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Extension method for a class of loaded differential
equations with nonlocal integral boundary conditions

In this paper we investigate a class of loaded ordinary differential equations with nonlocal integral boundary
conditions in terms of an abstract operator equation

Bu = A%*u— q¥(u) =f, fey, (1)

D(B)={ue D(Az) : ®(u) = NF(Au), @(Au) = PF(Au)}.

A loaded part and nonlocal integral boundary conditions of these equations are described using functional
vectors W(u) and F(Au), respectively. Such equations follow from Extension Theory of linear operators.
The necessary and sufficient solvability conditions of these equations are given by the determinant of
some matrix. In the case when this determinant is nonzero, a direct method for exact solution of this
class of loaded differential equations is proposed. If some problem can be reduced to the type of equation
under consideration, then it can be easily solved using the extension method. This method, for ¢ = 0,
also gives the necessary and sufficient solvability conditions and the exact solution of a class of ordinary

differential equations with nonlocal integral boundary conditions in terms of an abstract operator equation
Bu=A*u=f, D(B)={u€ D(A?):®(u)= NF(Au), ®(Au)= PF(Au)}, fe€Y.

Keywords: loaded ordinary differential equations, differential equations, nonlocal integral boundary conditions,
injective and correct operators, exact solutions.

Introduction

In recent years the theory of loaded functional and differential equations (or equations with aftereffect)
has been advanced. These equations describe the problems of optimal control, such as: longstanding prediction
method and regulation of the layer of soil water and ground moisture, the problems of underground fluid and
gas dynamics, mathematical biology, ecology and economics [1-5]. The stationary one-speed transport equation
is an important example of loaded differential equations [6]. A methodical study on the theory of boundary
value problems for loaded functional and differential equations and their applications has been conducted by
Nakhushev [4]. An equation is called loaded if it contains the solution function on a manifold with dimension
less than the dimension of domain of this function [4]. For example an ordinary loaded differential equation is
represented by

dy/dxzf(%y)—i—h(y(a%)), z €0, 1]7xj € [0,1],

where z; are fixed points. Boundary value problems consisting of general boundary conditions and the so-called
differential boundary equations (loaded differential equations) have been investigated by many researchers in the
last century, see, for example, the survey paper by Krall [7] and the references cited in it. Big interest represent
the theory of loaded equations in Pure and Applied Mathematics [8-15]. Usually boundary value problems for the
loaded ordinary differential equations with integral boundary conditions are investigated by numerical methods
[16-19]. Here, the necessary and sufficient solvability conditions of the abstract operator equations (1) and their
exact solutions by Extension Method are obtained in closed form. This formalism is applied to solve the ordinary
loaded differential equations with integral boundary conditions, when ¢, ®, U, F' are vectors, N, P matrices, A is
an ordinary differential operator, ¥(u) is a loaded part of equations and F'(Au) defines the integral boundary
conditions. Such problems arise naturally from Oinarov extensions of linear operators [20, 21| in Banach space
which are not restrictions of a maximal operator, unlike the classical M. Krein, J. Von. Neuman extensions [22, 23]
in Hilbert space and Otelbaev, Kokebaev, Shynybekov extensions [24] in Banach space. Extension Method uses
a symple correct restiction A of a maximal operator A defined by Au = Au, D(A) = {u € D(A) : ®(u) = 0},
to solve complex problems of type (1). This method was applied in [25] to simpler abstract operator equations
Bu = Au—q¥%(u) = f, D(B)={uec D(A): ®(u) = NF(Au)}, f €Y for the study of ordinary loaded
differential and loaded integro-differential equations with integral boundary conditions and their exact solutions
in closed form. There are many problems of type (1). The loaded differential operator [8]
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Lu(z) = " (2) + a(z)u (D +b(2)u (;) +u(1): @)

u(O):/O y(x)u(z)dz, u’(l):/o v(z)u(z)dz,
) = —b

is an operator of type (1) if we take Au = u’(x) g = —a(x), ¢ (x), Q3 = —1, Uy(u) = u(1/4),
Uy(u) = u(1/2), ¥s(u) = u(l), P1(u) = u(l), P2(u) = v'(1), v(z)dz = fo x)dr = 0, Au = Au,

~

D(A) = {u(z) € D(A) : u(1) = 0}. Then A-lf(z) = 1 f(x)dx and the boundary conditions of (2) are

represented as
1 x
u(l):/ {1—/ ’}/(S)d8:| o' (x)da, / / s)dsu' (z)dz.
0 0
So N =1,

Fi(Au) fo [1— [y v(s)ds] v/ (z)dew, P =-1, Fy(Au) fo Jy v(s)dsu/(z)dz and Extension Method can
be apphed
The loaded differential operator [8]

Lo(x) =v"(z) + v(z)v'(0) + v(z)v(1); (3)

)—ll\')

is also an operator of type (1) if we take the operators A, A, the vectors ®1, P, as in (2) and ¢ = —y(z),
ga = —V(.’E) \Ifl(v) = v'(O), Us(v) = v(1). Note that the boundary conditions of (3) are represented
as v( fo z)dx, v'(1) = fol(l —z)v'(x)dz. So N =P =1, Fi(Av) fo x)dx, Fy(Av) fo (1-
—z)v ( )dzx, and Extension Method can be applied. The techmque of thls method is simple to use and can
be easily incorporated to any Computer Algebra System (CAS). The paper is organized as follows. First we
recall some basic terminology and notation about operators. Then we prove the main general results and give an
example of boundary value problem with ordinary loaded differential equation and nonlocal integral boundary
conditions which show the usefulness of our results.

Terminology and notation

Let X,Y be a complex Banach spaces and X* is the adjoint space of X, i.e. the set of all complex-valued
linear and bounded functionals on X. We denote by f(x) the value of functional f € X* on z € X. We write
D(A) and R(A) for the domain and the range of the operator A, respectively. An operator A, is said to be an
extension of an operator Ay, or A; is said to be a restriction of Ay, in symbol A; C A, if D(As) D D(A;) and
Ajx = Agz, for all z € D(A;). An operator A is called mazimal if R(A) =Y and ker A # {0}. An operator
A:X — Y is said to be correct if R(A) Y and the inverse A~! exists and is continuous on Y. An operator
A is called a correct restriction of the maximal operator A if it is a correct operator and AC A An operator
A: X =Y is said to be injective if for all uq,us € D(A) such that Au; = Aug, follows that u; = uy. Remind
that a linear operator A is injective if and only if ker A = {0}. If ¥, € X* i = 1,...,n, then we denote by
U =col(¥y,...,¥,) and ¥(z) =col(Vy(z),...,V,(z)). Let g = (g1,-...,9n) be a vector of X™. We will denote
by ¥(g) the n x n matrix whose 4, j-th entry ¥;(g;) is the value of functional ¥; on element g;. Note that
U(gC) = ¥(g)C, where C is a n x k constant matrix. We will also denote by 0;, the zero [ x n matrix and
by I, the identity n x n matrix. By 0 we will denote the zero column vector.

Let A: X Y be an ordinary m order differential operator

Au(z) = aou™ () + oqu™ V(@) + ... + au(z), a; €R, ag £ 0 (4)

and X,Y be the Banach spaces. Usually X =Y = Cla,b] or X =Y = L,(a,b), p > 1. Everywhere below we
denote by
X3 = (DA, lIxy)

the Banach space m times differentiable functions with norm

|[x7p —ZHU z)[x.

[lu(x
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It is a well-known fact that the operator A : C[a,b] 2% Cla, b] defined by

Au(z) = Au(z) = f, (5)
D(A) = {u(z) € C™[a,b] : u(zo) = v (x¢) = ... = '™ D(z) =0}, 0 € [a,b)],
is a correct restriction of A and the unique solution of (5) for ap =1, a1 = ... = @, =0 is
~ 1 z
u(z) = A7 f(z) = (m—1) _/xo (=)™ f(t)dt, f(z) € Cla,b]. (6)

Lemma 1. Let X,Y be complex Banach spaces, A : X %Y an operator defined by (4) with finite dimensional
kernel z = (z1,...,zn) which is a basis of ker A. Suppose also that the components of a functional vector
O = (®q,...,P,,) Dbelong to [XT]*, aset ®q,..., P, is biorthogonal to 2z, ..., 2m, i.e. ®(z) = I,,, and Ais a
correct restriction of A defined by

AC A, D(A) ={ue D(A): d(u) =0} (7)
Then the operator A? is correct and defined by
A2 C A%, D(A®) ={uec D(A?): ®(u) =0, &(Au)=0}.
Proof. By definition since (7) we get
D(A?) = {u e D(A): Auc D(A)} =

~

Au)
A

={ue D(A): ®(u) =0, Au € D(A), d( 0}
={ueD(A): &(u) =0, Au € D(A), (Au) =0}
={uec D(A?*): ®(u) =0, &(Au)=0}.

Then A2 C A2. Finally the operator A? is correct as superposition of two correct operators.
Remark 2. If the operator A is defined by (5) then

A2u(z) = apu®™ (2) + a u® V) (z) + ... + aomu();

D(A2) = {u(z) € C*™[a,b] : u(z) = u'(xg) = ... = u®™ Y (z4) = 0}

Theorem 3. Let the spaces X,Y, the operators A,/T and a vector ® be defined as in Lemma 1, and the
components of the functional vectors ¥ = col(¥y,...,¥;) and F = col(Fi,...,F,) belong to [X}]* and Y*,
respectively. Suppose also that the components of the vector ¢ = (¢1,...,q) are linearly independent on Y and
N, P are the m x n constant matrices. Then:

(i) The operator B defined by
Bu=A*u—q¥(u)=f, feY, (8)

D(B) = {u € D(A?) : ®(u) = NF(Au), ®(Au) = PF(Au)},

is injective if and only if

et L:det< I fxp(f_?zq) —W(A-12P + zN) > Lo -
—F(A™Yg) I, — F(z)P
(ii) If B is injective, then B is correct and for all f € Y the unique solution of (8) is given by
u=B'f=A"2f+ (A 2q A 'zP + zN)L ( igj:_j;; ) . (10)
Proof (i). From boundary conditions (8), since ®(z) = I,,,, we obtain
O(u—zNF(Au)) =0, ®(Au—2zPF(Au))=0. (11)
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From (11), taking into account (7), we get u — zNF(Au) € D(A), Au — zPF(Au) € D(A). Further,
using these relations, the correctness of A and z € [ker A]™, for every w € D(B) from (8) we obtain

Bu=A(Au—zPF(Au)) —q¥(u) = f, f€Y,

Bu = X(Au — zPF(Au)) — q¥(u) = f,

Au — 2zPF(Au) — A~ qW(u) = A1, (12)
F(Au) — F(z) PF(Au) — F(A~1q)¥(u) = (A1),
I, — F(2)P|F(Au) — F(A™q)¥(u) = F(A7f). (13)
From (12), since u — zNF(Au) € (A\) and A is correct, we get

A(u—zNF(Au)) — zPF(Au) — A 'qU(u) = A f,
A(u— zNF(Au)) — zPF(Au) — A 'qU(u) = A1,
u—zNF(Au) — A'2PF(Au) — A 2qU(u) = A2,
u— (gflzP + zN) F(Au) — A 2qU(u) = A2, (14)
U(u) — U (ﬁflzp + zN) F(Au) — U(A2q)(u) = T(A2f),
(1~ W(A~2))0(u) — ¥ (A~'2P + 2N ) F(Au) = W(A72), (15)
From (13), (15) we have

L—W(A2g) —U(A~'zP +2N) ( U (u) ) _ [ w2y (16)
~F(Alq) I~ F(z)P F(Au) FAy) )
Let det L #0 and u € ker B. Then in (8) f =0 and

Bu = A*u—g¥(u) =0, ®(u)=NF(Au), ®(Au)= PF(Au). (17)
By the similar way as above is proved the type (16) for f =0, viz.

I, —U(A2g) —W(A~'zP +2zN) Uu) \
i h-rer ) (et )= (),
which, since det L # 0 implies W(u) = 0, F(Au) = 0. Substituting these values into (17), we obtain
Bu = A% = 0, ®(u) = ®(Au) = 0. Then u € D(A2), Bu = A%u = 0. The last implies u = 0, since A is
correct. This proves that ker B = {0}. So B is injective.
Conversely. We will prove that if B is injective, then det L # 0, or equivalently if det L = 0, then B is not

injective. Let det L = 0. Then there exists a vector ¢ = col(¢1, G2) # 0,
é = col(cy, ..., c1y), € = col(ea, ..., Cam) such that Lé= 0 or

I, —W(A~2q) —W(A~'zP +zN) g\ (0 (18)

—F(A™ 1Y) I, — F(z)P Ca 0)°
Consider the element wug = g_QqE} + (A\_lZP + zN) _'2 It easy to verify that ug # 0, otherwise since the
components of ¢ are linearly independent, we get 01 =0, (A'zP+42zN)é =0, zP& =0, F( z)Pcy = 0

and from (18) it follows that & = 0. Thus &= 0, which contradicts the hypothesis that & # 0. Note that
ug € D(B), since ®(ug) = Néa, P(Aug) = Pca, F(Aug) = (A L9)é + F(z)P¢; and

[S=Te—T]

®(ug) — NF(Aug) = Néy — NF(A~'q)& — NF(z)Pé, =

- N (fF(folq), I — F(z)P) col(?1, ) = 0, (19)
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®(Aug) — PF(Aug) = P& — PF(A™'q)& — PF(z)Pé,,
—p (fF(,Zflq), I — F(z)P) col(¢1, ) = 0. (20)
The last equations in (19), (20) follow since (18). So wug € D(B). We will show now that ug € ker B.
Bug = A%ug — q¥(ug) = q¢1 — q\II(A\_Qq)E’l — q\I/(g_lzP +zN)éy

=gq (Il — ‘l/(g_Qq), —‘l/(g_lzP + zN)) col(é1, ) = q0 =0,

since (18). So we obtain wuy # 0 and wug € ker B. Hence ker B # {0} and B is not injective. The statement
(i) holds.
(ii) Let det L # 0 and Bu = f. From (8) as in the proof (i) we get (13), (14) and (15). Then

( A ) ) ( "

Substituting these values into (14) we obtain the solution (10) of the problem (8) for every f €Y. Because f
in (10) is arbitrary, we obtain R(B) =Y. Since the operator A~! and the functionals Dy, ..., D, Uy, ..., U; are
bounded, from (10) follows the boundedness of B~!. Hence, the operator B is correct if and only if (9) holds
and the unique solution of (8) is given by (10). The theorem is proved.

From the previous theorem for ¢ = 0 follows the next corollary which is useful for solving differential
equations with integral boundary conditions. R

Corollary 4. Let the spaces X, Y, the operators A, A, the vector z = (z1, ..., 2m), functional vectors ®, F'
and the matrices N, P be defined as in Theorem 3. Then:

(i) The operator B defined by

o~

“20) WA 2P +2N) \ W(A2f)
'q) In— F(z)P FATYf) )

Bu=A*u=f, feY, (21)
D(B) = {u € D(A?): ®(u) = NF(Au), ®(Au)= PF(Au)}

is injective if and only if
det V' = det[I,, — F(z)P] # 0.

(ii) If B is injective, then B is correct and for all f € Y the unique solution of (21) is given by
wu=B'f=A2f+ (A '2P +zN)V IF(A1)). (22)
Proof (i). For ¢ = 0 from (9) follows that

I, —U(A~'zP +zN)

det L = det ( 0 I, — F(z)P

) =det[l, — F(z)P] =detV # 0.

It is easy to verify that
L,1 _ I \I'(A_lzp + Z]V)‘/v_1
0, V-1 '

Then from (10) for ¢ = 0 follows (22).
Ezample. The next problem with loaded differential equation and nonlocal integral boundary conditions on
clo,1]
u’(t) —4tu(1/2) — (2t + 1) u(l) = 1 — 5¢, (23)

1 1
u(0) = 76/ 2/ (z)dx + 15/ ot/ (z)de,
0 0

1 1
u'(0) = 6/ xu/ (z)dx — 15/ /() de,
0 0
is correct and the unique solution of (23) is given by

u(t) =t> —t+1. (24)
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Proof. First we rewrite the boundary conditions (24) in the form

w(0) = (—6, 15)col ( /0 2l (o) /O 1 x4u’(x)da:> , (25)

W (0) = (6, —15)col ( /O Pl (2, /0 1 x4u’(x)dx> .

If we compare (23), (25) with (8), it is natural to take X =Y = C[0,1], m=1,n=101=2, Au(t) =v/(t),
D(A) = {u(t) € C'[0,1]}, X} = C'[0,1]. A%u = u"(t), D(A?) = {u(t) € C?[0,1]}. It is evident that z =1
constitute a basis of ker A. As the operator A it is natural to take Au(t) = Au(t) = v/(t), D(A) = {u(t) €
€ D(A) : u(0) =0}, A2u(t) = A%u(t) = u"(t), D(A?) = {u(t) € D(A%) : u(0) = «/(0) = 0}, The initial
problem Au(t) = f(t) is correct and has the unique solution ~A~!f(t) = fot f(z)dx. Then, since (6),
A72f(t) = fg(t —x)f(x)dz. By comparing (23), (25) with (8), it is natural to take ¢ = 4t, g2 = 2t + 1,
q=(q1,q) = 4t,2t+1), f=1-5t, M=(-6,15), P =(6,—15), ®(u)=u(0),2(Au)=u'(0),

wor= (1) - (U). reo= (ER) - (B20VE0)

men = () - (BZ40%)

It is evident that ®(z) =1 for z =1 and that |Fi(f)| <||flle, [F2(f)] <|Ifllc for all f e C[0,1]. So
Fy, F € C7[0,1] = Y. Because of [W(u)| = |u(to)| < [[u(®)llc < [[u@®)llc + [[u'()llc = [[u®)llcr = [lul®)]|x1,
we conclude that Wy, Uy € [X}]*. In the same way is proved that @ € [X4]*. So we can apply Theorem 3.
We calculate A1z = fg ldz=t, A™'zP+:N = t(6,—15) + (—6,15) = (6t — 6, —15¢ + 15) = (v1, v2),

o= (3} 88) (U ) -(5 )

¢ ¢
Al (t) = / dadr = 2%, A lgy(t) = / (22 4 1)dx = t* + t,
0 0
~ ~ ¢ 2
Alg= (2%, +1t), A%q(t) = / (t — x)daedr = §t37
0
1

t
A 1
At = [ -0+ e = 360+ 512
0

~ ~ ~ 2.1 1
A2 = (A2q1, A 2q0) = | =3, =3 + =42
q ( q1, q2> 3 ) 3 + 2 3

(Y2 )

n nae ) (G ).
v = (5 550)- o= ()~ (1)

F(2)P = Gg) (6,—15) = (635 _g) , I,—F()P= (_6}5 i) .

F(A™q)

I
VR
=
) D>|>
= S»—\
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Then by using (9) we find

11/12 —-1/6 3  —15/2
—2/3  1/6 0 0
—2/5 -9/20 -1 5
—2/)7 —13/42 —6/5 4

Since det L # 0, by Theorem 3, the problem (23), is correct. We find the inverse matrix

~140/303  —548/303  70/101  175/101

—560/303  —374/303 280/101 —700/101

—248/909  —565/1818 730/303 —2135/606
—1172/4545 —289/909 299/303 —889/606

L '=

For f(t) =1 — 5t we compute
ATNf(t) = [0(1—5a)de =t — 3t2, A72f(t) = [(t — 2)(1 - 5x)dz = 3t* — 383,

Fi(A71f) = fol 2? (x — 527) dw = —1/4, Fy(A-1f) = fol at (v — 52%) dw = —4/21,

A= (). v (G6ER) - ()

By substituting these values into (10) we obtain the unique solution of (23)

1/48

1l 5 (2414 1, | 173
u(t) = 5" — &t +(3t,3t + 5%, 6t — 6, ~15t 15 | L YR

—4/21

which yields (24).
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N.H. [Tapacumauc

JIokaabJbl eMec MIETTIK WHTErpaJablK, IIMapTTapbIMeH »KYKTeJITeH

rZ[I/I(1)(i)epeHI.[PIaJI,HbII( TegAaeyJiep KJIlaCcCTaphbl YH_IiH KeHeﬁTy SﬂiCi
MakaJsaia JIOKaJIbAbl €eMeC IIETTIK MHTErpaIbK IIapTTapbIMEH KYKTeJIreH Koaimri auddepeHnuas bk
TeHJEeyJIep KJIAChl aOCTPAKTI/I ONEPATOPJIBIK TeHJIey TEPMUHIHE 3epTTesl
Bu= A’u—q¥(u)=f, fE€Y, (1)
D(B) = {u € D(A®): ®(u) = NF(Au), ®(Au) = PF(Au)}.

By renmeynepain Kykrearen 6eJiiri KoHe JIOKAJIBIIBI €MeC IMIEeTTIK WHTErpaJIIbIK, MapTTapbl CoiKeciHie
U(u) xkone F(Au), QyHKIMOHAIIBIK BEKTOPJIAPBIHBIH KOMeriMeH cunaTTanisl. MyHuail TeHeysiep ChbI3biK-
TBHIK, OIIEPATOPJIAPIAbI KEHEHTY TEOPHUSICHIHAH MIBIFaIbl. KapacThIpbUIATHIH TEHIEYIEP/IiH, MeiarimTirinin
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KaXKeTTi KoHe XKETKIJTIKTI mapTrTapbl KaHgal j1a 6ip MaTpPUIAHBIH, aHBIKTAYBIIIBl KOMETIMEH OPHEKTEIE]I].
ZKykTenren TeHeyaepAiH KApACThIPHLIATHIH KJIACCTAPBIHBIH HAKTHI IIentyin Tady YImiH, aHbIKTAYBIIT HOJIb-
re TEH eMecC XKaFIailbiHa, gaiibiH dhopMyna yesHbLIansl. Erep kangait ga 6ip ecen (1) Typine kenripiserin
6oJica, OH/Ia OHBI YCHIHBLIBII OTBIPFAH KEHENTY ofticiMen oHait memntyre 6osaabr. ConbiMeH Koca, ¢ = 0, yimiu
OYJI DI eI M TIKTIH KaXKeTTi »KoHe »KEeTKIIIKTI IapTTapblH K9HE JIOKAJIbIbI €eMeC IMEeTTIiK HHTEIPAJIIBIK,
mapTTapbIMeH >KYKTeJIreH KoIiMIi mudepeHInaiblK, TeHIeyaep KIacTapblH abCTPaKTijIi OmepaTopJIbIK,
TeHJey TEePMUHIHJIe HAKTHI ey yiriH dopMmyia 6epei.

Kiam ceadep: »xykrenren kogimri auddepeHpaiibk TeHaeyiep, 1uddepeHnaiblK, TeHIeyep, JOKaIb-
JbI eMeC MHTErPAJIJIbIK, METTIK MapTTap, HHHEKTUBTI YKOHE JYPBIC OIepPaTopsap, HAKTHI MIEHIYJIep.

N.H. ITapacumuc

Metosa pacuimpenus Jjisi KJjacca Harpy>kKeHHbIX
andpdepeHIaabHbIX YPAaBHEHUI ¢ HEJIOKAJIbHBIMU
TPAHUYHBIMY WHTErPAJbHBIMU YCJIOBUSIMU

B craTtbe UCCIeJOBaH KJIaCC HArpPyzKEHHbIX OOBIKHOBEHHBIX ,HI/I(b(bepeHLU/Ia.HbHBIX ypaBHeHHI)‘I C HeJIOKaJIb-
HBIMU I'DAHUYHBIMU WHTETPAJIbHBIMU YCJIOBUAMU B TEPMUHAX a,6CTpa,KTHOI‘O OII€paTOPHOI'0 YpaBHEHUA

Bu=A*u—q¥(u)=f, fEY; (1)
D(B) = {u € D(A%): ®(u) = NF(Au), ®(Au)= PF(Au)}.

Harpy»keHHast 9acThb U HEJIOKAJbHBIE TPAHUYIHBIE WHTETPAJbHBIE YCJIOBUS 3THX yPABHEHUI ONMUCBIBAIOTCS
¢ nomoIpio GyHKUHOHAJBHBIX BeKTOpoB W (u) n F(Au) coorsercrBenno. Takue ypaBHEHUsI CJIELYIOT U3
TEOpUHU PaCIIUPeHuil JTUHEHHBIX onepaTopoB. HeoOXomuMble U JOCTATOYHBLIE YCJIOBHS Pa3pelnIuMOCTH Pac-
CMaTPUBAEMBIX YPABHEHHI BBIPAYKAIOTCS C MTOMOIILIO ONPEEUTENIT HEKOTOPOI MaTpuIbl. B cirydae korma
3TOT ONpEJIEeTUTEh HEHYIeBOl, TIpeIjlaraeTcs roToBas (opMyJa /i HAXOXK/IeHUs TOYHOTO PEIIeHUs pac-
CMaTpUBAaEMOTO KJlacca Harpy»KeHHBbIX ypaBHeHuil. Eciim HeKoTopast 3aJjada MOYKET ObITh TPUBEIeHa K BULY
(1), TO €€ MOKHO JIETKO DEIINTH IPEIaraeMbIM METOAOM pacimpenus. Jlanubii merox mist ¢ = 0 Takxe
JlaeT HeoOXOUMbIE M JIOCTATOYHbIE YCJIOBUS Pa3peIiuMOCTH U pOPMYJTy Jijisi TOYHOTO PENeHust /s KJIacca
OOBIKHOBEHHBIX (D depeHINAIbLHBIX yPAaBHEHN ¢ HEJOKAJIbHBIMU TPAHUIHBIMUA UHTErPAJbLHLIMEA yCIOBH-
AMHU B TEPMHUHAX abCTPAKTHOTO OIIEPATOPHOTO yPaBHEHHUA

Bu=A*u=f; D(B)={ue D(A? :®(u)=NF(Au); ®(Au)= PF(Au)}; fe€Y.

Karouesvie caosa: HarpykeHHble OOBIKHOBeHHBIE JuddepeHnnaabHble ypaBHeHUd, auddepeHnnaabHble
ypaBHEHUs, HEJOKAJbHbIE MHTErPAJbHbIE I'PAHUYHBIE YCJIOBHUS, UHBHEKTUBHBIE U KOPPEKTHLIE OIEPATOPHI,
TOYHBIE PEIIeHNS.
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