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A boundary jumps phenomenon in the integral boundary value
problem for singularly perturbed differential equations

The article is devoted to the study of the asymptotic behavior of solving an integral boundary value problem
for a third-order linear differential equation with a small parameter for two higher derivatives, provided
that the roots of the "additional characteristic equation" have opposite signs. In the work are constructed
the fundamental system of solutions, boundary functions for singularly perturbed homogeneous differential
equation and are provided their asymptotic representations. An analytical formula of solution for a given
singularly perturbed integral boundary value problem is obtained. Theorem about asymptotic estimates of
solution is proved. For a singularly perturbed integral boundary value problem, the growth of the solution
and its derivatives at the boundary points of this segment is obtained when the small parameter tends to
zero. It is established that the solution of a singularly perturbed integral boundary value problem has initial
jumps at both ends of this segment. In this case, we say that there is a phenomenon of boundary jumps,
which is a feature of the considered singularly perturbed integral boundary value problem. Moreover, the
orders of initial jumps were different. Namely, at the point ¢ = 0 , there is a phenomenon of the initial
jump of the first order, and at the point ¢ = 1, the order of the initial jump was equal to zero. The results
obtained allow us to construct uniform asymptotic expansions of solutions of nonlinear singularly perturbed
integral boundary value problems.

Keywords: singularly perturbed differential equation, asymptotic estimates, boundary functions, small
parameter.

Introduction

Equations containing a small parameter in the highest derivatives are called singularly perturbed
equations. Such equations are mathematical models of many applied problems. A significant contribut-
ion to the development of the theory of singularly perturbed equations was made by L. Schlesinger [1],
G.D. Birkhoff [2], P. Noaillon [3], W. Wasow [4], A.N. Tikhonov [5, 6], M.I. Vishik, L.A. Lyusternik
[7, 8], N.N. Bogolyubov, U.A. Mitropolsky [9], A.B. Vasilieva and V.F. Butuzov [10], Trenogin, V.A.
[11], R.E. O’'Malley [12], W. Eckhaus [13], K.W. Chang and F.A. Howes [14], J. Kevorkian and J.D. Cole
[15], P.V. Kokotovic [16], S.A. Lomov [17], M.I. Imanaliev [18]|, K.A. Kassymov [19-21] and others.

Initial problems with singular initial conditions for a second-order nonlinear ordinary differential
equation with a small parameter were first studied by M.I. Vishik and L.A. Lyusternik [8] and
K.A. Kassymov [20]. They showed that the solution of the original problem with initial values leads to
the solution of a degenerate equation with altered initial conditions when a small parameter approaches
zero. Such problems became known as Cauchy problems with initial jumps. The most general cases
of the Cauchy problem for singularly perturbed nonlinear systems of ordinary differential and integro-
differential equations, as well as for differential equations in partial derivatives of a hyperbolic type,
was studied by K.A. Kassymov. Then, singularly perturbed initial and boundary value problems with
initial jumps have been studied in [22-30|. In this paper, we consider general integral boundary value
problems for linear ordinary differential equations of the third order with a small parameter with two
highest derivatives, when the roots of an additional characteristic equation have opposite signs. It is
shown that there is a phenomenon of boundary jumps. Boundary value problems without integral
boundary conditions for singularly perturbed differential and integro-differential equations have been
considered in [31-33|.
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Statement of the problem and preliminaries

Consider the singularly perturbed differential equation

Ley = 2y + e Ao(t)y" + Ai(1)y + Aa(t)y = F(t),
with integral boundary conditions

Ly
hiy(t,e) = y(0,¢e) — /Z:aZ fz:edx—ao,
0

=0
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where € > 0 is a small parameter, ag, «1, [ are known constants independent of ¢
We will need the following assumptions

C1) A;(t) € C?[0,1], i = 0,2, F(t) € 0[0, 1].

C2) The roots u;(t), i = 1,2 of "additional characteristic equation"u?(t) + Ao(t)u(t) + AL (t) = 0
satisfy the following inequalities () < —v1 <0, pa(t) > v2 >0
C3)
L L
A= yo(ar y3o(1 /ZCZ x)dx | +y20(1) (1 —ci(1 /Zaz ygo # 0.
o =0 o =0

We consider homogeneous singularly perturbed equation associated with (1)

Loy =%y + eAo(t)y” + Ar(t)y + As(t)y = 0. (3)

The system of fundamental solutions of the homogeneous singular perturbed differential equation
(3) is as follows

t

W62 = oo | 1 [ mla)de | (udOmo(t) +0E). g

(@) _ 1 1
Yy (t,e) = o exp

yéq)(t,é) = yé%)( t)+ 0(e), ¢q=0,2,

here p1(t), pe(t) are roots of the additional characteristic equation p2(t) + Ag(t)u(t) + A1 (t) = 0, the
functions y;o(t), i = 1,3 are defined by these problems

Yio(t) + QNG Jrizo(%)“;(t) + As(t) yio(t) =0, 1:0(0) =1, i=1,2,
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A1(t)yso(t) + A2(t)yso(t) = 0, y30(0) = 1.
The asymptotic formula of Wronskian consisting of a system of fundamental solutions is expressed
as follows

m\r—t

t 1
1 1
Wit.e) = oo | 2 [mds = [ | (5)
0 t
(i (B) p2(t) (p2(t) — p1(8))y10(t)yao()yso(t) + O(e)) # 0.
Let’s enter the following functions
Po(t S 8) Pl(t,s,e) (6)
W(s,e) W(s,e)’
where Py(t,s,e) , Pi(t,s,e) are the third order determinant obtained from the Wronskian W (s,e¢)
by replacing the third row with y(t,¢),0,ys(t,e) and 0, y2(¢,€), 0 respectively. Sum of Ky(t, s,e) and
K;(t,s,e) is the Cauchy function. Therefore, these functions have the following properties
1. With respect to the variable ¢ satisfy equation (3), i.e.
L.Ky(t,s,e) =0, L:Ki(t,s,e) =0, te€]0,1], t#s.

2. When t = s satisfy the conditions

Ky(t,s,e) = , Ki(t,s,e) =

Ko(s,s,e) + Ki(s,8,6) =0, K{(s,s,e) + Ki{(s,8,6) =0, K{(s,s,€)+ K (s,s,¢) = 1.

By applying formulas (5), (6), for functions Ky (¢, s, ), K1(t, s,¢) are valid the following asymptotic
representations as € — 0

(i) i ’
D4 ¢ o) = g2 3/30( ) _ 11 (H)y10(t) ox 1 2 c
HKo'tt5¢) A(s)yso(s) e () (rez(s) — pa(s)wno(s) - ES/M( Jhe | OE)
t>s, i=0,2. (7)
Dt 50) 2 &2 ph(t)yao 1) N AR ‘i
K000 =2 | it ST 0 | 7z [ 12| +06) ) <0 =02

t

Let functions ®;(¢, ) re solutions of the following problem

=1,3a
( )—0, i=1,3, hkq)i(t,é“) Z(Ski, ]{?21,3, (8)
where §; is Kronecker symbol.
Functions ®;(t,¢),i = 1,3 are called boundary functions and can be represented in the form
Ai (tv 5)
Afe)

(pi(t, 8) =

where

hayi(t,e) hiye(t,e) hiys(t.e)

A(e) = | hayi(t,e) haya(t,e) hoys(t,e) |,

h3y1 (tv 6) h3y2 (tv 2’5) h3y3 (t7 5)
A;(t,e) is the determinant obtained from A(t, e) by replacing the i-th row by the fundamental system
of solutions y1 (¢, €),y2(t, €),y3(t,€) of the equation L.y = 0. By taking account formulas (2), (4), we
get asymptotic representation for determinant A(e):

AE) = 2 (m(0)B +0()), (10)

where A has the form as in condition (C3).
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For boundary functions q)gj)(t, £),j=0,2,7=1,3 from (9) in view (4), (10) we obtain asymptotic
representation as € — 0:
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From (11) we obtain the following asymptotic estimations

C

(4) o iy = =
| DY (t’g)’§0+€j_1e +€je J=0,2,
| C C
25t e)| < O+ e 4 e E, =02, 2

C t C 1—t
e 4 — E =
—c +5je , 7=0,2.

2 (t,9)] <
Main result. We seek the solution of the problem (1), (2) in the form

1

3
) = ;Cid)i(t € /KO (t,s,e)F(s)ds — ;/Kl(t,s,e)F(s)ds, (13)

where ®,(t,¢),i = 1,3 are boundary functions, Ky(t,s,¢), Ki(t,s,¢) are auxiliary functions expressed
by formula (6), C;,7 = 1,3 are unknown constants.

Now, we determine the unknown constants C;, i« = 1,3 in (13). For determining these constants
we substitute (13) into (2). Then, taking into account (8), we find that

C1 = oy — h1P(t, 6), CQ = ] — hQP(t,E), 03 = B — th(t,E) (14)
where

zm@_;/m@ww@@—;/mumw@@ (15)

The effect on the operator hy to function P(t,¢) is characterized by the following expression

1

L
1
h1P(t,¢) /Zaz VPO (2, ¢)dx = —Q/Kl(O,s,E)F(s)ds—
0

9
=0

1 T 1
1
—/ao(a:) €2/K0(:C,8,8 s)ds — = / (x,s,e)F(s)ds | de—
0 0

1 1
i 1
Zaz K( (x,s,e)dx ds——2/ (K1(0,s,¢e) +
£
0

1
+/ ai(x)KO()(x s, e)dx — /z:aZ (x,s,e)dx | F(s)ds.

50 Becrnuk Kaparanmunckoro yHuBepcurera



A boundary jumps phenomenon...

Then from (14) the constant C defined by the formula

1 1 1
1 (i ’ (i)
Cy = a0—|—€2/ 1(0,s,¢) /z;aZ z)Ky' (z, s 5)dﬂc—/ Zal VK7 (z,s,e)dx | F(s)ds. (16)
0 =

=

Using formula (7) to (16), we get for the constant C the following asymptotic estimation as ¢ — 0:

1 -
— a w yso dm F(s)
C = 0+0/ 1( +/1Z: i ys0(5 A (s )d s+ 0(e). (17)

In this way, the effect on the operators hy, hs to the function P(t,e), we define the constants
CQ, Cg:

1

1 ! ).T S
C=an+ ) ] (20 [ > hte) s ) S as 0@, as)
0

15(0) (12(0) — Sz use(s) ] Aus)
1 1
_a_ yso(1) o 930 33) F(s) s -
03 a B O/ y30 3 S/Z ' y30 S Al(s)d +O( ) (19)

Substituting (7) into (15), we have the asymptotic representation of the function PU)(t,¢), j = 0,2
as e — 0:

i o2 E)
G W) - e Yag (DEF(s)
P @@_a%mwfm@F@+J£%MWﬂ

 HOm@F©)  Hmee  doum@FQ) e
&7 3(0) (12(0) = 412(0)) B (Dya0 (1) (2(1) — pa (1)

Thus, the following theorem holds.
Theorem 1. Let the conditions (C1)-(C3) are valid. Then integral boundary value problem (1), (2)
on the interval [0, 1] has an unique solution and expressed by the formula

3
y(t,e) =Y Ci®i(t,e) + P(t,e), (21)
=1

where ®;(t,¢),7 = 1,3 are boundary functions, P(t,¢) is defined by the formula (15), C;,i = 1,3 have
the form (14) and are expressed by the asymptotic formulas (17), (18), (19).

Theorem 2. If conditions (C1)-(C3) are valid, then solution for integral boundary value problem
(1), (2) hold the following asymptotic estimates as ¢ — 0 :

. C i, :
99691 < € (Jaol + clonl + 181+ s 1P )+ S0 = (0] s (01 +

C ¢
Mg
#omr (lool + ol 18]+ guax [P0 e+

= .,j=02 (22)
0<t<1 F ol =04

¢ (|ao| T elan] + 18] + max |F(t >r> c

where C' > 0 is a constant independent of e.
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Proof. By applying formulas (17)-(19), (12), (20) in (21), we get asymptotic representations of the
solution of the problem (1), (2) ase — 0:

1 1 0)
Wit.e) = | a ai(s w(o¥30(@) ) Fls) ‘
¥ (t,e) = ( 0+/( 6+ [ S ale) B ) T +0<e>)

0

MOy My =] @i

() L () da L () da
+yzo<1>ygo<t><1c1<1>>+0(5+ ,172(;{“ ) +€,1 o Fdml ’d))+

A gl j—1
F(0) 1 [, i@ Fe)
b bi(x) 232 d ds+ O
|t g | (10 B ) st oo
_Hjl(t)ylo(t)Mmeiofﬂl(i’f)dz 125 (t)y20 (t) Moo —2 (@) Mzsygé)(?f)Jr
e~ i (0)A g7t py(0)A 1(0)A
é [ 1(z)dz —% [ 2(z)dz
+0 [+ e " + e {1 )>+ (23)
) ysol(s) " ys0(s) Ai(s)
J oo (4)
m (Byro(t) Ms: = g p@de t2(By20(?) (1 ] 2@ (:U)dx) S tfl paa)ds
ei=1. 1 (0)A SR

(i) L (o) da L1 (Ve L G)
L a1(Wy20(Mysp (t>+0< jl_ fmde 1z [l >d)> +/y30 ()F(s)

— e+ 3¢ gj—_l J Al(s)ygo(s) S+
i_9 i_o . 1 t
P 0 o i Oue®F©) e
(@) — @) T T 2 0)(a(0) - (0)) *
Oy F (1) s

, e
eIt 1 (1)y20(1) (u2(1) — pa (1))
From asymptotic representations (23), we obtain asymptotic estimations (22). Theorem 2 is proved.

The theorem 2 implies that the solution of the problem (1), (2) at point ¢ = 0 has the phenomenon
of the first order initial jump and at point ¢ = 1 has the phenomenon of the zero order initial jump, i.e.

y(0,¢) = 0(1), (0.2) = O(1), 4(0.6) = O (1)

9
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and
/ ]‘ i ]'
y(1,6) =0(1), y'(1,6) = O Z) (1,e) =0 =)
In this case, we say that the solution of the boundary value problem (1), (2) has the phenomenon of
the boundary jumps.

Conclusion

In this paper, we consider a three-point boundary value problem for a third-order linear differential
equation with a small parameter at two highest derivatives when the roots of the "additional characte-
ristic equation" have negative signs. Theorem about asymptotic estimates of solution is proved. It is
established that the solution of this integral boundary value problem has the phenomenon of boundary
jumps. This means that the points of the initial jump are not only the left, but also the right point of
the segment. The results allow us to construct uniform asymptotic expansions of solutions of boundary
value problems with boundary jumps with any degree of accuracy with respect to a small parameter.
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H.Y. Bykanait, A.E. Mupszakymosa, M.K. /laysuioaes, K.T. KonbicOaeBa

CuHryaspJbl aybITKbIFaH AuddepeHIma bl TeHaeyjepre apHaJraH
MHTErpaJIJIblK IIIETTIK ecenTeri IeKapaJbIK, ceKipicTep KYObLIbIChI

Maxkasia KochIMIIIa, CHTIATTAYIIBI TEHIEYIIH TYyOip/iepl KapaMa-Kapchbl OOJIFaH KAFIAMIaFbl €Ki KOFapFbI
TYBIHIBLIAPBIHBIH, AJIIbIH/IA Killli TapamMerpi 6ap YINHII peTTi ChI3BIKTDI JuddepeHIInalIbK, TeHIEY YIITiH
IIeKapaJibl CEKipiCTi 2KAJIIBI HHTErPaJIIbI IETTIK ecebin 3epTTeyre apHajran. 2KyMbICTa KOCBIMIIIA CUIIATTAY-
Bl TeHIEYiH TYOipJ/iepi KapaMa-Kapchl OOJIFaH KaFIaliTaFbl CHHTYJISPJIBI ayBITKBIFAH OipTeKTi muddepen-
IUAJIBIK TEeHJIEY/IiH ipreJi mmemriMaep »Kyiteci Kypbuirad. [presi memrimep »Kyieci apKbLIbl CHHTYJISIPJIbI
aybITKbIFaH 6ipTekTi nuddepennumannblk reugeyaiy K(t, s,€),i = 0,1 kemexun GyHKIUATAPHL XKOHE IIIe-
KapaJiblk (pyHKIustapsl 6epinren. 2KoHe oap/blH aCHMITOTHKAJIBIK, CUMATTAPHI MEH Oarasayiapbl KeJi-
Tipisired. Bepiiiren cHIYJISAp/IbI aybITKBIFAH »KaJIIIbl HHTEIPAJIJIbI IIETTIK ecell MEeNiMiHIH aHaTuTUKAJIBIK
dopwmynace! agbraFaH. [lenmiMHIH aCHMITOTHKAJBIK, 6aFajiaybl Ty paJbl TeopeMa JJesaeHre. CUHTYIIsIpIIbI
ayBITKBIFAH YKAJIIIBl HHTETPAJIIbI MIETTIK eCcell MentiMi KeCiHIIHIH eKi YKak IeTiHe e 6acTamKbl CeKipicke
e 6OJATHIHLI AHLIKTAJFAH. 3€PTTEY HOTUXKECIHIE ecell MIEMIIMIHIH, COJI »KaK »KoHEe OH KAk, HYKTeJepiHie
opTypJii perTi 6HacTanKpl CeKipic KyObLIbICTaAPBIH YKOHE aJIbIHFAH HOTHKeJIeP/IiH KOPBITBIH/IBICHIH 1A OepiireH
eTTiK ecenTiH mernmiMinig, ¢ = 0 HykTecinme Gipiumii perri, ain ¢t = 1 HyKTecinme HOMHII peTTi GacTamKb
cekipicrepi 6ap eKeHIIr aHBIKTAIAbI. AJIBIHFAH HOTUXKEJIEP CHISBIKTHI €MEC CHUHIYJISPJIbI aybITKBIFAH UHTE-
rpaJijibl METTIK ecenTep HientiMiepiniy 6ipKeIKi acCUMITOTHKAJIBIK YKIKTeIYiH KypyFa MYMKIHIIK Gepe/.

Kiam ceadep: CHHTYIISIPJIBL 8y BITKBIFAH b dDepEeHITUAIBIK TEHIEY, aCHMITOTHKAJBIK Harasiay, MeKapaIbIkK,
byHKIHAIAP, Kinm mapaMerp.
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flBIeHMe rpaHUYHBIX CKAYKOB B MHTErpaJIbHOI KpaeBoil 3ajiave JiJisd

10

56

CUHTYJISPHO BO3MYMIEHHBIX JuddepeHnnaibHbIX ypPaBHEHU

CraTbsl TOCBSIIIEHA UCCIEJOBAHUIO ACUMIITOTHIECKOTO TTOBEJEHUs PEIIeHUs] WHTErPaJIbHON KpaeBoil 3a/1a-
qu TS JTUHEHHOro nuddepeHnnajibHOr0 yPaBHEHNsT TPETHEro MOPSIKA C MAJIbIM [apaMeTPOM IIPU JBYX
CTapIINX TPOU3BOJAHBIX IIPU yCJIOBUHU, KOT/JIa KOPHHU «JIOTIOJTHUTEIBHOI'O XapaKTePUCTUICCKOI0 ypaBHEHUA»
WMeIOT MPOTUBOIIOJIOXKHBIE 3HAKN. B pabore mocTpoeHa dyHIaMEHTAIbHAST CHCTEMA PEITeHU CHHTYJISIP-
HO BO3MYIIEHHOTO OJHOPOIHOTO MM depeHIHaJIbHOr0 YPABHEHUS C YI€TOM ITPOTHUBOIIOJIOKHOCTA 3HAKOB
KODHEH «JIONOJIHUTEILHOI'O XapaKTEPUCTUIECKOI0 yPABHEHUsI». 3aTeM C ITOMOIIBI0 (PyHIAMEHTAJILHON CH-
CTEMBI PEIeHNl CTPOSTCST BCIIOMOTATE/TbHbIE (DYHKIMN U T'PAHUIHBbIE (DYHKIINNA CAHTYJISPHO BO3MYIIIEHHO-
ro omHOpoaHOro JauddepeHnnaabHOro ypasHenus. [losydensl acuMOTOTUYeCKIE TPEICTABIEHNST U OIEHKHU
BCIIOMOT'aTeJIbHBIX U IpaHUYHBIX GyHKnuil. [lomydyena ananmuTudeckas opMmysia pelleHus pacCMaTpUBae-
MOU CHHTYJISIPHO BO3MYIIIEHHON WHTErpasibHON KpaeBoit 3agaun. Jlokazana Teopema 00 aCHMITOTHYECKUX
OIeHKax perenusi. J[71s CHHTYJISIPHO BO3MYIIIEHHOM MHTErPAIbHON KPAeBOi 33184 MOTyYeH POCT PEITeHNUsT
U €ero IIPOU3BOJHBIX B I'PAHUYHBIX TOYKaX JIAHHOI'O OTPE3Ka IIPU CTPEMJIEHHU MAaJIoro IlapaMeTpa K HYJIIO.
YcTaHOBJIEHO, YTO pEIIeHNEe CHHTYJISAPHO BO3MYIIEHHON WHTETPAJILHON KPAeBO 3aJlauil UMeeT HAYaJIbHbIE
CKa4dKM Ha 000MX KOHIIAX JAHHOTO OTpe3Ka. B 9ToM ciiydyae MBI TOBOPHMM, UTO MMEET MECTO sIBJIEHHE I'Da-
HUYHBIX CKAYKOB, YTO SIBJISIETCSI OCOOEHHOCTHIO PACCMATPUBAEMOl CUHTYJISIPHO BO3MYIIIEHHON WHTErpaaIbHOMN
KpaeBoit 3ajaun. [IpuyeM MOpsiIku HAYAIBLHBIX CKAYKOB OKA3AJIMCh PA3HBIMU. A UMEeHHO: B TOuke ¢t = 0
“MeeT MECTO SBJIEHNME HAaYaJIbHOI'O CKaJdKa IIEPBOIO IOpsJiKa, & B TOUKe ¢ = 1 Iops/I0K HaYaJIbHOIO CKadKa
oKa3aJicsi paBHbIM HYyJTiO0. [losryvueHHbIe pe3yIbTaThl TO3BOJISIIOT IIOCTPOUTH PABHOMEPHBIE ACUMIITOTHYECKUE
Pa3JIOKEHUA PEIICHUNA HeJINHEHHBIX CUHTYIAPHO BO3MYIIEHHBIX HHTEIDAJIbHBIX KPAaeBbIX 3a/1a4.

Karoweswie croea: CHHIYISIPHO BO3MYyIEeHHOe auddepeHnaabHoe ypaBHEHHE, aCUMIITOTHYIECKIE OIEHKH,
rpaHuYHbIE (DYHKIINK, MAJIBII TapaMeTp.
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