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Solving a nonhomogeneous integral equation
with the variable lower limit

An nonhomogeneous integral equation with a singular kernel is considered. A feature of the equation under
study is the incompressibility of the integral operator. In the study of the equation, an auxiliary simpler
equation is used with the right-hand side equal to 1. The incompressibility of the integral operator for the
equation under study is shown. Using the relations for an independent variable, the equation is equivalently
reduced to a certain simplified equation. With the help of replacements for independent variables, the
equation is reduced to an integral equation with a difference kernel. By applying the Laplace transform,
the obtained equation is reduced to an ordinary first-order differential equation (linear). Its solution is
found. By using the inverse Laplace transform, a solution of the auxiliary integral equation is obtained
in the form of a convergent series in some domain. The solution of the initial equation with an arbitrary
right-hand side is written through the solution of the auxiliary equation.

Keywords: nonhomogeneous singular integral equation, auxiliary equation, Laplace transform, convergent
series.

Introduction

The most complex and interesting objects of study of linear integral equations are irregular situations when
the phenomenon of uniqueness of a solution is violated. One of these equations is an equation of the form:
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For the kernel of equation (1):
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we have [1]:
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Hence, the characteristic part of equation (1) is the second term of the kernel (2).

Than we have [1].

Theorem 1. For the singular integral Volterra equation (1) with the kernel (2) the norm of an integral
operator acting in classes of continuous functions is equal to 3.
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1 An auxiliary equation and reducing the integral equation
to an equation with a difference kernel

Using relations:
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equation (1) will be rewritten as:
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\/%(1 —exp{ - a2(77'—t—t)}>} .exp{—T4;2t} p(r)dr = f(t).

It is enough to find a solution to the «simplified» equation [2; 215]:
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We consider an auxiliary equation with g(¢) = 1 in the (3):

where
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Integral equation (4) is reduced to an equation with a difference kernel by means of replacements:
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We have
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After that dividing both sides of the last equality by tf/ 2, we introduce the following notation:

1 1
y<t1>=t§,/2-w(tl).

As a result, we obtain the equation:
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2 Solving the equation with a difference kernel

Applying the Laplace transform to the equation (5) we obtain the operator equation:

-7 (p) - Qal\/ﬁ (1 XD <—2f> ) y(p) + {exp (—2;/25> y(p)}l )= g,

After simple transformations we finally get
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The solution of the differential equation (6) is the following function:
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We rewrite (7) in the form:
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To (8) we apply the inverse Laplace transform [2] we get the solution to equation (5):
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where

is the modified theta function.

3 Solving the «simplifieds> equation

Returning to the original variables, we get

Cl[o ~ (v d® > n?
P(t) = —g [81/ 6o (2;t)]y_0—27;n~exp (—a2t>. (9)

(9) is the solution of the auxiliary equation (4) with the right-hand side g(t) = 1.

We denote (9) by
wlt) =3 [;V 9o <;a:>} —QZn exp( t) (10)

Then [1; 546] the solution of the «simplified»- equation (3) with an arbitrary right-hand side g(t) is expressed
in terms of w(t) using the formula

b () = g(0) () + / Tt ) g () dr.
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In view of notation (10), we obtain a solution to the equation (3)

v (1) = ~4(0) (f o (55)] +27§:1n~exp (—th)) -
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then equality (11) transforms to the form
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The following theorem is proved:
Theorem 2. The integral equation (3) in the class of essentially bounded functions at g(¢) € L (0 < t < 400)
has the solution defined by the formula (12).

4 Main result

The solution of the integral equation (1) taking into account the obtained expression (12) and [2; 215] has

the explicit form:
o (t) = f(0) <a3\fz (2n+1 exp( )‘22" exp( —1 >>+

+/too as\FZ (2n + 1) exp( 2*”(15—7))—
fQZn exp< " 1(t7)>] (f’(T)ZLiQf(T)) dr. (13)

5 Main result

Theorem 3. The solution of the integral equation (1) with the singular kernel (2) in the class of essentially
bounded functions at ¢ > ¢, > 0 has an explicit form defined by the formula (13).

Remark. Singular homogeneous integral equations with kernels of Volterra type were considered in works
[3-5]. Their kernels were also «incompressible». The weight classes of the solution existence were found. We also
note that boundary value problems for a spectrally loaded parabolic equation reduce to this kind of singular
integral equations, when the load line moves according to the law z = ¢ [6-11] and problems for essentially
loaded equation of heat conduction [12-16].

In works [17, 18] it is shown that the homogeneous Volterra integral equation of the second kind, to which
the homogeneous boundary value problem of heat conduction in the degenerating domain is reduced, has a
nonzero solution.
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Bip 6iprekTi emec aifHbIMaJIbl TOMEHI1 HIEKTi
MHTErpaJIAbIK TeHJAeydiH, MIeIniIyi

CuHTYJISADIIBL SAPOJILI GIPTEKTI €eMeC MHTErpaJIJIbIK, TeHIEY KAPACThIPbLIFaH. 3€PTTEJIeTIH TeHJIeY/IiH epeK-
MIeJTrT MHTErPAJIJIBIK, OIePATOP/IBIH, ChIFBIIMARTBIHIBIFBI OOJIBII TaObLIa bl TeH eyl 3epTTey Ke3iHje OH
2Karbl 1-re TeH KapalaiibIM KOCAJKbI TEHJIEY KOJIaHbLIbI. Toyesci3 alfHbIMaJIbl YVIIIH KAThIHACTAP Maii-
[AJIAHBIN, TEHIEY SKBUBAJIEHTTI KaHaaiga Oip bIKIIaM TeHzeyre KeaTipiaai. Toyencis aitHbIMagbLIAD YIIiH
ayBICTBIPYJIAP KOJJIAHBLIBII, TEHJEY allbIPbIMIBIK, SIPOJIbl HHTEIPAJIBIK, TEHEYTe COMKEeCTeHMIPiaai. AJbl-
HraH TeHzaey Jlamrac TypJeHmipyiH KOJJaHy apKbLIbl Oipinmn perti komimri muddepennuanabk (Ch3bi-
KTBIK) TeHzeyre Kearipinai. Onbig mentyi tabbuiael. JlamiacTsiy Kepl TYpJIeHIIpYl KOMEriMeH KOCBIMINA
MHTErPaJIJIbIK, TeHJIEY/IiH X KUHAKTHI KaTap TYPiH/eri KaHaiaa 6ip obspicTarsl menryi ajbiHabl. Kes kenren
OH, 2KaFbIMeH OepiireH 6acTanKbl TEHJIEY/IIH MIelTyi KOMEKII TeHIEY/IiH, eIyl apKbIIbI XKa3bLIIh.

Kiam ce3dep: GIpTEKTI emMec CHHTYISPJIbI MHTETPAJIIALIK TEHJIEY, KOCAJKBI TeHey, Jlammac TypieHmipyi,
KUHAKTBI KaTap.
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Penienne OJHOI'O HEOAJHOPOAHOI'O HHTEIrpaJibHOI'O YpaBHEHMA
C IIepeMEeHHbIM HU>KHUM IIpeae/iOoM

Paccmorpeno mHeomHOpOIHOE MHTErpasibHOE ypaBHEHHE C CHUHIYIAPHBIM sapoM. OCOOEHHOCTHIO HCCIIEIy-
€MOr0 YpaBHEHUs SBJISIETCS HECKMMAEMOCTh MHTETPAJLHOrO omeparopa. llpum mcciiemoBanum ypaBHEHUsT
HCIIOJIb30BAHO BCIIOMOIaTe/IbHOE 0oJiee IIPOCTOE YpaBHEHUE C IIPaBoil YacThio, paBHOi 1. Vcmosb3ys coor-
HOIIIEHUS JJIs1 He3aBUCUMOM IIepEMEHHOU, YpaBHEHNE SKBUBAJIEHTHO CBOIUTCHA K HEKOTOPOMY YIIPOIIEHHOMY
ypasaenunio. C MOMOIIBIO 3aMeH JjIs HE3ABUCUMBIX II€DEMEHHBLIX yPABHEHUE CBOJMTCH K MHTETPAIHLHOMY
YPaBHEHHUIO C Pa3HOCTHBIM sAnpoM. lIpumenenuem npeobpaszoBanust Jlamsaca 1osiydeHHOe ypaBHEHHE CBe-
JIEHO K OOBIKHOBEHHOMY AuddepeHnnalbHOMy ypaBHEHHIO II€pBOro mopsiaka (mauHeitHoMy). Haiineno ero
pemtenne. C nomorpio o6parHoro mnpeobpasoBanus Jlamimaca moIydeHo pelleHre BCIIOMOraTeIbHOTO UHTe-
IrpajbHOIO ypPaBHEHUs B BHUJIE CXONAIIETOCS DPsija B HEKOTOPOU obsiacTh. Brinmcano pereHme MCXOIHOTO
YPaBHEHUS C IPOU3BOJIBHOU IIPABOHl YaCTHIO Yepe3 pelleHne BCIOMOraTeIbHOIO yPaBHEHN .

Karoueswie cao6a: HEOTHOPOMHOE CHUHIYIISIPHOE HHTErDAJbHOE yDaBHEHNE, BCIIOMOTATEJLHOE ypaBHEHUE,
npeobpazoBanue Jlamiaca, CXOIAIUNACS DI,
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