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Boundary value problems for essentially-loaded parabolic equation

In this paper we investigate the first boundary value problem for essentially loaded equation of heat
conduction, i.e. when laden terms are derivatives for any finite order. It is shown that if the point of
load is fixed, this problem is uniquely solvable. The stated boundary problem is reduced to the Volterra
integral equation of the second kind. Estimates of the kernel of the integral equation are made, which
indicate a weak singularity of the kernel. It is shown that if the point of load is fixed, then the stated
boundary problem is uniquely solvable.

Keywords: heat equation, boundary value problems, loaded equation, kernel, convolution theorem, eigen-
function.

Introduction

In work [1] the boundary value problems for the loaded parabolic equations are considered, and the loaded
terms contain values of derivatives for only fixed points of their domain of definition. This paper argues that
the corresponding boundary value problems are absolutely and uniquely solvable in the class of continuous
functions, if the orders of the derivatives loaded terms are o < %

In works [2-5] it is shown that if the order of the derivative in the loaded term equals to the order of the
differential part of the equation and the point of load moves at a constant or variable velocity, the corresponding
boundary value problems are spectrally loaded,i.e. not uniquely solvable.

The purpose of this work is to show the unique solvability of the first boundary value problem for a loaded
equation of heat conduction in the case, where the loaded terms are derivatives for any finite order and the
point of load is fixed.

1 Statement of the problem

In the domain @ = {(x,t);0 < z < ,¢ > 0} we consider a loaded equation of heat conduction [2]:

ou  ,0%u OFu(x,t)
o o T ok |,

=T

:fO(xat)v (1)

where k£ > 0 is an any integer number and 7 is fixed point, 0 < T < [.
Problem. Find in the domain @ a regular solution to equation (1) from the class C(Q), satisfying the
conditions:
u(z,0) = 0; u(0,t) =wu(l,t) =0. (2)

2 Case k=1

Let us consider in detail the case k = 1. We invert the differential operator of problem (4)—(5), considering
temporarily that a loaded term is known, and we obtain:

t

u(z,t) = —/\/%5727-)

0

l
/ Gla, €51 — 7)dedr+ ()
T=T 0
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t 1
+ 0/ 0/ Jol€. )G, €t — 7)dédr,

where the Green’s function G(z,&;t) has the form [6]:

1 = (x — &+ 2nl)? }
G(z,&t) = expq ————> =77 L 4
(=&:1) 2a+/nt n;m p{ 4at (4)
e x4+ &+ 2nl
P 4a2t '
We calculate the integral:
© 1 (z — &+ 2nl)?
r—&+2n
kix,t—T = / ex {—}_
( : n:z_oo J 2a+/7(t — 7) l P 4a2(t — 1)
(2 + € + 2nl)?
_ TS U ge =
eXp{ da2(t—7) ¢
Al = x—&+2nl o r+&§+2nl||
T 2av/t—71 *T 2t —7 ||
x+2nl z+(2n+1)1
) . 2avi—r 2avi—r
= ﬁ Z / exp {—zf} dz1 — / exp {—zg} dzo | =
N=700 |zq(2n—1)1 z+2nl
2a\/t—1 2a\/t—7

B i erfc x + 2nl —lerfc z+(2n -1\
B 2avt — T 2 2a/t — T
1 T+ (2n+ 1)l
——erfe | ———* | |.
2 2a/t — T
Equality (6) can be represented as:

u(z, t) = —)\/0 Kzt —7) 3“(;; ™)

dr + f(x,t), (5)
&=z

where

t l
fla,t) = /0 /O Jol€. )G, &1 — T)dédr.

Differentiating both sides of (8) with respect to t, we assume z = Z, and introducing the notation

O
we get an integral equation: .
o)+ A [ Kt (i = 1(0), (6)
where
K = REED| g =00

We find the explicit form of the kernel K (¢, 7,%):
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Kl(thvf) =

(Hanexp{M}

o0

Z t—T3/2

x+ (2n — 1)1 (z+ (2n —1)1)?
I R {4@2(75—7')} ;

x4+ (2n + 1)1 (x+ (2n +1)1)?
2 4a?(t — 1)
= K\ (t.m2) + KD (4 2) + Ky (8,7, 8),

where the designations are introduced

W [“’{p{zxaﬁ—ﬂ}*

+g e {—422(‘1@; } - e"p{%gz(t iﬁr) H ;

KM (t,7,2) =

KOt z) = -

(Han)exp{@*W}

1 o0
T 2a+/7(t — 7)3/2 ngl 4a2(t — 1)

Cz4 (20— 1) exp{_[ + (20— D)2 }_

da?(t — 1

)
T+ (2n+ 1)l ox [z + (2n + 1)1)?
p{ ) }]

- 1 > _ 2ml — (z)?
" SR [”’”“”exp{wam—ﬂ}‘

_(2m+1)l—meXp{_((2m+1)l—a;)2}_

2 4a?(t — 1)
2m—-1)l-2Z [(2m — 1)l — z]?
B 2 exp{— 4a?(t — 1) }]

We estimate the kernel K (¢, 7, ). For this we will estimate Kfo), Kf”, Kf_) separately, in this case we use
the inequality z - exp{—z} < exp{—1}, z > 0:

2 1 1 1
B(O)t T < a —_ =
= (’T’x)l—eﬁ T Imz iz Vs

_ 2 f1 1

Ceym\lz P-z2f \t—1
To estimate \K£+)(t,7,§:)| and \Kf_)(t,T, Z)| the signs of the sum are replaced by the integrals in which we
make replacements accordingly:

\K1(t,7,7) — KO, 7, 7)| <

< / K (¢, 7,2)|dn + / KO (¢, 7,2)|dn <
1 1
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O ==
<| &n) = W m(n) = M =
ol = (2 Ty - [ DT
< m [/;1) exp {—61} 6+
o /5 :1) exp {6} dés + /§ :1) exp {—€5} déy
«f Z) e {mn + 5 [ :1) exp {~2)} dp-+
+3 / :1) exp{—ng}dn?,] = m [2exp{—& (1)}+

+exp{—&(1)} + exp{—&3(1)} + 2exp{—n1 (1)} + exp{—n2(1)}+

ron(-m < e { g

Thus, the kernel of integral equation (9) has a weak singularity, i.e. integral equation (9) is uniquely solvable.
From relation (3) it follows that boundary value problem (1)—(2) has a unique solution.

3 Case k=2

Now let k = 2. Equality (6) in this case will have the form:

u(z,t) = —/\/0 Ou(e,7)

1
572 w—i/o G(x, &t — 1)dédT+ (7)

t ol
+ [ [ aenGe gt - g
o Jo
If we differentiate both sides of this equality with respect to t twice and we introduce the notation

0%u(x,t)
pa(t) = o2

)
T=T

we will have the following Volterra integral equation:

er(0) 41 [ Kaltomohpalridr = (0 (®)
where 921t o2 .
K2<t77—7j) = (8227—7 x) 777 f2(t> = J;(t§7 ) 77;

t l
flat) = / / fol€.7)Gla € — T)dedr.

Similarly to the case k = 1, we estimate the kernel of integral equation (8), for that we find the explicit
form of the kernel Ks(¢t, 7, Z):

o0

1 T + 2nl
. Bay/m(t— 1)1/ ,LZ [6 t—m2 "

=—00

0%k(t, 1, )

Kg(t,T,ZE) = 8t2
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o[-l ml ) 5;2? 2”?; {(H)} :

3@+ (2n—1)l (2n — 1)l n
8ay/m(t 5/2 4a2 t—7)

+(x—|—(n—1 o (2n — 1)1)?
8ad\/m(t — 7)7/2 P 4a2 t—1)

3@+ (2n+ 1)) @+ e+ 1))? }+

exp

Bay/w(t —7)5/2 C4a?(t—T1)

(x+(2n+1)l)3e @+ @n+1))?
X

8ad\/m(t — T)7/2 PUTT st - (t—1)

—K(O)(th)—l-KH)(th)—FK (t,7,%)

At first we estimate the terms of this sum when n = 0:

K non= = [y o { = |

NG O e {_4a2(t —

(1—z)

e e
3(1+x) (l+7)?

+&nﬁﬂt7PXp{_4
(I+x)?

T e L e

Further we use estimates of the following form:

b b? 64 a*
= — < -2
1 (t—7)2 exp { 4a?(t — 1) } E exp{-2}

and s 2
1728 a®

Jo = —— — < 3H (>0
2T -1 exp{ 4a2(t—7)} < oe{=3L0>0),

here we take into account the validity of inequality: (z > 0)

e % S nnefn, n= 07 ]-a 23
Thus we finally have:
a3

(0) -
Ky’ (t,7,z)| < C- : )
| 2 ( )| 7_(_(2‘/__7_) dg(x)

where d(Z) = min{Z;! — Z}.
Similarly to the case k = 1, we estimate K2(+) (t,7,%) and Kéf)(t7 7,Z). It is enough to consider the following

integral and its estimate:

N (et /217[ x+2nl b2(aztt2f)12)3]exp{_gm}dn:

_¢ 4l(a:+2nl
4a2(t —7) 7 da2(t —

=] -
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e} 2 2,2
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1 a?by 4a* e
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_ 1 (T +21)2

R STl

(z +21)?  da
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X [(a2b1 + 4a*) +

4a?(t — 1
_ a®by +4a* o1 ox {_ (T + 21)* }
NN L R ST )
(T+20)%* 1 o | (Z +21)*
Irt—7) (t—1)? p{ 4a2(t—7)}<

< a’by + 4a* 4a®> N (4a®)? - (2 +20)? - a® - 4e72 <
. e
Tt —r) (z+20)?2 (Z+20)4-1/7(t—T)
C 1
S — .
(@+20)? /r(t-7)

Using this estimate for K*) and K(7), we get:

KD, 5)| + |KS (7, 7)| < - .
[y (8,7, @) | + [ Ky ( )|*(l—§;)2 g

Thus, for kernel of integral equation (8) the following estimate is valid:

|K2(t77—7 f)| é C

where dy (%) = min{z,l — 7, (I — z)?}.
From this estimate it follows that the Volterra integral equation (8) is uniquely solvable, and from relation
(7) we obtain the unique solvability of problem (1)—(2) for the case of k = 2.

4 Case Vk € N. Main result

Carrying out similar arguments for any finite value k, we can show that the kernel of the corresponding
integral equation has estimate of the form:

c 1
K t’ 77 S —
Kt D) < @ vir

)

where di,(z) = min{z,l — z, (I — z)*}, i.e. Kx(t,7,7) has also a weak singularity.
Thus it is proved the validity of the following theorem.
Theorem. The problem (4)—(5) is absolutely and uniquely solvable for every f(x,t) such that

k t pl
{gﬂg/()/OG(w»E;tT)f(f,T)dde} € C(0,00).

=T

Remark. Articles [3-5] are closer to the subject of this work.
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M.N. Pamazanos, M.T. Kocmakosa, B.I'. Pomanosckuii,
B.X. ZKanbycunona, 2K.M. Tyneyraesa

AjiiTapabIKTaii->XKyKTeMeJli mapaboJsaliblK TeHaey1ep
YIIIiH MIeKapPaJIbIK ecernrep

Kepcerinren »xymbicTa aiiTapiblKraii->KyKTeMeIl 1apabosIaiblK, TeHIey/Iep VIl 6ipiHIi IeKapaJIblK ecer-
Tep 3epPTTeJIi KOHE OJIAD/BIH, »KYKTEeMeJIi MyIiesepi Ke3 KeJIreH aKbIPFbl PETTIK TYBIHABICHI OOJIBII TaObI-
snanpl. Koiiblran 1mekapaJibik, ecell Bosibreppa TeHeyiHiH exinmn Typine kesemi. HTerpaablk TeHaeyiHiy
sIIPOCHIHBIHBIH, €PEKINEJIri 9JICi3 eKeHiH KopceTeTiH barasay »kacayuabl. Erep »kykTemesi HykTe GeJrisieHreH
boJica, OHJIa KOWBIJIFAH ecerl OipMOH/II IIeliIes.

Kiam ce3dep: XKbLTyOTKI3TIMITIK TEHJIEY, IIIEKAPAJIBIK, €CENTED, XKYKTEME TEHIEY, AP0, OpaMa TeOPEeMachI,
MEHITKTI DYHKIHSI.

M.U. Pamazanos, M.T. Kocmakosa, B.I'. Pomanosckuii,
B.X. ?Kanbycunosa, 2K.M. Tyneyraena

KpaesBble 3ajiaun /11 CyIlleCTBEHHO-HAIrPy2KE€HHOT O
napaboJIMIecKOro ypaBHEHUA

B crarpe ncciemoBana B mosymnosioce mepBasi KpaeBas 3a1a4a JJIsl CyIIECTBEHHO-HAIPYKEHHOIO yPABHEHUS
TETJIONPOBOIHOCTH, TIPUYIEM HATPYZKEHHBIE UJIEHBI SIBJISIFOTCS TPOU3BOJHBIMU JTIOOOT0 KOHEYHOIO MOPSIIKA.
IlocraBnennas rpanndHasi 3a/1a9a CBeJIeHA K WHTErPAJbHOMY ypaBHeHHIO Boabreppa BToporo poma. IIpo-
WU3BeJIeHBI OIEHKHU $IApa MHTErPaJbHOIO ypPaBHEHU:, KOTODbIE YKAa3bIBAIOT Ha CJIabyI0 OCOOEHHOCTDH AJIpa.
Ilokazamno, ¥To ecsi TOUKa HArpy3KM (DUKCHPOBAHA, TO [IOCTABJICHHAS KpaeBasl 3a/1ada OHOZHATHO pa3pe-
IIMa.

Kmouesvie carosa: ypaBHEHHE TEILIOMPOBOIHOCTH, KPAEBbIE 33/1a9H, HATPY2KEHHOE yPABHEHUE, sI/IPO, TEOpe-
Ma CBEpPTKH, COOCTBEHHasT (DYHKITHSI.
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