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The tri-harmonic Neumann problem

In this article investigated the tri-harmonic Neumann function for the unit dics. For harmonics functions
the Neumann’s boundary problem is well studied and solved under certain conditions through Neumann’s
function, sometimes it is also called Green’s function of the second order. Any case of finding of Green
function of the corresponding boundary value problem is very important for this or that area D as it
contains extensive information, allowing to write out a large number of analytical solutions in the form
of integrated ratios. At the same time the specified procedure makes the main difficulty at the solution
Dirichlet and Neumann problems and in an explicit form Green function is known only for a small number
of simple areas. The harmonics Green function with itself consistently leads to the subsequent polyharmonic
Green function which can be used to solve the subsequent Dirichlet problem for higher order of the Poisson
equation. Methods of integrated transformation have received tri-harmonic Neumann function in explicit
form for the unit disc of the complex plane with biharmonic Neumann function. With Neumann’s function
an integrated idea is given by development for the tri-harmonic operator. Above-mentioned polyharmonic
Green function for the unit disc gives rise to the solution some specific polyharmonic objective of Dirichlet
problem. In the same way harmonic Neumann function with itself consistently leads to the subsequent
polyharmonic Neumann function. Received in the present article result allows to expect interesting prospects
in further development of the analytical theory of boundary valua problems in complex analysis for the
equations of elliptic type.
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The Neumann function for the Laplacian of the unit disc is given as

Ni(z,¢) = —log (¢ = 2)(1 = zQ)|. (1)

This function are related to the fundamental solution of the Laplacian. The Neumann function on the
boundary satisfies

8,,ZN1(Z,C) = (z@z + Z@g)Nl(Z,C) = -2.

Neumann boundary conditions are given via outer normal derivatives 9,. For the unit disc this is

0y = 20, + Z03.

Typical for Neumann problems is that they are in general not well-posed. They are neither always solvable
nor uniquely solvable. As well solvability conditions have to be determined as normalization conditions to be
posed.

The bi-harmonic Neumann function has the form [1], [2].

12 LAk 4 (50)F
No(2.0) = 1€~ 22 log (¢ — )1 - 20 — 4] 44y B
k=2

log(1 — zf) n log(1 — z(¢)
2( zZC

1220+ 2] log 1 — 202 — (14 [2P)(1 + ) [
and satisfies the Neumann problem

0.0:Nz(z,¢) = N1(z,¢) in D for fixed ¢ € D;

0. No(2,¢) = 2(1 — [¢]*) on 0D for fixed ¢ € D

Cepust «Maremarukas. Ne 4(92)/2018 29



S. Burgumbayeva

and the normalization condition

1 dz
Mo, )% =0,

211 oD

Moreover, Ny is symmetric in z and ¢, Na(z,) = Na(¢, 2).
Theorem 1. The Neumann problem

(8235)210 = finD, d,w =y, 0,0,05w = v, on ID;

1 a¢ 1 ) % B
i Kl:lw(é)? = Co, 27”'/|<|—1w“(<) ¢ =

for f € L,(D,C), 2 < p, 7,7 € C(OD;C), cg, c1 € C is uniquely solvable if and only if

1 ¢ 2 )
— S o902 - ded
i L O =21 [ a—Ieraan
and
1 a2
— — = — dédn.
i [ 0T =2 /|<<1 F()dgdn
The solution is given as
d
W) =eo— (1= [sP)er+ g [ ANz C0(Q) + Nalz O ()} B -
I¢|=1 ¢
—— [ Nz s (Q)deen. 3)
[¢l<1
Definition. The Neumann-3 function for the unit disc D is
Na(z,€) = —1¢ = 21*1og (¢ — 2)(1 = 20 + ns (=), (4)

where n3(z, () is tri-harmonic in both variables with proper boundary behavior. The properties of the third
Neumann function are

0.0:Ng(2,¢) = Na(z,€) in D\{C} for ¢ € D;
BuNs(2,C) = —3 (1~ CP)? — 50, Na(2, ) on 0D for €,
where
0. No(2,¢) = 2(1 — |¢|*) on OD for ¢ € D,
so that
0. 00(.0) =~ | 51~ KPP+ (1= 6P)]

1 d
— Ng(z,g)fzomrgeﬂ);

211 |z|=1

NB(ZaC) = Ng(C,Z) for ZaC €D.

It is important that the normal derivative of N3(z,() with respect to z does depend on ¢ but not on z. In
order to find N3(z,() in a proper way some particular Neumann problems are investigated. We must calculate
function n3(z,¢). From a formula (3) we will express function:

a2 €) = Ny(2,€) + 11¢ — 2I* log (¢ — 2)(1 — 20) . o)
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We will prove some properties to which function (5) satisfies:

Doma(2,€) = 0:Na(2,¢) — (¢ — 2)(C— 2 log (¢ ~ 2)(1 — 20) -
1 af 1 ¢ .
—3/¢ 7l (g—z+1z§>’

azazTLS(Z,C) = N2(27C) + |< - Z|2 log |(C - Z)(]' - Z§)|2 + 2|< - Z‘2_

1 2 2 ! ! '
_§|§—z| (1 - )(1_24“—’—15()’

(angnﬁz¢3::6—(1—wc2)<1j254—1;i%>-—;(1—Id%2((1_tcp-+(1_2CV>,

for |z| =1 then

Buns(2,€) = —5 (1= [P (1= [CP) + 51 — 272 — 2C — 20) o (¢ — 2)(1 — 20) + 5] — =I%

0,0,0:n3(2,¢) =4(2 — 2 — 20) +2(2 — 2¢ — 20) log |1 — 2C|* — (1 — [¢]*)+
1 —_— 1-2¢ 1-2C
#3012 - - 20— (- 1) (s + 1

follows.
Next the first solvability conditions of Theorem is verified.

1 dz 2
— Oyns(z,)— =2¢; — = 1 — [2|%)8.0sn3(z, ¢)dxdy.
i | s 0T =20 = [ (1 o f0.0ems e, ey
At the beginning consider the left-hand side
1 dz 1 1
- 6,/ o = (1= 2\2 1— 2
i [ omte 0% =g [ =501 -0

_ _ d
316 52 = 50— 20)log (¢ — (1~ 20 + 51¢ - 51} £ =

= 5 (= [ = (1= [CP) + 3G + g1¢l* + 3lc+

1
S ICH T4l + ¢ = 0[P + [ - 1.

Also to solve the right-side of the condition, namely:

2¢; — z/ (1= |21*)0:0:n3(z, ¢)dady,
|z|<1

T
where
1 dz
c1 = % 2/=1 8265713(274.)? -
1 _
=— {Na(2,¢) +1¢ — 2[*log (¢ — 2)(1 — 20)|* +
2mi Jigl=1

5 1 9 9 1 1 dz
#I = 5P - 3l = P - 1P | o+ o | -
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= 4lCP 424 2CP — S (1 - 1CP) — 21— ICP) = TP + 1

and solving separately:

2= 000 oy =
|z|<1

™

- i/|z|<1(1 — 2P {6 — (1= 1P <1124 1 —12C> -

301 (s + () o =

=6—2(1—[¢]*) = (1= [¢]*)* = 3 +4[¢* — [¢*

it follows that

™

2
=2 [ (-0 e = 10+ T 1
<1
We have proved the validity of the first condition:

10[¢* + I¢I* = 1 =10J¢* + [¢|* — 1.

In the next step we verify the second solvability condition of Theorem 1:

1 dZ - z \2
i [ 200l 0F =2 /m(azaz) na (2, C)dady.
The left-hand side is
1 dz
% =1 8uaz82n3(za<-)7 =
1 _ _ _
=5 {4(2 — 2 —20) +2(2 — 2 — 20) log |1 — 2> — (1 — |¢))+
|z]=1
1 9 - o (1—=2¢C 1—-2( dz
30k — -2 - 1) (1o 1) £ -

=8+ 4[¢)* = (1 - [¢[*)? = (1= [¢) (1 = [¢*) = 6 +8[¢|* — 2[¢|".
Then evaluating the right-hand side of the condition shows

2/ (3235)2n3(z,g)dxdy =
[¢l<1

™

2 ()
516 (= + (g o =

— 12— 41— [¢2) — 2(1 — [¢2)> = 8+ 4[¢J* — 2+ 4[¢[ - 2/¢|* = 6+ 8I¢ P — 21|

Hence the second conditions is satisfied, i.e.

6+ 8|¢J* — 2I¢|* = 6 + 8|¢J* — 2[¢|*.

In order to find the solution of Theorem 1, we also must calculate
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1 c
Co = i et 713(270? =

1 Lo ) ¢

=5 [ {00+ jic-sttoslic - 0 - 08}

Evaluating this integral shows ¢y = 2|¢|? — 2|¢|*.
Thus we have verified all the necessary and sufficient conditions of solvability of Theorem 1. According to
Theorem 1 the function ng(z, () is given as [3]:

1

ma(a O =t (== gz | Moo+

Va2, 0,000} 7 = 1 [ Nl O Q) =

3 1 ~ =
= 20¢? = SI¢* + (1= [P+ 1) + /a_l { (log 1€ = 2)(1 = 20)%) x

(=50 =16 = (= I + 516 - G2 = o - 0o ¢ - 1 - EOP+

+;|<—<”|4)}d§+1./“_1{(5—z|2uog|<5—z><1—z5)|2—41+

¢ 473
+o0 Nk = \k - = — 3
+43° W +2(2C + 20) log |1 — 2> — (1 + [21*)(1 +[¢]?) [bg(lzézoJf
k=2
+log(lzczob (4(2 ~ -0 +22 - Olog 1 = CCP* — (1 - [¢))+

" ) 1-C¢ 1-¢C dc
o=@ =0~ (1= )<1—5C+1—§<>>} ¢
1 p 2 c : )k
1 — 2120 1—2(0) 4
(-

+2(2C + 20) log [1 — 282 — (1+ |2 (1 + [¢?) [lg“g%
z

10g(1—z() 2 1 L)
L D(G (1 lg)<1—€:€+1—§§>

L e 1 1
5 (1= 1<) ((1_5C>2+(1C©2>>}d£dn (6)

Then (6) we will insert in (4), from here we will receive [4]:

Ny(2,0) = —51¢ — 2/ Tog (¢ — 2)(1 — 2O + a5, 0) = & (11 +1a1") +5 (I +1) (12 +1) +

+2 (ICI2 +12* + 6) + i (|<|2 - 1) (|z|2 . 1) (2¢ + 20) + |< —2*lo ‘ : ZZC

=2 (e 2) (16 +2) + 5 (11t 1) o1 - o +
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5 (e 1) (14 1) (1 + 1) +4 (1P + 128 +2) |

log (1 — 2¢) n log (1 - ZQ:) B
z¢ ¢

1/ 4 4 log(1—2¢) log(1—2() 1 1]
—— ||z 1 1 B
) () | B Tt
= 1"+ 1) (121 + 1 o2 2 R,
Z{ [ 1+1)° ( (l)+(2)2 ) - |(l++41§‘|3 +6] {(ZOH HZC)ZH_}’ »¢eD. (7)
0

Theorem 2. The tri-harmonic Neumann problem

(0,0:)*w = finD, f € L,(D;C), 2 < p< +o0;

auw =70, al/azaiu) =M ay(azai)zw = 7y2 on aDa Yo, Y1, Y2 € C(a]D)v(C)a
satisfying

1 d¢ 1

L oL i _
3wt OF = 5 [ 20O = 5 [ @00 = e

is uniquely solvable if and only if

1 d 1 d 1 1
o [ w©F =20 - g [ @2 [ (=12 3) s

21t Jap

L[ 0% _61_262_2/(1_ (C2)£(C)dédn

21t Jap ¢

and

1 i 2
o | 1O =2 [ 5(@azan

21t Jop

The solution is given as

w(z) = co - ex(1— |2f%) — 3 (i(lm 301 + g [ im0+

+ Na(2,Om(Q) + Na(z, Ona(O)} = - L / F(O)Ny(=, ) dédn.

Proof. Rewriting the Neumann-3 problem as the system

(8285)210 =winD, d,w = 7y, 8,0,0:w = v, on ID;

L. ’U.)(C)% = Cp, L/ 8@‘8&U](C)% =C1

2mi Jop ¢ 27 Jop ¢

and

0,0;w = finD, ,w = 72 on ID, 212/ W(C)%

202

leads to the solvability conditions
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1 dc P
o | WOF fzcl——/(lf 1¢[2)e(C)dedn (8)
and
RS ac _ 2
57 [ 10T =2 [ w(odean Q

The solution then is

w(z) = o= (= ls)er + 5 [ Go(OM(E 0 +n(ONa(z.0} T
1
2 [ wloma(e dsan (10)

N 1 . 5d¢ 1 NN
w@=ert g [ wOM@OT - [ M Oracdn
Inserting w into the (8)-(9) conditions gives

1

211 oD

S _on Y [ e 1 F - dC
'YO(C)C =2c; 7T/]])(1 1q ){62+4ﬂi /8]])72(()1\71((705

1 / NGO S dfdn} ded

1.\ 1
(1—2|C|> e

W) = o= (1= P - ex (3 [ Moo aan) + 1 [ oMtz 0+

with

N =

= [ a1 e =
T JD

Then inserting w into (10) shows

d d
NONOYE — 1 [ 0@ [ M OM( daeinr

1 1 . i
i [ 1@ [ M€ ONa(e. e
So,we get

w(z) = e~ er(1 ~ [2) ~ o3 (i<1—|z|2>2 31-1P) + 1 [ (0w

Moz Om(C) + Na(z, Oy —W/f )Nz, ) dedn,

where Ni(z,(), Na(z,¢), N3(z () are given (1), (2) and (7) respectively.
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C.K. Byprymbaena

Tpurapmonukajbik HeilimaH ecebi

Jlamtac TeHaeyi THECI] SJIUIITHKAJIBIK TUIITEC TeHIeyIepi DU3UKAIIBIK KOJJAHBLIYIaPhl MAHBI3IbI POJI ATKA-
pazel. OJtapra CBIFBLIMANTBIH CYHBIKTBHIKTHIH, BIKTUMAJ KO3FAJIBICHI, JIEKTPCTATUKAJIBIK, OPICTIH MOTEHIHA~
JIBI, CTAIIOHAD KLY, JUMQY3UAIBIK yaepicTep, OpICTiH IMOTEHIINAJ Opici, adpOMeXaHUKAHBIH Macesesepi
Karaapl. EKiHII peTTi ChI3BIKTBIK, SJIIUNITAKAJIBIK TeHJIeyaepi YImiH, oHblH iminge Jlammac Tewueyi yimin
Hupuxite >xone Heitman ecenrepi Heriari mekTik ecenrrep 60T TabbLTA b BYJT MEKTIK ecenTep/iH HaKTh
mrenrimiepid Taby yImiH opTypJi aHAJIATHKAJIBIK dicTep 6ap, MbIcajFa, HHTErPAJIIbIK TeHJIeyaep dJicTepi,
MHTErPaJIIbIK, TYPJEHIIPY 9aicTepi, OeitHesey oici »koHe T.c.c. Bepinren D ob6JbIchl yuriH THicTi mexkTik
ecerrrifg, ['pun QyHKIUACHIH Tabyma Ke3 KeJITeH Karaalbl ©Te MaHbI3IbI, ce0ebi 01 KOTEreH aHATUTHKAJIBIK,
MIENMIep/[i MHTErPAJIJILIK TYPJACHIIPY TYPIHIE »Ka3yra MYMKIHIAIK OepeTiH ayKbIMIbl aKIapaT CAKTANIbI.
Avrsurran onicrep lupuxiie »xone Heliman ecenrepin 1mentyze Herisri KUbIHABIKTAD TYFbI3abl 2KoHe [ puH
(DYHKIUSICHIHBIH, affKBIH TYPETi memnriMi KapamaiibiM obsibicTap yimiH 6esrim. Bipaik menbepi yrmia ['pun
dyaKIuscy agram per AnMansu eHOekTepiHge menriMin TankaH, Oy HoTtmxke npuxiie ecebin memnryme
aJIPaIKbl Ka1aM/IapbIHbIH 6ipi 6osibin canastaasl. COHbIMEH KOca IMOpH L GUrapMOHUKAJBIK, [ puH dyHKImsI-
col Typadiel I Berep enbexrepine ke3aecemi xkoue ['puH hyHKIIUSCHIHBIE THOPU, TTOJIUTAPMOHUKAJIBIK, TYP-
JIepiHiH opTypJIi OoIybl eHbekTepine Ke3aeceai. Makajia aBTopbl TpUrapMoHUKAJBIK Heliman ecebin 6ipiiik
menbepne 3eprrered. Heiiman ecebi rapMOHUKAJIBIK (DYHKIMIAD YIIH »KaKChl 3epTTesireH koHe Heitman
GYHKIUSICHI apKBLIbBI HAKTHI MApPTTap/a IIelIiiren, Keiibip xarmaitaapaa Oy MYHKIUSHBI eKiHIm peTTi
I'pun dyukmusicer gen araitast. Tpurapmonunkanbik Heiiman dyHKIusicbl burapMmonunkasbik, Heiiman ¢yHK-
[USICBIMEH KeIlleH YKa3bIKTBIKTHIH, GipJIiK IeHbepiHIe ailkbiH Typ/ie Tabburan. Heliman OyHKIUSICHIMEH UH-
TerpaJiIbIK KOPIHICI TPUrapMOHUKAJIBIK ONMEPATOP/IBIH JaMybIHA KOJT Oepemi. Makaiata aJblHFAH HOTHZKE
JUINNIITUKAJIBIK, TEH/IEYJIED YIIIIH MIEKAPAJIBIK €CENITEP/IiH aHATUTUKAJIBIK, TEOPUSICHIH dOpi Kapail JaMbITY/IbIH
KBI3BIKTHI Hos1aareiH 602KayFa MYMKIHIIK Gepesi.

Kiam cesdep: Hetiman dyurnusicer, ['pun GyHKIUACH, TaApMOHUKAJBIK, QYHKINS, IOTeHIHA, opic, Jupux-
Jte eceOi.

C.K. Byprymbaena

Tpurapmonnveckasi 3aga4da Heiimana

B crarwe uccnenoana TpurapMmonundeckasi pyHknust Heiimana Ha eaquHUYHON OKpyzKkHOCTH. JIj1sT rapmo-
HudecKnx GyHKImil 3amada Heiimana Xopormo m3ydeHa W pPeIleHa MPHU OMPEIETEHHBIX YCIOBUSX dYepe3
byukuio Heiimana, mHOrma ee takrke HasbiBaloT GdyHKIWell ['puna BTOporo mopsiiaka. Beakwnit ciydait
HaxXOXKJeHusl (PYHKIUN ['puHA COOTBETCTBYIOIIEH KpaeBoil 3aja4un sl Toi miu uHOM obyactu D Becbma
BaXKE€H, TaK KaK COJEPXKUT OOITUPHYIO MH(MOPMAITHIO, TIO3BOJIsIsI BBITACATH OOJIBINOE 9UCJIO AHATUTUIECKUAX
pelleHnii B BUJe HHTEIPAIBHBIX COOTHOIIIEHU. B To 2Ke BpeMs yKazaHHas IIPOIELyPa COCTABIISET OCHOBHYIO
TPYJIHOCTb TpU perennn 3aaa4d Jlupuxite u Heitmana, u B ssBHOM Buje (yHknusi ['prHa u3BecTHA TOJBKO
71t HeOOJIBINIOr0 YHCJIa MPOCTBIX objacreit. ['apMmonnveckast dyukmus ['puna ¢ coboit mocsiemoBaTebHO
NIPUBOJIAT K IIOCJIEAYIOIIEH MOJUTrapMOHUYECKOH (yHKuum ['puHa, KOTOpas MOXKET HCIOJIB30BATHCS It
peleHus nocseayroeit npobsemsl upuxie ajst 6ostee BbIcOKOro mopsinka ypasHenust Ilyaccona. Mero-
JaMF WHTErPAJBHOTO MPpeobpa30BaHms MOIYIeHa TpUrapMonndeckas oyHkius Heiimana B SBHOM Bujie Ha
€IMHUYHONW OKPY>KHOCTU KOMILJIEKCHOM IIJIOCKOCTH ¢ burapmMoHmdeckoit ¢pyukmnueit Heiimana. C dyHnkimeit
Heiimana nHTErpasibHOE IpEJICTABICHNAE TAET PA3BUTHUE I TPUTAPMOHUYECKOTO OIEePaTopa. Y IOMIHYTasd
BBIIIIE IOJIUTApMOHNYIECKast pyHKIns ['prHa HA e IMHUYIHON OKPY?KHOCTH TA€T HAYAJIO PEIIEHUIO0 HEKOTOPOt
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KOHKPETHOH mosmrapMonndeckoit 3amadn Jupuxiae. Touno Tak ke rapmonmdeckas gpyukius Heiimana c
CcO0OI TIOC/IeOBATEILHO IPUBOIUAT K MOCJIEIYIOMIeH mourapMonndeckoi byukiun Heiimana. ITosryaeHubrin
aBTOPOM Pe3yJIbTaT M03BOJISIET MIPEJIBUJIETh NHTEPECHBIE [TEPCIEKTUBLI B JaJbHENIIEM PA3BUTUU aHAJINTH-
9eCKOM Teopruu KPaeBbIX 33729 B KOMIIJIEKCHOM aHAJIN3€e Jjisl YPABHEHUN SJIIUIITHIECKOTO THUIIA.

Kmouesvie caosa: dynkius Hettmana, dyukmus ['puna, rapmonndeckast GyHKIUS, TOTEHIIAAT, TOJIE, 3a-
nada dupuxire.

Cepust «Maremarukas. Ne 4(92)/2018

37





