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On boundedness of the Hilbert transform
on Marcinkiewicz spaces

We study boundedness properties of the classical (singular) Hilbert transform

(Hf)(t) = p.v.
1

π

∫
R

f(s)

t− sds

acting on Marcinkiewicz spaces. The Hilbert transform is a linear operator which arises from the study
of boundary values of the real and imaginary parts of analytic functions. Questions involving the H arise
therefore from the utilization of complex methods in Fourier analysis, for example. In particular, the H
plays the crucial role in questions of norm-convergence of Fourier series and Fourier integrals. We consider
the problem of what is the least rearrangement-invariant Banach function space F (R) such that H :
Mφ(R)→ F (R) is bounded for a fixed Marcinkiewicz space Mφ(R). We also show the existence of optimal
rearrangement-invariant Banach function range on Marcinkiewicz spaces. We shall be referring to the space
F (R) as the optimal range space for the operator H restricted to the domain Mφ(R) ⊆ Λϕ0(R). Similar
constructions have been studied by J.Soria and P.Tradacete for the Hardy and Hardy type operators [1].
We use their ideas to obtain analogues of their some results for the H on Marcinkiewicz spaces.

Keywords: rearrangement-invariant Banach function space, Hilbert transform, Calderón operator, Marcin-
kiewicz space.

Introduction

The classical Hilbert transform H(for measurable functions on R) is given by the formula

(Hf)(t) = p.v.
1

π

∫
R

f(s)

t− s
ds (1)

There is an uncountable number of papers devoted to research of the Hilbert transform defined by
the formula (1). In 20th century, David Hilbert finally showed that the function sin(ωt) is the Hilbert
transform of cos(ωt). After that, the Hilbert transform has been studied by many authors in different
research areas of science. One of the important applications of the Hilbert transform in Interpolation
theory and rearrangement invariant Banach function spaces has received a lot of attention since Boyd’s
pioneer work in 1966 [2] (see also [3], [4]), which is related to the main objective of this paper.
The boundedness properties of some classical operators were studied in [5-8]. Also, the boundedness
properties of the Hilbert transform were studied by many authors. For instance, [9], [10], [11] and
recent papers [12-16], and references therein.
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Preliminaries

Let (I,m), where I = R+ = (0,∞)(resp. I = R) denote the measure space equipped with Lebesgue
measure m. Let L(I,m) be the space of all measurable real-valued functions on I equipped with
Lebesgue measure m i.e. functions which coinside almost everywhere are considered identical. Define
L0(I,m) to be the subset of L(I,m) which consists of all functions f such that m({t : |f(t)| > s}) <∞
for some s > 0. For f ∈ L0(I) we denote f∗(t) the decreasing rearrangement of the function |f |. That is,

f∗(t) = inf{s ≥ 0 : m(|f | > s) ≤ t}, t > 0

Definition 1. [11; 49] A function ϕ defined on the semiaxis [0,∞) is said to be quasiconcave if
(i) ϕ(t) = 0⇔ t = 0.

(ii) ϕ(t) is positive and increasing on R+.

(iii) ϕ(t)
t is decreasing on R+.

Observe that every nonnegative function on [0,∞) that vanishes at origin is quasiconcave. The
reverse, however, is not always true. However, we may replace, if necessary, a quasiconcave function ϕ
by its least concave majorant ϕ̃ such that

1

2
ϕ̃ ≤ ϕ ≤ ϕ̃

(see [10; 71]).
Definition 2. [10; 59] A Banach function space E is called rearrangement-invariant if, whenever f

belongs to E and g is equimeasurable with f, then g also belongs to E and ‖f‖E = ‖g‖E .
Next we define the Köthe dual (or associate) space of rearrangement invariant Banach function

spaces. Given rearrangement invariant Banach function space E on I, equipped with Lebesgue measure
m the Köthe dual space E× on I is defined by

E(I)× =

{
g ∈ L0(I) :

∫
I
|f(t)g(t)|dt <∞, ∀f ∈ E(I)

}
.

E× is a Banach space with the norm

‖g‖E(I)× := sup

{∫
I
|f(t)g(t)|dt : f ∈ E(I), ‖f‖E(I) ≤ 1

}
.

If E(I) is a rearrangement invariant Banach function space, then (E×(I), ‖ · ‖E×(I)) is also rear-
rangement invariant Banach function space (cf. [9; Section 2.4]). For more details we refer to [10],
[17].

Let Ω denote the set of increasing concave functions ϕ : [0,∞)→ [0,∞) for which lim
t→0+

ϕ(t) = 0(or

simply ϕ(+0) = 0). For the function ϕ in Ω, the Lorentz space Λϕ(R+) is defined by setting

Λϕ(R+) :=

f ∈ L0(I) :

∫
R+

f∗(s)dϕ(s) <∞


and equipped with the norm

‖f‖Λϕ(R+) :=

∫
R+

f∗(s)dϕ(s).

Let ψ be a quasiconcave function on [0,∞). Define the Marcinkiewicz space Mψ(I) by setting
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Mψ(I) :=
{
f ∈ L0(I) : ‖f‖Mψ(R+) <∞

}
equipped with the norm

‖f‖Mψ(R+) := sup
t>0

t

ψ(t)

t∫
0

f∗(s)ds.

These spaces are examples of rearrangement invariant Banach function space. For more information
we refer [10], [11]. For more information we refer [10], [11]. The space (L1 + L∞)(R+) = L1(R+) +
L∞(R+) consists of functions which are sums of bounded measurable and summable functions f ∈
L0(R+) equipped with the norm given by

‖f‖(L1+L∞)(R+) = inf
{
‖f1‖L1(R+) + ‖f2‖L∞(R+) : f = f1 + f2, f1 ∈ L1(R+), f2 ∈ L∞(R+)

}
Define

ϕ0(t) =

{
t log( e

2

t ), 0 < t ≤ 1

2 log(et), 1 ≤ t <∞.
(2)

It is easy to show that ϕ0 is a quasi-concave function on [0,∞). It was proved in [13; 5] that Λϕ0(R+) is
the maximal rearrangement invariant Banach function space such that S : Λϕ0(R+)→ (L1 +L∞)(R+)
is bounded. For a function f ∈ Λϕ0(R+) define the Calderón operator S : Λϕ0(R+)→ (L1 + L∞)(R+)
as follows

(Sf)(t) :=
1

t

t∫
0

f(s)ds+

∞∫
t

f(s)

s
ds, t > 0.

Similarly, for a function f ∈ Λϕ0(R), define the Hilbert transform as follows

(Hf)(t) = p.v.
1

π

∫
R

f(s)

t− s
ds.

For more details on these operators refer to [10], [11].

Main results

More general results for the Hilbert transform in quasi-Banach rearrangement invariant spaces were
obtained in [12], [13]. In this work, we study the boundedness of the Hilbert transform on Marcinkiewicz
spaces. The following is the main result of this paper.

Theorem 1. Let φ be an increasing concave function on [0,∞) such that φ(0) = 0 and

lim
s→∞

φ(s)

s
= 0, lim

s→0
φ(s) log(

e

s
) = 0. (3)

Then
S : Mφ(R+)→ (L1 + L∞)(R+)

is bounded if and only if

tS(
φ(t)

t
) <∞, ∀t > 0.

Proof. Let
S : Mφ(R+)→ (L1 + L∞)(R+).
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Since S is positive, it follows from Proposition 1.3.5 [18; 27] that S : Mφ(R+) → (L1 + L∞)(R+) is
bounded. Then by duality and since S = S∗ (see Lemma 6 [14]), it follows that

S : (L1 + L∞)×(R+)→M×φ (R+)

is bounded. However, (L1 + L∞)×(R+) = (L1 ∩ L∞)(R+) and M×φ (R+) = Λφ(R+) (see [10], [11]).
Hence,

S : (L1 ∩ L∞)(R+)→ Λφ(R+) (4)

is bounded.
Take f = χ(0,t) and it is easy to show that χ(0,t) ∈ (L1 ∩ L∞)(R+) for any t > 0. Therefore, it

follows from (4) that Sχ(0,t) ∈ Λφ(R+), that is,

‖Sχ(0,t)‖Λφ(R+) <∞. (5)

But, the latter condition (5) is equivalent to tS(φ(t)
t ) <∞ for any t > 0.

Indeed,

‖Sχ(0,t)‖Λφ(R+) =

∞∫
0

Sχ(0,t)(s)dφ(s) =

t∫
0

(1 + log(
t

s
))dφ(s) +

∞∫
t

t

s
dφ(s)

=

(
φ(s) log(e

t

s
)

)∣∣∣∣t
0

+

t∫
0

φ(s)

s
ds+ t

φ(s)

s

∣∣∣∣∞
t

+ t

∞∫
t

φ(s)

s2
ds

= t · S(
φ(t)

t
) + t lim

s→∞

φ(s)

s
− lim
s→0

log

(
e
t

s

)
.

Taking the assumptions (3) into account, we obtain the desired result.
Conversely, if tS

(
φ(t)
t

)
<∞, then, as we proved above, we have ‖Sχ(0,t)‖Λφ(R+) <∞.

Let us show that S : Mφ(R+)→ (L1 + L∞)(R+) is bounded.
Take f ∈Mφ(R+). Then by formula (6.8) in [10; 76] and Hölder inequality (see [10; 9])

‖Sf‖L1+L∞(R+) =

1∫
0

(Sf)∗(s)ds ≤
1∫

0

(Sf∗)(s)ds =

∞∫
0

(Sf∗)(s)χ(0,1)(s)ds

=

∞∫
0

f∗(s)Sχ(0,1)(s)ds ≤ ‖f‖Mφ(R+)‖Sχ(0,1)‖M×φ (R+)

= ‖f‖Mφ(R+)‖Sχ(0,1)‖Λφ(R+).

Since f is arbitrary and ‖Sχ(0,1)‖Λφ(R+) <∞, the assertion follows.
Corollary 1. Let the assumptions of Theorem 1 hold. If Mφ(R+) ⊂ Λϕ0(R+), where ϕ0 defined by

(2), then there is a minimal rearrangement invariant Banach function space F (R+) such that

S : Mφ(R+)→ F (R+)

is bounded.
Proof. By Theorem 1,

S : Mφ(R+)→ (L1 + L∞)(R+)

is bounded if and only if tS
(
φ(t)
t

)
< ∞ for any t > 0. As it was proved in Theorem 1, the latter

condition is equivalent to Sχ(0,t) ∈ Λφ(R+). Since S = S∗ and Λ×φ (R+) = Mφ(R+), it follows from
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Proposition 3.9 [1; 876] that there is a minimal rearrangement invariant Banach function space F (R+)
such that

S : Mφ(R+)→ F (R+)

is bounded.
Corollary 2. Let the assumptions of Corollary 1 hold. Then there is a minimal rearrangement

invariant Banach function space F (R) such that the Hilbert transform

H : Mφ(R)→ F (R)

is bounded.
Proof. By Corollary 1, there is a rearrangement invariant Banach function space F (R+) such that

S : Mφ(R+) → F (R+) is bounded. Hence, by Theorem 4.8 [10; 138], H : Mφ(R) → F (R) is bounded.
By assumming that G(R) is another rearrangement invariant Banach function space such that H :
Mφ(R)→ G(R) is bounded. Take f ∈Mφ(R). Then f∗ ∈Mφ(R+). By [13, Lemma 5] there is a function
g ∈ Mφ(R) with f∗ = g∗ such that Sf∗(t) ≤ cabs(Hg)∗(t), t > 0, which shows Sf∗ ∈ G(R+). Since
f ∈Mφ(R) is arbitrary, it follows from the Corrollary 1 that Mφ(R+) ⊂ G(R+), i.e. Mφ(R) ⊂ G(R).

This completes the proof.
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Н.Т. Бекбаев, Қ.С. Төленов

Марцинкевич кеңiстiктерiндегi
Гильберт түрлендiруiнiң шенелгендiгi туралы

Мақалада Марцинкевич кеңiстiктерiндегi функцияларға әсер ететiн

(Hf)(t) = p.v.
1

π

∫
R

f(s)

t− sds

классикалық (сингулярлық) Гильберт түрлендiруiнiң шенелгендiк қасиеттерi зерттелдi. Гильберт
түрлендiруi аналитикалық функциялардың нақты және жорамал бөлiктерiнiң шекаралық мәндерiн
зерттеу кезiнде туындайтын сызықтық оператор болып табылады. СондықтанH түрлендiруiне қатыс-
ты сұрақтар Фурье талдауының күрделi әдiстерiн қолданғанда пайда болады. Дербес жағдайда H
түрлендiруi Фурье қатарлары мен Фурье интегралдарының норма бойынша жинақталуының мә-
селесiнде шешушi рөл атқарады. Мақала авторлары бекiтiлген Mφ(R) Марцинкевич кеңiстiгi үшiн
H : Mφ(R) → F (R) түрлендiруi шенелген болатындай ең кiшi F (R) алмастыру-инвариантты банах
функциялар кеңiстiгi қандай болатыны туралы есептi қарастырды. Сонымен қатар, Марцинкевич
кеңiстiктерiнде тиiмдi алмастыру-инвариантты банах функциялар жиыны бар болатынын көрсеттi
және F (R) кеңiстiгi Mφ(R) ⊆ Λϕ0(R) кеңiстiгiндегi Гильберт түрлендiруiнiң тиiмдi мәндер кеңiстiгi
болатынын ескердi. Ұқсас есептер Дж.Сориа мен П.Традацет жұмысында Харди және Харди типтес
операторлар үшiн зерттелген [1]. Авторлар сол ғалымдардың кейбiр нәтижелерiнiң аналогын Мар-
цинкевич кеңiстiктерiндегi Гильберт түрлендiруi үшiн қолданған.

Кiлт сөздер: алмастыру-инвариантты банах кеңiстiгi, Гильберт түрлендiруi, Кальдерон операторы,
Марцинкевич кеңiстiгi.

Н.Т. Бекбаев, К.С. Туленов

Об ограниченности преобразования
Гильберта в пространствах Марцинкевича

В статье исследованы свойства ограниченности классического (сингулярного) преобразования Гиль-
берта

(Hf)(t) = p.v.
1

π

∫
R

f(s)

t− sds,
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действующего на пространствах Марцинкевича. Преобразование Гильберта является линейным опе-
ратором, возникающим при изучении граничных значений вещественной и мнимой частей аналитиче-
ских функций. Поэтому вопросы, связанные с H, возникают из-за использования сложных методов в
анализе Фурье. В частности, H играет решающую роль в вопросах сходимости по норме рядов и инте-
гралов Фурье. Авторами статьи рассмотрен вопрос о том, каково будет минимальное перестановочно-
инвариантное пространство банаховых функций F (R) для того, чтобыH : Mφ(R)→ F (R) был ограни-
ченным в фиксированном пространстве Марцинкевича Mφ(R). Кроме того, показаны существование
перестановочно-инвариантной области значений функций в пространствах Марцинкевича, ссылка на
пространство F (R) как оптимальное пространство для ограниченного оператора H в области опре-
деления Mφ(R) ⊆ Λϕ0(R). Подобные конструкции были изучены Дж. Сориа и П.Традацетом для
операторов Харди и типа Харди [1]. Авторами использованы их идеи для получения аналогов неко-
торых их результатов для оператора H в пространствах Марцинкевича.

Ключевые слова: перестановочно-инвариантное банахово пространство, преобразование Гильберта,
оператор Кальдерона, пространство Марцинкевича.
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