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Splitting method and the existence of a strong

solution of the Navier-Stokes equations'

In the author’s article from the previous issue of the journal from the properties of the ONS solutions the
relation between pressure and module square of velocity vector is set. Based on which the uniqueness of the
weak and existence of strong solutions of the problem for three-dimensional equations of Navier-Stokes as a
whole over time are proved. The result is a contribution to a qualitative mathematical theory of the Navier-
Stokes equations. However, one of the actual problems in the theory of equations of Navier-Stokes is the
choice of the mathematical method for proofs of the existence of a theorem. In the work splitting method
is chosen to solve the Navier-Stokes equations. The rationale of this method is given. The compactness of
the solution sequence is showed, thus the existence of strong solutions of the problem for three-dimensional
Navier-Stokes equations as a whole over time is proved.

Keywords: the Navier-Stokes equations, splitting method for the Navier-Stokes equations, compactness, the
existence of strong solutions, determination algorithm of strong solutions.

0.1 Problem statement and splitting method

In [1, 2] the initial-boundary value problem for nonlinear equations of Navier-Stokes relatively to the velocity
vector U = (U, Us, Us) € J(Q) and the pressure P in domain @ = (0,7 x £ is reduced to

aaitj_NAU—i—(U,V)U—V]UfZf(hx), (1a)

U(0,x) = ®(x), U(t,x)‘ 0, (1b)

x€00N
where t € (0,T],VT < o0; x € Q, Q C Rs, 9Q — is the boundary of , x € Q C Rs; Q is a convex domain
J(Q) - space solenoidal vectors; La.(Q) — is the subspace of C(Q). ka,O(Q) is Sobolev space functions equal
to zero on 0f2;

The input data f and ® of the problem (1) meet the requirements:

i) £(t,%) € Loo(0, T5 Ly (2)) N J(Q); i) B(x) € Ly(2) N W3,0(2) N I(R), Vp.

IThe work was done on the personal initiative of the author, since there was no financial support.
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Further, we use the Holder inequalities

/Ude

Q

1
q

b
/|U|pdx /|V|qu @)
Q Q

IN

in addition, the integration by parts formula

/VAde:—/VVVde+/V‘;—de. (3)

o0

To solve the problem (1) we use the splitting method. Let known vector-function be an approximation {u”}
in the moment nr, 0 < 7— step, then vector functions {u"*'/2}, {u"*'}, n =0,1,--- ,M; T = M7 < o0
determined by the decisions of the following subsystems:

Un+1/2 —_ U~

+ (Un, V)Un+1/2 o V‘Un+1/2|2 _ fn7 (4)
T

with initial

u’(x) = ®(x) A B(x)|,, =0 (5)
and " 1
unr —_unr
- AU =, (6)
i
boundary conditions
Uttt =0, n=0,1,--- ,M—1. (7)

Lemma. For solving the splitting method scheme(4)-(7) fair estimates:
U™ 2,00 < 10" 1,0 + TIE" |, ) (8)
ntl <||® T "
02X 10" |, @) < 1@z, @) + oDhax £z, 2
Vp=2k, ke N, n=0,1,--- M —1. (9)
Proof. Multiply the scalar equation (4) on a function vector
p(En+1/2)p71Un+1/2,

we integrate work over the domain €2 and let us use identity EP = 5-|U|??, then similarly, both of works (see [1],
inequalities (10)—(14)) find

2/(E"+1/2)de + T/U"V(E"+1/2)de - 27'/U”+1/2V(E”+1/2)pdx =
Q

p/ En+1/2 p— 1U7’+1/2(U”+7f")d (10)
Q

The second term from the left side (10) is transformed with integration in parts?, then the right-hand side is
estimated by the inequality Holder:

/U”V E”+1/2) dx = —T/dwU" (E”+1/2) dx—l—T/U" E"+1/2) dx = 0; (11)
Q

p p p
—QT/U"“/’ZV (E”+1/2) dx = QT/divU”“/? (E”“/?) dx — QT/U"“/?n (E”+1/2) dx=0; (12)
Q Q o0

201(6) follows divU™ /2 = 0, consequently in equality (12) urtt/2n =g [3; 46].
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p/(En+1/2)’”_1 U2 x /|U"|2pdx ; (13)

Q (o)
)

pT / (E”“/?) ) U”+1/2f”dx<7'

[U™12) " dx / £ [7ax | (14)
Q

Now from the identity (10), using the relation (11)—(14), we arrive at the inequality

/ IUn+l/2|2de <
Q

2p1

2p—1 1

2p 2p

< 5 /\U”+1/2|2pdx /|U"|2pdx +r /|f"|2pdx
Q Q Q

1
2p

Where there is the estimate for the fractional step n + 1/2 of the splitting method, that is (8) of the lemma 1.
% b 2\
(/ U 2Prax) < (/ U ) + T(/ o7 ") or

5 o o
U2 @) < Uz, @) + TIE" L, ), Vo =2k, k€ N.

To obtain the estimate (9) for the whole step, multiply the equation (6) by vector function p(E"*1)P—1yun+i
and integrate the result over §)

2/(En+1)p dX*T]),U,/(AUnJrl,UTH»l) (En+1)p—1 dx—
Q Q

_Tp/ (V|Un+1|2,Un+1) (En+1)p—1 dx:p/Un+1Un+1/2 (E"H)p_ldx+
“ Q
e / U (BT dx (15)
Q
For the second term on the left side (15) we find

3
—Tpp / (AUt Ut (B dx = rpp / (E"+hyp Z VUL )?dx+

Q Q -

41l — D [(BV ) H(VE Rk 2 0, (16)
Q
Taking into account (16) from (15) we have

3
2/(E”+1)pdx+7p,u/ En+1 Z Un-H dx+

Q Q a=l1

41l — D [(B" ) 2(VE Rk <
Q

<p / (BT lun Ut 2dx 4 1p / (ErHhP Ut rdx, (17)
Q Q

10 Becrnuk Kaparanmauickoro yHuBepcuTeTa



Splitting method and the existence of a strong solution...

The right-hand sides (17) are estimated using the Holder inequality, i.e.

2p—1 1
p/ (En—&-l)P*l urtlynt1/24x < 2:%1 /|Un+1‘2pdx /’Un+1/2|2pdx
Q Q Q
Hence, taking into account the estimate (8) for the fractional step n 4+ 1/2, we write
1
2p 2;
p/ (En+1) Un+1Un+1/2dX < /|Un+1‘2pdx /’Un|2pdx (18)
Q
and
2p 1 1
2p
Tp/ o N A /|U”+1|2pdx /|f” Pax | . (19)

Now using (16), (18), (19) from inequalities (17) we obtain

2p—1 1

2p 2p

2;11/(U”+1)2”dx§ T /yU"“\Q”dx /yU"y2pdx +
Q Q Q
e WAL [l 7ax
Q Q

2p
Where, dividing both parts by a positive value 52+ ( o+t ’2pdx> , write down
O

p

/IUn“V’dx < /|U”|pdx +T /|f"|pdx ) Vp =2k, k€N
Q

Which, summing over n = 0,1,--- , M — 1, we have

P

1 1
/|U”+1 Pdx| < /|<I>|”dx + T max /yf”|”dx
Q Q Q

Or equivalently the norm of the space L,(2) estimate (9) in Lemma, Q. E. D.
Corollary. For solutions of the splitting method schemes (4)—(5), the following estimates are valid:

pomax U |y (0) < (18]l Lae) +T max L, 0) = i, (20)

o ax U™ Ly 0) < 1@l +T max [If"]lL.0) = R (21)
= < 2 1 2 2
Z T Z ||VU(Z+1HL2(Q) < ;(Hq)HLQ(Q) +T/2(1 +T)an||L2(Q)> = Rs, (22)
n=0 a=1

= 2 1

> TIVE oy < 5 (120, + TR ) = B (23)
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Proof. The estimates (20), (21) follow from (9) respectively at p = 2 and p = 4. To prove the estimate (22),

write (17) when p =1

3
/ U™ Pdx + i / > (VUL+H)2dx < / Ut Uttt 2ax / Urifrdx. (24)
o o=1 Q

Q
Where to the right parts, using successive inequalities 2ab < (a? + b?), (8) and Cauchy-Bunyakovsky, we get

TM/Z U"‘”‘1 dx <

Qal

/ U Pdx 4+ 7 | U™ ol £ [aey -

l\D\H

Here, summing up n, we have

- 3
/|U"+1|2dx+u Z Z/ VU ) 2dx <
Q

n=0 oa=1

1
2 2

%/|<I>|2dx+ Z /yU"+1|2dx /\f"|2dx

Q
Where by virtue of the nonnegativity of the first integral in the left part and estimates (9), we arrive at an
inequality (22), i.e

M-1 3
K Z Z ||VUn+1HL2(Q) = 2||(I)HL2(Q) +maxHU"+1HL2(Q)TmaXHf HL -

n=0 a=1

To prove (23) the estimate (17) we write at p = 2, replacing n with m

3
/|Um+1|4 dx+,u7'/Em+1Z Um+1) dx+2uT/(VEm+1)2dX§
Q a=l1 Q

1

4

N[N

< i/|Um It dx + 7 /|Um+1y4dx /|fm;4dx
Q

Q Q

Which is the sum of m from 0 to n,

- Z /|Um+1|4dx+u Z /Em+1 Z VU dx+

_OQ

+
3
\]
—~
—
a
3
s
S
IS
%
A
e
—
—
T
3
S
IS
[
A
Al

Here, as in the previous case, we find

oy / VEM Rk < (@], TR max (|67, 0

m=0

Where follows (23).
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Having excluded from the subsystem (4), (5) a vector function with a fractional exponent {n + 1/2} of the
splitting method, we obtain a system of the whole step

U7 — AU (U™, v)U™H —2VE™H = £ U = (U —U™) /7, (25)
with initial boundary conditions
U'(x) = ®(x), U"|,,=0, m=0,1,--- ,M—1. (26)

Theorem. If the input data of the problem (1) satisfy the requirements i), ii) and 0Q € C?, then there is a
strong generalized solution to the U problem (1) and have place of evaluation of spaces

U™ € W35(Q) NI (Q),¥m € N,

3
mll2 2 2 _
U7 Iz, 0) < ’“‘ZHV%HLM) + 37|, () = Re, @7)
a=1
||AUm||i2(Q) < Rg/12 = Ry, (28)
IVUIE, ) < Re/n=Rs, a=T3, (29)
||Um||wg(Q) < Rol|AU™ ||, ),  Ro — const, Vm € N. (30)

Proof. In order to establish inequalities (27)—(29) from the equation (25) we pass to the identity

/ (U7 — pAU™ ) dx = / (™ — (U™, V)U™ ! 4 2VE™ 1) dx.
Q Q

We square the integrals and from which we turn to inequality

3 r/ ((UF)? + (pAU™#1)? — 207 AU 1 ) dx < 3T max [£7]|1, o)+
m=0 Q

#3307 [ O U ax 12 3 AVE o .
m=0

m=0

Then pair work on the left side, converting with integration by parts, find the inequality

T /Q U AU x> 1) /Q VU Px — ) / V.| dx. (32)
m=0 a=1 a—1 5

In the right part of such force on Young’s inequality at ¢ =1 and p = 2:

3 T/ (U™, V) U™ 2ax < 3 max U™ 3,0 > 7
m=0 m=0

3
VU™ 7,0y = 3R1Rs.
Q a=1

As a result, from (31), taking into account (32) and estimates from Lemmas we obtain the inequalities (27)—(29)
for strong generalized solutions of the problem (1la)—(1b).

Since the boundary of the domain 9Q € C? find the estimate (30), using inequalities from [4], just for any
functions U(xz) € W3 (2) N W3 (Q):

||Um||wg(9) < Ryl|AU™ ||, (), Ym € N, Ry — const.

Theorem is proved.
To show the compactness and existence of solutions, we denote a set of approximate solutions of systems
with initial-boundary conditions (4)—(7) via {U7}, and the predicted values on the interval [0,7]— through UT.
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Of the estimates (27)-(30) implies the uniform boundedness the norms of interpolating functions
U™ Wgé () N I (€). Consequently, the set {U7} strongly compact in the space Wi(Q). From it you can
select convergent subsequence. It will converge strongly in W3 (Q) to some elements U(t,x) € W (Q).

The second derivatives and nonlinear terms, respectively, will have its weak limits in L2 (Q).

Remark. In [4] for some difference schemes corresponding to three-dimensional system of non-linear Burgers
equations, proved stability in the space £,,Vp.
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O.11. Axprimn (Akpires)

HaBbe-Ctokc TeHAeyiHIH bIABIPATY DiCi >K9HEe
9JIJ1 IIEIIIMHIH TaObLIATHIHIbIFbI

ZKypHAIIBIH ©TKEH CAaHBIHIAFBI ABTOPIBIH MakaaachiHga ymesamem i Hasbe-Croke Tegaeymnepi (HCT) me-
mIiMJIepiHiH KacreTTepiHeH KbICHIM MEH KbLIJIAM/JIBIK BEKTOPBI MOJIYJII KBaJpaThIHBIH apakKaTbiHac Oaiiia-
HbIcbl TabbutraH. Ockl HoTmke Herizinge HCT-HbIH miemiieTinairi kepcerisireH. 3epTTeyIIiHIH TaHIaFaH
kenicririgge ymesmemai HCT-ra Koiibiran ecenTiy oJ1Cci3 MIemiMiHiH, »KaJKBIIBIFBI MEH 911 IIeTiMiHiH
Y3aK yaKbIT OOWBI TAOBLIATHIHIABIFLI JToJesaeHred. byn anbiaran Hotrxke HCT-HBIH MaTeMaTUKAJIBIK, Ca-
1a, TEOPUSICHIH JTAMBITYFa 9pi Kapail Jga e3 yJecin Koca 6epMek. AJl Kasipri makTarbl ©3eKTi Mace eTepIiH
Herigriciuin 6ipi — KOWBLIFAH €CENTiH, IIeNnriMiH Taby YIIiH MaTeMaTHKAJbIK, 9/IiCTEP/IiH BIHFAMIbl OipeyiH
Herizzmey. Makanama HCT-abig memiMia Tabyra KOJIAMJIBI 9iC PETIHAE BIABIPATY 9iCi TaHmgaJFaH. OIiC
HerizzaeJin, ol mentiM/ii Taby ajJropuTMi YCHIHBUIFAH.

Kiam cosdep: HaBre-Croke Tenzmeynepi, HaBbe-Ctoke TeHgeynepine viapipary omici, HaBbe-CTokc Tenmey-
JIepiHiH, MenriMiHig, TaObLTATBIHBIFDL, SJIi MM/ Taby aJrOPUTMI.

AIII. Akein (Akwuries)

Metona pacHielyieHus U CyIlecTBOBaHUE CUJIBHOTO
permnenns ypaBuenuii HaBoe-Crtokca

B mpempiaymem HoMepe TaHHOTO KypHAJIa B CTAThE aBTOPa YCTAHOBJIEHO COOTHOIIEHIE MEXK/IY JTaBJICHUEM
¥ KBaJIPATOM MOJLYJIsl BEKTOpa CKOpocTH u3 cBoiicts pemenuit YHC, Ha ocHOBe 4ero JI0Ka3aHbl €MHCTBEH-
HOCTB CJIaOBIX U CYIIECTBOBAHWE CUJIBHBIX PEIIeHM 3a7a4un JJIsi TpeXMepHbIX ypasHenunii Hapbe-CToKca B
OeJjIOM 110 BpeMeHH. Pe3y.HbTaT ABJIAETCA BKJIQJI0M B Ka‘{eCTBeHHyIO MaTeMaTI/I‘{eCKyIO TEeOPpUuIo ypaBHeHI/Iﬁ
Hasbe-Crokca. OHako 01HO#M U3 akTyaJbHBIX 11pobiieM B Teopun ypasHenusi HaBbe-CToKca SBJISIETCs BbI-
60p MaTeMaTHIECKOTO METOA JIJIs IOKA3aTeIbCTBA TEOPEMBI CyIeCTBOBaHUs. B HacTosieil paboTe BhIOpaH
MEeTO/T pacITenyieHus st pemrenust ypapaeanit Hasbe-Crokca. /lano obocHoBanme storo merosa. [lokazana
KOMIIaKTHOCTB ITIOCJI€JOBATE/JIbHOCTH peI_[IeHI/II\/‘I7 TeM CaMbIM JOKa3aHO CYIIECTBOBaHUE CHUJIbBHBIX peIHeHI/Iﬁ
3a/a4u JJIsi TpeXMepHbIX ypaBHennit Hapbe-CToKca B 11€7I0M 110 BPEMEHU.

Kmouesvie crosa: ypasuernust Hasbe-Crokca, MeTos paciierienns Jist ypasaennit Hasbe-CTokca, KOMIAKT-
HOCTb, CYIIECTBOBAHUE CUJIbHBIX PEIIeHUM, aJITOPUTM OIIpeJeJIEHUS CUJIbHBIX PEIIeHU.
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