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Core Jonsson theories

The article concerns the description the new concept as core of Jonsson theories, also their combinations,
which admit a core model in the class of existentially closed models of this theory. Along with core the
property of an existentially algebraically prime theory is considered as an additional property to core
Jonsson theory. This article also discusses some combinations of Johnson’s theories, where the authors
tried to transfer some results from [1] to Johnson’s theories that satisfy the definition of core or EAP, or
their combinations. From the definition of the core and the existentially algebraic primeness of Johnson
theory, it can be noted that the core model from [1] in the framework of the study of any Johnson theory
will be a unique and rigidly embedded model of the theory were considered. And thus, such a solution to
the problem with respect to core models is considered for the first time.

Keywords: convex theory, strongly convex theory, center of Jonsson theory, semantic model, algebraically
prime model, core model, core theory.

This article in its content refers to those issues of model theory that are related to the themes defined by A.
Robinson and are related to the study of the theory’s convexity. On the one hand, a full description of a concept
of convexity is given in [1] . In work [1], a close relationship between the concepts of the theory’s convexity and
the concept of core model of this theory is studied. The concepts were considered in [1] are defined for arbitrary
theories that, generally speaking, are not complete. Also, we note that, in the proofs of the main results of this
article, the considered formulas in their complexity have a prenix length of no more than two.

In the present article, we will restrict the studied klass, generally speaking, of incomplete theories to the class
of Jonsson theories. On the other hand, we will consider the concept of core models in a more general context,
namely in the class of existentially closed models of the considered Jonsson theory. Due to the inductance of the
Jonsson theory, its class of existentially closed models of theory is always not empty. In [1], the core structures
(a model of the signature of this theory) are actually considered , not the models of theory, and as its special
case, the concept of a rigidly embedded model was considered. In our case, we will consider the core model and,
by definition, this concept will coincide with the concept of a rigidly embedded model, as in [1]. Accordingly,
all properties of the above models of theory will be translated into the concept of the core model in our sense.
The purpose of this work is to relate the results of the study of Jonsson theories [3, 4] with the study of model-
theoretical properties of core. Jonsson theories that admit a core model in the class of existentially closed models
of this theory will be called the core Jonsson theories. It is clear that any core model is an algebraically prime
model [2]. In [3, 4], new types of atomic and prime countable models of the corresponding types of Jonsson
theories were considered.

To obtain the main results of this article, we give the necessary definitions of concepts and their model-
theoretical properties. For more in-depth information on Jonsson theories, please refer to the following
sources [3, 4]. Nevertheless, we give some basic definitions and related results.

Consider the following definitions:

Definition 1. A theory T is called a Jonsson theory if:

1) the theory T has infinite models;

2) the theory T is inductive;

3) the theory T has the joint embedding property (JEP);

4) the theory T has the property of amalgam (AP).

Examples of Jonsson theories are:

1) the group theory,

2) the theory of Abelian groups;

3) the theory of fields of fixed characteristics;

4) the theory of Boolean algebras;
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5) the theory of polygons over a fixed monoid;

6) the theory of modules over a fixed ring;

7) the theory of linear order.

When studying the model-theoretic properties of Jonsson theory, the semantic method plays an important
role, i.e. the elementary properties of the center of Jonsson theory are in a certain sense associated with the
corresponding first-order properties of Jonsson theory itself. The center of Jonsson theory is a syntactic invariant
and its properties are well defined in the case when Jonsson theory is perfect. The following concepts define the
essence of the semantic model and the center of Jonsson theory [6].

Definition 2. Let k > w. Model M of theory T is called sk-universal for T, if each model T" with the power
strictly less k isomorphically imbedded in M; k- homogeneous for T', if for any two models A and A; of theory
T, which are submodels of M with the power strictly less then s and for isomorphism f : A — A; for each
extension B of model A, wich is a submodel of M and is model of T" with the power strictly less then k there is
exist the extension B; of model A;, which is a submodel of M and an isomorphism ¢ : B — B; which extends f.

Definition 3. A model C of a Jonsson theory T is called semantic model, if it is w*-homogeneous-universal.

Definition 4. The center of a Jonsson theory T is an elementary theory T+ of the semantic model C' of T,
ie. T* =Th(C) [§].

Fact 1 [6]. Each Jonsson theory T has k*-homogeneous-universal model of power 2. Conversely, if a theory
T is inductive and has infinite model and w™-homogeneous-universal model then the theory T is a Jonsson
theory.

Fact 2 [6]. Let T is a Jonsson theory. Two k-homogeneous-universal models M and M; of T are elementary
equivalent.

Definition 5. A model A of theory T is called existentially closed if for any model B and any existential
formula ¢(Z) with constants of A we have A |= 3T (T) provided that A is a submodel of B and B = 3Tp(T).

We denote by Er the class of all existentially closed models of the theory T'.

In connection with this definition in the frame of the study of inductive theories, the following two remarks
are true:

Remark 1: For any inductive theory Er is not empty.

Remark 2: Any countable model of the inductive theory is isomorphically embedded in some countable
existentially closed model of this theory.

An analogue of a prime model (in the sense of a complete theory) for an inductive model, generally speaking,
incomplete theory, is the concept of an algebraically prime model, which introduced A. Robinson [5].

Theorem 1 [9]. Let T be a Jonsson theory. Then the following conditions are equivalent:

1) the theory T is perfect;

2) the theory T* is a model companion of 7.

Theorem 2 [10]. If T is a perfect Jonsson theory then Er = ModT™*.

When studying the model-theoretic properties of an inductive theory, so called existentially closed models
play an important role. Recall their definitions.

Definition 6. A model of theory is called an algebraically prime, if it is isomorphically embedded in each
model of the considered theory.

Note that since the class of Jonsson theories of a fixed signature is a subclass of inductive theories of
this signature, then the above remarks 1,2 are true for Jonssons theories and, by criterion of Jonsson theory’s
perfectness, class of existentially closed models of considered Jonsson theory coincides with the class of center’s
model of this theory.

In connection with the interest to the AAP problem in the frame of the study of Jonsson theory in [1] a
new class of theories was defined, in which there is an algebraically prime model which is existentially closed.

Recall the definition of this class.

Definition 7. A theory is called convex if for any its model A and for any family {B; | i € I} of
substructures of A, which are models of the theory T, the intersection (1,.; B; is a model of T', provided it is
non-empty. If in addition such an itnersection is never empty, then 7T is called strongly convex.

Definition 8. The model A of theory T is called core if it is isomorphically embedded in any model of a
given theory and this isomorphism exactly one.

Recall the definition of a rigidly embedded model from [1].

Definition 9. The model A of theory T is rigidly embeddable in model B of theory T, if there is exactly
one isomorphism of A into B. It is clear that A is rigidly embeddable in every model of T if and only if A is a
core model for T and has no proper automorphisms except identical. Thus, any core model of the core Jonsson
theory is rigidly embeddable in any existentially closed model of this theory.
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All the new definitions of theories given below distinguish a fairly wide natural subclass of theories among
the class of inductive theories. The relevance of studying this class of theories is expressed by the fact that each
of the above classes of theories is determined by a natural concept that generalizes the well-known concepts of
core, algebraic simplicity, and their combinations. At the same time, new classes of theories become interesting
for studying their model-theoretical properties of incomplete theories as part of the study of Johnson theories
that are associated with the above concepts.

Since, we will deal with, generally speaking, incomplete Jonsson theories and their classes of existentially
closed models in connection with the study of core models, we distinguish a natural subclass of the class of all
Jonsson theories, which is naturally connected with the concept of a core model. We give the following definition.

Definition 10. An inductive theory T is called a core theory if there exists a model A € Ep such that for
any model B € Er there exists a unique isomorphism from A to B.

Since, by definition, any core model is an algebraically prime model, we distinguish a natural subclass of all
Jonsson theories’ class, namely, the class of such Jonsson theories that necessarily have an algebraically prime
model. We give the following definition.

Definition 11. Theory T is called existentially algebraically prime (FEAP) if it has a model A € Ep such
that for any B € Er, A is isomorphically embedded in B.

Definition 12. The inductive theory T is called the existentially prime if:

1) it has a algebraically prime model, the class of its AP (algebraically prime models) denote by APr;

2) class E7 non trivial intersects with class APp, i.e. APr(Er # 0.

On the other hand, in [1] the notion of core model was studied in the framework of the study of convex
theory or strongly convex theory. Therefore, later in this article we will consider the property of convex and
strongly convex of the considering theory, as an additional concept to the core Jonsson theory.

The following fact about the realization of existential formulas with respect to extensions is well known.

Lemma 1. Assume that A C B are models of 3="x¢, where ¢(z) is existential formula. Then

{acA:Al=gla}={be B: B} o}

Proof follows from the fact that existential formulas are closed with respect to extensions.

Sometimes, we will need structures with special properties, and we will deal with theories that satisfy certain
model-theoretical conditions. In the remainder of this section, we determine the properties that we will use and
state some elementary facts concerning them. For more information, see [7] and [5].

To denote that B satisfies every true sentence of an existential sentence on A we write A3B . Th(C), the
complete theory of C, is the set of all sentences true on C.

The convex theories have an important algebraic property: let T' be a convex theory, then for any model
A of T', any nonempty subset B C A generates a single substructure, which is a model of the T'. In particular,
the intersection of all models of T' contained in this model and which contain this set B. If the theory of T is
strongly convex, then the intersection of all models of T' contained in this model of T is also a model of T'. This
intersection is called the core model of T'. In [1] noted that if T" satisfies a joint embedding property and it is
strongly convex, then the core model of this theory is unique up to isomorphism.

In the remainder of this article, we will deal with the above mentioned combinations of Jonsson theories.
Hence, we will try to transfer some results from [1] to Jonsson theories that satisfy Definition 10 or Definition 11,
or their combinations. What is the meaning here? The fact is that from the definition of core and the existentially
algebraically primeness of Jonsson theory, it can be noted that a core model from [1] in the framework of the
study of any Jonsson theory will be unique and rigidly embeddable model of the considering theory. And thus,
such statement of the problem regarding of the core models is considered for the first time.

Theorem 3. For any core perfect Jonsson theory T, the following conditions are equivalent:

1. A is core model of T

2. A is rigidly embeddable in any existentially closed of model T’

3. A is a model of center of T* and exist an existential formulas ¢;(z) and k; € w for ¢ € I exist , such that

A, T* =T Fige; Vi e I,
and

A|:V$\/¢i

iel
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Proof.

The equivalence of items (1) and (2) follows from the fact that the theory is core and perfect. Let us prove
from (3) to (2) Let B be some model of the theory T™*, then there exists B’ such that B’ is an existentially closed
model of T*, where B is elementary embedded in B’ relative to existential formulas. Such B’ exists due to the
inductance of T*. Moreover, the power of B’ can be any power that less or equal to the power of the semantic
model of this theory. It is clear that A is elementary embedded in B’ with respect to existential formulas, then
in B’ there is an existentially closed submodel A" such that A is isomorphic to A'.

A={acA:AE \/(Z)l[a]}

il
where ¢; are existential formulas such that A’, B’ and B are models of 3=*iz¢;. By Lemma 1, therefore

A={beB:B E\/¢b]} ={beB:BE\/¢b]}

i€l i€l

Hence A’ C B and therefore A is the core model of 7.

2) = (3)

By virtue of the perfectness of theory follows that A is a model of the center and, due to of its coreness, it is
embedded exactly once in any model of this center. Further, due to the fact that the center is a model companion
of T (since the theory T is perfect), and the model companion is a model-complete theory. Accordingly, in a
model-complete theory any formula is equivalent to some existential formula. This implies condition (3)

Corollary 1. C is the core model of some perfect core Jonsson theory 7' if and only if C' is the core model
of the Kaiser Hull T° of T.

Proof: Let us prove the necessity of the statement.

Let C be the core model of the above perfect core Jonsson theory T'.

Let M be semantic model of T. Let T° be the Kaiser hull of T, i.e.

T° = {p € Ly : ¢ € V3 sentences and M = ¢}

where ¢ are the set of all sentences of the signature language of the theory T.

Such that T is perfect, then T* is a model companion of T" and hence, a model complete theory. As a
consequence of this, any formula in 7™ is equivalent to some existential formula. Since M is a semantic model
of T and a model of T*, then the Kaiser Hull 7° will be equal to the center of the theory T, i.e. T*, where

T* = {p € Ly (the set of all sentences of the signature’s language of T) : in M = ¢}.

The condition (3) of Theorem 3 holds for the model C' and T, and it follows that C is a core model of the
theory T%. Let A be an arbitrary model of T, then C' is isomorphically embedded in A in a unique way, that is,
there is C’ such that C’ C A, where C’ is isomorphic to C. Moreover, C’ is isomorphically embedded in every
model of T*.

C'=n{B:BCAand BE=T"}

Thus, it turns out that 7 is strongly convex and that C' is the core model of theory T*. .

Let us prove the sufficiency of the condition. Suppose that T* is a strongly convex theory and that C' is the
core model of theory T*. Let A be a model of T" and let M be a semantic model of theory T'. Then C' € M and
C = (4 for some C7 € M. Since C, which is a model of theory T™*, has no proper submodel we can say that

there is a model.
Ci=n{B:BC M and B =T}.

In particulary, C; C A. If C' is isomorphic to some other Cy C A, then it is easy to show in a similar way,
that C; = Cs, and therefore C' is a core model of the theory T

Corollary 2. Let C be the core model of the strongly convex perfect core Jonsson theory 7. Then there exist
existential formulas ¢;(z) for ¢ € I, such that

T* |=3Ya¢; forallie I,
and

CEVz\/ ¢

iel
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Corollary 3. The core model C is rigidly embeddable in each model of T if and only if condition (3) of
Theorem 3 is satisfied with k; = 1 for all ¢ € I.

Theorem /. Let C be the core model for some existentially algebraically simple theory T'. Then the following
conditions are equivalent.

(1) C is embedded in every existentialy closed model of the center of this theory.

(2) C is an algebraically prime model of the theory T.

Proof: We prove from (1) to (2). Let model C be embedded in each existential closed model of the center of
this theory. Suppose that model A does not belong to Er and suppose that model C' is not embedded in model
A. Since T is a Jonsson theory, then by the inductance of this theory there exists a model B € Er such that
A is isomorphically embedded in B, but model B is isomorphically embedded in the semantic model M of T.
The model B also belongs to set of existentially closed models of the theory T*.

Let C’ be an isomorphic image of the model C' in the model B. The model A’ is an isomorphic image of the
model A in the model B, if C’ is embedded in A’, then we get a contradiction with our assumption that C' is
not embedded in A. Therefore, suppose that C’ is not embedded in A" and they are not isomorphic. From this
it follows that there is a formula that distinguishes them. Let this formula be ¢(x). Without loss of generality,
suppose that in C' = ¢[c] where ¢ € (7, that is, in C’ = Jzep(x) but by assumption in the model A’, which
is isomorphic to the model A, it will be true that A’ = —pla] where a € A’. But both A’ and C” belong to
the model B, which is existentially closed in accordance with the above. Then B = Jz(p(x)&—p(z)) we get a
contradiction. So the model C is an algebraically prime model of the theory T'

From 2 we prove 1. Let C' be an algebraically prime model of the theory T. Thus C is isomorphically
embedded into any model B € ModT, but since T' C T we have ModT™* C ModT'. It follows that the model C'
is algebraically prime for the theory 7%, and from this we conclude that C' is isomorphically embedded in any
model from E7, because B C ModT™
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A.P. Emikeen, A.K. Ucaera, H.B. Tlomosa

AnposblK MOHCOHABIK, Teopusjap

MakaJjraarsl HEri3ri HoTUKeJIep 0J1 HOHCOHIBIK, TEOPUATAPIBIH, sIIPOJIBLIBIFBI CUAKTBI KAHA YPBIM/IbI YKOHE
JIe OCBhI TEOPUSIIAFbl SK3UCTEHIMAJIIbI TYHBIK MOJIE/Ib/IEP KJIACBIH/AFBI SAPOJIbI MOJIEJIB/II PYKCAT €TeTiH
KOMOWHAIUSITAPABI CATIATTAY OOJIBIN TAOBLIAIbI. Y1 IPOJBIKIIEH KATap OChI TEOPUSIIAFEI SIIPOJIBI HOHCOHIBIK,
TeOpUsIIAPAbIH, SK3UCTEHINAJIILI aJIreOpasIbIK »Kall TeopusIapIblH KacueTTepi KapacTolpbliran. COHbIMEH
karap, aBropJap [1] keiibip HSTI/DKeJIepILI ANPOJIbIK HeMece EAP aHbIKTaMaiapblH HEMece OJIap/IbIH KOMOU-
HALMSUIAPBIH KAHAFATTAHILIPATHH VIOHCOH TeOpHsUIApbIHA KOLIIpiln Kepui, srHu VIOHCOH TeopUsiIapbIHbIE
Keibip KOMOMHAIAATAPHIH KAPACTBIPIbI. HNoncon TEOPUATAPHIHDIH, s/IPOJILLITBIK KOHE SK3UCTEHIIMAI/IbI Kai
aHBIKTaMasapblHaH [1| sIIPOJIBIK MOMENb Ke3 KeJreH MonconapIK, TEOPUSHBIH, 3€pPTTEY asiChl TYPFBICBIHAH
aJcak Ta, KApaCTBIPBUIBIIT OTHIPFAH TEOPUSHBIH, €peKIle XKoHe KAaTaH eHri3uTiMai Momeni 60JaThIHBIH aTall
keryre 6osaabl. COHABIKTAH, AAPOJIBIK MOIEIbIAEPTe KATHICTH KOMBIIFaH Moce/le aJFallKbLIapAbiH 6ipi 60-
JIBII TAObLIAIBI.

Kiam cesdep: nesec teopusi, KATTHI JIOHEC TEOPUsi, HOHCOH TEOPUSICHIHBIH, IIEHTPI, CEMAHTUKAJIBIK, MOEJIb,
anrebpaJIblK, 2Kail MOJIE/Ib, sIIPOJIbI MOJIE/b, SIIPOJIBI TEOPUS.

A.P. Emikeen, A.K. Ucaera, H.B. Tlomosa

AnepHble TIOHCOHOBCKUE TEOPUN

OCHOBHBIM PE3yILTATOM CTATHH SBJISIETCS ONMMMCAHUE HOBOTO MOHSATHUS KaK SePHOCTH HOHCOHOBCKUX TEOPHIA,
a TakKe UX KOMOWHAIINM, KOTOPbIE JOMYCKAIOT SIIEPHYIO MOJIENb B KJIACCEe IK3IUCTEHIINATIBHO 3aMKHYTBIX
MozeJieil 3Toit Teopuu. Hapsiy ¢ siepHOCTBIO pacCMOTPEHO CBOMCTBO SK3UCTEHIMAJIBHO ajredpamdecKn
MPOCTOI TeOpHM, KAK JOTMOJHUTETHHOE CBOMCTBO sA/IEPHOI TIOHCOHOBCKOM Teopuu. Takrke aBTOpaMU U3yde-
HBI HEKOTOpPble KOMOWHAIINN TeOpHUit I7IOH(:0Ha7 rJie OHU IONBITAJINCH IIEPEHECTH HEKOTOPbIe Pe3yIbTaThl U3
[1] B Teopun Honcona, KOTOPBIE YIOBJIETBOPSIIOT ONpPEIEIEHUIO siaepHocT mwin AP, nin nx koMOuHAaIu-
sam. U3 ompesiesieHust siIEPHOCTA U SK3UCTEHITHATIBHO AJITeOPAnIecKOil TPOCTOTHI TEOPUH Momcona MoKHO
OTMETHUTBH, UTO sifiepHasl Mozenb u3 [1| B paMkax msydeHus Jjo6oit Teopuu HMoucona Oy/leT YHUKAJbHON U
2KECTKO BJIOYKMMOM MOJIEJIBIO paccMaTpuBaeMoil Teopuu. U B 3aKJIIOUEHIN OTMETHUM, UTO TaKasl TOCTAHOBKA
po6JIEMbI OTHOCUTEJIBHO SITEPHBIX MOJIEIEH M3ydeHa BIIEPBBIE.

Karouesvie crosa: BBITyKJIash TEOPHUs, CUJILHO BBIIIYKJIAs TEOPUS, IIEHTP HOHCOHOBCKOM TEOPUHU, CEMaHTUYe-
CKasl MOJIEJ/Ib, aJireOpandecKn MPOCTasi MOJIEJb, sSIAePHAasi MOJIEJb, sIepPHAsi TEOPHS.
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