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Some new integral inequalities for (s, m)-convex and
(cr, m)-convex functions

The paper considers several new integral inequalities for functions the second derivatives of which, with
respect to the absolute value, are (s,m)-convex and (a,m)-convex functions. These results are related
to well-known Hermite-Hadamard type integral inequality, Simpson type integral inequality, and Jensen
type inequality. In other words, new upper bounds for these inequalities using the indicated classes of
convex functions have been obtained. These estimates are obtained using a direct definition for a convex
function, classical integral inequalities of Holder and power mean types. Along with the new outcomes, the
paper presents results confirming the existing in literature upper bound estimates for integral inequalities
(in particular well known in literature results obtained by U. Kirmaci in [7] and M.Z. Sarikaya and N. Aktan
in [35]). The last section presents some applications of the obtained estimates for special computing facilities
(arithmetic, logarithmic, generalized logarithmic average and harmonic average for various quantities).
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Introduction

Convexity has become a very attractive topic for many authors over the past decades, since it has applications
in many areas of pure and applied mathematics. The following basic two definitions are well known in the
literature [1]:

Definition 1. The function f : [a,b] — R, is said to be convex, if we have

fQz+ (1 =ANy) <Af(x)+ 1 =A)f(y)

for all z,y € [a,b] and X € [0,1].
Definition 2. A function f : [a,b] — R is called either midconvex or convex in the Jensen sence, or J—convex
on [a, b] if for all points z,y € [a,b] the inequality

! <x+y> < f@+ /W)

5 5 (1)

is valid. Many important inequalities are established for the class of convex functions, but one of the most
important is so called Hermite-Hadamard’s inequality (or Hadamard’s inequality). This double inequality is
stated as follows in literature:

Let f: I CR — R be a convex function and let a,b € I, with a < b. The following double inequality:

f(a+b)§ ! jf(w)dwﬁw- 2)

2 b—a 2

The above inequality is in the reversed direction if f is concave.

In [2] Toader defines the m-convexity:

Definition 3. Let real function f be defined on a nonempty interval I of real numbers R. The function f is
said to be m-convex on I if inequality

fQz+m (1 =XNy) <Af(z)+m(1—A)f(y)
holds for all z,y € I and m, \ € [0,1].
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In [3] Breckner defined a new class of functions that are s-convex in the second sense:
Definition 4. f:[0,00) — R is said to be s-convex function in the second sense if

fOz+1-Ny) <Xf(2)+1-N)f(y)

holds for all z,y € [0,00), A € [0,1] and for some fixed s € (0,1]. It is clear that the ordinary convexity of
functions defined on [0,00) for s = 1.

In [4] Mihesan introduced the following class of functions:

Definition 5. f : [0,00) — R is said to be (a, m)-convex function if

fQz+ 1 =Ny) <A (z)+m (1= f(y)

holds for all x,y € [0,00), A € [0,1]; and for some fixed o, m € (0, 1].

A series of works ([5-38| and references therein) devoted to («, m)-convex and (s, m)-convex functions and
established some Hermite-Hadamard, Ostrovski, Jensen et al. type inequalities (1) and (2).

The following theorem was proved by Dragomir and Pearce, in [5]:

Theorem 1. Let f :[0,00) — R be a m-convex function with m € (0,1]. If 0<a <b< oo and f € Li[a,b],
then one has the inequality:

’ a) +mf(L mf(a
i [ e < i [ HEL0IG, J0 i), y

Some generalizations of this result can be found in [36-38].

In [6] Ozdemir et al. the following lemma is proved.

Lemma 1. Let f: I C R — R be a twice differentiable mapping on I° (I° is interior of I), where a,b €
and m € (0,1]. If f” € L|a,b], then the following equality holds

mb
flo)+ fmt) 1

2 mb—a J,

(mb —a)?

_ b /0 (t — )" (ta +m(1 — t)b)dt. (4)

In [7], Kirmac: proved the following lemma
Lemma 2. Let f : I C R — R be twice differentiable function on I° with f € L[a, b]. Then we have

(b_a)2(11+12)=bla/abf(m)dx—l[f(a)—i_f(b)—kf(a—’—b)} ()

2 2 2 2

where .

1/2
I = / t(t—05)f"(ta+ (1 —t)b)dt, I, = / (t—0.5)(t—1) f"(ta+ (1 —t)b)dt
0 1/2
and I° denotes the interior of I.
In [8] B. Bayraktar and M. Giirbiiz the following lemma is proved.
Lemma 3. Let f : I C R — R be a twice differentiable function on I°(I°is interior of I), where a,b € I.

If f € L[a,b], then we have
f(a) + f(mb) iy (a+mb)

2 2
_ (mb— a)2 1z " o ! o " o
_ (mb-al [/O t£"(at +m(1 t)b)dt+/1/2(1 0" (at +m(1 — t)b)dt|. (6)

In this paper we give some integral inequalities of Hadamard type and inequalities Jensen type for twice
differentiable (s, m)-convex and («, m)-convex functions and give some applications to the special means of real
numbers.
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1 Some new results for (s, m)-convez functions

We start with the definition [9] of a (s, m)-convex functions.
Definition 6. For some fixed s € (0,1] and m € [0,1] a mapping f : I C [0,00) — R is said to be
(s, m)-convex in the second sense on I if

[tz +m(l —t)y) <t°f(z) + m(1 —1)*f(y)

holds for all z,y € I and t € [0, 1].
It should be noted that the following proposition is true:
Proposition 1. Any m-convex function is (s, m)-convex function.
Proof. Indeed, for m-convex functions we have

f(t.’b + m(l - t)y) < tf(ib) + m(l - t)f(y)a Vom, te [07 1]
Since t <t* and 1 —¢ < (1 —¢)® for all s € (0,1] then we can write
tf (@) +m(l =) f(y) < t°f(x) + m(1 = )" f(y)

and then
fltz +m(l —t)y) <t f(z) + m(1 —1)° f(y).

The proof is completed.
Theorem 2. Let f : [0,00) — R be an (s, m)-convex function with s,m € (0,1]. If 0 < a < b < o0 and
f € Lla, b, then has the inequality:

—a/f _s+1

Proof. It’s obvious that

(7)

ﬂ®+mﬂi)+ﬂw+mﬂzﬂ
2 2 ’

1 1
/0 fta+ (1 =)t = [ (1= ot thyat = = a/ o (8)

and )

| tttas @ = 0m)+ (1= ta+ g _a/f (9)

Since the function f is (s, m)-convex functions for all ¢ € [0, 1]
flta+ (1 —t)b) = f (ta+m(1 4)5@) <t°f(a) +m(1 —t)°f (i)
and a
Ftb+ (1 —t)a) < t°f(b) +m(1 —t)°f (E)

then

/1 [fta+ (1 —=t)b) + f((1 —t)a+tb)]dt <
0

< /01 [tsf(a) (1=t f (:M dt+/01 [#2£8) +m(1 — )7 (%)) e =

@) mf() )+ mf(2)
s+1 s+1 '

Taking into account equality (9) completes the proof.
Remark 1. From (7) for m = 1 and s = 1 we have right hand inequality (2)

/f )+f()

b—a
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Corollary 1. It is obvious that for (s, m)-convex functions the inequalities

b b mf(
—bia/a f(@)dz < min{f(a) jflf(”L), 1) ; 1]0(’") } (10)
Proof. Since the ,
! fla)+mf(,;)
e : F(b) +mf(2)
/ Ftb+ (1 = tya)dt < ————2m’
0 s+1

and taking into account equalities (8) we have (10).

Remark 2. If we choose s =1 from (10) we have (3).

Theorem 3. Let f : I C [0,b*] — R be a twice differentiable mapping on I°such that f” € L[a,b] where
a,be I. If |f"]?is (s,m)-convex on [a,b] for s,m € (0,1], ¢ > 1, then the following inequality holds

f@) + f(mb) _

) )
_ (mb—a)? (| (@)|* + mlf" ()"
=2 6177 (54 2)(s +3)
Proof. Suppose that ¢ = 1. From (4) and using the (s, m)-convexity of |f”|, we have
b mb b— 2 1
f(a) +2f(m ) _ mbl_ a/a Fla)de| < (’”2@/0 (t— ) |f" (ta + m(1 — t)b)| dt <
b—a)? [!
= M / (t =) [ 1" (@) +m(L =) | f"(D)])] dt =
0

B (mb — a)? 1 " "
= (S+2)(8+3>(|f (@)l +m|f" (b))

which completes the proof for ¢ = 1.
Suppose now that ¢ > 1. From (4) in Lemma 1 and using the Holder’s integral inequality for ¢ > 1, we have

/Ol(t—tQ) |f"(ta +m(1 —t)b)| dt = (12)

= /1(t—t2)é(t—t2)é |f" (ta + m(1 — t)b)| dt <
0

< [/01 ((t—tQ);)pdtr (/01 [(t—tQ)i | (ta + m(1 —t)b)|}th>;,
where 1 + 1 =1.

Since | f”'|? is (s, m)-convex on[a, b], we know that for all ¢ € [0, 1],
" (ta +m(1 = 0)b)|" < £ [f"(a)|" +m(1— )" |f"(b)|". (13)
From (12) and (13) we have

‘f(a) + f(mb) 1

- f(z)da

2 mb—a J,

< 7(mb2— o)’ (é); X

x [If”(a)q/ol(t —t2)t“‘dt+mf”(b)lq/ol(t—tQ)(l —t)sdt] ,
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here
1

1 2\,s _;an ! _ 42 _ s - -
/O(t‘t)tdt_(sm)(sw) d/o(t =0 = ey

we have (11). The proof is completed.
Corollary 2. From (11) for s = m = ¢ = 1, we have estimates obtained by Sarikaya and Aktan (see [35],
Proposition 2):

f@yz| < L)+ 1.

2 mb—a

‘f(a) +fmb) 1™

Theorem 4. Let f: 1 C R — R, I C [0,00), be twice differentiable function on I° such that el [a, b]
with 0 < a < b < oo. If‘f”

is (s, m)-convex function with s, m € (0,1] then we have

o [ 3 (250

PRy
<0 2“) £(1+7) [|f”(a)|+m Iz (;)H (14)
where ) 2S+2( 1)+ s
S — S
= GG mdT= s+ 1

Proof. Since f" is a (s, m)-convex function

f(ta+ (1 —t)b) = f" (ta +m(1 — t);) <t'f(a) +m(l—t)°f (;) ,Vt € 10,1]

From equality (5) and using the triangle inequality, we can write

7@/ flayia - [£ )+f()+f(a2+b)H§

1 (2)‘/01/215(0.5—75) (1—t)°dt +
2ol

(t—0.5) (1 —1)* " dt. (15)
Obviously, the first and third integrals are easy to calculate:

1/2
<17"(a)] / FL(05 — t)dt +m
0

1
+|f"(a)] /1/2 t*(t—0.5) (1 —t)dt +m

1/2

1/2 1
/ 5T (0.5 — t) dt = €, / t5(t—0.5) (1 —t)dt = €T
0 1/2

If we do 1 — ¢ = z transformations in second and fourth integrals, we get:

1 1/2
/ (t—05)(1—t)*""dt = ¢ and / £(0.5—1) (1 —1t)°dt = &
1/2 0

Substituting the values of the integrals in inequality (15) and completing the grouping, we complete the proof.
Corollary 3. Let f : 1 — R, I C [0,00) be twice differentable function on I° such as f” € Lla,b],
0<a<b<oo. If|f”| is m-convex with m € (0, 1] then we have

,a/ f(z)de —[M+f<a;rb)]

2 e ()]
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Proof. In inequality (14) if we choose s = 1 we have:

‘= 1 _ 1 _2P(s-D4s+5

1
(s +2)(s+3)2st3  3.260 ° st 1 3,60+7)=—

48

and from (14) we get (16). The proof is completed. This inequality were obtained by Kirmaci (see [7], Corollary 1).
Corollary 4. If | f"|| o = sup |f"(z)] < oo and m € (0, 1], we have

z€la,b]

b )2
s [ s g [P IO p (D) | < B 7).,
Also putting m = 1 we get inequality
b 2
i [ e 5 |1 g (0| < B2l

The same estimates were obtained by U. Kirmaci (see [7], Remark 1).
2 Some new results for (o, m)-convex functions

The following theorem gives an upper estimate the value of the inequality (1) for a («, m)-convex function.
Theorem 5. Let f:[0,00) = R be twice differentiable function on I° such as f~ € Lla,b] with

0<a<b<oo If L ¢ I°and ‘f”

m

is (e, m)-convex function with a, m € (0,1] then we have

< (17)

‘f(a) +2f(mb) iy (a+2mb>‘

bh— 2
< P22 (o @)+ ml 0| - €+ )|
where
__ 1 P ittt
vy M Gy

Proof. Using the triangle inequality for the equality (6) in Lemma 3, we can write

f(a)+ f(mb) *f <a+mb) < (mb — a)?
d

2 2 2
Since f” is a («, m)-convex function

X

1
+ /1 (1—t)f" (at + m(1 — t)b)dt

1/2
/ tf"(at + m(1 —t)b)dt
0 /2

S CAR A (18)

1/2

1/2 1/2
unsé ﬂﬂwﬂwm—ﬂwﬁSM%mA f“w+mwwné F(L— %) dt =

1 1 1

= W\f”(aﬂ +m|f"(0)| ‘8 - W

1

:cu%w-+mu%mﬂ

S_C"
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For the second integral |Io| we can write

1

1
2| < f”(a)I/l/zt“(lt)dt+m|f”(b) 1/2(1*%) (1 —t%)dt =

8 (a+1)(a+2)20+2

2a+2_a—3 1 2a+2_a_3
e @m0

=l @)+ m O[5

Substituting these inequalities for |I1| and |I3| into inequality (18), we complete the proof.
Corollary 5. In inequality (17) if we choose @« =1 and m = 1 we have:

LOLI0 (1) < O ey + 1570

The same estimates were obtained by Bayraktar and Giirbiiz (see [§], Corollary 2.2).
Theorem 6. Let f : I = [0,b*] — R be a twice differentiable function on I° such as f” € L[a,b] where
a,be I°. If % € I° and |f”|? is (o, m)-convex on I, for a,m € (0,1] and g > 1, the following inequality holds

f(a) + f(mb) a+mb (mb — a)?
s ()| < e e

where ) 1

1 a 1 a
F= [l kg ol OF| 4 clr@r +mlg - dllror]
1 20z+2 -1
d¢= .
and ¢ = N a1 2) 2002
Proof. Using the triangle inequality for the equality (6) in Lemma , we can write

‘f(a) Hot) (+2mb)‘ )

T= (a+2)20+2

(mb—a)® | (M2 B L )
< 5 [/O t1f" (ta+m(1 t)b)|dt+/1/2(1 )" (ta + m(1 t)b)|dt] _
_ M (L +1). 19)

Using the power mean inequality and (o, m)-convexity of |f”|? on [a, b] we get

1/2 1= 1/2 g
I < (/ tdt) V t1f" (at +m(1 — t)b)|th] <
0 0

1/2
/ {1 — 1)t
0

3(1—q)
q

<2

1/2
[f”(a)lq/0 e dt +m [ f"(0)[*

And calculating these integrals, we have

1

1
] q
3(0—q)

n <27 [l @l + I - im0 (20)

Similarly for Iy we can write

I < (/1/2 (1 —t)dt) [/1/2(1 —t)[f"(at + m(1 —t)b)th] <
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3(0—q)

<2 [If”(a)lq

+mu%qu (1— ) (1 — t2)dt

/2

1
/ (1= ) dt
1/2

And calculating these integrals, we have

1
] q
3(1—q)

R "l @ g <l o] (1)

Q=

Substituting these inequalities for (20) and (21) into inequality (19) and rearranging we complete the proof.
Corollary 6. In Theorem 6 if we choose « = m = ¢ = 1, we have

f(a)+ f(b) _f(a+b>‘ < (b—a)?

: )| € g B @I+ ®).

3 Applications to special means

We now consider the means for arbitrary real numbers a, § (o # ). We take
; ; . _ o+p
1 Arithmetic mean: A(a, 8) = “5=.

2 Logarithmic mean: L(a, ) = m, la] #18|, «, B8 #0.

3=

n41_

3 Generalized log-mean: Ly («, 5) = [&T(gi;)} ,ne€ Z\{-1,0}, a,8 € RT.

4 Harmonic mean: H = H(a,b) = ii’%, a+ B #0.

Now, using some results, we give some applications to special means of real numbers.
Proposition 2. Let a,b € R*, a < b and n € Z\{—1}. Then we have

(b—a)*

|L:lz(a’ b) - A[A(anvbn)vAn<a’b)H < 48

n(n —1)A(a™ 26" 2).

Proof. The assertion follows from Corollary 3 for m = 1 applied to the (s,m)-convex function f(z) = a,
z eR.

Proposition 3. Let a,b € RT, a < b then we have

b—a)’

|L_1(a,b) —A[H_l(a,b), A_l(a,b)H < ( 51 H™(a?,b%).

Proof. The assertion follows from Corollary 3 for m =1 applied to the (s, m)-convex function f(z)= %,
r € RT.
Proposition 4. Let a,b € RT, a < b and n € Z\{—1}. Then, we have

N2
A", b") — A"(a,0)] < & 8“) n(n — 1) A(a"2,5"~2).

Proof. The assertion follows from Corollary 5 applied to the (s, m)-convex function f(z) = z", € R.
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b. Baiipakrap, B.Y. Kymaes

(S, m)-nenHec xkoHe (o, m)-meHec PYHKIHUIAIAP YIITiH
Kelibip >KaHa MHTerpaJiablK TeHCI3aiKTep

Maxkamana (s, m)-nenec xkoHe (o, m)-meHec GyHKIUAIAD YIIIH GipHeIe YKaHa WHTETPAJIBIK, TEHCI3IIKTeD
YCBIHBLUIFaH. ByJl HoTMKesep Kakcbl Oesrisii dpMur-Ajiamap THUITI MHTErpasiiblk TeHcizikien, Cumi-
COH THIITI MHTErPAJIJIbIK, TEHCI3IIKIIEH YKOHE Mencen TuntTi TeHci3aiKIeH GailiaHblcTsl. Backaiia aTKaH/IA,
neHec (OYHKIUSIIAPIBIH, KOPCETUITeH KJacTap apKBIIbI OChI TEHCI3IIKTEp YIMH KOFapbIIaH KaHa Oara-
Jap ajblHabpl. Makasaja KeJTipiireH HoTHXKeJep JoHeC (byHKIUAIAP/IbIH aHbIKTaMAJIaPhIH TiKeJIeil maii-
Jajganybl MeH ['esibjiep THITI »KoHe J9PeKeJIK OpTalla THITI KJIACCUKAJIBIK, MHTErDAJIIBIK, TeHCI3MIKTep i
KOJIZIAHY apKBLIbI ajablHabl. 2KaHa HoTmKeJgepMeH 6ipre aBTOpJiap ofeOmerTeri MHTErpasblK, TEHCI3TiK-
Tepre apHaJIFaH KOFapbl IIeKapa OarajapblH PACTANTBIH HOTHKeIepre KOJDKeTkizai (nepbec xarmaiina
M.Z. Sarikaya »xone N. Aktan [35] xxonme U. Kirmaci [7] anbiaran onebuerrepseri »kakcol Gesrisni HoTH-
xesep). MakaslaHbIH COHFBI GOTIMIHIE apHANBI €CenTey KypasIapbl YIIH aJIbIHFAH Garasapipl Keibip Ko-
CBIMINIAJIAPHI KeJITIPIJIeH, SIFHU 9PTYPJIi IaMaJjap YIIiH apudMeTUKaJIbK, JOrapudMIiK, *KaJIMbIIaAHFAH
JiorapudMIiK OpTalla KoHEe TapMOHUKAJIBIK, OPTAIIIA.

Kinm ceadep: nerec dbyuxius, (s, m)-nesec, (o, m)-nenec, dpmut-Anamap rercizmiri, Mencen Tencizmiri,
T'énbep TeHcizmiri, opraima goperxesi I TeHCI3IiK.

Becrnuk Kaparanauickoro yHuBepcuTeTa
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bB. Baitpakrap, B.Y. Kymaes

HekoTopble HOBbIe MHTErpaJibHbIe HEPABEHCTBA JIJIsI
(s, m)-BBINYKJIBIX U (v, M)-BBINYKJIBIX DYHKIAI

B crarbe mpeicTaBieHO HECKOIBKO HOBBIX MHTETDAJIBHBIX HEPABEHCTB i (S, M)-BBIMYKIBIX U (&, m)-
BBIYKJIBIX (DYyHKIWA. DTU Pe3y/IbTaThl CBA3AHbI C XOPOIIO U3BECTHBIM MHTETPAJbHBIM HEPABEHCTBOM THIIA
Spmura-AaMapa, THTErPATbLHBIM HepaBeHcTBOM Tuia, CHMIICOHA 1 ¢ HepaseHcTBOM Tria Mencena. JIpyru-
MU CJIOBaMH, TOJTydeHbl HOBBIE OIIEHKHU CBEPXY JIJIst 3TUX HEPABEHCTB C MCIOJIb30BaHUEM YKa3aHHBIX KJIACCOB
BBIMYKJIbIX pyHKimii. IIpejcrasienible pe3yabTaThl Oy YeHbI ¢ TIOMOIIBIO HEIIOCPEICTBEHHO ONPEIeIeHUSs
BBIIYKJIBIX (DYHKIHI, 8 TAKXKe KJIACCHIECKUX WHTETPATHHBIX HEPABEHCTB THIA [ eJibJiepa U TUIa CTEIEHHO-
ro cpeanero. Hapsly ¢ HOBbIME pe3y/IbTaTaMé aBTOPAMU TOJIy9eHbl Pe3yJIbTaThl, TIOITBEPK AAI0NIHe CyIIle-
CTBYIOIME B JIATEPATYPE OLEHKN BEPXHUX IPAHMI] J[JIsi MHTEIPAJIbHBIX HEPABEHCTB (B YACTHOCTH, XOPOIIO
u3BecTHBIE B juTeparype pesysibrarel M.Z. Sarikaya u N. Aktan B [35] u U. Kirmac1 B [7]). B nocsiennem
paszjiesie CTaThby IPUBEIeHbI HEKOTOPbIE TPUJIOYKEHH MOy YeHHBIX OLEHOK JIJIst CIIeIAAIbHBIX BHIYUCIATE b=
HBIX CPEJICTB, & UMEHHO: apudMeTHIecKoe, JorapudMuiaeckoe, 0600IIeHHOe JJorapudMUIECKoe, CpelHee 1
CpeJIHEE TADMOHMYIECKOE JIJIS PA3JIUIHBIX BEJTMIUH.

Kmouesvie crosa: Boimyknas GyHKms, (S, m)-Boimykiasd, (o, m)-BbIIyKJasi, HEDABEHCTBO DpMuTa-Anamapa,
HepaBeHCTBO VleHcena, HepaBeHCTBO [€/1b/1epa, HEPABEHCTBO M1JIsI CPEITHECTEIIEHHOTO.
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