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Extension method for a class of loaded differential
equations with nonlocal integral boundary conditions

In this paper we investigate a class of loaded ordinary differential equations with nonlocal integral boundary
conditions in terms of an abstract operator equation

Bu = A2u− qΨ(u) = f, f ∈ Y, (1)

D(B) = {u ∈ D(A2) : Φ(u) = NF (Au), Φ(Au) = PF (Au)}.
A loaded part and nonlocal integral boundary conditions of these equations are described using functional
vectors Ψ(u) and F (Au), respectively. Such equations follow from Extension Theory of linear operators.
The necessary and sufficient solvability conditions of these equations are given by the determinant of
some matrix. In the case when this determinant is nonzero, a direct method for exact solution of this
class of loaded differential equations is proposed. If some problem can be reduced to the type of equation
under consideration, then it can be easily solved using the extension method. This method, for q = ~0,
also gives the necessary and sufficient solvability conditions and the exact solution of a class of ordinary
differential equations with nonlocal integral boundary conditions in terms of an abstract operator equation
Bu = A2u = f, D(B) = {u ∈ D(A2) : Φ(u) = NF (Au), Φ(Au) = PF (Au)}, f ∈ Y.

Keywords: loaded ordinary differential equations, differential equations, nonlocal integral boundary conditions,
injective and correct operators, exact solutions.

Introduction

In recent years the theory of loaded functional and differential equations (or equations with aftereffect)
has been advanced. These equations describe the problems of optimal control, such as: longstanding prediction
method and regulation of the layer of soil water and ground moisture, the problems of underground fluid and
gas dynamics, mathematical biology, ecology and economics [1–5]. The stationary one-speed transport equation
is an important example of loaded differential equations [6]. A methodical study on the theory of boundary
value problems for loaded functional and differential equations and their applications has been conducted by
Nakhushev [4]. An equation is called loaded if it contains the solution function on a manifold with dimension
less than the dimension of domain of this function [4]. For example an ordinary loaded differential equation is
represented by

dy/dx = f(x, y) + h(y(xj)), x ∈ [0, 1], xj ∈ [0, 1],

where xj are fixed points. Boundary value problems consisting of general boundary conditions and the so-called
differential boundary equations (loaded differential equations) have been investigated by many researchers in the
last century, see, for example, the survey paper by Krall [7] and the references cited in it. Big interest represent
the theory of loaded equations in Pure and Applied Mathematics [8–15]. Usually boundary value problems for the
loaded ordinary differential equations with integral boundary conditions are investigated by numerical methods
[16–19]. Here, the necessary and sufficient solvability conditions of the abstract operator equations (1) and their
exact solutions by Extension Method are obtained in closed form. This formalism is applied to solve the ordinary
loaded differential equations with integral boundary conditions, when q,Φ,Ψ, F are vectors, N,P matrices, A is
an ordinary differential operator, Ψ(u) is a loaded part of equations and F (Au) defines the integral boundary
conditions. Such problems arise naturally from Oinarov extensions of linear operators [20, 21] in Banach space
which are not restrictions of a maximal operator, unlike the classical M. Krein, J. Von. Neuman extensions [22, 23]
in Hilbert space and Otelbaev, Kokebaev, Shynybekov extensions [24] in Banach space. Extension Method uses
a symple correct restiction Â of a maximal operator A defined by Âu = Au, D(Â) = {u ∈ D(A) : Φ(u) = 0},
to solve complex problems of type (1). This method was applied in [25] to simpler abstract operator equations
Bu = Au − qΨ(u) = f, D(B) = {u ∈ D(A) : Φ(u) = NF (Au)}, f ∈ Y for the study of ordinary loaded
differential and loaded integro-differential equations with integral boundary conditions and their exact solutions
in closed form. There are many problems of type (1). The loaded differential operator [8]
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Lu(x) = u′′(x) + a(x)u

(
1

4

)
+ b(x)u

(
1

2

)
+ u(1); (2)

u(0) =

∫ 1

0

γ(x)u(x)dx, u′(1) =

∫ 1

0

ν(x)u(x)dx,

is an operator of type (1) if we take Au = u′(x), q1 = −a(x), q2 = −b(x), q3 = −1, Ψ1(u) = u(1/4),

Ψ2(u) = u(1/2), Ψ3(u) = u(1), Φ1(u) = u(1), Φ2(u) = u′(1),
∫ 1

0
γ(x)dx =

∫ 1

0
ν(x)dx = 0, Âu = Au,

D(Â) = {u(x) ∈ D(A) : u(1) = 0}. Then Â−1f(x) =
∫ x

1
f(x)dx and the boundary conditions of (2) are

represented as

u(1) =

∫ 1

0

[
1−

∫ x

0

γ(s)ds

]
u′(x)dx, u′(1) = −

∫ 1

0

∫ x

0

ν(s)dsu′(x)dx.

So N = 1,

F1(Au) =
∫ 1

0

[
1−

∫ x
0
γ(s)ds

]
u′(x)dx, P = −1, F2(Au) =

∫ 1

0

∫ x
0
ν(s)dsu′(x)dx and Extension Method can

be applied.
The loaded differential operator [8]

Lv(x) = v′′(x) + γ(x)v′(0) + ν(x)v(1); (3)

v(0) = 0, v′(1) =

∫ 1

0

v(x)dx,

is also an operator of type (1) if we take the operators A, Â, the vectors Φ1,Φ2 as in (2) and q1 = −γ(x),
q2 = −ν(x), Ψ1(v) = v′(0), Ψ2(v) = v(1). Note that the boundary conditions of (3) are represented
as v(1) =

∫ 1

0
v′(x)dx, v′(1) =

∫ 1

0
(1 − x)v′(x)dx. So N = P = 1, F1(Av) =

∫ 1

0
v′(x)dx, F2(Av) =

∫ 1

0
(1 −

−x)v′(x)dx, and Extension Method can be applied. The technique of this method is simple to use and can
be easily incorporated to any Computer Algebra System (CAS). The paper is organized as follows. First we
recall some basic terminology and notation about operators. Then we prove the main general results and give an
example of boundary value problem with ordinary loaded differential equation and nonlocal integral boundary
conditions which show the usefulness of our results.

Terminology and notation

Let X,Y be a complex Banach spaces and X∗ is the adjoint space of X, i.e. the set of all complex-valued
linear and bounded functionals on X. We denote by f(x) the value of functional f ∈ X∗ on x ∈ X. We write
D(A) and R(A) for the domain and the range of the operator A, respectively. An operator A2 is said to be an
extension of an operator A1, or A1 is said to be a restriction of A2, in symbol A1 ⊂ A2, if D(A2) ⊇ D(A1) and
A1x = A2x, for all x ∈ D(A1). An operator A is called maximal if R(A) = Y and kerA 6= {0}. An operator
Â : X → Y is said to be correct if R(Â) = Y and the inverse Â−1 exists and is continuous on Y . An operator
Â is called a correct restriction of the maximal operator A if it is a correct operator and Â ⊂ A. An operator
A : X → Y is said to be injective if for all u1, u2 ∈ D(A) such that Au1 = Au2, follows that u1 = u2. Remind
that a linear operator A is injective if and only if kerA = {0}. If Ψi ∈ X∗, i = 1, . . . , n, then we denote by
Ψ =col(Ψ1, . . . ,Ψn) and Ψ(x) =col(Ψ1(x), . . . ,Ψn(x)). Let g = (g1, . . . , gn) be a vector of Xn. We will denote
by Ψ(g) the n × n matrix whose i, j-th entry Ψi(gj) is the value of functional Ψi on element gj . Note that
Ψ(gC) = Ψ(g)C, where C is a n × k constant matrix. We will also denote by 0ln the zero l × n matrix and
by In the identity n× n matrix. By ~0 we will denote the zero column vector.

Let A : X
on→ Y be an ordinary m order differential operator

Au(x) = α0u
(m)(x) + α1u

(m−1)(x) + ...+ αmu(x), αi ∈ R, α0 6= 0 (4)

and X,Y be the Banach spaces. Usually X = Y = C[a, b] or X = Y = Lp(a, b), p ≥ 1. Everywhere below we
denote by

Xm
A =

(
D(A), || · ||XmA

)
the Banach space m times differentiable functions with norm

||u(x)||XmA =

m∑
i=0

||u(i)(x)||X .
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It is a well-known fact that the operator Â : C[a, b]
on→ C[a, b] defined by

Âu(x) = Au(x) = f, (5)

D(Â) = {u(x) ∈ Cm[a, b] : u(x0) = u′(x0) = ... = u(m−1)(x0) = 0}, x0 ∈ [a, b],

is a correct restriction of A and the unique solution of (5) for α0 = 1, α1 = ... = αm = 0 is

u(x) = Â−1f(x) =
1

(m− 1)!

∫ x

x0

(x− t)m−1f(t)dt, f(x) ∈ C[a, b]. (6)

Lemma 1. Let X,Y be complex Banach spaces, A : X
on→ Y an operator defined by (4) with finite dimensional

kernel z = (z1, ..., zm) which is a basis of kerA. Suppose also that the components of a functional vector
Φ = (Φ1, ...,Φm) belong to [Xm

A ]∗, a set Φ1, ...,Φm is biorthogonal to z1, ..., zm, i.e. Φ(z) = Im and Â is a
correct restriction of A defined by

Â ⊂ A, D(Â) = {u ∈ D(A) : Φ(u) = 0}. (7)

Then the operator Â2 is correct and defined by

Â2 ⊂ A2, D(Â2) = {u ∈ D(A2) : Φ(u) = 0, Φ(Au) = 0}.

Proof. By definition since (7) we get

D(Â2) = {u ∈ D(Â) : Âu ∈ D(Â)} =

= {u ∈ D(A) : Φ(u) = 0, Âu ∈ D(A), Φ(Âu) = 0} =

= {u ∈ D(A) : Φ(u) = 0, Au ∈ D(A), Φ(Au) = 0} =

= {u ∈ D(A2) : Φ(u) = 0, Φ(Au) = 0}.

Then Â2 ⊂ A2. Finally the operator Â2 is correct as superposition of two correct operators.
Remark 2. If the operator Â is defined by (5) then

Â2u(x) = α0u
(2m)(x) + α1u

(2m−1)(x) + ...+ α2mu(x);

D(Â2) = {u(x) ∈ C2m[a, b] : u(x0) = u′(x0) = ... = u(2m−1)(x0) = 0}

Theorem 3. Let the spaces X,Y , the operators A, Â and a vector Φ be defined as in Lemma 1, and the
components of the functional vectors Ψ = col(Ψ1, . . . ,Ψl) and F = col(F1, . . . , Fn) belong to [Xm

A ]∗ and Y ∗,
respectively. Suppose also that the components of the vector q = (q1, . . . , ql) are linearly independent on Y and
N,P are the m× n constant matrices. Then:
(i) The operator B defined by

Bu = A2u− qΨ(u) = f, f ∈ Y, (8)

D(B) = {u ∈ D(A2) : Φ(u) = NF (Au), Φ(Au) = PF (Au)},

is injective if and only if

det L = det

(
Il −Ψ(Â−2q) −Ψ(Â−1zP + zN)

−F (Â−1q) In − F (z)P

)
6= 0. (9)

(ii) If B is injective, then B is correct and for all f ∈ Y the unique solution of (8) is given by

u = B−1f = Â−2f + (Â−2q, Â−1zP + zN)L−1

(
Ψ(Â−2f)

F (Â−1f)

)
. (10)

Proof (i). From boundary conditions (8), since Φ(z) = Im, we obtain

Φ(u− zNF (Au)) = 0, Φ(Au− zPF (Au)) = 0. (11)
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From (11), taking into account (7), we get u − zNF (Au) ∈ D(Â), Au − zPF (Au) ∈ D(Â). Further,
using these relations, the correctness of Â and z ∈ [kerA]m, for every u ∈ D(B) from (8) we obtain

Bu = A (Au− zPF (Au))− qΨ(u) = f, f ∈ Y,

Bu = Â (Au− zPF (Au))− qΨ(u) = f,

Au− zPF (Au)− Â−1qΨ(u) = Â−1f, (12)

F (Au)− F (z)PF (Au)− F (Â−1q)Ψ(u) = F (Â−1f),

[In − F (z)P ]F (Au)− F (Â−1q)Ψ(u) = F (Â−1f). (13)

From (12), since u− zNF (Au) ∈ D(Â) and Â is correct, we get

A(u− zNF (Au))− zPF (Au)− Â−1qΨ(u) = Â−1f,

Â(u− zNF (Au))− zPF (Au)− Â−1qΨ(u) = Â−1f,

u− zNF (Au)− Â−1zPF (Au)− Â−2qΨ(u) = Â−2f,

u−
(
Â−1zP + zN

)
F (Au)− Â−2qΨ(u) = Â−2f, (14)

Ψ(u)−Ψ
(
Â−1zP + zN

)
F (Au)−Ψ(Â−2q)Ψ(u) = Ψ(Â−2f),

[Il −Ψ(Â−2q)]Ψ(u)−Ψ
(
Â−1zP + zN

)
F (Au) = Ψ(Â−2f), (15)

From (13), (15) we have(
Il −Ψ(Â−2q) −Ψ(Â−1zP + zN)

−F (Â−1q) In − F (z)P

)(
Ψ(u)
F (Au)

)
=

(
Ψ(Â−2f)

F (Â−1f)

)
. (16)

Let det L 6= 0 and u ∈ kerB. Then in (8) f = 0 and

Bu = A2u− gΨ(u) = 0, Φ(u) = NF (Au), Φ(Au) = PF (Au). (17)

By the similar way as above is proved the type (16) for f = 0, viz.(
Il −Ψ(Â−2q) −Ψ(Â−1zP + zN)

−F (Â−1q) In − F (z)P

)(
Ψ(u)
F (Au)

)
=

(
~0
~0

)
,

which, since detL 6= 0 implies Ψ(u) = ~0, F (Au) = ~0. Substituting these values into (17), we obtain
Bu = A2u = 0, Φ(u) = Φ(Au) = ~0. Then u ∈ D(Â2), Bu = Â2u = 0. The last implies u = 0, since Â is
correct. This proves that kerB = {0}. So B is injective.
Conversely. We will prove that if B is injective, then det L 6= 0, or equivalently if det L = 0, then B is not
injective. Let det L = 0. Then there exists a vector ~c = col(~c1,~c2) 6= ~0,
~c1 = col(c11, ..., c1l), ~c2 = col(c21, ..., c2m) such that L~c = 0 or(

Il −Ψ(Â−2q) −Ψ(Â−1zP + zN)

−F (Â−1q) In − F (z)P

)(
~c1
~c2

)
=

(
~0
~0

)
. (18)

Consider the element u0 = Â−2q~c1 + (Â−1zP + zN)~c2. It easy to verify that u0 6= 0, otherwise since the
components of q are linearly independent, we get ~c1 = ~0, (Â−1zP + zN)~c2 = ~0, zP~c2 = ~0, F (z)P~c2 = ~0
and from (18) it follows that ~c2 = ~0. Thus ~c = ~0, which contradicts the hypothesis that ~c 6= ~0. Note that
u0 ∈ D(B), since Φ(u0) = N~c2, Φ(Au0) = P~c2, F (Au0) = F (Â−1q)~c1 + F (z)P~c2 and

Φ(u0)−NF (Au0) = N~c2 −NF (Â−1q)~c1 −NF (z)P~c2 =

= N
(
−F (Â−1q), In − F (z)P

)
col(~c1,~c2) = ~0, (19)
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Φ(Au0)− PF (Au0) = P~c2 − PF (Â−1q)~c1 − PF (z)P~c2,

= P
(
−F (Â−1q), In − F (z)P

)
col(~c1,~c2) = ~0. (20)

The last equations in (19), (20) follow since (18). So u0 ∈ D(B). We will show now that u0 ∈ kerB.

Bu0 = A2u0 − qΨ(u0) = q~c1 − qΨ(Â−2q)~c1 − qΨ(Â−1zP + zN)~c2

= q
(
Il −Ψ(Â−2q),−Ψ(Â−1zP + zN)

)
col(~c1,~c2) = q~0 = ~0,

since (18). So we obtain u0 6= 0 and u0 ∈ kerB. Hence kerB 6= {0} and B is not injective. The statement
(i) holds.
(ii) Let det L 6= 0 and Bu = f . From (8) as in the proof (i) we get (13), (14) and (15). Then

(
Ψ(u)
F (Au)

)
=

(
Il −Ψ(Â−2q) −Ψ(Â−1zP + zN)

−F (Â−1q) In − F (z)P

)−1(
Ψ(Â−2f)

F (Â−1f)

)
.

Substituting these values into (14) we obtain the solution (10) of the problem (8) for every f ∈ Y . Because f
in (10) is arbitrary, we obtain R(B) = Y. Since the operator Â−1 and the functionals Φ1, ...,Φm, Ψ1, ...,Ψl are
bounded, from (10) follows the boundedness of B−1. Hence, the operator B is correct if and only if (9) holds
and the unique solution of (8) is given by (10). The theorem is proved.

From the previous theorem for q = ~0 follows the next corollary which is useful for solving differential
equations with integral boundary conditions.

Corollary 4. Let the spaces X,Y , the operators A, Â, the vector z = (z1, ..., zm), functional vectors Φ, F
and the matrices N,P be defined as in Theorem 3. Then:
(i) The operator B defined by

Bu = A2u = f, f ∈ Y, (21)

D(B) = {u ∈ D(A2) : Φ(u) = NF (Au), Φ(Au) = PF (Au)}

is injective if and only if
det V = det[In − F (z)P ] 6= 0.

(ii) If B is injective, then B is correct and for all f ∈ Y the unique solution of (21) is given by

u = B−1f = Â−2f + (Â−1zP + zN)V −1F (Â−1f). (22)

Proof (i). For q = 0 from (9) follows that

det L = det

(
Il −Ψ(Â−1zP + zN)
0nl In − F (z)P

)
= det[In − F (z)P ] = detV 6= 0.

It is easy to verify that

L−1 =

(
Il Ψ(Â−1zP + zN)V −1

0nl V −1

)
.

Then from (10) for q = ~0 follows (22).
Example. The next problem with loaded differential equation and nonlocal integral boundary conditions on

C[0, 1]
u′′(t)− 4t u(1/2)− (2t+ 1)u(1) = 1− 5t, (23)

u(0) = −6

∫ 1

0

x2u′(x)dx+ 15

∫ 1

0

x4u′(x)dx,

u′(0) = 6

∫ 1

0

x2u′(x)dx− 15

∫ 1

0

x4u′(x)dx,

is correct and the unique solution of (23) is given by

u(t) = t2 − t+ 1. (24)
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Proof. First we rewrite the boundary conditions (24) in the form

u(0) = (−6, 15)col

(∫ 1

0

x2u′(x)dx,

∫ 1

0

x4u′(x)dx

)
, (25)

u′(0) = (6,−15)col

(∫ 1

0

x2u′(x)dx,

∫ 1

0

x4u′(x)dx

)
.

If we compare (23), (25) with (8), it is natural to take X = Y = C[0, 1], m = 1, n = l = 2, Au(t) = u′(t),
D(A) = {u(t) ∈ C1[0, 1]}, X1

A = C1[0, 1]. A2u = u′′(t), D(A2) = {u(t) ∈ C2[0, 1]}. It is evident that z = 1

constitute a basis of kerA. As the operator Â it is natural to take Âu(t) = Au(t) = u′(t), D(Â) = {u(t) ∈
∈ D(A) : u(0) = 0}, Â2u(t) = A2u(t) = u′′(t), D(Â2) = {u(t) ∈ D(A2) : u(0) = u′(0) = 0}, The initial
problem Âu(t) = f(t) is correct and has the unique solution Â−1f(t) =

∫ t
0
f(x)dx. Then, since (6),

Â−2f(t) =
∫ t

0
(t − x)f(x)dx. By comparing (23), (25) with (8), it is natural to take q1 = 4t, q2 = 2t + 1,

q = (q1, q2) = (4t, 2t+ 1), f = 1− 5t, M = (−6, 15), P = (6,−15), Φ(u) = u(0),Φ(Au) = u′(0),

Ψ(u) =

(
Ψ1(u)
Ψ2(u)

)
=

(
u(1/2)
u(1)

)
, F (Au) =

(
F1(Au)
F2(Au)

)
=

(∫ 1

0
x2u′(x)dx∫ 1

0
x4u′(x)dx

)
.

Then F (f) =

(
F1(f)
F2(f)

)
=

(∫ 1

0
x2f(x)dx∫ 1

0
x4f(x)dx

)
.

It is evident that Φ(z) = 1 for z = 1 and that |F1(f)| ≤ ||f ||C , |F2(f)| ≤ ||f ||C for all f ∈ C[0, 1]. So
F1, F2 ∈ C∗[0, 1] = Y ∗. Because of |Ψ(u)| = |u(t0)| ≤ ||u(t)||C ≤ ||u(t)||C + ||u′(t)||C = ||u(t)||C1 = ||u(t)||X1

A
,

we conclude that Ψ1,Ψ2 ∈ [X1
A]∗. In the same way is proved that Φ ∈ [X1

A]∗. So we can apply Theorem 3.
We calculate Â−1z =

∫ t
0

1dx = t, Â−1zP + zN = t(6,−15) + (−6, 15) = (6t− 6,−15t+ 15) = (v1, v2),

Ψ(Â−1zP + zN) =

(
Ψ1(v1) Ψ1(v2)
Ψ2(v1) Ψ2(v2)

)
=

(
v1(1/2) v2(1/2)
v1(1) v2(1)

)
=

(
−3 15/2
0 0

)
,

Â−1q1(t) =

∫ t

0

4xdx = 2t2, Â−1q2(t) =

∫ t

0

(2x+ 1)dx = t2 + t,

Â−1q =
(
2t2, t2 + t

)
, Â−2q1(t) =

∫ t

0

(t− x)4xdx =
2

3
t3,

Â−2q2(t) =

∫ t

0

(t− x)(2x+ 1)dx =
1

3
t3 +

1

2
t2,

Â−2q = (Â−2q1, Â
−2q2) =

(
2

3
t3,

1

3
t3 +

1

2
t2
)
,

Ψ(Â−2q) =

(
Ψ1(Â−2q1) Ψ1(Â−2q2)

Ψ2(Â−2q1) Ψ2(Â−2q2)

)
=

(
(Â−2q1)(1/2) (Â−2q2)(1/2)

(Â−2q1)(1) (Â−2q2)(1)

)
=

=

(
1/12 1/6
2/3 5/6

)
,

F (Â−1q) =

(
F1(Â−1q1) F1(Â−1q2)

F2(Â−1q1) F2(Â−1q2)

)
=

(
2/5 9/20
2/7 13/42

)
,

Il −Ψ(Â−2q) =

(
11/12 −1/6
−2/3 1/6

)
, F (z) =

(
F1(z)
F2(z)

)
=

(
1/3
1/5

)
,

F (z)P =

(
1/3
1/5

)
(6,−15) =

(
2 −5

6/5 −3

)
, In − F (z)P =

(
−1 5
−6/5 4

)
.
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Then by using (9) we find

L =


11/12 −1/6 3 −15/2
−2/3 1/6 0 0
−2/5 −9/20 −1 5
−2/7 −13/42 −6/5 4

 .

Since detL 6= 0, by Theorem 3, the problem (23), is correct. We find the inverse matrix

L−1 =


−140/303 −548/303 70/101 175/101
−560/303 −374/303 280/101 −700/101
−248/909 −565/1818 730/303 −2135/606
−1172/4545 −289/909 299/303 −889/606

 .

For f(t) = 1− 5t we compute
Â−1f(t) =

∫ t
0
(1− 5x)dx = t− 5

2 t
2, Â−2f(t) =

∫ t
0
(t− x)(1− 5x)dx = 1

2 t
2 − 5

6 t
3,

F1(Â−1f) =
∫ 1

0
x2
(
x− 5

2x
2
)
dx = −1/4, F2(Â−1f) =

∫ 1

0
x4
(
x− 5

2x
2
)
dx = −4/21,

F (Â−1f) =

(
−1/4
−4/21

)
, Ψ(Â−2f) =

(
Ψ1(Â−2f)

Ψ2(Â−2f)

)
=

(
1/48
−1/3

)
.

By substituting these values into (10) we obtain the unique solution of (23)

u(t) =
1

2
t2 − 5

6
t3 +

(
2

3
t3,

1

3
t3 +

1

2
t2, 6t− 6,−15t+ 15

)
L−1


1/48
−1/3
−1/4
−4/21

 ,

which yields (24).
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И.Н. Парасидис

Локальды емес шеттiк интегралдық шарттарымен жүктелген
дифференциалдық теңдеулер класстары үшiн кеңейту әдiсi
Мақалада локальды емес шеттiк интегралдық шарттарымен жүктелген кәдiмгi дифференциалдық
теңдеулер класы абстрактiлi операторлық теңдеу терминiнде зерттелдi

Bu = A2u− qΨ(u) = f, f ∈ Y, (1)

D(B) = {u ∈ D(A2) : Φ(u) = NF (Au), Φ(Au) = PF (Au)}.
Бұл теңдеулердiң жүктелген бөлiгi және локальды емес шеттiк интегралдық шарттары сәйкесiнше
Ψ(u) және F (Au), функционалдық векторларының көмегiмен сипатталды. Мұндай теңдеулер сызық-
тық операторларды кеңейту теориясынан шығады. Қарастырылатын теңдеулердiң шешiлгiштiгiнiң
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қажеттi және жеткiлiктi шарттары қандай да бiр матрицаның анықтауышы көмегiмен өрнектеледi.
Жүктелген теңдеулердiң қарастырылатын класстарының нақты шешуiн табу үшiн, анықтауыш ноль-
ге тең емес жағдайында, дайын формула ұсынылады. Егер қандай да бiр есеп (1) түрiне келтiрiлетiн
болса, онда оны ұсынылып отырған кеңейту әдiсiмен оңай шешуге болады. Сонымен қоса, q = ~0, үшiн
бұл әдiс шешiлгiштiктiң қажеттi және жеткiлiктi шарттарын және локальды емес шеттiк интегралдық
шарттарымен жүктелген кәдiмгi дифференциалдық теңдеулер кластарын абстрактiлi операторлық
теңдеу терминiнде нақты шешу үшiн формула бередi.

Кiлт сөздер: жүктелген кәдiмгi дифференциалдық теңдеулер, дифференциалдық теңдеулер, локаль-
ды емес интегралдық шеттiк шарттар, инъективтi және дұрыс операторлар, нақты шешулер.

И.Н. Парасидис

Метод расширения для класса нагруженных
дифференциальных уравнений с нелокальными

граничными интегральными условиями

В статье исследован класс нагруженных обыкновенных дифференциальных уравнений с нелокаль-
ными граничными интегральными условиями в терминах абстрактного операторного уравнения

Bu = A2u− qΨ(u) = f, f ∈ Y ; (1)

D(B) = {u ∈ D(A2) : Φ(u) = NF (Au), Φ(Au) = PF (Au)}.
Нагруженная часть и нелокальные граничные интегральные условия этих уравнений описываются
с помощью функциональных векторов Ψ(u) и F (Au) соответственно. Такие уравнения следуют из
теории расширений линейных операторов. Необходимые и достаточные условия разрешимости рас-
сматриваемых уравнений выражаются с помощью определителя некоторой матрицы. В случае когда
этот определитель ненулевой, предлагается готовая формула для нахождения точного решения рас-
сматриваемого класса нагруженных уравнений. Если некоторая задача может быть приведена к виду
(1), то ее можно легко решить предлагаемым методом расширения. Данный метод для q = ~0 также
дает необходимые и достаточные условия разрешимости и формулу для точного решения для класса
обыкновенных дифференциальных уравнений с нелокальными граничными интегральными услови-
ями в терминах абстрактного операторного уравнения

Bu = A2u = f ; D(B) = {u ∈ D(A2) : Φ(u) = NF (Au); Φ(Au) = PF (Au)}; f ∈ Y.

Ключевые слова: нагруженные обыкновенные дифференциальные уравнения, дифференциальные
уравнения, нелокальные интегральные граничные условия, инъективные и корректные операторы,
точные решения.
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