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On a characteristic problem for a loaded hyperbolic equation

The paper studies a loaded hyperbolic equation with one-dimensional wave equation in its main part. In
the loaded components there are two points, which are distributed respectively along a pair of intersecting
characteristics at a constant speed. For such an equation we study the Cauchy problem with characteristics
of the one dimensional wave equation belonging to any of the pair of intersecting straight lines. If to impose
certain conditions at the boundary points on function presenting Cauchy data and the derivatives of the
first, second and third orders we can prove the existence and uniqueness of the problem. The proof of the
existence and uniqueness of the solution follows directly from the method of its production. We consider
also issues concerning domains of dependence, influence, and definitions for Cauchy data that are specified
on one of the characteristic curves. The above verifies once more the thesis of load influencing on posing of
various initial - boundary value problem for partial differential equations.

Keywords: Cauchy problem, loaded equation, wave equation, characteristics, domain of influence, domain
of dependence.

Introduction

A.M. Nakhushev first made the most general definition for a loaded equation in [1]. In [2] he had introduced
concepts and a detailed classification for various loaded equations: loaded differential, loaded integral, loaded
integrodifferential, loaded functional equations. Besides fundamental work on the study of loaded integral
and loaded ordinary differential equations, we wish to acknowledge some of the proceedings [3-6]. Together
with A.M. Nakhushev and his successors [7-16] a systematic researches and significant contribution to the
boundary value problems for loaded differential equations had been made by the Kazakh mathematicians
M.T. Dzhenaliev and M.I.Ramazanov, and their students [17, 18]. They investigated a wide class of homogeneous
and inhomogeneous boundary value problems for essentially loaded parabolic and hyperbolic-elliptic equations,
as well as the spectral issues on the corresponding homogeneous problems, when the load is specified with
respect to the space variable and the load point moves at constant and variable speeds. Works [19-21] are
devoted to uniqueness classes for solution of the Cauchy problem and non-trivial solutions of the homogeneous
Cauchy problem for some classes of loaded differential equations and linear loaded systems of the first order.

The Cauchy problem and the Cauchy-Dirichlet problem for a spectrally loaded parabolic equation with a
load at a fixed time variable are investigated in [22, 23].

The effect of the load on the convergence of spectral expansions for operators is considered in [24].

In [25-27] the Goursat problem for second-order strictly and weakly hyperbolic equations with two indepen-
dent variables is investigated, where it is shown that the load allows eliminating the inequality between
characteristics that are data in the Goursat problem.

This paper considers the following loaded equation

e — tyy = Xu( 4y, 0) + pulz — y, 0), 1)

where A, p are arbitrary real constants.
Using characteristic variables £ =z —y, n =z + y equation (1) has the form

A
ven = (0, m) + v (€, ©), (2)

o (&0 0=
where v(€, ) = u (57", an)

Cepust «Maremarukas. Ne 4(96)/2019 15



A Kh. Attaev

By (2) it follows that

n 13
o&n) = 1O+ + 7€ [ otnar+fa o, Q

where f(£), g(n) are arbitrary smooth enough functions.

As n = ¢ by (3) obtain
d A+u£2/£ _Atm
—|e B v(t,t)dt| =e 8
dﬁ[ R

3 § At g2 42
/ v(t,t)dt:/ AEEE) [£(1) + g(1)] d. )
0

0
Substituting into (3) instead of integrals values obtained using formula (4) and moving to z, y, coordinates
we get

E1HE) + 9(6)).

Hence

o) = fo— o) +glaru) + 3=y [ SEED 50 0] de
0

4

Formula (5) is an analogue of d’Alembert formula for equation (1) and obviously as A = p = 0 coincides
with the d’Alembert formula for equation (1) as A = u = 0.

Assume Q = {(z,y): 0<zx+y <1, 0<z—y <1} isa characteristic quadrilateral.

Cauchy problem. In the domain Q find a regular solution u(x, y) of equation (1) continuous in Q and
satisfying the conditions

) / R 1 (0) + g(0) . (5)
0

u(g, g) =p(x), 0<z<1, (6)
w (5. 5) =vle), 0w, (7)

where ¢(x), ¥(x) — are specified functions.
It is well known that as A = p = 0 this problem is not well posed. The necessary and sufficient condition
for its solvability is

/() —(x) = ¢'(0) —9(0), 0<z <1
If the above condition is satisfied, the function u(z, y) is a solution to problem (6), (7) for equation (1) and
has the form
u(z,y) = f(z —y) = f(0) + oz +y),
where f is an arbitrary twice continuously differentiable function.

The following theorem is valid. -
Theorem. Assume \ # 0, ¢ € C3(J) N C4(J), v € C*(J) N C3(J) and the coordination conditions

¢(0) =(0) = ¢'(0) =0, (8)
2(0) = '(0) = 0, ©)
¢"(0) =" (0) = 0. (10)
Then the solution for the Cauchy problem exists, is unique and representable in the form of

o) =3 " =) = o= ) = (2= 252 ) e - 9) - wle -+

-y ' @+y) —vE+y)l+el@+y) —e@-y). (11)
Indeed the function u(z,y) is a solution to the Cauchy problem if and only if it is representable as (5).
Therefore, by substituting (5) into (6) and (7), we can get

£(0) + (x) = (), (12)
, ’ AT atu 2_42
—rO)+ @) =5 [ FEED )+ g -
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~La [£(0) +9(0)] = v(2). (13)
Taking into account (8) from (12) and (13) it is clear that
£(0)+9(0) =0, f(0)=0.
Hence, by (12) and (13) we have
9(x) = o(z) = f(0), (14)
4

/z I + g(0)] de = 5 ¢ (@) - (@) 1

0

By differentiation of (15) with respect to = and subtracting identity (15), previously multiplied by %x we
can get

F@) + (@) = 5 ¢ @) 9 @)] = 2T (ol (@) — ()
F(a) = F0) = p(a) + 5 ") ~ ¥/ @)~ L /() — (e

Substituting the obtained values into f(z) and g(x) in (5) and taking into account (15) when calculating
the last two terms of formula (5), and after simple conversions we arrive at formula (11).

Substitution into equation (1) ensures us that the function u(x,y) calculated by formula (11) is the solution
to (1). It is easy to check that under conditions (8)—(10) the function u(x,y) satisfies conditions (6), (7).

Note that the Cauchy problem as A = 0 is not a well posed one. Indeed by (12), (13) the condition

¢/(2) = (@) = ¢'(0) = $(0) + £ (0)

is necessary and sufficient for the solvability of the problem. In case this condition is satisfied the solution to
the Cauchy problem is

wes) = fle =) = JO + oo+ )+ ) [ 00 - 10) + o] efle"

where f — is an arbitrary twice continuously differentiable function.
If we make a replacement u(x,y) = v(z, —y) in equation (1) then problem

u(g, —g) =p(z), 0<z <1, (16)
Uy <g, —g) =9Y(z) 0<z <1, (17)

becomes the problem
T x T x
v(53) 9@ (3 3) =@

for the equation vy, — vyy = pv(z +y, 0) + Av(z —y, 0).
Therefore, assuming that p # 0 and

p(0) =1(0) =¢'(0) =0;  ¢"(0)+4'(0) =0;  ¢"(0) +4"(0) =0,

the solution to the problem is representable as

(o) = 1 =) + 0/ =] = (2= 252 ) o)+ vte -]+

Haz -y '@ +y) +d@+y]+el@+y) - el -y)
This implies the solution to problem (16), (17) for equation (1) casts into the form

) =416 k) + 0] = (o4 P2 ) )+ e )]+
+a+y) e —y) + @ -yl + el —y) —p@+y) (18)
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It is known [28] that in case with three spatial variables corresponding to the Cauchy problem a wave is
completely determined by the Cauchy data on a sphere. This fact in the theory of sound is called Huygens
principle. We also know that with two spatial variables in wave processes the Huygens principle does not hold
since to determine the wave the Cauchy data must be specified not only on the circle but also at all points of
the corresponding circle. In the case of one variable, to determine the value of the oscillation at the point (x,y),
one of the components of the Cauchy data must be set on the segment boundary [« — y, x + y], and the second
at all points of this segment.

The idea is that to determine u(x,y) at the point (z,y) in formulas (11), (18) you need to know the Cauchy
data only on the segment boundary [z — y,z + y]. That is, we can say that there is a one-dimensional version
for the Huygens principle.
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A X. Arraes

2KyKTenreH ruriepOooJIaiblK, TeHJIey YIMiH
Oip cumaTTaMaJibIK ecell >KaiijIbl

Byt »)xymbicTa 6acTbl GeJtiri mekTiy TepOedticiaiy bipeJiem/ i TeHaeyi 00JaThIH KYKTEJNeH TUIePO0JIaIbIK,
TeHaey OOBEKT OOJbIN TaObLIaAbl. 2K YKTEIreH KOCHIIFBINTAPAA TYPAKTHI XKbLIIAMIBIKIIEH KABLIBICATHIH
CHIIATTAyIIbl KYITAPBIHBIH OOMBbIHA COMKeC TapajaThlH »KYKTeMeHiH eki mHykreci 6ap. OcbiHmait Tenmey
yiriH GipeJimeMai MeKTiH TepOesTiciHiH TeHAeyiHiH CHaTTay MbLIaphl OOJIBIN TaObLIATBIH KUBLIBICATHIH TY-
3yJIEP/IiH Ke3 KeJIleH »KYOBIHbIH JepekTepiven Korru ecebin 3eprrey xyprisinai. Komm nepexrepin 6eperin
GbyHKIMsIFa HYKTEIIK CATIATTAFbI OeJIrijIi mapTrapia KoHe OJap/IblH OipiHI, exinrmi, yirinm Ty bIHABLIaPbI
KOMBLIFaH ecenTiy 6ap 60JIybl KOHE YKAJIFBI3/IbIFDI TJIQJIAEH], ajl IIenryi »KailIbl TYCiHIK aHbIK Ka3bLIIbI.
Temymiy 6ap 6oLyl 2KoHE YKAJFBI3IBIFLIH JI9JIJIIey OHBI ajIy OIiCiHiH e3iHeH mbraabl. COHbBIMEH Koca Oip
cunarraymbiaa oepimerin, Komm nepekrepinin Toyeaaimik, ocep eTy »KoHe aHBIKTAJIy OOJIBICTAPBIMEH Oaii-
JIAaHBICTBI CypakTap KapacThIpbuiabl. Ocbliaiima jgepbec TYbIHIBUIBL KYKTeMedll nuddepeHnnaiibK, TeH-
JieyJep YIIiH 6acTAalKBI-TIIEKTIK eCeNTep/IiH, KOWBLIBIMbIHA YKYKTEMEHIH, 9CEepiHiH, THIM/ILIIr KaiIbl Te3WC
KE€3€eKTi PeT HAKTBLIAHIHI.

Kiam cesdep: Komn ecebi, )xyKTemesti TeHey, MEKTIH Tepbestic TeHeyi, cumarraMmaliap, 9¢ep eTy o0JIbIChH,
TOYEJICI3/IIK OOJIBICHI.

A X. Arraes

O06 omHOIT XapaKTepUCTUYECKOI 3aaave JIJjIs
HaArpy>keHHOT'0 TUNnepooJIMIecKOro ypaBHEeHU

OOGBEKTOM HCCIIEIOBAHUS CTAThU SIBJISIETCsl HAIPY?KEHHOE T'HIIEePOOJINYIECKOe ypaBHEHNE, TJIABHAS 9acTh KO-
TOPOTO IIPEJICTABIIsET COOOI OJHOMEPHOE ypaBHEeHNEe KOIebaHus CTPYHbI. B HArPY KEHHBIX CIaraeMbIX IIPH-
CYTCTBYIOT JIB€ TOYKHU Harpy3KH, KOTOPbIE PACIPOCTPAHAIOTCA COOTBETCTBEHHO B/I0JIb IIaPhl IEPeCEKAIOIIIX-
Cs XapaKTEPUCTUK C IIOCTOSHHON CKOPOCTBhIO. 711 TAKOro ypaBHEHHS IIPOBOIUTCS WCCIIETOBAHUE 3aa4UN
Komm ¢ mannpiMu Ha 110601 13 apbl IEPECEKAIOIINXCS IPSIMBIX, SBJISIONIMXCS XapaKTEPUCTUKAMA yPaB-
HeHUs KOJIeDaHUsT OMHOMEPHOU cTpyHBI. [Ipn ompe e leHHbIX YCIOBUSAX TOYEIHOTO XapaKTepa Ha DYHKIUH,
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3ajiaromue JanHble Kol u mpou3BOAHbIE IEPBOI0, BTOPOTI'O M TPETHErO MOPSIKOB OT HUX, JIOKA3BIBAETCS
CYIIECTBOBAHHUE U €JMHCTBEHHOCTH IIOCTABJIEHHON 3a/1a491, & IIPEJCTaBJICHUE CAMOI'0 PEIIEHUs BBIITHCHIBAET-
cs B ABHOM BHJe. J0Ka3aTeIbCTBO CYIIECTBOBAHUS U €JUHCTBEHHOCTH PEIIEHUs HEIIOCPEICTBEHHO CJIELyeT
13 caMoro crocoba ero mnosrydeHust. Takrke 3aTparnBaiOTCs BOIPOCHI, CBA3AHHDBIE C ODJIACTSIME 3aBUCHMO-
CTH, BJIMSHUS U OIPEJEJeHNUs JaHHbIX Korm, 3ajaBaeMbiX HA OJHON U3 XapaKTEPUCTUK. DTUM CAMBIM
B OYepesHON pa3 IoATBepKaaeTcs Te3uc 00 3ddeKTe BIUAHAA HAIPY3KU HA IIOCTAHOBKY T€X WMJIM WHBIX
HaYAJbHO-KPAEBBIX 33129 /I HATPYKEHHBIX MM dEPEHITNATBHBIX YPABHEHUI C YACTHBIMU TPOU3BOTHBIMU.

Kmouesvie crosa: 3amada Ko, HarpykeHHoe ypaBHEHNE, YpaBHEHNE KOJIe0aHNsI CTPYHBI, XapaKTEPUCTHU-
KH, 00JIaCTh BJIMSHUS, 00JIaCTh 3aBUCUMOCTH.
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