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Calculation of velocities and accelerations of points
of a crank mechanism

In this article, presented is an analytical method of determining linear and angular velocities and accelerations
of links of a crank mechanism on the basis of a grapho-analytical method (without the construction of
displacement, velocity, and acceleration diagrams) with the use of angles, which form between vectors on
velocity and acceleration diagrams, as well as between links on the mechanism diagram. Pointed out is
the role of analytical methods (with the help of which the research of kinematics of mechanisms can be
conducted with high degree of accuracy), which has especially increased in recent years due to the fact
that by having analytical expressions that link the main kinematic and structural mechanism parameters
with each other, it is possible to compile a calculation program for a counting machine at any moment,
and with the help of such a machine all the necessary results can be obtained. Given are the results of the
implementation of the proposed calculation algorithm on computer equipment, a comparative analysis of
the obtained data and an estimation of the relative error of the calculation. A justification for the suitability
of the developed algorithm of calculating velocities and accelerations of points of the mechanism is provided.
The proposed calculation algorithm of kinematic parameters of a crank mechanisms allows to automate
the process of calculating the velocities and accelerations, significantly reduces the amount of labor needed
for the calculation, ensures a high degree of accuracy.
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Introduction

During the process of research of the dynamics of mechanisms and machines, three problems of kinematics
need to be solved: the position problem, the velocity problem, and the acceleration problem. Graphical, grapho-
analytical and analytical methods exist to solve these problems. The graphical (charting method) and grapho-
analytical methods (method of velocity and acceleration diagrams) of a kinematic analysis of mechanisms possess
following flaws: low accuracy that is defined by the accuracy of graphical constructions, and great laboriousness.
When using the graphical method, graphs of displacements, velocities and accelerations for each investigated
point of the mechanism ought to be constructed. When the grapho-analytical method is utilized, several velocity
and acceleration diagrams of the mechanism need to be constructed in order to define the time history of the
velocity and acceleration of the points that we are interested in. To achieve this, vector equations for the velocities
and accelerations of points of links, which make complex motions, are composed in advance. The solution of
vector equations is executed graphically by constructing so-called velocity and acceleration diagrams, on which
absolute velocities and accelerations are deposited, on a certain scale, from one point that called a pole [1].

There are no such flaws in the existing analytical methods. Given that, nevertheless, it is necessary to
compose quite complex analytical dependences (formulas) and to be able to solve them with the use of computer
equipment and technology, which is possible and accessible as of late. The role of analytical methods, with the
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help of which the research of kinematics of mechanisms can be conducted with high accuracy rate, has especially
increased in recent years due to the fact that by having analytical expressions that link the main kinematic and
structural mechanism parameters with each other, it is possible to compile a calculation program for a counting
machine at any moment, and with the help of such a machine all the necessary results can be obtained.

Therefore, what is proposed in this work is a more simple analytical method of a kinematic analysis of
a crank mechanism on the basis of the grapho-analytical method without the construction of displacement,
velocity, and acceleration diagrams. Moreover, a problem of an analytical determination of linear velocities and
accelerations of points of links is set, as well as a problem of angular velocities and accelerations of links under
following input data: number of crank revolutions ny (rev/min); crank length ¢4 (m); length of connecting rod
£op(m); position of the center of gravity of crank £g, (m); position of the center of gravity of connecting rod
las,(M); angle a, line segment @0 = 70’ (mm).

The key to solve the given problem with this method is to use angles that form between vectors on velocity
and acceleration diagrams, as well as between links on the mechanism diagram. All the necessary angles for the
calculation of velocities and accelerations are depicted in Figure 1.

(90°+5)

(180% a -p)

(9r-p-a+y)

a — position diagram of mechanism; b — velocity diagram; ¢ — acceleration diagram

Figure 1. Computational scheme of a crank mechanism

From AOAB we find angle f3, i.e. the angle between connecting rod AB and column OB

EOA - sin Oz)
lap

B = arcsin ( (1)

Considering the construction principle of the velocity diagram, where pb||OB, abl AB, paLlOA, we find
angles Apab on the velocity diagram.
Zpba = 90° — f3;
Zapb = 90° — q,
Zpab = 180° — (90° — o) — (90° — B) = 180° — 90° + o — 90° + B8 = a + B.
From Apab we derive an equation
pa pb ab

sin (90° — B)  sin(a+B)  sin(90° — )

Lengths of line segments pb and ab are therefore
_ pa-sin(a+B)
~ sin(90° — B)
ab = PV sin (90° — «)
~ sin(90° 4 53)
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We will define the position of the centers of gravity on the velocity diagram by the principle of similarity

_ pa-Los,
psS1 = ——;
Loa
ab - EASQ
asy = ——22,
laB

From Apass we find the length of line segment pss

Py = \/(pa)2 + (a32)2 —2-pa-asy-|cos(a+ P)|

Rotation frequency of the crank
TNt

30

w1 =
Velocity of point A is determined by the formula
VA = Wi EOA-

Scale of velocity diagram

pa

2%

(4)

(5)

(9)

The required absolute and relative velocities of points are calculated with the use of the scale of the velocity
diagram

Ve =pb-pv; Vs, =ps1 - puy; Vs, =psa-pv; Vpa =ab- py.

The angular velocity of the connecting rod is determined by formula

VBa

Wwo = .
lap

The acceleration of point A is determined by formula
_ 2
aps = wy - EOA.

Scale of acceleration diagram

aa
Ha = —-
Ta
Normal acceleration is determined by formula
2
a . = VBA
AB
Length of line segment a’n
a'n = B4,
Ia

From Ama’n we find the length of line segment 7n and the unknown angle

™m = \/(77(1’)2 +(a'n)? —2-md’ - a'n - cos (180° — o — ) ;

"2 2 — (a'n)2
’yarccos<(ﬂa)+(ﬁ) ( )>

2-ma - 1™

(10)

(1)

(12)

(13)

(16)

(17)

Considering the construction principle of the acceleration diagram, where #b'||OB, wa'||OA, nb/ LAB,

|AB, we find the angles of the triangles on the acceleration diagram.

From Ama’b’ we find o'7b’ = .

From Amsob’ we find Zb7sg = a — 7.

From Amnbd’ we find Zwb'n = 90° + 3.

From Awa’n we find Zmwa’n = 180° — a — .

From Amnbd’ we will determine

£l = 180° — (90° + ) — (o — ) = 180° — 90° — B — v+~ = 90° — f — a + 7.
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From Amnb’ we will obtain the equation

™ b’

sin (90° + B)  sin(90° — B —a+17)

Hence is the length of line segment 7b’

- sin (90° — 8 — a +7)

b = sin (90° + 53) (18)

From Aa’wb’ we find the length of line segment a'b’
a'tl = \/(7ra’)2 + (nb')*> =2 - wa’ - 7b' - cos av. (19)

From Aa’nb’ we find the length of line segment nb’
nb' =/ (@) = (a'n)>. (20)

We will determine the position of the centers of gravity on the acceleration diagram by the principle of
similarity

/ .
sy = T4 tos,. (21)
loa
1.
a'se = M. (22)
lap

From Ama’b’ we find the unknown angle ¢

(¢ = arccos <(m/)2 + (@) - (”b/)2> : (23)

2-ma - a't’!

From Ama’sy we find the length of line segment sy

TSy = \/(7‘(@’)2 + (a'$2)2 —2-ma’ - CL’SQ + COS . (24)

The required absolute and relative accelerations of points are calculated with the use of the scale of the
acceleration diagram

/ / 11/
ap =7b - lg; a5, = TS1 - la; AS, = WS - flg; gy =Nb - lg; apa = a'b’ - ig. (25)

Angular acceleration e of the crank, which executes uniform motion, equals to zero.
The angular acceleration of the connecting rod is determined by formula

aBa
g9 = . (26)
lap
To sum up, the algorithm of the proposed analytical method of determining the velocities and accelerations
of points of a crank mechanism with the use of computer equipment and technology can be expressed by the
following sequence of actions:

1 Accounting of the input data: number of crank revolutions n; (rev/min); crank length ¢p4 (m); length

of connecting rod £4p(m); position of the center of gravity of crank £pg, (m); position of the center of

gravity of connecting rod £4s,(m); angle « , line segment pa = wa’ (mm).

Calculation of the value of the angle 8 by formula (1).

Calculation of the value of the length of line segment pb by formula (2).

Calculation of the value of the length of line segment ab by formula (3).
4).

Calculation of the value of the length of line segment ps; by formula (
Calculation of the value of the length of line segment ass by formula (5).
(

N O Ot s W

Calculation of the value of the length of line segment pss by formula (6).
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8 Calculation of the value of the revolution frequency of crank w; by formula (7).

9 Calculation of the value of the velocity of point A by formula (8).

10 Calculation of the value of the scale of velocity diagram uy by formula (9).

11 Calculation of the value of the absolute and relative velocities by formula (10).

12 Calculation of the value of the angular velocity of crank wy by formula (11).

13 Calculation of the value of the acceleration of point A by formula (12).

14 Calculation of the value of the scale of acceleration diagram p, by formula (13).

15 Calculation of the value of normal acceleration a% 4 by formula (14).

16 Calculation of the value of the length of line segment a’n by formula (15).

17 Calculation of the value of the length of line segment 7n by formula (16).

18 Calculation of the value of angle v by formula (17).

19 Calculation of the value of the length of line segment 7b’ by formula (18).

20 Calculation of the value of the length of line segment a’d’ by formula (19).

21 Calculation of the value of the length of line segment nb’ by formula (20).

22 Calculation of the value of the length of line segment 7s; by formula (21).

23 Calculation of the value of the length of line segment a’sy by formula (22).

24 Calculation of the value of angle ¢ by formula (23).

25 Calculation of the value of the length of line segment sy by formula (24).

26 Calculation of the value of absolute and relative by formula (25).

27 Calculation of the value of the angular velocity of connecting rod 2 by formula (26).

Currently, contemporary specialized professional programs are used for engineering calculations. However,
in certain problems of mechanics, it is possible to achieve the assigned goal by using an old program written in
the «Basic» language (2, 3].

The results of the implementation of the abovementioned algorithm on computer equipment in the domain
of «Turbo Basic» (when ny = 850rev/min; o4 = 0,11 m; £45 = 0,462 m; £ps, = 0,0363 m; £45, = 0, 15246 m;
a = 30°; pa = ma’ = 50 mm) are shown in Figure 2.

For the sake of a comparative analysis, the required magnitudes are determined by the grapho-analytical
method with the use of the KOMITAC 3DV17 computer-aided design and put in Table.

Table

Results of the calculation of velocities and accelerations

. . B Value B Relative error,
Magnitude | Unit by the proposed method in by the grapho-analytical method srel, %
the domain of «Turbo Basic» | with the help of KOMIIAC 3D V17
v m/s 9,79129695892334 9,79 0,013
Vs m/s 5,912344455718994 5,905164 0,12
Vs, m/s 3,231127977371216 3,2274 0,11
Vs, m/s 7,722815036773682 7,694904 0,36
Vi m/s 8,540245056152344 8,5630116 0,12
wo s-1 18,48537826538086 18,46345454 0,12
a m,/s2 871,5409545898438 870,72 0,094
ap m,/s2 860,3972778320312 860,445504 0,0056
as, m,/s2 287,6085205078125 287,3376 0,094
as, m,/s2 841,8800659179688 841,11552 0,091
a’f A m,/s2 157,8696594238281 157,49112 0,23
a’gy m,/s2 419,677001953125 419,512896 0,036
apa m,/s2 448,3877868652344 448,246656 0,031
€9 s-2 908,3917846679688 908,0365714 0,039
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BB DA\_2018-1\TB.EXE =3 ECR

695892334 UB= 5.912343978881836 US1= 3.231127977371216 USZ=

36773682 UBA= 8.540245056152344 wZ= 18.4853V826538086 af=

25195312 aB= 860.397155V617188 af1= 287.6084594726562 alSd=
aBAn= 157.8696594238281 aBAt= 438.891571044%219 aBA-=

elZ= 749 .9817504882812

Figure 2. Results of the calculation in the domain of «Turbo Basic»

After comparing the obtained data, a conclusion can be made that the proposed calculation algorithm of
kinematic parameters of a crank mechanism:

- allows to automate the process of calculating the velocities and accelerations;

- significantly reduces the amount of labor needed for the calculation;

- ensures a high degree of accuracy.
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Ninai-6yarakThl MeXaHU3M HYKTEJIEPiHiH
KBLIAAMIBIKTAPBIH 2K9HE YIeyJIepiH ecenrTey

Makasaza KpUIIaMIBIKTAp *KOHE YAeysep IJIaHTapbIHJIAFbl BEKTODPJIAD/IBIH apacblHa, OFaH KOCA MeXa-
HU3M TJIAHBIHIAFBI 3BEHOJIAPIBIH apachlHIa KYPBLIATBIH OYPHIIITaApIbl Maii1ajaHa OTHIPHIN, IpadOoaHaN-
THUKAJBIK 9JIiC Heri3iHJe OpbIHIAD, >KbLIIAMIBIKTAD, YIeyJep IJIaHIAPBIH KypMaii-aK, WiHIi-OyIFaKThl Me-
XaHU3MJET] HYKTeJIEPAiH ChI3BIKTHIK, YKbIJIIaMIBIKTaPEI MEH Y/I€yJIEPiH, 3BEHOIAPIbIH OYPBIMITHIK KbLITaM-
JBIKTapbl MEH Y/IeyJIEPiH aHBIKTAYAbIH aHAJUTUKAJIBIK 9JiCi YChIHBLIFaH. MexaHnusmiepais KHHEMaTUKACBIH
3epTTeyJie YKOFaphbl JRJIIK JIOPE’KECiH KAMTAMAaChI3 eTyre MYyMKIiHJIK OepeTiH aHaJIUTHKAJIBIK, OJIiCTEePIiH
MaHbI3bI aTan KepcerijreH. COHFBI XKBLIJAPhl MEXaHU3MHIH KUHEMATHKAJBIK YKOHE KYPBLIBIMIIBIK ITapa-
MeTpJiepin Gip-GipiMeH GailIaHBICTHIPATHIH AHAJUTUKAJIBIK, OPHEKTIH KOMETIMEH €CEnTey-IIenTy MaIlnHa-
Cbl VIIiH ecenTeysep OarapaMachlH Kacall, OapJIbIK, KEPEKTi HOTHMXKeJEeP/i ajly MaHbI3bl €peKIlle apT-
Tl. Vinni-OysirakThl MeXaHU3MHIH KHHEMATHUKAJIBIK, IapaMeTpPJIepiH aHbIKTAyIbIH YCHIHBIJIFAH aJITOPUTMI
2KBLUTJIAaMIBIKTAP MEH YAEYJIeP/Ii ecenTey YPAICiH aBTOMATTAHIBIPYFa, €CENTEY YaKbITHIH eJI9yip KbICKAPTYFa,
2KOFapbl JIQJIIIK JIOPE’KECiH KaMTaMachl3 eTyre MyMKIH/IIK Oepesi. ¥ ChIHBLIFaH €CeNTey/iH aJITOPUTMI KOM-
MIBIOTEPJTIK TEXHUKAJA XKY3ere acbIpy HOTHKeJIEPiH, aJIbIHFAH MOJIIMETTEP/II CaJIbICThIPA TAJIJIAIl, €CeNITEY TiH
CaJIBICTBIPMAJIBI ayBITKYBIH Oaraayra MyMKIHIIK Oepemi. MexaHU3MHIH HYKTEIEPIHIH KbUIIAMIBIKTAPbI
MEH YIIeyJIepiH eCenTey/IiH YChIHBLIFaH aJrOPUTMIiHIH, »KapaMIbLIBIFBI HET13/Ie/IreH.

Kiam cesdep: ninni-6yrakThl MEXaHU3M, KbUIJIAM/IBIK, Y€y, AaHAJIUTUKAJIBIK, dIiC.
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PacdeTr ckopocTeii n1 yckopeHuii Touek
KPUBOIIUITHO-MIATYHHOTO ME€XaHU3Ma

B crarbe mpesmcraBiien aHAMTAYECKAE METOJ, ONPEIE/ICHUS JTUHERHBIX CKOPOCTENH M YCKOPEHMIT, YIJIOBBIX
CKODPOCTEeN U YCKOPEHUI TOYEK 3BEHBEB KPHUBOIIMUITHO-IIIATYHHOI'O MEXaHH3Ma Ha OCHOBe rpadoaHauTHde-
CKOro MeToZa 0e3 IIOCTPOEHMs IIJIAHOB ITOJIOXKEHUIl, CKOPOCTEN, YCKOPEHHI C HCIOJb30BAHUEM YIVIOB, 00-
pa3ylomuxca MeXK/Iy BeKTOpaMM Ha IIJIaHaX CKOPOCTell M yCKOPeHHI, a TaKyKe MeXK/ly 3BeHbsMH Ha IIJIaHe
MexaHu3zma. OTMedeHa pPoJIb AHAJUTUYECKUX METOJIOB, C IOMOIIBIO KOTOPBIX HCCJIE/I0BAHUE KUHEMAaTHKU
MEXaHU3MOB MOXKET OBITH CZEJIaHO C BBICOKOW CTENEHBIO TOYHOCTH, OCOOEHHO BO3POCIINX B IIOCJICIHUE
oMbl B CBSI3U C T€M, UTO, UMesl AHAJUTHIECKUE BBIPAYKEHUsI, CBSI3BIBAIOIINE MEXK/y COOOl OCHOBHBIE K-
HeMaTUYeCKHe U CTPYKTyPHbIE TapaMeTphl MEXaHU3Ma, MOXKHO BCETja COCTaBUThb IIPOTPAMMYy BBIYUCJICHUN
JIJIsI CI€THO-PEIIAOIIENl MAIIMHBI U C TIOMOIIBIO MAIUHBI TIOJIYIATH BCe HEOOXOIMMBIE Pe3yabTaThl. [1puse-
JeHbl Pe3yJIbTaThbl pean3aluil IpeyIoXKEeHHOI0 aJI'OPUTMa pacdeTa Ha KOMIIBIOTEPHOW TeXHHUKe, CPaBHU-
TeJIbHBIN aHAJIU3 II0JIyYEeHHBIX JIaHHBIX U OLEHKA OTHOCUTEJILHON MOrpenrHocTy Bbraucsenus. ObocHOBaHA
NIPUTOJHOCTH Pa3pabOTAHHOrO aJrOPUTMa pactdeTa CKOPOCTER U yCKOpeHuil Todek MexaHusMa. [Ipemoxken-
HBI{ aJITOPUTM BBIYHUCIEHNA KHUHEMATHIECKUX ITapaMeTPOB KPUBOIIUITHO-IITATYHHOTO MEeXaHN3Ma I103BOJIAeT
aBTOMATHU3NPOBATh MPOIECC BBIYUCICHUS CKOPOCTEll I yCKOPEHNU, 3HAYUTE/BHO COKPAIaeT TPY/I0eMKOCTh
pacdeTa, 06eCIIeYNBaAET BBICOKYIO CTEIEHb TOYHOCTH.

Kmouesvie cA06a: KPUBOIIUITHO-IIATYHHBI MEXaHU3M, CKOPOCTh, YCKOPEHIe, aHAJIUTUIECKUNH METOJI.
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