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Internal boundary layer in a singularly perturbed
problem of fractional derivative

This paper is devoted to the study of internal boundary layer. Such motions are often associated with effect
of boundary layer, i.e. low flow viscosity affects only in a narrow parietal layer of a streamlined body, and
outside this zone the flow is as if there is no viscosity - the so-called ideal flow. Number of exponentials
in the boundary layer is determined by the number of non-zero points of the limit operator spectrum. In
the paper we consider the case when spectrum of the limit operator vanishes at the point To study the
problem the Lomov regularization method is used. The original problem is regularized and the main term
of asymptotics of the problem solution is constructed as the low viscosity tends to zero. Numerical results
of solutions are obtained for different values of low viscosity.
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Introduction

A mathematical model of motion of a viscous flow, where a non-uniform transition from one physical
characteristic to another occurs, is described by various differential equations with large or small
parameters, which are responsible for non-uniformity of the transition. If we consider the self-made
flows, then the Navier-Stokes motion equations and the continuity equation are reduced to ordinary
differential equations. In addition, if we introduce a small positive parameter then the motion equation
will have a small parameter at the highest derivative. Such an equation is called singularly perturbed.
Solution of singularly perturbed differential equations is fundamentally different from a solution of
ordinary differential equations with a small parameter. Solution of such equations has an area of rapid
change of the function, which is located, as a rule, in a neighborhood of one (or two) boundary points
of the problem. Such an area of rapid change of function is called area of mathematical boundary layer.
Location of the mathematical boundary layer coincides with hydrodynamic boundary layer. Thickness
of the boundary layer depends on size of the small parameter, and as the small parameter decreases, the
thickness of the boundary layer also decreases. The domain of integration is divided into the external
(outside the boundary layer) and the internal (inside the boundary layer). A solution of the singularly
perturbed equation is sought as a solution suitable for the external a domain which is then refined in
neighborhood of a boundary point where the boundary layer is located [1]. A problem with an internal
boundary layer does not belong to the number of standard problems in the singular perturbations
theory. This is due to the fact that value of a small parameter is singular for a singularly perturbed
equation (see, for example, the equation (2)). In these cases, it is habitually to talk about a "singular
point". The singular point gives rise to a double dependence of the solution on singular and regular.
We will illustrate this fact with the following specific example - the Cauchy problem for an ordinary
differential equation of the second order [2]:

e%ij(t, e) +e (Mt )+>\2( ) gt ) + M(t)Aa(t)y(t, €) = h(t), 1)
y(0,e) =4°, 9(0,e) =y,
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where € > 0 is a low viscosity, for mathematics it is a small dimensionless parameter; y(¢, ) is a desired
function; function h(t) is a given known function, y°, 3! are known constants. It is necessary to study
the problem as ¢ — +0.

Let functions \p(t), A2(t) satisfy the following spectrum stability conditions:

1) N(t) #0, i =1,2;

2) Ai(t) # X\o(t) VE € [0,T].

In this case structure of a solution of the problem (1) will be as follows:

+ w(t,e).
Let the spectrum stability conditions be violated only at one point:
() =0 —-1DA(E), A{t)#0, Vtel0,T].
and the condition 2) hold as usual, then instead of the decomposition (2) the following decomposition

of the problem (1) will take place:

y(t,e) = v (t) + e dr [wip(t)+ ewii(t) +...]+

t T
%f)\ (z)dz —%f)\ (z)dz
0 /7’8 o dr [woo(t)+ ewor(t) +...] +

+ [’wgo(t) + w31 (t) +.. ] = 1 (t, 5) + (pgyg(t, 5)+
1
ror (12 ua(t0) + oaun(t.2) + walt.e),

where the new type of singularity

N @i | oo P -
O’<t7>:€ ’ /e ' dT+/Te
&
0

0

A (z)dz
dr

O =~

gives the main contribution to describe the internal boundary layer

o (t, i) wi(t,e) + o3 (t, i) wat, <),

1. Statement of the problem

Internal boundary layers in singularly perturbed problems were considered in [3,4] from the stan-
dpoint of the regularization method [1,2], in [5-18] from the standpoint of the normal forms method.
In this paper the internal boundary layers are investigated in a scalar singularly perturbed problem
with fractional derivative:

Ley(t,e) = ey'™ +ty = h(t), y(0,e) =4°, tel0,T], (3)
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where £ > 0 is a small parameter, a = 1/2, h(t) € C*°[0,T] is a given known function, y° is a constant
number. It is required to find an asymptotic solution of the problem (1) as ¢ — +0.

Singularly perturbed problems with fractional derivatives were studied in [19-22] from the standpoint
of the regularization method. In these problems, due to fulfillment of spectrum stability condition,
internal boundary layers do not arise. Presence of a singular point at ¢ = 0 generates an additional
singularity in solution of the problem (3), which is not described in terms of limit operator spectrum
of the problem (3). By definition of a fractional derivative [23], the derivative y(1/?) is denoted as
\/f%. Then problem (3) has the following form:

d
Ley(t.e) =eVil +ty=h(t),  y(0.) =" (4)
2. Regularization of problem (4)

We introduce the following regularizing variable:
¢
1 2
T=—= [ Vtdt = —=V13 = p(t,¢),
€ 3¢
0

and the additional regularizing variable, which takes into account the essentially special singularity,
induced by instability of the spectrum at the point ¢t = 0.

According to the regularization method [1|, we must move from the problem (4), the order of which
is reduced when € = 0, to some extended problem, which preserves its own order at ¢ = 0. Let us
construct the extended problem. If we denote a solution of the extended problem by g(t, 7, 0,¢), and
by y(t,e) a solution of the original problem (4), then the following identity holds

g(t’ 7—7 U’ 8) ’T:p(t,a)7a’:q(t7a) = y(t7 6)’

This identity will be satisfied if the derivatives with respect to of the functions g(t, 7, 0,¢) and y(t,¢)
will coincide.
Then for the functions g(t, 7, 0, e) the following "extended"task corresponds:

Lejit,my0,6) = eVE% — 198 1600 4 o\/t20 1t = (1), 5)
(0005) y°.

The main advantage of the problem (5) over the task (4) is that its solution g(¢,7,0,¢) can be
searched in the form of a regular classical series in powers of ¢ :

y(t,T,0,¢) Zeyktro (6)

where yi(t,7,0) € C*°[0,T1], that could not be done for the original problem (4).
Substituting the series (6) into the "extended"problem (5) and equating the coefficients with the
same powers of €, we obtain the following iteration problems:

Yo Yo

Loyo(t,7) = _tﬁ —to S +tyo = h(t), 40(0,0,0) = y% (70)
0 0

Loy (t.7) = —VEZE = VIZE. 41(0,0,0) = 0; (71)

Loy (t,7) = —vE2%=1 — /1%t 4(0,0,0) = 0; k> 2, (Tx)
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3. Solvability of iterative problems

Solutions of the iteration problems (7;) will be defined in the following space of functions:
U={ylt,1,0): y(t,7,0) =yo(t) +y1(t)e” +y2(t)o, y;(t) € C ([O,T],l) ,j=0,1,2}.
The problem (7) has a solution in the space U, which can be written in the form:
yo(t,7,0) = cr(t)e” + fr(t)o + ho(t), (8)

where oy (t), f1(t) € C*°[0,T] are still arbitrary scalar functions, ho(t) = h(t)/t. Here expression of the
type h(t)/t at the point ¢ = 0 is understood in the limit sense:

= m

To calculate the arbitrary functions «(t) and B;(t) we subject the right-hand side of the equation
(71) to the orthogonality conditions (see, for example, [1]). We get the equations:

Vidi(t) =0,  Vipi(t) =0. (9)

Subjecting (8) to the initial condition y(0,0,0) = y°, we find that

a1(0) = y” — ho(0),
therefore, from the equation (9) the function aq(t) will be defined complitely:

ai(t) = y° — ho(0).
Now let us calculate the function 51 (t). From (9) it follows that 51 (t) = const,

ho(0) + $1(0) = 0.
Thus we uniquely find the function:

A1(t) = —ho(0),
hence, the solution (8) of the problem (7y) will be found in the form
yo(t,7,0) = [y° — ho(0)]e” — ho(0)a + ho(?).

Doing here constriction on functions 7 = p(t,¢), o = q(t,€), we obtain the main term of the asymptotics:
y(t.p(t,e),q(t,e)) =

= yo-(t) = [3° = ho(0)] €73V~

/ ()
2
_h 6 35 37 .
0(0 / t
0

a solution of the problem (4). The following approximations are calculated in the same way.

We formulate the corresponding result in the form of the following proposition.

Theorem 1. During consistent solution all iteration problems (Ty) are uniquely solvable in the
space U.
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4. Numerical results

Now we find a solution of the problem (4) by using the computer math systems Maple [24]:

>restart; with(plots); odu:=(epsilon)*sqrt(t)*diff( y(t),t)+t*y(t)=h(t);
odu =gt (d% y(t)] +ty(t)=h(1)

>ins:=y(0)=A;
ins =y(0)=4

5 g
)
h(_zl)e

()= E@

>dsolve ([odu,ins]);

Different values of these solutions depending on values of the small parameter € and the constant

yY are given in the following table:

t=0 t-0,2 t-04 t-06 t-08  t—1
£=0,010 0 0,19557 0,39372 0,59230 0,79110 0,99005
£=0,025 0 0,18913 0,38450 0,58094 0,77795 0,97531
£=0,050 0 017888 0,36962 0,56252 0,75652 0,95125
£=0,075 0 0,16927 0,35537 0,54471 0,73573 0,92781
£=0,100 0 016027 0,34175 0,52754 0,71555 0,90500

Acknowledgements

This work is supported by the grant AP05133858 "Contrast structures in singularly perturbed

equations and their applications in the theory of phase transitions"Ministry of Education and Science
of the Republic of Kazakhstan.

96

References

1 Jlomor C.A. Beenenue B 06111yto Teopuio cuaryisipabix Bosmytennii / C.A. JTomos. — M.: Hayka,
1981. — 400 c.

2 Jlomos C.A. OchoBbl MaTemaTHueckoii Teopun norpanuanoro cjiosi / C.A. Jlomos, 11.C. Jlomos.
— M.: Usn-Bo Mockosck. roc. yu-Ta. — 2011.

3 Bo6ouko B.H. Buyrpennuit norpanuunsiii cioit /| B.H. Bobouko, C.A. Jlomos // Tp. MOU. —

1980. — 499. — C. 57-60.

4 Emucees A.I'. Teopust CHHTYIAPHBIX BO3MYINCHUN B CIIyUae CIIEKTPATLHBIX OCOOEHHOCTEH mpe-

nespaoro oneparopa / A.I. Emucees, C.A. Jlomos // Marem. ¢6. — 1986. — 131(173). — Ne 4. —
C. 544-557.

5 Nmanbaes H.C. AnropurMm MeToma pPeryssipusaliiil JiJisi CHHTYJISPHO BO3MYIIEHHON 3aadu C

HeCcTabUJIbHBIM 3HAaUYeHUeM sijipa uHTerpaibaoro omneparopa / H.C. Nmanbaer, B.T. Kamumbe-
toB, M.A. Temup6ekos // Becru. Kaparany. yu-ta. Cep. Maremaruka. — 2013. — 70, Ne 4. —
C. 64-70

Bulletin of the Karaganda University



Internal boundary layer in a singularly...

6

10

11

12

13

14

15

16

17

18

19

20

21

Kamuuberor B.'T. MaTtemaTndeckoe onrcanne BHY TPEHHOTO TOIPAHUIHOTO CJIOS [IJIA HeJTMHEHHOH
unrerpo-auddepennuanbuoii cucremsr / B.T. Kanuvberos, B.11. Eckapaesa, M.A. Temup6ekos
// Bectu. Kaparamz. yu-ra. Cep. Maremaruka. — 2014. — 75, Ne 3. — C. 77-87.

Eckapaea B.U. JluckpeTHblit HOrpaHUYHBIH C/IOH B CIydae HYJIEBLIX TOYEK CIEKTPA JIjis CUCTEM
unaTerpo-auddepennuanbubix ypapaenuii / B.1. Eckapaesa, B.T. Kammvb6eros, M.A. Temup6e-
koB // Becrn. Kaparany. yu-ta. Cep. Maremaruka. — 2014. — 75, Ne 3. — C. 88-95.

Kalimbetov B.T. Internal boundary layer for integro-differential equations with zero spectrum of
the limit operator and rapidly changing kernel. / B.T. Kalimbetov, B.I. Yeskarayeva, A.S. Tolep
// Jour. Applied Mathematical Sciences. 2015. — 9, 141-144. — P. 7149-7165.

Kalimbetov B.T. Asymptotic solution of singular perturbed problems with an instable spectrum
of the limiting operator / B.T. Kalimbetov, M.A. Temirbekov, Zh.O. Habibullaev // Jour.
Abstract and Applied Analysis. — 2012. — ID 120192.

Kalimbetov B.T. Regularized asymptotical solutions of integro-differential systems with spectral
singularites / B.T. Kalimbetov, N.S. Imanbaev, D.A. Sapakov, L.T. Tashimov // Jour. Advances
in Difference Equations. — 2012. — 109. doi: 10.1186/1687-1847-2013-109.

Kalimbetov B.T. A regularization method for systems with unstable spectral value of the kernel
of the integral operator / B.T. Kalimbetov, V.F. Safonov // Jour. Differential Equations. — 1995.
— 31(4). — P. 647-656.

Safonov V.F. “Splashes” in Fredholm integro-differential equations with rapidly varying kernels
/ V.F. Safonov, A.A. Bobodzhanov // Math. Notes.— 2009. — 85, 2. — P. 153-167.

Cadonor B.®. Kypc Boiciieit maremaruku. CHUHTYJISIDHO BO3MYIIEHHBIE 33890 U METOJ Pery-
nspusarn: yaeb. noc. / B.D. Cadonos, A.A. Bobompkanos. — M.: Usnar. mom MU, 2012. —
414 c.

Bobodzhanov A.A. Internal transition layer in a linear optimal control problem / V.F. Safonov,
A.A. Bobodzhanov // Jour. Differential equat. — 2001. — 37 (3). — P. 310-322.

Kamuuberor B.T. HopMmasimsoBanHnoe acHMITOTHYECKOE peIieHne ¢Jiabo HeJTMHEHHOW CHHTYIISIPHO
Bo3MyIeHHOM 3aja4n Komu ¢ HecrabuibabiM ciiekrpoM / B.T. Kasumberos, B.®. Cadonos //
Uccnen. o nuarerpo-mudd. ypas. — Opynze: Uanm, 1989. — 22. — C. 37-42.

Kamumberor B.T. KourpacTabie CTpYKTYPHBI JJIst IUHEHHON 337891 CO CHEKTPAJILHBIMUA OCOOEH-
HOCTSIME Ha MHOXKecTBax mostozkuresbhoit Meper / B.T. Kainmberos, B.®. Cadonos // Y30exk.
mateM. )kypa. — 2002. — 1. — C. 36-43.

Jlomor C.A. Asropurm HOpMaJIbHBIX (DOPM B HEJIMHEITHON CHHIYJISIDHO BO3MYIIEHHOI CHCTEMe
¢ necrabuibhbiM criektpoMm / C.A. Jlomos, B.®. Cadonos // Vkp. marem. xxypa. — 1986. —
34 (4). — C. 453-644.

Pymsanesa M.A. KonrpacTable CTpYKTYpBI B JIMHEHHOW CHHTYISPHO BO3MYIIEHHON 3aade C
HectabuibHbiM criekTpoM / M.A. Pymsunesa, B.®. Cadonos // Becrn. MOU. — 1995. — 6. —
C. 91-108.

Kalimbetov B.T. Regularized asymptotics of solutions for systems of singularly perturbed diffe-
rential equations of fractional order / B.T. Kalimbetov // Intern. Jour. Fuzzy Math. Archive. —
2019. P. 67-74. DOI: http://dx.doi.org/10.22457 /ijfma.v16nla9.

Kalimbetov B.T. On the Question of asymptotic integration of singularly perturbed fractional-
order problems / B.T. Kalimbetov // Asian Jour. of Fuzzy and Appl. Math. — 2019. — 6 (3). —
P. 44-49. DOI: https://doi.org/10.24203/ ajfam.v6:3.5600.

Kalimbetov B.T. Regularization Method for Nonlinear Singularly Perturbed Systems of Fractional
Order / B.T. Kalimbetov, R. Turgunbaev // Asian Jour. of Fuzzy and Appl. Math. — 2019. —
6 (3). — P. 36-43. DOI: https://doi.org/10.24203/ ajfam.v6:3.5598.

Mathematics series. Ne 4(100) /2020 97



B.T. Kalimbetov, A.N. Temirbekov, B.I. Yeskarayeva

22 Kalimbetov B.T. Scalar Singularly Perturbed Cauchy Problem For a Differential Equation of
Fractional Order / B.T. Kalimbetov // Asian Jour. of Fuzzy and Appl. Math. — 2019. — 7 (1).
— P. 10-13. DOL: https://doi.org/10.24203/ ajfam..v7il.5619.

23 Khalil R. A new definition of fractional derivative / A. Khalil, M. Al Horani, A. Yousef, M. Saba-
bheh // Jour. Comput. Appl. Math. — 2014. — 264. — P. 65-70.

24 Dyakonov V.P. Maple 7, Training Course / V.P. Dyakonov. — St. Petersburg. — Piter. — 2003.

B.T. Kamumberos, A.H. Temupbekos, b.11. Eckapaesa

Beuiek perTi TYbIHABLIBI CUHTYJISPJIbI
aybITKBIFAH ecellTe iMiKi 1mekapa KadbaThl

Maxkausta imki mekapa KabaTbIH 3epTTeyre apHaaraH. MyHail KosrajabicTap KebiHece IeKkapa KabaTbIHBIH
ocepiMeH GaIAHBICTDI, IFHU TOMEH AFBIHHBIH, TYTKBIPJIBIFBI AFbIHIBI JEHEHIH Tap MapueTassabl (KabbIpra-
Jibl) KabaTbIHA FaHa ocep eresi, ajl Oy aliMaKThIH CHIPTBIHA aFbIH TYTKBIPJIBIK YKOK, — HUJIEaJIbl AFbIH Je1l
arasagbl. [Tlekapabik KabaTTarbl SKCIIOHEHTAJIAP/IBIH CAHBI IIIEKTI OMepaTop CIEKTPIHIH HOJIIK eMeC HYK-
TeJIepiHiH caHbIMEH aHBIKTAJAbI. Makasa aBTOpJApPBI IMIEKTI OMepaTop CHEKTPiHiH 6ip HykTeme Oy3bLIFaH
JKaraiiblH Kapacteiprad. Ecenti 3eprrey ymria JIoMOBTBIH perysspuaius 9/ici KOIJaHbLIFaH. bacTankbl
€CEITiH, Peryasapu3aluschl >KYPri3ijireH KoHE a3 TYTKBIPJIBIK, HOJINe YMTBUIFAHJIAFBI €CEITiH, IIeNiMiHiH
ACHMIITOTHKACHIHBIH 0ac Mymreci KypbLTFaH. T'YTKBIPIBIKTBIH OPTYPJI MOHIAEP] VIMH IMIENMHIH CAH/IbIK
HOTHUKeJIeP] aJIbIHFaH.

Kiam ce3dep: cuHryJsisip aybITKY, Killll TTapaMerp, peryJsipu3alius, CIeKTP/iH TYPAKTBUILIFbl, aCUMIITOTH-
KaJIBbIK, >JKUHAKTBLIBIK,

B.T. Kanumberos, A.H. Temupbekon, B.11. Eckapaesa

BryTpenHuii morpaHuvHbIi CJIOIl B CUHTYJISPHO BO3MYIIEHHOM
3ajiave C IPOU3BOJIHBIM JPOOHOTO MOPsSIKa

Crarbsl MOCBSIIEHA U3YUEHUIO BHYTPEHHErO [TOTPAHUYHOIO CJiosi. Takue NBHKEHUs 9allle BCErO CBSI3aHBL C
BO3/IefICTBUEM IOT'PAHUYIHOIO CJIOS, TO €CTh HU3KAas BA3KOCTb IIOTOKA BIIUSAET TOJBKO B Y3KOM ITapUeTaIbHOM
cJjioe 00TEKaeMoro TeJsa, a BHE 9TON 30HBI IOTOK, KaK ecjii Obl He ObLIO BA3KOCTH, — TaK HA3bIBAEMBIH Hjie-
aJIbHBIN TOTOK. KOJIM4IecTBO 9KCIIOHEHT B IIOTPAHUYHOM CJIO€ OIIPEIE/ISIeTCsT KOJIMYeCTBOM HEHYJIEBBIX TOYEK
[IPEJIEIBHOTO OIIEPATOPHOIO CIEKTpa. B cTaTrbe pacCMOTpPEH CiIydail HeoOPATUMOCTH CIEKTPA IPEIe/ILHOrO
omeparopa B 0HOI Touke. [l1s1 mccaenoBanus 3a/a9u UCHOJIB30BaH MeTo ] peryisipusamnuu Jlomosa. IIpo-
U3BeJleHa Peryisipu3aliys NCXOIHON 3a/1a4r, ¥ IIOCTPOEH IVIABHBIN YJIEH aCUMIITOTUKY PEIleHus 33/1a49U IIPU
CTPEMJIEHUH MaJIOfl BA3KOCTU K HYJIO. I pa3sjauyHbIX 3HAUYEHUN MaJIOi BSI3KOCTHU IIOJIYUEHBI UUCJIECHHbIE
Pe3yIbTaThl PEIIEeHN.

Kmouesvie cro6a: CHHTYISIPHOE BO3MYIIEHUE, MAJIbI TApAMETP, PErY/IsIpU3AIlisl, CTAOMIBHOCTD CIEKTPA,
aCUMITOTHUYECKas CXOJAUMOCTb.
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