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Integro-differentiated singularly perturbed equations
with fast oscillating coefficients

In the study of various issues related to dynamic stability, with the properties of media with a periodic
structure, in the study of other applied problems, one has to deal with differential equations with rapidly
oscillating coefficients. Asymptotic integration of differential systems of equations with such coefficients
was carried out by the splitting method and the regularization method. In this paper, a system of integro-
differential equations is considered. The main objective of the study is to identify the influence of the
integral term on the asymptotics of the solution to the original problem. The case of the absence of
resonance is considered, i.e. the case when the integer linear combination of frequencies of the rapidly
oscillating coefficient does not coincide with the frequency of the spectrum of the limit operator.

Keywords: singularly perturbation, integro-differential equation, rapidly oscillating coefficient, regularization,
asymptotic convergence.

Introduction

Consider the following integro-differential system:
A B(t) ' _ _ 0
e— — A(t)z — eg(t) cos ?B t)z— [ K (t5s)z(s,e)ds =h(t), z(to,e)=2z", tE€l[to,T], (1)
to

where z = {z1,22}, h (t) = {h1 (t) ,h2 ()}, B/ (1) > 0, w (¢
B (t) are (2 x 2) — matrices, with A (t) = ( 2 (t(; (1)
(00
A1 0
In the present work, ideas of the regularization method [3-6] are generated on singularly perturbed systems
of integro-differential equations with rapidly oscillating coefficients. The study of singularly perturbed integro-
differential problems by the regularization method of S.A. Lomov [3, 4] with unstable values of the kernel
of an integral operator is reflected in [7-12]. It should also be noted that it is the merit of V.F. Safonov
and A.A. Bobodzhanov in the development of the theory of singularly perturbed integro-differential
equations [13-16]. In their studies, various problems for integro-differential systems were considered: with
diagonal kernel degenerations, with inverse time, with rapidly changing kernels, with rapidly varying kernels,
with partial derivatives, etc. [17-21].

In the system the limiting operator A (¢) has a spectrum Ay (t) = —iw (), A2 (t) = +iw (t), B’ (t) isa
frequency of rapidly oscillating cosine. In the following, functions Ag (t) = —if8’ (t), A4 (t) = +if’ () will be
called the spectrum of a rapidly oscillating coefficient.

We assume that the following conditions are fulfilled:

Dw(t),B(8),g(t) € C ([to, T], CY), h(t) € C= ([to, T], C?) ,

B(t) € C= ([to,T], C**?) , K (t,s) € C* ([to, T], C**?),

2) for Vt € [to,T] and ng # n4 inequalities

n3Az (t) +nada (t) # A (1),
Ak (t) +ngA3 (t) + nadg (t) 74‘ )\j (t) ok # JikJg=1,2,

for all multi-indices n = (ng3, n4) with |n| = ng +ny4 > 1 (n3 and ny are non-negative integers) are holds.
We will develop an algorithm for constructing a regularized [3] asymptotic solution of problem (1). Condition
2) is called the absence of resonance condition.

) > 0(Vt € [to,T]),g(t) is a scalar function, A (t) and

, 29 = {z?, 28}7 € > 0 is a small parameter. Such a

system in the case S (t) = 2y (t), B (t) of the absence of an integral term was considered in [1-6].
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1. Regularization of problem (1)
Denote by o; = 0; (¢), independent of ¢ magnitudes o1 = e t8(t0) g = et 2Bt0) and rewrite system (1) as

d t it ’ i [t /
€£ —A(t)z — 5% (e =i P (9)(1001 tetedof (9)d902) B(t)z -

— [i K (t,5) 2(s,£)ds = h(t), 2(to,e) = 2°, t € [to, T]. (2)

We introduce regularizing variables [3, 4]

I :
Tj:g/t Y (9)d95¢]€(t),j:1,4 (3)

and instead of problem (2), consider the problem

9z 24 9z g(t)
] Y s ~I\Y T3 Ta 5
6815 +j:1 A (1) oT; Az —e 2 (%o +emo2) B (8) 2

— JL K (t.5)2(s, X2 e)ds = h(t),  Z(t,7.8)|i=tg.r=0 = 2°, t € [to, T], (4)

for the function zZ = % (¢, 7,¢), where is indicated (by (3)): 7 = (11,72, 73,74), ¥ = (¥1,¥2,%3,%4). It is clear
that if Z = Z (¢, 7,¢) is a solution to problem (4), then the vector function z = 2 (t, @, 5) is an exact solution

to problem (2), therefore, problem (4) is extended with respect to problem (2). However, it cannot be considered
fully regularized, since it does not regularize the integral term JZ = f:o K (t,s) (s, ¢is) ,€)ds. To regularize the
integral operator, we introduce a class M, that is asymptotically invariant with respect to the operator JZ [3; 62].
Recall the corresponding concept.

Definition 1. A class M, is said to be asymptotically invariant (with e — 40) with respect to an operator
Py if the following conditions are fulfilled:

1) M. C D(P,) with each fixed € > 0;

2) the image Pyg(t,e) of any element g(t,e) € M. decomposes in a power series

Pog(t,e) = Zs”gn(t,s)(s — 40, gn(t,e) € Mc,n=0,1,...),

n=0

convergent asymptotically for e — 40 (uniformly with ¢ € [to,T]).
From this definition it can be seen that the class M. depends on the space U, in which the operator Py is
defined. In our case Py = J. For the space U we take the space of vector functions z (¢, 7) , represented by sums

4 * 2 *
)=o)t Y Aot Y )1 3T (g g) e,
i=1 2<|m|<N, J=11<|m|<N,

m = (0,0,m3,my), z; (t,0), 2™ (t,0), 2%1T™ (t,0) € O ([tO,T], CQ), (5)
1<|m|=mg+my <N,,i=1,45=1,2,

where is denoted: A (t) = (A1, A2, A3, A1), (M, A(F)) = maAs () + mara (T), (e +m, A (F)) = A; (t) +msAs (t) +
+mgAy (t); an asterisk * above the sum sign indicates that the summation for |m| > 1 it occurs only over
multi-indices m = (0,0, mg, m4) with ms # my, e; = (1,0,0,0), e3 = (0,1,0,0), o = (01,02) .

Note that here the degree N, of the polynomial z (¢, 7, 0) relative to the exponentials €™ depends on the
element z. In addition, the elements of space U depend on bounded in € > 0 terms of constants o1 = o (¢)
and oy = o9 (€), and which do not affect the development of the algorithm described below, therefore, in the
record of element (5) of this space U, we omit the dependence on o = (01,03) for brevity. We show that the
class M. = Ul —y)/e is asymptotically invariant with respect to the operator J. The image of the operator on
the element (5) of the space U has the form
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4
JZ(ﬂT):f:OK(t,s)zo(s ds—i—tht K (t,8) 2 (s) e% Jo 2O g

+ Z ft (S) eé ftbo (m,)\(a))dad8+
2<|m|<N,
+ :2 * f sejtm (S) 6% ftSU(Ejer’)\(e))deds.
J=11<|m|<N, to

Integrating in parts, we will have
Ji(t,e) = [ K (t5) 7 () e T MOV s = ¢ [ KE220) gt Jo MO®

K(t,s)zl(s f’o i (0)dO | s—

_ t o K(t,s)zi(s) %f: i (0)do o
=¢ Ai(s) s= t() - Ef;f() (& i ) € 0 dS -

i(s)

— o [ Ktz 2 [i A(0)do _ K(tto)zi(to) ) K(t 8)zi(s) ) o5 [i, Ai(0)do
_5[ pw ) 0 Oto)o} Efto(s S)s) 0 ds.

Continuing this process further, we obtain the decomposition

Ji (t,e) = f (=) e IV (K (t,5) 2 (5))) et S MO _ (v (¢ (15 2 (5))) 5o

Applying the integration operation in parts to integrals

¢ 1 m, ¢ 1 s (e.4m
I (te) = | K(t,s)(s)e ™ as gt = [ K (t,5) 20t (5) €7 oA g

to to
we note that for all multi-indices m = (0,0, ms3,my) ,m3 # my, inequalities
(m, A (t)) = msAg (t) + mady () # OVt € [to, T], m3 +myg > 2
are satisfied. In addition, for the same multi-indices we have

(ej +m, A (t)) # OVt € [to,T],j = 1,2, mg # ma, |m| = mg +mq > 1.

Indeed, if (e; +m, A (t)) = 0 for some t € [to,T]| and mg # mq,m3 + my > 1, then mgAs (t) +mars (t) =
= —)\1 (t) = A2 (t),m3 + my > 1, which contradicts condition 2). And likewise, if (62 +m, A(t)) = 0 with some
t € [to,T] and mg # myg,mz + my > 1, then mgAz (t) + mary (t) = —=A1 (£) = A2 (t), mg + my > 1, which also
contradicts condition 2). Therefore, integration by parts in integrals J,,, (¢, €) , Je, 1m (t, ) is possible. Performing
it, we will have:

T (8,6) = [1 K (8,8) 2 (s) €= o "NV g — g [l KT () g S, (mAON0

(m,A(s))
N [K(t t)z’"(t)eg ft (m,A(0))do K(t,tU)z"”(to)} _ o[t O KMs)z"(s) F ft (m,X(0))do ds —
TmAD) T T (moAGe) to s (m,A(s)) © =

_ Zio(*l)ygwl[(jzm (K (t, s) Lm (s)))s:t eé ftto(m,A(G))dH . (L,;l (K (t, S) Lm (s)))s=t0]5

IO_

m = (m,i(s))wfffi = L 8@1 Yv>1,|m| > 2);

(m;A(s))

¢ L5 (e;+m
Je;+m (t,€) = / K (t,5) 259+ (5) 7 Jro CoTmAY g

t )

K t e;j+m L% (¢:dm

= £ ( ,S) G (8) deE fto ( it ,/\(0))d0 =
(€5 +m,A(s))
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e’ — —

. [K(t,t) 26T (L) Lrs (e;4mn0)de K (L to) 25T™ (to)
(ej +m,A(t)) (ej +m, A(to))

O K (t,s)zt™ (s) 1s

< Jiy (ej+m,X(0))do
1 05 (ej +m,A(s))

ds =

_ Z 1/ u+1 (K (t, S) Leitm (S)))s:teé ftto (ej+m,\(0))do
v=0

—(I]’-fm (K (t,8) z%F™ (s)))

S:to] ’

1 1 0
P =—- o= = ly>1|ml>1,j=12
e (ej+myA(s) P™ (e +myA(s)) Os I (v=1,|m[>1, 2),

Therefore, the image of the operator J on the element (5) of the space U is represented as a series

T (07) = [ K (69) 20 (5)ds + 32 55 (<11 (I (K (t,3) 3 (5), e o O

1=1v=

o0

— IV (K (t,5) 2 () gy, | + Z:jo(—l)ugwl[([; (K (t,s) 2™ (s))),_, oL L (mn©))de

— (I, (K (t,8) 2™ (8))) o=y, ) + Xi:

1<|m|<N- v

1t ej+m,\(0 v )
Xee fto ( ) _ (Ij,m (K (t7 S) zejtm (s)))szto].,_:w(t)/g.
It is easy to show [22; 291-294] that this series converges asymptotically for ¢ — +0 (uniformly in ¢ € [to, T]).
This means that the class M, is asymptotically invariant (for ¢ — +0) with respect to the operator J.
We introduce operators R, : U — U, acting on each element z (t,7) € U of the form (5) according to the

law:
t

Roz (t,7) = K (t,8) 2o (s) ds, (60)

to
4

Rz (t,7) = Z[(I? (K (t,5) 2i () ,_p €™ = (I (K (8, 8) 21 () .y, [+

+Y . (I (K (ts) 2™ (5) o 7 = (I, (K (8,8) 2™ (), +

1<|m|<N,
T I (0 ), (1, (K @) L (o)
Rz (67) = S (1P (K (65) 2 (50),cy 7 = (IF (K (05) 2 (5), i+

i=1

+ io(—nvswl[(m (K (t,5) 2™ () ey €7 = (I (K (8,8) 2™ (8))) g, 1
FY S 0 (B () 2957 (5))_, ) (1Y, (K (t5) 25 (5))_, v > L.

(6u+1)
Now let Z (¢, 7, €) be an arbitrary continuous function on (¢,7) € [to, T]x {7 : Rer; <0,j = 1,4} with asymptotic
expansion

Z(t,T,¢€) Zszktr7zk(t7) evl, (7)
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converging as € — +0 (uniformly in (,7) € [to, T] x {7 : Rer; < 0,j = 1,4}). Then the image JZ (t,7,¢) of this
function is decomposed into an asymptotic series

Z(t,T,¢€) ZEkJZktT Z ZRT s2s (6 7) lr=y(t) /e

This equality is the basis for introducing an extension of an operator J on series of the form (7):

JZ(t,7€) (Ze 2k tr)éie’”i:RT_szs(t,T). (8)
r=0 s=0

Although the operator (8) is formally defined, its utility is obvious, since in practice it is usual to construct the
N-th approximation of the asymptotic solution of the problem (2), in which impose only N-th partial sums of
the series (7), which have not a formal, but a true meaning. Now you can write a problem that is completely
regularized with respect to the original problem (2):

0z 0z -9t T4 L
gE+;AJ (t)a—Tj—A(t)z—ET(e o1+ eMog) B — JZ = h(t),
é(thv 6)|t=t0,‘r=0 - ZO) t S [t()aT] (9)

2. Iterative problems and their solvability in space solution
of the first iterative problem

Substituting the series (7) into (9) and equating the coefficients with the same degrees, we obtain the
following iterative problems:

4
az
Lz (t,7) = ;AJ aTj — A(t)zo — Rozo = h (1), 2o (to,0) = 2°; (100)
a g(t) T3 T4 — .
Lz (t T) 87 T(e o1 +e O'Q)B(t) 20+ Riz9, 21 (t(),O) = 0; (101)
_ 821 g(t) T3 T4 =0
Lz (t,T) = at —l—T(e o1+ e UQ)B(t) 214+ R1z1 4+ Razg, 20 (ﬁo,O) = 0; (102)
L _ azk*l g<t) T3 T4 _
Zk (t,T) = — ot +7(€ o1 +e JQ)B(t) Zk71+RkZO+...+R12k,1, Zk (to,O) —O,kZ 1. (1Ok)

Each of the iterative problems (10x) can be written as

4
EZ)\] ——A( )z — Roz = H (t,7), 2 (tp,0) = 27, (10)
= oT;
where
4 * 2 *
H(t,r)=Ho(t)+ > Hi(t)e™ + > H™@®)e™D+> " > H&™ (t)elestmn)
i=1 2<|m|<N. J=11<|Im|<Ny

is the known vector function of space U, z* is the known constant vector of the complex space C?, and the
operator Ry has the form (see (6y))

4 *
Roz=Ro|z2t)+ X zt)e + 3 27 (t)elmm+
i=1 2<|m|<N.

2 *
+3 ) Leitm (t)e (ej+m, T)) ft ) 2o (8) ds.

j=10<|m[<N.
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In the future, we will need \; (t)-eigenvectors of the matrix A (t) :
1

2 0= ( i ) 0= (i )

and also \; (t)-eigenvectors of the matrix A* (t) :

0= gy ) u0=( g )

These vectors form a biorthogonal system, i.e.

r ) ={ 5T (i1

We introduce scalar (for each t € [to,T]) product in space U :

<z,w>=

4 *
=<z +y zu)e+ DY @™ 4y " 3 (g eleatmn)
=1

2<|m|<N. 7=11<|m|<N,

4 * 2 *_
wo () + D wi(B)e™ + D W (el 4y N w (el S8
=1

2<|m[<Ny, 7=11<|m|< Ny
4

2 (20 () wo (1) + > (2 (), w; (1) +

i=1
*

2 *
+ > (=™ (1), w™ (1) + Y > (297 (1), WM (1)),

2<|m|<min(N;,Ny ) J=11<|m|<min(N,Ny)
where we denote by (%, *) the usual scalar product in the complex space C2. Let us prove the following statement.
Theorem 1. Let conditions 1) and 2) be fulfilled and the right-hand side H (t,7) = Hp (t) +Z§:1 H;(t)e™ +
+ EZS\mISNz H™ (t) e™) —&—Z?Zl ZTS‘W‘SNH Heitm () eleitm™ ™) of system (10) belongs to the space U. Then
the system (10) is solvable in U, if and only if
<H(@t,71),xx @) e™ >=0,k=1,2,Vt € [ty, T]. (11)

Proof. We will determine the solution of system (10) as an element (5) of the space U :

2ty =z20(t)+ Y zW)e + D 2" (e

2<|m|<N.

+ Z Z Z8Hm () elestmT) =

J=11<|m|<Nu

4 * *
=20+t + Y 2 () emT) £y 2 (t) (7)) (12)
i=1 2<|m|<N. k=12<|mk|<Ny

where for convenience are introduced multi-indices
ml =e +m= (1707m3vm4)7m2 =ex+m= (Oalam3!7m4)? |mk| =1+m3+my > 27

mgs and my are non-negative integer numbers. Substituting (12) into system (10), we will have

SO T—A@) 5O+ S [mA@) T — A2 (1) e+

i=1 2<|m[<N.

+y oy [(m* X (0) T~ A@0)] = (1) el™ ) — A(t) 20 (8) — [ K (t,8) 20 (s) ds =

* 2 *
=Hy(t)+ L Hi e+ Y H@)emD 4y > B (t)el)
i=1 2<|m|<N, k=12<|mk|<Np
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Equating here the free terms and coefficients separately for identical exponents, we obtain the following systems
of equations:

CA() 20 (1) — / K (t,5) 20 () ds = Ho (£), (13)
N ()T —A(t)] 2 (t) = H; (t),i=1,4; (13;)
[(m, A (#) T = A(t)] 2™ (t) = H™ (t), m3 # ma, 2 < |m| < Np; (13,n)
[(mE A @) T = A@6)] 2™ () = H™ (t), mg # ma,2 < |m*| < Ny, k = 1,2. (14)
Since the matrix A (t) is reversible, the system (13) can be written as
20 (t) = /t (—A™ () K (t,5)) 20 (s) ds — A~ (8) Ho (1) (130)

Due to the smoothness of the kernel —A~! (¢) K (¢, s) and heterogeneity —A~1 (t) Hy (t), this Volterra integral
system has a unique solution zo (¢t) € C* ([to, T],C?). The systems (133) and (134) also have unique solutions

2 (0) = ()1 — A0 Hi (1) € 0 ([t, T),C2).i = 3,4,

since Ag (t), A4 (t) do not belong to the spectrum of the matrix A (¢). Systems (13;) and (132) are solvable in
space C* ([to, T],C?) if and only if there are identities

(H; (1), x: (£)) = OVt € [to, T] i = 1,2.

It is not difficult to see that these identities coincide with identities (11). Further, since (m, A (t)) = msAs (¢) +
+mada () # X (t),J = 1,2,|m| = mg + my > 2,mg # my (see condition 2) the absence of resonance), the
system (13,,) has a unique solution

() = [(m @) T =A@ H™ (t),2 < |m| < Ng € C* ([to, T],C?).

We now consider systems (14). Let us show that when ’mk ‘ > 2 the functions (m*, A (t)) are not eigenvalues of
the matrix A (¢). Indeed, let (m', A(t)) = Ay (t),|m!| > 2. Then

A (t) + msgAs (t) + mads (t) = Ao (t) , mg+my > 1,

which contradicts condition 2) the absence of resonance. And likewise, equality (m? A (t)) = A1 (t), |m?| >2
ms + my > 1 cannot be fulfilled.

Therefore, when ‘mk’ > 2 the matrix (m*, A (t)) I — A(t) is reversible, we get a unique solution of system
(14) for |m*| > 2 in the class C*° ([to,T],C?):

2 () = [(mF A0 T— A@®)] 7 H™ (1),2 < |m¥| < Ny, k= 1,2.

Thus, condition (11) is necessary and sufficient for the solvability of system (10) in the space U. The theorem
is proved.
Remark 1. If identity (11) holds, then under conditions 1) and 2), system (10) has the following solution in

the space U:
2

2(t,m) = 20 (8) + ) (8) on (8) €™ +
k=1

4
0.0 0) ) 3 o1 A 100+
1=3

(Hy (1), x2(t))

)\1 (t) — /\2 (t) ¥2 (t) eTl+

+
b [ AO) - AW E () e

2<|m|<Nu

+,§1 | E| [(en +m A (D) L= A@)] " Hem (2) elcrtm), (15)
=11<|m|<Npg

where oy, (t) € C* ([tg, T ,(Cl) are arbitrary functions, k = 1,2, 2o (¢) is the solution of an integral system(13y),
m = (0,0, ms3, my) , mg # my, |m| =mg +my > 1.
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8. The unique solvability of the general iterative problem in the space U. Residual term theorem

Let us proceed to the description of the conditions for the unique solvability of system (10) in space Along
with problem (10), we consider the system
0z
Lw (t -
where z = z(t, 7) is the solution (15) of the system (10), Q(¢,7) is the well-known function of the space U. The
right part of this system:

®) (0 + eT0) B (1) 2 +Q (£ 7), (16)

0 t
G@J)-—é—f—%(e”al +eT402)B(t)z+Q(t,7-):—— 20 ( Zzl YeTi+

* 2 *
t
+ Y AT 1Y Y et (el g(®) (€01 + e™ay) B (t) x

2<|m|<N, =1 1<|m|<N, 2
4 * 2 *
Xlzo(t)+ > zW)e+ > 2™ 4> Y ) el tm I 4 Q (8, 7),
i=1 2<|m|< N, j=1 1<|m|<N,

may not belong to space U, if z = z(¢,7) € U. Indeed, taking into account the form (15) of the function
z=z(t,7) € U, we will have
0z (t)

Z(t,7) =G, 1)+ il (e™01 4+ €e™o2) B(t) [20 (1) +

4 * 2 *
+ Z zi (t) e + Z 2™ (t) el™) Z Z zetm (¢) eleatmm)] =
i=1

2<|m|< N, j=1 1<|m|<N.

4
= LB (1) 20 (1) (€701 + e™00) + 32 LB (1) 2 (1) (€701 + €7 T Tay) +
1=3

2
+ 3 ZRB () 2 (t) (€7 H oy + i) +
k=1

+90 (e 4 eTiay) B (1) | Z zm(t)e(m’T)—i—Z ST zetm (f) eleitmin)] 4
2<|m|< j=1 1<|m|<N.

+Q (¢, 7).
Here are terms with exponents

eTatTs — 6 |m (0,0,1,1)5
e™tmT) (ifmg +1 = m4)a e ) (if my + 1 =mg), ()

emst(eritm,7) (if ms+1= m4)’ eTat(e2+m,T) (if my+1= mg)

do not belong to space U, since in multi-index m = (0,0, m3, m4) of the space U must be mg # my, mg+my > 1.
Then, according to the well-known theory [3; 234], we embed these terms in the space U according to the following
rule (see (x)):

o —

— .0 _ _
67'4+7'3 = e’ = ]_7 eTS+(myT) =

=V =1 (m3 +1=my,m3 # m4) , emat(m,7) = 0 =1 (m4 +1=m3,m3g # m4) R (**)

eTat(er+m,m) — 71 (ms + 1 = my,ms # my), eTat(e2+m,7) — T2 (my +1=m3,m3 #my).

In Z (t,7) need of embedding only the terms

4 2
M) =3 ID B (1) z; () (€7 F 301 + e T ay) + kzl DB (1) 2, (1) (™50 + e Tay),
- * - 2 *
S(t,7) =20 (eTsg; +eTon) B()[ Y 2m(t) e 4+ Y 28 m () eleitmm)),
2<|m|<N, J=11<|m|<N,
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We describe this embedding in more detail, taking into account formulas (#x):

st
2

(),
2

M

M (t,7) =

>
I

1

t)

Q
—

+

-

Il
w

N ‘

(2

K o+ e oy
(t) 21 (t) (€80 + €™ Toy) +

B(t)z (t) (7" oy + €7 oy) =

(t) [ (1) €™ B0y + 21 (8) €7 00 + 20 (1) €™ P01 + 25 (t) € T o0+

+2z3 (1) 2oy + 23 (t) €™ oy + 24 (1) €™ 0y + 24 (1) 627—402] =

o t
= M (t,'r) = %B (t) [Zl (t) 6T1+TSO'1 + 2 (t) 6T1+T4O_2 + 2 (t) 672+T3o'1+

20 (1) €™ o + 23 (t) 2™ 0y + 23 (t) 00 4 24 (1) 01 + 24 (1) €20y

(note that in M (t,7) there are no members containing e™, ™ measurement exponents |m/| = 1);

+ Z Zez-',-m (t) (e(62+m,7)+7'30,1 + e(e2+m,7—)+7—40,2)] =

g(t)

S(t,T)= "

(Mo +ema) Bt

*

2<|m|<N.

2 *
YD el =

J=1 1<|m|< N

*

2<|m|<N.

+ Z Zel+m (t) (e(el+m,7')+7'30_1 + e(el+m,‘r)+‘r40_2) +

1<|m|<N:

1<[m[<N.

>

2 <|m| < N,
mz+1=my
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Zm (t) o1 —+

>

2 <|m| < N,
my+1=mg3

Zel+m (t) o1 —+

*

S (t,T)

2™ (1) e(mT) 4

g (t) B (t) [ Z oM (t) (673+(m,‘r)0_1 + 6T4+(m,7')0_2) +

>

1< |m| <N,
m3+1=my

2.

ms+1=my

22T (t) oy +

M (t) oy + Z ,m (t) (M) +
2< |m| < N,
ms + 1 # mg,mg + 1 # mg
Z 2T () oy | €™+
1 <|m| <N,
my + 1= ms
Z 22T (H) oy | €™+

my+1=mg3

*

>

m3 + 17 mg,myg +17#m3

D)

j=1
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After embedding, the right-hand side of system (20) will look like

4

Gltr) =D+ me+ Y ey

i=1 2<|m|<N,

2 *
+ Z Z Zejer (t) e(e_,-+m,‘r)] —+ ]/\Z(t, 7') + S\(t, 7') + Q (tv 7-)’

J=1 1<|m|<N;
moreover, in S (t,7) the coefficients at ™, e™ do not depend on 2, (¢),k = 1,2. As indicated in [3], the embedding
CAJ (t,7) — G (t,7) will not affect the accuracy of the construction of asymptotic solutions of problem (2), since
Z(t,7) lr=ypt)e = Z (6, T) lr=p(t) /e
Theorem 2. Let conditions 1) and 2) be fulfilled and the right-hand side H (t,7) = Hp (t) —&—Z?Zl H;(t)e™+
+ ZZS\mISNz H™ (t) emm) 4 E?:l ZTS“’”'SNH Heitm () eleat™m) ¢ U of system (10) satisfy condition (11).
Then problem (10) under additional conditions

<G(t,7), xx(t)e™ >=0Vt € [to,T], k= 1,2, (17)
where
4 * 2 *
Qt,7) =Qo(t)+ Z Qu(t)e™ + Z Q™ (1) e(m7) 4 Z Z Qertm (t) elertm,T)
k=1 2<|m|<N. k=11<|m|<Ngq

is the known vector function of space U, is uniquely solvable in U.
Proof. Since the right-hand side of system (10) satisfies condition (11), this system has a solution in space
U in the form (15), where oy, (t) € C* ([to,T], C') are arbitrary functions so far, k = 1,2. Submit (15) to the

initial condition z (¢p,0) = z*. We get 22:1 ay, (to) ¢k (to) = z«, where denoted
2= 2"+ A7 (to) Ho (to) = Yoimg [N (f0) T = A(to)] ™" H, (to) —

L H t H®2 (t0), x1 (¢
Al(t(o;)) ))\(22(200))) 0 (to) — (Az(to;)z)\xll((too)))gol (to) —

— Ya<imi<n, 2" (to) — Yot Z;ka\gNH [(m*, X (to)) I = A(to)] e (to)-

Multiplying the equality Zi:l oy, (to) i (to) = 2z« scalarly by x; (to) and taking into account the biorthogonality
of the systems {y, ()} and {x; (¢)}, we find the values ay, (to) = 3 (2, xx (t0)), k =1,2. Now we submit the
solution (15) to the condition of orthogonality (17). Considering that under these conditions, scalar multiplication
performed by vector functions xy (t) €™, containing only exponents ™, k = 1,2, it is necessary to keep in the
expression G (t,7) only terms with exponents €™ and e™. Then condition (17) takes the form

9 : Tk (Hl (t) ; X2 (t)) . (HQ (t) , X1 (t))

e1(t) 6T2> +

1< mi<n, 20T <, 2T @0 | e

ms+1=my my +1=mg
+ +
Pl i<micn, T OaFE g <, FT o | e
ms+1=my my+1=mg

FQ1 () e + Qo () e™, xp(t)e™ >=0 Wt [to, T], k=1,2.

Performing here scalar multiplication, we obtain linear ordinary differential equations with respect
to the functions ay (¢), involved in the solution (15) of system (10). Attaching to them the initial conditions
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ag (tg) = % (24, Xk (t0)), K = 1,2, computed earlier, we find uniquely the functions «ay (t) € C*° ([to,T} , (Cl)7
k = 1,2, and, therefore, we construct solution (15) in the space in a unique way. The theorem is proved.
Applying Theorems 1 and 2 to iterative problems (10;) (in this case, the right-hand sides H*®) (¢, 7) of these
problems are embedded in the space U, i.e. H*) (t,7) we replace with H®) (t,7) € U), we find uniquely their
solutions in space U and construct series (7). Just as in [3], we prove the following statement.
Theorem 3. Suppose that conditions (1) — 2) are satisfied for system (2). Then, when € € (0,e0] (g9 > 0 is
sufficiently small), system (2) has a unique solution z(t,e) €CL([0,T],C?); in this case, the estimate

llz(t, ) = zen D)llcpo,r) < ene™ T,

holds true, where zey (t) is the restriction (for T = @) of the N- partial sum of series (9) (with
coefficients zy (t,7) € U, satisfying the iteration problems (10x)), and the constant ¢y > 0 does not depend on
e € (0,¢eq)].

4. Construction of the solution of the first iteration problem in space U.

Using Theorem 1, we will try to find a solution to the first iteration problem (10g). Since the right side h (¢)
of the system (10q) satisfies condition (11), this system has (according to (15)) a solution in space U in the form

2o (t,7) = z(()O) Za(o) Ye™™, (18)

where zéo) (t) is the solution of the integrated system

29 (1) = / (AT () K (t,5)) 20 (s)ds — A7 (¢) b (t), (19)

to

a,(co) (t) € C> ([to,T], C") are arbitrary functions. Subjecting (18) to the initial condition z (to,0) = 2°, we will
have

+Za to Pk to)—Z @Zak to)(pk@o)—z + A~ ( )h(to).
k=1
Multiplying this equality scalarly by x; (to) and taking into account the biorthogonality of the systems {¢y ()}
and {x; ()}, we find the values a(o) (to) = 2 (2°+ A7 (to) h(to), xx (to)), k = 1,2. To fully compute the

functions aéo) (t), we proceed to the next iteration problem (10;). Substituting into it the solution (16) of the
system (10q), we arrive at the following system:

t

d 2. d
Lz (t,7) = —%zéo) OB df(a,@ (t) o (£))e™+
k=1

—&-? (e™o1 +e™a2) B (t) (z(()o) (t) + ozg)) (t) ok () e”“) +

k=1

2 [(K@wnal? ;) (K tto)al” () (1)
22 No % (@) 20

(here we used the expression (61) for Ryz (¢, 7) and took into account that for z (¢,7) = 2o (¢, 7) only the terms
with €™ and e™ remain in the sum (61)). It is not difficult to see that the right side

H(t,7) =427 (1) = Xh_y (o) (t) on ()e™+

+90 (701 + emaa) B (1) (27 () + iy of) (D er () ) +

(K(t0al” ()e; (1) (K(tto)al” (to)e;(t0))

2 J T _ J
+Zj:1 [ ;@) e A;j(to) }
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of system (20) belongs to space U. System (20) is solvable in this space U if and only if conditions (11) are
satisfied, which in our case take the form

K(tt)a (t)ek(t)
(<4 o+ EEP2O ) =0 o

(0)
& 290 (UEDO) — o (1), (1)) af) (1), k= 1,2,

Attaching to this system the initial conditions a,(co) (to) = 3 (2°+ A7 (to) h(to), Xk (to)), we find uniquely

functions
o (1) = o) (to) exp {;/t (W 41 (s), (s)) ds}, k=12,

therefore, we uniquely calculate the solution (18) of the problem (10g) in the space U. Moreover, the main term
of the asymptotic of the solution to problem (2) has the form

zeo (8) = 28 () +

+ Za’(co) (to) exp {; /to (W — o (8) s Y (s)) ds} on (1) ot Iy oL

(0) (2% + A7 (to) h (to) , xk (to)) , k= 1,2, z(()o) (t) is the solution of the integra system (19).

where o, (to) =
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References

1 ®emenko C.@. AcuMOTOTHYECKHE METOIBI B TEOPHUU JUHEHHBIX audbepeHuaabHbIX ypABHEHU /
C.®. ®emenko, H.U. Ikuib, JI.JI. Hukosenko. — Kues: Hayk. mymka, 1966. — 261 c.

2 Hasenkuit FO.JI. Acumrrorudeckuii MeTo Jijisi HEKOTOPBIX T depeHIna bHbIX YPABHEHM ¢ OCIIUJLIU-
pytomumu kKodddunuenramu / FO.JI. Tameuxuii // JJAH CCCP. — 1962. — 143 — Ne 5. — C. 1026-1029.

3 Jlomor C.A. Beenenue B 06myio Teopuio cuaryisapubix Bosmyrenuii / C.A. Jlomos. — M.: Hayka, 1981.
— 400 c.

4 Jlomos C.A. OcroBbl MaTeMaTndeckoii reopuu norpaauduoro cjios / C.A. Jlomos, U.C. JTomos. — M.: Uz -
-Bo MI'V, 2011. — 456 c.

5 Peokux A.JI. AcUMITOTHYECKOE peIeHne JIMHEHHOro MndpepeHuaabHOr0 yPAaBHEHUS ¢ OBICTPO OCITHII-
supyomuM kKodddunuenrom / A . Pookux // Tp. MOU. — 1977. — 357. — C. 92-94.

6 Pookux A.JL. Ilpumenenue MeToja peryasipu3aluu JJisi yPaBHEHUsS] ¢ OBICTPO OCIUJLIUPYIOMUMU KOID-
dunmenramu / A /1. Perkux // Marepuanst Beecoros. koud. mo acumi. merogam. — 9. I. — Anma-Ara:
Hayxka, 1979. — C. 64—66.

7 Nmanbaes H.C. Ajroput™ MeTOa PEry/IsipU3aiuy JJjis CHHTYJISIPHO BO3MYIIEHHON 3a/1a9u ¢ HeCTaOuIb-
HBIM 3HAUEHUEM sijipa uHTerpaiabHoro oneparopa / H.C. Umanbaes, B.T. Kamuv6eror, M.A. Temupbexon
// Becrn. Kaparang. yu-ta. Cep. Maremaruka. — 2013. — Ne 4. — C. 64-70.

8 Kamumberos b.T. MaremaTrndeckoe onrcane BHY TPEHHETO TOIPAHIIHOTO CJIOST JIIsT HEJTMHEHHOW HHTETPO-
muddepennmasnbroii cucrembr / B.T. Kamumberos, B.1. Eckapaesa, M.A. Temup6ekos // Bectn. Kapa-
rauz. yu-ta. Cep. Maremaruka. — 2014. — Ne 3. — 75. — C. 7T7-87.

9 Eckapaesa B./. JluckpeTHbIil TOrpaHUIHBINA CJIOM B CJIydae HYJIEBBIX TOYEK CIIEKTPA JJIsi CHCTEM MHTEIPO-
nuddepennmanbabix ypasaenuit / B.1. Eckapaesa, B.T. Kamum6eros, M.A. Temup6ekos // Becru. Ka-
pararz. yu-ta. Cep. Maremaruka. — 2014. — Ne 3. — 75. — C. 88-95.

10 Kalimbetov B.T. Internal boundary layer for integral-differential equations with zero spectrum of the
limit operator and rapidly changing kernel / B.T. Kalimbetov, B.I. Yeskarayeva, A.S. Tolep // Applied
Mathematical Sciences. — 2015. — 9. — 141-144. — P. 7149-7165.

44 Becrnuk Kaparanmaurckoro yHuBepcurera



Integro-differentiated singularly perturbed equations...

11

12

13

14

15

16

17

18

19

20

21

22

Kalimbetov B.T. Asymptotic solution of singular perturbed problems with an instable spectrum of the
limiting operator / B.T. Kalimbetov, M.A. Temirbekov, Zh.O. Habibullaev // Abstract and Applied
Analysis. — 2012. — Vol. 2012, No. 120192. — 16 p.

Kalimbetov B.T. Regularized asymptotical solutions of integro—differential systems with spectral singulari-
tes / B.T. Kalimbetov, N.S. Imanbaev, D.A. Sapakov, L.T. Tashimov // Advances in Difference Equations.
— 2013. — Vol. 109. DOI: 10.1186,/1687-1847—2013-109.

Safonov V.F. A regularization method for systems with instable spectral of the kernel of the integral
operator / V.F. Safonov, B.T. Kalimbetov // Differential Equations. — 31.— 4. — 1995. — P. 647-656.

Safonov V.F. Regularized asymptotic solutions of the initial problem of systems of integro—partial diffe-
rential equations / V.F. Safonov, A.A. Bobodzhanov // Mathematical Notes. — 2017. — 102. — 1. —
P. 22-30.

Safonov V.F. Regularized asymptotics of solutions to integro—differential partial differential equations
with rapidly varying kernels / V.F. Safonov, A.A. Bobodzhanov // Ufimsk. Mat. Zh. — 2018. — 10. — 2.
— P. 3-12.

Bobodzhanov A.A. A generalization of the regularization method to the singularly perturbed integro—
differential equations with partial derivatives / A.A. Bobodzhanov, V.F. Safonov // Russian Math.
(Iz. VUZ). — 2018. — 62. — 3. — P. 6-17.

Bobodzhanov A.A. A problem with inverse time for a singularly perturbed integro—differential equation
with diagonal degeneration of the kernel of high order / A.A. Bobodzhanov, V.F. Safonov // Izv. Math.
— 2016. — 80. — 2. — P. 285—298.

Bobodzhanov A.A. Asymptotic solutions of Fredholm integro—differential equations with rapidly changing
kernels and irreversible limit operator / A.A. Bobodzhanov, V.F. Safonov // Russian Math. (Iz. VUZ).
— 2015. — 59. — 10. — P. 1-15.

Bobodzhanov A.A. The method of normal forms for singularly perturbed systems of Fredholm integro—
differential equations with rapidly varying kernels / A.A. Bobodzhanov, V.F. Safonov // Sb. Math. —
2013. — 204. — 7. — P. 979-1002.

Safonov V.F. Volterra integral equations with rapidly varying kernels and their asymptotic integration /
V.F. Safonov, A.A. Bobodzhanov // Sb. Math. — 2001. — 192. — 8. — P. 1139-1164.

Safonov V.F. «Splashes» in Fredholm integro—differential equations with rapidly varying kernels
/ V.F. Safonov, A.A. Bobodzhanov // Math. Notes. — 2009. — 85. — 2. — P. 153-167.

Cadomnos B.®. Kypc Boicmeit maremarnku. CHHTYJISIPHO BO3MYIIEHHBIE 33/Ia9M U METOJI, PErYJISpPU3aIlun

/ B.®. Cadonos, A.A. Bobomxkanos. — M.: Usnarensckuit jom MU, 2012. — 414 c.

B.T. Kanum6eror, B.®. Cadonos

KbpL1gaM ocimJIIAIUsSIaHATBIH KO3 PUIMEHTTI CUHTYJISIP
aybITKbIFAH UWHTErpo-andPepeHnnaJIbIK, TeHaeyJIep

JlnHaMUKAJIBIK, OPHBIKTBIIBIKIIEH, IEPUOTHI KYPBLIBIMFA Ue OpTaMeH OailJTaHbICThI YKoHe OacKa J1a KOJIIaH-
baJIbl MaceJIesIep/i 3epTTeysep KbLIIaM OCIUJLIAIUAIAHATHIH KO duimenTTi quddepeHnaiibiK, TeH ey -
JIepMeH afHaJBICYIbl KaxkeT eremi. MyHmai koaddumuenTTi quddepeHnaiIbK, TeHIeyIep Kyieaepiniy
ACHMIITOTHKAJIBIK, HHTErPAJIIAY OOJIIEKTEY YKOHE PEryasapu3alus dIicTepMeH KypriziareH. Ocbl 2KyMBICTA
nHTerpasibl-uddepeHnraIbK, TeHeyIep Kyieci KapacThIPbUIFaH. 3ePTTEY/iH Herisri MakcaTbl — MH-
TErpaJi/IbIK MYIIEHIH aJIFAIIKbl €CEITiH IIENIMiHIH acHMITOTUKACBbIHA 9cepiH 3eprTTey. EcenTe pe3oHanc
OoIMaraH Karaail, SFHU XKBLIIaM OCIUJLIANUSIIAHATEIH KO3MMUIMEHTTIH, OYTIH ChI3BIKTHIK, KOMOUHAIIAS-
CBIHBIH, YKHUIJIIKTEPI MIeKTi ONepaToOP/IblH, CIIEKTPIHIH KHUIIriMeH ColikeCc KeJIMENTIH Kar/iail, 3epTTeJIreH.

Kiam cesdep: cunrysisip aybITKy, WHTErpo-auddepeHIualiiblK, TeHIEY, KbLIJaM OCIULISIUIaHATBIH KO-
3bduUnmenT, peryaapu3anus, aCUMITOTHKAJIBIK KUHAKTHIJIBIK.
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B.T. Kamumb6eros, B.®. Cadonos

NnaTterpo-anddepenrmanbibie CUHTYJIIPHO BO3MYHIIEHHBIE
ypaBHEHHS C OBICTPO OCHMJLINPYIOOIMMHI KO3 dpunmenramu

IIpu mccmemoBanmy pPasIMIHBIX BOMPOCOB, CBA3AHHBIX C JUHAMHUYIECKON YCTOMIHMBOCTBIO, CO CBOWCTBAMU
cpejl C IEePUOJINYIECKO CTPYKTYPOii, IIPU HCCJIEIOBAHUM JIPYTUX NPUKJIAIHBIX 3329 IPUXOIUTCS MMETh
neno ¢ auddepeHImaJIbHBIMA YPABHEHUSIMU C OBICTPO OCIMJLIMPYIOMIMMI KOIMDMUITHEHTAMA. A CUMIITO-
THUYIECKOE MHTErPUPOBaHUe IudPEePEeHINATBHBIX CUCTEM YPABHEHUN ¢ TAKUMU KOI(DDUITHEHTAMU TTPOBO/IN-
JIOCh METOJIAMHU PACIIEIJIEHNs U peryssipudanuu. B HacTosiiel pabore pacCMOTPEeHa CHCTEMa, HHTErPaIbHO-
muddepeHmanbHbIX ypaBHeHuii. OCHOBHAS 11€J1b UCCJIEIOBAHUS] COCTOUT B BBISIBJIEHUN BJIMSTHUSI HHTETPAJIb-
HOT'O UJIeHA Ha aCUMIITOTHKY PEIeHUsT UCXOMHOHN 3ama4un. V3yduen ciaydait OTCyTCTBUS pE30HAHCA, T.€. CIIy-
4aif, KOrja IeJIOUYNC/IeHHAs JIMHeHHAsT KOMOUHAIMS YACTOT OBICTPO OCHUJIIMPYIONIEro KoddduIenTa He
COBIIAJIAET C YACTOTOM CIIEKTPA IPEIEIHLHOIO OIIEPATOpPA.

Kmouesvie cr06a: CHHTYISIPHOE BO3MYIIIEHIE, HHTETPATHHO- M MEPEHNNATBHOE YPABHEHHE, OBICTPO OCITUII-
JIApYIOIHii KO3 OUIMEHT, perysisipu3alusi, aCAMITOTHYIECKAsT CXOAUMOCTb.
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