (e 5 ) Ko ()
for any y € B.
T ~
If we assume Kj (T) = ﬁ then the inequality ||—y"[3 + |lq () y||§ < L holds for all y € B.
cy

Therefore B C M. Lemma 3.3 is proved.
Lemma 3.4. Let the conditions ¢) — ii) be fulfilled. Then the estimates

C_ldk < Czk < Cdk, k= 1,2,

hold, where ¢ > 0 depends only on T, Jk,dk k are the Kolmogorov widths of the sets M and B,
respectively, where B = {y € Ly(R) : ||—y”\|§ + Hq(a:,())yHg < 1}.

This lemma is proved in the same way as Lemma 4.3 in [18].
Lemma 3.5. Let the conditions ¢) — i7) be fulfilled. Then the estimates

N(cA) < N(\) <N (c ')

hold, where N (A) = >_, ., 1 is the counting function of those dj, greater than A > 0, N\ = Ddpoal

is the counting function of those dp, greater than A > 0, ¢ > 0 is a constant.
The proof of this lemma follows from Lemma 3.4.

Proof of Theorems 1.3-1.4. Repeating the computations and arguments used in the proof of Theorems
1.2-1.3 from [18] we obtain the proof of Theorem 1.3. O

Proof of Theorem 1.4. Using Lemmas 3.4-3.5, the proofs of Theorems 1.1—1.4 from [18] and the results
from [19], we obtain the proof of Theorem 1.4. O
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On the bounded invertibility

M.B. Mypatr6ekos, M.M. Myparbexkon

Cunryaspabl cbI3bIKTHI eMec 1ITypMm-JInyBusias, TeHaeyiHiH,
OIEIIiMiHIH TericTiri MeH aIlnmpoKCUMATHUBTI KacueTTepi TypaJibl

Kemy TopriGimen eceiri Goiibiamma pertenren o3-e3ime ryitingec IITypm-JlmyBums omeparopeiver L~
2KeTe y3lricci3 Kepi omepaTopbIHBIH MEHIMKTI CAHIAPBIHBIH Kejteci Kacueri 6ap ekenmiri 6esrisi: &) A, — 0,
erep m — 00, COHBIMEH KATap HOJIPe YMTBIIY JKbIJIIaM GOJIFaH caitbia, L' omeparopsl akbIpIIbl PAHIiI ome-
paTopJap apKbLIbI XKAKChIPAK KYbIKTaIaabl. COHBIMEH KATap CHI3BIKTHI €eMEC OlepaTop/IapFa Kejeci cypak
TyBbIHAAM B «Bepliren chI3bIKTHI emec omepaTopra (*) KacneTiMeH cumaTTAIATHIH KEMIMeJTi CAHIbIK, Ti36e-
rin kepceryre 6oJia Ma?» Makanaga cbi3bIKThL eMmec [1ITypMm-JInyBusb onepaTopbiHa apHAJFaH KOFAPBIIA
KeJITiplireH cypak 3eprresi. Arasran mMoceseti memy yiia Lo (R) (R = (—00,00)) KeHicTiriHge Kbligam
oCIesIi K9He XKbIIIaM TepbesMeni moTeHnnaabl 6ap ch3bIKTH eMec ltypm-JInyBumns Tenmeyiniy merrim-
JepiHiH MAKCUMAJIIbl PEryssipJIbIFbl TYPAJIbl TeOpeMa JIRJIeJEH/Il KoHe ChI3bIKThI eMec [IITypm-JluyBuiin
TeHeYiHIH mermiMepiMer OalIaHbICTBI KUBIHIAPIBIH KOIMOropoB eHiHiH eKiKaKThl Oaraiayaapbl aJIbIH-
net. Benrini 6onranaait, Kommoropos eninin anbiaras 6arajiayiap €H a3 KATeTKKe KeMIIiK OepeTiH KybIK-
Tay alrnapaTblH TaH/ayFa MyMKIHIK Oepesi.

Kiam cesdep: MaKCUMaJI bl PETYIISPJIBIFL, CAHTYIISPJIBI CHIBBIKTHI eMec Tengey, ITypy-JInyBuiuis renueyi,
e M/ IeP/IiH, TETiCTiri, alllPOKCUMATHBTI KACUETTED, AIIPOKCUMATHBTI cangap, KosmMoropos eni, xKbliaMm
TepbesiMesti TOTeHInAa, KATTHI OCIIeJIi TOTEHITNA, eKi2KaKThl baraJiay.

M.B. Mypar6exkos, M.M. Myparbekon

O raakocT; U anOpPOKCUMATUBHBIX CBOMCTBaX peIreHu’it
CUHTYJIIPHOTO HeJimHeliHoro ypaBHeHud llItypma-JlnyBusiis

WsBecTHO, 4TO COGCTBEHHBIE YMCIa Ap(n = 1,2,...), IPOHyMEpOBAaHHBIE B IOPs/iKe YOBIBAHUA U C yde-
TOM KPATHOCTH CaMocompsizkeaHoro oneparopa IIItypma-JIuyBuiuist ¢ BIOJIHE HENPEPLIBHLIM OOPATHBIM
omepaTopoM L™', 06IaqaoT CAEIyIOmUM CBOHCTBOM: (SO WY 0, korma n — 0O, IpUYEM, YeM OBICT-
pee CTpeMIIeHHe K HYJIIO, TeM oreparop L' JIydie amrpoKCHMHUDPYeTCs ¢ OIEPATOPAMH KOHEYHOTO PAHTA.
EcrecTBernbIM 06pa3oM BO3HUKAET CJIEIYIONINN BOIMPOC ISl HEJIMHEWHBIX OMepaTopoB: «MOXKHO Ju JTst
3aJIAHHOIO HEJIMHEHHOTO OlepaTopa yKas3aTh YOLIBAIONLYIO YHCJIOBYIO HOCIEIOBATEILHOCTH, KOTOPas Xa-
pakrepusyercs coiicrBoM (*)7». B crarbhe m3ydeH ykasaHHBIN BbIIle BOIIPOC [IJIsi HEJIMHEHHOIO OIIEpAaTopa
Irypma-Jluysunns. st perenunst 3aa9u JOKa3aHA TeOpeMa O MAKCUMAJIBLHON PEryssipHOCTH PEeIeHuit
HesmHeHOro ypaBuenus ltypma-JluyBuiis ¢ CHIbHO PACTYIIMM U OBICTPO KOJIEOIONUMCS MOTEHITHA-
goM B npocrpancTBe Lo(R) (R = (—00,00)), a Tak»Ke MOJIyYeHbI IByCTOPOHHUE OLEHKU IIONEPETHUKOB II0
KonmoropoBy mMHOXKeCTBa, CB3aHHbIE ¢ pemleHusiMu HejuHeiHoro ypasuenus IlItypma-JInysumisa. Kak
M3BECTHO, IOJIyYEHHBbIE OIEHKU IOMNEPEYHUKOB 110 K0JIMOrOpoBy JIal0T BO3MOXKHOCTH BBIOMPATH Alllapar
NpubJIMZKEHHsI, KOTOPBI rapaHTUPyeT MUHUMAJIbLHO BO3MOXKHYIO IIOIDEIIHOCT.

Karouesvie crosa: MaKCUMaJIbHAA PETYISPHOCTD, CHHIYJISIDHOE HEJIMHETHOe ypaBHeHue, ypaBHenue LlItypma-
JInyBusList, TIQKOCTh PEIIEHU, allIPOKCUMATHBHBIE CBOMCTBA, AIIIPOKCUMATUBHBIE UHUCJIA, ITONEPEUHUKA
o KosmoropoBy, O6bICTPO KOIEOIIOMIMIICS TOTEHITNAT, CUIBHO PACTYIIUN MTOTEHINAJ, IBYCTOPOHHNE OIIEH-
KH.
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