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Bessel functions of two variables as solutions for systems
of the second order differential equations

In this paper, the systems with solutions in the form of degenerate hypergeometric Humbert functions of
two variables reduced to Bessel functions of two variables are established and studied. The connections
between the Humbert and Bessel functions of two variables are revealed, their differential properties are
investigated. The addition and multiplication theorems are proved. In future, these proven properties allow
us to establish recurrent relations between degenerate hypergeometric functions of two variables, similarly
to extend these properties to the case of many variables. The connection between type systems of Bessel
and Whittaker is shown. Using the Frobenius-Latysheva method, the singularities of constructing normal-
regular solutions of the newly established Bessel-type system are studied.

Keywords: Humbert function, system, Bessel function, properties, addition theorem, reducible, normal-
regular.

Introduction

Applications of Bessel functions of one variable are very diverse. They are widely used in solving
problems of acoustics, Radiophysics, hydrodynamics, nuclear and nuclear physics. In the theory of
elasticity the solution in Bessel functions covers all spatial problems solved in spherical and cylindrical
coordinates, various problems of vibrations of plates. There are also numerous publications, which
study a large number of different problems relating to all important sections of mathematical physics.
However, this work out has not received the development of the theory of Bessel functions of many
variables. Although there are works where the properties of Bessel functions of many variables are
studied, their relation to various special functions and orthogonal polynomials of many variables is
analogous to the Bessel function of one variable. It is a special case of the degenerate hypergeometric
Kummer function [1; 1]. It is known that the particular solution of the Kummer equation is a degenerate
Gauss function G(a,v; x):

H

(a "

oo
i m 2 = ; 1.

obtained by the limit transition. Similarly, you can get the function
1 -

lim P2 Ziiete) = 3 - o = J(52) (1.2)

m=0

J(7;x) is called the function reduced to the Bessel function, since equality is just

J, (x)—i(%)k J(k+1 ——mQ) (1.3)
YT D+ 1) T2 '
and d?J dJ,
20 JE k 2
k), =0 1.4
Sy +x dx+( )k (1.4)

where (1.4) is the basic Bessel equation.
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All known hypergeometric functions of two variables are solutions of some special systems consisting
of two partial differential equations of the second order. In Horn list there are 34 such systems
whose solutions are 34 hypergeometric functions of two variables. Out of them 20 are degenerate
hypergeometric functions of two variables [2, 3|. The connection of Bessel functions of two variables
with these degenerate functions of two variables is not studied properly. In several works [4; 138] it was
proven that a function of M.P. Humbert Wy(cv,v,7';x,y) is the most closest to the Bessel functions
[5; 129].

Definition 1.1. The degenerate hypergeometric Humbert function Wy («,v,v; z,y) two variables x
and y is determined by a series of

o0
(A)m-‘rn x;rln xg
Ua(ev, 7,721, 22) = Y2V ey (1.5)
m;() (Mm(y)n m! nl
The series (1.5) converges absolutely and uniformly if at |z1]| < ¢, |z2| < €.
Theorem 1.1. Series (1.5) is a particular solution of the Horn system
X1 g1z, + (Y — 1) 2y, — 225, — ANZ =0, (1.6)
X9 L powy + (¥ — @2) Zyy — 1122, — NZ =0,

which under the conditions of compatibility and integrability has four linearly independent partial
solutions [6.

In the monograph of Appell and Kampe de Feriet [5; 124] there is a list of 23 (I-XXIII) degenerate
hypergeometric functions of two variables derived from four Appell functions F; — Fj given by limit
transition. Some of them coincide, despite the fact that they are obtained from various hypergeometric
functions of Appell F; — Fy. Five functions of them: (XIII), (XVI), (XVII), (XVIII) and (XXIII) are
presented as a product of the function, which is reduced to the Bessel functions or functions of Bessel
and Kummer.

Example 1. A number of (XVI)

111
hm F2(77 ) 7771772) 62$1,€2x2) =
T7—0 e e’ e
(o)
1 xm o
=D o o = ome) T (i) (1.7)
m,n=0 (’Vl)m('}?)n m. n!

set by limit transition, where the functions J(v;;;), (j = 1,2) of the reduced to Bessel functions are
a particular solution of the system

{xlzmlrl + 71211 - Z =0, (1 8)

:EQZ.’ZQmQ + 72Z$2 - Z = 07

obtained by limiting the transition from the Horn system (F3).

The aim of this work is to establish and study systems with solutions in the form Bessel functions
of two variables, using the Horn systems (1.6), to establish the connection of Bessel functions to
the Humbert function and with other functions from the Horn list, to investigate their differential
properties, addition and multiplication theorems, based on the properties of the Humbert function.

2. Properties of degenerate hypergeometric series reducible to Bessel functions of two variables.

In the previous paragraph we defined Kummer function (1.1), as the degenerated Gaussian function.
A function reducible to the Bessel function of one variable [7; 21] was defined using the limit transition
(1.2). Similarly, the limit transition is just

1 1
FiGiyv;z) =14+ -2+ — 2’ +
Gv:2) v 2h(y+1)
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) az  alat+l) 2?
-1 1 d A H : 2.1
aLH;o[ + vya  2y(y+1)a? ] =J(v;z) (2.1)

We are interested in generalizing (2.1) in the case of a degenerate hypergeometric function of two

variables.
Theorem 2.1. The degenerated hypergeometric Humbert function Wo(A;v1,v2; 21, 22) of two variables

by means of a limit transition is reduced to the form

1520 = Wa (A1, 725 71, 72) = J(71521)J (25 72) (2.2)
where functions J(v;;;), (j = 1,2) are reduced to Bessel functions.
Proof. Indeed, there is the limit of a function of Humbert when A — oo
. xr1 T . A 21 A T9 )\()\ + 1) X1 T2
lim Wa(\; ;—,—) = lim [1 — —= ——=
B G w s WAL Lk T ol Wl Tonls Wl s T sty s s
AA+1) 22 AA+1) 22 1 1 1
b T AT T2 =y b 1o T179+
2y (71 + 1) A2 20(ya + 1) A2 ] My Al 2 Ay 2
1 ) 1 ) 1 1 )
2y + 1) 2p(pe +1)72 ( Uyt 2y (g + 1) )
1 1
(1 54 ) = J(y ) (yasw2) = J ; : 2.3
(1+ 2 T oy 2 ) = J () (v2322) = J (11,725 21, 32) (2.3)
Taking into account (2.1) and (2.2) we obtain a series of two variables
[o.¢]
1 A
J(y1521)J (25 22) = L t2 (2.4)
ml%;[) (71)m1 (72)m2 mil mo!
Theorem 2.2. The Bessel function of two variables of the first kind is represented as
e.)
(—1)ymatms L1y2 T2\2
J. x1, L) = S(ER)Emat L (ZE2)2mety2 2.5
2 (@1, 72) ml%;:() ma! - ma!l(y1 +my1 + 1) (y2 + ma + 1) ( 2 ) ( 2 ) (2:5)

Indeed, using (1.3) and the obtained functions by the limiting transition (2.3) and the series (1.7)
2

we have (2 (227 )
T1\71 T2
J =22 .2/ . 1,-21)7 1,-22) = 2.6
71,72(331,.%2) F(’Yl + 1) F(’}/Q + 1) ’Yl(’yl + 1 22) 72(’72 + 1 22) ( )
CONG L B a3
= . -J 1 1, ——. —=2) =
F(71+1) F<72+1) (71+ 772+ ; 227 22)
ICOURNNC DL ST SUE T SN B O
“Tm+1) T(e+1) U +1) 22 Uyp+1) 22 2y +1)(n+2) 22
1 2 a3 1 735
+ Y a2 (222 )=
Uy +1) (2 +1) (52)- (%) 202 +1)(72 +2) (32) )
_ (%)')’1 ‘ (172)72 i (_1)m1+m2(%)2m1_(%)2m2 _
|. |
F(’}/l + 1) F(’)/Q + 1) =0 mq! mg.F(ml + 1)F(’I7’L2 + 1)
_ i (—1)m1+m2 ) (E)le—‘,—’yl . (ﬂ)sz—Mz_
=gl mall (1 +my + D0 (2 +ma +1) 2 2
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(2.6) shows the rightly of presentation (2.5).

Solutions of the system (1.8) are not difficult to build [8; 203].

Theorem 2.3. The system of differential equations (1.8) has four linearly independent partial
solutions in the form of series, which are reduced to Bessel functions,

oo
1 Ty

x
7 _ . . _ -0 2 2.
1(z1,22) = J(v1521)J (25 22) mzn;O o)l (2.71)
Zg(ml,fz’g) = :L’;_WJ(")/l; .771)J(2 — "}/Q;xz), (2.72)
Zs(x1,x9) = 1&771‘](2 —y1521)J (Y23 T2), (2.73)
Zy(x1,29) = xi_% . xlwa(? —y1;21)J(2 — Y25 22), (2.74)

Proof. Near the singularity (0,0) we look for a solution in the form of a generalized power series of
two variables

oo
Z = xfy° Z App-z™-y", (Ao #0) (2.8)
m,n=0
where p,0, Ay n(m,n =0,1,2,...) are unknown constants.
In (2.8) unknown constants p and o are determined from a system of defining equations regarding
features (0,0). It has four pairs of roots: (0,0),(0,1 —~2),(1 —~1,0),(1 — 1,1 — y2).
Unknown coefficients A, ,(m,n = 0, 1,2, ...) are determined from the system of recurrent sequences,

Z Afijlm,l/—n ) fr(r{,)n<p tu—m,0+v-— n) =0, (29)

m,n=0

(u,v=0,1,2...;5 = 1,2,...). Then, given (2.9) the values of the unknown constants, we obtain partial
solutions of the form (2.7;)(t = 1,4), where the first particular solution coincides with (2.4).

Various Appell F; — F; functions are used to obtain series of the form (1.7).

Theorem 2.4. Row (XIII)

o0

A e 22 2 _
V13725 € T, € (L.Q) - §

m,n=0

LI S
(V)m-‘rn m!  n!

lim Fy(

T—0

11
€ €

™ | =

= J(y;x1 + z2), (2.10)

) )

where the degenerate hypergeometric function J(v;x1 + x2) reduced to the Bessel function of two
variables is a particular solution of the system

xIZmlzl + xQZx1$2 +’)/le1 —Z = 07 (2 11)
:L‘2Z$2x2 + :BIleCL'Q + ,72Z$2 - Z = 0’
where Z = Z(x1,x2) is the total unknown obtained by the limiting transition from the system
1 1
.1‘1(1 — 621‘1)Zmlzl - .rl(l - 621‘1)le12 + |:’}’ — (* + -+ 1)6233‘1:| Ly, — €T Ly, — £ =0, (2 12)

2o(1 — e209) Zyowy — T2(1 — €229) Zy 0y + [’y — (g + B + 1)62.%2} Ly — €x2 2y, — Z =0,

By the Frobenius-Latysheva method, we establish that the joint system (2.11) obtained by the

limiting transition from the system (2.12) under the conditions of compatibility and
1-2. % g (2.13)

ry 2

has no more than three linearly independent solutions because (2.13) shows that the so-called integration
condition fulfilled [9; 85].
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Main results

2.1. Differential properties of the Humbert and Bessel function

The reasoning of the previous points shows that the Bessel function is mainly related to the Humbert
function Wo(\;71,72; 21, 22), which is a particular solution of the Horn system (1.6). Based on the
General theory of such systems, as stated in theorem 1.1, the following statement is true.

Theorem 2.5. The Horn system has four linearly independent solutions:

[e.9]

(/\)m1+M2 mrln1 ‘7;72712

Zl - Z ’ | ’ | = \:[12()\’ 71772;'1'17'7;2)7 (214)
mme=0 (V)mi (12)me ! mo!

2 :inﬂl “Wo(A+ 1 — 7132 — 1,725 21, 2) (2.15)

Z3 = 1’5_72 “Wo(A+1 =257, 2 — 2521, T2) (2.16)

Zy = .’L‘%_’Yl . .%é_72 . \Ifg()\ + 2=y — 722 — 71,2 — o5 .T}l,JIQ). (217)

As can be seen here, the first particular solution (2.14) defines the Humbert function ¥o. We find
the derivatives of this function.

Theorem 2.6. Derivatives of Humbert variables x1 and x5 presented in the form:

1) by variables z; and xg;

0 A
7\1]2(Aa 71,725 l’l,l’g) = %\IIZ(A + 1”71 + 1772; l’l,l’g),

81‘1
(2.18)
0 A
87‘1’2()\; V1,725 71, ¥2) = —Wa(A + 191,72 + 1; 21, 22),
€2 72
2) higher derivatives;
4
0?2 A +1
3 Wo (X1, 725 21, T2) = (7>‘I/2()\ + 2571 4+ 1,92 + L2y, 22),
1022 Y172
9?2 AA+1)
— U (A;v1, Y2521, 29) = ————— W (A 4+ 2,91 + 2,725 21, 2),
927 2(X;y1, Y23 @1, X2) Py 2( T V25 L1, T2)
0? AA+1)
—Uo(A; 71,7221, 22) = ———————Wo (A + 271,70 + 2; 21, T32),
923 2(Asv1, 723 21, 22) 2 1) 2( V1,72 1,%2)
am AA+1D)...A+m—1) (2.19)
L By(A 1, 9; - Wy(A+my : :
3$’1" 2( a/ylufYanLmZ) 71(71+1)(71+m71> 2( +m’71+m)727x17x2))
on AA+1)...A+n—1)
LWy (A 1, 72 = Ty(A+ s :
923 2(A; 71,72 @1, 22) 1) (o k= 1) 2(A + 171,72 + 1y w1, 22),
gmtn AMMA+1D)..A+m+n—-1
e Y2 (N 1,925 21, 22) = ( )| ) :
Ox" 0z} Y+ 1e(n+m—=1)-y(re+1)..(r2+n-1)

Wo(A+m+n;y1 +m,y2 +ny a1, 22).
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Similarly, it is possible to find derivatives of the other particular solutions of (2.15)-(2.17), using
the kind of derivatives (2.18), (2.19).

2.2. Differential properties of a function that reduces to the Bessel function of two variables

The degenerate system (2.6) based on theorem 2.1 has four linearly independent partial solutions
(2.71) — (2.74). The first particular solution defines a series that reduces to the Bessel function of two
variables

o0

1 " xl
o1 20) T (s 9) = R 2.20
(eI nie) = 3 or e (2:20)

The derivative (2.20) can be found as products of two functions J(y1;21) and J(y2;x2).
Theorem 2.7. Derivatives of functions reduced to the Bessel function of two variables are represented
as

0 1
1‘87[J(’Y1;371)J(72;$2)] = —[J(m + L;z1)J (72; 2)],
I 7
0 1
2.8—[J(71;x1),](72;x2)] = —[J(7;21)J (72 + 1, 22)].
T2 Y2
Second derivatives:
3 )T e)] = —— [T+ L) (s + L)
. [T 1r9)] = —— T 1 T2)],
02109 Y1521)J (25 22 - " 1)J (72 2
82
4. —— . . — 9: .
81‘% [J(71,$1)J(’727$2)] (71)2[‘](71 + ,l‘l)](’)’Q,l’Q)],
5. 0 s o) T (s 00)] = [T 20T + 222)]
-(%% 715,21 V25 T2 (72)2 71521 72 ;X2)]-
Higher derivatives:
6. [T (s 21)T (323 22)] = —— [T (1 + a3 20T (325 22)]
‘833’1”’“ 715 L1 Y25 X2 (71)m1 71 1;521)J (Y25 22)],
7 T 1) (2 22)] = —— [T (15 21) (33 + s 22)]
’8x;”2 71521 V25 L2 (72)m2 71521 72 2;22)],
g J J 1 J J 2.21
W[ (15 1) (727$2)]—m[ (71 +ma;21)J (72 + ma; x2)]. (2.21)

Similarly are determined by the derivatives of the particular solutions of (2.72)—(2.74), in particular
using (2.21). The main differential properties of the Bessel function of two variables were studied in
the works [10; 23]. The differential properties of degenerate hypergeometric functions of one variable
are given in the monographs of Lucy J. Slater [1; 15] and [11-13].

Let’s consider the addition property of a degenerate hypergeometric function (2.10):

o0

Jataa)= Y Lo % (2.10)
y L1 2) = T T .
o (V)m+n m! nl
obtained as a particular solution of a degenerate hypergeometric system (2.11).
Theorem 2.8. For the degenerate hypergeometric function (2.11) there is an equality:
J(yiar +a2) = JMW () - = (2.22)
n=0
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Proof. The formula is used to prove the theorem
yTL

applied by Lucy J.Slater [1; 22| in establishing the theorem of addition for the derivatives of the
Kummer functions of Fj[a;b; z]. So, on the basis of (2.23) we obtain rightly (2.22):

0 ’ X9
J(v; w1 + x2) § Jr 2 = JO(y;29) 0? +J (v L)
2 o0 1 I’
" . (n) . — 22 g(n)
+J (7+2,m1)2, o+ Sy F ) + _n§:0: o I (y + s xp).

Theorem 2.9. For a degenerate hypergeometric function J(v; 1, x2), there is equality:

2 (xg — 1)
J(viz1 - 22) ZZW'JW#L”;SM)-
n=0 n ’

The formula is used to prove the theorem

floy o) = 3 A DT gy,

n=0

obtained from (2.23) by substitution z2 for (z2 — 1)x; and by Taylor’s theorem.
Theorem 2.9 is related to the multiplication theorem for Kummer functions [1; 23].
3. Construction of normal-reqular solutions of Bessel-type system
Problem statement. From the Horn system (1.6) by converting the form,

€1 To, -1 —2

7Z = exp(? + ?)xl 2 xy 2 - U(x, 22) (3.1)

a system of Bessel-type is installed

{x%-Umlxl —$1m2-Ux2+{— 2x1x2+k:x1—|—a }U—O

1,2

171

2.U - U —1,2 k

x5 - Ugyzy — T122 x1+{ 375 — 2x1x2+ x9 + B(1 B}U—O

(3.2)

where k = o+ 8 — X and «, 8, A are some parameters, and U = U (z1, z2) is general unknown.

Using the Frobenius-Latysheva method [14] it is required to prove that the solutions of the system
(3.2) are functions that reduce to Bessel functions of two variables.

Theorem 3.1. The Bessel-type system (3.2) under the conditions of compatibility and integrability
[6] has four linearly independent partial solutions

Ui(z1,22) = exp(—%5 — ) - xf - 2 Ua(\, 2a, 2035 21, x2),

Us(z1,22) = exp(—% — 3) - of - mé 'B-\Ilg( A—26+41,20,28 — 2; 21, 2), (3.3)
Us(x1,x2) = exp(—%—%?)'x%_a- zh - Wo(A —2a+ 1,20 — 2,205 21, 2), '
Us(xy,m2) = exp(—F — F) - xi_o‘ . xé_ﬁ WA —2a— 20+ 1,200 — 2,283 — 2; 21, x2),

which are expressed in terms of the degenerate Humbert hypergeometric function reduced
when v; = 2a, v2 = 20 to the Bessel function of two variables by the limit transition
o
1 ot b
lim Uo(A, 2, 28; Az, Axa) = — =L .22 3.4
)\141’)% 2( y 40, ﬁa T, 1'2) Z (QO‘)m(QB)n m!  nl ( )

m,n=0
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The Frobenius-Latysheva method is used to prove the theorem [14; 160]. The studied system belongs
to the Whittaker-type system [5; 132]. The application of the Frobenius-Latysheva method to the
construction of a Whittaker-type system solution is described in the works [15; 27|. It was found out
that its solutions are normal-regular species,

Z(x1,x2) = expQ(x1, x2) - 2 - x5 Z App o255 (Agp #0), (3.5)

m,n=0
where p, 0, Ap, n(m,n =0,1,2,...) are unknown constants; @ = Q(x1,z2) polynomial of two variables:

[0 [0
Q(xl, xg) = T?Oxp %xg + ... +a112179 + (191 + @12, (36)

with unknown coefficients oy, agp, ..., @11, @10, @01

In the theory of ordinary differential equations with variable coefficients greater role will be played
by the notion of rank p = 1 + k introduced by H. Poincare, and the concept of antirank m = —1 — x ,
introduced by L. Tome. Professor of Kiev University K. Ya. Latysheva used these concepts: to determine
the polynomial ), as well as in the classification of regular and irregular points of a given equation
[16; 50].

The studied system (3.2) has a rank p = 1 > 0 and antirank m < 0 [16, p.53|. Therefore, the
singularity (co,00) is irregular , and the singularity (0,0) is regular and there is a normal-regular
solution of the form (3.5). The highest degree of the polynomial (3.6) is equal to the rank of the
system, that is p = 1. Then, the polynomial (3.6) turns into a polynomial of the first degree
Q(x1,x2) = a1 + ap1 2 and its unknown coefficients a1 and «; are determined from the auxiliary
system obtained from (3.2) by the transformation in form (3.1):

U = exp(ajor1 + agiz2) - (21, 22) (3.7)
where ®(x1,z92) is a new unknown function, by equating to zero coefficients at higher degrees of
independent variables x1 and x5 :

1 1 2
£ (a0, 001) = o3 - 1=0 1 (o0, 001) = 0y — 1-0 (3.8)

The resulting system of characteristic equations (3.8) has four pairs of roots:

1

NG 11 (@2 11
(039 a0r) = (5 ). (01 0) = (5 =5),

11 1 1
(off o)) = (=5 5): (@l o)) = (=5, —5): (3.9)

In (3.9) only a pair (oz%), a(()Ql)) = (—3,—1) defines a joint system

{:L’% Dy — x% Py, — xixe - Py, + [k + (1 — )] P =0, (3.10)

23 @y — 2% Dy — 2172 - Byy + [ko + B(1 — )] D =0,
where k = a+ 8 — X and «, 8, A are some parameters, and ® = ®(x1,x2) is unknown.

It has four linearly independent partial solutions, which are expressed in terms of the degenerate
Humbert hypergeometric function Wo(A;v1,v2; 1, 22) , (71 = 20,72 = 23):

Oy (21, x2) = ¥ - x’g - Wo (A, 20,285 1, x2),

Do(x1, 29) = 2 - :1:5_6 “Wo(A =264 1,20,208 — 2; 21, x2),

®3(w1, 12) = ] - acg WA —2a+ 1,200 — 2,20; 21, x2), (3:11)
(w1, 22) = 21

kP (A — 20— 28+ 1,20 — 2,28 — 2,21, 20).

148 Becrnuk Kaparanmurckoro yHuBepcurera



Bessel functions of two...

It should be noted that the system of defining equations relating the peculiarity (0,0) :

fio (o) = plp— 1) +ala—1) =0, [ (p,0) =o(o—1)+ B(B—1) =0, (3.12)

has four pairs of roots
(p1,01) = (o, B), (p1,02) = (a,1 = B3),
(an Jl) = (1 - av/B)v (1027 02) = (1 —a,1— ﬁ)
They identified the indicators of the series (3.11). We will draw some conclusions here.

Theorem 3.2. In order to have at least one solution of the form (3.5) for the auxiliary system obtained
from the system (3.2) by transformation (3.7), it is necessary and sufficient to perform equality (3.8).

(3.8) has four pairs of roots. This is the first necessary condition for the existence of a normal-regular
solution of the form (3.5) associated with the definition of unknown constants oy, ap, ..., @11, @10, @01
polynomial Q(x1,x2).

The second mnecessary condition is related to the definition of unknown constants
p,0, Amn(m,n=0,1,2,...) in (3.5).

Theorem 3.3. To have a solution in the form of a generalized power series of two variables for the
system (3.10), it is necessary that the pair (p,o,) to be the root of the system of defining equations
regarding features (3.12) obtained by substituting b (3.10) instead of the unknown ®(x1,z2) = 2/ - 23.

The fulfillment of two necessary conditions ensures the existence of four normal-regular solutions
of the form (3.3). The theorem is proved.

Summary.
1. Equality (3.4) on the basis of (2.2) and (2.3) when v, = 2« and 2 = 2 is represented as

J(y1,72; 1, 22) = J (20, 2B; 21, 29) =
N 1 o ap
2 o, ml w7 Gesm) (28, (3.13)

m,n=0

Then, on the basis of (2.5) the Bessel function of two variables of the first kind, we obtain in the
form

oo o (21, 22) = i (—1)mtn _ (ﬂ)2m+2a ) (@)2%25
2B = ml-nlTQ2a+m+ IR +n+1) 2 2 '

The course of proof as in (2.6).
2. The derivative (3.13) can be found as in 2.2. taking the meanings v; = 2« , 72 = 20 into account.
We give a General formula:
8m+n [ IB ] 1
 JCaz) (2B x)] =
Dy (20521)J (20 22)) = o5 a5,

Out of this we can derive various special cases of lower derivatives.

3. The solutions of the attached system (3.10) are expressed in terms of the Humbert hypergeometric
function, which is reduced to the Bessel function of two variables by a limit transition (3.4). We have
seen that in this case equality is true (3.13). Therefore,

[J(2a + m;x1)J (28 + n; z2)].

lim ®;(x1,z2) = lim [z - :c’g “U(A, 20, 285 w1, 22)] =

A—00 A—00

=zxf - 2% lim U (A, 20,285 1, x2) = J (20,285 x1, x2),
A—00

that is, in this case, in the limiting transition, all ®;(z1,x2),(j = 1,4) are expressed through the
function J(2a, 26; 1, x2). Similarly, all the particular solutions of system (3.2) are also expressed via

(3.13).
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Thus, we have established and studied a number of systems with solutions in the form of degenerate
hypergeometric Humbert functions of two variables, which reduces to Bessel functions of two variables.
The connection between these functions of two variables as solutions of systems of partial differential
equations of the second order is revealed. Their properties, as well as differential properties, addition
and multiplication theorems, have been investigated so far. Further, these properties make it possible
to establish recurrent relations between these functions, as well as between degenerate hypergeometric
functions of two and many variables as a whole. A system of Bessel-type has been installed and the
features of the application of the method of Frobenius-Latysheva for the construction of normal-regular
solutions installed by our system is shown. It is also shown that the Bessel-type system is related to
the Whittaker-type system, the features of the solution of which are studied by M.P. Humbert [5; 132].
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2K .H. Tacmamberos, A.A. lcenosa

Eki aiinbimaJsibiHbIH, Beccesb pyHKIusIaphl
eKiHIII peTTi gepdec TYBIHABLIBLI A depeHImanabIK
TeHaeyJep >KYieciHiH, merniMi peTiHae

Maxkamana exi aiftHBIMAJBIHBIH, Beccessb GyHKImsAMapblHa KEATIPiIeTIH TYBIHIAIFAH THIEPreOMETPHUSIIBIK,
eKi affHbIMaJIBLIAPBIHGIH, ['yMOepT dyHKIMAIAPh TYPiHAEri HmentiMaepi MeH Kyiiesiepi opHATBIIFAH YKOHE
zeprrenred. Exi aliapiMaibiabie ['ymbepr men Beccenb dyHKIusiapbl apaapblHIaFbl OaitlaHbIcTap Op-
HaTBUIFAH OJIAPBIH IruddepeHITnaIbIK, KacueTTepi 3eprresren. KochlHabLIAY KoHE KOOEHTY TeopeMaa-
PBI JpJieJijIeHreH. Opi Kapail oslap OyJl KacHeTTep aJjlJlafbl YaKbITTa €Ki allHbIMAJIBIHBIH, TYBIHAJFAH V-
MIepreoMeTPHUSLIIBIK, (DYHKIUSIAPHI apaiapblH/ia, becceb il eKi aifHbIMAIBIHBIH, (DYHKIUSIIAPH apajIapblH-
I3 ©3apa PEKYPPEHTTIK KATHLIHACTAD OPHATYFa, Opi aTajfaH KACHETTEPIl KON alHBIMAJIbLIAD KaFIailbIHa
Taparyfra MYMKIiHJIIK Oepejii. Yurrekep KoHe Beccesb Kyitesepi apaJjapblHIarbl OaiijlaHbICTap KOPCETLI-
ren. @pobennyc-JlaTbimeBa o/1iciHiH, KOMeriMeH KaHaJaH KypbLIFaH bBeccesb TekTi KyieHIH KaJbIIThi-
PerysspJIbl MIENIM/IEPiHiH KYPBLIYBIHBIH €pEeKIIeIiKTePl 3€PTTEreH.

Kiam coesdep: I'ymbept byHkuumsicol, x)yiie, Beccenb dyHKIMSICHI, KaCHETTEP, KOCY TeopeMachl, beccesb
BYHKIUSICHIHA KEITIPUITeH, KAJIBIITHI-PErYISpPJIb.

2K .H. Tacmamberos, A.A. lcenora

Oyakiuu Beccesisgs AByX IepeMeHHbBIX Kak
pelneHns cuctem anddepeHImaabHbIX ypaBHEHU
B YaCTHBIX ITPOU3BOJIHBIX BTOPOTO IOPSIKa

B crarpe ycraHOB/IEHBI M M3y4YEHBI CUCTEMBI C PEIIEHHUSIMA B BUJE BBIPOXKJIEHHBIX T'MIIEPIE€OMETPUYECKUX
byukmuit ['ymbepra AByX mepeMeHHBIX, CBOsAMEcsS K MYHKIusIM beccenst IByX mepeMeHHbIX. PacKphIThI
cBsi3u Mexy dyukuuamu ['ymbepra n Beccesst 1ByX nepeMeHHBIX, HUCCJIeI0BAHBI UX AuddepeHraibHbie
cBoiicTBa. JlokazaHbl TEOpEMBI CIIOYKEHUsI U YMHOXKEHUsI. B JajibHeieM OHM [O3BOJIAT YCTAHOBUTH PEKYD-
PEHTHBIE COOTHOIIEHUsT MEYKIY BBIPOXK/IEHHBIMU TUIEPTeOMETPUIECKUMHU (DYHKIIUSIMU JIBYX MEPEMEHHBIX,
a Takxke Oy/yT crrocob6CTBOBATh PACIPOCTPAHEHUIO 9TUX CBOMCTB Ha Cjlydail MHOrMX nepeMeHHbIX. [Toka-
3aHa CBsI3b MEXKJy CHCTeMaMM Tuila YuTTekepa u Beccens. Merogom Ppobennyca-JlaThineBoit n3ydeHbl
0COOEHHOCTH TIOCTPOEHUST HOPMAaJIBHO-PETY/ISPHBIX PEIIeHn BHOBb YCTAHOBJIEHHOM cucTeMbl TUIa beccerts.

Kmouesvie caosa: dpyukuumsa ['ymbepra, cucrema, dyukmus beccessi, cBoiicTBa, TeopeMa CJIOXKEHUS,
cBOJANIAsICS K PYHKIUSIM Beccesisi, HOpMaJIbHO-PErYJIsIpHOE.
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