UDC 517.51

D.T. Matin, Zh.Zh. Baituyakova, A.N. Adilkhanov, B.O. Bostanov

L.N. Gumilyov Eurasian National University, Astana, Kazakhstan
(E-mail: d.matin@mail.ru)

Sufficient conditions for the precompactness of sets
in Local Morrey-type spaces

In this paper we give sufficient conditions for the pre-compactness of sets in local Morrey-type spaces
LM,y (R™). For w(r) =71, 6 =00, 0 <\ < % there follows a known result for the Morrey spaces
Mﬁ (R™). In the case A = 0 this is the well-known Frechet-Kolmogorov theorem. The pre-compactness of
sets in Morrey spaces was investigated in the works [1, 2], and in generalized Morrey spaces M) (R™) in
the works [3, 4]. The aim of this paper is to generalize these results to the case of Local Morrey-type spaces
LM, (R™). By using theorem of pre-compactness set in local Morrey-type spaces, compact of operators
can be checked in this spaces, since compact operator transfers from bounded set of one space to pre-compact
set of another space. In this paper, the conditions of precompactness of sets in local spaces of Morrey type
are given in terms of the difference of the function lim,—osup;cg || f(- +u) — f(~)HLMp97w = 0. Earlier, the
necessary and sufficient conditions for precompactness of sets in local spaces of Morrey type were published
in [5], which were given in terms of the mean functions 6lirsl+ ;1611; |Asf — fHLp(B(o,Rz)\B(Ole)) =0.

Keywords: compactness, precompact, Freche-Kolmogorov theorem, local Morrey-type spaces.

The classical Morrey space was introduced in the works of Charles Morrey [6] in 1938 in connection with

the investigation of the solution of quasilinear elliptic differential equations. In recent decades questions of the
boundedness and compactness of various operators in Morrey-type spaces have been actively studied ([7-9]).

with a finite quasinorm

1l = sup 7> / FlFdy | < oo,
P z€R™, r>0 (o)
B(xz,r

where B(z,r) is the open ball in R™ centered at the point = of radius r > 0.

If A

Note that

1l arg @y = IF1l L, ey - 11l ) =l ey -

n
M (R

<0, A> % the space MI;\ (R™) is trivial, i.e. consists only of functions equivalent to zero on R".

precompact if and only if

and

sup || f ny < 0O0;
s 11, s

lim su -4+ h)— f(: =0
6—>0+|h\§p§||f( ) f()”Lp(R)

li c -
i sup 11l o,y = 0

where “B(0, R) is the complement of a ball B(0, R).

Conditions (1)—(3) are equivalent to the union of conditions (1), (3) and

li A — n :07
5_1)r(r)1+§1£|| of = Fllp, &my

where for any § > 0 and f € L{¢(R")

o4

Morrey spaces MpA are defined as the set of all functions f € Lfo"c(R"), for which , 0 <A < 2,0 <p < o0,

According to the well-known Freche-Kolmogorov theorem [10], the set S C L,(R™), where 1 < p < o0, is
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) @) = gy [ S@dr= [ ws)f@ =iy = s+ (@), 2 R
" B () B(0,5)
where ws(z) = %ﬁ, X(a, Is characteristic function of the set A C R™, ‘A is the complement of the set A,
|A| is Lebesgue measure of the set A. Recall that condition (4) follows from condition (2), and condition (2)
follows from the set of conditions (4) and (3).

Note also that if A C R™ is bounded set, then for precompactness of the set S C L,(A) it is necessary and
sufficient that conditions (1)—(2) are satisfied, where R™ replaced by a set A.

The questions of the precompactness of sets in Morrey spaces were investigated in the works [1, 2, 5, 6,
11-14], and when r~* = w(r) for generalized spaces Morrey M;,U(')(]R”) were investigated in the works [3, 4].
The questions of the precompactness of sets in Banach spaces [15].

The aim of this paper is to generalize this results to the case of general local Morrey-type spaces.

Definition. Let 0 < p,0 < oo , and let w be a nonnegative measurable function on (0,00). We denote by
LMyg ..y the general local Morrey-type space, the space of all functions f € Lé"c (R™) with finite quasi-norm

10ty = sty = [0 1 ey 0 .

We denote by 2y the set of all functions that are nonnegative, measurable on (0, 00), not equivalent 0 and
such, that for some t > 0

[w(r)|| Ly (t,00) < 00

The space LM, .y is non-trivial, that is, it consists not only of functions, equivalent to 0 on R", if and
only if w € Qy [14].
Theorem. Let 1 < p <60 < co and w € Qpg. Let S C LM, ,,(R") is satisfied:

sup [ £l g, < o0 (5)
fes ’

lim sup | £(-+w) = £() 1, =0 (6)
u—r fGS

and

lim sup HfXCB(O,r) =0. (7)

TO0 fes ‘LMpe,w

Then the set S is precompact in LMpg ., (R™).
For proof this theorem we need next statements.
For f € Li°¢(R™) and r > 0 define

1
(M, ) (z) = e, /) F)dy,

where | A | means Lebega spaces A C R™.
Lemma 1. Let 1 <p <60 < o0, w € Q. Then for all f € LM;';(') and r > 0 next is true:

IS = Tlleasy,.. < S0 G+ = F Oz,

u€B(0,r

Proof. Let z € R™ and p > 0. Then by inequality of Gelder
1Mef = Tz, 5y =

1
P v

N / m / fy)dy — f(x)| dx

B(z,p) B(z,r)
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P 0

| [ sy [ vw-rana a) <

B(z,p)

S/m

B(z.p)
B(z:p)

1

[B(0,7)]

Next

1Mo f = Fliag,, = 00 IMeS = Pl 50,0

1

1

[B(0,7)]

|B(0,

7))

1

B(z,r)

IB(éw)\ /
B(0,r)
ol /

B(0,r) \B(z,p)

1

B(0,r)

B(0,r)

B(z,r)

Q=

/ @) — f@)Pdy | da | ==+ =

=

|f(z+u) — f(x)|Pdu | dz | =

=

|f(z+u) — f(z)|Pde | du | =

/ G u) = PO oy do

<
LQ(0,00)
%
/ I +wu) — f(')H]ZP(B(O,p)) du -
LQ(0,00)
/ w(p)? 1FC+ 1) = FOIE, (50,09 B
L g (0,00)

B(0,r)

o
P

As this % > 1, then using inequality of Minkovskogo for integrals, we get next

o6

po,w

o0

1
My f = fllpar,, . < WOJ“)/ /

Lemma 1 is proofed.

B(0,r) 0

1
B0, )] / I7¢

B(0,r)

z »

w(p)’ £+ ) = FOlL, o de | du]| =

+u) = fOn,,, du | <

< sup IFC+u) = FOllpag,., -

u€B(0,r)

Lemma 2. Let 1 <p <6 < 0o, w € §yg. Then for all f € LM;;'Z)(') and r > 0 next inequality is:

Proof. By inequality of Gelder

HMTfHLp(B(z,p)) = /

1My fllaryg o < I lary,., - (8)
p
1 /f( )dy| d <
=Yyl y)ay| dx <
|B(z,7)|
B(z.p) B(w,r)
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o =

=

=

B(0,r) \B(z+u,p)

|B ||f||L »(B(z+u,p)) du :
B(0,r)
[

Since % > 1, that

=

M, <s
| f”LMew— u}gl |B

IN

o] 0
(/w ”f||Lp<Bz+up>>dP) du

0

1
& b
>~ |B 0 /r / beuRp (/UJ H.fHL (B 24w, p)) dp) du =

B(0,r) 0

D=

1 P
= swp |l [ (00 1l ) .

z€ER™
B(0,r)

< [ [etor '
= 2 | 1B wP) £z, (e

B(0,r)

1
S\ 1w sup
[B(0,7)] / (UER"

0,r

Lg (0,00)

P

p
Wy ) 2] =11 iat

For defining § > 0 by ws(f, G) function f in set G C R™:

ws(f,G) = sup [f(z1) = fla2)]-

x1,290€G
|$1_$2‘S5

M fll s

pl,w

< Sup Hw ”M f”L »(B(z, p))HL (0,00) —
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=

1
< sup [w(p) | —— / f o)) AU
s e Bl ) MEwe
B(0,r)
Lg(0,00)

Lemma 2 is proofed.

Lemma 3. Let 1 < p,0 < oo, w € Qpg. Then exists ro > 0 for every 0 < r < rg exists C, > 0, depending

from r,n,p, 0, w
1) for every f € LM:(;(')

1My fllogrny < Crllfllay,, s (9)

po,w

2) for every § > 0
ws(M,f; R") < Cp sup [[f(-+u) = fO)llpag,, ., -

[u]<s
u€B(0,6)

Proof. 1. For function w € €29 no equivalent 0, then exists ro > 0 this, that [[wl|;, (., ) > 0. Let 0 <r <.
r € R"

1
|M, f(z)] < T 1z, (B -
(z,r)["
Hence,
1
(o) M f @) ey < — 00 Iy |,
(,Unrn)p Lg(r,00)
where v,, — volume of unit ball in R™ and
1
M, f(x)|||lw < — ||lw ‘ .
| M, f ()] (P)”Le(r,oo) = (vnr”)% (p) Hf”Lp(B(m,r)) Lo (0.00)
That’s why
sup (M f (@) < O swp [w(0) 1L, ey, ) = Cr Ity

TER™
!
where C, = <||w|\L9(T7OO) (Unr”ﬁ)
2. Next for every z1,x2 € B(0,7)

(M, £) (1) — (M, f) (22)] = — / f(y)dy — / Fly)dy| =

V™
(w1,7) B(x2,r)

— @) | [ ferendi [ fer s <

(0,r) B(0,r)

< (var™)~! / [zt 1) — f(z + )| dz =
B(0,r)

— (o™ / s + a1 —a2) — f(s)|ds <
B(xa,r)

a1
< (ar™) 77 IfC+ 21 —22) = FOL, (Basr) -
That’s why, by first step of proof

sup  |(Myf) (21) = (Myf) (22)] <G sup  |If(-+ 210 —22) = FO)ll g,y =

21,59 ER™ zq,w0ERT
|z1—z2]<6 |z1—x2]<8
=Cp sup  |[f(-+u) = fOllpar,, .,
u| <68
uE‘B‘(_O,(S)
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Lemma 3 is proofed.

Lemma 4. Let 1 < p,8 < oo, w € Qpg. Then exists C' > 0, depending only from n,p, 8, w, that’s for every,

r,R> 0 and for all f,g € LMpp ., next statement

HMrf - Mrg”LMp@W <C (1 + R%) HMTf - MTgHC(W) + sup ) ||f( + u) - f(')HLMpg,w +

uweB(0,R
+ueSéU(L0p,R) lg(-+u) — 9(')||LMpe,w + ”fXCBw,R) LMpe,w ” HgXCB“”’” ‘LMpe,w '
Proof. Indeed,
IMf = Moglag,,,, < [|O0F = Meg)x, | 4007 =g x L,
Next
L= M,f— M H <

1= sup w(p) || M, f vl L, (B2.p)nB0.R) Lo(0.00) —

< sup w(p) | M, f — MTg”Lp(B(J;,p)ﬂB(O,R))HLG(OJ) +

+ sup w(p) || M, f — Mrg”Lp(B(gc,p)ﬁB(O,R))HLB(LOO) <

<||M,f - Mr.‘]”c(B(o,R)) x
1 1
v Y\ + H R" ?‘ <
(ZCIa s eI St .
<C (1 + R%) M, f = Mgl o mom) -
where
1 n
C =t (Hw(p)pP Lo(0.1) + Iw(p)HLe(l,oo)) < 00,
since w € .
By Lemma 1
L <|Myf = fllpar, , + H(f ~DXenom | ar o Mrg = gllpar,, ., <

< sup [[f(+w) = fOllpa,., T sup llgC+w) —gC)la, ., +
u€B(0,r) ’ uw€B(0,r) '

+fo + ng

¢B(0,R) ¢B(0,R)

LMpo,w LMpp,w

Lemma 4 is proofed.
Lemma 5. Let 1 < p,0 < oo, w € Qpg. Then for every r, R > Oand for every f,g € LMpg

If = gllpa,, <C (1 + R%) 1M, f = Mgl o om) T

£2 sup FCtw = FOla,. +2 s 964w — g0 . +
u€B(0,r) ’ ueB(0,r) ’

+ HfX“B(O,R) + HgXUB(O,R)

)
LMpo w LMo, w

where C' > 0 is like in Lemma 4.
Proof. Enough to notice,that

<My f = Fllpn

PO, w

+ 1My f = Mgl g

PO, w

+1Mrg = gllLa

PO, w

1f = 9llLn

po,w

and is used Lemma 1 and 4
Proof of theorem. LetS C LM;%(') and let conditionals be done (5)—(7).
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Step 1. Let 0 < r < rg, where rg defined in Lemma 3, and R > 0 fixed. By using inequality (7) and conditions
(1), followed, next

sup || M. fll ~mrems < 00.
s 14l oy
Apart from (8) and conditions (6), followed, next

}LIL% ?clelg HMTf( + u) - Mrf(')Hc(m) = 0.

Hence, by theorem Askoli-Arcellas’ set S, = {M,f: f € S} pre-compactness in C(B(0, R)), or, is the
same,set S, completely limited ,then for all £ > 0 exists m € N, f1, ..., fn € S (depending from ¢, r and R) that,
forall fe S

jJnin 1M, f — My fill . Bomy) <&

Step 2. Let {1, ..., pm } any bounded set S. By using inequality from lemma 5 for any f € S and for any

j=1..m

”f_goj”LMz'l)ve < C(1+R%) ”Mrf_MSDch(m)"'

+2 sup [[f(+u) = FOllppme +2 sup o+ u) =i C)llpme +
u€B(0,r) po u€B(0,r) po

X0, Hmﬁ” *lleicnon HLM;“J') =

SCA+R?) My f = Mepjllomomy +4 sup supllg(-+u) —g()ll L +2sup loxeBo.r) || g -
uweB(0,r) g€S P ges po
Hence,
j}lninm ”f - SOJ'HLM;’G < C(l + RP)j:IR'i{l’m ”Mrf - Mr@j“c(m) +

=1,...,

+4 sup supllg(- +u) — g(-)||Lppw +25up ||9XeB 0.R "
u€B(0,r) gES LMy, QGSH ( )HLMPG

Step 3. Let € > 0. The first , By using conditions (7), we take R(g) > 0, that
sup HgXCB(O,R(s))HLMw < =
geS po 6

Next by using conditions (6), we take r(¢), that
€

sup  sup||g(- +u) = 9()lpare, < 15
u€B(0,r(g)) g€S P

Because set pre-compactness Sy..y B C(B(0, R(¢))) exists m(e) € Nand fic,..., fm(e),c € 5, than for any f € S

C(1+R(e)¥)

min M) f = Moy Fiell o mromy) < 3

j=1,...,

By using inequality (9) ¢ ¢; = fj,j =1,...,m(e), for any f € S

min - ||f = fj.

j=1,...,m(e)

L e 8
LM;;<3 3+3—£.

Then S pre-compactness set in LMy the proofed theorem.
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JL.'T. Marun, 2K.2K. Baiiryakosa, A.H. Oxinxanos, B.0O. Bocranos

Jlokasiapl Moppu TuiitTec KeHiCTiriHae >KMNbIHHBIH,
KOMITIAKTBIJIBI OOJIYBIHBIH, YKETKIJIIKTI IIapTTAPhI

MakaJstaga nokasasl Moppu Tunrec kericririnae LM ;Uom (R™) 2KUbIHJAP/IBIH KOMIAKTHUIBIFBIHBIH, KETKITIK-

Ti mapTTapsl KeJaripiared. Bepinren reopemagan § = oo Karmalibiaga »Kaanbuiaarad Moppu keHicTirinmeri
M;f’(') HOTHXKe IIbIFajbl, ajg w(r) = 1"7>‘, 0 = 000 < A < 2 xapnaiibiHaalbl yiniH Moppu KeHIiCTIriHIH,
Genriii Teopemach! mbIFaIbL, an A = 0 karmaiteraga 6y 6enrini @perre-Kommoropos Teopemacsr. Moppu
KeHiCTiriH/eri KUbIHIAPAbIH KOMIIAKTTH 60JIybIHBIH, mapTTapbl — [1, 2|, an xannsuianras Moppu kenicTi-

ri M, (‘)(]R") yuin [3, 4] KymbicTapbiaga gosesnaenred. bepiiren MakaJaHbIH MAKCATBI OChI HOTHKEEPI
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Jokasi el Moppu kenicriri LMpg (. (R™) yImIiH »KUBIHIAPIBIH, KOMIIAKTTHI GOJIYBIHBIH, IMAPTTAPBIH YKAJIIHI-
Jiay Gosbin TabbLIaabl. JIokaaabl Moppu KeHicTirinmeri >KUbIHIapIblH, KOMIIAKTTHI OOJIybIHBIH, IAPTTAPbIH
MmaiiIaIaHbIIl, OChI KEHICTITIHIer! orepaTopIap/IiblH KOMIIAKTTHI 60Ty MapTTapbliH Tekcepyre 6oaasl. Cebebi
onepaTop 6ip KeHICTIKTEer! IMeHe e H XKUBIH bl KeJIeCl KeHICTIKTeri KOMIAKThLIbI XKUBIHFa, aygapajibl. ABTOp-
Jiap JIoKaJiibl Moppu TUIITEC KEHICTIrHJIe XKUBIHIAPIBIH KOMITAKThLIBIFBIHBIH KeTKIJIKTI mapTTapbl (QyHK-
IUATAD/BIH, AHBIPBIMBI TepMHUHIHAE limy—oSupseg ||f(- +u) — f(')HLMpe,w = 0 kesripres. [5] »kymblcTa
JiokaJael Moppu Tunrec KeHiCTiriHe »KUbIHIAPIBIH KOMIAKTHIIBIFBIHBIH, KAXKETTI YKOHe >KeTKIJIKTI MapT-
TapBl AILIHBIN, 01ap MYHKIHANADIBIH OpTa MaHi TepMuminae limy—osupseg [[f(- +u) — f()l Mg w = 0

KeJITipireH.

Kiam cesdep: KOMIAKTBHIIBIK, KOMIIAKTHLIBIK ajiabl, @perne-Koamaropos Teopemacsl, Jokaaasl Moppu Tui-
TEeC KEHIiCTIri.

JL.'T. Marun, 2K.2K. Baiirysakosa, A.H. Aqunbxanos, B.O. Bocranos

JlocTaTodHble yCJIOBUs ITPEAKOMIIAKTHOCTH MHOYKECTB
B JIOKAJbHBIX ITpOCTpaHcTBax Tuma Moppu

B crarbe IIPUBEIEHDBI JOCTATOYHBIE YCJIOBUA IIPEAKOMIIAKTHOCTU MHOXKECTB B JIOKaJIBHBIX IIPDOCTPpaHCTBax

tuna Moppu LM ;‘;(‘) (R™). Uz nokasaHHOI TE€OPEMBI B CIydae = 00 BBITEKAET PE3yJIbTAT JJIst O00OIIEHHO-

O IPOCTPAHCTBA M;,”O, ampuw(r) =", 0 =00, 0 <A< % — W3BECTHBII PE3YJIBTAT JJIsI IPOCTPAHCTBA
Moppu M;‘(R"), a B caydae A = 0 — 370 XOpomo u3BecTHas TeopeMma Ppere-Konmmoroposa. Yciaosus
IIPEKOMIIAKTHOCTH MHOXKECTB B IpocTpaHcTBax Moppu 6bun pokasansl B paborax [1, 2], a B ciayudae
06061mennLIx pocTpancts Moppu My, (‘)(]R") — B [3, 4]. Lens crarbu — 0600IIEHNE PE3YIBTATOB IIPEJI-
KOMITAKTHOCTH MHOYKECTB IS JIOKAJBHEIX MPOCTPancTB Tuna Moppu LMpyg () (R™). Ucnoms3syst Teopemy
MPEIKOMIIAKTHOCTU MHOYKECTB B JIOKAJIbHBIX IIPOCTPaHCTBax Tuna Moppu, MOKHO IPOBEPUTH YCJIOBUSA KOM-
[MAKTHOCTH OIIEPATOPOB B 9TUX IIPOCTPAHCTBAX, TaK KAK KOMITAKTHBIA OIIepaTOp MEPEBOIUT OrPAHUYEHHOEe
MHOXKECTBO OJTHOT'O ITPOCTPAHCTBA B KOMITAKTHOE MHOXKECTBO JPYroro mpocrpaHcTsa. B aroit pabore ycio-
BUS IIPEJIKOMIIAKTHOCTY MHOYKECTB B JIOKAJILHBIX [IPOCTPAHCTBaX Tulia Moppu JaHbl B TEDMUHAX PA3HOCTU
bynxrmm limy—osup e [|f(-+u) = FC)l Lo = 0. Panee [5] Gpum omyGimKoBaHbl HEOGXOAUMBIE U JI0-

PO, w
CTATOYHBbIE YCJIOBUS INPEJKOMIIAKTHOCTA MHOYKECTB B JIOKAJIBHBIX IIpOCTpaHCTBaX Tuiia Moppwu, Koropble
OBLTN TIPUBEJIEHBI B TEPMUHAX CPETHUX (DYHKITAN 51—13(1)1-*- ;1;2 ||Asf — fHLp(B(O,RQ)\B(O,Rl)) =0.

Kmouesvie c06a: KOMIAKTHOCTD, MPEIKOMIAKTHOCTb, Teopema Dpemre-Kommaroposa, JiokasbHBIE MPO-
crpancrBa Tuna Moppu.
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