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Decomposition formulas for some
quadruple hypergeometric series

Abstract: In the present work, the authors obtained operator identities and decomposition formulas for
second order Gauss hypergeometric series of four variables into products containing simpler hypergeometric
functions. A Choi—Hasanov method based on the inverse pairs of symbolic operators is used. The obtained
expansion formulas for the hypergeometric functions of four variables will allow us to study the properties
of these functions. These decompositions are used to study the solvability of boundary value problems for
degenerate multidimensional partial differential equations.
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Introduction

A variety of tasks related to almost all of the most significant sections of mathematical physics
and answering urgent technical questions are associated with the special functions applying, such
as the Bessel, Hermite, Gaussian hypergeometric functions, etc. Thus, for example, Bessel functions
are actively used in solving hydrodynamics, radiophysics, acoustics problems of atomic and nuclear
physics. There are applications of Bessel functions in problems of elasticity and thermal conductivity
theories (determination of stress concentration near faults, plate oscillation) [1]. Many functions used in
astronomy are arranged in series of hypergeometric functions [2]|. Also, the hypergeometric functions of
many complex variables are applicable to the research of analytic continuation problems of Mellin
— Barnes type integrals [3], in the superstring theory [4], and in theoretical aspects of algebraic
geometry [5].

Generalized hypergeometric functions are used in solving boundary value problems for shell theory
equations whose applications are used in mechanical engineering. A.D. Kovalenko developed the app-
lication of the theory of generalized hypergeometric functions to determine the stress state in disks,
circular plates of alternant thickness and conical shells of rotation according to the equilibrium linear
theory [6]. Multiple hypergeometric series are used in research and development of aerospace systems [7].
At the same time, hypergeometric functions of many variables arise in quantum field theory as a
solution of Knizhnik-Zamolodchikov equations [5]. In [8-10], the connection of special functions of the
hypergeometric type with the actual problems of the theory of representations of Lie algebras and
quantum groups is shown, as well as the application of hypergeometric functions and series to applied
problems of various fields.

It should be noted that the Riemann functions and the fundamental solutions of degenerate partial
differential equations are expressed in terms of multiple hypergeometric functions. Thus, hypergeometric
functions are used in solving boundary value problems for degenerate differential equations [11]. In
particular, hypergeometric functions are used in [12| to find the fundamental solutions of a four-
dimensional degenerate equation of elliptic type, which can be used in solving known boundary value
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problems. Also in [13]|, Appel hypergeometric functions are used to construct a double layer potential
theory.

Second order hypergeometric functions of four variables were introduced in [14,15]. For one class
of hypergeometric functions of four variables, various properties, such as decomposition formulas,
integral representations were obtained in [16,17]. However, it should be noted that decompositions into
products of simpler hypergeometric functions can be obtained not for all the introduced second order
hypergeometric functions of four variables.

In this paper, we obtain decomposition formulas using operator identities for the following quadruple
hypergeometric functions:
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where (a),, =T (a+m) /T (a) is a Pochhammer symbol.
Operator identities
By means of Burchnall-Chaundy pair of mutually inverse symbolic operators V, ,, (h) and Az, (h)

[18—-20], decomposition formulas were obtained for the Appel’s hypergeometric functions of two variables
by the products of hypergeometric functions of one variable [21].
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To decompose multiple hypergeometric functions, a multivariable analogue of the above pair of
mutually inverse symbolic operators
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To study the various properties of another class of generalized multidimensional hypergeometric
functions, J. Choi and A. Hasanov [23] introduced the following reciprocal operators:
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Theorem 1. For the second order hypergeometric functions of four variables (1)—(8), the following
operator identities are valid:
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where Fy, Fy, Fj are Appel hypergeometric functions [21], Fé?’) is Lauricella function [24], and Fg, Fr
are Saran functions [25]:
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Proof. Theorem 1 is proved by dint of Mellin’s transformations [26].
Decomposition formulas

Theorem 2. For second order hypergeometric functions (1)—(8) the following decomposition formulas
are valid:
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Proof. The proof of Theorem 2 is realized utilizing operator identities (9)—(24), some properties of
hypergeometric functions of many variables and the following operator identities [27, p. 93]
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As an example, we give a brief proof of the decomposition (25).
The following equality holds:
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By virtue of the validity of the identity () =(A),,(A+m), we get

m+n

%
@ b 04 _a2) t
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m n
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In view of the F ég) Lauricella hypergeometric function definition, from expression (43) we obtain
decomposition (25).

Thus, the decomposition formula (25) is proved.

Similarly, we can prove each of the decomposition formulas (26)—(40).

Remark 1. The decomposition formulas (25) — (40) can also be proved by comparing the coefficients
before the factor 2™ y"zPt? in both sides of the equality.

Conclusion

In conclusion, we proved the operator identities written via the mutually inverse operators H and
H for the hypergeometric functions of four variables F1(4)7 F?E4) — Fé4), F§4), Fl(f), Fl(gl), the validity
of the former is proved using the Mellin transforms. By applying the obtained operator identities,
differentiation formulas for hypergeometric functions, and properties of hypergeometric functions, we
have proved decompositions for the functions F1(4), F§4) — Fé4), F8(4), FS)’ Fl(g) by products of such
known hypergeometric functions as the Appell’s functions Fy, Fs, Fy; Lauricella’s function Fg)); the
Saran functions Fg, Fp. Similarly, the decomposition formulas for hypergeometric functions of four
variables Fl(;l), Fl(g), Fl(g), FQ(S‘), FQ(f), etc. can be obtained.
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A.C. Bepaprmes, A. Xacanos, A.P. Prickan

Keiibip TepT allHbIMAJIbI TUIIEPIE€OMETPUSLIIBIK,
KaTapJjap YIIiH XKiKTey (opMmyJiajgapbl

Maxkasazia TopT affHbIMAJIBI THIIEPTEOMETPUSIIBIK, [ 'aycc KaTap/iapsl YIIIiH OTIEPATOPJIBIK, TEele-TeHTIK TTeH Ka-
pamaiibiv dyHKIsIapra )ikrey dpopmysanapbl aibiHabl. CHMBOJIIBIK ONEPATOPIIAPIBIH KePi KYITapbIHA
Heriznenren Yown-XacaHOB 9/1iCi KOMIAHBLIILI. AJTBIHFAH TOPT aifHBIMAJIBI TUIIEPTEOMETPUSIIIBIK, KATApIaphbl
yImiH xkikrey dopMynanapbl ocbl DYHKIUAIAPIBIH, KACUETTEPIH 3epTTen Oliyre MyMKIiHIiK Gepemi. AJbia-
FaH XKIKTEyJIep KOUOJIIeM/Il a3rblHIaarad Jepbec Ty bHAbLIbL auddepeHnnaIblK TeHIeyep YImiH MeTTiK
ecenTep/IiH MEennHIiMIIIIK Macese/IepiH 3epTTeyie Mai aHbLIa bl

Kiam cesdep: Anmnennb runepreomeTpusiiblk yHKumsachl, Jlaypudenn dyunkiusaco, Capan QyHKIUACH,
TOPT affHBIMAJIBI TUIIEPreOMETPUSIIBIK, KaTap, YKikTey (opMysiajgapbl, OlepaTopJIbIK, Tele-TeHIKTeD, Kepi
CHMBOJIZBIK, OIIEPATOPJIAP.

A.C. Bepaprmes, A. Xacanos, A.P. Peickan

Dopmysbl pa3jI02KeHUsl JIJIsi HEKOTOPbBIX
runepreoMeTpuYeCcKnX psga0B YeTbIpexX NepeMeHHbIX

B craTtbe momydensr omepaTopHble TOXKIECTBA U (DOPMYJIBI PA3JIOKEHUS JIJII TUIIEPIeOMETPUIECKIX PsITOB
T'aycca BToporo nopsifka 4eTbipex IepeMeHHBIX 10 IPOU3BEIEHNAM, COePKAIIM O0Jiee IPOCThIe TUIIEPTe0-
MeTpudeckre (PYHKIMA. ABTOpaMHU HCIIOIB30BaH MeTos Jou-XacaHoBa, OCHOBAHHBIN Ha OOpATHBIX Mapax
CAMBOIMYECKUX oniepaTopoB. [losryaentbre popMysIbl pa3/IOKeHUS [I/IsI TUIIEPreOMETPUIEeCKUX PYHKIHI Te-
TBHIPEX IIEPEMEHHBIX IIO3BOJIAT U3YYUTh CBOHCTBA 3TuX PyHKnuil. JlaHHbIe pa3/I0KeHUs IPUMEHSIOTCH IPU
HCCJIETOBAHUYU BOIIPOCOB PA3PENINMOCTY KPAEBBIX 3aJ1a4 JjIsi BBIPOXKIAIOIINXCST MHOTOMEPHBIX JuddepeH-
[UAJIBHBIX YPABHEHUM B YACTHBIX ITPOU3BOIHBIX.

Karoueswie caosa: runepreomerpudeckas dynkuus Anmnens, dyukmusa Jlaypudesuia, dyukmus Capana, ru-
MIepreoMETPUIECKHIA PsiJT Y€ThIPEX MEPEMEHHBIX, (POPMYJIbI Pa3JIOKEHNsI, OTEPATOPHBIE TOXKIECTBA, 0O6paT-
HBIE CHMBOJINYECKUE OIIEPATOPHI.
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