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Asymptotic convergence of the solution for singularly perturbed
boundary value problem with boundary jumps

The article is devoted to study of boundary value problem with boundary jumps for third order linear
integro-differential equation with a small parameter at the highest derivatives, provided that additional
characteristic equation’s roots have opposite signs. The modified unperturbed boundary value problem
is constructed. The solution of modified unperturbed problem is obtained. Initial jumps’ values of the
integral term and solution are defined. An estimate difference of solution for singularly perturbed and
modified unperturbed boundary value problems is obtained. The convergence of solution for singularly
perturbed boundary value problem to solution of modified unperturbed boundary value problem is proved.
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Introduction

The theory of singular perturbations has been with us, in one form or another, for a little over a century
(although the term ‘singular perturbation’ dates from the 1940s). The subject, and the techniques associated
with it, have evolved over this period as a response to the need to find approximate solutions (in an analytical
form) to complex problems. Typically, such problems are expressed in terms of differential equations which
contain at least one small parameter, and they can arise in many fields: fluid mechanics, particle physics and
combustion processes, to name but three. The essential hallmark of a singular perturbation problem is that a
simple and straightforward approximation (based on the smallness of the parameter) does not give an accurate
solution throughout the domain of that solution.

Mathematical problems that make extensive use of a small parameter were probably first described by
J.H. Poincare (1854-1912) as part of his investigations in celestial mechanics. (The small parameter, in this
context, is usually the ratio of two masses.) Although the majority of these problems were not obviously
‘singular’—and Poincare did not dwell upon this—some are; for example, one is the earth-moon-spaceship
problem mentioned. Nevertheless, Poincare did lay the foundations for the technique that underpins our approach:
the use of asymptotic expansions. The notion of a singular perturbation problem was first evident in the seminal
work of L. Prandtl (1874-1953) on the viscous boundary layer (1904). Here, the small parameter is the inverse
Reynolds number and the equations are based on the classical Navier-Stokes equation of fluid mechanics.
This analysis, coupled with small-Reynolds-number approximations that were developed at about the same
time (1910), prepared the ground for a century of singular perturbation work in fluid mechanics. But other
fields over the century also made important contributions, for example: integration of differential equations,
particularly in the context of quantum mechanics; the theory of nonlinear oscillations; control theory; the
theory of semiconductors.

Theory of asymptotic integration of singularly perturbed equations has become purposefully developed
starting with the works of L. Schlesinger, G.D. Birkhoff, P. Noaillon. In a further development of the main
trends of the theory W. Wasow, A.H. Nayfeh, M. Nagumo, A.N. Tikhonov, M.I. Vishik, L.A. Lusternik,
N.N. Bogolyubov, U.A Mitropolsky, A.B. Vasilieva and V.F. Butuzov, R.E. O’'Malley, D.R. Smith, W. Eckhaus,
K. W. Chang and F. A. Howes, J. Kevorkian and J.D. Cole, Sanders and F. Verhulst, E.F. Mischenko and
N.X. Rozov, S.A. Lomov, K.A. Kassymov and others have made a significant contribution. For a broad class of
singularly perturbed problems effective asymptotic methods to build a uniform approximation with any degree
of accuracy in the small parameter were developed.

For the first time, boundary value problems with initial jumps for singularly perturbed linear ordinary
differential and integro-differential equations of the second order was studied by K.A. Kassymov [1, 2]. A syste-
matic study of boundary value problems with initial jumps Kassymov and his students began in the nineties of
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the last century. He developed methods for qualitative research and the construction of an asymptotic expansion
of solutions of boundary value problems with initial jumps for singularly perturbed ordinary differential equations
[3, 4]. General boundary-value problems for singularly perturbed ordinary differential equations of higher orders
are investigated by D.N. Nurgabyl. He singled out a class of singularly perturbed boundary value problems
with an initial jump and developed an algorithm for constructing and investigating the asymptotic behavior
of solutions of general boundary value problems [5, 6]. K.A. Kassymov and M.K. Dauylbaev for singularly
perturbed higher-order integro-differential equations studied problems of a special type, when the presence of
integral terms leads to a qualitative change in the behavior of the solution [7-9].

M. K. Dauylbaev [10-12] studied boundary value problems with two boundary layers possessing the pheno-
mena of initial jumps. The novelty of these studies is that when the small parameter tends to zero, the fast
solution variable grows unlimitedly, not only at one, the so-called initial point, but also at the other end of
the considered segment. Thus, a class of singularly perturbed integro-differential equations with initial jump
phenomena at both ends of the given segment is singled out. He also developed a method for studying and
constructing the asymptotic of the solution of the Cauchy problem with initial jump for singularly perturbed
linear differential equations with impulse action [13].

Consider the singularly perturbed integro-differential equation

1

> Hi(t,x)y' (x,e)da, (1)

=0

Loy =%y +eAo(t)y + Ai(t)y + Ax(t)y = F(t) +

O\H

with integral boundary conditions

v0.9)=a, Y0 =5 vLe)=v+ [ S alele s, @)
0

=0

where € > 0 is a small parameter, «, 8,y are known constants independent of ¢.

We will need the following assumptions:

Cl) A;(t),i = 0,2, F(t), aj(z),j = 0,1 are sufficiently smooth functions defined on the interval [0,1],
Hy(t,xz), Hi(t,x) are sufﬁmently smooth functions defined in the domain D ={0<¢<1,0 <z <1}

C2) The roots pu;(t), i = 1,2 of «additional characteristic equation» u? + Ag(t)u + A1 (t) = 0 satisfy the
following inequalities pq(t) < —y1 <0, pa(t) > v2 > 0.

C3) 1 is not an eigenvalue of the kernel

[

(0t ~ . )220 ) - Sj;;fgg;d

1 1
0 = i (5,1) —a 1 a; x| ds.
6_0/(1a1(1))A (5)930(5) y30(1) — a1(s)yso(s O/Z i x)dx | d

=0

For the solution of the boundary value problem (1),(2) are valid the following asymptotic estimations [10]
ase —0:

(@) v
09| <€ (1ol + el + guax [P0 + s nen)) +
1-q,—mnt
+Ce e (|a + |B|+0r£1ta<:><1 F(t) + l—al( )Hl(t I)D +
C ¢ B g _
“Fge (lal(l)‘+5‘1al(l)‘+0r£1?§(l F(t)+1(11(1)H1<t71)‘>7 q-0,172 (3)

Consider the following modified unperturbed problem as e =0 :

Lo7 = A (07 () + Ao (1) +/ZHZ (2)dz + A(t), (4)
0

=0
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7(0) = a. =w+/zaz 2)dz + Ay, (5)
0

=0

where A(t) and A are respectively unknown initial jumps of the integral term and the solution.
Let us denote by

u(tae) = y(t7€) - ?(t), = y(t,&) = u(t7€) +y(t)’ (6)

where y(¢,€) is a solution of singularly perturbed problem (1), (2) and g(¢) is a solution of the unperturbed
problem (4), (5).
Substituting (6) into (1), (2), we obtain the problem for u(t,¢) :

L.u 20" 4 eAg(t )u” + 4 (t)u’ + Ax(t)u = —At) + 623/”

L
—eAo(t)7" + / > Hi(t,x)u (z,£)dz, (7)
o =0
with boundary conditions
1
w(0,e) =0, ¥(0,6) =B-7(0), wu(l,e)=—-4, +/Z u (z,e)de, (8)
i=0

here Al = (1 - al(l))Ao.
The problem (7), (8) is of the same type as the problem (1), (2), applying the asymptotic estimations (3)
for u(t, ), we get

[u(te)| < C (e + 218 =T O] + AW + Halt, Do) +

1Ottt e+ 18 =7 () +[A{#) + Hi(t, 1)Ao|) +
B8-7(0)
1—as(1)

We choose the unknown function A(t) that the solution of the problem (7), (8) approach zero as e — 0, i.e.
if the equality

C 1—t
+—e e (E +e

61

]+|A<t>+H1<t,1>Ao|), 4= 0,12

A(t) = —Hi(t,1)Ag (9)

is valid, then the solution of the problem (1), (2) approaches to the modified unperturbed problem (4), (5) as
€ — 0. Thus, if the initial jump of the integral term A(#) is defined by the formula (9), then the solution of the
problem (1), (2) approaches to the solution of the following modified unperturbed problem:

L
Loy = A1(t)7' (t) + A2 ()y(t) = F'(t) +/2Hi(t7x)§(i)($)dx — Hi(t,1)Ao; (10)
o =0
L
50 =a, 51 =7+ [ 3@y e)de + (1- a(1)ag (1)
o =0
At first, we consider the equation (10) with condition
y(0) =«
We seek the solution of the problem (10), (11)
[ ), ), [ 2 [ Ax(a)
_ 2 (x Z(s o
_ _ _ 12
7(t) = aexp 0/ A (0) dz | + 0/ 0s) exp Al(x)dx ds, (12)
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where
1y
=F(t)+ /ZHi x)dx — Hy(t,1)Ag. (13)
0 =0

Substituting (12) into the equation (13), we obtain that Z(t) satisfies the following Fredholm integral equation
of the second kind:

)+ | H(t,s)z(s)ds, (14)
!
where )
p(t) = F(t) — Hi(t,1)Ag —|—a/ (Hg(t,w) - Hl(t,x)jig;) exp [ - jfg dp | de; (15)
0 0

H(t,s) = /A1 (Ho (t,xz) — Hy1(t,x) ijgi) exp (— j?gi; dp) dzx.

In view of the condition (C3), integral equation (14) has an unique solution, that can be represented in the

form:
t)+ | R(t,s)p(s)ds, (16)
/

here R(t,s) is a resolvent of the kernel H(t,s), the function ¢(t) is defined by the formula (15). Substituting

(16) into the function (12), by virtue of (15), we get the solution of the problem (10), (11):
¢
= aexp ( /j? i Al - jigi; de | [F(s) — Hi(s,1)Ao+
0 s
1 @
+ab/ (Ho(s,x) — Hy(s,7) j?g;) exp | — jjgi; dp | dx| ds, (17)

where
1
)+ / R(s p)dp;
0

R(Sap)Hz(pa I)dp, 1= 07 1.

Hi(s,z) = H;(s,r) +

o _

To determine the initial jump Ay of solution, we substitute (17) into the second condition of (11). As a
result, we can find the initial jump Ag of solution:

D~ Y a5 () — A
0

=0
1— al(l)

Ao = (18)

Theorem 1. Under the above assumptions (C1)-(C5), for the solution y(t,e) of the boundary value problem
(1), (2) hold the following limiting equalities:

limy(t,e) =y(t), 0<t<1;
e—0
limy'(t,e) =7'(t), 0<t<1;
e—0

limy"(t,e) =7"(t), 0<t<1,
e—0
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where Y(t) is a solution of the problem (10), (11) and expressed by (17), the initial jump A is defined by the

formula (18).
Example. Consider the following singularly perturbed boundary value problem with boundary jumps:

1
2y — ey — 2y = 5/y'(z,€)dx; (19)
0
1
y(0,6) =1, ¥'(0,6) =0, y(l,e) = /ay’(m,s)dw, a# 1. (20)
0
The fundamental system of solutions of the equation e%y"”’ — ey” — 2y’ = 0 have the form:
n(te) =1, mlte)=e*, yltye) =e 070,
Let us denote by the right-hand side of the equation (19)
1
z(e) = (5/y’(;v,5)dx. (21)
0
Then general solution of the equation (19) has the form:
(22)

y(t,e) = Cy 4 Coe™ % + Cze™ 2070 _p, 5z(e)t,

here C;,i = 1,3 are unknown constants, z(g) is an unknown function.
Substituting the function (22) into the (21), we obtain the equality to define the function z(¢)

© Cod(e ¢ — 1)+ C50(1 — e 2)
z(e) = .
140,56
Now, we determine the unknown constants C;,7 = 1,3 in (22), which satisfy the boundary conditions (20).
Thus, we need to solve the system of algebraic equations:
Chy+Cy + 6_503 =1
2

1 2
s(1—e"c)—2-¢ 2e7 % (246)—es (1—e”
- ( 5(2-‘1-6)) & 5(2;)( )03 =0;

_1 —2
C + 2(1—a)g+2+5+2a02 + 2(1—a)+2(i:si-2a)e e Cs = 0.

The main determinant of the linear algebraic system has the form:
_ 2(1—a) _1 _2 _2 _2 _1
€)= 5rep [(55(1—6 )—2-8)1—e )+ (2752 +6) —ed(1—e )1 - ]
As a result, the solutions of the system are defined by the formula:
(e6(1—e %) —2—0)(2(1 —a)+ (6 + 2a)e™?)
Cl(s) = 1 2 2 2 1 B
2(1 - a) [(65(1 et —2- 81— e B+ (20224 0) —ed(1— e 2))(1 - e*E)]

—(2e72(240) —e6(1 — e 2)(2(1 —a)e”F + 6+ 2a))

)

(246)(2e72(2+0) —ed(1 — e ?)) _
2( ’

02(5) = 1 2 2 1
2(1 - a) [(55(1 e ) 21— e P+ (207 2(2406) —ed(1— e 2))(1 - e—g)}
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(2+08)(2+6 —ed(l — e 7)) '
21—a) |(e6(1—e ) =2 0)(1— e 2) + (2077 (2+0) —ed(1 —e2))(1 - e*%]

Cs(e) =

If as € — 0, then
249

01(6) — 1, 02(6) — 0, 03(8) — 2(@ — 1)

Consider the following modified unperturbed problem:

1
oy (t) = / 55(x)dz — 6o,
0

1
7(0) =1, 7(1) = / a(@)dz + (1 — a)Ay,

here Ay is called the initial jump of the solution.
Let us denote by

1
zZ= /5@(37)6[:10 — 6.
0

The general solution of the equation (23) is as follows

A
T 244

7(t) t+C.

Substituting (25) in (24), we define the unknown function z :

0”0
140,50

x|

As a result, the solution of the modified unperturbed problem (23) has the form:

The initial jump Ag of solution is defined by the following formula

249
2(1—a)’

Ay =

The results can be seen to perform the following limiting equalities:

6
i = =7 < ;
glg(l)y(t,s) 1+2(1—a)t g(t), 0<t<1,;
lim y/(t,e) = L yt), 0<t<l;
e=0” 2(1—a) — ’ ’

. 1 _ :—I/
il_%y (t,e)=0=7"(t), 0<t<l.
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A.E. Mupszakynosa, H. Araxan, H. Acer, A. Pricbex

IIIekapabl ceKipicTi CHHTYJISAPJIBI ayBbITKBIFAH IMETTIK ecebi
HIEHTIMiHIH aCUMIITOTUKAJIBIK, YKMHAKTBLIbIFbI

Maxkasia eki YJIK€H TYBIHIBICHIHBIH aJIIbIH/Ia Killli mapaMerpi 6ap YIMHIN peTTi CHHTYJISPJIbI aybITKBIFAH
CBIBBIKTHI MHTETPAJIIb-TuddepeHnnanablK TeHIey YIIiH KOCBIMINA CUIATTAYBIIN TEHAEYIIH TyOipepiHin
TaHOACHI KapaMa-KapChl OOJIFAH »KaFrIaiiarbl IIeKapaJibl CEKIpicTi MmeTTiK ecebiH 3epTTeyre apHaaraH. O3-
TePTIITeH aybITKBIMAaFaH €Cell KYPBLIIbI, OHBIH IIenTiMi aJablHAbl. CHHTYIISIPJIBI AyBITKBIFAH IMETTIK eCcell
MIeNriMi MEH ©3repTiJITeH ayBbITKbLIMAaraH ecell MIENIMiHIH apachbIHIArbl albIPhIM OarajaaHIbl. VIHTerpaaabK
MYIIEHIH YK9He MIeNTiMHIH 6acTallKbl CeKipicTepiHiH IamMaapbl aHbIKTAJIbI. BepijireH CHHTYJISPJIbI Y BITKbI-
FaH IIETTIK eCell MIEMIIMIiHIH 63repTiireH aybITKbIMaraH IIETTIK eCell MIeNiMiHe YMTBIIATBIHDI JDJIeJIICH .

Kiam cesdep: CHHTYASPJIBI ayBITKY, Killli apaMeTp, IMEKapaJjblK, ceKipic, 6acTamKbl CEeKipic, MEeKapaJIbIK,
byHKIHAIAD.

Bectnuk Kaparanmgurckoro yHuBepcurera



Asymptotic convergence of the solution ...

A.E. Mupzakynosa, H. Araxan, H. Acer, A. Pricbex

AcuMmniToTnyeckasi CXOAMMOCTD pPelleHnus CUHTYJIAPHO
BO3MYIIIEHHOI KpaeBOil 3aa4i C TPAHUYHBbIMU CKadYKaMU

Crarbsl MOCBSIIEHA U3YYEHUIO KPAEBOH 3a/a9i C MPAHUYHBIMU CKAYKAMU JJIsl JIMHEHHOrO nHTerpoaudde-
PEHIIMAJIbHOIO YPaBHEHHUs TPEThero NMOpA KA C MaJIbIM ITapaMeTPOM IIPU CTaPIINX NPOU3BOJHBIX NPHU yCJIO-
BUU, YTO KOPHU JIOTIOJTHUTEILHOIO XapaKTEPUCTUIECKOTO YPABHEHUSI UMEIOT ITPOTUBONOIOKHBIE 3HAaKuU. [lo-
cTpoeHa MOAUMUIITPOBAHHAS HEBO3MYIIEHHAs KpaeBas 3amada. llomydueHo pererne MoauduImpoBaHHON
HEBO3MYIIEHHON 3ajaun. OnpejiesieHbl 3HAUYEHNs] HAYaJIbHBIX CKAYKOB MHTEIDAJILHOIO HYJIEHA U DPEIICHMUSI.
Tlosnyuena oneHka pa3HOCTH PeIeHU CHHTYJISIPHO BO3MYIIIEHHBIX ¥ MOTUMUIIMTPOBAHHBIX HEBO3MYIIEHHBIX
KpaeBbIx 3aad4. JlokazaHa CXOIMMOCTD DEIIeHUil CHHTYJISIPHO BO3MYIIIEHHOM KPAeBOH 337[a4M K PEIeHUIO
MOAUMUITPOBAHHON HEBO3MYIIIEHHON KPAaeBOU 3a/1a4H.

Kmouesvie cA06aG: CUHTYJISIDHOE BO3MYIIIEHHE, MAJIbIA IMapaMeTp, FPAHUYHBIN CKaYOK, HAYAJbHBINA CKAYOK,
rpaHuvHbIE (DYHKIINN, ACUMITOTHKA.
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