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Interpolation theorem for Nikol’skii-Besov
type spaceswith mixed metric

In this paper we study the interpolation properties of Nikol’skii-Besov spaces with a dominant mixed
derivative and mixed metric with respect to anisotropic and complex interpolation methods. An interpolation
theorem is proved for a weighted discrete space of vector-valued sequences Ig(A). It is shown that the
Nikol’skii-Besov space under study is a retract of the space lg (Lp). Based on the above results, interpolation
theorems were obtained for Nikol’skii-Besov spaces with the dominant mixed derivative and mixed metric.
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Introduction

The embedding theorems for spaces of differentiable functions play an important role in the study
of boundary value problems for equations of mathematical physics and approximation theory. At the
same time, interpolation of smooth function spaces is of great interest.

The interpolation of the Sobolev and Besov spaces was first studied by J. Petre [1], J.-L. Lions and
J. Petre |2]. Further results on interpolation of spaces of smooth functions with respect to the classical
real and complex methods can be found in the monographs of J. Berg and J. Lofstrom [3], H. Tribel [4].
In V.L. Krepkogorskii’s papers [5], [6], I. Asecritova’s and others 7] interpolation properties of Besov
and Lizorkin-Triebel spaces were studied with respect to Sparr’s method. E.D. Nursultanov and
K.A. Bekmaganbetov considered interpolation properties of Besov spaces with respect to a method
of multiparametric interpolation (see [8]). They also considered interpolation properties of classical
Besov and Lizorkin-Triebel spaces with respect to an anisotropic interpolation method (see [9], [10]).
In works [11]- [13] E.D. Nursultanov, K.A. Bekmaganbetov and Ye. Toleugazy considered interpolation
properties of Besov spaces with dominant mixed derivative with anisotropic and mixed metric. The
use of interpolation theorems for receiving embedding theorems and their further applications in
approximation theory is shown in works [14]- [16].

In this paper we study the interpolation properties of Nikol’skii-Besov spaces with a dominant
mixed derivative and mixed metric with respect to anisotropic and complex interpolation methods.

An interpolation theorem is proved for a weighted discrete space of vector-valued sequences Ig(A).
It is shown that the Nikol’skii-Besov space under study is a retract of the space la‘(Lp). Based on
the above results, interpolation theorems were obtained for Nikol’skii-Besov spaces with the dominant
mixed derivative and mixed metric.

Preliminaries and auxiliary results

Let E={e=(e1,...,en):6,=00reg; =1,i=1,...,n} be the set of vertices of an n-dimensional
unit cube in R, A = {A.}.cp is a set of Banach spaces that are subspaces of some linear Hausdorff
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space, which is called a compatible set of Banach spaces [3]. For element a from space »_.p A we
define
K(t,a;A)= dnf > t[lac]a.,
0=2eep O c€E
where t* = ¢7' ... - t5.
Let 0 < 0 =(01,...,0,) <1,0<r=(rg,...,7y) < 0. By Agr = (4z;¢ € E)g, we denote the
linear subspace of ) _. Ac such that for its elements the following condition holds:

1/r
r dt
lal| Ay, = </R (t7K (60 8)) S )

+

00 9 L dt ro/ri Tn/Tn-1 dt 1/rn
_ —0, —61 e n
= /0 (tn </0 (tl K(t,a; A)) 0 > > T < 0.

Lemma 1 ([9]). Let 0 < 0 < 1,0 <r < oo and let A = {A.}.cp and B = {B.}.cr be two
compatible sets of Banach spaces. Suppose that for a linear operator T : A, — B, there are two
vectors Mg = (M?,...,M9),M; = (M{,..., M}) with positive components such that ||T||a. B, <
< C. [, M for any € € E, then

T: Agr — Bgr

n
with estimate ||T|| Ay, —By, < max C: ]‘_[1 (M) (M;)™.
1=
Lemma 2 ([4]). Let a1 < o < a9 and 1 < g < o0. For a sequence of non-negative numbers {ay }rez
define transformations

J
Io(a;j) = Yy 200,

k=—0o0
e .
N(a;j) = Y 200,
k=j+1
Then the following inequalities hold:
o 1/q - 1/q
> (@YD) | < Y (2Yy)'| (1)
j=—00 j=—00
o 1/q o 1/q
Yo (Yh(wg)'| <G| Y (2Y)"| . (2)
j=—00 J=—00
For multi-indices by = (8y,...,02),b; = (bi,...,bl) and € = (e1,...,&,) € E we introduce the

notation b, = (b7',...,b5").
Let a = (a1,...,0,) € R", 1 < q = (q1,---,¢2) < 00 and A be a Banach space. By I5(A) we
denote the set of multi-sequences {ay }xezn with values in A for which the norm

q 1/q
lalliga) = (Z (2(a’k)H6LkHA> ) =

kezn
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Qn/Qn— l/qn
too Yoo u a2/n !
= Z Z (22¢:1 ok Hakl,--.,k’nHA>
kn=—00 ki=—0o0

n
is finite, here (o, k) = Z a;k; is the inner product.

i=1

Lemma 8. Let ap = (¥, ..., %) # a1 = (ad, ..., al), 1 < qo = (&, ..., &),

q1 = (qi, ..., q}) < oo. Then for 0 < 0 = (01,...,0 )<1,1<q=(q,...,q,)00 the equality

(157 (A);e € B), =15(4)

holds, here a = (1 — ) + Oaq.
Proof. Without loss of generality, we can assume that ag = (a9,...,a%) > a; = (a},...,a}). Due
to the embeddings
15(A) = g (A) = I5,(A)

it is enough to prove the embeddings
(I (A)se € E)gg = 1g(A) 3)

and

15(4) > (5°(A); ¢ € By @

where o = (1 — ) + fag.
First we prove the embedding (3). If a = {ak kezn € (32 (A), then

K (t,a; 1%(A);< € E) ST e (4 =
€B% cp
= inf t® sup olae k) Hal(f) = inf Z sup TRPAGELY Hal(f) >
a:ZEGE Qe =3 ) kezZn A a:ZEGE Qe ccE kezZm
> inf sup min <t52<°‘€’k>) Hal(f) =
a=) cp Qe fcp kezr eck A
= _inf  sup min (t52<0‘5’k>) Ha(a) >
a=}_.cp e keZn €€E ; ko lla
> inf  sup min ( 9o K ) a =
a= ZaeE ac kezn €EE %ZE k

= inf  sup min (t€2<a5’ ) llak|| 4 = sup HllIl (t52 e ) l|lax|| 4 -
a=3 ccp tc kezn €€F keZ

Since ag > a1, then R} can be divided into parallelepipeds of the form {2 ao—e1)(j-1), 2(0‘0 O‘l)J),
jE€ Z™ Then

1/q
— —0 . JOe . th
||ar\(zgg<A>;€eE>9q—< [ (K stz (e < B) t) >

+
1/q
44t
> / (t_g sup min <t52<0‘5’k>) Hak\A> — =
i kezn cER t
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1/q

o(apg—a)j a4 g4t
= Z / . <t % sup min <t€2<a€’k>) ||ak|A> " >

jezm J 20Dy kezn €L

1/q
q

> —(0(co—a1),j) (e(ap—a1),j)+{ae k) _
“\& <2 s i 2 ) ol

1/q

. q
- Z <Sup min (2((879)(&0*&1),J>+<Ozs,k>) Ha’kHA> _

jezn keznr €EE

1/q

q
— E m ((e=0)(o—a1)+ac,j)+(ae,(k=]))
@ = <ksélzr:l 661115’1 <2 ) Hak|A>

Since for any € € E the equality
(e—)(ap—a1)ta=(—0)(apg—a1)+ (1 —e)ag+eag =
=1-0)ay+0ag =«
holds, then we get

1/q
q

ol e, = O | 3 ((sup mip (209500 gl )| =

jezn kezZnr €EE

1/q

. q
=0, Z <2<a,3> sup mm( <as,(kﬂ)>) HakHA> >

€E
iz keZn €

1/q

Z (2<°"j> Haj”A)q =0 ||a||zg(A) :

jezr

The last inequality means the embedding (3).
Next, we prove the embedding (4). Let a = {ax }xezn € Ig(A). We have

K(t,a;15%(A);c € E) St laclse () =

ecE e ceE

— nf S Y 2k Hagj> = _jof Z > w2tk o] <
0=2eer% [k Kezn A a=Y.epo €E keZn
< > min (t€2<%"‘>) ol
kezn

here we put al(() = qay for e that corresponds to m%l (t€2<a5’ >>.
€

As in the proof of (3), we obtain

qdt 1/a
lallge cem),, = (/ (TG @ (e € B)) t> <

+
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4 g 1/q
—0 . eo{ae k) e —
(/i (t > min (v°2 )||akHA> t)

kezm
2(apg—a1)i dt
) N (D SETICECE [T
jezn 2(ag—a1)(i-1) keZn
—(0 - »- o P 6)
X 'Z (2 (O(eo—en)g) 37 min (2< e(a0—a1),j)+{a |akHA>
jezn kezZn

oy <2<a_ao,j> 3 i (2o o )HakrA>

jezn kezn °F
q\ Va
(ov.d) ; (e k—j) —
Co jezz; (2 kéz:n min <2 ) Hak”A> =
q\ 1/a 1/q
A <2<avj>zfa<raumj>> <oy [ (@ niea)t] .
jezn ceE ceB \jezn

where I.(||alla;]) = L, (... I (Jla]| a3 ])) is a composition of transformations from Lemma 2.
Further, using the Minkowski inequalities, (1) and (2) we obtain

1/q
q
ol e, <0 X | 2 (2o9nlala)) -
eckE \JeZ"
a/q an/gu-1\ /0"
=G> | >0 |2 DD L, (I (lallasi)” <
eel \ jn=—00 J1=—00
q2/q1 dn I/Qn
SCQZ Z 2an]nIEn Z (2041]1[51(||a”A;j))q1 <
eelE \ jn=—00 J1=—00
2/qn n/qn—1 L/an
<o Y 2 Y @ lagglla)” =
eek | jn=—00 J1=—00
1/q
. q
= ([ 3 (2 lleglly) ) = Callallgay -
jezn

The last inequality means the embedding (4).
The lemma is completely proved.
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Nikol’skii- Besov type spaces and their interpolation

Let multi-index d = (dy,...,d,) € N, T = {x = (x1,...,Xp) : X; = (:1:11,,1:?11) € [0,2m)%,
i=1,...,n}. Let f(x) = f(x1,...,X,) be measurable function on T9.
Further, let 1 <p = (p1,...,pn) < 00. The Lebesgue space Lp(T9) with a mixed metric is a

set of functions for which the following expression is finite

pn/pn—l 1/pn

p2/p1
1Ny rey = /Tdn ( (/le |f(x1,...,xn)|p1dx1) ) dx,,

Here, the expression ( [pa, ]f(x)\pidxi)l/pi for pj=co we undestand as sup,cpq | f(x)].
Let a = (a1,...,an) €ER", 1 <q=(q1,...,qn) <00, 1 <p=(p1,...,pn) < 0.
For trigonometric series f ~ >y c7a axe"®¥) denote by

AS(f) X) = Z akei<k’x>7

kep(s)
n d;
where (k,x) = ZZk;:c; is the inner product, p(s) = {k = (ki,...,k,) € 29 : [231'_1] <
i=1 j=1
< maxj—i,. 4, |k;| <2% 4=1,...,n}

The Nikol'skii-Besov space Bp%(T9) with a mixed metric is the set of trigonometric series
o~ keza axe® %) for which the norm

I lgacesy = {218 zyco0 )

SEZY I

is finite, where || - ||;, is the norm of a discrete Lebesgue space lq with a mixed metric.
Definition 1. Let A and B be Banach spaces. An operator R € L(A, B) is called a retraction if
there exists an operator S € L(B, A) such

RS = E (identity operator from L(B, B)).

Moreover, the operator S is called the coretraction (corresponding to R).

Theorem 1. Let —oc0 < a = (a1,...,a,) < 00,1 < p = (p1,...,pn) < 00 and 1 < q =
= (q1,---,qn) < 00. Then the space Bp%(T9) is a retraction of the space la‘(Lp(’]Td)).

Proof. We prove first the S-property. For the function f € Bp%(T9) we define the operator S as
follows

ST = {8l ¥)}sezn = {(As* ) () }cz -

here Ag(x) is the Dirichlet kernel corresponding to the block p(s).
Then, by definition, we have

15 F g (Lp(rayy = I{As(fs ) Hha Ly (ray = [1f] B3a(Tay »

which means the fulfillment of the S-property.
Next, we check the fulfillment of the R-property. For the sequence f = { fs(x)}sEZi we define the
operator

Rf =) (Asx f5) (x).

SISVA
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Then, according to the inequality of M. Riesz about the boundedness of parallelepipedal partial
sums, we obtain

[Am * fllpray < ClIfllL, (ray

where C' is the absolute constant, and further
”RfHng(Td) = [{(As * fs) As}Hzg(Lp(Td)) =

= [{As * fs}lig Ly (ray) < Cl{sHgzp(ray = Cl1f g zpcra)) -

The last inequality means the fulfillment of the R-property.
It remains to show that RS = E. Indeed,

RSf(x) = RU{A(f,0)}) = D (As(fix) * As(x)) =

SELT
= D> (82 = Spen) % ) (%) = f().
SEZT
The theorem is completely proved. O

Theorem 2. Let 1 <p = (p1,...,0n) < 00, 040:(04(1)a~--70491)7éa1:(0‘%7-“70‘%)’15(10:
:(q(l)v'--’qg)’ql:(Q%v'“’q'rlz)SOO7€:(517"'a€n)GE' Thenfor0<9=(91,-..,9n)<1a11d
1<q=(q,---,qn) < oo the equality

(Bp=a=(19);c € B) o = BT

holds, where oo = (1 — 0) g + Oavy.

Proof. follows from Theorem 1 and the Lemma 3. O
Remark 1. In the case d = (1,--- , 1), the result of Theorem 2 was announced by E.D. Nursultanov
in [9].

Theorem 3. Let 1 < po = (p,...,p2),p1 = (p},...,pL) < 400, ap = (af,...,a) # a1 =
=(af,...;ar), 1<qo=(¢...,¢%), a1 = (qi,...,q:) < oc. Then for 0 < f < 1 the equality

(Bgge(T?): Bz (1)) | = BR(T)

holds, where a = (1 —0)ag+0a1, 1/p = (1 —0)/po+0/p1 and 1/q = (1 — 0)/qo +0/qu. Here (-, )
is a complex interpolation functor (see [3]).
Proof. follows from Theorem 1, Theorems 5.1.2 and 5.6.3 from [3]. O
Acknowledgments. Research was partially supported by the grant of the Science Committee of
Ministry of Education and Science of the Republic of Kazakhstan (grant AP08855579).
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K.A. Bekmaranberos, K.E. Keppener, E. Teneyrasnor

Apajac merpukaJjbl Hukonbckuii-becoB Tuiirec
KEHICTIKTep YIIIiH MHTEPIIOJASINNSJIbIK TeopeMa

MakaJsrasia apajac TYBIHIBLIBI K9HE apaJjac MeTpukaJibl Hukosmbckuit-BecoB KeHIiCTIrHIH MHTEPIIOINSsI-
JIBIK KACHETTeP] aHU30TPOITHI JKOHE KEIIeH i HHTEPIIOJIALS dicTepi Goiibimra seprrensi. lg (A) BeKTOpJIbI
MOH/Ii CaJIMAKTBIK JMCKPETTI KEHICTIK YIIIH NWHTEPIOJIAIUIIBIK TeopeMa Joienaen . 3eprreiares Hukoib-
ckuit-Becos kenicrikrepi Ig (Lp) KeHicTiriniy peTpakTh 60IaTHIHIBFE KopceTiam. 2Korapbiia KeaTipiaren
HOTHUKEJIepre CYeHe OTBIPHIN, YCTEMIIK €TETIH apajac TyBbIH LI KOHE apajac MeTpuKaIbl Hukombckmii-
Becos kenicTikTepi yIIiH HHTEPIOISIUASIBIK, TEOPEMAJIAD AJIBIH/IbI.

Kiam cosdep: Hurombckuii-Becos Tunrec KeHICTIKTED, aHU30TPONTHI MHTEPIIOJIATINS DTICI, KEIIEH I WHTEP-
[TOJIATINS.
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I/IHTepHOJISII_[I/IOHHaSI TeopeMa AJid ITPOCTPaHCTB THUIIA
Hukoabpckoro-BecoBa co cmemnaHHOI MeTpI/IKOﬁ

B crarbe nzyvennr nHTEPIOISAIIMOHHBIE CBOMCTBa pocTpancTB Hukosbckoro-Becosa ¢ jomunupyroreit cme-
MIAHHON MPOM3BOAHONM U CMENIAHHON METPUKON OTHOCHUTEIBHO AaHU3O0TPOITHOTO M KOMIIJIEKCHOTO METOJIOB
uHTepnoIdAmn. JlokazaHa MHTEPIOIAIMOHHAST TeOpeMa JIJIsi BECOBOT'O JIMCKPETHOTO IIPOCTPAHCTBA BEKTOP-
HO3HAYHBIX I110CJI€/I0BATEIbHOCTENR lg‘(A). ITokazano, uro uzydaemble npocrpancTBa Hukosiabckoro-Becosa
SBJISIIOTCA PETPAKTOM ITPOCTPAHCTBA lg(Lp). Ha ocHoBaHum nepevnc/IeHHBIX BBINIE PE3YILTATOB IOJIYde-
HBl WHTEPIOJIANNOHHBIE TEOPEMBI jisi pocTpaHcTB Hukombckoro-BecoBa ¢ momuHMpyIomeit cMeranaoit
IIPOU3BOJIHOI U CMeENIaHHON MeTPHUKOM.

Karouesvie caosa: mpoctpancTa Tuna Hukonbckoro-bBecoBa, MeTo aHU30TPOIIHON MHTEPIOISIIAN, KOMII-
JIEKCHAS WHTEPIIOJIATINSA.
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