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Numerical solution to elliptic inverse problem
with Neumann-type integral condition and overdetermination

In modeling various real processes, an important role is played by methods of solution source identification
problem for partial differential equation. The current paper is devoted to approximate of elliptic over
determined problem with integral condition for derivatives. In the beginning, inverse problem is reduced
to some auxiliary nonlocal boundary value problem with integral boundary condition for derivatives. The
parameter of equation is defined after solving that auxiliary nonlocal problem. The second order of accuracy
difference scheme for approximately solving abstract elliptic overdetermined problem is proposed. By using
operator approach existence of solution difference problem is proved. For solution of constructed difference
scheme stability and coercive stability estimates are established. Later, obtained abstract results are applied
to get stability estimates for solution Neumann-type overdetermined elliptic multidimensional difference
problems with integral conditions. Finally, by using MATLAB program, we present numerical results for
two dimensional and three dimensional test examples with short explanation on realization on computer.

Keywords: difference scheme, inverse elliptic problem, overdetermination, source identification problem,
stability, coercive stability, estimate.

Introduction

Methods of solutions and theory nonlocal boundary value problems (BVPs) for differential equations
have been studied by numerous authors (see [1-5,7-12,14-16, 18,19 and references herein).

Let us I is identity operator and A is a selfadjoint and positive definite operator (SAPDO) in an
arbitrary Hilbert space H. It is known that A > §I for some positive number 9, and the operator

C=3A+\/A+ TQfQ) is also SAPDO.

Assume that given function f € C'([0,7], H), elements ¢,n,( € H, number Ay € [0, 1]. Denote
by [0,1], = {t; =i, i=1,--- , N, 7N = T} the uniform grid space with step size 7 > 0, where N is
a fixed integer number. Let 8 be known scalar continuous function satisfying condition

N
Z‘,@ (tj_%)’7-<1. (1)
j=1
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In the study [10] established well-possedness of elliptic inverse problem with Neumann-type over-
determination and integral condition for obtaining a function u € C? ([0,7], H)NC ([0,T], D (A)) and
an element p € H such that

—u"(t) + AU() f() +p, t€(0,7),

2
(0) = 60 /(1) = [ 5O NIN+3. ue) = )

Moreover, in [10], the stability inequalities for solution of inverse problem (2) were applied to
investigate the following source identificating problem (SIP) for multi dimensional elliptic partial
differential equation

—un(t2) — 3 (@ (@), (b,2))e, + oult,z) = f(t2) + plx), (L) € (0,T) x O,

r=1

f/B Ny (v,2)d v +n@), u(Xo,z) =((z),7 €9Q, (3)

Ut(o’x):d)(
0, ) [O T]><S

u(t,z) =

Here 2 = (0,7)" is open cube in R" with boundary S, Q = QUS; a,,(,¢,n, f are given sufficiently
smooth functions; Vo € Q, a,(z) > ap > 0; 0 > 0,0 < A\g < T are known numbers.

We denote by R, P, and D, the corresponding operators R = (I +7C)~!, P = (I — R?N)~!
D= (I+7C)2I+7C)~tC~ L.

Now, let us to give some lemmas that will be used in further.

Lemma 1. [8] The following estimates hold:

)
(t,

1
| BY lgon< M (8) (1+627)7F, | CRF |lyn< M @), k2L Pllaon< M(8), 6>0. (4)

Lemma 2.
Suppose that inequality (1) is satisfied, then the operator

Gy = [-3(1 — F*V) + 4 (R~ R2VY) — (R? = RN 2)] (3= 78 (ty_s ) ) (1 = R2Y)

+ (—4 —7f (tN )) (R— RN~ 1) + (1 —- 78 (tN ) +70 (tN_%» (R? — R?N72)

o () R () < )]t

— [RN-1— RN+L_pN-24 RN+2 ] = (4478 (ty- g)) (RN-1 — RN+

008 g) 00 () 0 e o ) )] -
+78 () (R— B2N=1) 478 (1) (1 - B2)] )

has an inverse G 1 and its norm is bounded, i.e. ®)
I Gy lasm< M (5). (6)
In the paper [8] , for given vy and vy,the solution of difference scheme
T2 (Vg1 — 20 Fvi) FAvi=fi, 1<i<N -1 (7)
was represented by formula
v = [(Rz _ RQN—i) vo + (RN—i _ RN—H’) UN} _p (RN—’i _ RN—H’) D

<X (YT BV fir D S (R B fr 1< <N -1 ®

= j=
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Let o € (0,1) is a given number. Introduce notations for C-(H),C*(H), and C7"*(H), the Banach
spaces of H-valued grid functions w, = {wk}sz_ll with the corresponding norms,

sl = gpa okl Torlesgn = swp_ () esn = willr + el
lwrllemeq = lwrllo.gn + sup (1= k) (7)™ (k7 + n7)° g — wil.

1<k<k+n<N-1

In the current study, we construct the second order accuracy difference scheme (ADS) for approximately
solution of inverse problem (2) and study well-posedness of difference problem. Then, we discuss the
second order ADS for SIP (3).

The second order of ADS for SIP (3)

Now, we study second order of ADS

—7 Hups1 — 2up + up—1) + Aug = fr +p, fio = f(te) 1 <k<N-—1,
N-1

—3ug + 4uy —up = 27¢,3uy —4duy_1 +un—2= > T (ti,%> (Wit1 — uj—1) + 271, (9)
i=1

ug + (g —w) = ¢ (MZA?O—O

for approximate solution inverse problem (2).
Theorem 1. Let us ¢,n,¢ € D(A), and f; € C-(H) and inequality (1) is satisfied. Then, solution

(~{uk}]kv:_11 , p) of difference problem (9) exists in C(H) x H and the next stability estimates for solution

N-1
|ty < M@ (Ul + 1<l + Wl + 1l o) (10)
147l < M @) (16l + 1Sl + Inlle + 1l o) (11)
are fulfilled.
Proof. Firstly, by using
up = vp + A" 'p, (12)

we get auxiliary difference problem for unknowns {Uk}ivzo :
—T7 2 (Upyr — 205 +p_q) FAvp = fr, 1<k<N-1,

—3vg + 4v; — vo = 279, (3 — 70 <tN7%)> N + <—4 —7p (thg>> UN_1

R (A Rt () PRt > IOV BT ) PR

+78 (tg) v 478 (t%) v = 277,

We seek solution of (13) by (8). By using (8), from first condition of difference problem (13), we
get equation

[-3(I = R*M) 4+ 4 (R— R 1) — (R? — R*N"2) ]y
i [4 (RNfl o RN+1) _ (RN72 _ RN+2)] oy = Fl,

for unknowns vy and vy, where

(14)

N-1
Fy=2r(I-R*)¢p+4 (RN — RNTI)D > (RN — RNTI) fir — 4(I — R*N)D
j=1
N—-1 N—-1
x 3 (R|1—j| _ Rl—i—j) fiT — (RN—2 _ RN+2) DY (RN—j _RN+J') Vi
J=1 J=1

+(I = R?N)D 3 (RP*I| — R?H) f;7.
j=1
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From integral condition follows the next equation
(3-78 (ty_2)) (1= BNyow + (—4 =78 (ty_5 ) ) [(RN " = RN 1) g
- <1 — 78 <tN_7> + 78 (tN 3>) [(RN=2 — RNT2) vy 4 (R? — R*N %) uy
n Z { < %> iy (tz‘—%ﬂ [(Rz _ R2N7i) vo + (RNfi _ RNJri) UN]
8 (t%> [(R= RNV wo + (RN1 = RV oy] 478 (1) (1 - R2Y)

+ (R - RAN1) oy
]

vo = Fy

(15)
for unknowns vy and vy, where

e (173 (1)

% Z (R\N—l—j\ *RN_1+j) ij

j=1

N-1
(R—R*-1)D Y (RN —RN%) f;r— (I - R*)D
j=1

+(1=78 (tyz) +78 (tv-2))

N-1
(R2 _R2N72) DY (RN*J' RN+J) [T
j=1

S ) )

—(I - R?M)D Ni (R = R9) fyr | =78 (ts ) [(RY-1 = RN*1) D
N—1 -

x > (RN=9 — RN¥I) fir — (I - R?N)D Nzl (Rt
j=1

X

(I RZN)D Z (R\N 2—j| _ RN72+j) ij]
7j=1

(RN=i — RN+)) D Z_ (RN=J — RN+3) fr
j=1

— RlH) fiT+2r(I — R*N)p

Thus, determinant operator Gy of linear system equation (14), (15) has bounded inverse G '. Therefore
solution of linear system equation (14), (15) is defined by

=G {[(3=78(tn_z)) (I = B¥)+ (<4 =78 (tw-2 — 3)) (R— B2NY)
n (1 — 78 tN_%) + 18 (tN_%)> (R? — R2N-2)
EE () = 1)) (R ) 1) (0 - )
X [27(1 — R*N)¢p 4+ 4 (RN~ — RN DNf (RN=9 — RN*I) fir —4(I — R*N)D
N
>

Jj=1

-1 N-—1
(R\kj\ — R™I) fyr — (RN=2 = RN*2) D S (RN~ — RN f7
1

j=1
N-1 , .

+(I — R?N)D 3= (RPI - R?Y) f7
j=1

. {W RN (<78 (1))

(I R2N D Z (R|N—1—j| _RN—H—j) fj

_ (RN—l _ RN+1 _ RN—Q +RN+2)

N-1
(R—RN-1D Y (RN~ — RNV f;7
j=1

]+ l-95) ()

—(I- RQN) Nil (R‘N_Q—j‘ . RN—2+j) ij]

N-1
(RQ _R2N—2) DY (RN—j RN+J) f
j=1

X

j=1
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S . o N-1 , '
= X rlaltn = 5) —alt - )] | (BY7 - BYH) DY (RN RN fr
(1= RM)DY (B~ R9) fir | a1y~ §) [(RN - BYH) D (10

j=1

N-1 N-1
x > (RN=9 — RNYI) fir — (I - R?N)D 3 (R — R') ij]] }}
j=1

=1

and
oy =Gy {[-3(I — R¥™) +4(R— B!
H(A=7B (tv2— 3))

) — (R — R*N=2)] 2r(I — R*N)p
(R— Y1) D S (R = B¥) 7

N-1 ) .
—(I—R2N)D Z (R|N717]\ _RN*I‘F]) ij
J=

(1= T = )+ 7 v - 5)

x [(32 R*N=2) D i (RN — RN®) fyr — (I - BPN)D'Y" (RIN-2-41 - RN-24) fﬂ]

[ () ()]

g
(RN~1 — RN+) D Ni (RN~3 = RN41) fyz — (I = RP)D'Y. (R4 Ri*9) fyr ]
= j=1

=8 (13)
— |- (4478 (taog)) (RN 1= RYHY)

+ (1 — 78 (tN_%) 8 (tN_%» (RN-2 — RN+2) 4 73 (t%) (I — R2N)
B b)) - ) () )]

=2

(RNA _ RNH) DNZ_:I (RN J_ RN+J) fim— (I — R*M)D Nzl (Rllfjl — R1+J’) ij]
j=1 J=1

N—1 , ‘
% [27_([ _ R2N)¢_|_4 (RNfl _ RN+1) D Z (RN*] _ RN+J) ij
j=1
N_l . -
—4(I - R?NYD Y~ (Rl — R f7
j=1
N-1 A } N-1 . A
— (RN=2 = RN+2) D'S° (RN=I — RN+5) fir + (I — R*N)D Y (R~ — R2H9) g7
j=1 =1
(17)
Thus solution of difference problem (13) exists and it is defined by (8) with the corresponding vy and
vy via (16) and (17). From (8), (16),(17), estimates (4), (6), it follows that for solution of difference

problem (13) stability estimates

| RSy < @) (0l + 1l + il + 17 ) (18)
faisl,.,, e[

o () (19)
< M 9) (g 1l gy, + 1ACI + 4B + 1 Anl )

are fulfilled. (12) and estimates (18) permit us to get estimates estimates (11) (10) and (19).
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Theorem 2. Let us fr, € C7%(H), and ¢,(,n € D(A) and inequality (1) is satisfied. Then, for
solution ({uk}fcvz_ll , p) of difference problem (9) the coercive stability inequality

N-1

N—
+ [fawn S|+ vl
C“(H) o (H) (20)

< M (9) (g 1y, + IS + 1490 5+ 11 Anil )

H uk+1 2uk+uk 1}

k=1

is valid.
The proof of inequality (20) is based on formulas (8), (12), (16), (17), and (19).

Approzimation of (3)

Denote by

Q= {z = (hama, ..., hymy);m = (my, ..., my), m; =0, M;, hiM; =1,i=1,n },
QhZQhﬁQ,Sh :ﬁhﬂs
and by A difference operator
A (@) = = (wil@)ds (2))  + oul(x)
i=1

acting in the space of grid functions u"(z), satisfying boundary condition v/ (z) = 0 for all x € Sj,.
In the beginning, by using approximation in variable x and later by approximation in variable t,
one can get the following difference scheme for approximately solution of SIP (3):

—772 (upy (2) = 2ul(2) +up_y (x) + Auj(z) = f(z) +p"(z), 1<k<N-1lazeQ,

~3u(@) + duf(2) ~ () = 76 (@), () + (s (2) — uf (@) = (@) o)

Buly () — duly_y(2) +uly_y(2) = 3 7o (ti — 3) (ulyy () — ul (@) + 277 (2), 2 € Q.

=1

Let Loy, = Lz(ﬁh) and W22h = W;(Qh), the Banach spaces of the grid functions
ul(z) = {u(hymy,- -, hymy)} defined on Qy, equipped with the corresponding norms

HuhHLgh = (erﬁh ’uh(‘r)|2h1 e hn)l/Q,
[ vz, = el + +(Eaea, Zic [ @)a iz, m.

Theorem 3. Assume that (1) is valid, f, € C¥%(Lay), and ¢" 0P, ¢h € D(A7) N Lap. Then, the
solution of difference problem (21) exists and for solution the stability estimates hold:

[ . <M<<s>[(u¢huhh+\>nh\\L2h+uchuwnffuc(L%)),
0 <30 (I, + 1, + 16", + sty W)

Theorem /. Assume that (1) is true, fr € C7°(W3,), and ¢, 7", (" € D(AZ)NW3,. Then, for the
solution of difference problem (21) the coercive stability estimate obeys
rN-1 h
R s+ 1P

N—-1
{ “Z+1*2"Z+"§—1 ) }
2
! Cr(Lan)

< MG (16" g, + oz, + 116"z, + sy 1 llozearz) -

“hy-- ha )12,

10 Bulletin of the Karaganda University
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The proofs of Theorems 3 and 4 are based on the symmetry property of the operator A} in the Hilbert
space Loj, and the corresponding theorem in [20] on the coercivity stability inequality for the solution
of the elliptic difference problem in Lo with first kind boundary condition.

Test examples
In the present section, we illustrate computed results for twodimensional and threedimentional

examples of inverse elliptic problem with Neumann-type overdetermination and integral condition. All
computed results are carried out by using MATLAB.

2D example

Notice that pair functions (p(z),u(t,z)) = ((7?+1) sin(rz), (e7" +t+1)sin(rz)) is exact
solution of the following 2D overdetermined elliptic problem with integral boundary condition:

—up(t, &) — Ugy (t, ) +ult,z) = f(t, ) —il—p(ac), t,z € (0,1),

ur(0,2) =0, u(0.3,2) = ((z),u(l,z) = Ofe_’\uA()\)d)\ +n(z), = €10,1], (22)
u(t,0) = 0,u(t,1) =0, t € [0,1],
where
flt,z) = l—e‘t + (72 +1) (et +1t) | sin(rz),{(z) = (7% + 1.3) sin(mz)
n(z) =[5 — 372 ] sin(ma).

The notation [0, 1], x [0, 1], means the set of grid points
[0,1); x [0,1]y, = {(ts,zp) : t; = i1, i =0,N, x,, = nh, n=0,M},

which depends on the small parameters 7 and h such that N7 =1, Mh = 1. Let us

l() = [0.37'_1] , o = 0.37-_1 — lo’ ¢)n = 0)7771 =7 (xn) 7C7L — C(xn) , n= 07 M’
Y = fltryxn),k =0,N, n=0,M.

n

To approximately soving (22), we use algorithm which contains three stages. Firstly, we find
approximately solution of auxiliary NBVP

72 (o = 2o o) 4 BT (o — 20 o) — o = —f(tk, 7a),
k=1T,N—1,n=1,M—1,
v =0k, =0, k=0,N, — 300 +4v} —v2 =0, (23)
N—-1 . ) . . .
3N — 4Nt N2 = %e_(tﬂ'_i) <v¥l+1 — v 4o, — v%_Q) + 271, n=0,M.
j=1

Secondly, we find p,,. It is caried out by

l l
Pn = _#[(gn—kl - (Movrgjll — (o — 1)“7?+1)) —2(Cn — (NOU%—H — Mo — 1)”#)
lo " —
n’? )

)
+ (Guo1 = (novi?®) = (po = Do_ )] + Gu = (novi¢™ = (o — 1o 1L,M—1.
Difference problem (23) can be rewritten in the matrix form

Avpi1 + Bop + Cvopq = Ig™, n=1M —1,
%

24
Uozﬁﬂ}M:O- (24)

MATHEMATICS series. Ne 3(99)/2020 11
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Here, A, B, C, I are (N+1)x (N +1) square matrices, and I is identity matrix, vy, s = n—1,n,n+1, g™

are column matrices with (N + 1) rows, vy = [ v) ... o ]t. Denote by
11 2 2 B
il VA S A A=
Then,
An:diag(()?a?aa“'?aao)?Cn:Anag]gn) __f(tkaxn)7 kzlaN_la nzlvM_l
bzz—Q7 i— 11—T7bz,z 1—TZ—2Nb11 = -3, b12 =4, b13 = -1,
tN o—tN— “ty_3 —t
bN+1N+1—27( 1 _3)3, byi1,N = 2T Z5+e — —€ N‘%)+4,
bN41,N—1 = = ;V : + *— 3 —T;;N_% -1,
—t3 —t —t3 B —t
b1 =27 (= —e %>’bN+172_27<_e42—642+e %)
—t3 —t5 —ty
b Te 2 _T1e 2 _Te 2
N+1,3 — 2 2 2
—t. —t. —t. —t.
bN+1,j:%<e i3 4e 7z —e Itz —¢ J+%) J=4,..., N —2;

b;; = 0, for other i and j;gg = 27¢n, gﬁf =20, n=1,M — 1.

To solve (24), we use modiﬁed Gauss elimination method.

Thirdly, we define {uk} by uf = vF + ¢, — (,uovlo+1 (MO 1) lo)

Errors are presented in Tables 1-3 for second order ADS in case N=M=10,20, 40, 80, 160 and 320.
It can be seen from Tables 1-3 when N, M are increased two times that errors are decreased with

approximately ratio %.

Table 1
Test example (22) - error v
DS\ (N, M) (10, 10) (20,20) (40, 40) (80, 80) (160, 160) (320, 320)
2nd order of ADS | 6.29 x 1073 | 1.57 x 1073 | 3.93 x 107* | 9.84 x 107° | 2.46 x 107° | 6.15 x 10~
Table 2
Test example (22) - error u
DS \ (N, M) (10, 10) (20,20) (40, 40) (80, 80) (160, 160) (320, 320)
2nd order of ADS | 3.13 x 10™* | 7.95 x 107° | 2.02 x 107° | 5.10 x 107% | 1.28 x 107° | 3.22 x 10~
Table 3
Test example (22) - error p
Appr. \ (N, M) (10, 10) (20,20) (40, 40) (80, 80) (160, 160) (320, 320)
2nd order 5.03 x 1073 | 1.28 x 1073 | 3.21 x 107 | 8.06 x 1075 | 2.02 x 1075 | 5.05 x 1076

Bulletin of the Karaganda University
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3D example

Now, consider the three dimensional inverse elliptic problem with integral condition

*utt(ta'xay)7uxx(t7x7y)7uyy(t7x7y)+u(t’$ay):f(tvxa )+p(l‘7y)7xaya te (07 1)7
u(t,0,y) = u(t,1,y) =0, y,t € [0,1],u(t,z,0) = u(t,z,1) =0, z,t € [0,1],
u(0,2,y) = ¢(z,y),u(0.6,z,y) = ((z,y), (25)

ur(1, 2, y) — fe Mun(\, z,y)dN = n(z,y), 2,y € [0,1],

where
ft,z,y) = 2n%e (2, y), (2, y) = —q(@,y),n(z,y) = [~e7' + 3 (7 + e ") q(z,y),
C@,y) = (77 +1) (. y) (@, y) = sin(ra) sin(ry)

It is clear that pair funcions p(z,y) = (27% 4+ 1) ¢(z,y) and u(t,z,y) = (e7' +1) g(z,y) is exact

solution of (25).
Denote by [0,1]_ x [0,1], x[0,1], set of grid points depending on the small parameters 7 and h

[0,1]; x [0,1]% ={(ti,n,ym) : t; =i, i=0,N, x, =nh, n=0,M,
Ym =mh, m=0,M, TN =1,hM = 1}.

Let us

lo = [0~37—_1] y MO = 0‘37_1 —lo 7¢m,n =¢ (:L'nuym) y NMmun = 1] (xnvym) 7Cm,n = (xnaym) )
’I’ZZO,M, m:07M7fTZn,n:f(tZ7$n)ym)7 i:07N7 n:07M)m:O7M'

Firstly, difference scheme for approximate solution of NBVP can be written in the following form:

( T_ ( k+1 - 22}7];:1,71 + v'r]fl_,'r%) - h_2 (vfn,n—l-l - 21}7]?1,71 + vfn,n—l)

—h~ ( m+1n 2Ufn,n+vfn—1,n) +U7]?n,n: m,n’
k=1,N—-1,n=1,M—-1, m=1,M —

U&nzvﬁﬁnzvﬁl,nzvfn,M:Oakzoa Nn—lM 1, m—lM (26)
_309n,n + 41)71n,n - v’r2nn = 27—¢m ns 3'077]\{71 - 4UN 1 + ?)N 2

N—-1 -
= %C_(tj_a) ( ]+1 — 'Umn +’Umn Um n) + 27'77771 n

j=1

n=1,M-1,n=1M — 1.

Secondly, calculation of p, (n =1, M-1m=1,M — ) is caried out by
Pmn = _% { gm n+1 — (NOUW(;—;JA ( ig,n+l>] Cm n (MOU%ZI (,Uf0 - 1) Ui%,")]
+ {Cm,n—l — MoV 522 = (po — 1) mn 1 ]} s {[CmHn - (Novigim (o — 1) m+1n>}

-2 [Cm,n (MO'UL%J# (,UO — 1) vn%,n)] Cm—l,n — (Movi,%ﬂ n (MO — 1) m 1 n)] } '
Thirdly, we calculate {uf} by
Wy = Vb G = (ol = (0 = 1)) -

Difference problem (26) can be rewritten in the matrix form (24). In this case, g, is a column
matrix with (N + 1)(M + 1) elements, A, B, C, I are square matrices with (N + 1)(M + 1) rows and
columns, and [ is the identity matrix, vy is column matrix with (N + 1)(M + 1) elements such that

_ 0 N 0 N 0 N t
US_[UQS UO,S /ULS vl’s /UM7S UM,s] ,S—H—l,n,n—i—l.

MATHEMATICS series. Ne 3(99)/2020 13
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Denote by
1 4 1
a:ﬁ’q:1+72+ﬁ7r:72'
Then,
O O O O ] Q@ O O O ]
O FE O O O D O O
A=C=| ... B = e
O O E O O O D O
| O O 0O 0O | | O O 0O @ |

E = diag(0,a,a,...,a,0),Q = Int1)yx(n+1), O = O(Np1)x(N+1)
g'rk;hn = _f(tk>$n7ym)v k= 17N_ 17 n = 17M_ 17m: laM_ 17

di; =q,di—1;=r,dij 1 =r,i=2,N,dyy =-3,dio =4,d13 =—1,
dN+1.N+1 = 27 (M + 6—(tN—§)> —3, dyy1n =27 (e*(iNisz) + e*(twilfﬁ) B 6_<tN_5)> 4,

dNt1,N-1 = TE_(W{?’_%) + Te_(tN;_%) - Te_(tN;_%) =1, dyvy11 =27 (_ﬁ - _(tl_%)) ;
dnirs =27 (_6_(2_7) S D e (D)) g = re(78) _ pe(s78) _ pelan®)
AN+1j = 3 (ef(t“’%) te(tim3) o (tim-3) _ e’(tj“’%)) j=4,.,N—2

d; ; = 0, for other i and j;g?n,n = 2T Pmm, g%n =2TNmm, n=1,M -1 m=1,M — 1.

In Tables 4-6, errors approximations in case N=M=10, 20, 40 for u, v and p are displayed. It can be
seen from Tables 4-6 when N, M are increased two times that errors are decreased with approximately
ratio &.

1

Table 4
Test example (25) - error v
DS \ (N, M) (10,10) (20, 20) (40, 40)
2nd order of ADS 4.75 x 1073 1.18 x 1073 2.97 x 10~*
Table 5
Test example (25) - error u
DS \ (N, M) (10, 10) (20, 20) (40, 40)
2nd order of ADS 2.43 x 10~* 6.23 x 107° 1.56 x 107°
Table 6
Test example (25) - error p
Approximation \ (N, M) (10, 10) (20,20) (40, 40)
2nd order 3.42 x 1074 1.15 x 1074 3.07 x 107°
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Y. Ambipasnsies, A. Yaii

NuTerpaaabik miapThl 0ap »KoHe KaiiTa
aHbIKTarad HeliMaH TUOTI 3JIIMIICTIK Kepi
€CelnTiH CaH/JbIK ecenTeyi

OPTYPJIi HAKTHI IIPOIECTEPl MOJEIBIEY Ke3iHe 1epbec TYyBIHABLIb JudOEPEHITHANIBIK, TEHIEY YIMH Je-
PEKKO3/1ep/i CONKEeCTeH APy ecenTepiH IIelry 9icTepi MaHbI3IbI POJI aTKapasbl. MakaJia HHTErpasIblK
maprel 6ap TYBIHABL YINH Gesrisi 6ip ecenTiH 3JUIMIICTIK anIpOKCHMAIMSCHIHA apHAJraH. AJFamkbiia,
Kepi ecen TYBIHIBI VIIH WHTETPAJIIbIK IMapTTapbl 6ap Oeitiokaab KaHmail mga Oip KOMEKI ImeTTik
ecenrrepre okesemi. Tenmeymin napamerpi OeMJIOKAJIb KOMEKIN  €CerTi IIMelIKeH COH aHBIKTaJIaIbl.
AGcTpakTili AaHBIKTAJFAH  SJUIMICTIK €CENTi KYBIKTAIl IIIeNry VIMH eKIiHIN JOJIIKTIH afbIPhIMIbIK
cxemachl  ycbIiHBLTFAH. OmnepaTtop TOCITIH KOJJaHA OTBIPHIN, AWBIPBIMIBIK, €CENTiH ImemnnMiHig 6ap
ekengiri mopureserai. CajblHFAH afbIPMAIIBUIBIK, CbI30ACHIH IIEINly YIIH TYPAKTBbUIBIK I[I€H M9XKOYpJIiiK
TYPaAKTBUILIK, OaraiaHybl OpHATHLTFaH. KeifiH aJbiHFalH abCTPaKTI/I HOTHXKEJIep WHTErPaJIIbl IIapTTapbl
bap Heiiman Tumiageri /UIMICTIK KON  OJIIIEMJIl afbIpbIMJIBIK, €CeNTEepPiHiH MIeNNMiHIH OpPHBIKTHIIBIK
GaraMbIH  ajy VIIH KojjaHbuianbl. KopbeiTeiasiiait keine, MATLAB 6GarmapiaMachiH  KoJigaHa
OTBIPBII, €Ki OJIMeMJl >K9HEe VI OJIIeMJl TeCTIK MbBICAJIAPhIH KbICKAIA TYCIHIAIpMeCiMEeH »KoHe
CaHJIbIK, HOTHUXKECIH YCHIHAMBI3.

Kiam ce3dep: alibIPBIMIBIK, CXeMa, SJUIHICTIK Kepi ecel, KaiiTa aHbIKTAJIFaH, NEPEKKO3Il CofKeCTeHIipy
MoceJIeCi, OPHBIKTBIIBIK, MOKOYPJIl TYPAKTBIIBIK, OaraMbl.

Y. Ameipasbie, A. Yaii

YHucaenHoe perieHne JIJIUIITHYECKON
oOpaTHOIi 3a/IaYi C MHTETPAJIbHBIM yCJIOBUEM
u nepeonpeaeaenneM tuiia Heiimana

IIpu MomennpoBaHNN PA3IMIHBIX PEATHHBIX IIPOIECCOB BaXKHYIO POJIb UTPAIOT METO/IbI PEIIeHUs 3aJa4un
UIeHTUDUKAIUYA UCTOYHUKA I ypPaBHEHUs] B YACTHBIX NPOM3BOAHBIX. Hacrosimasi crarbs IOCBAINEHA
ANIIPOKCUMAIINY SJJIMITUIECCKON IepeolpelleIcHHON 3aladld ¢ MHTErPAJIbHBIM YCJIOBHEM JJId IIPOU3BO/I-
HBIX. BHadasie obparHas 3ajada CBOJMTCS K HEKOTOPOH BCIIOMOIraTe/bHON HEJIOKaJbHON KpaeBoil 3aja-
be C MHTErpajbHBIM I'DAHUYHBIM yCJOBUEM /I IIPOM3BOJHBIX. IlapaMeTp ypaBHEHUs OIpPeesIsieTcs I10-
cJle pellleHnd 3TOH BCIOMOraTesJbHOM HeJOKaJdbHOU 3amadun. IIpemyioxkena pasHocTHasd cxemMa BTOPOIO IIO-
PsI/IKa TOYHOCTH JJIsi IPUOIMKEHHOIO PelleHnss abCTPAKTHOM IePeoIpe/IeIEHHON ITUITHIECKON 3a/1a9n.
C mOMOIIBIO OIIEPATOPHOTO IOJXO/A JOKA3aHO CYIIECTBOBAHME DEIleHHs] Pa3HOCTHON 3asadu. st pere-
HUS IIOCTPOCHHON Pa3HOCTHOMA CXEMBbl yCTAHOBJICHBI OLICHKH YCTOMYMBOCTH W KOIPUUTUBHON yCTOHYIWBO-
cru. llo3nmnee monmydyeHHble aOCTPAKTHDBIE PE3YIbTATHI MIPUMEHSAIOTCS [JIsl TOJyJIEHUs! OIEHOK YCTOWYMBO-
CTHU PEIIEeHUsT TePEOIPEJIeIEHHBIX JUINITUIECKUX MHOTOMEPHBIX Pa3HOCTHBIX 3ajad Tuma Heiimana c
MHTErpaJibHbiMU ycsioBusaMu. Kpome toro, ucnonbdysi nporpammy MATLAB, aBropamu mpemcrabie-
HBl YHCJIEHHBbIE DPE3Y/IbTATBHI JJIsI JBYX- U TPEXMEPHBIX TECTOBBIX IPUMEPOB C KPATKUM OObICHEHHEM
peannsalui Ha KOMIIbIOTEpe.

Karoueswie cao6a: pa3HOCTHAS CXeMa, 00paTHAs SJUIHIITHYECKAs 3a/1ata, IepeolpeiesieHue, npobemMa uieH-
TUDUKAINN UCTOYHUKA, YCTONINBOCTD, KOIPIMTUBHAST YCTONINBOCTD, OIEHKA.
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