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Particle motion over a plane, which rotates about a horizontal
axis and makes a certain angle with it

Differential equations of relative material particle motion over a plane, which rotates about a horizontal
axis, have been set up. Plane location relative to a rotation axis is set by a certain angle, which value can
range from zero to ninety degrees. If angle value is equal to zero, a plane passes through a rotation axis;
if angle value equals to 90 degrees, it is perpendicular to a rotation axis. The equations have been solved
using numerical methods. In case of end positions of an angle, analytical solution has been found.
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Introduction

Particle motion over a horizontal plane in the form of a rough disk, which rotates about a vertical axis, is
considered to be the most investigated one. Such disks with blades attached to them are used in scatters of
centrifugal type. Operating elements with a horizontal axis of rotation in the form of a shaft with flat blades
attached to it are used for spreading organic fertilizers. They can be also used to mix particles or scatter them
in a centrifugal direction. It is interesting from theoretical perspective and it is to the point for the possibility
of practical implementation to investigate particle motion over a plane, which rotates about a horizontal axis
and makes a certain angle with it.

Compound particle motion over rough surfaces of operating elements of agricultural machinery has been
considered in the major works [1–4]. They investigate particle motion over a horizontal disk, which rotates
about a vertical axis, both without blades and with blades of the simplest designs. Paper [5] considers particle
motion over a flat disk, which rotates about the axis that is inclined to the horizon. Patterns of particle motion
over a disk both without blades and with straight blades arranged in radial direction from the axis of rotation
have been investigated. The research presented in paper [6] is similar to ours but with the difference that the
axis of rotation is not horizontal but a vertical one. This research considers relative particle motion in a wide
range of angles of inclination of a plane to a rotation axis, beginning from a horizontal position and finishing
with a vertical one. The development of a bladed operating element of a conveyer-mixer has been considered in
paper [7]. There is a separate group of scientific papers, which investigate particle motion on a rough surface
under the action of weight force [4, 8–15, 16, 17].

Material and method

Let us locate a plane in the form of a rectangle, which will be rotated, in three-dimensional coordinates
OXYZ. Firstly, let it be in agreement with a horizontal plane OXY, here, we set our own coordinate axes: Оu
axis lies in ОХ solid axis and Ov axis lies in OY axis (Fig. 1, a).

Figure 1. Location of a rectangular section of a plane in three-dimensional coordinates OXYZ

Серия «Математика». № 1(93)/2019 129



S. Pylypaka, M. Klendii, V. Trokhaniak

Let us rotate a plane about OY axis by a certain angle β (Fig. 1, b) and fix it in this position. Figure 1, c
shows plane location in three-dimensional coordinates OXYZ, when OY axis of the latter is projected to a point
and the plane itself is projected to a line.

Parametric equations of a plane in projections onto solid axes OXYZ are written as:

X = u cosβ;
Y = v ;
Z = u sinβ.

(1)

Let us rotate a plane about OZ axis with constant angular velocity ω. Then, during time t a moving plane
rotates through an angle ϕ relative to a fixed system. The degree of rotation angle ϕ is determined by the
familiar formula:

φ = ωt. (2)

Parametric equations of a plane after its turn by the angle ϕ=ωt about ОХ axis are written as:

X = u cosβ;
Y = v cosωt− u sinβ sinωt ;
Z = v sinωt+ u sinβ cosωt .

(3)

Figure 2 shows a set of separate plane positions built at equal time intervals. It bends round a cone with
axis.

Figure 2. Set of separate plane positions built at its rotation about ОХ axis

During plane rotation a material particle slides over it having relative motion. Here, its coordinates u and
v in a plane will vary with time, that is why, we consider them to be time-varying functions t: u=u(t), v=v(t).
Such a relation between independent variables u and v through the third variable t describes a certain line in
a plane – a trajectory of relative motion. Provided that u = u(t) and v = v(t), the equations (3) also describe
a line in three-dimensional coordinate system – a trajectory of absolute motion of a particle.

Projections of absolute velocity and absolute acceleration of a particle on the axes of a fixed OXY Z
coordinate system are determined by successive differentiation of the equations (3), considering u and v to
be unknown functions.

After differentiation of (3) and grouping of terms we get projections of absolute velocity:

x′ = u′ cosβ ;
y′ = (v′ − uω sinβ) cosωt − (u′ sinβ + vω) sinωt;
z′ = (v′ − uω sinβ) sinωt + (u′ sinβ + vω) cosωt.

(4)

Here, let us denote coordinates x, y, z not by capital letters as it is in (3) but by lowercase letters, since we
moved from the equations with two variables to the equations with one variable t. After differentiating the
equations (4) and grouping of terms we get projections of absolute acceleration:

x′′ = u′′ cosβ ;
y′′ =

(
v′′ − vω2 − 2u′ω sinβ

)
cosωt −

(
u′′ sinβ + 2v′ω − uω2 sinβ

)
sinωt;

z′′ =
(
v′′ − vω2 − 2u′ω sinβ

)
sinωt +

(
u′′ sinβ + 2v′ω − uω2 sinβ

)
cosωt.

(5)
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Let us establish a motion equation in the form of mw = F , where m — mass of a particle, w — vector of
absolute acceleration, F — resultant vector of the forces exerted upon a particle. Such forces are weight force
mg(g = 9, 81m/s2), reaction N of a plane and friction force fN at particle sliding over a plane f — friction
coefficient). All the forces must be projected on the axes of a fixed coordinate system.

Weight force is downward-directed, thus, its projections can be written as: {0; 0;−mg} .
Plane reaction N is perpendicular to it (Fig. 1, c) and its projections are the following:

{−N sinβ; 0;N cosβ} . (6)

Friction force is directed at a tangent to the trajectory of relative motion opposite to the direction of velocity.
Let us find projections of velocity vector of relative motion by differentiating the expressions (1), assuming that
u=u(t) and v=v(t):

x′ = u′ cosβ;
y′ = v′;
z′ = u′ sinβ.

(7)

Relative velocity value is determined by geometric sum of the components (7)

V =
√
x′2 + y′2 + z′2 =

√
u′2 + v′2. (8)

A unit vector, which is at a tangent to the trajectory of relative motion, is determined from dividing the
projections (7) by the value of velocity (8). Taking into account that friction force fN is directed opposite to
the direction of relative particle motion, its projections can be written as:{

−fN u′ cosβ√
u′2 + v′2

; −fN v′√
u′2 + v′2

; −fN u′ sinβ√
u′2 + v′2

}
. (9)

Weight force (6) does not change its direction during plane rotation. Plane reaction force N (7) and friction
force (9) depend on rotation angle ϕ (2) of a plane. Thus, they must be also turned through the angle ϕ = ωt
about axis. Having taken that into consideration, projections of plane reaction force N take the following form: −N sinβ ;

−N cosβ sinωt ;
N cosβ cosωt

 . (10)

Projections of friction force after a turn through the angle ϕ = ωt can be written as:

−fN u′ cos β√
u′2+v′2

;

−fN v′ cosωt−u′ sin β sinωt√
u′2+v′2

;

−fN v′ sinωt+u′ sin β cosωt√
u′2+v′2

.


. (11)

Let us set up a vector equation mw = F in projections on the axes of a fixed three-dimensional coordinates,
taking into account the applied forces (6), (10) and (11):

mx′′ = −N
(

sinβ + f u′ cos√
u′2+v′2

)
;

my′′ = −N

(
cosβ sinωt+

+f v
′ cosωt−u′ sin β sinωt√

u′2+v′2

)
;

mz′′ = N

(
cosβ cosωt−
−f v

′ sinωt+u′ sin β cosωt√
u′2+v′2

)
−mg.

(12)
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Let us substitute other derivatives (projections of absolute acceleration) from (5) into the equation (12).
The obtained set of three equations contains three unknown functions: N = N(t), u = u(t) and v = v(t). Let us
solve it for N, u′′ and v′′ :

u′′ = − sinβ [g cosωt+ ω (2v′ − uω sinβ)]− u′f cosβ
g cosωt+ω(2v′−uω sin β)√

u′2+v′2
;

v′′ = −g sinωt+ ω (vω + 2u′ sinβ)− v′f cosβ
g cosωt+ω(2v′−uω sin β)√

u′2+v′2
.

N = m cosβ [g cosωt+ ω (2v′ − uω sinβ)] .

(13)

The first two equations make a system of nonlinear differential equations of the second order for the functions
that describe the trajectory of relative particle motion over a plane.

Let us consider a partial case, when angle β = 0. In such a case a plane passes through axis which is its
rotational axis (Fig. 1, a). Here, particle motion is possible in radial direction parallel to v axis at u = const.
In this case the system (13) is simplified:

u′′ = −u′f g cosωt+2v′ω√
u′2+v′2

;

v′′ = −g sinωt+ vω2 − v′f g cosωt+2v′ω√
u′2+v′2

.

(14)

At u=const the first equation of the system (14) is changed into an identical equation and we obtain only
one linear differential second-order equation:

v′′ = −g sinωt+ vω2 − f (g cosωt+ 2v′ω) . (15)

The equation (15) has its analytical solution:

v = e
−
(
f+
√

1+f2
)
ωt
(
c1 + c2e

2
√

1+f2ωt
)

+ g
2f cosωt+

(
1− f2

)
sinωt

2 (1 + f2)ω2
. (16)

For further determination of the values of integration constants 1 and 2 let us find the expression of relative
velocity by differentiating the equation (16):

V =
dv

dt
= −e−

(
f+
√

1+f2
)
ωt
ω
[
c1

(
f +

√
1 + f2

)
+ c2

(
f −

√
1 + f2

)
e2
√

1+f2ωt
]

+

+g

(
1− f2

)
cosωt− 2f sinωt

2 (1 + f2)ω
. (17)

Let a particle be separated from the axis of rotation by the distance v0 at the initial time point, when a
plane is in a horizontal position (that is to say, at t = 0), and have initial velocity V0. Let us substitute t = 0
into (16) and (17) and equate these expressions to relative initial values of position and velocity and we obtain
a set of two equations for unknown constants c1 and c2:

v0 = fg
(1+f2)ω2 + c1 + c2 ;

V0 =
g(1−f2)
2ω(1+f2) − ω

[√
1 + f2 (c1 − c2) + f (c1 + c2)

]
.

(18)

Having solved (18) for c1 and c2, we obtain expressions for the determination of these constants:

c1 =
g
(

1 + f2 − 2f
√

1 + f2
)
− 2ω

(
1 + f2

) [
V0 + v0ω

(
f −

√
1 + f2

)]
4ω2 (1 + f2)

3/2
;

c2 =
−g
(

1 + f2 + 2f
√

1 + f2
)

+ 2ω
(
1 + f2

) [
V0 + v0ω

(
f +

√
1 + f2

)]
4ω2 (1 + f2)

3/2
.
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Results

Figure 3 represents dependency graphs (16) and (17) under set initial conditions v0 = 0, 2m and V0 = 0 and
friction coefficient f = 0, 3. They show that a particle can move in radial direction either away from a rotation
axis or towards it. It depends on the value of angular velocity of plane rotation. At ω = 5s−1- a particle moves
towards a rotation axis, here, in the line of about 0, 1s it practically does not move and only at its turn from a
horizontal position to the angle ϕ, which is close to a friction angle, it begins to move.

Figure 3. Graphs of distance ν = ν(t) – a) and relative velocity V = V (t) - b) at β = 0

However, without reaching a rotation axis, after 0,22 s plane reaction force is equal to zero, that is to say, a
particle does not presses the surface (from this moment on the graphs of distance and velocity are represented
using a dashed line). At ω = 7s−1 a particle moves away from a rotation axis and after 0, 5s it is more than
0, 6m away from it and it gains velocity of more than 3m/s. Plane reaction force increases as well.

The equation (17) enables finding the parameters of particle motion in radial direction only. However, initial
velocity of a particle entering a plane may have another direction, for example, the one that is parallel to a
rotation axis as is the case in snow throwing machines for delivering snow on a rotor blade. In this case it is
necessary to solve the system (14) using numerical methods at u 6= const or the system (13) at β = 0. Figure 4
shows graphical representations of particle motion at β = 0, which enters a plane with various initial velocities
along u axis and zero initial velocity in radial direction (v′ = 0).

а) trajectories of particle sliding; b) graphs of velocities

Figure 4. Graphical representations of particle motion (β = 0, ω = 10s−1,f = 0, 3, ν0 = 0, 2 m)

In addition, the system of differential equations (13) makes it possible to find trajectories of particle sliding
at ω = 0, that is to say, when a plane is fixed. For example, let us take an inclination angle β of a plane which
is equal to a friction angle. For f=0,3 this angle has the following value: β = arctgf = 16, 70. Figure 5, а shows
trajectories of particle motion at various angular velocities including ω = 0 that have been built using numerical
methods. At the beginning of its motion a particle was given initial velocity V = 4m/s along Y ≡ v axis. It
traces out a curvilinear trajectory and after a certain time (3s) it enters a rectilinear trajectory, which coincides
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with the line of the greatest inclination of a plane. Here, its velocity is stabilized and it becomes twice less than
the initial one (Fig. 5, b).

а) trajectories of sliding over a plane; b) graphs of change in velocity over time

Figure 5. Graphical representations of particle motion over a plane,
which has an inclination angle β equal to a friction angle

Then a particle moves along the line of the greatest inclination with a stabilized velocity. Such a result is in
a complete agreement with the result obtained in paper [18], which considers particle motion over an inclined
plane at its side feed.

If a plane is given a rotating motion with low angular velocity under previous initial conditions, motion
trajectories and graphs of velocity change (Fig. 5).

Let us consider a general case when angle β0. At β = 0 and at u = const (that is to say, without relative
initial velocity along a rotation axis) a particle moves in radial direction (Fig. 4, а at u′ = 0). Let us find
out how a particle moves, if angle β is gradually increased. Figure 6 shows trajectories of particle sliding at
various values of angle β. Figure 6, a represents trajectories that a particle traces in 0,5s. At β = 0 it moves
in radial direction. If angle β increases, a particle trajectory begins to deviate from radial direction but it
moves practically rectilinearly. The length of the distance covered gradually decreases. A dashed line is used to
represent a trajectory in case when angle β is equal to a friction angle β = arctgf. Figure 6, b shows relative
particle motion at further increase of angle β over the time of 1,5s. The figure shows that even an insignificant
increase in angle β results in a sharp decrease in the distance covered. Here, the angle of deviation from radial
direction increases and the trajectory remains rectilinear. At further increase of angle β, the trajectory of a
particle becomes curvilinear and there is a moment when reaction of a plane becomes equal to zero, that is to
say, there is detachment of a particle from a plane. Figure 6, c shows trajectories of relative particle motion
during 0,5 s, here, a heavy line represents the trajectory where particles press a plane. At angle β = 450 the
detachment of a particle from a plane happens in 0,4 s and at β = 600 – in 0,175 s. Thus, if angle β is close to
900, relative particle motion over a plane becomes impossible. At β = 900 it is impossible from a logical point
of view, since a plane is vertical and there is no interaction with a particle.

a)− ω = 10s−1; b)− f = 0, 3; c)− ν0 = 0, 2m

Figure 6. Trajectories of particle sliding over a plane at various values of angle β
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Thus, under our initial conditions and at angular velocity ω = 10s−1, transition from rectilinear to curvilinear
trajectory of relative motion occurs, if angle β is close to 270. We have considered this transition in details during
5 s after the beginning of motion, when a particle covers a great distance. Figure 7, а represents trajectories of
relative motion, which show that a change in angle β from 260 to 270, that is to say, within the range of one
degree, results in the change of a trajectory from rectilinear to curvilinear. If a trajectory is rectilinear, particle
pressure on a plane increases and if a trajectory is curvilinear, it becomes equal to zero over a certain time.
Figure 7, b shows graphs of pressure change for a particle weighting 0,01 kg. For a particle that moves along a
curvilinear trajectory (at β = 26, 80), pressure becomes equal to zero in 4,86 s. At great values of angle β the
detachment of a particle happens almost immediately after its entering a plane as it has been previously shown.

а) motion trajectories; b) graph of pressure change

Figure 7. Graphical representations of particle motion during 5 s at ω = 10s−1, f = 0, 3, ν0 = 0, 2m

If there is curvilinear motion, a particle turns in the direction of u axis (Fig. 6, c). If a plane is positioned
as it is shown in Figure 1, b, this direction coincides with the direction of the line of the greatest inclination
of a plane. We can assume that such a change in the direction of a trajectory is the result of the action of
weight force of a particle. However, calculations with dropping particle weight (at g=0) show that trajectories
and graphs of velocity change differ with and without weight (Fig. 8). It can be explained by the fact that the
main force, which causes particle deviation from a rectilinear trajectory, is the component of Coriolis force.

а) motion trajectories; b) a graph of relative velocity change

Figure 8. Graphical representations of particle motion during 1 s at β = 270, ω = 10s−1, f = 0, 3, ν0 = 0, 2s :

If angle β = 0, Coriolis force is directed perpendicular to a plane and does not shift a particle from a
rectilinear trajectory. A particle moves in radial direction under the action of centrifugal force. At β 6= 0 there
is a component of Coriolis force that, at first, causes deviation of rectilinear motion from radial direction and
then, if angle β increases, there is trajectory bending towards u axis.

If weight is ignored, a particle picks up speed faster and covers a greater distance. Obviously, it is due to
the fact that friction force decreases in those moments of rotational motion of a plane when a particle is located
under it.
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Conclusions

When a particle enters an inclined plane, which rotates about a horizontal axis with constant angular
velocity, a particle traces out a relative trajectory on a plane (a sliding trace), which form depends on the angle
β between a plane and a rotation axis. If angle β = 00, a relative trajectory is a straight line along which
a particle picks up speed in radial direction. At side material feed, that is to say, if a particle enters a plane
having certain initial velocity in the direction that is parallel to a rotation axis, a particle traces a curvilinear
trajectory on a plane, which approaches rectilinear radial direction over a certain time. If β 6= 0, the pattern
of particle motion changes. At low angle values it moves in rectilinear direction, which makes a certain angle
with radial direction. This angle increases, if angle β increases, here, the distance of particle sliding over a plane
during the same time period decreases rapidly. If there is a further increase of angle β, there is a moment when
the trajectory of particle motion becomes curvilinear; here, there is trajectory bending towards u axis. Here, a
particle moves along a curvilinear trajectory only until a certain moment when plane reaction becomes equal to
zero and there is particle detachment from a plane. If angle values are close to 900, particle motion over a plane
becomes impossible, since it is detached from a plane almost immediately after entering. If β = 900, motion is
impossible due to the fact that a plane is vertical and there is no interaction with a particle.
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С.Ф. Пилипака, Н.Б. Клендий, В.И. Троханяк

Көлденең осьтi айналатын жазықтықта жататын және
онымен белгiлi бұрыш жасайтын бөлшектiң қозғалысы

Көлденең осьтi айналатын жазықтықтағы материалдық бөлшектердiң салыстырмалы қозғалысының
дифференциалдық теңдеулерi құрастырылды. Айналу өсiне байланысты жазықтықтың орны мәнi
нөлден тоқсан градусқа дейiнгi аралықтағы бұрышпен берiлдi. Бұрышы нөлге тең болған кезде жа-
зықтың айналу осi арқылы өтедi, ал тоқсан градус болғанда ол айналу осiне перпендикуляр болады.
Теңдеулер сандық әдiстермен шешiлдi. Бұрыштық шеткi позициясы үшiн аналитикалық шешiм та-
былды.

Кiлт сөздер: топырақ өңдейтiн диск, айналмалы қозғалыс, қозғалыстың дифференциалдық теңдеу-
лерi.

С.Ф. Пилипака, Н.Б. Клендий, В.И. Троханяк

Движение частицы по плоскости, вращающейся вокруг
горизонтальной оси и составляющей с ней определенный угол

Составлены дифференциальные уравнения относительного движения материальной частицы по плос-
кости, которая вращается вокруг горизонтальной оси. Положение плоскости по отношению к оси вра-
щения задается углом, который может иметь значение из промежутка от нуля до девяноста градусов.
При угле, равном нулю, плоскость проходит через ось вращения, при девяноста градусах она перпен-
дикулярна оси вращения. Уравнения решены численными методами. Для крайних положений угла
найдено аналитическое решение.

Ключевые слова: почвообрабатывающий диск, вращательное движение, дифференциальные уравне-
ния движения.
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