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Stable perturbations of boundary problems for differential equations

In this paper, we expand the class of nondegenerate two-point boundary value problems for the Sturm-
Liouville equation, which have a complete system of eigenfunctions and associated functions in special
function spaces. Such spaces depend on the length of support of the potential of the Sturm-Liouville
equation. The formulated results clarify well-known results of V.A. Marchenko. Two-point boundary value
problems for the Sturm-Liouville equation are divided into degenerate and nondegenerate boundary condi-
tions in the sense of V.A. Marchenko. The main result of V.A. Marchenko asserts that systems of eigen-
functions and associated functions of nondegenerate boundary value problems for the Sturm-Liouville
equation form a complete system of functions in the space of square-summable functions. In this paper,
the result of V.A. Marchenko is clarified in the following direction. There are operators with a complete
system of eigenfunctions and associated functions in the space of square-summable functions among the
degenerate boundary value problems in the sense of V.A. Marchenko. The presence of the completeness
property depends on the length of support of the measure which is antisymmetry to the potential of the
Sturm-Liouville equation.

Keywords: finite nonempty set, eigenvalue, three-point boundary value problem, Volterra operator, nonde-
generate boundary condition.

1 Introduction

Let n = 2p and let us consider a self-adjoint differential expression on the interval [0, 1] with real coefficients:

I(y) = (poy(“))(”) + (ply(“‘”)

where pg, - -+, p, are sufficiently smooth functions.
Let us given a system of linear functionals {Ui,---, U,}. Let B, denote the operator generated by the
differential expression [(-) and boundary conditions

(1) @
oot (pueay®)

In this paper, we study the question: how do coeflicients pg - - -, p, of the operator B, influence the structure
of the spectrum of the operator and the completeness of the system of root functions in Ls(0, 1)?

As usual, we introduce the fundamental system of solutions {yi(z,\), -+, yn(z, A)} of a homogeneous
differential equation I (y) = X - - - y(z) with initial conditions y,(ffl) (0) = 0. Denote by Ap(A) the characteristic
determinant of the operator B,, which is given by the following formula

Ap (A) = det {||U;(yx)ll} -

It is well known that Ap (A) is an entire function of exponential type by a parameter \. Zeros of the entire
function Ap (A) uniquely characterize the spectrum of the operator B,. If A is a eigenvalue of the operator B,
with multiplicity ms, then A, is a zero of Ap (A) with multiplicity ms. Inverse statement is also true.

Basically, zeros of an entire function Ap()\) can be represented as:

— empty set;

— finite nonempty set;

— a countable set without end points;

— the set coinciding with the complex plane.

The first case is realized when the operator B, corresponds to the Cauchy problem. Note that, there are
examples of operators with an empty spectrum even it is given with boundary conditions

U](y):()a j:1,~~,n,
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which is not the Cauchy conditions. Operators with an empty spectrum are often called Volterra operators.
Examples of the Volterra operators representing three-point boundary value problems for second-order differential
operators can be found in the work of S.A. Dzhumabaev, D.B. Nurakhmetov [1].

However, there are still no examples of differential operators with nonempty finite spectrum. It is proved
that if the spectrum of the operator B, represents a nonempty finite set, then its power is not greater than .
In the case of n = 2. T.Sh. Kalmenov and A. Shaldanbayev [2] proved that there is no boundary value problem
with a nonempty finite spectrum.

When the spectrum of the operator B, is a countable set without finite limit points, then the operator B,
is said to have a discrete spectrum. Operators with discrete spectrum occur frequently.

More rarely, there are operators with a spectrum that coincides with the whole complex plane. Similar
examples of two-point boundary value problems for higher order differential operators were given in [3].

A detail investigation of the second order differential operators with two-point boundary conditions were
studied in the monograph by V.A. Marchenko [4]. The main result of [4] that interests us is that there
nondegenerate two-point boundary conditions for a second order differential equation were selected and also it
was proved the completeness of the corresponding system of root functions in Lo (0, 1).

In this work, it is clarified the result of V.A. Marchenko. We select operators from the class of degenerate
boundary conditions for a second order differential equation which have complete system of root functions in a
special functional space.

2 Two-point boundary value problems for the Sturm-Liouville equation
Consider an eigenvalue problem
—y(2)+q(x)y: Ay, 0<z<1
with boundary conditions
Ui (y) = any (0) + aiy™ (0) + asy (1) + awy® (1) =0, i=1,2,

where ¢(x) is a summable function on (0, 1),a;; are complex numbers. The boundary conditions are identified
using the matrix
air a2 a3z a4

, rank(A) = 2.
a21 Aa22 a23 A24

We will denote by A;; the minor of the matrix A composed of columns with numbers ¢ and j. We also
introduce the function

()=a(), 0<z< L, d@=q(-2), g<z<l

[N

q
The difference ¢ (z) — G (z) is denoted by Q(z). It is clear that

Qz)=0,0<z<

N | =

We introduce solutions é (x,\), § (z, ) of a homogeneous equation

P +i@)y=xy, 0<z<1

1 1 ~ (1 - /1
C — :1 S — f— / — e / — :1
c<2,/\) ,s(2,)\> 0, (2,)\> 0, s (2,)\>

Similarly, we introduce the solutions ¢ (z,A), s(x, ) of the homogeneous equation

with Cauchy conditions

P rq@)y= Ay, 0<z<1.
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It is easy to verify that for all 0 < x < 1 the following relations are true

e, N)=¢(1—a,N),8(x,\)==8(1—x,)).

It can also be understood that for all 0 < x < 1 integral equations are valid

c(x,)\):é(x,)\)+/ (t,3) s(t’k) ‘Q(t)c(t,A)dt;

e
0,5 ¢(x, M)

x

et N 5(tN)
e(z,\) 8(x,N) ‘Q(t)S(t,/\)dt.

s(x,)\)zé(x,/\)—F/

0,5

The characteristic determinant is given by the formula

Ag (A) =det{|[U; (c(-A) Uj(s(5A), 7=1,2[}-

Let
AN SN ore i an
r(:c,x)_/% é(z,A) &(z, M) ’Q<t) (1, 2) dt;
e SN |,
p(ﬂi,/\) = /075 é(m7)\) §(£U,)\) ’Q(t) (t, /\)dt'

Similar to the work of V.A. Marchenko [4], let us formulate a statement in the case of a symmetric

potential ¢ (z).
Lemma 1. We have
Ag(N) = A1+ Azs + Ara + Aso +243:6(0,2) 3 (0,\) +
+2 (A14 + A32) § (O, )\) ¢ (0, )\) + 2A94¢ (0, )\) s (O, )\) .

We now write the representation of the characteristic determinant in the case of an arbitrary potential.

Lemma 2. The following formula holds

Ag(N=2,() + Ag(\) /0 [ Qu)Q)el= st g(z N j(z A)

Q(t)s(t, \){A1z(t, N)5(0,X)3(0,A) + (Aaz+Aa)é(t, N)5(0,N)s' (0, \)+Agaé(t, N)s'(0,X)s"(0, \)+

.

+(Ag3+A43)3(t, N) + A135(t, N)é(0,1)5(0, \)+
+(Agz+A41)5(t, N)3(0,\) (0, N)+Aa25(t, N)s' (0, \)¢' (0, A) Ydt+
(Asa+A14)é(t, N)3(0, M) (0, N)+Agsé(t, N (0, N)s"(0, \)+

v / QUE)e(t, N {As1é(t, N)3(0, )0, \) +
0

.5
+(A1g+Asg)é(t, N) + Azi5(t, \)é(0, N)é(0, \)+
+(Aso+A14)5(t, N)é(0, M) (0, N)+Aa48(t, ) (0, M) (0, A) Ydt.

It follows from the result of V.A. Marchenko that the matrix A defines nondegenerate boundary conditions

if at least one of the following conditions hold:

Agy # 0.
Agq =0, A1g+ Asz2 # 0.

Axg =0, A1y + A3 =0, A31 #0
and the system of eigenfunctions and associated functions of the Sturm-Liouville problem represents a complete
system in the space Ly(0,1).
Let matrix A define degenerate boundary conditions, i.e.
Az =0, Ay + A3z =0, Az =0.
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Then, Lemma 2 implies
Ag (A) = (Ar2 + Aszq)

1 1 .
<1—|—/075dt/0'5sz(t)Q(z)c(z,)\)s(t,)\) pos
+ Q (1) s(t, \) {(A1a—A3z4) 5 (¢, \)}dt+

0.5
+ [ Q) c(t, ) {(A1at+Azs) e (2, A)}dt.

0.5

Since rankA = 2, it follows that A5 # 0.
Hence, for Ai5 # 0, it follows from the last relation that

B _ (g gy,

Atz
! ! etA) s [\
X (1—1—/075dt Oﬁsz(t)Q(z)c(z,)\)s(t,)\) c(20) B(=N) D
—0(1+0) 1 Q (t)s(t, N5 (¢, \)dt—
0.5
—0(1—0) 1 Q (t)c(t, \)e(t, Ndt

0.5

for some 6.
root functions in Ly(0,1). As in [4], we introduce the solutions of a homogeneous equation

In the case of degenerate boundary conditions, it is necessary to investigate completeness of the system of
—yP rq@)y=ry, 0<z<1

by formulas
_ c(x, ) s(x, )
@ (@) " Ua(e(:N)  Us(s(,A) ‘
_ | Uile( ) Ui(s(-A)
w2 @’A)—‘ cwn (o) ’
The following representations are also useful
B c(z,\) s(x,A) c(z, A s(x, A B
@i () ‘Ugm(-,m Us (3 ) ‘*'Um(,m Us (p( ) "
:{a c(z,N) s(x, ) ’—!—a c(z,A) s (x,A) ’}+
1 (1460)E0,0) (1—0)5(0,)) 211400, )) (1—60)s(0, N
Vet N st PRIV N I CPVRE (0P .
0 Jos| @) s ‘Q“){aﬂ —£(0,\) §(O,>\)‘ 20 70, \) —&(0, \) ‘} dt;
(e N = d g [ AHOEO0N) A=050.0) |, | 1+ (0, %) (1-0)s(0, A) ||
2z, A)=qaun| T Loy s (2, 0) ‘* 1zl s () ‘}
[T et N st o] N EEN | et (L)
O sl c@N) s ‘Q(“{ 00 5(0,0) ‘ 12| 500, A) —5(0, A) ‘} dt

Main result: Let .
T =MATzcsuppQ > 5 and Aoy =0, A1y + Azo =0, A3 = 0.
The system of eigenfunctions and associated functions of the two-point boundary value problem for the
Sturm-Liouville equation is complete in the space Lg(% T % + 7). The proof of the main result is carried out

by the method of V.A. Marchenko [4] with the involvement of some modifications.
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3.10. ®azynmun, B.E. Kanryxun, A.A. Ceurona

nddepeHnmaablK TeHAeyJIep YINiH MIeKapaJibIK
ecenTep/iH OPHBIKTHI aybITKYJIaphI

MakaJsraga Itypm-JluyBusn Teneyine akaysibl eMec eKiHYKTe Nl MeKapaJblK eCelTepIiH KIacTapbl KeHel-
Tinai. Kenefitisiren Kacka THICTI ecenmTepiH MEHITEKT] YKoHE KOCAJIKbI (DYHKIUSIAp Kyilesepi apHalbl
DYHKIIMOHAIIBIK KEHICTIKTEepAEe TOJIBIK 60aabl. ABTOpJIapMEH KYPACTBIPBLIFAH APHAMBI KEHICTIKTED
I rypm-JInyBus TeHaeyiHia, MOTEHIINAJBIHBIH, TACYIIBICHIHBIH, Y3bIHIBIFbIHA TOyesdi. Makaiamarsr HOTH-
xkesnep B.A. Mapuenkonbis 6esrisi »kericrikrepin kereiireni. [1Irypm-JIunyBuin Tenaeyine cofikec ekiHyK-
Tesl meKapaJblK, maprrap, B.A. Mapuenko 60ibIHINA, aKay bl YKOHE aKayJIbl eMeC IIETTIK mapTrapra 6eJi-
wveni. B.A. Mapuenkonbis Herisri Ty»KbIpbiMbl 60itbiamma, ITypm-JlnyBuiun Tenaeyine coiikec akaysibl eMec
IeKapaJIbIK, €CEIITEP/IiH, MEHIIKTI YKoHe KOCAJIKbBI (DYHKIUsIIAP Kyiteci apHaiibl PyHKIIMOHAIBIK, KEHICTIK-
Te TOJIBIK, Kyiie Kypaiiapl. B.A. Mapuenko 60iibIHINA, aKayIIbl IIEKAPAJIBIK, €CEIITEP/IIH apAChIHIA MEHITIKTI
JK9HE KOCAJIKBI (DYHKIMSLIAP XKyiiesepi apHailbl KEHICTIKTEPE TOJBIK, OOJIYbl MYMKIH €KEHIIl KOPCETLIreH.

Kiam cesdep: akbIpJibl 6OC eMeC YKUBIHTBIK, MEHIMKTI MOH, VITHYKTeNl IeKapaJjblK ecentep, Boabreppa
onepaTopJiaphbl, epekIle eMec IMeKapaJsbIK MapTTap.

3.10. ®azymun, B.E. Kanryxun, A.A. Ceurona

YcroituyuBble BO3MYHIEHUS TPAHUYHBIX 33a/1a4 JIJIs1
anddepeHImaJIbHbIX YpaBHEHT

B crarpe pacmupen Kjacc HEBBIPOXKJIEHHBIX JIBYXTOYEYHBIX I'DAHUYHBIX 33724 Jusd ypaBHeHus LlItypma-
JInyBuILIsI, UMEIOMKX TOJIHYIO CHCTEMY COOCTBEHHBIX W MIPUCOEIUHEHHBIX (DYHKINI B CIENUAIBHBIX PYHK-
[MOHAJIBHBIX TPOCTPAHCTBAX. ¥ KA3aHHDIE CIIEIUAIbHBIE IPOCTPAHCTBA 3aBUCSIT OT JJINHBI HOCUTEJIS IOTE€H-
nmasta ypasaenus: lrypma-JInysuiis. ChopmyaupoBaHHbIe Pe3ysIbTaThl YTOYHSIOT U3BECTHBIE PE3YJIbTa-
o1 B.A. Mapuenko. /IByxTodyeunbie Kpaesbie 3aja4u jjist ypasaenus: [1Itypma-JInyBusis geaarcs Ha Bbl-
POKJIEHHbIE U HEBBIPOXK,IeHHbIe, 110 B.A. Mapuenko, rpanudnbie ycsoBus. OcunoBHoil pesynbrar B.A. Map-
YEHKO yTBEPXKJIAET, YTO CUCTEMbI COOCTBEHHBIX M IIPUCOEIMHEHHBIX (DYHKIINI HEBBIPOXKIEHHBIX TPAHUYHBIX
sagau gy ypasaerus [lltypma-JluyBuiuiss B mpocTpaHCTBE KBaIPATUIHO CYMMUDPYEMBIX (DyHKIIHA 0Opa-
3yIOT TOJIHYIO cucrTeMy hyHKIM. ABTopamMu craTbu yTO4YHeH pesysibrar B.A. Mapuenko B cieyromem
Hanpasiennu. Cpeu BBIPOXK IEHHBIX MPAHNYHBIX 3384, 10 B.A. Map4ueHKo, UMEIOTCsI 38/1a49U C TIOJTHOMN CHC-
TeMOi COOCTBEHHBIX U MPUCOEINHEHHBIX (DYHKIIUN B IPOCTPAHCTBE KBAIPATHIHO CYyMMUPYEMBIX (DYHKITHIA.
Hanuuane cBoiicTBa MOTHOTHI 3aBUCUT OT JJIMHBI HOCUTEJNS MEPbl AHTUCHMMETPUU HOCHUTE ST MOTEHINAIA
ypasrenud llIrypma-JluyBusis.

Karoueswie ca06a: KOHETHOE HEIYCTOE MHOXKECTBO, COOCTBEHHOE 3HAUEHNE, TPEXTOUYEUHbIE KPAEBbIE 331N,
BOJIBTEPPOBBI OIIEPATOPBI, HEBBIPOXKJIEHHbIE I'PDAHUYHbBIE YCJIOBHS.
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