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There is an uncountable number of papers devoted to research of the Hilbert transform defined by
the formula (1). In 20th century, David Hilbert finally showed that the function sin(wt) is the Hilbert
transform of cos(wt). After that, the Hilbert transform has been studied by many authors in different
research areas of science. One of the important applications of the Hilbert transform in Interpolation
theory and rearrangement invariant Banach function spaces has received a lot of attention since Boyd’s
pioneer work in 1966 [2]| (see also [3], [4]), which is related to the main objective of this paper.
The boundedness properties of some classical operators were studied in [5-8]. Also, the boundedness
properties of the Hilbert transform were studied by many authors. For instance, [9], [10], [11] and
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On boundedness of the Hilbert transform
on Marcinkiewicz spaces

We study boundedness properties of the classical (singular) Hilbert transform

1 (s)
(’?—[f)(t)fp.v.7T t—sds
R
acting on Marcinkiewicz spaces. The Hilbert transform is a linear operator which arises from the study
of boundary values of the real and imaginary parts of analytic functions. Questions involving the H arise
therefore from the utilization of complex methods in Fourier analysis, for example. In particular, the H
plays the crucial role in questions of norm-convergence of Fourier series and Fourier integrals. We consider
the problem of what is the least rearrangement-invariant Banach function space F(R) such that H :
My(R) — F(R) is bounded for a fixed Marcinkiewicz space My (R). We also show the existence of optimal
rearrangement-invariant Banach function range on Marcinkiewicz spaces. We shall be referring to the space
F(R) as the optimal range space for the operator H restricted to the domain My(R) C Ay, (R). Similar
constructions have been studied by J.Soria and P.Tradacete for the Hardy and Hardy type operators [1].
We use their ideas to obtain analogues of their some results for the H on Marcinkiewicz spaces.

Keywords: rearrangement-invariant Banach function space, Hilbert transform, Calderén operator, Marcin-
kiewicz space.

Introduction

The classical Hilbert transform 7 (for measurable functions on R) is given by the formula

1)
s t—s
R

(Hf)(t) = p.v.

recent papers [12-16], and references therein.
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Preliminaries

Let (I,m), where I = Ry = (0, 00)(resp. I = R) denote the measure space equipped with Lebesgue
measure m. Let L(I,m) be the space of all measurable real-valued functions on I equipped with
Lebesgue measure m i.e. functions which coinside almost everywhere are considered identical. Define
Lo(I,m) to be the subset of L(I,m) which consists of all functions f such that m({¢ : |f(¢)| > s}) < oo
for some s > 0. For f € Ly(I) we denote f*(t) the decreasing rearrangement of the function | f|. That is,

ff@)=mnf{s>0:m(|f]|>s)<t}, t>0

Definition 1. [11; 49] A function ¢ defined on the semiaxis [0, 00) is said to be quasiconcave if

(i) pt)=0&t=0.

(ii) (t) is positive and increasing on R.

(vit) @ is decreasing on R.

Observe that every nonnegative function on [0, 00) that vanishes at origin is quasiconcave. The
reverse, however, is not always true. However, we may replace, if necessary, a quasiconcave function ¢
by its least concave majorant ¢ such that

p< <@

DN | =

(see [10; 71)).

Definition 2. |10; 59] A Banach function space E is called rearrangement-invariant if, whenever f
belongs to E and ¢ is equimeasurable with f, then g also belongs to E and || f|lz = ||gll&-

Next we define the Kothe dual (or associate) space of rearrangement invariant Banach function

spaces. Given rearrangement invariant Banach function space F on I, equipped with Lebesgue measure
m the K6the dual space E* on I is defined by

By ={ge Lot [1rat0ldr < x. vr € B
I
E* is a Banach space with the norm

umﬂnwzmm{[u@w@mwfeEaxnmmngl}

If E(I) is a rearrangement invariant Banach function space, then (E*(I), || - [[gx(p)) is also rear-
rangement invariant Banach function space (cf. [9; Section 2.4]). For more details we refer to [10],
[17].

Let €2 denote the set of increasing concave functions ¢ : [0, 00) — [0, 00) for which tli%l+ o(t) = 0(or

%

simply ¢(+0) = 0). For the function ¢ in €2, the Lorentz space A,(Ry) is defined by setting

Ap(Ry) =< feLo(l): /f*(s)dgo(s) < 00
Ry
and equipped with the norm
I£la,m = [ F(6)es).
Ry

Let 1 be a quasiconcave function on [0, c0). Define the Marcinkiewicz space My, (I) by setting
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My(1) = { f € Lo(D) : I lar ey < o0

equipped with the norm
£l az, (o) =S /f

These spaces are examples of rearrangement invariant Banach function space. For more information
we refer [10], [11]. For more information we refer [10], [11]. The space (L1 + Loo)(R4+) = Li(R4) +
Lo (R4) consists of functions which are sums of bounded measurable and summable functions f €
Lo(R) equipped with the norm given by

It poy@ey = f {[fill ey + 1 felloa@y) : f = i+ fo, f1 € Li(Ry), fa € Lo (Ry) }
Define

(2)

tlog(2), 0<t<1
mw—{ 8(7)

2log(et), 1<t < 0.

It is easy to show that ¢y is a quasi-concave function on [0, 00). It was proved in [13; 5] that Ay, (Ry) is
the maximal rearrangement invariant Banach function space such that S : Ay, (Ry) = (L1 + Loo)(R4)
is bounded. For a function f € A, (R4 ) define the Calderén operator S : Ay (Ry) — (L1 + Loo)(R4)

as follows
t )
/ f(s)ds + /
0 t

Similarly, for a function f € Ay, (R), define the Hilbert transform as follows

1),
t—s
R

() 45 ¢ > 0.

w\»—l

(H)(@) =p

For more details on these operators refer to [10], [11].
Main results

More general results for the Hilbert transform in quasi-Banach rearrangement invariant spaces were
obtained in [12], [13]. In this work, we study the boundedness of the Hilbert transform on Marcinkiewicz
spaces. The following is the main result of this paper.

Theorem 1. Let ¢ be an increasing concave function on [0, 00) such that ¢(0) = 0 and

lim @

s—00 8§

=0, lim ¢(s) log(%) = 0. (3)

Then
S My(Ry) = (L1 + Loo ) (R4)

is bounded if and only if

500

) < oo, Vt>0.

Proof. Let
S My(Rs) = (L + Loo) (Ry).
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Since S is positive, it follows from Proposition 1.3.5 [18; 27] that S : My(R4) — (L1 + Loo)(R4) is
bounded. Then by duality and since S = S* (see Lemma 6 [14]), it follows that

St (L1 + Loo)*(Ry) — M (Ry)

is bounded. However, (L1 4 Loo)*(Ry) = (L1 N Loo)(Ry) and M (Ry) = Ap(Ry) (see [10], [11]).
Hence,

S (L1 N L) (Ry) = Ag(Ry) (4)

is bounded.
Take f = Xx(o) and it is easy to show that x4 € (L1 N Loo)(Ry) for any ¢ > 0. Therefore, it
follows from (4) that Sx (o) € Ag(Ry), that is,

18X (0.6 |8y (ry) < 0 (5)
But, the latter condition (5) is equivalent to tS(@) < oo for any ¢t > 0.
Indeed,
t 00
t
10 llaoms) = / Sxt0a)(s)do(s) = [(1+ 1og(2)do(s) + [ Laos)
0 t
t ¢ 00 x
_ <¢(s) log(et)> + / QFRLIO! t/ ¢(§)d5
Ean s s |, s
0 t
:t-S(@)—Ft lim M—hmlog( t) .
t s—o00 S s—0 S

Taking the assumptions (3) into account, we obtain the desired result.
Conversely, if t.5 (@) < 00, then, as we proved above, we have ||SX(0,t)HA¢(R+) < 00.

Let us show that S : My(Ry) — (L1 + Loo)(Ry) is bounded.
Take f € My(R4). Then by formula (6.8) in [10; 76] and Hélder inequality (see [10; 9])

1 1 0o
IS FI Ly + Lo (R / s)ds < /(Sf*)(S)dS = /(Sf*)(S)X(O,l)(S)dS
0 0 0

= /f*(S)SX(O,l)(S)dS < Hf||M¢(R+)||SX(O,1)HM{?(RQ

= ||f||M¢(R+)||SX(O,1)HA¢,(IR+)~

Since f is arbitrary and |[Sx(0,1)lla,®,) < o0, the assertion follows.
Corollary 1. Let the assumptions of Theorem 1 hold. If My(Ry) C Ay (Ry), where ¢ defined by
(2), then there is a minimal rearrangement invariant Banach function space F'(R;) such that

S My(Ry) — F(R,)

is bounded.
Proof. By Theorem 1,
S+ My(Ry) = (L + Loo) (R+)

is bounded if and only if tS <@> < oo for any ¢ > 0. As it was proved in Theorem 1, the latter
condition is equivalent to Sx (o) € Ag(R4). Since S = S* and A; (Ry) = My(Ry), it follows from
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Proposition 3.9 [1; 876] that there is a minimal rearrangement invariant Banach function space F'(Ry)
such that

is bounded.
Corollary 2. Let the assumptions of Corollary 1 hold. Then there is a minimal rearrangement
invariant Banach function space F'(R) such that the Hilbert transform

M+ My(R) — F(R)

is bounded.

Proof. By Corollary 1, there is a rearrangement invariant Banach function space F'(R,) such that
S : My(Ry) — F(R4) is bounded. Hence, by Theorem 4.8 [10; 138|, H : M4(R) — F(R) is bounded.
By assumming that G(R) is another rearrangement invariant Banach function space such that H :
My4(R) = G(R) is bounded. Take f € My(R). Then f* € My(Ry). By [13, Lemma 5| there is a function
g € My(R) with f* = g* such that Sf*(t) < caps(Hg)*(t), t > 0, which shows Sf* € G(Ry). Since
[ € My(R) is arbitrary, it follows from the Corrollary 1 that My(R;) C G(Ry), i.e. My(R) C G(R).

This completes the proof.
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H.T. Bekbaes, K.C. Tesienon

MapunHKeBUY KeHiCTiKTepiHaeri
I'mnpbepT TypJieHAipYyiHiH IIeHeJATreH/Iir TYPaJibl

MakaJjragia MapiimHkeBrud KeHICTIKTEpiHAeri dyHKIUAIapra 9Cep eTeTiH

L [ f(s)
(’5‘-[f)(t)fp.v.7T t—sds
R

KJIACCUKAJBIK (CHHIYIspibIK) ['miasbepr TypsieHIipyiHiH IneHenreHAik KacuerTepi 3eprresii. ['miusbepr
TYPJACHIIPYl aHATUTUKAJBIK, (DYHKIUSAIAP/IBIH HAKTHI 2KOHE YKOpaMaJl OeIKTEpiHiH MeKapaJIblK, MOHIEPIH
3epTTey Ke3iHjIe TYBIHJIAWTHIH ChI3IKTHIK, oriepaTop 6oJibii Tabblia bl. CoHIbIKTaH H TypJeHipyine KaTbic-
1ol cypakTap Pypbe TasgayblHBIH Kyprel oJicTepin KojjganraHga naiga 6omazmer. lepbec xarnaitaa H
Typaeaaipyi @ypbe kKartapiapbl MeH Pypbe WHTErpaIapbIHBIH, HOPMa OOWBIHINA YKUHAKTAJIYBIHBIH, M-
cesiecinzie ey pes arkapasabl. Makasa asropiaapst 6ekitiniren Mg (R) Mapuuakesud Kenicriri ymin
H : My(R) — F(R) rypuengipyi menesnren 6onarbiajaii ey imi F(R) anvacTbipy-uHBapuaHTTHl GaHax
byHKIUAIAp KeHicTiri Kammail 60IaThIHBI TypaJsbl ecenTi KapacToipibl. CoHbiMeH Karap, MapruwHKeBUY
KEHICTIKTepiHJe TUIM/II aJIMacThIPy-MHBAPUAHTTHI OaHaX (DYHKIUIAD YKUBIHLI 0ap OOJAaTBIHBIH KOPCETTI
skoHe F'(R) xenicriri My(R) C Ay, (R) xenicriringeri I'nnsbepr Typiesaipyiniy Tuivai MoHmep Kenicriri
6ostaTeiabiH eckepi. Ykcac ecentep Jxx.Copua men I1. Tpamarer xymbichiaga Xapan KoHe Xapau THITEC
omeparopJiap YImiH 3eprresret [1]. ABropsiap cos FagbMIapAblH Keibip HoTuKesepiniy aHajorsia Map-
nuHKeBUY KeHicrikrepingeri I'misbepr Typiesaipyi yiiiH KosaHraH.

Kiam ce3dep: anMmacThIpy-UHBApUAHTTHI OaHax KeHicTiri, ['mnsbept Typienaipyi, Kampmepon omepaTopsr,
MapruHkeBuY KeHicTiri.

H.T. Bek6aes, K.C. Tynenos

OO0 orpaHMYeHHOCTH TIPeoOpPa30BaAHUSA
I'mnpbepra B npocrpancTBax MapIlimHKeBI4a

B crarbe mccieoBaHbl CBONCTBA OMPAHMYIEHHOCTH KJIACCHIECKOTO (CHUHTYJISIPHOTO) mpeobpasoBanus [ nib-

bepra
1) g,
t—s

(HF)(0) = po—

R
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JleficTByIOIIEro Ha npocrpancTBax Maprmnakesnda. [IpeobpasoBanue I'nibbepTa sBIAETCS TMHEHHBIM OIIe-
PaToOpPOM, BOZHUKAIOIINM IIPUA U3y YeHNU TPAHNYIHBIX 3HAYEHUI BEIeCTBEHHON U MHUMOM JacTell aHAJIUTHIe-
ckux dyuknuii. [TosTomy Bompocer, cBa3aHHbIe ¢ H, BOSHUKAIOT U3-3a HCIOIb30BAHUS CJIOXKHBIX METOIOB B
anasuse @ypre. B gyacTHocTH, H Urpaer pelIaroNIyo POJIb B BOIIPOCAX CXOAUMOCTH II0 HOPME DsIIOB U MHTe-
rpajoB @ypbe. ABTOpaMu CTaTbU PACCMOTPEH BOIIPOC O TOM, KAKOBO Oy/IeT MHHUMAJILHOE II€PECTAHOBOYHO-
MHBAPHAHTHOE TPOCTPAHCTBO Ganaxosbix dynkmnuit F(R) ais Toro, arober H : My (R) — F(R) 661 orpann-
4YeHHBIM B (puKcHpoBaHHOM Ipocrpancrse Maprmukesnda Mg (R). Kpome Toro, mokasaHsl CyIeCTBOBaHIE
IIepPeCTaHOBOYHO-UHBAPHAHTHOMN 0bsiacTu 3HadYeHuil pyHKINI B mpocTpaHCTBAax MaplnuHKeBUYa, CChIIKA Ha
npocrpancteo F(R) kak onTUMabHOE IIPOCTPAHCTBO JJIsl OFPAHUIEHHOTO oneparopa H B 06sacTu ompe-
nenenust Mg(R) C Ay (R). ITogobuble koncrpykuuu 6bun usydens k. Copua u IT.Tpamaunerom s
oneparopos Xapau u tuna Xapau [1]. ABropaMu HCIIOIB30BAHBI UX MU JJIs [IOJLy9€HUs] AHAJIOTOB HEKO-
TOPBIX UX PE3yJIbTaTOB JjId olepaTopa H B mpocrpaHcTBax MapnuHkeBudya.

Kmouesvie cro6a: mepecTaHOBOYHO-MHBAPpHAHTHOE OAHAXOBO IPOCTPAHCTBO, IpeobpasoBanue ['minbepra,
oneparop Kasbaepona, npocrpancrso Maprimakesuya.
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