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Maximal regularity and compactness conditions for a high
order system of difference equations

In this paper we study an infinite linear system of difference equations of high even order with the right-
hand side from the Hilbert space of numerical sequences. Sequences formed from the coefficients of the
equations of the system for the same orders of difference can be unlimited, and their growth may not
be subject to the growth of the potential. The previously developed methods, which essentially use the
dominant potential growth in the difference systems of Sturm-Liouville type equations, do not pass here,
since In the case under consideration, the potential may turn out to be zero, or not having a definite sign
by a sequence. We give conditions for the correct solvability of the system, as well as optimal estimates of
the norms of the solution and its differences up to the highest order. Conditions for the compactness of
the resolvent of the corresponding system of a degenerate operator are obtained. We prove some difference
weight inequalities of Hardy type having independent scientific interest. They are used in the proof of the
main results of the paper. It is shown that, in comparison with degenerate differential equations, in the
case of a difference system, it is possible to remove the condition for oscillations of the coefficients of the
system.

Keywords: difference system, intermediate coefficient, correctness of solution, maximum regularity, com-
pactness of resolution.

1 Introduction and main results

The present paper is devoted to the study of the correct solvability and differential properties of the solution
of the following high order infinite system of difference equations:

2n—1
Loy = A®Vy 4 A=Y 4 sAC=Ty 4 3 (Q“)A@”*j’”y + P(”m) =/, (1.1)

j=1

where

Y= o Ay = Yoan — Uk APy = A_ALyr = yri1 — 2uk +ye—1 (K € Z),
ARy = ADARS=2)y  ACs=Dy — AL ARAR) A (5e N,
(s—1)
and

r= {dlag, Tjj}j;.o—ocﬂ S = {dlag, Sjj};_;ioo,
Q¥ = {diag,¢\)} 1>, PO ={diag.p\?} >, 0=T2n—1
are given diagonal matrices, f € ls.

Many dynamic problems in practice, according to the nature of the formulation, are given either to differential
equations, or to infinite difference systems, or to differential-difference equations. Functional analysis accelerated
the development of the theory of infinite systems of difference equations. Recently, much attention is paid to
the study of differential equations and second-order systems with unlimited intermediate coeflicients, in view
of their important applications. In addition, questions of modeling the propagation of vibrations in viscoelastic
and compressible media [1, 2], as well as some problems in the theory of stochastic processes and stochastic
differential equations [3-6] lead to them. Known representatives of such equations are, for example, the Fokker-
Planck equation and the Oinstein-Uhlenbeck equation used to describe the Brownian motion. Along with this,
a number of issues of the solution of second-order systems depend on infinite higher-order difference equations.
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We present the main results of this paper. Let 1 < p < oo, % + ; =1 and v = {diag,u,

77/__007
v = {diag, v, };7>° __, sequence of real numbers. We introduce the following notations.
1 i
n P +o0 o , p’
Tm,u,v = sup Z ‘uj|p Z (j(m—l)p ) |Uj|7p ;
n=0,1,2,... - —
7=0 j=n
1 a1
0 P T »’
i —1)p’ o
T =00 [ g || D0 BT o)
<0 J=T Jj=—00
Tm,u,v = q/max [(Tm,u,v)p ) (T,%,uw)p], (m =2,3,... ) .
We denote by 1 the set of all finite sequences of real numbers.
Definition 1.1. y = {y;} 1 =2 € lz is called a solution of the system (1.1), if there exists a sequence
{2z} F> ¢ I such that [|z® — ylly — 0, |Loz® — flls — 0 (k — +oo)
Theorem 1.1. Let the sequences 7 = {T”}jffoo, = {sj; } % 122 e QW = {q J_foo, PO) = {p” J_ioo;
(6 =1,2n — 1) satisty the following conditions:
max ('YQn—l,e,Fz ’7‘97@(@,;, 79’§(9)7;) < o0 (0 =1,2n— 1), (12)
1
sii| < aoaqri; € Z 0<a; < ——, 1.3
| JJ| = G1l5y (j )7 1 5\5 ( )

where e = {e,},/>° , e, = 1 Vn € Z. Then there exists a unique solution of the system (1.1). Furthermore, the
solution satisfies the following estimate:

o], + o=y, + 20 +

2n—1
4 Z (HQ(J')A(anjfl)yH + Hp(j)A(znqu)yH ) < C1 | Loyll, (1.4)
2 2
j=1
We denote by L the closure in I5 of the following difference expression
2n—1
Loy = A2ny+rA(2n—1)y+ SA(T_Dy-i- Z (Q(j)A(Qn_j_l)y-l-P(j)m> 7

j=1

originally defined on a set 1 of all finite sequences. If the conditions of Theorem 1.1 hold, then there exists
an inverse operator L=! to L and it is continuous. The following assertion is important in questions of the
approximate solution of the system (1.1).

Theorem 1.2. Let all of the conditions of Theorem 1.1 be satisfied and

+oo
. —2 o .
nh_)rrgo n-erj =0; (1.5)
j=n
k
. —21 _
kl;rrgo k- Z ri; ] =0. (1.6)
j=—o00

Then the operator L_; is compact in space [o.

First part of this paper is devoted to study of the new difference weighted Hardy inequalities. In the second
part, we apply this results together with the operator methods and theorems on small perturbations, to the
proof of Theorems 1.1 and 1.2. A review of previous results obtained in these directions is contained in [7]. When
n =1 and h = 1, Theorem 1.1 coincides with the results of [7]. In the case of higher-order elliptic differential
equations, the question of maximal regularity (coercivity) was considered in [8, 9]. One of the achievements
of Theorem 1.1 obtained for the difference analogue of these equations, is that it removes the restriction on
the oscillations of the coefficients. Qualitative research on systems of infinite difference equations can be found
in 7, 10] and references therein, and the weight inequalities associated with these systems and questions of
compactness in Sobolev difference spaces can be found in [11, 12].
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2 Some weighted difference inequalities

Let I, = {{w,}}> _el: we = 0,Vk < 0}

Lemma 2.1. Let y = {yn }." €1, , and the numbers P,k (s€ N, k=0,1,2,...) are defined as follows:

k(k+1)
Ply=1,Pop =k P3)= (7 ZPm 1, (m=4,5,...). (2.1)
Then holds the following equality:
yn—ZPmk (=AM (n=0,1,2,...), (2.2)

where m — is a fixed natural number.
Proof. Let {ax} € l4. If

+oo
Yn = E Ak,
k=n

then a,, = —Ay,,. Therefore,
“+o0

U= (-A)yp (n=0,1,2,...). (2.3)
k=n
If we put —Ayx = 2k, then by (2.3)
+oo
2z = Z (—A) z
s=k
From here
+oo +o0o ) +oco s 2)
=3 > Ay =3 () Py, =
k=n s=k s=n k=n

= Z(s —n) (—A)(Q) Ys, n>1.

Continuing this process, we obtain equalities (2.1) and (2.2). The lemma is proved.
We take the sequence v = {vj}j:og, v; #0(j=0,1,...). We denote by H,()kg (1 <p< oo,k € N) the space
with a norm

+oo » >
lall g, = (Z ooV ) (a={a:}13).

Lemma 2.2. If y = {y, }.\ € l+ and (m € N), then

n=—oo

1
7/

sup n|_<Z|PmM|> (n=0,1,2,...,). (2.4)

— =1

Proof. From (2.2) by Holder inequality:

e 1 N 1
—p v =3 p v x ’ ! v’
lyn| < (Z i k—n log| P > <Z ok |” ’(—A)(m) yk’ ) < <Z Pf:l ke | VK] p > ||y||ﬁz()rr;) )
k=n =

SO

P

sup  [yn| < (Z moki—n | VK| p) - (2.5)

oy =1
Hyl\Hé@
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We choose the sequence § = {yfﬂ}j':og by the equalities:

Ay g = Phatalul G € N N Z 1 26)
0, ¢ [n, N
Then by (2.2) ¥ ; = Zi\;j Prs—j (Pm,s,j)p/_1 |vs|_p/ ,and when j = n
N / ’
gn,n = Z P’IIT)L,S—’IL |US|_p . (27)
Further
N 7 ’ V4 N ( ’ 1) (1 /) N 7 ’
—1 — —_ — —
1%y = 7 [losl (Pocty ool ™) |7 = S0 PE P fo O = ST P2
By this equality and (2.7),
1
. N ’ 7 N o7
sup |yn‘ > |yn,n| _ Zszn PgL,s—n |U9| p _ <Z Pp, |Us|_p/> (2 8)
= = 1 m,s—n . °
Il grgmy =1 1Yl 7¢m) [ZN pr mrp/} » ot

s=n T m,s—n

From (2.8) and (2.5), since N is any number not less than n+1 , we obtain (2.4). The lemma is proved. Consider
the sum S, (n) =1"+2"+ ...+ (n—=1)" +n"™ (m,n=1,2,...).
Lemma 2.3. f myn =1,2,...,n > 2m + 1, then the following inequalities hold:

1 1

T (n+1)"" <8, (n) < e ™ (2.9)
Proof. Equalities S1(n) = %, Sa(n) = w and
Chi1Sm(n) = (n+ 1) = C2 18, 1(n) — C3 1 Sm—a(n) — -+ — C 2 S3(n)—
—C 1 Sa(n) — Cl  Si(n) —n — 1; (2.10)
Cp = T!(kkir)! (k,r € N,k >r) are well known. By (2.10):
Sm(n) < ol (n 4 1)m+, (2.11)

The lower estimate for S, (n) follows easily from (2.10) and (2.11). The lemma is proved.
Lemma 2.4. If s>n>2m+1, m>2 (m,n,s € N), then

1

m( s—n+m—2)""L (2.12)

s_n+m_2>m_1§Pm,sfn§

1
(m—l)!(

Proof. If m = 2, then P, s_, = s — n and is satisfied (2.12). Suppose that (2.12) holds for m = k:
;i('— +k—2F1<P <$i('— +k—2)F!
1020k — 1)1 &V " = Theon = G Ty 2V T ‘

Jj=n j=n

Then by Lemma 2.1,

1
Sk-1(s —n+k—2) s—n+k-2)F1<

10F-2(k — 1) T 10F2(k — 1)!(

1
(5777/‘}’]{72)]671 :WSk_1(57n+k72)

S Pk—i—l,s—n S

1
(k—1)!
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By inequality (2.9), we have

1
(s—n4+k—1)F"<Pij1sn<—(s—n+k-1)"

1
10k—1k! k!

Thus, inequalities (2.12) also hold, when m = k+ 1. The principle of mathematical induction proves the lemma.
From (2.12), since m is a fixed number, we obtain the following assertion.
Corollary 2.1. If m > 2 | then there exists a positive number jg , that for all j > jo the following inequalities
hold
At < Py < Baj™h, (2.13)

where A, and B, are positive constants.
Theorem 2.1. Let 1 <p < oo, 1/p+1/p' =1, m > 2 and

n P +oo » p
_ P {(m—1)p’ —p’
Tup = SUp g || g (]( » > lvj] < 0.
n=0,1,2,... \ <= —
7=0 Jj=n

Then

1
+o00 P
(z |unyn|p) < Covan (Z boo
n=0 n=0

In addition, if Cy, 4, is the smallest constant satisfying (2.14), then

m p\” - ~
v (—A) ™y, ) VY = {Yntneo € 1y (2.14)

1
7

1
A+T0,m,u,u < Cm,u,v < B+p" (p/)p Tm,u,vv (215)
where )
n P “+o00 o »’
. —1)p’ !
Tomouw = 3%1)2 Z |uj |P Z ((] _ n)(m )p ) |vj‘ p
n=0,1,2,... \ 750 j=n

and A4 u B, are constants in (2.13).
Proof. It suffices to verify that inequalities (2.15) hold. If we use (2.2), (2.13) and the well-known weighted
difference Hardy type theorem [11]

() - £

n=0 n=0

N
) -

“+o00
3 Jos=a)y,
7=0

“+oo
Un Y Prgvy, ! (Uk(_A)(m)yk)
k=n

S

1 1 ' ~ ,
<pr @) s D ful” )| D [P
=0,1,2,... j=n

o’

P
<

P
.
o

+oo
1
< Biprp'V T | D 05 (=2) ;"
=0

This implies the right-hand inequality in (2.15). Now we prove the left-hand inequality in (2.15). For the
numbers Y, (n =0,1,...) chosen above, by virtue of (2.7), we have

—+o00 “+o00 N , , P n N / ’ i
S Gl =D lunl DO PE TP > Zwl”< D . vsr’”) .
n=0 n=0 s=n 7=0

s=n-+1
And by (2.2) and (2.6),

N N N
~ 1P '_1 L ’ o
19100 = S [l AR = 3 1ol Pase) T P = 3 (Prsn) oo
P s=n+1 s=n+1 s=n+1
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Consequently

n N Pt
P > Z \uj|p ( Z (Pm,s—n)_p ) ’ H?j”%;(’m) :
i=0 N

s=n+1

400
Z |ungn,n
n=0

According to our choice, N is any positive integer. Therefore, by (2.14), we obtain the estimate A Tj m uv <
< Cpyu,v- The theorem is proved.

Let Iy = {{w,}}° . €l:wp =0 Vk > 0}. The following assertion is proved similarly to Lemma 2.1 and
Lemma 2.4. B

Lemma 2.5.ff m >2,n < —m —1,j <n (m,n,j € Z), then for each y = {y,}°___ € [_ the following
equality holds:

o = (1" 3 P (=8) "™ yi(n € 2),
Jj=—00

where P, _ ,—; (m=1,2,...) are defined by

Ployj=1Ponj=) Pt j(k=23..)

s=j

and they satisfy the following estimates:

1 _ _
(n—j4+m=2)""" <Py _ ;< (n—j+m-2"""

1071 (m = 1)! < i

Corollary 2.2. If m > 2 , then there exists a number jo < 0, such that for all j < jo hold the following
inequalities:
A|jI" T < Py < BT (2.16)

where and are positive constants.
We denote by HIS",} the space with the norm

1
0 P
p
alig<k>=< > |vsaWay ) (a={as}o o).
p,v

§=—00

Using Lemma 2.5 we prove the following assertion. Lemma 2.6. Let y = {y,}°___ €l . Then

—o00
1
7

n P
sup  |yn| = ( Z |Pr— s’ vsp> (n=0,-1,-2,...).

Hyl\f{\é%):l s=—o00

Theorem 2.2 Let 1 <p <oo, 1/p+1/p' =1, m > 2 and

7

.
) 1 ’ !
ST | <

j=—c0

p

0
1" _ 2 : P
Tm,u,v = sup ‘uj|
T7<0 —
J=T

0

Then for y = {yntp__ € I_ the following inequality holds:

0 } }
<Z |unyn|p> g(Jl( 7 0jon (=) ™y, ) . (2.17)

n—=—oo

In addition, if C1 is the smallest constant satisfying (2.17), then

1
S Cl S B—p% (p,) v T#L,u,v'

A_T//

0,m,u,v
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Here A_ and B_ are constants in (2.16), and where

o=

0
T//

. 1)y’ .
0,m,u,v sup Z|uj|p Z |(T_]|(m » |Uj| b

n=0,—-1,-2,... \ % ,
j=T j=—00

This theorem is proved on the basis of Theorem 2.1, by performing some simple substitutions. We introduce
the notations

Ym,u,v,B = </max [(BJrTm}u,v)p; (B Tylyll u v) ]

and

fymuvB_\/mln AJ,-TOmu’U) 7(A T(l)/muv)p:l’

where A, , By ,A_, B_ are constants in (2.13) and (2.16).
Theorem 2.3 Let the sequences u,v satisfy the condition v v, < 0o . Then for y; € I the folloving
inequalities hold:

+oo +o00 »
7wyl leqCy 0y Y ’%‘A(m)yj‘ : (2.18)
j=—o0 j=—00

In addition, if Co 4, 4. is a smallest constant for which (2.18) is true, then

Vst < Coomnw < P77 ) A, (2.19)
Proof. By Theorem 2.1 and Theorem 2.2, we obtain estimates (2.14) and (2.17)
+oo
n=0
and
—1
p

UnA(m)yn

Z \unyn\ leqolmuv Z

j=—00 n=-—o0

Summing them, we have (2.18). Now we estimate C5 ,, 4. . According to (2.14) and (2.17),
0

™= AP P m P L, P
> Junyal” < |Bypr ()7 Tm,u,v] S o (=)™ g |+ [B—pﬁ () Tlr'l} >

Jj=—00 n=0 n=-—oo

UnA(m)yn "

UnA(m)yn

kS —1
S pp (p,)p rYTP;L’uﬂhB Z

n—=—oo

) 1 -1
In this way, Com.uw < PP (1) Ym,u.w,B-

By Theorem 2.1 and Theorem 2.2, respectively, Cr w0 > T0,m,u,0 a0d Ci 0 > T

= ;1 Uy MU,V = = 0,m,u,v

€1_ and 6 = {6}/ € I} such that

. In other words,

there are sequences z = {z, }._

—1 —1
p
Z |Unzn‘ (A T(;/mu 1})p Z UnA(m)Zn 5
+oo —+oo p
Z |un6n|p Z (AJrT‘(),m,u,v)p Z ’vnA(m)en‘
n=0 n=0
Then, denoting zj, = 0y (k=0,1,...), for 2 = {z,},7>° € 1, we obtain
+o00 400 —1 p
S funzal” 2 (A Tomun)” 3 [ond™ 2] 4 (AT, 00" S [ona™e,
n=—oo n=0 n=-—oo
00 P
> (ly:n,u,v,A)p Z ’UHA(m)Zn‘
n=—o0

This implies the left-hand inequality in (2.19). The theorem is proved.
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8 Coercive estimates for a degenerate system of difference equations

Consider the following system
loy; = A"y + 1, A"y, = Fyj € Z. (3.1)

Let y = {y;}© = €. From (3.1) we obtain

ZA2nyj A2n 1yj+zrjj AQn 1 Zlﬂyj r]AQ" 1 (32)

JjEZ JjE€EZ jE€Z

Putting A"~ ly; = z; , we rewrite this equality in the folloving form:

ZA,ZJ'-Z]'-FZTJ‘ ?ZZloyj~Zj7

jez jez JjEZ

It is easy to see that the expression A =3, , A_z; - z; satisfies the equality A =3, , [A_zj]2 — A, so

Jj€Z
1 1
A= ) Z [A_z) = ) Z [AQnyj]Q
i€z i€z

Then (3.2) implies the following estimate:

[N
S

%Z (A2 ]+ 3 gy (At < (S [%r > [\/@A(Q"_l)yjr ; (3.3)

jez jez jez

in particular,

N
N

A

9 2
S [vmatiy)t| < Z{zoyj\/%}

jez jez
Using this inequality and condition r;; > 1, from (3.3) we have

%Z (22017 3 vy [A2 11 <3 Tloyy). (3.4)

j€zZ j€zZ Jj€Z

Then, in view of (3.1),

Z 7“]2‘3‘ [AQn—l Z loy]
€z

JjEZ
From this and (3.4)
(2n) 2 (2n—1) 2 2
|aey| + [ratn=2y|” < 5oy,

then ~
]l <5, v o

We put 7 = {r;; }7°° . If y9,_1 7 < 00, then by Theorem 2.3,

j=—00

lylly < 2v2n—1,e7

rA(Q”_l)yHQ ,Y € l.
Taking this into account, from (3.5) we obtain
|a@y|| +[ra® Dy + iyl < (2920107 + VIO) lloyllyy € T (3.6)

The following assertion is proved by a standard method.
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Lemma 3.1. Let rj; > 1 (j € Z) and v2y,—1,¢7 < 00 . Then the operator Iy (D(lp) =) corresponding to the
system (3.1) is closable in the norm of I . We denote by [ the closure of Iy in ls .

Lemma 3.2. Let r;; > 1 (j € Z) and y2p—1,7 < o0 . Then the inequality (3.6) holds for each y € D(1).

Proof If y € D(1) , then there exists a sequence {y(k)}z';l such that

Hy(k) - sz =0 Hloy(’“) B lyH2 =0

as k — o0o. According to (3.6)

o ol o] e ) o

2n) - (2n)

We denote by @$>™ the completion of 7 in the norm [[v[|, = [AC™ ||, + [[rAC Do, + |Jvlly . by ™ is a
difference Sobolev space with weight. By (3.7), for Vk,m € N we obtain

-y, = (v vE) i -6

Consequently, the sequence {y(’“)}g":1 € 1 is fundamental in a Banach space wf") , s0, there exists an

element v € w22n) such that Hy(k) - va — 0 (k — 00) . According to our choice Hly(k) - ZyH2 =0 (k— ).
Then v € D(I) and ly = lv . By (3.7),

ol < (292010 + VIO) 0]y = (220-1,0.7 + VI0) iyl (3.8)

Therefore D(1) C wéQn) . In this way, y € wé%)

lemma is proved.

Definition 3.1. The element y = {y; j;’ioo is called a solution of the system (3.1), if there is a sequence

and v = y . Then by (3.8), we obtain the inequality (3.6). The

{2172 such that the following relations are satisfied:

z(k)fyH — 0,
2

loz(’“)*FH — 0, (k — 400).
2

It’s clear that y = {yjh}jt’ioo € Iy is a solution of (3.1) if and only if y € D(l) and ly = f.
Theorem 3.1. Let n > 2 , and the sequence 7 = {rjj}j';“ioo satisfies the conditions r;; > 1 (j € Z) and
Yan—1,e,7 < 00 . Then the system (3.1) has a unique solution y € I . In addition, for the solution y holds (3.6).
Proof. By lemma 3.2 and Definition 3.1, the inequality (3.6) holds for a solution of (3.1). The solution of
the system (3.1) is unique. In fact, if z1, 2o € Iy are two solutions of (3.1), then for w = z; — 2o we have lw =0
. By (3.6), ||w|ly =0, so z; = z; . Now we will prove that the solution of the system (3.1) does exist. It suffices
to show that R(l) = lo . Assume the contrary, let R(l) # Iy . Then there exists an element v € Iy R(l), v # 0 ,

such that (lpy,v) = 0Vy € D(lp) . Since the set D(lp) = is dense in I3 , we have
ACYy, — AP (pii0) = 0,V € Z. (3.9)
By choice, v € I, therefore, lim;|_, |vj\2 = 0. Consequently Ve > 0, 3jo :V7 > jo |A(2”)vj| < e. Then by (3.9)
A= (rj;v;) =0.
According to the conditions imposed on the sequence r = {rjj}a.‘ffoo , the solution of this equation belonging
to ls , is only v = 0 . We obtain the contradiction. The theorem is proved.

4 Proofs of the main theorems

Proof of Theorem 1.1. By condition (1.2), hold (1.3). Then by Theorem 3.1, the minimal closed operator I
in Iy defined by equality ly = A®y + AR~y s continuously invertible and (3.5) holds for each y € D(l).
In view of (3.5) and (1.3)

HSA@”*l)yHQ < ag HTA(2”71)yH2 < 5V2a4 HlyH2 (4.1)
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Then, by (1.3), (4.1) and the well-known theorem on small perturbations, lAy =y + sA(27"=1)y is an closed and
continuously invertible operator. And for y € D(I) holds the inequality

Jatmu, +

TA(%*I)yH +
2

SA(Q"*UyH < 5V2(1 4 ay) HlyH . (4.2)
2 2

On the other hand,
o], = ], + HSA@"*”sz <[], +5v2en |

SO
vy € D(I).
lil, < sy [l v € PO
Then from (4.2)
— AN o1 5[(1+0[1 -~
s a3, < 0 e
[y, + [ratvy], + [sa@y| < =L L] vy < DO, (4.3)

Let, now, k be a positive constant, and 7 = % . If the values of y;; (j € Z) are chosen such that y;; = y;r

(jr € Z), then A+yg = Yji+1 — Yj = k(ﬂ(ﬁl)f Uir) = kAL, APy, = AL (A_y;) = kK*APg;, and
A_ (A(Q)yj) =k3AG) G . Also A m)y = kAl yﬂ ,m € N . Therefore, if we introduce quantities 7,7, 5j;-,

Gjjr B Fiir (G € Z) accordmg t0 Tyjr = Tjjr » 8jjr = Sjjrs Qjjr = Qjjrs Dijr = Pjjrs fijr = fijr (7 =1 € Z),
then equation (1.1) reduces to the form:

Loy = A(2”)y+ FARn— Dy + ,SA(zn Dy +

2n—1

+ Z ,{JH (Qaz=i=ig 4 POATTT) = k=2 f, [ € by, (4.4)
where y = {ij}j:—OO; T = {diag7 ?jJT}]ioo; 5= {diag> /S\jj‘r};rfioo; Q(e) = {dlag> qﬂ‘),- j——OO;
PO = {dlag,p]jl 2l (0=1.2n—1), f {f]T 122 oo We rewrite (4.4) in the following form:
2n—1

Ty + Z k+1( QU A2n—i= 1y+P”W)——f Fely.

By condition (1.2) and Theorem 2.3,

2n—1 1
AG) A2n—j—1~
> [manany] <
j=1 2,7
< (2n —Dmaz,_t5-—7 L 5 FAC—Dg (4.5)
= J=T2n=1 | 1j+1 /(2n—1),QW) [min(A_, A )]~ 17 Y, , ‘
and _—
nz_: L suiazn-i-1] <
kit1 I
j=1 2,7
1 /\A(2n—l)~
< (2n = 1)maz; 13- | 1551 V(2n—1),P6) fmin(A_,A))-17 )7“ y‘ (4.6)
We denote

~ 1
G(®,7,n,7) = (2n —1),mar;_ 75,1 |:kj+1’7(2n1),<I>,[min(A,A+)]1?} ;
where ® is the matrix equal to either Q@) or P (§ =T,2n — 1) . If we choose k such that

o1 _ OV2(1+a) 5vV2(1 + ) ~_
S T a1,

for some o € (0,1) , then according to (4.5) and (4.6),

{4(271 — )max {maa:e:LzﬁG(ﬁ((’)7 rn, 0)] } (
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2n—1
1 _
Z s (Q(J)A% j=1 +P(])A2n = 1y) <
j=1
2,17
~oy ~oy 5V2(1+ o) e
_ - (0) - (©)
< {4(2n 1)max {mawazwn_lG(Q ;7. 0), mazy_15,—7G(P ,r,n,@)}} (1 520 k2] Hly‘ o <
<a ‘ Ty (4.7)

Since the operator 1is closed, from the inequality (4.7), first, by the theorem on small perturbatlons it
follows that the operator LO is closed. We denote its closure by L. Second, it follows that the operator L is
continuously invertible. Then, since Ly = Ly , the operator L is also closed and continuously invertible. Thus,
by Definition 3.1, the solution of the equation (1.1) exists and is unique.

Let 7 € D(Ly . Then from inequalities (4.3) and (4.7) we obtain:

i, o], o o, s
+Z . 13”’A2”‘”"1ﬂ WALt o) [z (4.8)
j=1 kj+1 1-— 5\/>O[]_ 2,7
Further
N 2n—2 1 o . O
) < ||lig + Z S (Q(])AQn—]—1ﬂ+P(])A2n7j71:”y') n
: =
2,1
2n—2 1 R
2 Titl (QU)A% g PYART 1y) 2r T
=t 2,7 7
‘ 1 -« ’ (4.9)
By virtue of (4.8) and (4.9)
LoA@n-1)7 N — 1 A A2n—j—15 BN AZn—=1
HA + ||=-TA g +|[zsAacngl + Y i HQ]A J y‘ +HP3A”J1 <
k 2,7 k 2.7 = k 2,7 2,7
< (=5vim)a+ 5VE(L + o) %3, - (4.10)
(1 —a)(1 —5v2aq) 2,7

From (4.10), making the substitutions, we obtain the inequality (1.4) for each § € D(L) , and, in addition,
for the solution of the system (1.1). The theorem is proved. Proof of Theorem 1.2. By virtue of the inequality

(1.4), the operator L~! displays the entire space Il on the difference Sobolev space HZ(Q?" ) with the norm
HA(zn)yH + ||7"A 2"’1)y|| According to the results of [12, 13|, when conditions (1.5) and (1.6) are satisfied, an

embedding operator of a weighted space H, (2n) i) lo is compact. Therefore, L™! : [, — Iy is a compact operator.
The theorem is proved. Remark 4.1 If h > 0 then the assertions of Theorem 1.1 and Theorem 1.2 are also
satisfied for an infinite difference system

Loy = h—QnA(Qn)y + h—2n+1,r,A(2n—1)y + h—2n+1SA(T_1)y +
2n—1
+3 (Q<j>,f<2nﬂ>1>A<2nﬂ>1>y+ p(j)h7<2n—j71>7A<2n7j71>y) —
j=1
where y = {y;n} 12 i Asvrn = Yorvn — Yeni APyen = A_ALyen = Yayn — 20kn + Yg—1yn and
r=(Tjnjn)jez (Tingn 2 1)5 8 = (Sjnjn)jezs Q= (qj((ﬁjh) ; P? = (pﬁ))]h) (6 =1,2n — 1) are diagonal
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matrices, and f € lao(h). Here l3(h) is the space of the real numerical sequences f = { fjh}j;'i with the norm

1/2
+oo
1l = (X2 f2h)

This work is partially supported by project AP05131649 of the Ministry of Education and Science of the
Republic of Kazakhstan and by L.N. Gumilyov FEurasian National University Research Fund.
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J1.P. Beiicenora, K.H. Ocnanon

X{OFapFI)I peTTi aﬁblprM,Z[bIK TenaeyJjiep }KYﬁeCi YIJ_IIH
MaKCHUMaJIAbl peI‘yJIﬂpJII)IK 2KoHe IIIarblIH IMapTTapbl
Maxkasaa 2Ky perTi MeKci3 affbIPBIMIBIK, TEHIEYIED XKYiieci KapacThIPBLIFaH, XKYWeHiH OH YKaFbl THIE0ePT
KEHICTIrHIH caHIbIK Ti30eKTepiHeH Typasbl. 2KyMbICTa KapacThIPbLIFAH Kyie TeHeysaepinid, Koadduim-

€HTTepiHeH KypaJsraH Ti3bekTep Gipreit perTi allbIppIMaapaa mekci3 60/ybl MYMKIiH, COHBIMEH Oipre oJiap-
JIBIH, ©Cyl MMOTEHIINAJIBIH ocyine OarbiHOaybl MyMKiH. Bi3miH KapacThIPBIN OTBIPFAH XKaFIaii/la TMOTEHITHAJT
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HOJIBIIK Ti30€eK, Hemece TaHOAch! Gesrii 6omaybl MyMKiH, corabikTad [ITypMm-JlnyBusas TunTi aifbipbiM-
JIBIK TEHJIeyJIep >KYHeCiHiH MOTeHIMAJIbI OCYiH KOJIJIAHATHIH OYPBIH-COHJbI »KacaJraH diicTep OyJI Kepie
KOJITaHbLIA aJiMaiabl. MakaJsa aBToOpJaphl XKYHeHiH KOPPEeKTijli MeniIyiHis mapTTapbliH KeJITipim, MemnriM-
HiH >K9HE OHBIH afiblpMaJIapbIHbIH HOpMAaJIapbIHbIH THIMII Oarajapbin 6epai. Hykcanasl oneparop Kyitecine
COKeC pe30JIbBEHTAHBIH, KOMIAKTBLIBIFLL MIAPTTAPHI AJbIHJIbI. O31H/IK FBUIBIMA KbI3BIFYIIBLIBIK, TY/IbIPa-
TBIH KEeHOIp cajMaKThl ailbIPBIMIBLIK Xap/y TUNTeC TeHCi3mikTep maiesgenred. Oyap *KyMBICTBIH, Herisri
HOTHUXKEJIEPIH fpsiesey GapbiChbiHIa maiinaaanbpurad. Hykcanast quddepeHnaiabK, TeHIEYIEPMEH CAThIC-
TBIpFaH/Ia albIPBIMJIBIK, XKYile Karaaibiaia Kyite KoaddunueHTrepi repobesricine KOMbIIFAH MAPTTHI AJIbIIT
TacTayra OOJIATHIHBI KOPCETIIreH.

Kiam cesdep: allbIpbIMABIK, XKYiie, apaJiblk, KO3MMUIUEHT, MIeMHIH KOPPEKTLIIri, MAKCUMAJIIbI PEryJisap-
JIBIK, P€30JIbBEHTAHBIH KOMITAKTHLJIBITBL.

J1.P. Beiicenona, K.H. Ocnanon

YciaoBug MaKCUMaJbHOUN PeryjisipHOCTA M KOMIIAKTHOCTH
JJid CUCTEMBI PA3HOCTHBIX YPAaBHEHUN BBICOKOI'O IOPAIKA

B crarbe ucciieoBana 6eckoneuHast JInHEHHAsI CHCTEMa PA3HOCTHBIX YPABHEHU BBICOKOTO Y€THOT'O IIOPSIIKA
C IIPaBOi YaCTBIO U3 I'MJILOEPTOBA MPOCTPAHCTBA IHCJIOBLIX IOciemoBaresbHocTeit. [locienoBarensrocTn,
00pa3oBaHHbBIE U3 KOI(DDHUIMEHTOB yPABHEHU CHCTEMBI IIPU OJIMHAKOBBIX MOPSIKAX PA3HOCTEH, MOT'YT OBITH
HEOIDAHUYEHHBIMH, & TAKXKE UX POCT MOXKET He IIOUYMHATHLCS POCTY HOTeHIaa. Parnee pazpaboranubie Me-
TOJIBI, CYIIECTBEHHO UCIIOIB3YIOIINE JOMIUHUPYIOIUI POCT MTOTEHIINAIA B PASHOCTHBIX CUCTEMAX yPABHEHU
tuna [lrypma-JInysunis, 371eck He TOAXOAAT, TAK KAK B PACCMATPHUBAEMOM HAMU CJIyYae MOTEHITHAJ MO-
JKET OKa3aThCsl HyJIEBBIM, WJIM HE UMEIOIIUM OIIPEJIEJIEHHOIO 3HaKAa [I0CJIe0BaTEIbHOCTH. ABTOpaAMU CTaThU
MPUBEJIEHBI YCIOBUST KOPPEKTHOM Ppa3peIrmMOCTH CUCTEMBI, & TAKYKEe ONTUMAJIbHBIE OIIEHKH HOPM PEIIeHUs U
€ro pa3HoCTel BIUIOTH JI0 CAMOr0 CTapIero mnopsijaka. [1oydens ycjioBius KOMIAKTHOCTH PE30JIbBEHTDI, CO-
OTBETCTBYIOIIEN CUCTEME BBIPOXKIEHHOIO orepaTropa. J{oka3aHbl HEKOTOpbIE PA3HOCTHLIE BECOBbIE HEPABEH-
CTBa TUIA Xapu, UMEIOIIHe CaMOCTOSTEIbHBIN HaydHbIN nHTepec. OHU UCITOTB30BAHBI B JIOKA3ATEIbCTBE
OCHOBHBIX Pe3yabTaToB paboTol. [lokazaHno, 4TO, MO CPaBHEHUIO C BBIPOXKIEHHBIME IuddepeHnnaabHb-
MM yPABHEHUsIMU, B CJIydae PA3HOCTHOM CHCTEMBI yJIaeTCsl CHATH yCJIOBUE Ha Kojebanus Ko3(pdUImueHTon
CHCTEMBI.

Karouesvie caoea: pa3HOCTHAS CUCTEMA, IIPOMEXKYTOUYHBIN KO3MDMUIHEHT, KOPPEKTHOCTh PENIEHNs, MaKCH-
MaJIbHasl PEryJISpPHOCTDH, KOMIIAKTHOCTD PA3pPEIIeHUsI.
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