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Singularly perturbed control problems in the case of the stability
of the spectrum of the matrix of an optimal system

The paper considers a singularly perturbed control problem with a quadratic quality functional. Such
problems in their standard formulation under known spectrum restrictions (the points of the spectrum of
the optimal system are not purely imaginary and are located symmetrically with respect to the imaginary
axis) were previously considered using the Vasilyeva - Butuzov method of boundary functions. If at least
one of the points of the spectrum for some values of the independent variable falls on the imaginary axis,
the boundary functions method does not work. It is precisely this situation with the assumption of purely
imaginary points of the spectrum that is investigated in this paper. In this case, you have to develop a
different approach based on the ideas of the regularization method S.A. Lomov. It should also be noted that
in the control problems considered earlier, the cost functional either did not depend on a small parameter
at all, or allowed a smooth dependence on the parameter. In this paper, an irregular dependence on a small
parameter is allowed, in particular, the presence in them of a rapidly changing damping function in the
form of an exponential factor under the integral sign. In this case, the spectrum behavior of the optimal
system depends on the damping coefficient, which (under certain conditions) can shift the spectrum in one
direction or another in the complex plane. In this case, a situation may arise when some points of the
spectrum for individual values (or even on a certain continuum set) of an independent variable can become
purely imaginary. This situation is not amenable to investigation by the previously mentioned Vasilieva -
Butuzov method of boundary functions. However, it can be fully studied using the regularization method
S.A. Lomov, the algorithm of which is applied to the considered control problem in the present paper. The
presentation of this method begins with a brief description of the maximum principle of L.S. Pontryagin
for the classical optimal control problem, which then, along with other ideas, is used to justify the results
in the considered control problem.
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Introduction

The presentation of the regularization method of S.A. Lomov [1] begins with a brief description of the
Pontryagin’s maximum principle for the classical optimal control problem, which is then applied to a linear
singularly perturbed control problem with a quadratic quality functional (cost functional) in the case of a stable
spectrum of the matrix of an optimal system.

Consider a linear control system

dx

i A(t)z + B(t)u + h(t), =(0) = 2°; (1)
. T
J(u) = 5 /(x*Q(t)x + u*R(t)u)dt — min, (2)
0

where x(t), h(t) are n — dimensional; u(t) is m — dimensional vector functions, x° is a constant n-dimensional

vector; A(t) is (n x n)—matrix; B(t) is (n x m)— matrix; @ (¢) is a symmetric non-negative definite (n x n)—
matrix, R (t) is a symmetric positive definite (m X m)— matrix, * is a transposition sign. It is required to transfer
the system (1) from a given initial position z(0) = z° to a position z(T') in a fixed time 7' < +oo (x(T') is not
fixed) so that the functional J(u) takes the minimum value. A similar problem was considered in many sources
devoted to the theory of optimal control. Our presentation follows the monograph [2]. We introduce a variable
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xg = (1), satisfying the equation &g = fo(z,u,t), z(tg) = 0 (where fo(z,u,t) = 3(z*Q(t)x +u*R(t)u)). Then
the problem (1)—(2) will be rewritten as

4z — fo(x,u,t),x(()) =0;
dci = A(t)z + B(t)u + h(t),z(0) = 2Y; (3)
mo(T) —min, 0<¢<T.
Denote f(z,u,t) = {f1,..., fn} = A(t)z + B(t)u + h(t) and make Hamiltonian
f1

FI(%xaUat):wofo—F ilesz¢0f+(¢1v'“vwn) f =
7= n

= $9o(x*Q(t)z) + 5o (u* R(t)u) + ¢v* A(t)x 4+ ¢¥* B(t)u + *h(t),

where ¥* = (¢1,...,%,). According to the maximum principle should be 1, (t) = const < 0. In the problem
with a fixed time T and with a free end of the trajectory are equalities

Yo(T) = —1,91(T) = ¢o(T) = ... = 1, (T) = 0

(transversality conditions; see [2; 260]), therefore 9/g(t) = —1, and the function H takes the form

H(¢7$7u7t) = _[%(w*Q(t)x> ( ( ) )
—y*A(t)z — v* B(t)u — ¢ h(t)] = ~[3(2*Q(t)z)+
+5(u*R(t)u) + p* A(t)z + p*B(t Ju+ ph(t))

where it is indicated: p* = —¢*. The function H must reach a maximum on the optimal control u = wu(t), which
means, that the function H(p*, z,u,t) = 1(z*Q(t)x) + 3 (u* R(t)u) + p* A(t)x + p* B(t)u + p*h(t) should reach to
uw = u(t) the minimum. We note now that dftj = de (j = 1,n), therefore, the auxiliary functions p; = —;(t)
satisfy the system of differential equations d;;j = &r , j = 1,n (the equation py = aTI{) is not written out, since
it is trivially satisfied, because 1o (t) = —1, gﬁ) = 0). In terms of the function H , this system can be written in
the form R

— =——,5=1,n. 4

dt 8$j J ( )

Calculate g% We have (consider that Q(t) is a symmetric matrix)

8 = 2 (4" QU +27 AW)2) = e;Q(r+
2" Q(t)e; + p*Alt)e; = H(Q(t).e5)+
Qs 1) + (Alt)es.p) =
= $(5,Q(0)e) + 1(Q(1)e;. ) + (Alt)ey.p) = (e, Q(t))+

(
+(ej, A*(t)p) = (e, Q(t)x + A*(t)p),

where e; = {O, ..,0,1,0,..., 0} ,j = 1,n. Therefore, the system (4) has the form

dp; .
= (e, Q) + A*(0p).j = T &
Y e e A(bp. ©)
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On the other hand, to search for the minimum points of the function fl(p*,xo,x, u, t) relative to u, we must
find its critical points (note that R(t) is a symmetric matrix ):

s€5R(t)u+ LU R(t)e;

< (e, R(t)u) =
& (e, R(t)u) = —(e;, :
& R(tyu=—B*(t)p & u=—R1(t)B(t)*p.

So, the only one critical point u = —R7L(t)B*(t)p is obtained. In order to check whether it will realize the
minimum of the function H for u, consider the matrix of the second derivatives:

FZI = 2 [(e;, R(t)u) + (5, B* (t)p] =
= 52 (ej, R(t)u) = (ej, R(t)ex) = R;i(t), 4,k = T,n,

where Rjj are the elements of the matrix R(¢). This shows that the matrix (52— T, a ) does not depend on wu.
Since R(t) is a positive definite matrix, then the point u = —R™'(t)B*(t)p is 1ndced the minimum point of
the function H for u. So, if the optimal control of problem (1)—(2) exists, then it necessarily has the form
u = —R~Y(t)B*(t)p, where p = p(t) satisfies system (5) and = = x(t) is calculated from the system (3). In other
words, the optimal system has the form

% = A(t)z — B{)R™'(t)B*(t)p + h(t), 2(0) = 2°; (©)

&% =—-Q(t)z — A*(t)p,p(T) = 0.

It follows from [3] that the control u = —R~1(#)B*(t)p, where p = p(t) satisfies system (6), is optimal, and the
corresponding trajectory x = x(t)is the optimal trajectory. The boundary-value problem (6) with continuous
matrices A(t), B(t), R(t),Q(t) and with continuous function h(t) on a segment [0,7] can be ambiguously

solvable, and then the optimal control u = —R™1(t) B*(t)p is calculated ambiguously. For the unique solvability
of problem (6), it is necessary to require that the corresponding homogeneous boundary value problem

de — A(t)x — B(t)R™\(£)B* (t)p, (0) = 0; (60)
B = —Q(t)x — A*(t)p, p(T) = 0. 0

Has only a trivial solution (x (t),p (t)) = 0. This will take place, for example, in the case when h(t) = 0 and
p(t) is linear depends on phase coordinates: p(t) = K (t)z(t). Indeed, in this case (as shown in [3; 318, 319]), the
(n x n) — matrix K(t) # 0 is symmetric and satisfies the nonlinear Riccati matrix differential equation:

K=—-K-At)— A*(t)- K+
+K -B(t)R7Y(t)-B*(t)- K — Q(t), K(T) = 0(t € [0,T)),

and homogeneous problem (6y) takes the form

% = [A() = BOR'(O)B*()K (t)] =, 2(0) = 0;
p(t) = K(t)x(t).

This problem has only one solution (z (t),p(t)) =0 .
2 Singularly perturbed control problems. Building an optimal system

We now consider a singularly perturbed control system
ed —A<t> (t, e)+B(t> (t.e) +f< ),2(0,6) =2°,0 <t < T;
T ¢
u) =1 [(z*Q(t)x +u*R(t exp(lf,u > (™)
0 T

where € > 0 is a small parameter, x(¢,¢), f(t) are n — dimensional, u(¢,¢) is m — dimensional vector functions,

2 is a constant n-dimensional vector; A(t) is (n x n)—matrix; B(t) is (n x m)—matrix; Q (t) is a symmetric
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non-negative definite (n X n)— matrix; R (¢) is a symmetric positive definite (m X m)— matrix, w (t) is a scalar
function, ¢ € [0,T], * is a transposition sign. It is required to transfer the system (7) from a given initial position
2(0) = 20 to a position z(T) in a fixed time T' < +oo (z(T) is not fixed) so that the functional J(u)takes the
minimum value. In order to obtain asymptotic representations for x(¢,e) and u(t,e) in the form of series in
powers of e, we require the following conditions to be satisfied:
19. The elements of the matrices A(t), B(t),Q(t) and R(t), as well as the components of the vector f(t)
and the scalar function p(t) belong to C*°([0,T],R).
Applying the Pontryagin’s maximum principle (see system (1) in the previous section) and taking into
account that the role of A (t) is played by the matrix fA( ), role B (t)- matrix 1B (t), role Q (f)— matrix

ezp( S8 ); role R(t) — matrix R (¢ exp( fu >; role h (t)- function 1f (t), we get the

following optlmal system:
e2i = eA(t)z — B(t)R™1(t)B*(t)exp <—1 ft,u(G)dG) p+ef(t),z(0,e) = 2°,
T
——cQ(eap ([ u(6)db ) o = A (p.p(T.) =

Doing successive replacements

t
1
erx =1y, exp —E/M(G)dﬁ p=q, {y.q} =2 (8)
T

and taking into account that

0= (& o) OB g

we arrive at the following singularly perturbed boundary value problem with weak inhomogeneity:

edhy®) =AMy ()= B(t) R (t)-B* () q(t) +ef (t);
e (t)=—q®)p(t) —Q M)y (t) — A" (t)-q (1),
. ez=S({t)z+¢eh(t), 0<t<T, 9
Gz=Mz(0,e) + Nz2(T,¢e) = eq, (9)

where S(t) is (2n x 2n)—matrix with elements from the class C*°[0, 7] :

so=( o G )

where M = diag(1, ..., 1,0, ...,0), N = diag(0, ...,0,1,...,1),h(t) = f(¢),0,...0, @ = 2°,0, ..., 0 are 2n— dimensional
vectors. In this case, the optimal control (see 1) will be

| *
u(t)=--R L) B (t)q(1). (10)
8 Regularization of the optimal system. Construction of solutions of iterative problems

Without detracting from the community, we may assume that 7 = 1. Let b;(t), d;(t) (j =1,2n) are
eigenvectors of matrices S(t) and S*(t) corresponding to eigenvalues A;(¢) and \;(t), respectively, and, moreover,
(bj(t),d;(t)) = &;; is Kronecker’s symbol. Suppose that besides the condition 1°, two more conditions are
performed:

20. The spectrum {);(t)} of the matrix S(t) has the properties:

a) A\j(t) #0,5 =1,2n,Vt € [0,1];

b) Ai(t) 2 Aj(£),i # 4oi, j = T2, € [0,1];
¢)Re A\j(t) < 0,5 =1,m,Re);(t) > 0,j = n+1,2n, ¥Vt € [0,1];
d) Re>\1( ) <ReXa(t) < ... < Redgn(t).
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3. det(bi;(0))7 =y - det(bi;(1))77_,, 41 # 0.

Here b; = colon(b;j, ..., banj),7 = 1,2n; the conditions 3° mean that in the matrix B (t) = (b; ; (t); j=1zn
the left angle minor det(b;;(?));;—; of order n does not vanish at the point ¢ = 0, and the right angle minor
det(b;(t))7%_, 11 of order n does not vanish at the point t = 1.

The listed conditions 1° — 3° are realizable. To verify this, consider the following scalar problem:

5(%30())_ (1)+€U() f(t),2(0) =2 (0<t<1);
:%f( t)Q) e'= dt — min.

By completing the replacement (8), we obtain the optimal system

()3 7))o wsesn
y(0) =ex”, (1) =0.

The eigenvalues and eigenvectors of the matrix S(t) are follows:

262t
A1 % SV 9+ 4e?t < by (t ( —3+\/19+4T2t ) ;

1.1 _—2e%
A2<t>—2+2¢m9bz(t)_<%@ >

Obviously, all the conditions 1° — 3% for them are realized.

We draw attention to the fact that in the considerate problem may arise a situation when some points of
the spectrum on separate values (or even on some continual set) of independent variable can become purely
imaginary. This situation is not amenable to the study of the known methods of asymptotic integration (for
example, using the Vasilyeva-Butuzov method of boundary functions [4-7]. However, it can be fully studied
using the Lomov’s regularization method [1, 8-10]. Note, that the regularization method [1, 8] allows us to
investigate a wide class of problems in the theory of singular perturbations [11-25].

For the regularization of problem (9), we apply the algorithm of the regularization method, developed for
singularly perturbed problems in [1]. We introduce regularizing variables

—1f)\k )ds = o, (t, 1) k=1, 2n;
o= —t =0, tpy1=..=ton =1

and consider a new function Z = Z(t, 7, ¢), for which we set the following problem:

Eat+z>\ () 52 — S (t) 2 = eh(t);
Gz(th)fM (Mo, e)+ Nz (M,e) = ea,

(09 () (1)) #(:2) = () -2)-

If 2= Z(t,7,0,¢) is a solution to problem (11), then the restriction z(¢,e) = 2(¢t, ¢ (t, %) ,€) will obviously be a
solution to problem (9). The resulting problem (11) is regular in €, and therefore we are looking for its solution

in the form of a series -
P=) e'z(t,T) (12)
i=0

by non-negative powers of the parameter €. To determine the coefficients of this series, we obtain the following
iteration systems:

(11)

where

L()ZO Z)\ 6 (t) zZ0 = 0, GZO (t,T) = MZO (Mo) + NZQ (Ml) = O, (130)
TJ
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L()Zl =h (t) — ,GZl = Q] (131)

ot

0z 1
ot

In order to study the solvability of problems (13¢), (131), (13;), consider the general iterative system

L()Z,‘ = — s GZZ' = 0, 1= 2,3, cee s (131')

Lo = H(t,7,0). (14)

We will find a solution to system (14) in the space of functions

U= {E(t,r) €= ng(t)e”“ +&(t) & (1) € C([0,1]),C*™), k = O,2n} ,

k=1
in which is the following scalar (for each ¢ € [0,1]) product is introduced

2n

< §(t77-)’<(t77—) >= Z(gk (t)’Ck (t))a ng(t’T)v C(t’T) ev,

k=0
where () is the usual scalar product in the complex space C?". Suppose that the right-hand side of system (14)
2n
belongs to U, that is H(t,7) = > hg(t)e™ + Hy(t) € U. The following assertion holds true, which is proved in
k=1

the same way as the analogous assertion in [1].
Theorem 1. If conditions 1°,2°(a, b, ¢) are satisfied and H(t,7) € U, then for the solvability of system (14)
in space U, it is necessary and sufficient that

< H(t,7,),di (t)e™ >=0,Vt € [0,1], k =1, 2n. (15)

Remark 1. Under the conditions of Theorem 1 the system (14) has the following solution in the space U:

2n 2n n
)= @)+ > Hia(t)ba(t) | €™ + > Hop(t)bi(t); (16)
k=1 s=1,s#k k=1

where ay,(t) € C°°([0, 1], Ct)are arbitrary functions, Hy(t) = (A (t) — As(8)) "L (He(t), ds(1));
Hou(t) = —(Ho(t), dy(0)/M(t), ks = T2,

Theorem 2. Let the conditions 1°-3° be satisfied, H(t,T) € Usatisfies the requirements (15). Then the system
(14) under boundary conditions G¢ = &Y and additional conditions
23

< - F ), di(t)e™ >= 0T 2n, ¥t € [0,1], (17)

where g(t) € C*([0,1],C?") is a known function, is uniquely solvable in U for e € (0,&0], where g > 0 is
sufficiently small.

Proof. We use the conditions of orthogonality (17) and obtain equations for the unknown functions oy (t) in
the representation (16):

2n
ag(t) + (bk (t),di (t)ax = — Z Hks(bs (t),dg (t)),k =0,2n. (18)
s=1,s#k
From equations (18) we find
— [ (g di)d6 2n [ (b oy )d6 .
an(t)=e 0 0) - 3 /eof Y Hys (@) (bs (2) , di (2))dz], (19)
s=1,s#k
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where ay(0), k = 1,2n, are while unknown numbers. Subordinate the vector function (16) to the boundary
condition G¢ = &° & ME(0,¢(0,2)) + NE(1,9(1,2)) = €% To simplify the calculations, we write the
solution (16) in the form

£(t,7) = ® (t)diag (€™, ...,e™" ) (t) + £(t, 7),
where a(t) = {ag (t),..., a2, (1)}, ®(t) = (b1(t), ..., ban(t)) is the matrix of the eigenvectors of the matrix T'(t),
and by & (t,7) is denoted the particular solution of system (14):

2n 2n

=3[ S Hub) | e+ 3 Hort)bi(o).
k=1

k=1 \s=1,s#k

The condition G¢ = £° gives:
o (0) diag (1, ey 1, ew“'“(o’é), ...,em"(o’é)) a(0)+
FN® (1) diag (e%(lé), een(B) 1) ,1,) a(l) = (20)
=1(e), 1(e) =€ = ME(0,0 (0, 1)) + NE (L (1, 1)) -
From equality (19) we find that

- Jlﬁ(i’k-,dk)de f(bmdk)d@ .
ap(ly=e © [ak(0) — Z /60 Hy, (2) (bs (z) ,dg (z))dz], k =1, 2n,

s=1,s#k
S0 ) )
— [(b1,dy)dO — [(ban,don)do
a(l) = diag(e G yeen € f (amit ) (0) + B,
where ( is a constant vector having the form
on 1 =
J(b1,d1)d8
s=—( Y [ @ (b @) b @) de
s=1,s#17
2n H
[ (b2n,d2n)do
S /61 1 (@) (by (), dan (2) ) do}

Substituting a (1) in (20), we will have

[M(I) (0) dlag (]-7 () ]-7 eép”Jrl(O’%X ceey 6(’02"(0’%)> +

s ey € ,e o

1 1 1
1,1)—[(b1,d1)do w(1,2) = [(bn,dn)d0 = [(bns1,dni1)do — [(ban,d2n)d8
+N® (1) diag (ecpl( ) {uds en(t2) { {Grtrrdnns y ey € anida )]x (21)

xa(0) = 1(g) — NB.

We divide the matrix ® (¢) into blocks of size nxn : ® (t) = P11 () D12 (1) and we introduce the notation:
Doy (t) Pao (t)
Ay (1) = diag (A1 (1) 5 An (1)) A2 (1) = dlag nt1 (1) 5o Aon (£));
it
Gy = dia ( [ (b1, d1)dd,. bn,d 9),
0
1 1
G2 = diag (— f(bn+17dn+1)d97 ey — f(bgn, dgn)d9>
0 0
Then the determinant A (¢) of the system (21) can be written as
Ae) = @1, (0) 1y (0) et i A2(0)d0
Doy (1) eé f(ll A1(0)do+Gy Doy (1) €2
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To calculate it, we apply the block Gauss method (see [26; 44, 45]). Multiply the first «column» of this
determinant by —®7;' (0) @12 (0) et T 82040 the matrix and adding the result to the second «column», we
get that

o4, (0) 0

Ae) = By (1) ot Jo A(0)dO+Gr fr

= det ®1; (0) - det K,

where K = @95 (1) %2 — &7 (0) 15 (0) e* JPA2(0)d0 g, (1) et Jo A1(0)d9+G1 - Considering conditions 20¢), we
conclude that A(e) — A(0) = det ®y; (0) - det[®as (1) e“2 (¢ — +0). By virtue of the condition 3° the
determinant A (0) # 0, and therefore A (g) # 0 for € € (0,e0] and ¢ > 0 is sufficiently small. This means
that system (21) has a unique solution « (0) = o (g). Substituting this solution into (19), we find uniquely
the functions oy (t) = ag(t, €), and, therefore, we calculate the solution (16) of system (14) in the space U in a
unique way. The theorem is proved.

4 Correct solvability of a singularly perturbed two-point boundary
value problem and estimation of the remainder term

Applying Theorems 1, 2 to iterative problems (13;), we find in a unique way solutions of these problems in
space U and construct series (12). Arguing by analogy with the monograph [1; 107-126], we prove the following
result.

Lemma 1. Let the conditions 1° —3° be fulfilled. ~ Then the function zn(t) = Sn(t, ¢ (¢, 1),

€)= Z iz ( ) 9”(t)) satisfies the problem

dZEN

T = S(M)zen (1) +eh(t) + N Ry (Le), Gren(t) = e,

where ||[Ry(t,€)||cp0,1] < Ry = const for e € (0,e0] (0 > 0 is sufficiently small).
To substantiate the asymptotic convergence of the formal solution z.n(t) = Sy (¢, ¢ (t, é) ,€) of the problem
(9) to its exact solution z(t,e) , we must prove the solvability of an arbitrary boundary value problem

dz

e = S(t)z + h(t), Gz(t,e) =2° t €[0,T], (22)

under the above conditions 1Y — 3% and give an estimate of its solution through ||z°|| and [|A(¢)||. Under
conditions of stability of the spectrum {\;(¢)} of an operator S(¢), such an estimate was carried out using
the Green function (see, for example, [1]), the construction of which essentially uses a rather strict condition
20d). Here we propose another procedure based on the study of a special integral equation equivalent to system
(22). The implementation of this procedure (its main ideas are presented in [27]) makes it possible to avoid
constructing the Green function, and also to get rid of condition 2°d). We formulate some of the statements
from [27], which will be used later.
Consider a more general, than (22), boundary value problem

dw

o S(tyw + h(t), lw = Myw(0) + Nyw(T) = w°, t € [0,T], (23)
not containing a parameter. We assume that M; and Nj are arbitrary (mxm)-matrices, w = {w1, ..., wm}, S(t)
is a well-known (m x m)-matrix, h(t) = {h1,...,h,} is a well-known vector function, w® = {w?,... , wd } is a

well-known constant vector. We formulate conditions under which the boundary value problem (23) is solvable.
Let ®(t) be the fundamental matrix of solutions of the corresponding homogeneous system w = S(t)w with
columns ¢;(t) , i.e. ®(t) = (c1(t), ..., cm(t)). Form the matrices

()=( () » ek (1); 0, 0);
() = (0, 05 ce1 (), . (),

where k € {1,...,m} is an arbit'rary number. The following properties of these' matrices are obvious:
a) @1(t) + ®o(t) = ®(t); b) @,(t) = S)P;(t),5 = 1,2; c) D1(t) + P2(t) = O(2).
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Lemma 2 [27]. Let the matriz S(t) € C*=([0,T],C™*™),h(t) € C*>([0,T],C™).Then the general solution
of the system w = S(t)w + h(t) on the segment [0,T] can be written as

t t
w(t,co) = ®(t)co + <I>1(t)/<I>_1(9)h(9)d9 + Do(t) / d~1(0)h(0)db, (24)
0 T
where ¢y € C™ is an arbitrary constant vector.

Proof. Since ®(t)cy it is a general solution of the corresponding homogeneous system, it is necessary to show
that the vector function

B(t) = By (1) / &= (0)h(6)d0 + D (1) / =1 (0)h(0)d0 (25)

is a particular solution to a non-homogeneous system of equations w = S(t)w+ h(t). Using the properties a) — c)
of the matrices ®;(t) , we will have

dw
dt

+Bs(2) / O (0)h(0)d6] + h(t) = AR)B(E) + h(D),
T
that is, function (25) is indeed a solution of an non-homogeneous system w = S(t)w + h(t). The lemma is
proved.
Lemma 3 [27]. Let the conditions of Lemma 2 be fulfilled. Then for the unique solvability of the boundary
value problem (23) it is necessary and sufficient that

det[M; ®(0) + Ny ®(T)] # 0. (26)

If condition (26) is satisfied, then the solution of the problem (28) is given by formula (24), where the vector
cohas the form

co = [Mlq)(O)CO + Mlq)(T)]_l(’wO — Ml(PQ(O) @‘1(6)h(9)d9—

N—o

T (27)
—N1®1(T) [ ©~1(0)h(6)db).
0

Proof. Subject (24) to the boundary condition lw = w°®. We will have

M1 ®(0)co + M1 ®5(0) [ 1(0)h(0)dO + N1®(T)co+

\o

+N10(T) | @ H(O)(0)do = w";

<:>\H o
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or

0
[M1®(0) + Mo®(T))co = w® — M1<I>2(0)/<I>*1(0)h(9)d0)—
T

T
— N1 &y (t) /qu(em(a)de
0

For the unique solvability of this system, it is necessary and sufficient to satisfy condition (26). At the same
time, cg has the form (27). The lemma is proved.

We now turn to the study of the solvability of the boundary value problem (23). According to [1; 109, 110],
under the assumption that S(t) € C*(]0, 7], C*"*?") transformation

z = [B(t)(I +eBi(t))n(t,e),
where B~L(t)T(£)B(t) = A(t) = diag(M (£), .. ., Aan());

Oa ZZ]:

(Bi®)i; =3 waomB OB M)y, i#j (L.j=12n),

leads system (22) to the system

et = Ao(t,e)n +e>C(t,e)n + Ha(t,e);
Pi(e)n(0,¢) + Pa(e)n(T,e) = 2°,

where indicated:
P1( ) (0)I +eB1(0)], P2(e) = N[B(T)(I +eBi(T)];

= M[B
Ao(t, ) = diag(A1(t) +epa(t), .., Aan(t) + epan(t));
Hy (1) = [B#)(I + =By (8)~h(t)
and C(t,¢) is a known matrix. Let ®(¢,¢) be the fundamental solution system of a shortened system

dz

ey = Ao(t,e)z. (29)

Obviously, it can be taken in the following form:

t__
L [A(0,e)do
e o

D(t,e) = :0
A

¢ ) 30
L [A(0,e)do ( )
T

0 e

where
(1) = diag(\ (£) + a1 (), -, An(t) + pn());

A(t) = diag(Ans1(8) + eptng1 (B), - Ao (1) + epizn (1))

Using (30) and Lemma 3, we reverse the system (28) and obtain an equivalent system of integral equations

n(t,e) = @(t,e)co(n)+

t
+®1(t,e) [e® 1 (s,e)C(s,e)n(s,e)ds+
0
Py (t,e) _
+—=]® (s,e)Hy(s,e)ds+
Jo e (31)
+(I)2(t,5)f5(1) 1(5,5)0(3,5)77(5,5)d$+
@ !
+ 2205 [ @7 (s,e) Hi (s, €)ds,
T
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where

co(n) = [P1(e)®(0,¢) + Po(e) (T, )] ™"

0
x [2Y = Pi(e)®2(0,¢ /5(13 L(s,e)C(s,€)n(s,e)ds—
T

T
Py (T, ) / e (s,)C(s, (s, £)ds—
0

0

—Pi(e /(IJ Ys,e)Hy(s,e)ds— (32)
T
T

—Py(e /cblssHlss)d

0
and by ®;(t,¢) we denoted (2n x 2n)-matrices

%f NGRS gff(e,e)e
0 T

(I)l(ta 5) = dlag( 70); ¢2(t7 E) = dla‘g(07 €

Substituting (32) into (31), we write the integral system in operator form:

n = An. (33)

Obviously, the operator A acts from space C' ([O, T, CQ") to itself. In assessing the norm ||An; — Ansl|, we
use the fact that the product ®;(¢,e)® 1(s,¢) is uniformly bounded of ¢ (for sufficiently small ¢ > 0) for s
and ¢ satisfying the inequalities 0 < s < ¢ < T, and the product ®5(t,e)®1(s,¢) is uniformly bounded (for
sufficiently small ¢ > 0) for s and ¢ satisfying the inequalities 0 < ¢ < s < T. Let us show this. We have at
0<s<t<T:

@1 (t, €)@~ (s, €)||

t
= [lexp{ %f 0) do}|| = |lexp{ f 0) do}|| <

1 1
< ||diag(eacp{g/Re/\ldé’}7 . .,exp{g/Re/\ndG}Hx

><Hdiag(exp{/Reu1d9}, . .,exp{/Re,undG}H < v = const;

because Re\;(0) <0 when 0 <s<0<t<T,i=1,n When 0 <t <s<T we have
||‘I’2(t )2 (s,e)|| =
= |lexp{ fAd9}|| = ||€l‘p{—*fR€Ad9}|| <

1] 1]
< Hdiag(exp{—g/Re)\nﬂde},...,(emp{—g/Re)\gnde}Hx
t t

t t
X ||dmg(exp{f ReMnJrlde}v ce ,exp{f R€M2nd9})|| <

< vy = const,

since ReA;(6) > 0 when 0 <t <60 <s<T,j=n+1,2n.In this case, constants 1, and v, does not depend on
€ when ¢ € (0, &p], where g9 > 0 is sufficiently small.

32
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We now turn to the estimate [[An — Ana|| = [|[An — Anal|cpo,r)- Using the boundedness of matrices
D1 (t,e) x ®71(t,e) and Pa(t,e) - D1(¢, ¢), we will have

[[Am = Anell < 119 (E: €)(colm) = o(m2)) |+
+el[ @1 (¢, €) f@‘l(svf)C(s,E)(m(svf) — n2(s; €)ds[+

t

+EH(I)2 fq) 5)(771(375) - 772(875)d8|| S
T

< wollco(m) — 00(772)|| Jr&?V3||771 — || + eval|m — mell.

On the other hand,
lleo(m) = co(n2)|] < ||(P1(e)®(0,€) + Po(e)@(T, ) || x

0
X (|[ePy () ®4(0, /q) L (5,€)(m (s, ) — n2(s,€)ds]|+
T
T
+[[ePa(e)®1(T,e) [ 74 (s,€)(m(s, ) —ma(s,e)ds]|) <
0

< 5ur\|771 — n2ll-

Substituting this into the previous inequality, we get ||An — Anz|| < evg||n — n2]|, where vg do not depend on
e at ¢ € (0,e0). From here it follows that the operator A is contraction operator in space C ([0,7],C?"), and
therefore, the equation (33) is uniquely solvable in C ([0, 7], C?") .

From (31) and (32), passing to the norms in C ([0, 7], C*") ,we get

g
(¢, &)l < volleo)l + evrlinll + [ H1ll;

1%
lleo(m)]] < vo.||2°]] + eviolInl| + %||H1||7

which means, that
1

— 5(1/7 =+ Vlol/())

Vs + Vo1

Il < 5 (vovel |2l + [ Hl)-

Take ¢ > 0 such that
1-— E(V7 + VIOVO) >

N)\»—A

Then
Vg + Vo1

[Inl] < 2(vovel|2°I] + [[H)-

Since z = [B(t)I + By (t)]n(t, ), then the initial boundary problem (22) is uniquely solvable in C"* ([0, T, C*")
and for its solution z(¢,¢) we have the estimate

Ky
l2(t,€)llcro,r) < Kall2°]] + — llkllero,n- (34)
However, all our calculations are correct only when
| det[Py(e)®(0,¢) + Pa(e)®(T,e)]| > 61 = const >0 (35)

at € € (0,g0]. Insofar as Pi(e) = MB(0) + eMB;(0), Po(¢) = NB(T) + eNB1(T), then inequality (35) for
e € (0,&0] follows from the fact that

| det[M B(0)®(0,¢) + NB(T)®(T,¢)]| > 2 = const >0
for € € (0,&0]. This fact follows from the conditions 3%a) — 3%), what can be proved in the same way as the

inequality |A(g)| > dg = const (see system (21) and the following calculations).
The following result is proved.
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Theorem 3. Suppose that S(t) € CL([0,T],C**2") h(t) € C([0,T],C*") and the conditions 1°,2%) —
20¢), 39 are satisfied. Then for sufficiently small e € (0, 0] the boundary value problem (22) has a unique solution
z(t,e) and estimate (34) is valid for it.

Using the estimate (34) for the remainder term ry (t,€) = z(t,€) — zen(t), as well as Lemma 1, we can
easily prove the following statement.

Theorem 4. Let the conditions 1°,2%) — 2°¢), 3% are fulfilled. Then the boundary value problem (9) for
sufficiently small € > 0(0 < € < €q) is uniquely solvable in the class C1([0,T],C*") and the estimate

[|2(t,€) = zen (®)]lcpo,r) < One™ ™!
holds true ( here Cy > 0 is a constant independent of € € (0,e0], z-n(t) = Sn(t, ¢ (t,1),¢) the formal
asymptotic solution constructed above.

So, we have obtained the asymptotic solution of the problem (9) in the form of a series (12), taken at the
restriction 7 = ¢(t, 1). Using equations (8) and (10), we construct the asymptotics of the optimal control u(t, )
and the optimal trajectory z(t, ).

Remark 2. Due to the uniqueness of the solution of the system (13¢) in space U, it will have only a trivial
solution zy = zg (¢, 7) = 0, therefore the asymptotic series for the optimal control (10) and the optimal trajectory
z (t,e) = %y (t,e) will not contain coefficients with a negative degree of the parameter e.

Remark 3. Condition 2°d) is related to the construction of the Green function for the boundary value
problem (9) and its application in estimating the remainder term (see [1; 108-126]). Using our technique, one
can do without constructing the Green function and then condition 2°d) can be removed.
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A.A. Bo6omxkanos, B.T. Kamumberos, B.®. Cadonon

OHTaitapl >KyiieHiH MaTPUIIACBIHBIH, CIIEKTPi yaaiibl 00JIFaH
KarJaiaarbl 0acKapyablH CUHTYJIAP aybITKbIMAJIbI eceli

Maxkasaza camasbiH KBaIpaT (DYHKIIMOHAJBI O0ap CHHTYJISP aybITKBIMAJbI ecebi KapacThIpbLIabl. MyHmait
ecenrrep GypBIH CIIEKTPIH Gesrrii mekTeysiepinge (OHTANRIBI XKYHEeHIH CIIEKTP HYKTeJIepi Ta3a XKopaMaJl eMeC
JKOHE KOpaMaJl OCbKe KATBICTBI CUMMETPHSIBI OpHaacca) Bacuibesa-ByTy30BThIH eKapasblk, QyHKIMsI-
Jlap 9JIici apKbLIBI KapacThIPBLIFaH. Krep crekTp/iiH HYKTesepiHiH eH O6oiMaraHaa Gipeyi Toyescis aitHbI-
MAaJIBIHBIH KeHbip MoHIEepiH/e >KopaMaJjl OCbKe TycCe, IMEKAPAJIbIK (PYHKIUAIAD O/IiCi KYMBIC icTeMeii.
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2Kymbicra ciekTpiin Tasa x)opamaJi HyKTesepi 6ap kargail 3eprresnmi. Byn xarnaiina C.A. JlIomoBTbIH pe-
ryJisipu3anusiiay 9/ IiCiHiH uesyiapblHa HerizesnreH 6acka oicTi qaMbiTyra Typa Keseai. Conpaii-ak 6ypbiH
KapaJraH 0ackKapy ecenrTepinjie MbIFbIHAAP (PYHKIIMOHAJBI Killll apaMeTpre MyJIeM TOyes i eMec HeMece
KiIlTi mapaMeTrpre Teric Toyesi 60IaThIHbI OalKaFaH. ByJr Makasia/ a MBIFBIHHBIH, Killli TapaMeTpre PeryJssip
eMec TOYeJJIIri, AFPHU WHTEerpaJ TaHOACHI ACTBIHJA YKCIIOHEHITHAJIIbI KOOEHTKII TYpiHAe »KBLIIaM ©3re-
perin nemrupiiey OyHKIUSICHIHBIH 6ap 60Iybl XKarqaiibl KapacThIpblaral. OcChl KaFIai s OHTANIbI XKyiie
crnekTpinig 6etanbicel gemmdupiey koaddunmentine 6aitianbicTer 6omanpl, o (Geariai 6ip Karmaiinap/a)
CITIEKTP/] KOMILIEKC KA3bIKTHIKTBIH KaHal 1a 6ip »KarblHa >KBUIKBITYbI MyMKiH. OHZa CIIeKTpAiH Keibip
HYKTeJIepl »KeKeJleHreH MoHzepe (Hemece TinTi Keibip KOHTHHYyaJs (bl *KUBIHJAP/A) TOyeJICi3 affHbIMaJIbl
Taza JKopamaJsi OOJIFaH Karmail TyblHAaybl MyMKiH. MyHImail Karmaiiapl >Korapbiga aTajraH BacuibeBa-
ByTy30BThIH mekapaablK, GyHKIUAIAPHI 9iciMeH 3epTTeyTe 6oaMaiabl. Ataiiga KapaCcThIPbLIBIIT OTHIPFaH
backapy ecebin zeprreyre KarbicThl C.A. JIOMOBTBIH peryssipusaliusijiay 9iCiHiH aJropuTMiH KOJIJIAHY OChI
JKYMBICTa TOJIBIK, KAPACTBIPBLIFAH. Bysr omicti GasgHmay OHTaIbl 6ACKApYIbIH KJIACCHKAJBIK ecebi yImiH
JI.C. TloHTpsArMHHIH, MAKCUMyM IIPUHIUIIH KHICKAIIA, CUIIATTayIaH OAaCTaJIbIN, OJaH COH OacKa maesyiapMeH
KaTap, KapacThIPBLIBIIT OThIPFaH 6acKapy ecebiHiH HOTHKEJIEPIH Heri3/ey YIIH KOJIIAaHBLIIbI.

Kiam cesdep: cunarynsap aybITKy, [IOHTPSATMHHBIH, MAKCUMYM TPUHITAIL, PETYISPU3AINAs, ACUMITOTUKAIBIK,
KUHAKTBIIBIK.

A.A. Bobomxkanos, b.T. Kasmmberos, B.®. Cadonon

CI/IHI‘y.JIﬂpHO BOSMYIII€HHBbIE 3a/Ja491 YIIPpaBJICHHUA B CJIy4dae
CTaOMJILHOCTH CIIEKTpa MaTpHIlbl ONITUMAJbHOI CHUCTEMBI

B crarpe paccmoTpeHa CHHIYISIDHO BO3MYIIEHHAsS 33/1a4a YIIPABJIEHHUS C KBRIPATHUIHBIM (DYHKIIHOHAJIOM
kadecTBa. Takue 3a/ja9u B UX CTAHJAPTHON IIOCTAHOBKE IIPU M3BECTHBIX OIDAHMYEHUSX HA CIEKTP (TOYKU
CIIEKTPa OINTHMAJIbHOU CHUCTEMBI HE SIBJISIIOTCS YMCTO MHUMBIMH W DPACIIOJIOXKEHBI CHMMETPHUYHO OTHOCH-
TeJILHO MHUMO OCH) 6BLIN PACCMOTPEHBI PaHEee C IOMOILIBIO METO/A MOrPAHNIHBIX (YHKIm BacuibeBoii-
Bytyzosa. Eciu xke xoTst 6b1 OfHA M3 TOYEK CIEKTPa TPU HEKOTOPBIX 3HAYEHUSIX HE3ABUCUMOI ITepEMEHHOMN
MOIaIaeT HA MHHMYIO OCh, METOJT MOrPaHdYHKINH He paboraeT. VIMeHHO Takas CHUTyalus C AOMYIEHUEM
YUCTO MHHUMBIX TOYEK CIIEKTPA HCCJIEJIOBAHA B HACTOsIIEH pabore. B sToMm ciydae nmpuxoanuTcs pa3BUBATH
JPYTOil TIOAXOJ, OCHOBAHHBIN Ha maesx Merona peryispusanuu C.A. Jlomosa. Crienyer 3aMeTuTh TakKe,
9TO B PACCMOTPEHHBIX PaHee 33/a9aX yIpaBIeHns: DYyHKIMOHAT 3aTPAT OO0 BOODIIE HE 3aBUCEN OT MAJIOTO
rapameTpa, Jubo JIOIyCcKaJs IVIQIKYIO 3aBHCUMOCTD OT IapaMeTpa. B maHHO# padoTe J1onyIneHa HeperyJsap-
Hasl 3aBHCUMOCTb OT MAaJIOTO MapaMeTpa, B YaCTHOCTH, HAJUYNE B HUX OBICTPO M3MEHSIONIEHCsT (DYHKITUN
IeMIpUPOBAHNS B BHUJE SKCIOHEHIIMAILHO MHOXKHTEJISI TIOJ] 3HAKOM MHTErpaJia. B 9ToM ciiydae moBemenue
CIIEKTDPa OLTHUMAJILHOMN CHCTEMBI 3aBUCUT OT Ko dunpenta nemudrpoBasus, KOTOPLIA (IPpK Ope1eIeHHbIX
YCJIOBHSIX) MOYKET CMeIlaTh CIIEKTD B Ty MJIA MHYI CTOPOHY B KOMILJIEKCHOM IyIocKocTu. IIpu 3TOM MOXKET
BO3HUKHYTb CUTYAaIlUsl, KOTJa HEKOTOPbIE TOYKW CIIEKTPA NPU OTAEIbHBIX 3HAYEHUAX (MM JarXKe HA HEKO-
TOPOM KOHTHHYAJbHOM MHOXKECTBE) HE3aBHCUMOI [IEPEMEHHOH MOIYT CTAHOBHUTLCS YHCTO MHUMBIMU. DTa
CHTYyaIusl He TO/IAeTCs UCCAETOBAHNIO YIIOMSHYTBIM paHee METOIOM MONPAHUYHBIX (hyHKIMT Bacuabepoii-
Byryszosa. OmHako ero MOXKHO IOJHOCTBIO M3Y4YUTh C mOMombio Merona peryiapusanuu C.A. Jlomosa,
aJI'OPUTM KOTOPOT'O IIPUMEHUTEJIBHO K pAacCMaTPUBAeMOll 3ajiade ylpaBJIeHUs Pa3BUBAETCs B HACTOAIIEN
pabore. VzmoxkeHne 3TOr0 MeTO/Ia HAYMHAETCST C KPATKOro onucanust mpuHiuna makcumyma JI.C. [TorTpsi-
TUHA JIjI8 KJIACCUYECKOHN 3a/a9y ONTUMAJIBHOIO YIIPABJIEHUS, KOTOPBIN 3aTeM, HapsLy C APYTUMU UJIEAMU,
IIpUMeHsIeTCS JJIs1 OOOCHOBAHUS PE3YJIbTaTOB B PACCMATPHUBAEMO 33/1a4e YIIPABJIEHUA.

Kmouesvie caosa: CHHTYIISIDHOE BO3MYIIEHNE, IPUHITAIT MakcuMyMa [loHTpsaruna, perynspusariusi, acuMII-
TOTUYECKasA CXOIUMOCTb.
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