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On solving a linear control problem

The problem of a linear regulator is considered. There is a system of linear differential equations with a
quadratic control quality criterion. The method of dynamic programming is applied to the solution of the
considered linear problem. As is known, the main difficulty in applying this method is to integrate partial
differential equations. In this problem, the obtained optimal control function depends on the solution of
the Riccati equation. In [1], conditions were obtained under which there is a solution to such optimal
control problems with a quadratic quality criterion. These conditions were obtained along with formulas
for minimizing control and for optimal trajectory. But all these statements depended on the ability to solve
the matrix Riccati equation under certain boundary conditions given at some time point. To construct a
solution to the problem under consideration, a system of 2n adjoint differential equations is constructed.
After splitting the transition matrix of this system into block ones, it is possible to express the state of
the system at the time instant ¢ through the state variable and the adjoint variable at the final time
instant ¢1. A feature of this work is that an example is given, where the solution of the Riccati equation,
which determines the optimal solution of the problem, was obtained explicitly.
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adjoint equations.

The system of controls expressed through the linear differential equation is given
= AW)(t) + Bty alto) = o, (1)

where A(t), B(t) — continuous matrixes of dimension (n x n), (n X ¢q) [1, 2].
The functional that evaluates the quality of control is given in the form:

1= [ 0D + wTO R drt paT(0)Qetr), 2)

where D(t), @ — is a nonnegative definite symmetric matrix of size (n x n); R(t) — positive definite symmetric
matrix of size (¢ x ¢). It is required to find the optimal control function u°(¢, z) for problem (1), (2). To do
this, we make the Bellman equation [3]

T
ngn{asg;x) N <58(8txx)> [A(t)z + B(t)u] fg[xTD(t)x(t) MTRW} o

s(ty,x) = —%mTQ:U. (3)

Let’s differentiate the expression in square brackets by v and equating the result obtained to zero, we obtain
the control function.

_ 0s(t, )
O, z) = R ()BT (t) ——— .
Wt ) = R (0BT () 2L
The solution of equation (3) is found in the form
L 7
s(t,x) = 2% Kz, (4)

where K (t)— is an unknown symmetric matrix of size (n x n).
Expression (4) substituting into the relation (3) we obtain the following equation:
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K =-AT(t)K(t) — K(t)A(t) — K(t)B(t)R™' ()BT (t)K (t) + D(t);
K(th) = Q.

As shown in this paper, the existence of many problems of the theory of optimal control is obviously related
to the problem of the existence of a solution to the matrix equation of Riccati in some boundary conditions at
any given time.

Now we consider one method for solution the Riccati equation. To do this, using the variable p conjugate
to the variable z and using method of a variation

& = A(t)x(t) — Bt)R™' BT (t)p(t),
we obtain a linear differential equation
p=—AT(t)p(t) — D(t)z(t).

Boundary conditions of this problem
z(to) = wo, p(t1) = Qu(t1).

By combining these two differential equations, we make a system of (2n) equations

G )= (0 ™) (Ga))

The fundamental matrix (transfer) of this system has the form

. @(t,t) (I)(t,t)
(¢, to) = < Dart, to) st to) )

When you partition the transition matrices into block matrices it is possible to express the state system
in timepoint ¢ through the state variable and the conjugate variable at the final timepoint 2 as follows: final
timepoint ¢; as follows:

.If(f,) = (I)ll(t, t1)$(t1) + @12(t, tl)p(tl).

Further from a condition p(#1) = Qz(t1) receive
z(t) = [Pui(t, t1) + Pr2(t, 1) Qla(tr). (5)
Thus, for the conjugate variable we obtain
p(t) = o1 (t, t1)a(tr) + Poa(t, t1)p(tr) = [P21(E,£1) + Paa(t, t1)Qx(tr). (6)
Excluding x(t1) in the expressions (5) and (6) we obtain the following ratio:
pt) = [@a1(t, tr) + Po2(t,11)Q) - [@11(t 1) + Pra(t, t1)Q) 2 (8). (7)

From expression (7) it is visible that between functions p(t) and x(¢1) there is a linear relationship.

here
K(t) = [®o1(t, t1) + Paa(t, t1)Q] - [P11(L, 1) + P12(t, tl)Q]’l. (8)

So, if we consider such a problem of a linear regulator, then the optimal control function will take the form
u(t, ) = —R™'(t) BT (1) K 2(t),

where K(t) (8) — is the solution of the Riccati equation [4].
Consider an example that can be used to determine the exact solution of the Riccati equation using these
results.
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Let the following control problem be given:

1 =x9;  21(0) = z10;

. 9
Bo =u;  22(0) = @20; ©)
1, Lo, :
I=-2it)+= | (z5+u”)dt — min.
2 2/
The solution of this problem is looking for the method of variation. Equality
u(t) = p(t),

substituting into the equation (9) we obtain the following system of the equations

#1 =x9; 21(0) = z10;
o =u;  x2(0) = xa0;

p1=0;
P2 = —p1 + 2.
To find the control function that determines the optimal solution of this problem, it is necessary to find a

solution to the corresponding Riccati equation. Now consider this in practice. Let’s assume that the transition
matrix connected with a type of the solution of system (9) is defined.

1 Sh(t — tl) t— tl — Sh(t — tl) Ch(t — tl) —1
0 ch(t—t 1—ch(t—t sh(t —t

att) = | | (O 1) 5 1) (O 1)
0 Sh(t — tl) —Sh(t — tl) Ch(t — tl)

Let the matrix be divided into blocks

1 sh(t—t . [ t—ti—sh(t—t1) ch(t—t;)—1Y
‘I)“:(o chgt—ég)’q’”_( lich(t(—tl)l S(h(t_ltl) )

o ( 0 sh(to— t) ) PP ( —sh<tl—t1) ch(to—tl) )

In this case, the solution of the Riccati equation, determining the solution of this problem will take the form
(8).
K(t) = [®a1(t,t1) 4+ Po2(t, 11)Q)] - [11(t, 1) + Pra(t,£1)Q] .

Substituting the given matrices here, after simple transformations, this matrix will take the form

1 0 1 Ch(t — tl) —Sh(f — tl)
K(t) = ( —sh(t —t1) sh(t—t) ) @ ( ch(t—t))—1 1+t —t, —sh(t—t) ) -

1< ch(t —t1) —sh(t —t,) >
e\ —sh(t—t1) (L+t—t1)sh(t—t1) )°

(10)

Here designations ¢ = (14t —t1)ch(t — t1) — sh(t — t1) are entered. From this formula, the elements of the
matrix are written in the following form:

Kllzé'ch(tftl); Klgzé' (75h(t7t1)),
KQl = . (7Sh(t — tl)); K22 = % . Sh(t — tl) . (]. +t— tl).

1
©
Let’s check that the matrix K (t) (8) satisfies to Riccati equation.
01 0 10 0 0
=(00) o= (V)e=(on) o=(0 V) e
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The Riccati equation can be reduced to the form:
K =—-ATW)K(t)— K(t)A(t) — K#)B#)R™ (t)BT (t)K (t) + D(t). (11)
Let’s calculate the derivative of the function on the left side of the Riccati equation

K:1<K” Kis ) _ 1 <Sh(t_t1)sh2(tt1) sh(t —ty)cht —t1) — (1 4+t —t1) )

302 Kgl KQQ ? Cht—tl)—(l—i-t—tl) (]_+t_t1)2_sh2(t_t1)

where
Y= (1 +t— tl)Ch(t — tl) - Sh(t - tl);
().O = (1 +t— tl)Sh(t - tl).
At first we will check that the left part of the equations are equal to these values.

K =—-ATt)K(t) — K(t)A(t) — K(t)Bt)R™'(t)BT (1)K (t) + D(t) =

_ 0 0 (0 Kin ) [ Ki2Ky Ki2Ky n 0 0y _
K Ko 0 Ko Ko Koy K3, o
_ 0 K [ Ki2Ka1 Ki2Ka ) _ ( KoKy Ki1 + Ki12K9 ) _
Ky Ko+ Ko KyKsy K3, —1 K1+ KyoKa1 Kig+ Koy + K3, — 1

_1( —sh2(t —ty) sh(t—tl)ch(t—tl)—(1+t—t1))
T2 \Ush(t—ty)ch(t—t1) — (1L +t—t1) (1+t—1t1)% — sh?(t —t1) ’

where o = (1+¢ —t1)ch(t —t1) — sh(t —t1), ¢ = (L +t—t1)sh(t — t1).
After simple transformations, we obtain that the expression on the right side of the equation is equal to the
value of the derivative expression on the left. So the function (10) is the solution of the Riccati equation (11).

K =—-ATM)K(t) — K(t)A(t) — K(t)B(t) R~ (t)BT (t)K (t) + D(t);

K(t1) =-Q.

Using the solution of the obtained Riccati equation, we determine the optimal control function, which is the
solution of the considered task.
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M. Myxrapos, A.X. Kamugosaii

BackapyabiH 6ip CBIBBIKTHIK TE€HAEYIHIH MIEINyi >KaiJIbl

MaxkaJsafga ChI3BIKTBI perTerim ecebi KapacThIpbLIabl. ChIBBIKTHI AuddepeHInalablK, TeHaeyaep Kyieci
JKoHe 6acKapy CallachlH GarasiaiiThiH KBaJApaTThIK Oeiri (Kpurepwmii) Gepinren 6osicein. Ecerrriy menrivin
Taby YIIiH JUHAMUAKAJIBIK, 6araapJiay 9ici KOJIaHbLIbl. AJT OCBI 9JICTI KOJIAHYIBIH HET13T KABIHIIBLILIEBI
Jepbec TYBIHJBLIBI TeHJIey i uHTerpasgay ekeni 6eiriiai. Ocbl KapacThIPBLIBIIT OTHIPFAH €CeTe AJIbIHTAH
tuiMai 6ackapy dyHKuusicel Pukkaru Tenneyinin memimine toyesai. Konpansicrars 1] onebuerre ocbis-
Jaii KpuTepuili KBaapaTTHIK OOJATBHIH THIMII O6acKapy ecermrTepiHiH menriMaepiriy 6ap GOJybl IIapTTaphI
KeJiTipisiren. By maprrap MuHEMYMIaIaThIH 6ackapy (PyHKIUIAPbl VIIH »KoHe THIM/II TPAeKTOPUIaP-
ablH dopMysiagapbeiMeH Oipre asbiaraH. Bipak Ta Oyil TY>KBIPBIMJAp MaTPHIAJILIK PUKkaTyu Teneyiniy,
KaHgalmaa 6ip yakpIT Me3riiiHze, Oenriai 6ip mekapasblK MapTTapbl OPBIHIAJIFAHIA MIemTiMinig 6ap 60-
JIYbI MYMKIHIIJIIriMEH FaHa 0aifljIaHbICThI aJbIHFaH. KapacThIPBLIBIIT OThIPFaH €CEeITiH MIeNiMiH Kypy YIIiH
Tyitingec 2n guddepeHImMaIbIK, TeHIeyIep Kyiteci Kypblaaabl. Ocbl XKyiieHiH KOILy MaTpPUIAChIH OJIOK
MaTpHuIaIapra OeJITeHHEeH KeliH KyieHiH ¢ yaKbIT Me3TiTiHIeri KyhiH KyHeHiH afHbIMAJILICBIHBIH, Kyii
MeH TYyHiHjeC alfHBIMAJIBIHBIH {1 YaKbIT Me3TijiHgeri KyiiMeH OailjilaHbICThIpyFa 00Ja bl. Byl KyMBICTBIH
epekimesiri ecentiy TuiMal 6ackapy QyHKIMACHIH aHBIKTATHIH PUKKaTy Ten/eyinin memnrimi afikplH Type
aJBIHFAH MBICAJI KAPACTHIPBLIFAH.

Kiam cesdep: nunaMukaJIblK OarmapiaMalay, OHTaiIel 6ackapy, cama 6ackapymapl Oarajiay, CalmaHblH, KBaI-
PATTBIK, KOPCETKIIIT, KOCapJIaHFaH TeHIEYIep.

M. Myxrapos, A.X. Kamumosmait

O pentenum ojHOI JIMHETHON 3aaYUM yIIPABJIECHUS

Paccmorpena 3amaga nuneitHoro peryiasitopa. Vmeercs cucrtema nuHEHHBIX auddepeHIInaIbHBIX yYpaBHEe-
HUN C KBaJ[PATMYHBIM KPUTEPUEM KadecTBa ylpaBieHus. Jlyisi pemreHust 3aja4u MPUMEHEH METOJ, JINHA-
MHUYECKOTIO IpOorpaMMupoBaHusi. Kak M3BeCTHO, OCHOBHAsl TPY/IHOCTb IIPUMEHEHUS STOTO METOJ/Ia COCTOUT
B MHTETPUPOBAHNN YPABHEHMS C YACTHBIMU MPOU3BOAHBIMU. B maHHO# 3amade moJsiydeHHas ONTUMAJIbHAS
yupassstiomast byHKIUS 3aBUCUT OT pelleHusl ypasHeHus Puxkkaru. B [1] Obuin mosty4eHsl ycioBust, nupu
KOTOPBIX CYITIECTBYET PEIIEHNE TAKUX 3329 ONTUMAJIBLHOIO YIPABIEHUsI ¢ KBAJPATUIHBIM KPUTEPUEM Ka-
9eCcTBa. DTU YCJIOBUU OBLIU MOYyYEHBI BMeCTe ¢ (POPMYIAMH JJIsi MUHUMHUIUPYIOIETO YIIPABJICHUS U JIJIsT
onTUMaJIbLHOIN TpaekTopuu. Ho Bce 9TH yTBEpXKIEHMs 3aBUCEJIN OT BO3MOXKHOCTU PEIIUTH MATPUIHOE yPaB-
HeHnne PUKKaTW mpu ONpeie/IeHHBIX TPAHUYHBIX YCJIOBUSIX, 3aJAaHHBIX B HEKOTOPBI MOMEHT BpemeHu. JIjist
IIOCTPOEHUS PEIeHns PACCMATPUBAEMON 33/1a9M COCTABJISIETCS CHCTEMA 27 COMPS2KEHHBIX JanddepeHtin-
aJIbHBIX ypaBHenwuii. [locsie pa3buenus: epexoHoil MaTPHILl ITOW CUCTEMBI Ha BJIOYHBIE MOXKHO BBIPA3UTH
COCTOsSTHUE CHCTEMBI B MOMEHT BPEMEHU t Yepe3 MEPEMEHHYIO COCTOSHUSI W CONPSIXKEHHYIO TEPEMEHHYIO B
KOHEYHBIH MOoMeHT BpeMeHu t1. OcOBEHHOCTBIO 9TO pabOThI ABJISETCS TO, YTO IPUBOJUTCA IPUMED, TJIe
pelienre ypaBHeHus: PUKKaTH, olpeessiioniee ONTUMAJIBHOE PEeIlleHre 3a/[a49H, [T0JIyY€HO B SIBHOM BH/IE.

Karouesvie crosa: quHAMIYECKOE IPOIPDAMMUPOBAHIE, OITUMAJBbHOE YIIPABJIEHHE, OIIEHKA KA4eCTBa YIIPaB-
JIEHUsI, KBaJPAaTUIHBIII KPUTEPHUII KadeCcTBa, IPUCOeINHEHHbIE YDABHEHN.
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