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On eigenvalues of third order composite type equations
with regular boundary value conditions

In the paper the question about distribution of eigenvalues of third-order composite type equations with
regular, more precisely, with periodic boundary value conditions is studied. After, applying the Fourier
method, the original problem splits into two problems on eigenvalues of third-order ordinary differential
operators with periodic boundary value conditions in L2 (0,1). Characteristic determinants are calculated
and zeros of entire analytic functions are found, and their location on the complex plane is determined.
Existence of an infinite number of eigenvalues of a third order composite type operator is proved. Distance
between the neighboring eigenvalues of the third order composite type operator of each series, which lie on
rays, perpendicular to sides of a conjugate indicator diagram, that is, a regular hexagon on the complex
plane, is determined. Moreover, it is determined that zero is not an eigenvalue of a third order composite
type operator, in other words, zero is a regular point of the operator that belongs to resolvent set of the
original operator. Adjoint operator with periodic boundary value conditions is constructed.

Keywords: composite type equations, regular, periodic boundary value conditions, rectangular domain,

Fourier method, characteristic determinant, entire analytic functions, eigenvalue, zeros of entire functions.

Introduction and Formulation of the problem

Series of spectral boundary value problems for composite type equations

0
%(um + Uyy) + Au=0

has been investigated in [1, 2]. Solution of initial-boundary value problems for partial differential equations by
the Fourier method is almost always reduced to the problem on determining eigenvalues and eigen-functions of
some differential operators [3-6].

This paper is devoted to finding the eigenvalues of one boundary value problem for the equation

Lu = ugps + Uyyy + Au =0, (1)

where X is a spectral parameter and complex number, which is also composite type equation [1].
In a rectangular domain D we consider the problem on eigenvalues of the equation (1), satisfying the
following boundary conditions:

ulop =0, ua (0,y) = ua (Ly),  uy (,0) = uy (2,1), (2)
where D ={z,y: 0<zx<1, 0<y<l}
Solution of the problem
Looking for a solution of the problem (1), (2) by the Fourier method as follows:
u(z,y) =X (z)-Y (y),
we come to the following spectral problems in the space Ls (0,1) for ordinary differential operators

LoX=X"+4+puX =0, X(0)=X(1)=0, X'(0)=X(1), (3)
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LY =Y"+vY =0, Y0)=Y(1)=0, Y'(0)=Y'(1), (4)

moreover, A = y + v. Boundary value problems in (3),(4) are regular by G.D. Birkhoff [7]. In the monograph
of M.A. Naimark [8; 67] a subclass of regular boundary conditions is distinguished, and it is noted that for an
odd order of the equation, all strongly regular conditions are regular.

We solve the problem (3) (problem (4) is solved analogically). General solution of the equation (3) has the
form

X (:L') = Clezam + (CQ - COS \/gaz + 03 . sin \/gax) . efam, (5)
where Cy, Oy, C5 are arbitrary constants,
3
—p
Vo, "

Putting (5) into the boundary value condition (3), we will have the linear system concerning to the coefficients C;:

a =

Ci+Cy =0,

01'62“+C2'e*“~cosx/§a+03-e*“~sin\/§a:0,

Cy- (2a—2a-62a) +C’2-(—a+\/§a-e_“~sin\/§a+a~e_a-cosx/§a)+
+C’3~(\/?:af\/§a~e*“~cosx/§a+a~e’“‘sin\/§a) =0.

Its determinant will be a characteristic determinant for the problem (3):

1 1 0
Afa) = e e~%cosv/3a e~%sin+/3a . (M
a — 2ae ae” Sin a + cos a) —a a— ae Ccos a + sin a
2a — 2ae?  (V3sin V3 V3 V3 “ (v/3cosV3a + sin V3

From where by standard calculations and transformations the determinant (7) is reduced to the form:
Afa) = (VB+31) 03 1 (VB —3i) (VD)o 1 (VB 4 3i) e (141¥8)ey

i (\/g _ 31) e—(1=iVB)a _ o /3,20 _ 9, /3.2 (8)

We formulate the obtained result as the following theorem.

Theorem 1. Characteristic determinant of the spectral problem (3) is represented as a form of quasi-
polynomial (7) and is the entire analytic function of the variable a.

Connection of quasi-polynomials zeros with spectral problems is reflected in [9-13].

Sometimes entire analytical functions coincide with quasi-polynomials, zeros of which are investigated in
[8, 14-18].

The papers [19, 20] are devoted to study of zeros of entire functions with an integral representation, related
to spectral problems of a third-order differential operator with nonlocal boundary value conditions.

In [21, 22] the characteristic determinant of spectral problem for the Sturm-Liouville operator with perturbed
regular boundary value conditions, which is an entire analytic function of the spectral parameter, is calculated.
Also in this paper, they study stability problems of basis property of root functions systems of the original
operator.

Zeros of the entire analytical function A (a) in (8) are eigenvalues of the operator Lg. Therefore, further we
consider the question about distribution of eigenvalues of the entire function A (a) on the complex plane a.

Taking into account results of the monographs [9, 10, 16], the conjugate indicator diagram of the function
A (a) will be a regular hexagon on the complex plane a. Sides of the hexagon consist of the following segments:

{1—1'\/5; —1—1\/§J, [—1+z’\/§; 1+i\/§J, [?2; “1-iv3],

—1as; 2], [V 2], 31—,
where lines mean complex conjugation, and they are commensurable numbers, that is, the length of each

segment is equal to d = 2, and therefore they form the regular hexagon. From the origin we draw rays that are
perpendicular to the sides of the regular hexagon.
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Rays, which are perpendicular to the indicator diagram, are called critical. According to [10] the critical
rays on the plane a are exactly six, that is

arg%z%—&-%n, n=0,1,2 3,4, 5.
Along the ray, perpendicular to the segment passing through the points 2; 1 — /3, there are zeros of the

quasi-polynomial (\/3 + 3i) - e(1FivB)a _ 24/3 - €2 from (8), which are majorizing exponents. Moreover, along
this ray other exponents from (8) do not contribute.
We find zeros of the quasi-polynomial:

(\/§+ 32') e(1HiVB)a _ 9 /5. g2 —

(\/§+3z’) Ce(1+iv3)a _ 23 - 2k

2v/3 ; 2v/3
2ikm In ‘ V3430 ’ +idrg <\/§+3i>
ap1 = : - , k=1,2,3, ..,
—-1+iV3 —1+iV3
which are zeroes of the first series, where In ’ \/25\@):’ +iArg (\/%T\/in) = const.
Otherwise, from (7) if follows that eigenvalues of the first series of the operator Ly will be
dikm const \°
= — + 5 ]{;:17 2, 3, e
o (—1+N§ —1+i\/§>

A similar procedure is carried out on the other sides of the hexagon, and along the other perpendicular rays
we have the corresponding series of quasi-polynomials zeros from (8):

— segment [—1 —iv3; 1 — 2\/3}, 2-nd series of zeros

- ikm n const
T3 21+ ivB)

_< 2k N const )‘3 k=1 2 3
Hi2 = 1+Z\/§ 1+Z\/§ ) — Ly &y Iy ey

— segment [71 +iv3; 1+ Z\/g}, 3-rd series of zeros

k=1,2 3, ..

ar3 = ikm + const, k=1, 2, 3,

aeey

s = —(2ikm + const)®, k=1,2,3, ..;
— segment [TZ; -1 - Z\/g}, 4-th series of zeros
0
ikm const —1.2.3 .

bl

Qg = + ,
M3 143

__( 2ikm N const )3 k—1 2 3 )
Hka 1—|—Z\/§ 1+Z\/§ ) y Ly Dy eeen

— segment [f; 1+ Z\/g], 5-th series of zeros

2ikm const

143 143

_( 2k N const )3 k=1 9 3
k5 1—|—’L\/§ 1+Z\/§ ) 9 Ly Dy eeen

aps = =1,2 3, .

el
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— segment [—1 +iV/3; —72}, 6-th series of zeros

2ikm const
ang = + . k=123, ..,
MU T T 1—iv3
4ikm const \*
_ i C k=1,23, ..
ke (1—1\/3 1—2'\/3)

Thus,
Proposition 1.
1. There exists an infinite number of operator eigenvalue of the operator L.

2. Distance between neighboring eigenvalues of the operator Ly of the each series is equal to ﬁ
3. Eigenvalues of each series of the operator Lg lie on the rays, perpendicular to the segment containing the
numbers - L
(1-iv3 —1-iv3), (-1+iva 1+iv3), (72 —-1-iv3), (-1+iv3 =2),
(1+i\/§; ?), (2 1—2‘\/§).

Similarly, by repeating the whole process of researching the problem (3), we solve the problem (4), and we
obtain eigenvalues of the operator Lj:

) 3
( 43l N const > I—1 9 3
v = — , 1=1,2,3, ..
" 14+iV3  —1+iV/3
2ilmw const \*
Vg = — T L 1=1,23, ..
? <1+i\/§ 1+i\/§)

V3 = —(2il7r—|—const)3, l=1,2 3, ..

2ilmw const \*
Vg = — + . 1=1,2,3, ..
" <1+2’\/§ 1+i\/§)

V<2il7r+const> I—1 93
15 1+’L\/§ 1+Z\/§ ) y Ly Dy e

e <4il7r +const)3 I—1 9 3
o 1—iv3 1-iv3)’ A

Analogically, all points of Proposition 1 are true for the operator L.

So, we have proved the following:

Theorem 2. Suppose that all conditions of Theorem 1 and Proposition 1 hold for the operators Ly and Lj.
Then eigenvalues of the operator L are Apj; = =+ (pr; +v15), where £=1,2,3,...,01=1,2,3,...,j =(1—-6)
mean the each series. ]

Remark. In the case a = 3/7_7 = 0, representing general solution (3) as X (z) = ax? + bx + ¢ and satisfying
the boundary value conditions in (3), we have X (x) = 0, that is, uo = 0 is not eigenvalue of the operator L.
Similarly, vy = 0 is a regular point of the operator L;. Thus, Ag = 0 is not eigenvalue of the operator L.

Conjugate problems

LoX =1y (X) = X" (z). Applying the method of integration by parts, we get the Lagrange formula:

szo <X>v<x>dx+jx (2) T ()dz =X" (1) 0 (1) — X" (0) 0 (0)—

[0 = V)] - X (0) + X (1) (1) - X (0) - 07 (0).
Here [} (v) is the conjugate differential expression:

I5(v)==0"(z), 0<z<l. (9)
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Consequently, the operator oneparop Lf, conjugate to the operator Lo, is given by the differential expression
(9) and the boundary value conditions

v(l)=v(0)=0, v (0)—2"(1)=0. (10)
Analogically, for the operator L; conjugate operator is
LyYy=LY)=Y"(y), Lj:lj(v)=-0"(y), 0<y<1

with the boundary value conditions (10). From this, it follows that in the domain D conjugate problem to the
problem (1), (2) will be
L*V = Ve + Vyyy — AV =0,

satisfying the boundary value conditions

Vlep =0, Vi (Ly) =V (0,y), Vy(z,0) =V, (x,1).

This study was supported by Committee of Science of the Ministry of Education and Sciences RK (Grant
No. AP05132587).
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PerynspiabIk 1meTTiK mapTrapMeH OepijireH YIIiHON peTTi
KypaMJIac TUMNTI TeHJeyiH MEeHIIIKTI MOHAepi >KaljIbl

MakaJsaia peryJsipibiK, JoJIipeK alTKaH/1a, IEPUOATHIK IEeTTIK IapTTapMeH 6epiireH yiiiHi peTTi KypamM-
Jac TUITI TEHJEYiH MEHITKTI MOHAEPIHIH OpHAIACYBI TYpaJbl Mocese 3epTreni. bacranksr ecenri Pypbe
oziciMeH eyl KosanranHan Keiiin, Lo (0, 1) kenicririne nepuoaThIK maprrapMe 6epiyires yimiHm per-
Ti Kait quddepeHnmuaIabK TeHIeY/IiH, MEHIIIKTI MOH/IEPIH 3ePTTeyTre apHAJIFaH €Ki ecerke TapMaKTaJFaH.
Ocbl ecenTepiH, CAMATTAMAJBIK, AHBIKTAYBINITAPBIHGIH, OYTIiH aHAJUTUKAIBIK, DYHKIUIIAD OOTATHIHIBIFBI
JRJIEJIIEHIIT, OJTapIbIH HOJIePi TabbLIbII, KEITeH Il XKa3bIKThIKTAFbI OPBIHIapbl AaHBIKTAJFaH. bacTamnkb ome-
PaTOP/IbIH, MEHIITIKTI MOHEPIHIH CaHAJIBIMIbI, IIEKCI3 eKeHiri kepcerinren. TyitiHaec HHINKATOPJIBIK, U~
rpaMMachl KYPBLUIBII, 9D CEPUSIAFbl MEHINKTI MOHJIEP/IiH MEPICHANKYISIp COyJeaepAiH, OOMbIHIa apaka-
IMIBIKTBIKTAPbl aHbIKTaFaH. CIeKTpasablK HapaMeTpP/iH HOJIIK MOHI ONepaTOp/blH MEHIINKTI M9HI 06oJi-
MaMTBIHALIFBI KopceTiired. Tyilinaec omepaTopbl KYpPBIIFaH.

Kiam cesdep: KypaMmmac THUNOTI TeHJEY, PEryJISIPJBIK MEPUOATHIK IMETTIK IMapTTap, TOPTOYPHIII aiiMax,
Dypbe dici, XapaKTepUCTUKAJIBIK, AaHBIKTAYBIIT, OYTIH aHAJIUTUKAJIBIK, (PYHKIIAA, MEHIIKTI MOHJIED, OyTiH
bYHKIUAHBIH, HOJLIED].
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H.C. Nman6aes, M.H. Ocmanos

O coOGcTBEHHBIX 3HAUYEHUSAX yPaBHEHUI TPEThero IopsijiKa
COCTAaBHOI'O TUIIA C PEryJidpHbIMUA KPAa€BbIMU YCJIOBUSAMU

B craTbe ncciemoBan Bopoc pacnpenesienns COOCTBEHHBIX 3HAYEHUN yPABHEHUI TPETHETO MOPSIKA COCTAB-
HOI'O THUIIA C PEryJISIPHBIMU, TOYHEE, C MEPUOJUIECKUMU KPAEBBIMH YCIOBUsIMU. 1loc/ie TpuMeHeHnsl MeTo-
na Pypbe ucxomHas 3a7ada paclaaeTCs Ha JBe 3aJa49d, T.e. Ha COOCTBEHHBIE 3HAYEHUsI OOBIKHOBEHHBIX
nuddepeHnmanbHbIX OIEPATOPOB TPETHETO MOPSIKA C IEPUOIUIECKUMI KPAEBbIMU yciaoBusaMu B L2 (0,1).
Borunciienbl XapakTepuCTUYECKUE ONEPEIEIUTE/IM U HANlJIeHbl HYJIU I[eJbIX AHAJIUTHUIECKUX (DYHKIUA U
ONPEJIEJIEHO WX PACIIOJIOKEHNE Ha KOMILIEKCHON mtockocTu. JlokaszaHo cyrecTBoBaHME GECKOHETHOTO 9HC-
Jia COOCTBEHHBIX 3HAYEHUI OTIepaTOpa TPETHEro MOpsAKa cocTaBHOro Tuia. OupeesieHo PACCTOSHNAE MEXK LY
COCEJIHIMU COOCTBEHHBIMY 3HAYEHUSIMY OIIEPATOPa TPETHEro MOPSIIKA COCTABHOIO THUITA KAXKIOW CEepHH, KO-
TOpOE JIC2KUT Ha JIydaX IIepHeHIUKYJIAPHO CTOPOHAM COIPSIXKEHHONM WHIAWNKATOPHON IHarpaMMbl, TO €CTb
MIPAaBUJILHOTO IMECTUYTOJbHUKA Ha KOMILJIEKCHOM II0cKocTH. JloKaszaHo, 4TO HyJIb HE sIBJASIETCA COOCTBEH-
HBIM 3HAYEHUEM OIIEPATOPA TPETHErO MOPSIJIKA COCTABHOTO THIIA, WHAYE TOBOPsI, HYJIb SIBJISIETCS] PETYJISPHOMN
TOYKO# omepaTopa, KOTOpasl MPWHAJIEXKAT PE30JIbBEHTHOMY MHOXKECTBY UCXOJIHOTO oreparopa. [locTpoen
COIIPAKEHHBIN OIIepaTop C NEePUOJUIECKUMU KPaeBbIMHU YCJIOBUAMMU.

Knmovesvie crosa: ypaBHEHUsI COCTaBHOIO THIIA, PETyJIdApHBbIE, IEPUOAWYECKHE KDPAaeBble YCJIOBHUSA, IIPSAMO-
yrosbHast 001acTh, MeTon Pypbe, XapaKTEPUCTUIECKU ONPEIeNTENb, IeJIble aHAJIUTHIecKue OYHKIUN,
CcOOCTBEHHBIE 3HAYEHUSI, HYJIU IEJIbIX (DYHKIIHIA.
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