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On the solvability of the duo-periodic problem for the hyperbolic
equation system with a mixed derivative

One of the main and most studied problems in the theory of second order hyperbolic equations is a
periodic boundary value problem. To solve such problems apply Fourier method, method of successive
approximations, methods of functional analysis, variational method, etc. The development of information
technologies imposes new requirements on the developed methods, paying special attention to their cons-
tructibility. One of such constructive methods is the method of a parametrization proposed in the works
of D. S.Dzhumabaev for solving two-point boundary-value problems for ordinary differential equations. In
this paper, we consider a boundary value problem for both variables for a system of hyperbolic equations
with a mixed derivative. To solve this problem, the notation is introduced and the periodic boundary value
problem is reduced to an equivalent problem consisting of a family of periodic boundary value problems for
an ordinary differential equation and an integral relation. To solve the problem obtained, the method of a
parametrization is used. The application of this method allowed us to construct an algorithm for finding
an approximate solution of the periodic boundary value problem for a system of hyperbolic equations with
a mixed derivative. In addition, the coefficient conditions of convergence and feasibility of the proposed
algorithm are obtained.

Keywords: the duo-periodic boundary value problem, the method of a parametrization, the hyperbolic
equation system, mixed derivatives.

Introduction

One of the main and most studied problems of the theory of the hyperbolic equations of the second
order is a periodic boundary value problem. A systematic study of periodic boundary value problems for
hyperbolic equations with mixed partial derivatives started in 60s with the work of L. Cesari [1]. J.K. Hale [2],
G. Hecquet [3], AK. Aziz [4], V. Lakshmikantham [5], S.V. Zhestkov, A.M. Samoylenko, T.I. Kiguradze,
B.I. Ptashnik, Yu.A. Mitropolskiy, G.P. Homa, M.I. Gromyak and others dealt with further investigations of
the solvability of periodic boundary value problems. To solve periodic boundary value problems of second order
hyperbolic equations, were applied the Fourier method, the method of successive approximations, the methods of
functional analysis, the variational method, etc. Despite the presence of numerous methods for study of periodic
boundary value problems, interest in them continues to this day. The application of different approaches, ideas
and methods leads to results formulated in different terms. The development of information technologies and its
comprehensive application in applied problems imposes new requirements of the developed methods. Particular
attention got to be paid to the methods that are different from others in their constructiveness at the stage of
approximate construction of solutions and in the study of such qualitative issues as the establishment of the
existence of a solution, the rationale for the convergence of approximate solutions to the exact one, an estimate
of the inaccuracy of the approximate solution.

One of such constructive methods is the method of a parametrization [6, 7], proposed for solving two-point
boundary value problems of ordinary differential equations. The point of using this method is to enter additional
parameters and bring the original problem to multipoint boundary value problem with a parameter. It allows in
terms of initial data to set conditions for the solvability of the boundary value problem for ordinary differential
equations and to propose a family of algorithms for finding its approximate solution.

A modification of the method of a parametrization is the method of introducing functional parameters,
devised in the works [8-16], which finds its application in the study of nonlocal boundary value problems
with data on characteristics for a system of hyperbolic equations with a mixed derivative with two independent
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variables. There were constructed two-parameter families of algorithms for finding solutions to nonlocal boundary-
value problems, at each step of which the Goursat problems are solved. On the basis of this algorithm was
established the solvability of the boundary value problem with data on the characteristics for the system
of hyperbolic equations with mixed derivative. However, the problems related to solvability of duo-periodic
boundary value problems for the system of hyperbolic equations with mixed derivative remain relevant.

Problem statement. On Q = [0,w] x [0,T] we consider a duo-periodic problem for a system of hyperbolic
equations of the form

38;;15 = A(x,t)% +z+ f(z,t), (x,t) e (1)

2(0,t) = z(w,t), te0,T]; (2)

2(x,0) = 2(z,T), z€l0,w], (3)

where (n x n) — matrix A(x,t); n — vector-function f(z,t) are continuous by €, [[z(z,t)|| = max |2 (z,t)];

i=1,n

|A(z, )| = 11_1?7542?:1 la;;j(z,t)|. Let C(Q2, R™) — be the space of functions z : @ — R™ continuous on {2,

with norm ||z||, = max |z(x,?)|. Function z(z,t) € C(2, R") having partial derivatives % e C(9, R"),
x,t
% € C(Q, R™) is called the solution of the problem (1)-(3), if it satisfies the system (1) for all (z,t) € Q2
and periodic conditions (2), (3).
We consider a periodic boundary value problem with one independent variable to find solution of this

problem

0u ou
Bog ~ A@ g tut f,1), (2,1) €y @
u(0,t) =0, te[0,T]; 5)
uw(z,0) =u(z,T), z€[0,w]. (©)

We enter new unknown function v(z, t) = and reduce the periodic boundary value problem for a sys-

tem of hyperbolic equations to a family of periodic boundary value problems for ordinary differential equations
and a functional relation. Next, we apply the method of a parametrization [7]. By step h > 0 : Nh = T
N

we produce a partition of [0,T) = U [(r=1)h,rh), N =1,2,.... The region 2 is divided into N parts.
r=1
By using v,(x,t), u,(z,t) denote respectively the restriction of the function v (x,t),u (x,t) on Q, = [0,w] x
[(r=1)h,rh),r=1,N.
Then problem (4)—(6) be equivalent to the boundary value problem

D = Al o+ g8+ f(20), (5,8) € O
vy (2,0) — t_l)l%n_OvN (x,t) =0, z€[0,w];
lim v, (x,t) =vsyy (z,sh), s=1,N—1, (7)
t—sh—0

ur(x7t):/:vr(§7t)d§, (r,t) €Q,., r=1,N,

where (7) — is the condition of gluing the functions v(z,¢) in the inner split lines. In A\,.(z) we denote the value
of v.(x,t) when t = (r — 1)h, i.e A\r(z) = v, (z, (r — 1)h) and will replace

Op(x,t) = vp(x,t) — Ap(x), r=1,N.
We obtain an equivalent boundary value problem with unknown functions A, (x):
o,
ot

= A(z,t)0, + A(z, )\-(2) + up(z, t) + f(2,t), (2,t) € Qp; (8)

O (x,(r—1)h)=0, z€[0,w], r=1,N; (9)
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A1 (.ﬁ) - )\N (l‘) - tl)iTI‘IlOﬂN (.lf,t) = 07 YIS [O7w]; (10)

As () + tli%,lfo Vs (x,t) — As31 () = 0,2 € [0,w],s =1, N — 1; (11)

up (z,1) = /GE{)T (§,t)d§+/m)\,« (&) d¢, (x,t) € Qpyr =1, N. (12)
0 0

The problem (8), (9) for fixed A.(z), u,(z,t) is a single-parameter family of Cauchy problems for systems
of ordinary differential equations, where = € [0,w] and is equal to the integral equation

t
Op (x,t) = / Az, 7)o, (z,7)dr+
(r—=1)h

t

+/( Alz,7)dr A (ac)—|—/ [, (2,7) + f (z,7)] dr- (13)

r—1)h (r=1)h

Instead of 0, (x,t) substitute the appropriate right part (13) and by repeating this process v (v = 1,2, ...) times
we will get

Up (2,t) = Dyy (z,0) N\ (2) + For (2,6, up) + Gop (2, 8,0,) , 7 =1, N, (14)
where
v—1 t T
D, (x,t) :Z/ A(x,ﬁ).../ A(z,mjq1)drjsr ... dr;
=0 (r—=1)h (r—=1)h

Fyr (z,t,uy) = /( [y (x,71) + f (z,71)] dm + z_:/( A(z,7) ...

r—1)h . r—1)h

Tj—1 T
/ A(JC,TJ‘)/ [’U,T (.T,Tj+1)+f(!L‘7Tj+1)] de+1de...dT1;
(r—1)h (r=1)h

t

Ty—2 Ty—1
Gor (2,8,0,) = / Az, 1) / Az, Tv_l)/ A(x, 1) 0 (x,7) dTodTy—1...dT1,
(r—=1)h (r=1)h (r—=1)h

70 = t,r = 1, N. Moving to the limit at ¢ — rh — 0, in (14) we find , lirl? = Op(x,t), r = 1, N, for unknown
—rh—

functions A, (z),r = 1, N, we obtain a system of functional equations:

Qu(xah))\(x) = *Fl/(xahau) 7Gu(xa haf))v (15)
where
I 0 —[I+ Dy (z,Nh)]
I+Dy (z,h) ... 0 0
Qu(x,h) = 0 0 0 ,
0 I+ Dynoy (. (N — 1)h) -1

FU (I7hau) = (7E1N (I,Nh,UN) 7E11 (Ivhaul) ’ "'7FU,N—1 (I7 (N - 1) h,UN_l)),
GU ('/1:7 h7ﬁ> = (_G’UN (.Z',Nh,ﬁN) 7G’U1 (l‘,h,i}l) ) "')G’U7N—1 (l‘, (N - 1) h7ﬁN—1)))

where I — is a unit matrix of dimension n. To find system of three functions
A (@), 8 (2.0 up (2,0}, 7 =T, N

we have a closed system consisting of equations (15), (14) and (12). Assuming the reversibility of the matrix
Q. (x,h), for all 2 € [0,w], from equation (15), where @, (x,t) = 0, u, (z,t) = 0, we find \(O) (z) : \(O) (2) =

= —[Qy (z,h)] " {F, (x,h,0) + G, (2,h,0)}. Using equation (14), for A, (z) = A0 (z) we find the functions
5\ (x,6), 1 =T,N, ie 0 (2,) = Doy (2, 8) A (2) + Fop (2,8,9) + Gor (2,1,0) .
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The functions u.” (z,t),r =1, N, are determined from the relations

O) (2,1) = " 50 t) d. IA5.0> e, (x,t) € Q,.
u (z,1) / <§>§+/0 (©)de, (a.1) €

For the initial approximation of the problem (8)-(12) we take A9 (z), 5 (z,t), ul? (z,t), r = 1,N, and
construct successive approximations by the following algorithm:

Step 1. A) Assuming that u,(x,t) = 1L5-0)(gc,t)7 r =1, N, are the first approximations in \.(z), 0, (z,t) we
found by solving the problem (8)-(11).

Taking A1) (z) = A (z), oy, b O)( t) 50 )(x, t) system of couple {)\gal)(x), 17721)(33, t)}, r =1, N, we find as
the limit of the sequence At )( ), D ~(1 ™) (z,t), determined by the following way:

Step 1.1. Assuming the revers1b1hty of the matrix @, (z,h), for all z € [0,w], from equation (15), where
b, (z,t) = 00 (2,1), we find ALY (2)

ALY (1) = — [Qy (2, h)] " {F (:v h,u<0>) G, (x h, @0’0))} .

Substituting the found ALY (z),r=1,N at (14) we find

)

137(,1’1) (z,t) = Dy (z,1) )\9’1) (z) + Fyr (m,t,u > + Gor ( x,t, (1’0)) .

Step 1.2. From equation (15), where o, (z,t) = NI (z,t), we define

A2 (1) = — [Q, (2, )] { (1: h, ul )+G (as,h,fz(l’l))}.

Using the expression (14) again, we find the functions 5ih?) (z,t), r=1,N:

1351’2)(90,15):Dvr(x,t))\gl’Q)(x)—i—Fw(xtu ) 4Gy ( ~<171>).

On the (1,m) step, we obtain a system of {)\(rl’m) (x) o™ (x,t)}, r=1,N.

Assuming that the solution of the problem (8)—(11) is the sequence of a system of couples {/\gl,m) (x),
b (x,t)} is defined, and when m — oo converges to the continuous, respectively, on x € [0,w], (z,t) € Q.
functions A (x) Lo (z,t),7r=1,N.

B) The functions N (z,t),r =1, N, are determined from the ratio

(1) _ [T "W
ur (ZL',t) /0 vr (fat)d£+A )‘r (g)dfa (x,t) EQT'

Step 2. A) Assuming that u,(x,t) = ugl)(x,t), r = 1, N, are the first approximations in A.(x), 0, (z,t) we
find by solving the problem (8)—(11).

Taking A9 (z) = A(l)(x),f)(z’o)(a: t) = NS )(x,t) system of couple {)\7(?) (z), (2)(9c t)}, r =1, N, we find as
the limit of the sequence AZm) (x), 52 m)( x,t), defined by the following way:

Step 2.1. Assuming the reversibility of the matrix Q, (z,h), for all € [0,w], from equation (15), where

by (,1) = 020 (2,1) , we find A (z)
AED (@) = — [Qu (&, )] { By (.5, 0V) + Gy (,8,529)

Substituting the found A (x),r=1,N, at (14) we find

1752’1) (z,t) = Dy (z,1) )\7{2’1) () + Fyr (x,t,u(l)) + Gy (Jc,t,ﬁ(z’o)) .

Step 2.2. From equation (15), where o, (z,t) = NS (z,t), we define

A2 (2) = —[Qy (z,h)] " {Fv (m,h,u(l)) + G, (LL‘ h, 5% 1))}
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Using expression (14) again, we find functions 522 (z,t), r=1,N,

137(,2’2) (z,t) = Dy (z,1) )\52’2) (z) + Fyr (x t, ul > + Gor ( x,t, (2’1)) .

On the (2,m) step, we obtain a system of couples {,\52’”” (z), H2m (z,t)}, r=1,N.
Assuming that the solution of the problem (8)—(11) is the sequence of a system of couples

AR (@), 52 (a,0))

is defined, and when m — oo converges to the continuous, respectively, on x € [0,w], (x,t) € Q, the functions
A2 ()82 (z,t),r =T, N.
B) The functions ul? (x,t),r =1, N, are determined from the ratio

u? (z,t) = /0 o (6,1 de + /O A (€)de, (a,1) € Q.

And so on. Conditions of the following statement provide the feasibility and convergence of the proposed
algorithm, as well as the single-valued solvability of the problem (8)—(12).

Theorem 1. Let for some h > 0: Nh=T,N =1,2,...,and v, v = 1,2,..., (nN XxnN) — the matrix
Q. (33 h) is reversible for all z € [0,w] and inequalities are satisfied:

Hquh ‘<%xh)
2) qu(@,h) = 2 (14, (2, h) Y S < g <1,

j=1 Fii
Then there is only one solution of problem (8)—(12) and valid assessment:

a) [\ (2) = A0 (@)]| + sup [[5* (2. t) — 0@ (2, 0)|| < pla,v,h) sup |[f (@, 0)];
t€[0,T) t€[0,T)

b)

() = AP © + sup
[OT]

u* (z,t) — ul® ( xtH<f0<

te[0,T]

Ch (fvt) - "7(0) (&ﬂ”) d§,

a(z)h)’
where a (z) = tre%u%] |A (x,t)||, B =const, by (z,v,h) =", (z,h) hz

by (z,v,h) = 1+%(x,h)z(a(a;!)h) h — (a () h)

(o (z) h)"

v!

1+ b3(x,v, h)

b3(33,V,h) = Yo (J),h) 1—¢q (x h)

) dl(m71/7h): b2($71/,h)+b1(.73,y7h);

1+ b3(x,v, h)

oo, vih) = 3= )

qv (.’I), h’) + bg(l‘, v, h’)7

o, v, h) = [dl(x,v,h) /0 by (6,0 1) + b (€, 1, )] dE + da, v, By (2, v, 1) |

o0

z J oz
p(xayah)dl(xay7h)z;-l!</o dl(gvyah)d§> /0 g(f,l/,h)dg +g(l’,l/,h).

Jj=1

Proof. When assumptions about the data of the problem we have the inequality

alz)h)?
1F Gl < S LMY s sup e 0l + 1 O
=0 J: r=1,N t€[(r—1)h,rh)
_ By _
1Gu (3 < LD syl
v r=1,N te[(r—1)h,rh)
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max  sup | Dyr(,t)]
r=1,N t€[(r—1)h,rh) - Z

The following estimates follow from the zero step of the algorlthm:

max ||\, (2)|| < b1 (a,v, h) max |[f(z,$)l};

r=1,N t€[0,T7]
max  sup [0z, 0)]| < ba(w, v, h) max [|f(x,t);
r=1,N te[(r—1)h,rh) t€[0,T]

x

max sup[ul@e ) < [ [b€nh) + a6 )] d max 7€ D).
(z,t)EQ

r=1,N t€[(r—1)h,rh) 5

The following estimates are valid:
max A, (@) = A0 ()| <

r=1,N
<b(z,v,h) max  sup  |[ulD(z,t)|| + bs(z, v, h) max sup [0z, b)];
r=1,N te[(r—1)h,rh) r=1,N te[(r—1)h,rh)
max  sup |0l (z,8) — 30 (2, 1) <

r=1,N te[(r—1)h,rh)

< by(z,v,h) max sup ||u(0)(33 t)]l + ¢ (x, h) max sup ||v£0)(x,t)||.
r=1,N te[(r—1)h,rh) r=L,N te[(r—1)h,rh)

Select the inequality

AGD(@) = max  sup B (2, 6) — 500 (2, ) + max A0 (@) — A0 ()| <
r=1,N t[(r—1)h,rh) r=LN

[bl(x v, h) + ba(z, v, h / bl (€ ) +ba(6 v dg max S0+
e
0

+[ba, v, B) + ) o, v h) max |1f (@)
(z,t)eQ
Thus,

max_ A, (2) = A0 (@) <
r=1,N

<ba(eh) max sup R0, 6) - T )
r=1,N te[(r—1)h,rh)

max  sup B (@) — 0 (1)) <
r=1,N te[(r—1)h,rh)

< go(w,h) max sup o™ (@, t) = o (@, 8.
r=1,N t€[(r—1)h,rh)
Due to the inequality g, (x,h) < 1 follows the uniform convergence vﬁl’mﬂ)(x,t), at (z,t) € Q,, to vf«l)(:c,t)

and the convergence of a sequence of systems of functions )\p’mﬂ)(x) to continuous z € [0,w] functions )\gl)(x)
forallr =1,N :

max  sup ol (@ t) = 00 (2, 1) <
r=1,N te[(r—1)h,rh)

m
<Slg e hf max  sup [0t 50O )
=0 r=1,N te[(r—1)h,rh)

max |4, (@) = A 40 @) <
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[0 (@, t) = o (2, 1)+

m
<b3x1/h2ql,zh max sup
=0 r=1,N te[(r—1)h,rh)

+ max_ A"V (@) — A0 (2)];
N

r=1,

LD (@, 1) — 500 (2, 6) | + max AL (@) — A0 (@) <
N

max sup 0]
r=1,

r=1,N te[(r—1)h,rh)

[1+b3xuh}2q,,xh max sup
7=0

B0 (, 1) = 58 (a2, 1)+

r=1,N te[(r—1)h,rh)

+ max ||\, (@) - 200 (@)

r=1,N
Moving to the limit at m — oo, we obtain estimates:

AV = max  sup [0 (at) — 5O )+
r=1,N te[(r—1)h,rh)

+ max [|A(2) = AP ()] < g, v, h) max |[f(z,$)l};
r=1,N te[0,7]

max sup
r=1,N t€[(r—1)h,rh)

mewﬂwmmm/Am@%
0

For difference systems A, **9(z) — X, ® (2), 5§k+1)(a:,t) — (z,1), u£k+1)(x,t) -

k=1,2,..., valid estimates:
mﬂn)‘r(}wrl’l)(m) - )\T(k+1,0)(x)|| <
r=1,N
<bi(w,v,h) max  sup [lul (e, t) —u TV (@, 0)|;
r=1,N te[(r—1)h,rh)
(k+1, 1)( ) 5£k+1’0)($,t)|| <

max sup oy
r=1,N te[(r—1)h,rh)

HUS‘k)(xat) - uv(”k_l)<w7t)“§

< ba(z,v, h) max sup
r=1,N te[(r—1)h,rh)
max ||, FFE7D (@) — A B ()| <
r=1,N

<bg(w,v,h) max  sup [TV (@) = T (2,0
r=1,N te[(r—1)h,rh)

max sup [EFLmHD (1) — LM (2, 1) <
r=1,N te[(r—1)h,rh)

< q(zh) max sup O (@, t) — R (@ 1))
r=1,N te[(r—1)h,rh)

[ (2, 8) = OO (2, 1| <

sup
r=1,N te[(r—1)h,rh)

[
7=0

¢v(, h)}’ ma sup [[o D (@, 8) — o0 (@, 1)
r=1,N te[(r—1)h,rh)

rilla)](\f”)‘ (k+1, m+1)( ) /\T(k+1,0)(x)|| <

[ (@, t) — T (@, 1)1+

m—1
<b3xuthVxh‘max sup
r=1,N te[(r—1)h,rh)

j=0
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+ max [|AFFED (z) — A, FFL0 ().
r=1,N

Moving to the limit at m — oo, we obtain estimates:

max sup 53¢ (2, 8) — 5 (2, 1)) <
r=1,N te[(r—1)h,rh)

ba(z,v, h) (k) (k—1)
< /" max sup ) (z,t) — uy z,t); 16)
1 —qu(z,h) v=T,N te((r—1)h,rh) g™ () Sl (

max [ A (z) = AP (@) <

r=1,N
h
< [Mw,y, B+ ba(o, v, )] max supul®) (@, 0) a7V (@) (17)
1—qu(x,h) r=LN te[(r—1)h,rh)
max sup  [ul (@) — ol (z,0)] <

r=1,N te[(r—1)h,rh)

x

< / [ max ILED©) = 4B @) + max  sup (A1) - 50 (&, 1) de.
r=1,N r=1,N te[(r—1)h,rh)

0

Summing, respectively, the left and right parts of inequalities (16), (17) we have

AFD () = max  sup 5D (@, 6) = 5P (@, )] + max [|AFV (@) = AP (@) <
r=1,N te[(r—1)h,rh) r=I1,N
<di(z,v,h) max  sup  [u (@, ) —uFD (2, 1)]; (18)

r=1,N te[(r—1)h,rh)

max swp [l (2, 8) - u® ()] < / A (6) e,
r=1,N te[(r—1)h,rh)

For function A®*+1)(z) based on (18) we obtain inequalities

AFD (z) < dy (z, v, h) / A®(©)ds;
0

A® (@) < ‘M ( / z<£)L(£>d£>k_1 / AW (€)dg

0

Set the inequalities

max [AF)(2) = XD ()| + max  sup 55 (@, 1) — 00 (2, 1)]| <
r=1,N r=1,N te[(r—1)h,rh)

< A(k-i—p)(x)+A(k+p—1)(x)_’_m_~_A(1)(x) <

x

P . XT
< dy (2,0, h) Zl</ (€ v, h) f)j/A(l)(f)dﬁJrA(”(x)g
j=1 0

jl
(z,t)eQ

< [atour h)Zjl,( / (6 h)ds)j / 9161 + g, )| ma [0

max sup [ul*P) (2, 1) — u® (2, 1)]| <
r=1,N te[(r—1)h,rh)
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x

g/pmmwm@wmm+mx sup [T 1) — 5O e, o)) | de
; r=1,N r=1,N te[(r—1)h,rh)

At p — oo, we obtain the estimates of Theorem 1. The uniqueness of the solution is proved analogously to the
uniqueness of Theorem 1 [9]. Theorem 1 is proved.

Theorem 2. Let the conditions of Theorem 1 be fulfilled. Then the problem (4)—(6) has a unique solution
u* (z,t).

Main result
Now let us return to this duo-periodic problem Denote by p () the value of the unknown function z(z,t)

for = 0 and perform the replacement u(z,t) = z(x,t) — p(t). Then the problem (1)—(3) is reduced to the
following equivalent problem with the functional parameter

Eingm¢€g+u+u@+fmﬁ,(%oeﬂ; (19)
w(0,6) =0, te0,T]; (20)

w(z,0) = u(@, T), €0, (21)

w(w,) =0, tel0,T]: (22)

u(0) = (7). (23)

By virtue of (23) the equality u(z,0) + p(0) = u(x,T) + p(T") which follows from (3) is written in the form
(21). With the found p (t) the function w(z,t) is a solution of the periodic boundary value problem (19)—(21).
To solve the problem (19)—(21) we use the method of a parametrization. Since conditions (20), (22) imply the
equality 8“(0 Y = 0, 6"(w = =0, for all ¢t € [0,7], then integrating both parts (19) by = € [0,w] we obtain a
system of dlfferentlal equatlons, not resolved with respect to the derivative, to determine the unknown function

e (t):
2 [Caen®5 a2 M na- - [ feode (21)

Thus, to determine the unknown functions v(x,t), u(x,t), i (t) we have a closed system of equations (19)—(21)
and (24).

Assuming that u(z,t) = 0, from equation (19) we find p(9) (t). Suppose that the problem (19)-(21) for
u(t) = p©(t) has a solution u® (z,t) € C (2, R™).

For the initial approximation of problem (19)-(21) we take a pair {u® (t), u(®(z,t)} and construct
successive approximations using the following algorithm:

Step 1. Assuming that u(x,t) = u(® (x,t) from equation (24) we find p(Y(t):

1 o 1o 1
u0 ) =~ [ aen® a2 [uoende - 2 [ sienae

w

The function u(!) (z,t) is defined as the solution of a periodic boundary value problem

9%u

_ u (1) :
arar =~ Al g Hutp () + flat), (w.t) €

0
) )%

u(0,¢) =0, tel0,1];
w(z,0) =u(z,T), x€][0,w].

To solve a periodic boundary value problem, we use the method of a parametrization.
Step 2. Assuming that u(x,t) = u(l)(x,t) from equation (24) we find p(?(t)

_ 1 fﬂ R AW L
——2 [T a5 e L [T nae- - [ rene
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The function u(® (z,t) is defined as the solution of a periodic boundary value problem

9%u

u (2) .
o tut @ () + fat), (zt) e

%
u(0,t) =0, yel0,T];
u(z,0) =u(z,T), z€[0,w].

= Az, t

To solve a periodic boundary value problem, we use the method of a parametrization. And so on.

Continuing the process, at the k step we obtain the system (u(k) (), u®(z, t))

Sufficient conditions for feasibility, convergence of the proposed algorithm establishes

Theorem 3. Let for some h > 0: Nh=T, N=1,2,...and v, v = 1,2,..., (nN x nN) — matrix Q,(z, h) is
reversible for all z € [0,w] and the inequalities hold:

D) [|i@u @ w17 < ey
2) (@, h) = SO 1 4oy (w0, 0) Y, ] < B <1y
3) 0w, v, h) = a (2) p(w, v, ) + [ 0 (€) plE, v, W) < o < 1.
Then the duo-periodic boundary value problem (1)—(3) has a unique solution.
Proof. According to Theorem 1, there are estimates

HML*) (z) — A0 (w)‘

519 (2, ¢) — (10 (x,t)H <
t€[0,T)

<pleh) swp (a0 O] +1f @ ol]; (25)

sup ‘ @) (2, 1) — O (2,0) H </ H)\(l ) (6) = ALO) (S)Hdﬁ—i-
te[0,T)

+/x sup ‘ (1) (£, 1) — p(10) ( “de’ (26)
0

te[0,T]

here A(1:0) ()

=AO(z), 510 (z,t) = 50 (2,1), uO (2,t) = u® (x,t), p0O () = p@ (£), A9 (2) = AD(z),
(L) (z,t) = ey

(z,t), u*) (x,t) = uV) (2,t), then inequalities (25), (26) are rewritten as

HA(U (z) — A© (m)H I s H@u) (z,t) — v (x,t)H <

< p(@,vh) sup || )|+ p@,vh) sup If (@, 0]
te[0,T) te[0,T]

sup |[u) (@,6) = u® (2, 1)]| <
t€[0,T]

</0xp(§,u7h)d€- sup (t)H+/Ozp(f7V7h)'tES[1(l)%} I (€. )] de.

te[0,T]

Valid assessment

|6 @) = 1@ @] < al@pte, v, h) sup || @) + al@pt,v.h) sup |1f @)+
t€[0,T] te[0,T)

o[ otenmae s [u@ 0]+ oo s el

te[0,7

At the k step we obtain a system

R U
€10,
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)

< p(x,v,h) sup Hu(k V() = u*2 (2)
t€[0,T]

sup (4 (a,6) w1 (@,0)| <
t€[0,T]

< /Ox <HA(’“) (&) —A¢=D (f)H + S o H v (¢1) H) d¢;

[6® @) = n®D @) < G v 0] sup Hw ()~ u® ()
t€[0,T]

k = 2,3, .... Due to the inequality 6(x, v, h) < 1 follows the uniform convergence of u*)(z,t), o (x,t), (x,t) € Q
to u*(x,t),v*(z,t) and the convergence of a sequence of systems of functions A*) (), u(®) (t) to the continuous,
respectively, on z € [0,w], t € [0,T] to the functions A\*(z), u*(¢).

The uniqueness of the solution is proved analogously to the uniqueness of Theorem 1 [9]. Theorem 3 is
proved.

The work was supported by grant funding of scientific research by the Committee of Science of the Ministry
of Education and Science of the Republic of Kazakhstan (project no. AR05132262 CS MES RK).
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H.T. Opymbaesa, A.B. Kebubexkosa

Apajiac TybIHABLIBI TUIIEPOOJIAJIBIK, TeHAeyJIep >Kyiieci yIrIiH
KOC II€PHUOATHI €CEeIITiH, MIEeImIMIiIir >KaiibIHaa

Exinmi perti runepboaibik TEHAEYIED TEOPUSICHIHBIH, HETI3T XKoHe HeFypJIbIM 3€PTTEJITEeH eCenTepiHiH, 6ipi
[IePUOJITHI IMIETTIK ecerr 60JbI TabbLIabl. MyHmai ecenrrepi menry yinin @ypbe oj1ici, GipTiHAE XKy BIKTAY
a1ici, (PYHKIMOHAJIBIK, TAJIAAY 91iCTEPi, BAPUAIUSIIBIK, 9/1iC *KoHe T.0. Kosganbuiaabl. OChIHIAl KOHCTPYK-
THUBTIK 9/1icTep/iiH 6ipi KapanaitbiM auddepeHnuaIblK TeHIEYIEPIIH €Ki HYKTe I MeTTIK eCenTePiH TIenry
yinin J.C. I:xyMabaeBThIH *KyMBICTAPBIHA YCHIHBIIFAH IapaMeTpJIey 9ici 60JIbII TabbLIa bl ¥ CHIHBLIBIII
OTBIPFAaH KYMBICTA apajiac TYBIHIBLIbBI TUIIEPOOIAJIbIK, TeHIeyIep »Kyieci yImiH eki aiHbIMasbl GOMBIHIIA
MEPUOJTHI MIETTIK ecen KapacThipbLiran. OChI ecemnTi menty yImH KaHa QYHKIUIAP €HI3UIIl XKoHe Tepu-
OATHI IIETTIK ecer KapamaiibiM auddepeHnnaIblK TeHAeyaep Yitipli MeH HHTerpasblK TeHAeYAeH TYPATHIH
SKBUBAJICHTTI ecerke KesITipinzi. AJbIHFaH ecenTi enty Yl napaMerpiiey 9aici Koaaanbuiasl. By oicri
maiijajany apaJiac TyBIH/IBLIBI THIIEPOOIAIBIK TEHIEY/IED XKYHWeci VITiH MeproATHl MIETTIK €CEITiH, MeITiMiH
Taby aJropuTMiH Kypyra MyMKiHIik Gep/i. COHbIMEH KATap YCHIHBUIFAH AJIPOPUTMHIH *KUHAKTHLIBIFB MEH
OPBIHJIAJTYBIHBIH, KO MUIMEHTT] MAapTTaphbl aJIbIH/IbI.

Kiam coesdep: KOC TIEPUOATHI €CEIl, TapaMeTipJIiK 9ic, rumepOoJIaIblK, TEHIEYIED Kyiieci, apagac TybIHIbI.

H.T. Opymbaesa, A.B. KenbaubexkoBa

O pa3permmMocTu JBOSKOIIEPUOANYECKON 3a/1a491 JIJisi CUCTEMBI
rurepo0InYecKnX ypaBHEHHUI CO CMEITaHHON ITPOU3BOIHOI

O/1HO#t M3 OCHOBHBIX U HanboJIee U3y UEeHHBIX 3a/1a9 TEOPUU MUIEePOOJINIEeCKUX YPABHEHN BTOPOI'O MOPSIIKa,
SIBJISIETCSI TTEpUOMYECcKasl KpaeBasl 3ajada. /[y pernenust Takux 3ajad mpuMeHsitorcst Metos, Pypbe, Me-
TOJT TIOCJIEOBATEIBHBIX MPUOIMKEHUN, METOIbI (DYHKITMOHAILHOTO aHAIN3a, BAPUAIMOHHBIA METOJ U JP.
PasBurne nudopManmoHHBIX TEXHOJIOTHI IIPEIbSIBIISET HOBble TpebOBaHUs Ha pa3pabaTbiBaeMble METOJbI,
yaesisisi 0coboe BHUMAHUE UX KOHCTPYKTUBHOCTH. OTHUM U3 TAKUX KOHCTPYKTUBHBIX METOJOB SIBJISIETCST M€-
TOJT TapaMeTpHU3aIui, mpeioxkennsiit B paborax .C. Ixxymabaea, [j1s pelreHnst ABYXTOUECIHBIX KPAEBBIX
3a/1a4 OOBIKHOBEHHBIX A depeHnnaibHbIX ypaBHenuii. B nanHoit pabore paccMoTpeHa nepuoanydecKast mo
06erM TIepeMEeHHBIM KpaeBasl 3a/1a4a, JIjisi CACTEMbI THIEPOOTNIECKUX YPABHEHUN CO CMEITaHHOM MTPOU3BO/I-
voit. /Ist pemrennst maHHOM 3371291 BBOASATCS ODO3HAYUEHUST U MEPUOAMIECKAas KpaeBas 3aa4a CBOIUTCSI K
SKBUBAJICHTHOI 3aJ[a4e, COCTOAIIEH N3 ceMeficTBa MePUOANIECKIX KPAEBBIX 3a/a4 J1J1si OObIKHOBEHHOTO Jind-
(depeHITnaTBLHOTO yPABHEHUSI U HHTETPAJIBHOTO COOTHOIIEeHUs. JIJIsT perenust oy 9eHHON 33,191 TPUMEHSI-
eTcst MeToJI mapaMerpusaruu. [IpuMenenne TaHHOrO METO/1a TO3BOJIMIIO TIOCTPOUTH AJTOPUTM HAXOXKIEHUST
NpUOJIMZKEHHOTO PEIeHuUs] IEPUOUIECKON KPAeBOil 3a/1a4M JIJIsi CUCTEMbI TMIIEPOOIMYECKUX YPABHEHUIA CO
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11

12

13

14

15

16

CcMeranHoi mpon3BoaHO. Kpome Toro, momydensr KoahOUIIMEHTHBIE YCIOBUAST CXOIUMOCTH U OCYIIECTBU-
MOCTH IIPEJIJIOZKEHHOTO aJITOPUTMA.

Karouesvie crosa: JABOAKOIIEpUOAUYIECKasd KpaeBasd 3aJavda, METO/L ITapaMeTpu3alnuu, CuCTeMa FI/IHep6O.J'II/ILI€‘-
CKUX ypaBHeHI/Iﬁ, CMeIlIaHHbIe ITPOU3BOJIHBIC.
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