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Identification hyperbolic problems with
the Neumann boundary condition

In the present study, an identification problem with the Neumann boundary condition for a one-dimensional
hyperbolic equation is investigated. Stability estimates for the solution of the identification problem are
established. Furthermore, a first order of accuracy difference scheme for the numerical solution of the
identification problems for hyperbolic equations with the Neumann boundary condition is presented. Stability
estimates for the solution of the difference scheme are established. This difference scheme is tested on an
example and some numerical results are presented.
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Introduction

Identification problems take an important place in applied sciences and engineering, and have been studied
by many authors (see, e.g., [1–4] and the references given therein). The theory and applications of source
identification problems for partial differential equations have been given in various papers (see, e.g., [3, 5–8] and
the references given therein).

The well-posedness of the unknown source identification problem for parabolic and delay parabolic equations
have been well-investigated (see, e.g., [9–14], and the references given therein).

The solvability of the inverse problems in various formulations with various overdetermination conditions
for telegraph and hyperbolic equations were studied in many works (see, e.g., [15–18] and the references given
therein). Some new representations were given for the solutions and coefficients of the equations of mathematical
physics in [5, 19–23]. They gave such formulas for evolution equations of first and second-order in time, in
particular for parabolic and hyperbolic equations in the linear and nonlinear cases.

In this study, we consider the time-dependent source identification problem for a one-dimensional hyperbolic
equation with the Neumann boundary condition

∂2u(t,x)
∂t2 − ∂

∂x

(
a (x) ∂u(t,x)

∂x

)
= p (t) q (x) + f (t, x) , x ∈ (0, l) , t ∈ (0, T ) ,

u (0, x) = ϕ (x) , ut (0, x) = ψ (x) , x ∈ [0, l] ,

ux (t, 0) = ux (t, l) = 0,
∫ l

0
u (t, x) dx = ζ (t) , t ∈ [0, T ] ,

(1)

where u (t, x) and p (t) are unknown functions, a (x) ≥ a > 0, f (t, x) , ζ (t) , ϕ (x) and ψ (x) are sufficiently
smooth functions and q (x) is a sufficiently smooth function assuming q′ (0) = q′ (l) = 0 and

∫ l
0
q (x) dx 6= 0.

Our interest in this study is to investigate the stability of differential and difference identification problems.
The stability estimate for the solution of problem (1) is established. A first order of accuracy difference scheme
for the numerical solution of identification hyperbolic problems with the Neumann boundary condition (1)
is presented. The theoretical statements for solution of this difference scheme are supported by result of the
numerical experiments.
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Stability of differential problem (1)

To formulate our results, we introduce the Banach space C (H) = C ([0, T ] , H) of all abstract continuous
functions φ (t) defined on [0, T ] with values in H equipped with the norm

‖φ‖C(H) = max
06t6T

‖φ (t)‖H .

Let L2 [0, l] be a space of all square integrable functions γ (x) defined on [0, l] equipped with the norm

‖γ‖L2[0,l] =

(∫ l

0

|γ (x)|2 dx

) 1
2

,

and let W 1
2 [0, l] ,W 2

2 [0, l] be Sobolev spaces with norms

‖γ‖W 1
2 [0,l] =

(∫ l

0

[
γ2 (x) + γ2

x (x)
]
dx

) 1
2

;

‖γ‖W 2
2 [0,l] =

(∫ l

0

[
γ2 (x) + γ2

xx (x)
]
dx

) 1
2

,

respectively. We introduce the positive definite self-adjoint operator A defined by the formula

Au = − d

dx

(
a (x)

du (x)

dx

)
(2)

with the domain
D (A) = {u : u, u′′ ∈ L2 [0, l] , u′ (0) = u′ (l) = 0} .

Throughout the present paper,M denotes positive constants, which may differ in time and thus is not a subject
of precision. However, we will use the notation M(α, β, γ, ...) to stress the fact that the constant depends only
on α, β, γ, ...

We have the following theorem on the stability of problem (1).
Theorem 1. Assume that ϕ ∈ W 2

2 [0, l] , ψ ∈ W 1
2 [0, l] and f (t, x) is a continuously differentiable function

in t and square integrable in x, ζ (t) is a twice continuously differentiable function. Suppose that q (x) is a
sufficiently smooth function assuming q′ (0) = q′ (l) = 0 and

∫ l
0
q (x) dx 6= 0. Then for the solution of problem

(1) the following stability estimates hold∥∥∥∥∂2u

∂t2

∥∥∥∥
C(L2[0,l])

+ ‖u‖C(W 2
2 [0,l]) 6M1 (q)

[
‖ϕ‖W 2

2 [0,l] + ‖ψ‖W 1
2 [0,l] + (3)

+ ‖f (0, ·)‖L2[0,l] +

∥∥∥∥∂f∂t
∥∥∥∥
C(L2[0,l])

+ ‖ζ ′′‖C[0,T ]

]
;

‖p‖C[0,T ] 6M2 (q)
[
‖ϕ‖W 2

2 [0,l] + ‖ψ‖W 1
2 [0,l] + ‖ζ ′′‖C[0,T ] + (4)

+ ‖f (0, ·)‖L2[0,l] +

∥∥∥∥∂f∂t
∥∥∥∥
C(L2[0,l])

]
.

Proof. We will use the following substitution

u (t, x) = w (t, x) + η (t) q (x) , (5)

where η (t) is the function defined by the formula

η (t) =

∫ t

0

(t− s) p (s) ds, η (0) = η′ (0) = 0. (6)
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It is easy to see that w (t, x) is the solution of problem

∂2w(t,x)
∂t2 − ∂

∂x

(
a (x) ∂w(t,x)

∂x

)
= f (t, x) + η (t)

[
d
dx (a (x) q′ (x))

]
,

x ∈ (0, l) , t ∈ (0, T ) ,

w (0, x) = ϕ (x) , wt (0, x) = ψ (x) , x ∈ [0, l] ,

ux (t, 0) = ux (t, l) = 0, , t ∈ [0, T ] .

(7)

Applying the integral overdetermined condition
∫ l

0
u (t, x) dx = ζ (t) and substitution (5), we get

η (t) =
ζ (t)−

∫ l
0
w (t, x) dx∫ l

0
q (x) dx

.

From that and p (t) = η′′ (t) it follows

p (t) =
ζ ′′ (t)−

∫ l
0
∂2

∂t2w (t, x) dx∫ l
0
q (x) dx

.

Applying
∫ l

0
q (x) dx 6= 0, we get the estimate

|p (t)| ≤M3 (q)

[
|ζ ′′ (t)|+

∥∥∥∥∂2w (t, .)

∂t2

∥∥∥∥
L2[0,l]

]
(8)

for all t ∈ [0, T ] . From that it follows

‖p‖C[0,T ] 6M3 (q)

[
‖ζ ′′‖C[0,T ] +

∥∥∥∥∂2w

∂t2

∥∥∥∥
C(L2[0,l])

]
. (9)

Now, using substitution (5), we get

∂2u (t, x)

∂t2
=
∂2w (t, x)

∂t2
+ p (t) q (x) .

Applying the triangle inequality, we obtain∥∥∥∥∂2u

∂t2

∥∥∥∥
C(L2[0,l])

6

∥∥∥∥∂2w

∂t2

∥∥∥∥
C(L2[0,l])

+ ‖p‖C[0,T ] ‖q‖L2[0,l] . (10)

Therefore, the proof of estimates (3) and (4) is based on equation (1), the triangle inequality, estimates
(9), (10) and on the following stability estimate∥∥∥∥∂2w

∂t2

∥∥∥∥
C(L2[0,l])

6M4(q, a)
[
‖ϕ‖W 2

2 [0,l] + ‖ψ‖W 1
2 [0,l] + (11)

+ ‖f (0, ·)‖L2[0,l] +

∥∥∥∥∂f∂t
∥∥∥∥
C(L2[0,l])

+ ‖ζ ′′‖C[0,T ]

]
for the solution of problem (7). It was proved in [16] for the identification hyperbolic problem with the Dirichlet
boundary condition. The proof of (11) is carried out according to the same approach. This completes the proof
of Theorem 1.
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Stability of the difference scheme

To formulate our results on difference problem, we introduce the Banach space Cτ (H) = C ([0, T ]τ , H) of
all abstract grid functions φτ = {φ (tk)}Nk=0 defined on

[0, T ]τ = {tk = kτ, 0 6 k 6 N,Nτ = T} ,

with values in H equipped with the norm

‖φτ‖Cτ (H) = max
06k6N

‖φ (tk)‖H .

Moreover, L2h = L2 [0, l]h is the Hilbert space of all grid functions γh (x) = {γn}Mn=0 defined on

[0, l]h = {xn = nh, 0 6 n 6M,Mh = l} ,

equipped with the norm ∥∥γh∥∥
L2h

=

{
M∑
i=0

|γi|2 h

} 1
2

,

and W 1
2h = W 1

2 [0, l]h ,W
2
2h = W 2

2 [0, l]h are the discrete analogues of Sobolev spaces of all grid functions
γh (x) = {γn}Mn=0 defined on [0, l]h with norms

∥∥γh∥∥
W 1

2h

=

{
M∑
i=0

|γi|2 h+

M∑
i=1

∣∣∣∣γi − γi−1

h

∣∣∣∣2 h
} 1

2

;

∥∥γh∥∥
W 2

2h

=

{
M∑
i=0

|γi|2 h+

M−1∑
i=1

∣∣∣∣γi+1 − 2γi + γi−1

h2

∣∣∣∣2 h
} 1

2

,

respectively. For the differential operator A defined by (2), we introduce the self-adjoint positive definite
difference operator Ah defined by the formula

Ahϕ
h (x) =

{
− 1

h

(
a (xn+1)

ϕn+1 − ϕn
h

− a (xn)
ϕn − ϕn−1

h

)}M−1

n=1

, (12)

acting in the space of grid functions ϕh (x) = {ϕn}Mn=0 defined on [0, l]h satisfying the conditions
ϕ1 − ϕ0 = ϕM − ϕM−1 = 0.

For the numerical solution
{{
ukn
}N
k=0

}M
n=0

of problem (1), we consider the first order of accuracy difference
scheme 

uk+1
n −2ukn+uk−1

n

τ2 −
(
a (xn+1)

uk+1
n+1−u

k+1
n

h2 − a (xn)
uk+1
n −uk+1

n−1

h2

)
= pkq (xn) + f (tk, xn) ;

tk = kτ, xn = nh, 1 6 k 6 N − 1, 1 6 n 6M − 1, Nτ = T ;

u0
n = ϕ (xn) ,

u1
n−u

0
n

τ = ψ (xn) , 0 6 n 6M,Mh = l;

uk+1
1 − uk+1

0 = uk+1
M − uk+1

M−1 = 0;∑M−1
i=1 uk+1

i h = ζ (tk+1) ,−1 6 k 6 N − 1.

(13)

Here, it is assumed that q1 − q0 = qM − qM−1 = 0 and
∑M−1
i=1 qi 6= 0. We have the following theorem on the

stability of difference scheme (13).
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Theorem 2. For the solution of difference scheme (13), the following stability estimates hold∥∥∥∥∥∥
{
uhk+1 − 2uhk + uhk−1

τ2

}N−1

k=1

∥∥∥∥∥∥
Cτ (L2h)

+
∥∥∥{uhk+1

}N−1

k=1

∥∥∥
Cτ(W 2

2h)
6 (14)

6M5 (q)

∥∥ϕh∥∥W 2
2h

+
∥∥ψh∥∥

W 1
2h

+
∥∥fh1 ∥∥L2h

+

∥∥∥∥∥∥
{
fhk − fhk−1

τ

}N−1

k=2

∥∥∥∥∥∥
Cτ (L2h)

+

+

∥∥∥∥∥
{
ζk+1 − 2ζk + ζk−1

τ2

}N−1

k=1

∥∥∥∥∥
C[0,T ]τ

 ,
∥∥∥{pk}N−1

k=1

∥∥∥
C[0,T ]τ

6M6 (q)
[∥∥ϕh∥∥

W 2
2h

+
∥∥ψh∥∥

W 2
2h

+
∥∥fh1 ∥∥L2h

+ (15)

+

∥∥∥∥∥∥
{
fhk − fhk−1

τ

}N−1

k=2

∥∥∥∥∥∥
Cτ (L2h)

+

∥∥∥∥∥
{
ζk+1 − 2ζk + ζk−1

τ2

}N−1

k=1

∥∥∥∥∥
C[0,T ]τ

 .
Here and throughout this subsection fhk (x) = {f (tk, xn)}Mn=0 , 1 ≤ k ≤ N − 1.

Proof. We will use the following substitution

ukn = wkn + ηkqn, (16)

where
qn = q (xn)

and

ηk+1 =

k∑
i=1

(k + 1− i) piτ2, 1 6 k 6 N − 1, η0 = η1 = 0. (17)

It is easy to see that
{{
wkn
}N
k=0

}M
n=0

is the solution of difference problem



wk+1
n −2wkn+wk−1

n

τ2 − 1
h

(
a (xn+1)

wk+1
n+1−w

k+1
n

h − a (xn)
wk+1
n −wk+1

n−1

h

)
=

= f (tk, xn) + 1
h

[
a (xn+1) qn+1−qn

h − a (xn) qn−qn−1

h

]
ηk+1;

1 6 k 6 N − 1, 1 6 n 6M − 1;

w0
n = ϕ (xn) ,

w1
n−w

0
n

τ = ψ (xn) , 0 6 n 6M,

uk+1
1 − uk+1

0 = uk+1
M − uk+1

M−1 = 0,−1 6 k 6 N − 1.

(18)

Applying the overdetermined condition
∑M−1
i=1 uk+1

i h = ζ (tk+1) and substitution (16), one can obtain that

ηk+1 =
ζk+1 −

∑M−1
i=1 wk+1

i h∑M−1
i=1 qih

. (19)

Then, using formulas pk = ηk+1−2ηk+ηk−1

τ2 and (19), we get

pk =
ζk+1 − 2ζk + ζk−1 −

∑M−1
i=1

(
wk+1
i − 2wki + wk−1

i

)
h

τ2
∑M−1
i=1 qih

,

Серия «Математика». № 3(91)/2018 93



A. Ashyralyev, F. Emharab

|pk| 6M7 (q)

[∣∣∣∣ζk+1 − 2ζk + ζk−1

τ2

∣∣∣∣+

∥∥∥∥∥whk+1 − 2whk + whk−1

τ2

∥∥∥∥∥
L2h

]
(20)

for all 1 6 k 6 N − 1. From that it follows∥∥∥{pk}N−1
k=1

∥∥∥
C[0,T ]τ

6M7 (q)

∥∥∥∥∥
{
ζk+1 − 2ζk + ζk−1

τ2

}N−1

k=1

∥∥∥∥∥
C[0,T ]τ

+ (21)

+

∥∥∥∥∥∥
{
whk+1 − 2whk + whk−1

τ2

}N−1

k=1

∥∥∥∥∥∥
Cτ (L2h)

 .
Now, using substitution (16), we get

uk+1
n − 2ukn + uk−1

n

τ2
=
wk+1
n − 2wkn + wk−1

n

τ2
+ pkq (xn) .

Applying the triangle inequality, we obtain∥∥∥∥∥∥
{
uhk+1 − 2uhk + uhk−1

τ2

}N−1

k=1

∥∥∥∥∥∥
Cτ (L2h)

6 (22)

6

∥∥∥∥∥∥
{
whk+1 − 2whk + whk−1

τ2

}N−1

k=1

∥∥∥∥∥∥
Cτ (L2h)

+

+
∥∥∥{pk}N−1

k=1

∥∥∥
C[0,T ]τ

∥∥∥{q (xn)}Mn=0

∥∥∥
L2h

.

Therefore, the proof of estimates (14) and (15) are based on equation (13), the triangle inequality, estimates
(21), (22) and on the following stability estimate∥∥∥∥∥∥

{
whk+1 − 2whk + whk−1

τ2

}N−1

k=1

∥∥∥∥∥∥
Cτ (L2h)

6M8(q)× (23)

×
[∥∥ϕh∥∥

W 2
2h

+
∥∥ψh∥∥

W 1
2h

+
∥∥fh1 ∥∥L2h

+

∥∥∥∥∥∥
{
fhk − fhk−1

τ

}N−1

k=2

∥∥∥∥∥∥
Cτ (L2h)

+

+

∥∥∥∥∥
{
ζk+1 − 2ζk + ζk−1

τ2

}N−1

k=1

∥∥∥∥∥
C[0,T ]τ


for the solution of difference problem (18). It was proved in ([9]) for the identification hyperbolic problem
with the Dirichlet boundary condition. The proof of (23) is carried out according to the same approach. This
completes the proof of Theorem 2.

Numerical Experiments

In this section, we study the numerical solution of the identification problem

∂2u(t,x)
∂t2 − ∂2u(t,x)

∂x2 = p (t) (1 + cosx) + e−t cosx, x ∈ (0, π) , t ∈ (0, 1) ;

u (0, x) = 1 + cosx, ut (0, x) = − (1 + cosx) , x ∈ [0, π] ;

ux (t, 0) = ux (t, π) = 0, t ∈ [0, 1] ;∫ π
0
u (t, x) dx = πe−t, t ∈ [0, 1]

(24)

for a hyperbolic differential equation. The exact solution pair of this problem is (u (t, x) , p (t)) =
= (e−t (1 + cosx) , e−t) .
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For the numerical solution of problem (24), we present the following first order of accuracy difference scheme
for the approximate solution for the problem (24)

uk+1
n −2ukn+uk−1

n

τ2 − uk+1
n+1−2uk+1

n +uk+1
n−1

h2 = pk (1 + cosxn) + e−tk+1 cosxn;

tk = kτ, xn = nh, 1 6 k 6 N − 1, 1 6 n 6M − 1;

u0
n = 1 + cosxn,

u1
n−u

0
n

τ = − (1 + cosxn) , 0 6 n 6M,Mh = π,Nτ = 1;

uk+1
0 − uk+1

1 = uk+1
M − uk+1

M−1 = 0;∑M−1
i=1 uk+1

i h = πe−tk+1 ,−1 6 k 6 N − 1.

(25)

Algorithm for obtaining the solution of identification problem (25) contains three stages. Actually, let us define

ukn = wkn + ηk (1 + cosxn) , 0 ≤ k ≤ N, 0 ≤ n ≤M, (26)

Applying difference scheme (25) and formula (26), we will obtain the formula

ηk+1 =
πe−tk+1 −

∑M−1
i=1 wk+1

i h∑M−1
i=1 (1 + cosxi)h

,−1 ≤ k ≤ N − 1 (27)

and the difference scheme

wk+1
n −2wkn+wk−1

n

τ2 − wk+1
n+1−2wk+1

n +wk+1
n−1

h2 + 2(cosh−1)
h2 cosxn

∑M−1
i=1 wk+1

i h∑M−1
i=1 (1+cos xi)h

=

=
[
1 + 2π(cosh−1)

h2
∑M−1
i=1 (1+cos xi)h

]
e−tk+1 cosxn, 1 6 k 6 N − 1, 1 6 n 6M − 1;

w0
n = 1 + cosxn,

w1
n−w

0
n

τ = − (1 + cosxn) , , 0 6 n 6M ;

wk+1
0 − wk+1

1 = wk+1
M − wk+1

M−1 = 0,−1 6 k 6 N − 1.

(28)

In the first stage, we find numerical solution
{{
wkn
}N
k=0

}M
n=0

of corresponding first order of accuracy auxiliary
difference scheme (28). For obtaining the solution of difference scheme (28), we will write it in the matrix form as

Awk+1 +Bwk + Cwk−1 = ϕk, 1 6 k 6 N − 1;

w0 = {1 + cosxn}Mn=0 , w
1 = {(1− τ) (1 + cosxn)}Mn=0 ,

(29)

where A,B,C are (M + 1)× (M + 1) square matrices, ws, s = k, k±1, fk are (M + 1)×1 column matrices and

A =



1 −1 0 · 0 0 −1
b a+ c1 b+ c1 · c1 c1 0
0 b+ c2 a+ c2 · c2 c2 0
· · · · · · ·
0 cM−2 cM−2 · a+ cM−2 b+ cM−2 0
0 cM−1 cM−1 · b+ cM−1 a+ cM−1 b
0 0 0 · 0 −1 1


(M+1)×(M+1)

,

B =



0 0 0 · 0 0 0
0 e 0 · 0 0 0
0 0 e · 0 0 0
· · · · · · ·
0 0 0 · e 0 0
0 0 0 · 0 e 0
0 0 0 · 0 0 0


(M+1)×(M+1)

C =



0 0 0 · 0 0 0
0 g 0 · 0 0 0
0 0 g · 0 0 0
· · · · · · ·
0 0 0 · g 0 0
0 0 0 · 0 g 0
0 0 0 · 0 0 0


(M+1)×(M+1)

,
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ϕk =


0
ϕk1
·

ϕkM−1

0


(M+1)×1

ws =


0
ws1
·

wsM−1

0


(M+1)×1

, for s = k, k ± 1.

Here,

a =
1

τ2
+

2

h2
, b = − 1

h2
, e = − 2

τ2
, g =

1

τ2
;

d =

M−1∑
i=1

(1 + cosxi)h, cn =
2(cosh− 1)

hd
cosxn, 1 6 n 6M − 1,

ϕkn =

[
1 +

2π(cosh− 1)

h2
∑M−1
i=1 (1 + cosxih)

]
e−tk+1 cosxn, 1 6 k 6 N − 1, 1 6 n 6M − 1.

So, we have the initial value problem for the second order difference equation (29) with respect to k with matrix

coefficients A,B and C. Since w0and w1are given, we can obtain
{{
wkn
}N
k=0

}M
n=0

by (29).
Now, applying formula (17), we can obtain

pk =
ηk+1 − 2ηk + ηk−1

τ2
, 1 ≤ k ≤ N − 1. (30)

In the second stage, we obtain {pk}N−1
k=1 by formulas (27) and (30). Finally, in the third stage, we obtain{{

ukn
}N
k=0

}M
n=0

by formulas (26) and (27). The errors are computed by

Eu = max
06k6N

(
M∑
n=0

∣∣u (tk, xn)− ukn
∣∣2 h) 1

2

; (31)

Ep = max
16k6N−1

|p (tk)− pk| ,

where u (t, x) , p(t) represent the exact solution, ukn represent the numerical solutions at (tk, xn) and pk represent
the numerical solutions at tk. The numerical results are given in the following Table.

T a b l e
Error analysis

Error N = M = 20 N = M = 40 N = M = 80 N=M=160
Eu 0.0501 0.0250 0.0124 0.0062
Ep 0.0472 0.0244 0.0124 0.0063

As it is seen in Table, we get some numerical results. If N and M are doubled, the value of errors decrease
by a factor of approximately 1/2 for first order difference scheme (25).
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А. Ашыралыев, Ф. Эммараб

Шеттiк шарты Нейман түрiнде болатын
идентификациялық гиперболалық есептер

Мақала шеттiк шарты Нейман түрiндегi бiр өлшемдi гиперболалық түрдегi теңдеу үшiн идентифика-
циялау есебiн зерттеуге арналған. Идентификациялау есебiнiң шешiмi үшiн орнықтылық бағалаулары
алынған. Шеттiк шарты Нейман түрiндегi гиперболалық теңдеулер үшiн идентификациялау есебiн
сандық шешу үшiн дәлдiгi бiрiншi реттi айырымдық схема ұсынылған. Айырымдық схеманың шешiмi
үшiн орнықтылық бағалаулары келтiрiлген. Бұл айырымдық схема қарапайым есеп үшiн тексерiлiп,
сандық есептеулер нәтижесi келтiрiлген.

Кiлт сөздер: көздердi идентификациялау есебi, гиперболалық дифференциалды теңдеу, айырымдық
схемалары.
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А. Ашыралыев, Ф. Эммараб

Идентификационные гиперболические задачи
с граничным условием Неймана

В статье изучаена задача идентификации с граничным условием Неймана для одномерного гипер-
болического уравнения. Установлены оценки устойчивости решения задачи идентификации. Кроме
того, представлена разностная схема первого порядка точности для численного решения задач иден-
тификации для гиперболических уравнений с граничным условием Неймана. Установлены оценки
устойчивости решения разностной схемы. Эта разностная схема проверена на примере и представле-
ны некоторые численные результаты.

Ключевые слова: задача идентификации источника, гиперболические дифференциальные уравнения,
разностные схемы.
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