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Singularly perturbed control problems in the case of the stability
of the spectrum of the matrix of an optimal system

The paper considers a singularly perturbed control problem with a quadratic quality functional. Such
problems in their standard formulation under known spectrum restrictions (the points of the spectrum of
the optimal system are not purely imaginary and are located symmetrically with respect to the imaginary
axis) were previously considered using the Vasilyeva - Butuzov method of boundary functions. If at least
one of the points of the spectrum for some values of the independent variable falls on the imaginary axis,
the boundary functions method does not work. It is precisely this situation with the assumption of purely
imaginary points of the spectrum that is investigated in this paper. In this case, you have to develop a
different approach based on the ideas of the regularization method S.A. Lomov. It should also be noted that
in the control problems considered earlier, the cost functional either did not depend on a small parameter
at all, or allowed a smooth dependence on the parameter. In this paper, an irregular dependence on a small
parameter is allowed, in particular, the presence in them of a rapidly changing damping function in the
form of an exponential factor under the integral sign. In this case, the spectrum behavior of the optimal
system depends on the damping coefficient, which (under certain conditions) can shift the spectrum in one
direction or another in the complex plane. In this case, a situation may arise when some points of the
spectrum for individual values (or even on a certain continuum set) of an independent variable can become
purely imaginary. This situation is not amenable to investigation by the previously mentioned Vasilieva -
Butuzov method of boundary functions. However, it can be fully studied using the regularization method
S.A. Lomov, the algorithm of which is applied to the considered control problem in the present paper. The
presentation of this method begins with a brief description of the maximum principle of L.S. Pontryagin
for the classical optimal control problem, which then, along with other ideas, is used to justify the results
in the considered control problem.
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Introduction

The presentation of the regularization method of S.A. Lomov [1] begins with a brief description of the
Pontryagin’s maximum principle for the classical optimal control problem, which is then applied to a linear
singularly perturbed control problem with a quadratic quality functional (cost functional) in the case of a stable
spectrum of the matrix of an optimal system.

Consider a linear control system

dx

dt
= A(t)x+B(t)u+ h(t), x(0) = x0; (1)

J(u) =
1

2

T∫
0

(x∗Q(t)x+ u∗R(t)u)dt→ min, (2)

where x(t), h(t) are n — dimensional; u(t) is m — dimensional vector functions, x0 is a constant n-dimensional
vector; A(t) is (n × n)−matrix; B(t) is (n ×m)− matrix; Q (t) is a symmetric non-negative definite (n × n)−
matrix, R (t) is a symmetric positive definite (m×m)− matrix, * is a transposition sign. It is required to transfer
the system (1) from a given initial position x(0) = x0 to a position x(T ) in a fixed time T < +∞ (x(T ) is not
fixed) so that the functional J(u) takes the minimum value. A similar problem was considered in many sources
devoted to the theory of optimal control. Our presentation follows the monograph [2]. We introduce a variable
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x0 = x0(t), satisfying the equation ẋ0 = f0(x, u, t), x(t0) = 0 (where f0(x, u, t) ≡ 1
2 (x∗Q(t)x+ u∗R(t)u)). Then

the problem (1)–(2) will be rewritten as

dx0

dt = f0(x, u, t), x(0) = 0;
dx
dt = A(t)x+B(t)u+ h(t), x(0) = x0;
x0(T )→ min, 0 ≤ t ≤ T.

(3)

Denote f(x, u, t) = {f1, ..., fn} ≡ A(t)x+B(t)u+ h(t) and make Hamiltonian

H̃(ψ, x, u, t) = ψ0f0 +
n∑
j=1

ψjfj ≡ ψ0f + (ψ1, ..., ψn)


f1

...
fn

 =

= 1
2ψ0(x∗Q(t)x) + 1

2ψ0(u∗R(t)u) + ψ∗A(t)x+ ψ∗B(t)u+ ψ∗h(t),

where ψ∗ ≡ (ψ1, . . . , ψn). According to the maximum principle should be ψ0(t) = const ≤ 0. In the problem
with a fixed time T and with a free end of the trajectory are equalities

ψ0(T ) = −1, ψ1(T ) = ψ2(T ) = . . . = ψn(T ) = 0

(transversality conditions; see [2; 260]), therefore ψ0(t) ≡ −1, and the function H̃ takes the form

H̃(ψ, x, u, t) = −[ 1
2 (x∗Q(t)x) + 1

2 (u∗R(t)u)−
−ψ∗A(t)x− ψ∗B(t)u− ψ∗h(t)] ≡ −[ 1

2 (x∗Q(t)x)+
+ 1

2 (u∗R(t)u) + p∗A(t)x+ p∗B(t)u+ p∗h(t)],

where it is indicated: p∗ ≡ −ψ∗. The function H̃ must reach a maximum on the optimal control u = u(t), which
means, that the function Ĥ(p∗, x, u, t) ≡ 1

2 (x∗Q(t)x)+ 1
2 (u∗R(t)u)+p∗A(t)x+p∗B(t)u+p∗h(t) should reach to

u = u(t) the minimum. We note now that dpj
dt = −dψjdt (j = 1, n), therefore, the auxiliary functions pj ≡ −ψj(t)

satisfy the system of differential equations dpj
dt = ∂H̃

∂xj
, j = 1, n (the equation ṗ0 = ∂H̃

∂x0
is not written out, since

it is trivially satisfied, because ψ0(t) ≡ −1, ∂H̃∂x0
≡ 0). In terms of the function Ĥ, this system can be written in

the form
dpj
dt

= − ∂Ĥ
∂xj

, j = 1, n. (4)

Calculate ∂Ĥ
∂xj

. We have (consider that Q(t) is a symmetric matrix)

∂Ĥ
∂xj

= ∂
∂xj

( 1
2x
∗Q(t)x+ p∗A(t)x) = 1

2e
∗
jQ(t)x+

+ 1
2x
∗Q(t)ej + p∗A(t)ej = 1

2 (Q(t)x, ej)+
+ 1

2 (Q(t)ej , x) + (A(t)ej , p) =
= 1

2 (x,Q(t)ej) + 1
2 (Q(t)ej , x) + (A(t)ej , p) = (ej , Q(t)x)+

+(ej , A
∗(t)p) = (ej , Q(t)x+A∗(t)p),

where ej =

{
0, ..., 0, 1

(j)
, 0, ..., 0

}
, j = 1, n. Therefore, the system (4) has the form

dpj
dt = −(ej , Q(t)x+A∗(t)p), j = 1, n⇔

⇔ dp
dt = −Q(t)x−A∗(t)p.

(5)
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On the other hand, to search for the minimum points of the function Ĥ(p∗, x0, x, u, t) relative to u, we must
find its critical points (note that R(t) is a symmetric matrix ):

∂Ĥ
∂uj

= 0, j = 1, n⇔
⇔ 1

2e
∗
jR(t)u+ 1

2u
∗R(t)ej + p∗B(t)ej = 0⇔

⇔ (ej , R(t)u) = −(B(t)ej , p)⇔
⇔ (ej , R(t)u) = −(ej , B

∗(t)p), j = 1, n
⇔ R(t)u = −B∗(t)p⇔ u = −R−1(t)B(t)∗p.

So, the only one critical point u = −R−1(t)B∗(t)p is obtained. In order to check whether it will realize the
minimum of the function Ĥ for u, consider the matrix of the second derivatives:

∂2Ĥ
∂uj∂uk

= ∂
∂uk

[(ej , R(t)u) + (ej , B
∗(t)p] =

= ∂
∂uk

(ej , R(t)u) = (ej , R(t)ek) = Rjk(t), j, k = 1, n,

where Rjk are the elements of the matrix R(t). This shows that the matrix ( ∂2Ĥ
∂uj∂uk

) does not depend on u.

Since R(t) is a positive definite matrix, then the point u = −R−1(t)B∗(t)p is indeed the minimum point of
the function Ĥ for u. So, if the optimal control of problem (1)–(2) exists, then it necessarily has the form
u = −R−1(t)B∗(t)p, where p = p(t) satisfies system (5) and x = x(t) is calculated from the system (3). In other
words, the optimal system has the form

dx
dt = A(t)x−B(t)R−1(t)B∗(t)p+ h(t), x(0) = x0;

dp
dt = −Q(t)x−A∗(t)p, p(T ) = 0.

(6)

It follows from [3] that the control u = −R−1(t)B∗(t)p, where p = p(t) satisfies system (6), is optimal, and the
corresponding trajectory x = x(t)is the optimal trajectory. The boundary-value problem (6) with continuous
matrices A(t), B(t), R(t), Q(t) and with continuous function h (t) on a segment [0, T ] can be ambiguously
solvable, and then the optimal control u = −R−1(t)B∗(t)p is calculated ambiguously. For the unique solvability
of problem (6), it is necessary to require that the corresponding homogeneous boundary value problem

dx
dt = A(t)x−B(t)R−1(t)B∗(t)p, x(0) = 0;

dp
dt = −Q(t)x−A∗(t)p, p(T ) = 0.

(60)

Has only a trivial solution (x (t) , p (t)) ≡ 0. This will take place, for example, in the case when h(t) ≡ 0 and
p(t) is linear depends on phase coordinates: p(t) = K(t)x(t). Indeed, in this case (as shown in [3; 318, 319]), the
(n× n)− matrix K(t) 6≡ 0 is symmetric and satisfies the nonlinear Riccati matrix differential equation:

K̇ = −K ·A(t)−A∗(t) ·K+
+K ·B(t)R−1(t) ·B∗(t) ·K −Q(t),K(T ) = 0(t ∈ [0, T ]),

and homogeneous problem (60) takes the form

dx
dt =

[
A(t)−B(t)R−1(t)B∗(t)K (t)

]
x, x(0) = 0;

p(t) = K(t)x(t).

This problem has only one solution (x (t) , p (t)) ≡ 0 .

2 Singularly perturbed control problems. Building an optimal system

We now consider a singularly perturbed control system

εẋ = A(t)x(t, ε) +B(t)u(t, ε) + f(t), x(0, ε) = x0, 0 ≤ t ≤ T ;

Jε(u) = 1
2

T∫
0

(x∗Q(t)x+ u∗R(t)u) exp

(
1
ε

t∫
T

µ(θ)dθ

)
dt,

(7)

where ε > 0 is a small parameter, x(t, ε), f(t) are n — dimensional, u(t, ε) is m — dimensional vector functions,
x0 is a constant n-dimensional vector; A(t) is (n × n)−matrix; B(t) is (n ×m)−matrix; Q (t) is a symmetric
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non-negative definite (n×n)− matrix; R (t) is a symmetric positive definite (m×m)− matrix, µ (t) is a scalar
function, t ∈ [0, T ], * is a transposition sign. It is required to transfer the system (7) from a given initial position
x(0) = x0 to a position x(T ) in a fixed time T < +∞ (x(T ) is not fixed) so that the functional J(u)takes the
minimum value. In order to obtain asymptotic representations for x(t, ε) and u(t, ε) in the form of series in
powers of ε, we require the following conditions to be satisfied:

10. The elements of the matrices A(t), B(t), Q(t) and R(t), as well as the components of the vector f(t)
and the scalar function µ(t) belong to C∞([0, T ],R).

Applying the Pontryagin’s maximum principle (see system (1) in the previous section) and taking into
account that the role of A (t) is played by the matrix 1

εA (t), role B (t)– matrix 1
εB (t), role Q (t)– matrix

Q (t) exp

(
1
ε

t∫
T

µ (θ) dθ

)
; role R (t) – matrix R (t) exp

(
1
ε

t∫
T

µ (θ) dθ

)
; role h (t)– function 1

εf (t), we get the

following optimal system:

ε2ẋ = εA(t)x−B(t)R−1(t)B∗(t)exp

(
− 1
ε

t∫
T

µ(θ)dθ

)
p+ εf(t), x(0, ε) = x0,

εṗ = −εQ(t)exp

(
1
ε

t∫
T

µ(θ)dθ

)
x−A∗(t)p, p(T, ε) = 0.

Doing successive replacements

εx = y, exp

−1

ε

t∫
T

µ(θ)dθ

 p = q, {y, q} = z, (8)

and taking into account that

ε · d
dt
p (t) =

(
ε · d

dt
q (t)

)
e

1
ε ∫

t
T µ(θ) dθ + q (t)µ (t) e

1
ε ∫

t
T µ(θ) dθ,

we arrive at the following singularly perturbed boundary value problem with weak inhomogeneity:

ε d
d t y (t) = A (t) y (t)−B (t) ·R−1 (t) ·B∗ (t) q (t) + εf (t) ;

ε ddtq (t) = −q (t)µ (t)−Q (t) y (t)−A∗ (t) · q (t) ,

or
εż = S(t)z + εh(t), 0 ≤ t ≤ T ;
Gz ≡Mz(0, ε) +Nz(T, ε) = εα,

(9)

where S(t) is (2n× 2n)−matrix with elements from the class C∞[0, T ] :

S(t) =

(
A −BR−1B∗

−Q −(A∗ + µI)

)
,

whereM = diag(1, ..., 1, 0, ..., 0), N = diag(0, ..., 0, 1, ..., 1),h(t) = f(t), 0, ...0, α = x0, 0, ..., 0 are 2n− dimensional
vectors. In this case, the optimal control (see 1) will be

u(t) = −1

ε
R−1(t)B∗(t)q(t). (10)

3 Regularization of the optimal system. Construction of solutions of iterative problems

Without detracting from the community, we may assume that T = 1. Let bj(t), dj(t)
(
j = 1, 2n

)
are

eigenvectors of matrices S(t) and S∗(t) corresponding to eigenvalues λj(t) and λj(t), respectively, and, moreover,
(bj(t), dj(t)) = δij is Kronecker’s symbol. Suppose that besides the condition 10, two more conditions are
performed:

20. The spectrum {λj(t)} of the matrix S(t) has the properties:
a) λj(t) 6= 0, j = 1, 2n, ∀t ∈ [0, 1];
b) λi(t) 6= λj(t), i 6= j, i, j = 1, 2n, ∀t ∈ [0, 1];
c) Re λj(t) < 0, j = 1, n,Reλj(t) ≥ 0, j = n+ 1, 2n, ∀t ∈ [0, 1];
d) Reλ1(t) ≤ Reλ2(t) ≤ ... ≤ Reλ2n(t).
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30.det(bij(0))ni,j=1 · det(bij(1))2n
i,j=n+1 6= 0.

Here bj = colon(bij , ..., b2nj), j = 1, 2n; the conditions 30 mean that in the matrix B (t) = (bi,j (t))i,j=1,2n

the left angle minor det(bij(t))
n
i,j=1 of order n does not vanish at the point t = 0, and the right angle minor

det(bij(t))
2n
i,j=n+1 of order n does not vanish at the point t = 1.

The listed conditions 10 − 30 are realizable. To verify this, consider the following scalar problem:

ε
(
d
dtx (t)

)
= −x (t) + etu (t) + f (t) , x(0) = x0 (0 ≤ t ≤ 1);

Jε (u) = 1
2

1∫
0

(
x (t)

2
+ u (t)

2
)
e
t−1
ε dt→ min .

By completing the replacement (8), we obtain the optimal system

ε

(
ẏ
ż

)
=

[
−1 −e2t

−1 2

](
y
z

)
+ ε

(
f(t);

0

)
(0 ≤ t ≤ 1),

y(0) = εx0, q(1) = 0.

The eigenvalues and eigenvectors of the matrix S(t) are follows:

λ1 (t) =
1

2
− 1

2

√
9 + 4e2t ↔ b1 (t) =

(
2e2t

−3+
√

9+4e2t

1

)
,

λ2 (t) =
1

2
+

1

2

√
9 + 4e2t ↔ b2 (t) =

(
−2e2t

3+
√

9+4e2t

1

)
.

Obviously, all the conditions 10 − 30 for them are realized.
We draw attention to the fact that in the considerate problem may arise a situation when some points of

the spectrum on separate values (or even on some continual set) of independent variable can become purely
imaginary. This situation is not amenable to the study of the known methods of asymptotic integration (for
example, using the Vasilyeva-Butuzov method of boundary functions [4–7]. However, it can be fully studied
using the Lomov’s regularization method [1, 8–10]. Note, that the regularization method [1, 8] allows us to
investigate a wide class of problems in the theory of singular perturbations [11–25].

For the regularization of problem (9), we apply the algorithm of the regularization method, developed for
singularly perturbed problems in [1]. We introduce regularizing variables

τk = 1
ε

t∫
tk

λk(s)ds ≡ ϕk
(
t, 1
ε

)
, k = 1, 2n;

t1 = ... = tn = 0, tn+1 = ... = t2n = 1

and consider a new function z̃ = z̃(t, τ, ε), for which we set the following problem:

ε∂z̃∂t +
2n∑
j=1

λj (t) ∂z̃
∂τj
− S (t) z̃ = εh(t);

Gz̃(t, τ, ε) ≡Mz̃ (M0, ε) +Nz̃ (M1, ε) = εα,

(11)

where
M0

(
0, ϕ

(
0,

1

ε

))
,M1

(
1, ϕ

(
1,

1

ε

))
, ϕ

(
t,

1

ε

)
≡
(
ϕ1

(
t,

1

ε

)
, ..., ϕ2n

(
t,

1

ε

))
.

If z̃ = z̃(t, τ, σ, ε) is a solution to problem (11), then the restriction z(t, ε) ≡ z̃(t, ϕ
(
t, 1
ε

)
, ε) will obviously be a

solution to problem (9). The resulting problem (11) is regular in ε, and therefore we are looking for its solution
in the form of a series

z̃ =

∞∑
i=0

εizi(t, τ) (12)

by non-negative powers of the parameter ε. To determine the coefficients of this series, we obtain the following
iteration systems:

L0z0 ≡
2n∑
j=1

λj (t)
∂z0

∂τj
− S (t) z0 = 0, Gz0 (t, τ) ≡Mz0 (M0) +Nz0 (M1) = 0, (130)
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L0z1 = h (t)− ∂z0

∂t
,Gz1 = α; (131)

L0zi = −∂zi−1

∂t
, Gzi = 0, i = 2, 3, ... . (13i)

In order to study the solvability of problems (130), (131), (13i), consider the general iterative system

L0ξ = H(t, τ, σ). (14)

We will find a solution to system (14) in the space of functions

U =

{
ξ(t, τ) : ξ =

2n∑
k=1

ξk(t)eτk + ξ0(t) ξk (t) ∈ C∞([0, 1]),C2n), k = 0, 2n

}
,

in which is the following scalar (for each t ∈ [0, 1]) product is introduced

< ξ (t, τ) , ζ (t, τ) >=

2n∑
k=0

(ξk (t) , ζk (t)) , ξ = ξ(t, τ), ζ (t, τ) ∈ U,

where (, ) is the usual scalar product in the complex space C2n. Suppose that the right-hand side of system (14)

belongs to U, that is H(t, τ) =
2n∑
k=1

hk(t)eτk +H0(t) ∈ U. The following assertion holds true, which is proved in

the same way as the analogous assertion in [1].
Theorem 1. If conditions 10,20(a, b, c) are satisfied and H(t, τ) ∈ U , then for the solvability of system (14)

in space U , it is necessary and sufficient that

< H(t, τ, ), dk (t) eτk >≡ 0,∀t ∈ [0, 1], k = 1, 2n. (15)

Remark 1. Under the conditions of Theorem 1 the system (14) has the following solution in the space U :

ξ(t, τ) =

2n∑
k=1

αk(t)bk(t) +

2n∑
s=1,s6=k

Hks(t)bs(t)

 eτk +

n∑
k=1

H0k(t)bk(t); (16)

where αk(t) ∈ C∞([0, 1],C1)are arbitrary functions, Hks(t) ≡ (λk(t)− λs(t))−1(Hk(t), ds(t));

H0k(t) = −(H0(t), dk(t))/λk(t), k, s = 1, 2n.

Theorem 2. Let the conditions 10–30 be satisfied, H(t, τ) ∈ Usatisfies the requirements (15). Then the system
(14) under boundary conditions Gξ = ξ0 and additional conditions

< −∂ξ
∂t

+ g(t), dk (t) eτk >≡ 0, 1, 2n, ∀t ∈ [0, 1], (17)

where g(t) ∈ C∞([0, 1],C2n) is a known function, is uniquely solvable in U for ε ∈ (0, ε0], where ε0 > 0 is
sufficiently small.

Proof. We use the conditions of orthogonality (17) and obtain equations for the unknown functions αk(t) in
the representation (16):

α̇k(t) + (ḃk (t) , dk (t))αk = −
2n∑

s=1,s 6=k

Hks(ḃs (t) , dk (t)), k = 0, 2n. (18)

From equations (18) we find

αk(t) = e
−

t∫
0

(ḃk,dk)dθ
[αk(0)−

2n∑
s=1,s6=k

t∫
0

e

x∫
0

(ḃk,dk)dθ
Hks (x) (ḃs (x) , dk (x))dx], (19)
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where αk(0), k = 1, 2n, are while unknown numbers. Subordinate the vector function (16) to the boundary
condition Gξ = ξ0 ⇔ Mξ

(
0, ϕ

(
0, 1

ε

))
+ Nξ

(
1, ϕ

(
1, 1

ε

))
= ξ0. To simplify the calculations, we write the

solution (16) in the form
ξ(t, τ) = Φ (t) diag (eτ1 , ..., eτ2n)α (t) + ξ̂(t, τ),

where α (t) = {α1 (t) , ..., α2n (t)} , Φ (t) ≡ (b1(t), ..., b2n(t)) is the matrix of the eigenvectors of the matrix T (t),

and by ξ̂(t, τ) is denoted the particular solution of system (14):

ξ̂(t, τ) =

2n∑
k=1

 2n∑
s=1,s 6=k

Hks(t)bs(t)

 eτk +

n∑
k=1

H0k(t)bk(t).

The condition Gξ = ξ0 gives:

MΦ (0) diag
(

1, ..., 1, eϕn+1(0, 1ε ), ..., eϕ2n(0, 1ε )
)
α (0) +

+NΦ (1) diag
(
eϕ1(1, 1ε ), ..., eϕn(1, 1ε ), 1, ..., 1,

)
α (1) =

= l (ε) , l (ε) ≡ ξ0 −Mξ̂
(
0, ϕ

(
0, 1

ε

))
+Nξ̂

(
1, ϕ

(
1, 1

ε

))
.

(20)

From equality (19) we find that

αk(1) = e
−

1∫
0

(ḃk,dk)dθ
[αk(0)−

2n∑
s=1,s 6=k

1∫
0

e

x∫
0

(ḃk,dk)dθ
Hks (x) (ḃs (x) , dk (x))dx], k = 1, 2n,

so

α(1) = diag(e
−

1∫
0

(ḃ1,d1)dθ
, ..., e

−
1∫
0

(ḃ2n,d2n)dθ
)α(0) + β,

where β is a constant vector having the form

β = −{
2n∑

s=1,s6=1

1∫
0

e

x∫
1

(ḃ1,d1)dθ
H1s (x)

(
ḃs (x) , d1 (x)

)
dx, ...;

2n∑
s=1,s6=1

1∫
0

e

x∫
1

(ḃ2n,d2n)dθ
H1s (x)

(
ḃs (x) , d2n (x)

)
dx}.

Substituting α (1) in (20), we will have

[MΦ (0) diag
(

1, ..., 1, eϕn+1(0, 1ε ), ..., eϕ2n(0, 1ε )
)

+

+NΦ (1) diag

eϕ1(1, 1ε )−
1∫
0

(ḃ1,d1)dθ
, ..., e

ϕn(1, 1ε )−
1∫
0

(ḃn,dn)dθ
, e
−

1∫
0

(ḃn+1,dn+1)dθ
, ..., e

−
1∫
0

(ḃ2n,d2n)dθ

]× (21)

×α (0) = l (ε)−Nβ.

We divide the matrix Φ (t) into blocks of size n×n : Φ (t) =

(
Φ11 (t) Φ12 (t)
Φ21 (t) Φ22 (t)

)
and we introduce the notation:

Λ1 (t) = diag (λ1 (t) , ..., λn (t)) , Λ2 (t) = diag (λn+1 (t) , ..., λ2n (t));

G1 = diag

(
−

1∫
0

(ḃ1, d1)dθ, ...,−
1∫
0

(ḃn, dn)dθ

)
;

G2 = diag

(
−

1∫
0

(ḃn+1, dn+1)dθ, ...,−
1∫
0

(ḃ2n, d2n)dθ

)
.

Then the determinant ∆ (ε) of the system (21) can be written as

∆ (ε) =

∣∣∣∣∣ Φ11 (0) Φ12 (0) e
1
ε

∫ 0
1

Λ2(θ)dθ

Φ21 (1) e
1
ε

∫ 1
0

Λ1(θ)dθ+G1 Φ22 (1) eG2

∣∣∣∣∣ .
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To calculate it, we apply the block Gauss method (see [26; 44, 45]). Multiply the first «column» of this
determinant by −Φ−1

11 (0) Φ12 (0) e
1
ε

∫ 0
1

Λ2(θ)dθ the matrix and adding the result to the second «column», we
get that

∆ (ε) =

∣∣∣∣ Φ11 (0) 0

Φ21 (1) e
1
ε

∫ 1
0

Λ1(θ)dθ+G1 K

∣∣∣∣ = det Φ11 (0) · detK,

where K = Φ22 (1) eG2 − Φ−1
11 (0) Φ12 (0) e

1
ε

∫ 0
1

Λ2(θ)dθΦ21 (1) e
1
ε

∫ 1
0

Λ1(θ)dθ+G1 . Considering conditions 20c), we
conclude that ∆ (ε) → ∆ (0) = det Φ11 (0) · det[Φ22 (1) eG2 (ε→ +0) . By virtue of the condition 30 the
determinant ∆ (0) 6= 0, and therefore ∆ (ε) 6= 0 for ε ∈ (0, ε0] and ε0 > 0 is sufficiently small. This means
that system (21) has a unique solution α (0) = α0 (ε). Substituting this solution into (19), we find uniquely
the functions αk(t) = αk(t, ε), and, therefore, we calculate the solution (16) of system (14) in the space U in a
unique way. The theorem is proved.

4 Correct solvability of a singularly perturbed two-point boundary
value problem and estimation of the remainder term

Applying Theorems 1, 2 to iterative problems (13i), we find in a unique way solutions of these problems in
space U and construct series (12). Arguing by analogy with the monograph [1; 107–126], we prove the following
result.

Lemma 1. Let the conditions 10 − 30 be fulfilled. Then the function zεN (t) = SN (t, ϕ
(
t, 1

ε

)
,

ε)≡
N∑
i=0

εizi

(
t, ϕ(t)

ε

)
satisfies the problem

ε
dzεN
dt

= S(t)zεN (t) + εh(t) + εN+1RN (t, ε), GzεN (t) = εα,

where ||RN (t, ε)||C[0,1] ≤ R̄N = const for ε ∈ (0, ε0] (ε0 > 0 is sufficiently small).
To substantiate the asymptotic convergence of the formal solution zεN (t) = SN (t, ϕ

(
t, 1
ε

)
, ε) of the problem

(9) to its exact solution z(t, ε) , we must prove the solvability of an arbitrary boundary value problem

ε
dz

dt
= S(t)z + h(t), Gz(t, ε) = z0, t ∈ [0, T ], (22)

under the above conditions 10 − 30 and give an estimate of its solution through ||z0|| and ||h(t)||. Under
conditions of stability of the spectrum {λj(t)} of an operator S(t), such an estimate was carried out using
the Green function (see, for example, [1]), the construction of which essentially uses a rather strict condition
20d). Here we propose another procedure based on the study of a special integral equation equivalent to system
(22). The implementation of this procedure (its main ideas are presented in [27]) makes it possible to avoid
constructing the Green function, and also to get rid of condition 20d). We formulate some of the statements
from [27], which will be used later.

Consider a more general, than (22), boundary value problem

dw

dt
= S(t)w + h(t), lw ≡M1w(0) +N1w(T ) = w0, t ∈ [0, T ], (23)

not containing a parameter. We assume thatM1 andN1 are arbitrary (m×m)-matrices, w = {w1, . . . , wm}, S(t)
is a well-known (m×m)-matrix, h(t) = {h1, . . . , hm} is a well-known vector function, w0 = {w0

1, . . . , w
0
m} is a

well-known constant vector. We formulate conditions under which the boundary value problem (23) is solvable.
Let Φ(t) be the fundamental matrix of solutions of the corresponding homogeneous system ẇ = S(t)w with

columns cj(t) , i.e. Φ(t) = (c1(t), . . . , cm(t)). Form the matrices

Φ1(t) = (c1(t), . . . , ck(t); 0, . . . , 0);
Φ2(t) = (0, . . . , 0; ck+1(t), . . . , cm(t)),

where k ∈ {1, . . . ,m} is an arbitrary number. The following properties of these matrices are obvious:
a) Φ1(t) + Φ2(t) = Φ(t); b) Φ̇j(t) ≡ S(t)Φj(t), j = 1, 2; c) Φ̇1(t) + Φ̇2(t) = Φ̇(t).
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Lemma 2 [27]. Let the matrix S(t) ∈ C∞([0, T ],Cm×m), h(t) ∈ C∞([0, T ],Cm).Then the general solution
of the system ẇ = S(t)w + h(t) on the segment [0, T ] can be written as

w(t, c0) = Φ(t)c0 + Φ1(t)

t∫
0

Φ−1(θ)h(θ)dθ + Φ2(t)

t∫
T

Φ−1(θ)h(θ)dθ, (24)

where c0 ∈ Cm is an arbitrary constant vector.
Proof. Since Φ(t)c0 it is a general solution of the corresponding homogeneous system, it is necessary to show

that the vector function

w̃(t) = Φ1(t)

t∫
0

Φ−1(θ)h(θ)dθ + Φ2(t)

t∫
T

Φ−1(θ)h(θ)dθ (25)

is a particular solution to a non-homogeneous system of equations ẇ = S(t)w+h(t). Using the properties a) – c)
of the matrices Φj(t) , we will have

dw̃

dt
= Φ̇1(t)

t∫
0

Φ−1(θ)h(θ)dθ + Φ1(t)Φ−1(t)h(t)+

+Φ̇2(t)

t∫
T

Φ−1(θ)h(θ)dθ + Φ2(t)Φ−1(t)h(t) =

= S(t)Φ1(t)

t∫
0

Φ−1(θ)h(θ)dθ + S(t)Φ2(t)

t∫
T

Φ−1(θ)h(θ)dθ+

+[Φ1(t) + Φ2(t)]Φ−1h(t) = S(t)[Φ1(t)

t∫
0

Φ−1(t)(θ)h(θ)dθ+

+Φ2(t)

t∫
T

Φ−1(θ)h(θ)dθ] + h(t) = A(t)w̃(t) + h(t),

that is, function (25) is indeed a solution of an non-homogeneous system ẇ = S(t)w + h(t). The lemma is
proved.

Lemma 3 [27]. Let the conditions of Lemma 2 be fulfilled. Then for the unique solvability of the boundary
value problem (23) it is necessary and sufficient that

det[M1Φ(0) +N1Φ(T )] 6= 0. (26)

If condition (26) is satisfied, then the solution of the problem (23) is given by formula (24), where the vector
c0has the form

c0 = [M1Φ(0)c0 +M1Φ(T )]−1(w0 −M1Φ2(0)
0∫
T

Φ−1(θ)h(θ)dθ−

−N1Φ1(T )
T∫
0

Φ−1(θ)h(θ)dθ).

(27)

Proof. Subject (24) to the boundary condition lw = w0. We will have

M1Φ(0)c0 +M1Φ2(0)

0∫
T

Φ−1(θ)h(θ)dθ +N1Φ(T )c0+

+N1Φ1(T )

T∫
0

Φ−1(θ)h(θ)dθ = w0;
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or

[M1Φ(0) +M2Φ(T )]c0 = w0 −M1Φ2(0)

0∫
T

Φ−1(θ)h(θ)dθ)−

−N1Φ1(t)

T∫
0

Φ−1(θ)h(θ)dθ.

For the unique solvability of this system, it is necessary and sufficient to satisfy condition (26). At the same
time, c0 has the form (27). The lemma is proved.

We now turn to the study of the solvability of the boundary value problem (23). According to [1; 109, 110],
under the assumption that S(t) ∈ C1([0, T ],C2n×2n) transformation

z = [B(t)(I + εB1(t))]η(t, ε),

where B−1(t)T (t)B(t) = Λ(t) = diag(λ1(t), . . . , λ2n(t));

(B1(t))ij =


0, i = j,

1
λi(t)−λj(t) (B−1(t)B

′
(t))ij , i 6= j (i, j = 1, 2n),

leads system (22) to the system

εdηdt = Λ0(t, ε)η + ε2C(t, ε)η +H1(t, ε);
P1(ε)η(0, ε) + P2(ε)η(T, ε) = z0,

(28)

where indicated:
P1(ε) = M [B(0)(I + εB1(0)], P2(ε) = N [B(T )(I + εB1(T )];

Λ0(t, ε) = diag(λ1(t) + εµ1(t), . . . , λ2n(t) + εµ2n(t));

H1(t) = [B(t)(I + εB1(t)]−1h(t)

and C(t, ε) is a known matrix. Let Φ(t, ε) be the fundamental solution system of a shortened system

ε
dz

dt
= Λ0(t, ε)z. (29)

Obviously, it can be taken in the following form:

Φ(t, ε) =

 e
1
ε

t∫
0

Λ(θ,ε)dθ
0

0 e
1
ε

t∫
T

Λ(θ,ε)dθ

 , (30)

where
Λ(t) = diag(λ1(t) + εµ1(t), . . . , λn(t) + εµn(t));

Λ(t) = diag(λn+1(t) + εµn+1(t), . . . , λ2n(t) + εµ2n(t)).

Using (30) and Lemma 3, we reverse the system (28) and obtain an equivalent system of integral equations

η(t, ε) = Φ(t, ε)c0(η)+

+Φ1(t, ε)
t∫

0

εΦ−1(s, ε)C(s, ε)η(s, ε)ds+

+Φ1(t,ε)
ε

t∫
0

Φ−1(s, ε)H1(s, ε)ds+

+Φ2(t, ε)
t∫
T

εΦ−1(s, ε)C(s, ε)η(s, ε)ds+

+Φ2(t,ε)
ε

t∫
T

Φ−1(s, ε)H1(s, ε)ds,

(31)
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where
c0(η) = [P1(ε)Φ(0, ε) + P2(ε)Φ(T, ε)]−1×

×

z0 − P1(ε)Φ2(0, ε)

0∫
T

εΦ−1(s, ε)C(s, ε)η(s, ε)ds−

−P2(ε)Φ1(T, ε)

T∫
0

εΦ−1(s, ε)C(s, ε)η(s, ε)ds−

−P1(ε)
Φ2(0, ε)

ε

0∫
T

Φ−1(s, ε)H1(s, ε)ds− (32)

−P2(ε)
Φ1(T, ε)

ε

T∫
0

Φ−1(s, ε)H1(s, ε)ds


and by Φj(t, ε) we denoted (2n× 2n)-matrices

Φ1(t, ε) = diag(e
1
ε

t∫
0

Λ(θ,ε)θ
, 0); Φ2(t, ε) = diag(0, e

1
ε

t∫
T

Λ(θ,ε)θ

).

Substituting (32) into (31), we write the integral system in operator form:

η = Aη. (33)

Obviously, the operator A acts from space C
(
[0, T ],C2n

)
to itself. In assessing the norm ‖Aη1 − Aη2‖, we

use the fact that the product Φ1(t, ε)Φ−1(s, ε) is uniformly bounded of ε (for sufficiently small ε > 0) for s
and t satisfying the inequalities 0 ≤ s ≤ t ≤ T , and the product Φ2(t, ε)Φ−1(s, ε) is uniformly bounded (for
sufficiently small ε > 0) for s and t satisfying the inequalities 0 ≤ t ≤ s ≤ T. Let us show this. We have at
0 ≤ s ≤ t ≤ T :

||Φ1(t, ε)Φ−1(s, ε)|| ≡

≡ ||exp{ 1
ε

t∫
s

Λ (θ) dθ}|| = ||exp{ 1
ε

t∫
s

ReΛ (θ) dθ}|| ≤

≤ ||diag(exp{1

ε

t∫
s

Reλ1dθ}, . . . , exp{
1

ε

t∫
s

Reλndθ}||×

×||diag(exp{
t∫
s

Reµ1dθ}, . . . , exp{
t∫
s

Reµndθ}|| ≤ ν1 = const;

because Reλi(θ) ≤ 0 when 0 ≤ s ≤ θ ≤ t ≤ T, i = 1, n. When 0 ≤ t ≤ s ≤ T we have

||Φ2(t, ε)Φ−1(s, ε)|| ≡

≡ ||exp{ 1
ε

t∫
s

Λdθ}|| = ||exp{− 1
ε

s∫
t

ReΛdθ}|| ≤

≤ ||diag(exp{−1

ε

s∫
t

Reλn+1dθ}, . . . , (exp{−
1

ε

s∫
t

Reλ2ndθ}||×

×||diag(exp{
t∫
s

Reµn+1dθ}, . . . , exp{
t∫
s

Reµ2ndθ})|| ≤

≤ ν2 = const,

since Reλj(θ) ≥ 0 when 0 ≤ t ≤ θ ≤ s ≤ T, j = n+ 1, 2n. In this case, constants ν1 and ν2 does not depend on
ε when ε ∈ (0, ε0], where ε0 > 0 is sufficiently small.
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We now turn to the estimate ||Aη1 − Aη2|| ≡ ||Aη1 − Aη2||C[0,T ]. Using the boundedness of matrices
Φ1(t, ε)× Φ−1(t, ε) and Φ2(t, ε) · Φ−1(t, ε), we will have

||Aη1 −Aη2|| ≤ ||Φ(t, ε)(c0(η1)− c0(η2))||+

+ε||Φ1(t, ε)
t∫

0

Φ−1(s, ε)C(s, ε)(η1(s, ε)− η2(s, ε)ds||+

+ε||Φ2(t, ε)
t∫
T

Φ−1(s, ε)C(s, ε)(η1(s, ε)− η2(s, ε)ds|| ≤

≤ ν0||c0(η1)− c0(η2)||+ εν3||η1 − η2||+ εν4||η1 − η2||.

On the other hand,
||c0(η1)− c0(η2)|| ≤ ||(P1(ε)Φ(0, ε) + P2(ε)Φ(T, ε))−1||×

×(||εP1(ε)Φ2(0, ε)

0∫
T

Φ−1(s, ε)C(s, ε)(η1(s, ε)− η2(s, ε)ds||+

+||εP2(ε)Φ1(T, ε)
T∫
0

Φ−1(s, ε)C(s, ε)(η1(s, ε)− η2(s, ε)ds||) ≤

≤ εν5||η1 − η2||.

Substituting this into the previous inequality, we get ||Aη1 −Aη2|| ≤ εν6||η1 − η2||, where ν6 do not depend on
ε at ε ∈ (0, ε0].From here it follows that the operator A is contraction operator in space C

(
[0, T ],C2n

)
, and

therefore, the equation (33) is uniquely solvable in C
(
[0, T ],C2n

)
.

From (31) and (32), passing to the norms in C
(
[0, T ],C2n

)
,we get

||η(t, ε)|| ≤ ν0||c0(η)||+ εν7||η||+
ν8

ε
||H1||;

||c0(η)|| ≤ ν9.||z0||+ εν10||η||+
ν11

ε
||H1||,

which means, that

||η|| ≤ 1

1− ε(ν7 + ν10ν0)
(ν0ν9||z0||+ ν8 + ν0ν11

ε
||H1||).

Take ε > 0 such that
1− ε(ν7 + ν10ν0) ≥ 1

2
.

Then
||η|| ≤ 2(ν0ν9||z0||+ ν8 + ν0ν11

ε
||H1||).

Since z = [B(t)I + εB1(t)]η(t, ε), then the initial boundary problem (22) is uniquely solvable in C1
(
[0, T ],C2n

)
and for its solution z(t, ε) we have the estimate

||z(t, ε)||C[0,T ] ≤ K1||z0||+ K2

ε
||h||C[0,T ]. (34)

However, all our calculations are correct only when

|det[P1(ε)Φ(0, ε) + P2(ε)Φ(T, ε)]| ≥ δ1 = const > 0 (35)

at ε ∈ (0, ε0]. Insofar as P1(ε) = MB(0) + εMB1(0), P2(ε) = NB(T ) + εNB1(T ), then inequality (35) for
ε ∈ (0, ε0] follows from the fact that

|det[MB(0)Φ(0, ε) +NB(T )Φ(T, ε)]| ≥ δ2 = const > 0

for ε ∈ (0, ε0]. This fact follows from the conditions 30a) − 30c), what can be proved in the same way as the
inequality |∆(ε)| ≥ δ0 = const (see system (21) and the following calculations).

The following result is proved.
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Theorem 3. Suppose that S(t) ∈ C1([0, T ],C2n×2n), h(t) ∈ C([0, T ],C2n) and the conditions 10, 20a) −
20c), 30 are satisfied. Then for sufficiently small ε ∈ (0, ε0] the boundary value problem (22) has a unique solution
z(t, ε) and estimate (34) is valid for it.

Using the estimate (34) for the remainder term rN (t, ε) = z(t, ε) − zεN (t), as well as Lemma 1, we can
easily prove the following statement.

Theorem 4. Let the conditions 10, 20a) − 20c), 30 are fulfilled. Then the boundary value problem (9) for
sufficiently small ε > 0(0 < ε ≤ ε0) is uniquely solvable in the class C1([0, T ],C2n) and the estimate

||z(t, ε)− zεN (t)||C[0,T ] ≤ CNεN+1

holds true ( here CN > 0 is a constant independent of ε ∈ (0, ε0], zεN (t) = SN (t, ϕ
(
t, 1
ε

)
, ε) the formal

asymptotic solution constructed above.
So, we have obtained the asymptotic solution of the problem (9) in the form of a series (12), taken at the

restriction τ = ϕ(t, 1
ε ). Using equations (8) and (10), we construct the asymptotics of the optimal control u(t, ε)

and the optimal trajectory x(t, ε).
Remark 2. Due to the uniqueness of the solution of the system (130) in space U , it will have only a trivial

solution z0 = z0 (t, τ) ≡ 0, therefore the asymptotic series for the optimal control (10) and the optimal trajectory
x (t, ε) = 1

εy (t, ε) will not contain coefficients with a negative degree of the parameter ε.
Remark 3. Condition 20d) is related to the construction of the Green function for the boundary value

problem (9) and its application in estimating the remainder term (see [1; 108–126]). Using our technique, one
can do without constructing the Green function and then condition 20d) can be removed.
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А.А. Бободжанов, Б.Т. Кaлимбетов, В.Ф. Сафонов

Оңтайлы жүйенiң матрицасының спектрi ұдайы болған
жағдайдағы басқарудың сингуляр ауытқымалы есебi

Мақалада сапаның квадрат функционалы бар сингуляр ауытқымалы есебi қарастырылды. Мұндай
есептер бұрын спектрдiң белгiлi шектеулерiнде (оңтайлы жүйенiң спектр нүктелерi таза жорамал емес
және жорамал оське қатысты симметриялы орналасса) Васильева-Бутузовтың шекаралық функция-
лар әдiсi арқылы қарастырылған. Егер спектрдiң нүктелерiнiң ең болмағанда бiреуi тәуелсiз айны-
малының кейбiр мәндерiнде жорамал оське түссе, шекаралық функциялар әдiсi жұмыс iстемейдi.
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Жұмыста спектрдiң таза жорамал нүктелерi бар жағдай зерттелдi. Бұл жағдайда С.А. Ломовтың ре-
гуляризациялау әдiсiнiң идеяларына негiзделген басқа әдiстi дамытуға тура келедi. Сондай-ақ бұрын
қаралған басқару есептерiнде шығындар функционалы кiшi параметрге мүлдем тәуелдi емес немесе
кiшi параметрге тегiс тәуелдi болатыны байқалған. Бұл мақалада шығынның кiшi параметрге регуляр
емес тәуелдiлiгi, яғни интеграл таңбасы астында экспоненциалды көбейткiш түрiнде жылдам өзге-
ретiн демпфирлеу функциясының бар болуы жағдайы қарастырылған. Осы жағдайда оңтайлы жүйе
спектрiнiң беталысы демпфирлеу коэффициентiне байланысты болады, ол (белгiлi бiр жағдайларда)
спектрдi комплекс жазықтықтың қандай да бiр жағына жылжытуы мүмкiн. Онда спектрдiң кейбiр
нүктелерi жекеленген мәндерде (немесе тiптi кейбiр континуалды жиындарда) тәуелсiз айнымалы
таза жорамал болған жағдай туындауы мүмкiн. Мұндай жағдайды жоғарыда аталған Васильева-
Бутузовтың шекаралық функциялары әдiсiмен зерттеуге болмайды. Алайда қарастырылып отырған
басқару есебiн зерттеуге қатысты С.А. Ломовтың регуляризациялау әдiсiнiң алгоритмiн қолдану осы
жұмыста толық қарастырылған. Бұл әдiстi баяндау оңтайлы басқарудың классикалық есебi үшiн
Л.С. Понтрягиннiң максимум принципiн қысқаша сипаттаудан басталып, одан соң басқа идеялармен
қатар, қарастырылып отырған басқару есебiнiң нәтижелерiн негiздеу үшiн қолданылды.

Кiлт сөздер: сингуляр ауытқу, Понтрягинның максимум принципi, регуляризация, асимптотикалық
жинақтылық.

А.А. Бободжанов, Б.Т. Кaлимбетов, В.Ф. Сафонов

Сингулярно возмущенные задачи управления в случае
стабильности спектра матрицы оптимальной системы

В статье рассмотрена сингулярно возмущенная задача управления с квадратичным функционалом
качества. Такие задачи в их стандартной постановке при известных ограничениях на спектр (точки
спектра оптимальной системы не являются чисто мнимыми и расположены симметрично относи-
тельно мнимой оси) были рассмотрены ранее с помощью метода пограничных функций Васильевой-
Бутузова. Если же хотя бы одна из точек спектра при некоторых значениях независимой переменной
попадает на мнимую ось, метод погранфункций не работает. Именно такая ситуация с допущением
чисто мнимых точек спектра исследована в настоящей работе. В этом случае приходится развивать
другой подход, основанный на идеях метода регуляризации С.А. Ломова. Следует заметить также,
что в рассмотренных ранее задачах управления функционал затрат либо вообще не зависел от малого
параметра, либо допускал гладкую зависимость от параметра. В данной работе допущена нерегуляр-
ная зависимость от малого параметра, в частности, наличие в них быстро изменяющейся функции
демпфирования в виде экспоненциально множителя под знаком интеграла. В этом случае поведение
спектра оптимальной системы зависит от коэффициента демпфирования, который (при определенных
условиях) может смещать спектр в ту или иную сторону в комплексной плоскости. При этом может
возникнуть ситуация, когда некоторые точки спектра при отдельных значениях (или даже на неко-
тором континуальном множестве) независимой переменной могут становиться чисто мнимыми. Эта
ситуация не поддается исследованию упомянутым ранее методом пограничных функций Васильевой-
Бутузова. Однако его можно полностью изучить с помощью метода регуляризации С.А. Ломова,
алгоритм которого применительно к рассматриваемой задаче управления развивается в настоящей
работе. Изложение этого метода начинается с краткого описания принципа максимума Л.С. Понтря-
гина для классической задачи оптимального управления, который затем, наряду с другими идеями,
применяется для обоснования результатов в рассматриваемой задаче управления.

Ключевые слова: сингулярное возмущение, принцип максимума Понтрягина, регуляризация, асимп-
тотическая сходимость.
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