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On the bounded invertibility of a Schrodinger operator
with a negative parameter in the space Ly(R")
The Schrodinger operator L = —A + ¢g(z), * € R", is one of the main operators of modern quantum

mechanics and theoretical physics. It is known that many fundamental results have been obtained for
the Schrodinger operator L. Among them, for example, are questions about the existence of a resolvent,
separability (coercive estimate), various weight estimates, estimates of intermediate derivatives of functions
from the domain of definition of an operator, estimates of eigenvalues and singular numbers (s-numbers). At
present, there are various generalizations of the above results for elliptic operators. For general differential
operators, the solution of such problem as a whole is far from complete. In particular, as far as we know, there
was no result until now showing the existence of the resolvent and coercivity, as well as the discreteness of
the spectrum of a hyperbolic type operator in an infinite domain with increasing and oscillating coefficients.
It is easy to see that the study of some classes of differential operators of hyperbolic type defined in the
space La(R"™), using the Fourier method, can be reduced to the study of the Schrédinger operator with
a negative parameter : Ly = —A + (—t* + itb(z) + q(z)), where t is a parameter (—oo < t < 00), i* = —1.
Hence, it is easy to see that we get —t> — —oo when [t| — oo for the operator L:. Consequently, a
completely different situation arises here compared to the Schrédinger operator L = —A + ¢(z), and in
particular, the methods worked out for the Schrédinger operator L turn out to be little adapted when
studying the Schrédinger operator L; with a negative parameter. All these questions indicate the relevance
and novelty of this work. In the paper we study the problems of the existence of the resolvent and the
coercivity of the Schrodinger operator with a negative parameter.

Keywords: Schrodinger operator, singular differential operator, hyperbolic type, negative parameter, coercive
estimates, resolvent.

1 Formulation of the main results

In the paper, the Schrédinger operator with negative parameter
Ly =—A+ (—t* +ith (2) + ¢ (z))

is studied in the space Ly (R"). Here, —oo <t < oo, i2 = —1, A is the Laplace operator,
x = (x1,22,...,2,) € R™

The operator L, as is easily seen, arises naturally in the study of singular differential operators of hyperbolic
type in the space Ly (R™1).

As is well known the existence of the resolvent (self-adjointness) of the Schrédinger operator A + ¢ (z)
for t = 0 is sufficiently well studied in research of T. Kato [1], M. Reed and B. Simon [2], B.M. Levitan,
M. Otelbaev [3], M. Otelbaev [4, 5], R.S. Ismagilov [6], F.A. Berezin, M.A. Shubin [7], K.Kh. Boymatov [§],
C.F. Yang [9], A. Zettl [10], T. Iwabuchi, T. Matsuyama, K. Tanigichi [11] and others.

The existence of the resolvent for ¢ (z) = ¢1 () +ig2 () ¢1 () >0, g2 (x) > 0 is investigated in the papers
of V.B. Lidskii [12], M. Otelbaev [5] and others.

Naturally, a similar question should be investigated for the operator L;, i.e. should be studied the question:
does there exist a bounded inverse operator L; ' for all t € (—oo; 00)? Also the question of coercive estimates
for the operator L; has been studied in the paper.

We denote by ¢, co, ¢1,... different constants (different in different places), which exact values are not
important to us; R" is n-dimensional real Euclidean space; = (21,2, ...,2,) point in R™; |||, is the norm
in Ly (R™); D (L) is a definition domain of the operator L;; C5° (R™) is a set of infinitely differentiable and
compactly supported functions. Other notation will be introduced along the course of the exposition.
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Here are the formulations of the main results.
Consider the operator

(Le + pl)u=—Au+ (—t* +ith (z) + ¢ (z) + p) u

originally defined on the set C§° (R™), where p > 0.

Further, we assume that the coefficients b (x), g (z) satisfy the conditions:

i) |b(x)] > do >0, ¢(z)>d > 0 are continuous functions in R™.

The operator L; + ul admits closure in the space Lo (R™), which is also denoted by L + pl.

Theorem 1.1. Let the condition 7) be fulfilled. Then the operator L + uE is boundedly invertible for u > 0
in the space Lo (R™).

Theorem 1.2. Let the condition ¢) be fulfilled and g > 0. Then the following estimates

@) Y || 22, + ||Va @l < e L+ unyull
b) S (22|, + || Va @l + | Vi e @], < e I+ unyul,

hold for all w € D (L) and all |¢| > 8 > 0, where ¢ > 0 is a constant.
2 Auziliary estimates and lemmas
Lemma 2.1. Let the condition ¢) be fulfilled and g > 0. Then the estimate

¢ (@) I(Le+ pl)ully = (6 +m)" [lull, (1)

holds for all w € D (L;), where ¢ (6) > 0.
Proof. Let u € C§° (R™). Then the equality

(L + pl) uyu) = / (—Au+ (—t* +ith () + ¢ (z) + p) u) - udz =

holds, where (-, -) is a scalar product in Ly (R").
Hence we have that

" du
(et nDua)| = [ 30
=1 v

2
dx + / (—t* +ith () + q (z) + p) u|® dz,
Rn

ou
(“)xi

2
dx—i—/ (q () + p) |ul? dx—/ 2 |ul? da.
n Rn

The last inequality implies the following inequalities

((Le+ )= [ 3

ou
al‘i

2
dx — / 2 |ul? da;
RTL

|<<Lt+uz>u,u>\z/

? da — 2 ul? da.
@l [ Rl 2

Using the Cauchy inequality with £ > 0, here ¢ = g, we find from (2)

1 1
sl D=5 [ @@+l o= [ 2 da, 3)
R™ R™

Further, we consider the following scalar product
n

of (3
" \i=1
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From (4) we find that
(Lo + ), —itu)| > /R 42 1b ()] uf? d. (5)
Since |b ()| > dp > 0 then we obtain from (5)
(Lt + ), —itu)| > £2 - 6 - Jul]2.

Hence , , ,
I(Le + pI) ully - > [t - 05 - fJull3 - (6)

Multiplying both sides (6) by a number ¢y > 0 we have
o l(Le + pl) ully > co - |t - 65 - [ull3 - (7)

Combining (7) and (3) and choosing the number ¢o > 0 so that |¢]* 62¢o — |t|* > 0 we obtain that

<Co " ;) IEe+nnyull = [ @@+ )l de

Hence, taking into account the condition 4), we find

Ve@) (L + ul)ully > 6+ @) ull,

where ¢(8) = (co + §). The inequality (1) is proved.
We take the collection of non-negative functions {¢;}, j > 1 from Cg° (R™) such that

Zgojz , suppyp; C Aj, UAjER”,
J

Jj=1

where A; — is open sets which intersection multiplicity is not higher than a some number & = £ (n) < co. The
existence of such coverage follows from the results of [13-15].

Continue b (z), ¢ (x) from A; on the whole R" so that their continuations b; (z) and g¢; () are bounded
and periodic functions of the same period.

By Lt j,o + I we denote the closure of the operator

(Lt jo + ) u=—Au+ (—t2 +it (b (z) + ) + g, (z) + u) cu
defined on C§° (R™), where the sign of the real number « coincides with the sign of the function b (z), i.e.

a-b(x) >0 for z € R™.
Lemma 2.2. Let the condition ¢) be fulfilled. Then for ;1 > 0 the estimate

¢(6) (Lo + 1) ul gy = (54 )2 ull 1y (8)

holds for all w € D (Ly ;) in the space Ly (R™), where ¢ () > 0.
Proof. Let u € C§° (R™). Then we have

Hence we have the following inequalities

(Lt jo + pd) u,u)| >

2
dx +/ lg; (z) + ] - |u|2 dx
RTL

- ‘/ 2 |ul? da
Rﬂ,

ou
8xi

n du 2 )
(et Tl oyl = [ 37| do = [ 2l d )
J La(R™) 2 R‘IL’L.:ZI 8151 R
1 2 1 2 2 2
1L uDul} = 5 [ gy @) P da = [P da, (10

. oy . . . _ 6
In the inequalities (10) we have used the Cauchy inequality with ¢ > 0, where ¢ = §.
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Further, we consider the following scalar product

(Lt jo + pl) u, —itu)| =

der [ 2 + g (x)+u]-|u|2d:c+/ t2 (b () + ) |ul® dz| .
Rn,

R™

—1it
o 2l
Hence, and by virtue of the condition « - b (z) > 0 we have for z € R"
(Lt ja + pl)u, —itu)| > tQ/R (165 ()| + |a]) uf® dz.
From the last inequality we find that
2 2 2 2
(Lt o+ pl) ully = (87 (G0 + [af)™ - [|ull; - (11)
Combining the inequalities (10) and (11) and choosing « so that (8 + |a|)* =1 > 0 we obtain
1 2 21 2
5 I(Ltga +ul)ully + [(Leja +pl)ull; 2 5 . g5 (x) + p] - |u]” dz. (12)
From the inequality (12) we find that
¢ (0) 1(Lt g + ) ully > /6 + poffull;

where ¢ (0) = 1/2 (3 + 1). Lemma 2.2 is proved.
Lemma 2.3. Let the condition ¢) be fulfilled. Then for x> 0 the estimates

(B i)l > ek 13
) n ou 2 2
Eagatun)uld = 32 |24 H\/qj @+ |+ /11 @+ faDu (14)
=1 L2 2
hold for all w € D (Ly ;o) and |t| > B > 0, where 8 > 0 is any positive number.
Proof. From the inequality (9), using the Cauchy inequality with € > 0, we have
Ou 2
3o WL+l el + 5l > [ Z D gt [
Now we take € = g. Then from the last inequality we obtain
1 2 i ou 2 é 2 2 2
ACESUDRCED S el I YR (15)
From (11) and (15) we find that
ou o, 2 2 2 _ 42 2
5 et kDUl + Lo+ a0 ully = 30| 2 = Sl + (17 B+ lal)” = ) - a3
Hence, choosing a so that [t|? {(50 +la])® - 1] > 0, we have
1 2 - ou 2 é 2
1) g+ Dyl = D2 9 . (16)
i=1 v
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From (16) and (12) we find that

1 1
(5+1) WZesa b unyuld + (5+1) Wasa+ u0)ul} 2

n 2

5>

i=1

ou
Bxi

) 1
Sl [ @)+ al e
R n

2

Hence

1
2 (5+1) IEuga -+ nDyul 2

)

From the last inequality we find

5 | 9 1 2
8%24mm+4ég%@wuym(M+4ég%uwurwwn

2 2
+H1/q]‘ () +pu
2

ill2

2
+ ‘\/Qj () +pu
2
where ¢ () =8 (4 + 1). The inequality (13) is proved.

Prove the inequality (14). Let u € C§° (R™). Then integrating by parts the scalar product

1
(5 +1) IEs 1) ulf >

Finally, we have
2

i

¢ (8) [|(Lejo + pl) ul3 >
=1

.Z‘i2

(Lt ja + pl) u,u)| >

/ it (b; () + ) Juf? de|

Hence, by the condition ¢) and also taking the property « - b (z) > 0 into account, we have for x € R"

1 1 1
g Cesa e ndyully = 5 [ 10 @1+ fal) o+ 5 [ 1 (b )]+ o) = 5] P o
Rm Rn

We have used here the Cauchy inequality with e > 0. Now, taking |t| > 8 > 0 into account and choosing
€ > 0 so that [t (do + |a|) — 5 > 0, we obtain the estimate

2

e+ Dyl = /15 @)1+ o

(17)
2

The estimate (14) follows from (13) and (17). Lemma 2.3 is completely proved.

Lemma 2.4. Operator L ; o + pf for g > 0 has a continuous inverse operator (L; ;o + pI)™" defined over
the whole Ly (R™).

Proof. The estimate (8) implies that for the proof of Lemma 2.4 it suffices to show that the range of values
R(Ly,jo + pI) of the operator Ly ;o + pl coincide with Lo (R™). We prove this by contradiction.

We assume that there exist an element v € Ly (R™), v # 0, such that for any u € D (L; ;o)

(Lt j,a +pl) u,v >=0.
From the last equality we obtain
(Lt +pI) v = =Av + (=t =it (bj (x) + @) + g; (x) + p) v =0 (18)

in the sense of distributions. Since b; (z) v, ¢; (x)v € Ly (R™), then (18) implies that Av € Ly (R™) for finite ¢,
i.e. v € W2 (R"™). Now, if for any v,, € C§° (R™) the inequality

[(Leja + D)™ v]], > cllvll (19)
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holds, where ¢ > 0 is a constant then it also holds for the element v € W (R™). Indeed, there exists a sequence
{v,} C C§° (R™) for v € W (R™) converging to v (z) in the norm W2 (R™). It is not difficult to prove that the
inequality (19) holds for every v,, (z). This is proved in exactly the same way as the inequality (8) in Lemma
2.2. Passing to the limit with respect to n — oo, we obtain, as is easy to see, the inequality (19) for v (z) (this
procedure is briefly called the closure of the inequality (19) in the norm W3 (R")), i.e.

|(Les + D) ol = ol
Since (Lt jo + wul)* v =0, then the last inequality implies that v = 0. Lemma 2.4 is proved.
Lemma 2.5. Let the condition ¢) be fulfilled and u > 0. Then the following inequalities
—1 c _ .
2) H(Lt’j’a 1) Hzaz = (O6+m)17?? c=c(0)>0;
b) || Da (Lo + uD) | c=c(8)>0
hold, where D,, = -2-

i

Proof. The estimate a) follows from the estimate (8). The estimate (8) also implies the inequality

< _c
92 = (6w

c(6
m(ﬂ;l/g |(Logia + ) ully = [l (20)

From the inequality (9), using the inequality (20), we find that

c(9) 2 / ol / 2
———— ||[(Lt,j,o + ) u||5 > de —1 ul|” dx. 21
S s+l 2 [ 335 Ju (21)
Multiplying both sides of the inequality (11) by the number ﬁ, we find the following inequality
1 2o [t @G0 +aD)® o
(Lt g+ pl) ully = 3 - (22)
G+ 7 ? Vo +p :

Now combining (21) and (22), we obtain

6(5)+1 2 " 8U 2 2 (50—|—|oz|)2 2
—_— L7‘,a+/,(,] u Z/ d$+t — -1 u|” dx.
T Caat bl > [ S50 doe i [ Sm =1 )l

Choosing « such that % — 1 >0, from the last inequality we find the estimate

T e+l 2 3 |G e6) = e(0) +1

The estimate b) is proved. Lemma 2.5 is completely proved.
3 Some estimates in the whole R"
We denote the closure of the differential expression
(Lia+pl)u=—Au+ (—t*+it(b(z)+a)+q(z)+p) u

in Ly (R™) by Ly o + pl, defined on the set C5° (R™).
Lemma 3.1. Let the condition ¢) be fulfilled and g > 0. Then the following inequalities

[(Lo,a + pl)ully = (0 + p) - [lully; (23)

(Lt + pD) ully = [t (G0 + |af) - [[ully, ¢ #0, (24)
hold for all w € D (L o + pl).
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The inequalities (23) and (24) are proved by means of functionals (Lo, + pl) w,u), (Lo + pd) u, ),
u € C§° (R™).

To prove the main theorems, in addition to the auxiliary lemmas given in sections 2 and 3, we use the
following assertion [13-15].

Lemma 3.2. There exist a covering that has the following properties

a) Xy i=1, 9 €C5(4y), Uy &5 = R,
where Aj is a cube by an edge equal to 1 and center at the point x; = (xgj),xéj), . argf)> ;

. la|
b) D ¢; (2)llo(r) < ¢, ¢ > 01s a constant, D = EWI?W’ a = (a1,02,....,ap), o] = a1 +ag+ ...+ ap;

c) each set A; can intersect with not more than & (n) sets from the family {A;}, where £ (n) is some constant.
Assume
Ku,af = Z Pj (Lt,j,a + Ml)il (pjf7
{1}
where f € Ly (R™), {®;} is a set of functions from Lemma 3.2, L; ; o + ul is the operator from Lemma 2.2.
It is easy to see that

(Lt’a + MI> Ku,af = f - B/L,afa (25)
where
_ - _ 0
Bu7af: ZAL)OJ (Lt,j7a+/le) 1f+QZZD$1@]D$1 (Lt,j,a'i',U/I) l(pjf7D$i = 87
{5} {5} =1 T

Lemma 3.3. Let the condition ¢) be fulfilled. Then there find a number po > 0 such that

1Binall Ly (rmy o Lormy <1

for all u > pg.
Proof. Let f € C§° (R™). Now, taking the multiplicity of the covering {A;} into account, we have

1 2 n -1 ?
||B/l/7af||L2(Rn) <2 (Hz{j} Ap;j (Lt ja + pl) @ijQ + HQZ{]-} 2im1 Dai0jDa; (Leja + pl) 90ij2 =
2 2
<o (Z{j} A (Lo + 1) 1s0ij2 X0 gy |[DeosDe, (Lt g+ i) 19””6”2) =

2 2
<ec - supHAst (Ltj,o + pI) 1H Sy lei fll + sup supHDxi@ij (Lt jo + 1) 1@ij -
i} 2 1<i<n {j} 2

From this and from Lemma 2.5, taking || D2 ¢, <ec a=0,12 3, e f1I> = [I£]l5 into account,

oy
we obtain

?(9) c? (9)
O+u) (54 p)'?

From the last inequality it follows that one can find a number po > 0 such that ||B, o/, ,, < 1 for g > po.
Lemma 3.3 is proved.

Lemma 8.4. Let the condition ) be fulfilled. Then the operator L;, + pl is boundedly invertible for
> po > 0, and the equality

2
||B,U7O<f||2*>2 <c-c

] ATy

(Lt,a + ,U/I)il = K,u,a (E - Bu,af)il (26)

holds for the inverse operator (L o + ul )_1 .

The proof of the lemma follows from the representation (25) using Lemmas 3.1 and 3.3.
Now we consider the solvability of the original operator L; 4+ . To do this, consider the following equation

(Le + pl)u = —Au+ (—2 +ith (z) + ¢ (z) + p)u = f (z), (27)
where f (z) € Ly (R™).
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Definition. The function u € Lo (R™) is called a solution of the equation (27) if there exists a sequence
{un}o, C C§° (R™) such that

[tn — UHLQ(Rn) =0, [[(Le + pd) up — f||L2(Rn) -0,

as n — 00.
This shows that the inverse operator (L; + ul )71 coincides with the closure of the operator L; + ul in
Ly (R™) defined on C§° (R™).
Lemma 3.5. Let the condition 4) be fulfilled. Then the operator L;+uI is boundedly invertible for p > pg > 0
and the equality
(Lt + UI)_I f=Lea+ MI)_l (B - Au,a)_l f

holds for the inverse operator (L; + ,uI)_l, where f € Ly (R™), HAM,QHLQ(RH)_)LQ(RH) < 1.
Proof. Let t # 0. The equation
(Li+plu=f (28)

can be rewritten as
v—A,v=f

where v = (L¢.o + pl)u, Ayo =ita (Lo + uI)_l, where i> = —1. Lemma 3.1 implies that

2] - la]
A, o < .
[ A, UHLZ(R )= 1t (S0 + |a])

Hence ||AM,OCHL2(RH)HL2(R7Q) <1
(28), (29) implies that

w=(Li+pl) " f=Lpa+upl) " (I—A,.) " f

for t #£ 0.
As is known, if ¢ = 0 then the operator is essentially self-adjoint [2] and the estimate

(Lo + pI) ull ,gny = (8 + 1) - [l gm)

holds for all u € D (Lo + pI). This implies that the operator Lo+ ] has a bounded inverse operator (Lg + ;J)f1
defined over the whole Ly (R™). Lemma 3.5 is completely proved.
Lemma 3.6. Let the condition ¢) be fulfilled and g > 0. Then the estimates

(Lo + pl) ull ygmy = 0 M|l Ly (gny -

(Lt + pd)ull gy = [t - 00 - llullp,gny» T #0,

hold for all w € D (L;).
Proof. Lemma 3.6 is proved in exactly the same way as Lemma 3.1.
The following Lemma is well-known [16].
Lemma 3.7. Let the operator Ly + pol (g > 0) is boundedly invertible in Lo (R™) and the estimate

(Lt + D) ull gy = € [lull £,y gy

holds for all w € D (L; + pI) when p € [0, o], where ¢ > 0 is a constant. Then the operator L; : Lo (R™) —
— Lo (R") is also boundedly invertible.

Proof of Theorem 1.1. The proof follows from Lemmas 2.1, 3.5 and 3.7.

Lemma 8.8. Let the condition 7) be fulfilled and p > pg. Then the following estimates

3 |[Va@ T r],, L S e et )l

2

b) Do ullp,ype < ¢ (Lt + pd) ull ) gos

hold for all w € D (L), where Dy, = % (t=1,2,...,n), ¢ > 0 is a constant.
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Proof. Let f € C§° (R™). Then, taking the properties of the functions ¢; (j € Z) into account, from the
representation of (26) we have

Va5 La + 107 1] = [Va@T 0 S ) 05 B+ 0D 5 (B = Buo) ™ 1| =
= [y VaET T 65 L+ D) (B = B | < (30)
< Sy V& @ F i (Bsa +uD) ™y (B Bua) ™ 1

Here it was taken into account that the functions \/q (z) + 1 - ¢; and \/g¢; (x) + p coincide on the set A;.
Taking the finite multiplicity of the covering {A;} and the inequality (13) into account, we obtain from (30)

H\/m([/t,a +MI)_1 sz < C'Z{j} H\/W(Lt,j,a +MI)_1 i (B — Bu,a)_l sz <
< c~{??p“\/m(Lt,j,a +M1)71H2 S ‘@j (E_B#’a)flsz

2—2

From this and Lemmas 2.3 and 3.3 we finally have

Va@ +a e+ a0 1] < e 1512

Whence )

|Va@+n|  <ell(LiatuDul,

Ly (R™)

where (L o + pf) u = f. The item a) of Lemma 3.8 is proved.
Let us prove the item b) of Lemma 3.8.

2
| Dz, (Lt,a + pl) f||2 = Hqu Zj ©j (Lt,j,o + pl) ' ¢ (E — Bu,a) ' sz =
= Hz{j} (Dmpj (Lt jo + 1)~ 0 (B = Bua) ™' f+9;Da, (Lija+p) ™ 05 (E = Bua)™' f) H
2

2
+2 05 ’ i Dz (Lt + D) ¢ (B = Bua) ™ fH2> '

2

IN

2

Here we took the finite multiplicity of the covering {A;} into account.
From the last inequality we have

2 2
1Dz, (Lo + 1) fI1} e < € <s{q1}o |Pess (Bt + D)™ S |05 (B = Bua) 7 1| +
J

5 2
+ S{u%) Hgoj Dy, (Lt j,o + p1) ' ‘2 : Z{j} “Pj (E'— Bu,a) ! f ‘2> <
J
i -1)? -1 4|7
= Cl{sfl}lpH(Ltvm +nul) ’2 Ty e (B Bua)™ ] 2 T
J

2 2
+¢o =up HDmi (Lt ja + Mf)fl‘ , 2 ‘ #1(E = Ba) " f‘ 2) ’
J

where ¢; = sup | max |¢| |, ¢y = sup | max |p;]| ].
= (e ). 0= ()

From this and from Lemma 2.5 we find that

1D, Lo+ D) f1P o < (220 (B = Buo) | 1A o +
w; (Lo + pl) L)R" =€\ T5p o) 9 o Ly(R™)

2
~ c(6) . _ -1 . 2
0 G H(E By.a) H2—>2 171122 sy
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Lemma 3.3 implies that the operator (E — B,Wl)_1 is bounded in Ly (R™). Consequently, from the last
inequality we finally have

2 2
1Dz ullz, e < € (Lo + pI) w7, gny

where (Ly o +pl)u=f, i =1,2,3,...,n. Lemma 3.8 is proved.
Proof of Theorem 1.2. The proof of Theorem 1.2 follows from Lemmas 2.3, 3.5 and 3.8.
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Lo(R"™) kenicriringe Tepic mapamerpii IHIpéaunrep omeparop yiiix
IIEKTeYJIi Kepi onepaTopbIHBbIH 0ap 00J/IybI >KaiJIbI

L =—-A+q(z), z € R", Ulpénunrep oneparopbl Ka3ipri KBAHTTHIK MEXaHUKAHBIH, 2KOHE TEOPUSIBIK, (hu3u-
KaHbIH HEri3ri oneparopJjapbIHblH O6ipi 60kl Tadbltaabl. L IIpéaunrep onepaTops! VIIiH KOIITEreH ipreJi
HoTrKesiep anblHAbl. Ouap/piy iminge, Mbicassl, menrityi, Gesrimriri (kospuuTueri Garasnaysiap), opTyp-
JIi cCaJIMAKTBIK Oarajiap, OMepPaTOPBIH, aHBIKTAIY OOJIBICHI OONBIHINA APAJIBIK, TYBIHIBIIADILIH Oaraaaybl,
MEHIIIKTI MOHJIED KOHE CHHIYIIAPJILIK caniap (s-cangap) TypaJisl Macesesep 6ap. Kasipri kesne smmmunTu-
KaJIBIK, OIl€paTOpJap YIIiH YKOFapblIa KEITIPIJINeH HOTIKEIEPAiH OPTYPJl KOPBITEIHABLIAPE! 6ap. 2Kasmst
nuddepeHnmanIbl oepaTopsIap yiniH 6yJ1 MoCceJIeHIH, eIyl ToJIbIK asKTaJMaran. Aran aiTkana, Oi3iy,
Oisiymi3 OoiibIHINIA, PE30JIbBEHTACHIHBIH, Oap OOIybl MEH KOIPIUTHUBTIr, COHJAN-aK IIEeKCi3 ODJIbICTa OcIe-
JIi 2KoHe TepbenicTi KoadpuimeHTTEpIMEH THIEPOOIANBIK, TUIITI OMEPATOP/BIH, CIEKTPIHIH JAUCKPETIIiriH
kepcererin moTIKE GoaMabl. Opuue, La(R™ ') xenicriringe ampikramran rumepbosaibik THITI gudde-
PEHIMAJIIBIK OIIEPATOPJIAPBIH Keiibip KjacTapbIHbIH 3epTTeyiHn Pypbe omici apKpLIBI Tepic mapaMmeTplii
IIpéauurep onepaTOpLIH 3eprTeyre aibin Keiyre Gonampr: L = —A+ (—t* 4 ith(z) + q(x)), MmyHxarsl
t— (—oo <t < 00), i = —1 mapamerpi. demex, L; omeparopsisga |t| — oo 6oica, omma —t? — —oo exeHin
Kepy KublH eMec. emex, myna, L = —A+q(z) [Ipénunrep oneparopblHa KaparaHia, MyJLIeM 0acKa »Kar-
JHait maiiaa 6osassl, conbH, imminge L [1Ipénunarep onepaTops! yimiH o3ipienren oicrep Ly Tepic mapameTpJi
[Ipénuarep onepaTopblHa >KapaMChi3 OOJIBIIT KAJIaIbl. Bapiblk Oy Moceseaep OChl KYMBICTBIH, ©3€KTiJIir
MeH 2KaHaJbIFbIH KepcerTi. Ochl Makasitaga Tepic napamerpsti IIIpéauarep onepaTropbiHbIH Pe30JIbBEHTACHI-
HBIH, 6ap 6OJIyBI KOHE KOIPIUTUBTILIIT YKAH-KAKTHI 3€PTTEIII.

Kiam cesdep: 1lIpénunarep onmepaTopbl, CAHTYASPIbl A PPEHIUAIIBIK, OEPATOP, TUNEPOOIABIK, Ollepa-
TOp, Tepic napamerp, KOIPIUTHUBTI Garasaysiap, pe30IbBEHTA.

M.B. Mypar6exkos, M.M. Myparbekon

O6 orpanmdenHoit ooparumoctu oneparopa IlIpémuarepa
C OTPUIATEJILHBIM TapaMeTpoM B mpocTtpancTBe Lio(R")

Oneparop IIpéaunrepa L = —A 4 g(x), x € R™, aBseTCs OAHAM U3 OCHOBHBIX OIIEPATOPOB COBPEMEHHO
KBAHTOBOI MEXaHWKH M TeOpeTHIecKoil dusuku. MsBecTHO, uTo mist oneparopa I1Ipémauurepa L mosydeHo
HEMAJIO (DYyHIAMEHTAJIBHBIX Pe3ysibraroB. Cpeinu HUX, HAIPUMED, BOIIPOCHL O CYIIECTBOBAHUYU PE30JIbBEHTHI,
pasueanMocTy (KOIPIUTUBHAS OIECHKA), PA3IMIHbIE BECOBBIE OIEHKH, OIEHKU IIPOMEXKYTOUHBIX IIPOU3BOI-
HBIX (DYHKIMI 13 00JIACTH OIPEJIeJIeHNs] OIIEPATOPA, OLEHKH COOCTBEHHBIX M CHHIYIISIDHBIX YHCed (S-duced).
B macrosiiee Bpems uMeroTcs pasimdnbie 0600IIeHNs] YKA3AHHBIX BBIIIE PE3YJIbTATOB JJIsl SJUIAITAIECKUX
omneparopoB. st obmux guddepeHInaabHbIX OIEPATOPOB pEIIeHUEe TAKON 3aJladu B IIEJIOM JIAJIEKO OT
3aBepIeHusi. B 9acTHOCTH, HACKOJBKO HAM WM3BECTHO, M0 CUX IOp He ObLIO pe3yJibTara, MOKa3bIBAIOIIETO
CyIIIECTBOBAHMUE PE30JIbBEHTHI U KOIPIUTUBHOCTH, & TAKXKE JMCKPETHOCTH CIIEKTPa OIEpaTropa rumnepbo-
JIMIECKOTO THUIA B OECKOHEYHON 00JIACTH C PACTYIIUMHU U KoJieOJonmuMucs Kodddumuenramu. Herpymaao
3aMETUTh, YTO M3yUEeHHEe HEKOTOPBIX KJIACCOB Nud@epeHINaIbHBIX OMepPaTOPOB IMIEPOOTUIECKOrO THIIA,
ompeeneHnbx B npocrpancrse Lo (R™!), moxnO cBectn ¢ momormpio Meroma Pyphe K H3YUEHHIO Omepa-

topa IlIpéaunrepa ¢ orpuuaTebHLIM mapamerpom: Ly = —A + (—t2 + itb(z) + q(:v)), rae t — nmapamerp
(=00 < t < 00), i2 = —1. Orciona scHo, uTo B orneparope L mpu |t| — co — —t* — —oco. CieoBaTensio,
3JI€Ch BO3HMKAET COBEPINEHHO WHAsl CHTYyalusi 0O cpaBHeHuIo ¢ oneparopoM Ipémuurepa L = —A + g(z),

¥, B YaCTHOCTHU, METO/Ibl, oTpaboranubie /i orneparopa IIpénunrepa L, oKa3bIBaIOTCs MAJO IPUCIIOCOD-
JIEHHBIMHU Tpu ulydeHuu omneparopa IlIpémuurepa L; ¢ oTpuiaTeJbHBIM MapaMeTpoM. Bce 3Tu BOIpPOCHI
CBHETEIbCTBYIOT 00 aKTyaJIbHOCTH M HOBU3HE JAHHON paboThl. B HacTosIeil craTrbe m3y<deHbl BOMPOCHI
CyIIIeCTBOBAaHUS PE30JIbBEHTHI U KOIpIuTUBHOCTH oneparopa IIIpénunrepa ¢ orpunaTebHBIM IapaMeTPOM.

Kmouesvie caosa: oneparop lIpénunarepa, cuurysisipaslii quddepeHnaabHbIi OepaTop, TUnepOoTMIecK it
oIIepaTop, OTPUIATEILHBIA TapaMeTp, KOIPIUTUBHBIE OIIEHKHU, PE30JIbBEHTA.

46 Bectnuk Kaparanmauickoro yHuBepcuTeTa



On the bounded invertibility of a Schrodinger operator...

10

11

12

13
14

15

16

References

Kato, T. (1972). Schrodinger operators with singular potentials. Isr. J. Math., 13, 1-2, 135-148.

Reed, M. & Saimon, B. (1978). Metody sovremennoi matematicheskoi fiziki: harmonicheskii analiz, samo-
sopriazhennost [Methods of modern mathematical physics: Harmonic analysis, self-adjointness/. Moscow:
Mir [in Russian]|.

Levitan, B.M. & Otelbaev, M. (1977). Ob usloviiakh samosopriazhennosti operatorov Shredinhera i Diraka
[On conditions of self-adjointness of the Schrédinger and Dirac operators|. Doklady AN SSSR — Reports
of the USSR Academy of Sciences, 235, 4, 768-771 [in Russian].

Otelbaev, M. (1976). Ob usloviiakh samosopriazhennosti operatorov Shredinhera s operatornym poten-
tsialom [On conditions of self-adjointness of Schrédinger operators with operator potential]. Ukrainskii
matematicheskii zhurnal — Ukrainian Mathematical Journal, 28, 6, 763-771 [in Russian].

Otelbaev, M. (1990). Otsenki spektra operatora Shturma-Liuvillia [Estimates of the spectrum of the Sturm-
Liouville operator/. Almaty: Hylym [in Russian].

Ismagilov, R.S. (1962). Ob usloviiakh samosopriazhennosti differentsialnykh operatorov vysshego poriadka.
[Self-adjointness conditions of higher-order differential operators| Doklady AN SSSR — Reports of the
USSR Academy of Sciences, 142, 6, 12391242 [in Russian].

Berezin, F.A. & Shubin M.A. (1983). Uravnenie Shredinhera [The Schridinger equation]. Moscow: Izda-
telstvo MHU [in Russian].

Boimatov, K.Kh. (1982). Asimptotika spektra ellipticheskoho differentsialnoho operatora v vyrozhdennom
sluchae [Asymptotics of the spectrum of an elliptic differential operator in the degenerate case]. Doklady
AN SSSR — Reports of the USSR Academy of Sciences, 266, 1, 14 [in Russian].

Yang, C.F. (2010). New trace formulae for a quadratic pencil of the Schrédinger operator. Journal of
Mathematical Physics, 51, 33506.

Zettl, A. (2005). Sturm-Liouville theory: Mathematical Surveys and Monographs. American Mathematical
Society, Providence, 121.

Iwabuchi, T., Matsuyama T. & Tanigichi, K. (2017). LP-boundedness of Schrédinger operators on an open
set of RY. New Trends in Analysis and Interdisciplinary Applications. Selected contributions of the 10"
ISAAC congress, Springer Int. Publ., 319-325.

Lidskii, V.B. (1960). Nesamosopriazhennyi operator tipa Shturma-Liuvillia s diskretnym spektrom [Non-
selfadjoint Sturm-Liouviele operator with discrete spectrum|. Trudy Moskovskoho matematicheskoho ob-
shestva — Proceedings of the Moscow Mathematical Community, 9, 45-80 [in Russian].

Guzman, M. (1975). Differentiation of integrals in R™. Berlin |Heidleberq|. New York: Springer-Verlaq.
Otelbaev, M. (1983). Koertsitivnye otsenki i teoremy razdelimosti dlia ellipticheskikh uravnenii v R™
[Coercive estimates and separability theorems for elliptic equations in R™|. Trudy Matematicheskoho
instituta imeni V.A. Steklova — Proceedings of the V.A. Steklov Mathematical Institute, 161, 195-217 [in
Russian].

Muratbekov, M. & Otelbaev, M. (2011). On the existence of a resolvent and separability for a class of
singular hyperbolic type differential operators on an unbounded domain. Furasian mathematical journal,
7, 1, 50-67.

Akhieser, N.I. & Glasman, I.M. (1963). Theory of linear operators in Hilbert space. Originally published:
New York: Ungar Publ.

Cepust «Maremarukas. Ne 1(93)/2019 47



