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Stabilization of a solution for two-dimensional
loaded parabolic equation

In this paper we consider the stabilization problem of the solution of a boundary value problem for the heat
equation with a loaded two-dimensional Laplace operator. The loaded terms represent the values of the
required function and traces of the first-order partial derivatives of the required function at fixed points.
An algorithm for constructing boundary control functions is proposed.
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Introduction

Along with the direct heat conduction problem - finding the temperature field by solving an
equation with known boundary conditions, it is often necessary to solve inverse problems, where the
corresponding boundary conditions from a given temperature distribution in space and time need to be
determined. Such inverse problems have great practical applications in physics, technology, mechanics,
and medicine.

Boundary value problems for loaded heat conduction equations, by themselves, have a large amount
of applications; they also constitute a special class of equations with their own specific problems. Such
problems arise when studying the unique solvability of semi-periodic (periodic in a time variable)
problems in a bounded domain in problems of optimal agroecosystem management, for example, the
problem of long-term forecasting and regulation of the level of groundwater and soil moisture.

Recently, among specialists in control problems, interest has significantly increased in the stabilizat-
ion of solutions to boundary value problems [1|-[4]. First of all, this is due not only to their importance
in theoretical terms, but also to the fact that one has to deal with them in many applied problems.

The problem considered in this paper on the stabilizability from the boundary 9Q2 of a solution
of a parabolic equation given in a bounded domain 2 € R consists in choosing a boundary control
such that the solution of the boundary value problem tends at ¢ — 0o to a given stationary solution
at a given rate exp (—oopt). In this case, it is required that the control be with feedback, i.e. so that
it responds to unforeseen fluctuations of the system, suppressing the results of their influence on the
stabilized solution.

In [5], the stabilization problem for a parabolic equation is reduced to solving an auxiliary boun-
dary value problem in an extended domain of independent variables. This idea was further developed in
[6]-[8]. Note that in [5]-[8], stabilization problems for differential equations without load were considered.
At the same time, loaded differential equations [9]-[14] are actively used in control problems for
nonlocal dynamical systems. In [15]-[20], stabilization problems were studied for a loaded one- and
two-dimensional heat equation. In this paper, we consider the stabilization problem on the boundary
(forming a parallelepiped) of the solution of the boundary value problem for the heat equation with
a loaded two-dimensional Laplace operator, where the loaded terms are the values of the required
function and traces of the derivatives of the required function at fixed points.
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1. Problem Formulation

Let @ = {(z,y) : =5 < 2,y < §} be a domain with boundary €. In a parallelepiped

Q = Q x {t > 0} with a lateral surface ¥ = 9Q x {t > 0} we consider boundary value problem for a
loaded heat equation:

du du (z,y,1) Ou (z,y,1)
T Aut+ogu(z,y,t)|,_g+ a2 u(z,y,t)],_g+ a3 S — » + ay T - =0, (1)
u(xmyat)‘t:O:uO (mvy)v {.’E,y} € Qv (2)

U(.%',y,t)‘z :P<$7y7t) =
™ T T T
_ T . T\ T . _r E}
{U1<27y>t>7u2($>27t>7u3( 2ay7t>au4<xa 27t>‘{$,y>t}€ ) (3)

where a1, ag, ag, as € C, ug (x,y) is a known function. Equation (1) is loaded [9], [10]. It is necessary to
find such boundary functions u; (g,y,t); U9 (a;, g,t); U3 (—g, y,t); Uy (w, —g,t), so that the solution
of the boundary value problem (1)-(3) satisfies the inequality:

u (2, y,t) [ 1) < Coe™ 7 5>0,t>0, (4)
where o is a given constant, Co > [[ug (z,y) ||1,(q) is an arbitrary bounded constant.
2. Auziliary boundary value problem
Let Q1 ={(z,y) : =7 <z,y <7} and Q1 = Q; x {t > 0}.

9 Oz ()| (@)

5 Az+aoq z(z, y,t)|x:0+oz2z(a:,y,t)|y:0+a3 D x:0+ 4 2y yzo—(), (5)
2 (2,9, )]mg = 20 (2, 9), {z,y} € Q, (6)

somyt) =2yt ZOTD BB e (g5 0)
(i t) = 2 (2,1 1) (xé;”’t) _ % (‘g;f’“, (2.} € (—m7) x {t > 0} v

where aq, ag, a3, as € C, 2o (z,y) is a known function. It is necessary to find the function z, so that
the solution of the auxiliary boundary value problem (5)-(7) satisfies the inequality:

HZ (ﬂ?,y,t) HLz(Ql) < Cle_ot, c>0,t>0, (8)
where o is a given constant, C; > (Cj is an arbitrary bounded constant.
3. Spectral problem for the loaded two-dimensional Laplace operator

Let’s find the solution of the problem (5)-(7) by the method of separation of variables

kn€EZ

=Y Zi (8) Phn (,0);

kn€eZ
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Popn (@,y)  Popn (z,y
bam 3 Zun(t) (PP L T L) S 2 0 8

k,neZ kneZ

a1z (2,9, ) g+ 02 2 (2,4, )| ymg = Y (1 Zkn (8) P (0,9) + 02 Zk 0 () Pkn (,0));

kn€Z
o Z@wt) 2@yt
8ac x=0 8y y=0
8 n (L, 8 n \T,
=S (ang,n ) sok,a( y) + asZin (1) cpk,a( y) )
k,n€eZ t z=0 Y y=0

Now we substitute the obtained expressions into (5):

Z (ZIIC,TL (t) *Pkn (a;, y) - Zk‘,n (t) A Pt

kneZ
0 k €, 0 k z,y
+Zkn (t) | a10r,n (0,9) + a20pn (2,0) + as W + ay @g() =0.
€L =0 Y y=0
Hence, we get:
Zl/c,n (t) “Pkn ((L‘, y) - Zk,n (t) A Pk,n +
a k :L" a k :L" y
+ Zin (8) | 1010 (0,1) + 0200 (2,0) + a3 908“’) +a 90(;) 0.
€z x=0 Y y=0

Dividing both sides of the equality by Zj , (t) - ¢k (x,y), we obtain:

APk (2,y) APk (2,y)
Z//C,n (t) A Pen — A1PEn (07 y) — Q2QPkn (l‘, O) — a3 O% =0 —« dy )y:O

Zin (1) Prn (7, 9) ’

In order to find ¢y, (z,y), we consider the following spectral problem.

8 n 5 8 n )
A Ghn — 19k (0,9) — azpp (2,0) — g oenlo) o MTW‘ Y
— = = _Ak,na
PEk.n (l‘, y)
Opkn (=m,y)  Opgn (T,y) 9
i (~7,9) = i (m,y); e lT0Y)_ Openmy) o (9
Oppn (x,—7)  Oppn (z,m)
Pk.n (xa ﬂ-) = Pk,n (:Ea 7T) 3 8y — ay . )

Let’s use the method of separation of variables again. Let ¢y, (z,y) = Xj (2) - Y, (y). Then the
problem (9) can be written as follows:

X (@) —onXp (0) 3 X3 (0) V' (y) —aVn (0) —au¥7(0)
Xk (l’) = )\k’,n Y, (y) HE,
Xi (=7) = X (1) 5 X, (=) = X}, (7),

Yo (=7) =Yn (m); Y, (-m) =Y, (m).

This problem was reduced to finding solutions of the following two differential equations with
periodic conditions:

(10)

XY (2) + X () — (01 X5 (0) + asX}, (0)) = o,}
X (=) = X (7). X} (—7) = X} (7).
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YA/ (y) - (Uk - )\k,n) Y, (y) - (OQYn (0) + O‘4Y7: (0)) = 07} (11)

Yo (=m) = Yo (m); Y, (=7) =Y, (7).

Note that the general solution of loaded ordinary differential equations (10) and (11) is represented

as a linear combination of the complete system of periodic functions {@m =™ me Z}. Therefore,
we will find a solution of problem (10) in the form X}, (z) = Ape™** +Cj, (k € Z). Let’s consider several

cases.
Case (a). Let ay # k? Vk € Z\ {0}. Then the solution to the problem (10) will be as follows:

X (:E) = Akeikx + Cr = X (0) = A, + Cy,
X, (x) = ikAe™ = X (0) = ik Ay,
X]’(;, (Q’J) — *k’2Ak€ikz,
—k:ZAkeikm + ,ukAkeikx + uka. — (OélAk + a1Cy, + ia3kAk) =0.

—kQAk + upAg =0, N Ay, (_k2 + Nk) =0,
wiCr — (OzlAk +a1Cy + iagkAk) =0 wpCr — (OzlAk +a1Cy + iOégkAk) =0.

If A = 0, then the equation (10) has no nontrivial solutions. Therefore, it follows from the first
equation of the last system that Ay can take any nonzero value. For simplicity, we will assume that
A, = 1. It should also be noted that from the equality u; = k? it follows that k # 0, since for pz = 0
the equation (10) also has no nontrivial solutions. Thus:

A =1, A =1,
— 7.2
=k, k#0 = pe =% k£ 0
k2Cr — a1 — a1Cy — iagk =0 Cp = @ 1ok

/6'2 — X1 k2 — (X
Therefore, we obtain a system of eigenfunctions:

; a1 iOégk’ 2
X _ ikz k< Vk € Z\ {0
p@) =t A € Z\{0},

which correspond to the eigenvalues ux = k* Vk € Z\ {0}.
Let oy # k?, k = 0. Then we have

XY () + poXo () — (a1Xo (0) + az X} (0)) = 0,}
Xo (=) = Xo(m); Xo(-7) = Xq (7).

XQ(.I):AQ—I-C(] = XQ(O):AO—I-CU
X (2) = XY () = 0

po (Ag +Co) —a1 (Ao +Co) =0 = (Ag+ Co) (o — 1) =0

Ag+Ch =1,
Ho = Q7.

We get the eigenfunction Xg () = 1, which corresponds to the eigenvalue py = a.
Hence, the system of eigenfunctions and eigenvalues of the problem (10) for the case (a) has the
form: -
; [e5] 103
ezkw +
Xk (x) = kQ—Oq k2—a1
1, po=aq, k=0.

y Mk = kQa Vk € Z\ {0}
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Case (b). Let Ja € Z : a3 = a® Yk € Z\ {+a}. Reasoning similarly to the previous case, we
obtain a system of eigenfunctions X, (z) = e 162%1&1 + k’f‘fsl , which correspond to the eigenvalues
pr = k%, Yk € 7Z\ {0;+a}, and the eigenfunction X (z) = 1, which corresponds to the eigenvalue
Mo = O] = CL2.

Let Ja € Z: ay = a?, k = +a. Then we have

XY o (#) + praXaa (2) — (a1 X440 (0) + a3 X7y, (0)) = o,}
Xig (—7) = Xpq (m); Xy (—m) = X, (7).
Xia(®) = Apae™ 4+ Ciq = Xiq(0) = Atq + Cia,
X (2) =1 10 AL = X' (0) = +iaAL,,
XL, (2) = —a®Agqe™?,
—a?A g™ 4 o Arae™ 4 1o Crg — (aPAgq + a?Cyq £iasaAy,) = 0.

A:ta = 17

{ —a*Asq + prqAia =0, e =, o
pi4aCra — (A*Asq + a*Cag £iagadi,) =0 PO — @ — @Cn T icna = 0
Asa =1, Ava =1, Ara =1,
= fita = a°, = fita = 0%, = fita = a,
—a? Fioaza=0 a(atiag)=0 a=0wm a3z = +ia
Therefore, we get the eigenfunctions Xi,(z) = e**  which correspond to the eigenvalues

2
Hiaq = Q1 = a”.

Hence, the system of eigenfunctions and eigenvalues of the problem (10) for the case (b) has the

form: ok
a1 103 2

=k*, Vk e Z\{0; £
kg_a1+k2_alaﬂk ) € \{7 a'}

eikaz +
Xk(w): 1,,[1,0:0[1:&2,]{5:0
e =01 =d? k=+a
The solution of the problem (11) is defined similarly.
Case (c). Let ag # n Vn € Z. Then the system of eigenfunctions and eigenvalues of the problem

(11) has the form:

ey 4 2a2 + ;‘a;m
Y, (y) = n“—oay n

—, Mo = k2 +n?, Vk € Z, Vn € Z\ {0}
- Q2

1, Ak70:k2+a2, Vk e Z, n=0.

Case (d). Let 3b€ Z: ag = b?> ¥n € Z. Then the system of eigenfunctions and eigenvalues of the
problem (11) has the form:

ey 4

RN +n2—b2’ Men = k* +n*, Vk € Z, Vn € Z\ {0; £b}

Yol(y) = L Mo =k +az=k*+b%, Vk€Z, n=0
eiiby7 )‘k;ib:k2+a2:k2+b27 VkEZ, n = +b

Let’s write the systems of eigenfunctions and eigenvalues of the problem (9).
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Case 1. Let oy # k®> Vk € Z and ag # n? ¥n € Z. Then the system of eigenfunctions and
eigenvalues of the problem (9) has the form:

_ | Jika a1 iagk iny @2 laqn
{Sok,n(%y)_(e +k2a1+k2041> (e +n2a2+n2a2>7

Mo = k2 4+ n?, Vk,n € Z\ {0} ;

_ ikx a7 iagk}
ka,O(l‘ay)_e +k‘2—041+k2—041

a9 14N
+

. Ao = k? + a2, Vk € Z\ {0}; (12)

, Aon = a1 +n? Vn e Z\{0};

_ Liny
0 T =€ +
Yo (z,y) a7 =

0,0 (xay) = 17 )\0,0 =+ a2} .

Case 2. Let a1 # k?> Vk € Zand I € Z: ap = b? Vn € Z. Then the system of eigenfunctions and
eigenvalues of the problem (9) has the form:

. a1 Zagk ; (0%) Z.Oé4n
z,y) = [ e** " ’
{@k,n( Y) < +k2—a1+k‘2—a1> (e +n2—a2+n2—042>

Men = k2 + 1% VEk € Z\ {0} ,n € Z\ {0; b} ;

a1 iagk
]{72 — 1 k2 — Q1

oro (T, y) = e 4 . Ako = k2 + a9, Vk € Z\ {0}; (13)

; o tagk ;
Pr,xb (T,y) = (em t _1a1 T2 _3a1> e, Ny = K + o, Yk € Z\ {0}

Gz, dean 4 Vn € 7\ {0; 4b);

)

_ iny
0n (T,y)=€e"" +
o (2,4) n?—ay n?—ap

wo.sb (T,y) = eFY g4 = a1 + ag;
o0 (z,y) =1, Moo =01 +az}.

Case 8. Let Ja € Z: oy = a®> Vk € Z and ag # n? Vn € Z. Then the system of eigenfunctions
and eigenvalues of the problem (9) has the form:

_ | ika ! iagk iny @2 taan
{kam(x?y) <€ +k2—a1+k2—041> (6 _'_712—0(2_‘_7&2—042)7

Mo = k2 4+ n?, Vk € Z\{0;+a} ,n € Z\ {0} ;

o1 tazk

ikx 2
,Y) = , Ako=F , Vk € Z\ {0; +a}; 14
Pro (2,y) = €™ + 15— o T e o + a2 \ {0; £a} (14)
. « 10N
©Yo,n (:r:,y) ="+ n2 _2a2 + n2 ja2’ )‘O,n =aoay + n27 Vn € Z\ {0}§

a7 ’iagk
k2—o7 k2—og

P+a,n (xa y) = eiia:p <eikx + > 5 )‘:i:a,n =]+ n27 Vn € Z\ {0}7

»
V+a,0 (T,y) = 7", Aiqo = 01 + a;

0,0 (x,y) = 1, )\070 = 1 + ag} .
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Case 4. Let 3a € Z : a1 = a®> Vk € Z and 3b € Z : a9 = b?> ¥n € Z. Then the system of
eigenfunctions and eigenvalues of the problem (9) has the form:

_{ ika ay iagk iny @2 laqn
{Sok,n(x7y)_<e +k2—a1+k2—a1> (e +n2—a2+n2—a2>7

Mo = k2 + 02, Yk € Z\ {0; +a} ,n € Z\ {0; +b} ;

o1 tazk
k2 — 1 k2 — 1
1e%) 1oun

@o,n(%y):em“nz_az Ty Ao = a1 +n?, Vn € Z\ {0; +b} ;

ro (z,y) = etk 4 y Ako = k2 + o, Vk € Z\{0; £a}; (15)

(&3] iagk
k‘2 — (] ]{72 — 1

Otan (T,y) = etiar (eikz + > , Adan =01 + n?, Vn e Z\ {0; +b};

o tazk

Pt (3:9) = (em e e Oq) W, Mo =k + oz, Vh € Z\ {05 +a} ;

+i(az+b .
Pta,+b (ﬂf, y) =€ i(az+ y)a )‘:I:a,:l:b = a1 + a9;
N

V10,0 (Z,y) = e, Aigo = a1 + ag;
+iby

©o,4b (T,y) = e, Ao b = o1 + 2;

©0,0 (x,y) =1, oo =01 + as}.

Z/
Solution of the equation 7 8 = —M,n has the form.

Zk,n (t) = Ck,n . 67)"“’"2 (16)

where Cyp, = zopn, are the expansion coefficients of the function zg(z,y) by system
{(Pk,n (x,y) , ko€ Z}

Note that the obtained systems of eigenfunctions (12)-(15) are complete in the space Lo (€2;), forme
a basis but is not orthogonal (the completeness of the systems of eigenfunctions (12)-(15) follows from
the Paley-Wiener theorem [21], [22]). Therefore, the solution to problem (5)-(7) will be sought in the
form

where {¢, (z,y), k,n € Z} is a biorthogonal basis [23] of the space Ly (1) and Z = {0; £1; £2; ...}
to the system {¢g, (z,y), k,n € Z}.

3. Construction of biorthogonal systems of functions {ty . (z,y), k,n € Z}
The biorthogonal systems of functions in Lo (£21) for (12)-(15) will be constructed as follows:

1

{kn (z,y), kyn € Z} = {Zhlrg@i(kﬂny); —g0 (y) e™%; ifo () e™; k,n € Z\{0}; fo(z)- g0 (y)}

2T 2

where fo (), go(y) are unknown functions. For the (12) fo () we will search in the form:

fo(x)=Co+ Z Cm<zmm+mml>
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Coefficients Cy and C,,, we determine from the biorthogonality conditions:

1

oq 1Qgm
+
27

1 a1,
Co=—5-— Y CmBp®, Cp=-
meZ\{0}

B&v*3  where B21™*3 = .
mo m m2—oa; mZ2-—om

Further, applying the found values of Cy and C),, we find the required function fy (x):

1 . aq 1a3m
r)=—— BoL3 e - where BYY3 = + )
fO( ) 27Tmez m m 7712_0(1 m2_a1
Function gg (y) for the (12) is defined similarly:
1 : o iaam
= —— B2 - where B9 = + .
g0 (y) o P m m m2—ay  m2—as

Thus, biorthogonal system for (12) is:

{um (z,y), k,neZ} = {4126i(kx+”y); —% > Bpeseilivih), —4% > Bgoseilmatny),
7 7 T
leZ meZ

1 A
ko € ZIN{O}s — 5 D Bt Bt o (18)
m,lEZ
The biorthogonal systems of functions in L (€21) for (13)-(15) are defined similarly.
Biorthogonal system for (13) is:

1 1 ; 1 ;
{¢k,n (fE, y) , k,n e Z} = @ez(k:ﬁrny); —ﬁ Z B?Q’a4€z(ly+kz); —m Z B%I’asel(mz+ny)§
leZ\{+£b} meZ

1 A
o €ZN{O}s — 5 ) BRroBrttetti s o (19)

meZ
17\ {+b}
Biorthogonal system for (14) is:
1 . 1 : 1 .
{Vrn (x,y), kyneZ} = @ez(kﬁ"y); —EZB?’”“@“Z“M); - Z Bovasgilmatny).
leZ meZ\{xa}
1 ,
B €IN{O}s = Y BB telneri) 4o (20)
IEZ
meZ\{+a}

Biorthogonal system for (15) is:

{pnm (x,y), k,neZ} =
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1 i(kx+ny) 1 oz,04 i(ly+kx) 1 a,a3 i(me+ny)
=\ 1.2¢ Do D BT Do DL Birve ;
4 4 leZ\{%b} Am meZ\{£a}

1 .
k,n € 7\ {0}; i Z Bﬁf’a?’Bl‘m’a“el(mmHy) . (21)

leZ\{+£b}
meZ\{xa}

The constructed biorthogonal systems define biorthogonal basises in L (€21).
Hereinafter, we will assume that in the space Lo (1) we have:

e basises {prn (,v), k,n € Z}, composed of the systems (12)-(15) of eigenfunctions and eigenvalues;

e the corresponding biorthogonal basises {¢y ., (x,y), k,n € Z}, defined by the relations (18)-(21).

Then solution (16) of the auxiliary boundary value problem (5)-(7) can be written as:
for the Case 1:

z (IB, Y, t) = Z ZOkne_(k2+n2)t¢kn ((L‘, y) + Z ZOkoe_(kQ—i_az)tka (;Ua y) +
k,neZ\{0} kezZ\{0}

+ D zoone” )00, (2,) + zoo0e ™D oo (2,y) 5 (22)
nez)\{0}

for the Case 2:

z ($a Y, t) = Z ZOkne_(k2+n2)t¢kn (.T, y) + Z ZOkoe_(k2+a2)t¢kO (xa y) +

keZ\{0} kez\{0}

neZ\{0;+b}

+ 2 aoespe” BTy gy (2, y) + > zoome™ () g, (,y) +
keZ\{0} neZ\{0;+b}

+ zgowpe Ty (2, y) + z000e” T g0 (2, )5 (23)

for the Case 3:

z (.CE, Y, t) - Z zOknei(kQJrnQ)twkn (.’B, y) + Z zOkOei(k2+a2)t¢k0 (.’E, y) +

keZ\{0;xa} keZ\{0;xa}
neZ\{0}
+ Z ZOOnei(alJrnz)t"ﬂOn (.CI?, y) + Z ZO:I:cmei(alJrnQ)tw:tan (x7 y) +
nezZ\{0} neZ\{0}

+ 2otaoe” OOy oo (2, ) + z000e D lygg (z,y) 5 (24)
for the Case 4:
2@y t)= Y 2oene” ), (2,) + > zow0e” ) g (2,) +

keZ\{0;xa} keZ\{0;xa}
n€Z\{0;%b}

+ Z ZOOne_(a1+n2)t7/}0n (xa y) + Z ZO:‘:ane_(a1+n2)t¢ﬂ:an (37, y) +
neZ\{0;+b} neZ\{0;+b}

+ 0> zonere BTty (2,9) + zozaspe” @O g0y (2,y) +
keZ\{0;xa}

+ zoaa0e” TR Lo (2, ) + zoope” @Dy (2, y) + 2000 @ D g (2,y) 5 (25)
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where
20kn = /‘Pkn (%y)zo (xay) dxdy7 kvn € Z
951

are the Fourier coefficients of the function zg (z,y); and systems {¢ ,, (z,y), k,n € Z} are defined by
(18)-(21).
From (16) and (22)-(25) it follows immediately that if
for the Case 1:
Zon = 0 for k2 +n? <o,

2060 = 0 for k* + Re (v2) < o,

200n = 0 for Re (o) +n? < o,
zo0+b 7 0and zgpp # 0 for Re (o) + Re (o) > o,
z00+p = 0and zggp = 0 for Re (aq) + Re (a2) < o,

then solution (22) of the problem (5)-(7) will satisfy the inequality (8);
for the Case 2:
zoen = 0 for k2 +n? <o,

2ok0 = Oand zgp1p = 0 mpu k% + Re (ag) < o,
200n = 0 for Re(a1) +n? < o,

200+ 7 0and zgoo # 0 for Re(ay) + Re (a2) > o,

20045 = O0and zgoo = 0 for Re(ay) + Re (a2) < o,

then solution (23) of the problem (5)-(7) will satisfy the inequality (8);
for the Case 3:
zoen = 0 for k2 +n? <o,

200 = 0 for k% + Re (ag) < o,
200n = 0and zg4an = 0 for Re(a1) +n? < o,
20046 7 O0and zgog # 0 for Re (a1) + Re (o) > o,
20046 = Oand zgpo = 0 for Re (a1) + Re (a3) < o,
then solution (24) of the problem (5)-(7) will satisfy the inequality (8);
for the Case 4:
zoen = 0 for k% +n? < o,
zok0 = 0and zop1p = 0 for k% + Re (o) < o,
200n = 0and zgiqn = 0 for Re(aq) +n? < o,
2000 7 0, 20046 7 0, 20440 7 0and 2014+ # 0 for Re(a1) + Re (a2) > o,
2000 = 0, zoo+p = 0, 20440 = O0and zprq1p = 0 for Re (ay) + Re () < o,

then solution (25) of the problem (5)-(7) will satisfy the inequality (8);
We introduce the following notation for the sets of pairs of indices (k,n) k,n € Z:

L={(kn) K +n?>0}, T1 = {(kn) > +n> <o)

I = {(k,0), (k,£b) [k* + Re (a2) > o}, Tr = {(k,0), (k,£b) |k* + Re (o2) < o'}
Is = {(0,n), (+a,n)|Re (o) +n?> o}, Is={(0,n),(+a,n)| (1) +n? < o}
I, ={(0,0),(0,4b), (xa,0), (+a, £db) |Re (a1) + Re () > o}
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I, = {(0,0),(0,£b) , (£a,0), (£a, +b) |Re (a1) + Re (az) < o}
I=TLULUIL3UIL.
Let condition
2okn = 0 mpu (k,n) € T

satisfies for (22)-(25), then stabilized solution zgqp (z,y,t) of the problem (5)-(7), satisfying the
inequality (8), can be written as:
for the Case 1:

z (:L‘a Y, t) = Z ZOknei(szrnQ)tu}k‘n (l‘7 y) + Z ZOk’Oei(szrOQ)t?ﬁkO (SL’, y) +

(k,n)e.ﬁ (kJ,O)EIQ
+ Z Z00n€7(a1+n2)t¢0n (z,y) + A(a1, az) e 172 ygq (2,y)
(0,71)6]3
where
2000, 14 # ©
Alag,ag) =
0, I, =0

for the Case 2:

2@y t) = Y zomme” ) gy, () + > zowoe” (FHe2)tyg (2, ) +

(kn)el (k,0)el2
+ D zovave” Ty () + > zoome™ () g () +
(k,xb)el> (0,n)els

+ Ay (a1, o) e @y (2 y) + Ag (o, ag) e (1F0 by (2 y) |

where
2000, 14 # ©
0, I, =0

Z004b, 1o # O

A1(0417042)={ 0 Lo
, 44 —

Az (a1, a0) = {
for the Case 3:

2@y t) = Y zomne” ) gy () + > zowoe” 42ty (2, ) +

(k,n)€I1 (k,O)EIQ
+ Z ZOOne_(a1+n2)t1/}0n (l‘, y) + Z ZOiane_(a1+n2)t¢ian (.’L’, y) +
(0,n)els (£a,n)els

+ A (a1, a9) e @1F0ly o (@ y) 4+ Az (a1, ag) e @by, (2, y)

where
2000, 14 # ©
0, L=0

20+a0, L4 # O

Ay (0417042)2{ 0. Li=o
, 14 =

As (o1, a0) = {
for the Case 4:

2@y, t) = Y zomne” ) gy, () + > zowoe” 2ty (2, ) +

(k,n)e[l (k,O)GIQ
— 2 _ 2
+ D zo0me (01402) s, (2, ) + > zozane () 4 o (2, ) +
(O,n)els (£a,n)els
+ 2 zorane” )y (2,y) + Ar (0, an) e @ FODyy 4y (2, y) +
(k:,:l:b)EIQ
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+ Az (ar, an) e~ @ Featy, o (2, y) +

+ Ag (ar, og) e @2y (2, y) + Ag (a1, 02) e () 4ag)itoo (2,7)

where
2 ) @ 2 , 1 @
A (a1, a9) = { Oiaig I4 # ®; As (a1, a9) = { Oiag 14 d o
, 14 = , 14 =
200+b, 1o # @ 2000, 14 # ©
AS(alaOQ):{ 0 Lo A4(a17a2):{ 0. L= o
, 14 — , 14 —

Algorithm for solving the stabilization problem

The results of the previous sections make it possible to implement the following algorithm for the
approximate construction of boundary control functions (and even in the form of synthesis that work
out random perturbations) that provide a monotonic (no slower than a given exponent) decrease on
time according to the formula (4) of the Ly (2)-norm solution.

Step 1. To the original boundary value problem (1)—(3) on a parallelepiped the base of which is a
square with side 7, with the nonhomogeneous Dirichlet boundary conditions and an initial condition on
the square  determined by the given function ug (z,y) is posed an auxiliary boundary value problem
(5)—(7) on an extended parallelepiped, the base of which is a square with side 27, with periodicity
conditions (instead of the Dirichlet conditions) and an initial function zq (x,y) on the bottom base of
the extended parallelepiped ;. The function zj (z,y) will be defined as a continuation of the given
function wug (x,y).

Thus, in the auxiliary boundary value problem (5)—(7) it is necessary to redefine the function
20 (z,y) on the square €2y, so that for the solution z (z,y,t) of the problem (5)—(7) the requirement (8)
will be satisfied. In this case, the condition (4) will be also satisfied for its restriction u (z,y,t) and the
required boundary control p (z,y,t) {z,y,t} € ¥ will be defined as the trace of the function z (z,y, t)
upu {z,y,t} € X.

Step 2. Construction of complete biorthogonal systems of functions on the square €2; by solving
the corresponding spectral problems.

Step 3. Find the expansion coefficients of the required function zy (z,y) on the square £ according
to the complete biorthogonal system constructed in the previous step, so that condition (8) is satisfied.
Note that condition (8) ensures requirement (4) for the solution of the boundary value problem (1)—(3).

Step 4. Using the found solution z (z,y,t) of the auxiliary boundary value problem (5)—(7), as its
restriction on the parallelepiped @ we find the solution u (z, y, t) of the original boundary value problem
(1)—(3), satisfying the required condition (4). Boundary control p (z,y,t) {z,y,t} € ¥ we find as a
trace of the solution zg g (x,y,t), i.e.

p (Z’, Y, t) = Zstab (ZL’, Y, t)‘{x,y,t}ez :
Conclusion

The paper proposes a problem formulation of boundary stabilization (forming a parallelepiped)
of the solution of the boundary value problem for the heat equation with a loaded two-dimensional
Laplace operator, where the loaded terms are the values of the required function and traces of the
derivatives of the required function at fixed points, and an algorithm for the approximate construction
of boundary controls.
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M.T. JIxxenanues, M.I. Pamazanos, A.X. Arraes, H.K. I'yiemanos

Exieaniemi >KyKTeJIreH IapabdboJIaJIbIK TeHAeyiHiH,
ITEeNTiMiH TYPaKTaH/IbIPY

Maxkasaga ekiemmmemi Kykrearen Jlammac omepaTopbIMeH KbUIYOTKI3TIMITIK TEHAEYl VIIMTH IMeKapaJIbIK,
€CeIlTiH, IIEeNIMIH TypaKTaHIbIPy ecebi KapacThIpbLIAbl. 2KyKTeareH KOCBHUIFBIINITAD OeJriJieHreH HYKTe-
Jiepgieri i3mestiaal (PyHKIUSTHBIE MOHIEPl MEH OHBIH OipiHINi perTi mepbec TYBIHIBLIAPBIHBIH, i37epi 60IbIT
tabbliapl. CoHmaii-ak ecenre neKapaJblk 6ackapy QYHKIUAJIAPBIH KYPY aJrOPUTMi YCHIHBLIFAH.

Kiam cesdep: mekapa GOMBIHINIA TYPAKTAHIBIPY €cebi, XKbITyOTKI3TIIITIKTIH, *KYKTEJITeH TeHIeYl, *KYKTe-
ren Jlammac omeparopbl, GHOPTOTOHAJIBI XKYite, TYPAKTAHIBIPY, aJITOPUTM.

M.T. JIxxenamues, M.I1. Pamazanor, A.X. Arraes, H.K. I'yiibmanos

Crabunmzanus perneHus AJs ABYMEPHOTO Harpy>kKeHHOTO
nmapadboJITIecKoro ypaBHEeHUS

B craTbe paccmoTrpena 3amada crabuimsauu penreHnsi TPAHUIHON 33/1a9u JjIs yPABHEHUS TEILIOMPOBO/I-
HOCTH C Harpy>KeHHBIM JIByMepHBIM oneparopoM Jlamraca. Harpy:xenuble ciaraemble IpeCcTaBIsIOT COOOM
3HAYEHMsT UCKOMOI (DYHKITUU U CJIEIbI €€ YaCTHBIX MPOU3BOHBIX TIEPBOTO MOPSIIKA B (PUKCUPOBAHHBIX TOY-
kax. [IpemjokeH aaropuTM mMOCTPOECHUS TPAHUYHBIX YIPABISAOMNAX (PYHKITHIA.

Karouesvie crosa: 3a/1a4a CTaOUIN3AIAN 10 TPAHNIIE, HATPY2KEHHOE ypPaBHEHNE TEIJIONPOBOIHOCTH, HAIPY-
JKeHHBbIN orreparop Jlamaca, GropToronaabHas CUCTEMa, CTaOUIN3aIHsI, AJITOPUTM.
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