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Modeling of a Static Incompressible Medium

In the article mathematical modeling of the solution of the static Stokes problem is considered by solving
the static problem of the theory of elasticity, with Hooke’s law. We obtain estimates for the proximity of
solutions of these problems under asymptotics, namely, when A — oo, in this case the Poisson coefficient
tends to 0,5, which corresponds to an incompressible medium. Further, it was proved that the estimate of
the proximity of the solutions of the problems considered as unimprovable in order of % This allows us to
use previously differential schemes for the static problem of the theory of elasticity, as an approximate, it
is obtained a method for solving the static Stokes problem on a sequence of grids.

Keywords: Incompressible medium, Hooke’s law, stresses, deformations, displacements, Lame coefficients,
the task of the Stokes, theory of elasticity, equilibrium equation, single-linked area.

In a bounded simply connected domain D C R3 with a sufficiently smooth boundary v, we will make a
solution to the problem of the theory of elasticity for an incompressible medium that satisfies the equilibrium
equation:

puNe—Vp+ f=0, x €D, (1)
medium incompressibility condition
divu=0,z € D, (2)
displacement-strain relations
ou;  Ouy
2e;, = , k=123, 3
Cik <6Ik + 3:1:,) ! ( )
equations of state of the environment
Oik = —0ikp + 2(1€ik, (4)

where u(x) is the displacement vector, p(z) is the pressure function, f(x) is the vector of volume forces, &;;(x) is
the components of the strain tensor, o;x(z) are the components of the stress tensor and the boundary condition

3

Zaiknk = Oa T e, (5)
k=1

where ny is guides of cosines by norms to the boundary .

We also consider in the domain D the formulation of the static problem of the theory of elasticity for a
compressible medium and use following equations.

Equilibrium equations

pAT + (N + p)Vdiva + f =0,z € D, (6)
displacement-strain relations
ou}  Oup
2, = : k ik=1,2,3 7
Ezk (8$k+3$1>7 2, 9 Ay Iy ()
equations of state, Hooke’s law
oir = N0k + 2pe,, (8)

3
In the formula (8) 0* = Zl E;‘j, A, p > 0 is Lame coefficients.
j:
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Border conditions
3

Zaz’)\knk = Oa T e, (9)
k=1

for the solvability of problems (6) - (9) the following conditions are necessary [1,2]

/7dm=0, /Fx?dmzo, /ﬂdxzo, /rotﬂdxzo, (10)
D D D

D

where 7 = r(z) is the radius vector of the point 2 € D.
Earlier in the work, it was obtained an estimate for the proximity of the solution of problem (6)—(10) to the
solution of problem (1)—(5) as A — oo. Here we get this assessment in another way.
Let us denote u = Ty + +W where % is the solution of problem (1)—(5). By virtue of (6)-(10) and (1)—(5)
we have:
E(tuo,v) + /\E /dlvuo dlvvdx—i—/dlvw dlvvdaj—/f vdx, (11)
D

for an arbitrary function v € W (D)
3
1 Ou;  Ou, ov;  0v;
B,¥v) = UL L 25 g
(@) 2”/ Z (830] + em) (axj + (%vi) de
D

In (11) we add and subtract the expressions [ pdivvdz, as a result we get
D

/ ivw - divvdz = —/pdivvdx. (12)

D D
Assuming in (12) ¥ = W, the estimate follows

1 - o1 I
Y E@ W) + | divw|® < [|p] - || divw]| < §||PH2L2(D) + §\|d1VW||2~

By virtue of the fact that
1Pl D) < 1fllws1 oy
then inequality holds true
| — 2 o L2
SRy oy + 1l GV RIZ < AR, (13)
After that we will finally get the next formula:
A dival| < ef -1 py (14)

Next, we estimate the higher derivatives of the solution of problem (6)—(10).
Theorem 1. Let f(z) € Lo(D), v € C?. Then, to solve the problem (6)—(10), the inequality is

1 -
lullws ) + IV dival .oy < el fllzz o) (15)

Evidence. If we follow to the work [3], from the smoothness condition for the boundary =, it implies that there
is a local change of variables y = ¥ (x), where x € 7, let w be a neighborhood of the point x such that the piece
of the boundary w ()~ becomes a piece of the hyperplane. Let denote through w; the small neighborhood of this
point, which is at a positive distance from the boundary to the neighborhood w. Let z(x) be a non-negative in
@ = w|JOw a smooth function such that suppz C w and z(z) = 1 if z € w. Finally, let us assume that the yy
axis, k =1,2,...,n — 1 lies in the indicated hyperplane, and the y,, axis is directed along the norms drawn to
it. Solutions of problem (6) - (10) satisfy a neutral identity:

*V)—i—)\/divﬂ-divvda::/?-vdx (16)
D D
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for any ¥(z) € W4(D). Put in (16) v = z(x)%(z(m)uyk), after integration by parts, evaluating the terms in
the same way as in [4] we will have ||uyk|\%vgl(w) < lullwz(py - llullw; (), by virtue of (6)-(10), multiplying by

z(x)uy, integrating we get

Y diva < M1+ iy - 1122
-1 = 2(D)
H Yk W, (D) (D)
to estimate 57— divu, we use the 1dent1ty Vdivu = div (%) which is obtained from (6), if we take the div

by going to the variables , we express 8 div @ through the remaining derivatives of the first and second order,
which are already estlmated Then we get

1/2 1/2
e I Ty I )

Hvadlvu
W, (w)

Oy

Let us suppose that the set w is a finite cover D, then in the last inequality on the left we can take the norm
over the whole domain D. So we have

1/2 1/2
lullwz oy < e (1 zam) + 171 ) - N3 ey) -

The theorem is proved. Similarly we prove
Theorem 2. Let f € La(D), a domain D is bounded, simply connected, with a sufficiently smooth boundary
v, then the estimate is valid.

[ = @ollwz(py + IAdiva = pllwp) < e- A7 (17)

In the work [5], it was obtained an estimate for the proximity estimate for the solutions of problem (6)—(10) to
the solution of problem (1)—(5).

[~ @l3ys oy + AT — I3, () < e A7 (18)

Let us show that this estimate is best possible in the order of the parameter 1/\.

Theorem 3. An estimate of the proximity of the solutions of problems (6)—(10) and (1)—(5) is best possible
for A.

Evidence. Suppose the contrary, i.e.

A 2 A 2 —(2
[2* —allyy; p) + A divE® = pll7,py) <c¢- A @,
where o > 0 is a constant, perhaps small enough, therefore we have:

INdiva* —pl| > [lpl| — Al diva|

. - A
Il < Al aive? + [adive = pl < e (Il + 577 ) (19)

Here 7 = p — Adiv@>. In inequality (19), we wil pass to the limit as A\ — oo; we can obtain it by virtue of (18).
Ipllz,(py = 0, i.e. p = 0. Thus, for @ and p we get the following problem

pAu—Vp+ f=0, z €D, divi=0, p=0;

3

Zaiknk =0, z €n. (20)
k=1

As we see this contradicts our assumption, since the latter problem (21) is unsolvable (the initial problem
(1)—(5)) is correct and it was required.
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M.M. Bykenos, /I.K. Koiike/ioBa

CTaTI/IKaJIbIK KJ)IC])IJIM&ﬁTbIH OopTaHbl MOJeJ/IbAey

Maxkanana ['yk 3aHbIMeH CepIiM/ITIK TEOPUSACHIHBIH CTATUKAJIBIK, €CeOiH mienty apKblabl CTOKCTHIH CTATHKA-
JIBIK, eCeBiHIH, MeNMiH MaTeMaTUKAJIBIK, MOJEJIEY KapaCThIPhLIFalH. ACUMIITOTHKA Ke3iH e OChl MiHIeTTep/Ii
eIy YKAKBIHIBIFBIHBIH 0aFachl aJbIHIbI, aTall alfTKaHIa A — oo, oy xkarmaitna [lyaccon koadpdunmenti
0, 5-ke YyMTBLIa I, OYJI KBICHIIMANTHIH opTara coiikec kesedi. Ofan opi }KyMBICTa KAPACTBHIPBLIFAH €CEITED
IIerriMepiHiy KaKbIHIABIFBIH Oaranay 1/ peTiMeH »KakCapThLIMANTBHIH GOJIBII TaObIIATHIHbL IO IEH L.
By cepriMmisiik T€OPUSICBIHBIH, CTATHUKAJBIK, €cebl YINH OYPhIH afibIPBIMIBIK, CXeMaJIap/Ibl KOIIAHYFa MyM-
KiHAIK 6epesi, »KaKbIHIATBLIFAH TOPABIH, Kyitesiairine CTOKCTBIH, CTATUKAJIBIK, €Ce0IiH ITenTy 91ici aIbIHIbI.

Kiam cesdep: KbICBIIMANTBIH 0pTa, I'yK 3aHbI, KEpHEY, AedopMalysi, OPbIH aybICTHIPY, Jlame Ko3ddurm-
enrTepi, CTOKC ecebi, CepIiMIiIIK TEOPUSICHI, Telle-TeH K TeH ey, 6ip GallIaHbICThI OOJIBIC.

M.M. Bbykenos, /I.K. Koiikenosa

MopaeaupoBaHUEe CTATUYECKOIN HEC2KMMaeMO cpeabl

B crarbe paccMoTpeHo MaTeMaTHYeCKOEe MOIEIMPOBAHUE PEIIeHNsT CTATHIecKoi 3aa4du CToKca ¢ TOMOIIBIO
pelleHust CTATHYIEeCKON 3a/1a9i TeOPUH ynpyroctu ¢ 3akoHoM ['yka. [Tosydensr onenkn 6,iM30CTH perneHunit
9TUX 3aJ1a9 IIPU ACUMIITOTHKE, & UMEHHO KOrJia A — 00, B 9TOM cjydae kKodddunuent Ilyaccona crpemurcs
K 0,5, 9To coorBeTCTBYET HeCXKMMaeMoi cpejie. [lasee B pabore 10Ka3aHO, 9TO OIEHKA OJIM30CTH PEIIeHui
PACCMOTPEHHBIX 33149 SIBJIAETCS HEYJIyHdIIaeMoil o mopsaiaky 1/A. DTo MO3BOJIAET MCIOIb30BATH DAHEE
HEHUCCJIEIOBAHHBIE PDA3HOCTHBIE CXEMbI JIJIsl CTATHYECKON 3aJ[a4d TEOPUHU YIPYTOCTH, KAK NPUOJINKEHHBIN
[TOJIyY€H MeTOJ| PelleHns] CTaTu4IecKoi 3amadn CToKca Ha I10C/IeI0BATEIbBHOCTH CETOK.

Kmouesvie crosa: HeC:KUMaeMasi cpefia, 3aKoH ['yka, HampsizKeHus1, 1edOpMaIiin, mepeMereHusi, Koaddu-
umenTsl Jlame, 3agaya CTokca, TeOpust yIPyroCcTH, ypaBHEHNE PABHOBECHUsI, OJHOCBsI3HAs 00JIACTD.
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