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Pregeometry on the subsets of Jonsson theory’s semantic model

One of the interesting achievements among investigations from modern model theory is the implement of
local properties of the geometry of strongly minimal sets. In E. Hrushovski have proved remarkable results
under this ideas and this one had impacted an essential infuence for development of methods and ideas
of research for global properties of structures.These new model-theoretical features and approvals play an
important role in E. Hrushovski’s proof of the Mordell-Lang Conjecture for function fields.

In this article, we are trying to redefine the basic concepts of the above mentioned ideas on the formul
subsets of some extentional-closed model for some fixed Jonsson theory. With the help of new concepts in
the frame of Jonssoness features, pregeometry is given on all subsets of Jonsson theory’s semantic model.
Minimal structures and, correspondingly, pregeometry and geometry of minimal structures are determined.
‘We consider the concepts of dimension, independence, and basis in the Jonsson strongly minimal structures
for Jonsson theories.

Keywords: Jonsson theory, Jonsson set, semantic model, Jonsson minimal structure, Jonsson pregeometry,
Jonsson dimension, Jonsson basis, Jonsson independence, modularity.

In the paper [1, 2] strongly minimal Jonsson sets were studied. A natural generalization will be a consideration
of Jonsson analogs of strongly minimal arbitrary subsets of semantic model of some fixed Jonsson theory.

In order that we could transfer from the apparatus of Model theory of developed for complete theories the
basic concepts connected with the concept of strongly minimal for fixed formula subsets of semantic model of
the above Jonsson theory, we need the semantic model to be saturated in its power, that is, the theory must
be perfect. We note that similar approaches to the work with the transfer of basic model-theoretic concepts for
some fixed Jonsson theory and its semantic model were considered in the following works [3-5].

We recall the necessary definitions. We will assume everywhere that the language is always countable.

Definition 1 [6]. A theory T is called Jonsson if:

1) The theory T has an infinite models;

2) The theory T is inductive;

3) The theory T has the joint embedding property (JEP);

4) The theory T has the amalgamation property (AP).

Further, throughout this article, all considered theories will be an existential complete perfect Jonsson theory
in a countable language L.

In this paper, we redefine the basic concepts connected with strongly minimal for complete theories in the
framework of the study of some Jonsson theory. All main definitions belong to A. Yeshkeyev and they are taken
from the above sources. All results that are given without proof also belong to A. Yeshkeyev and they can be
extracted from [2].

Let M be some an existentially closed submodel of semantic model for fixed Jonsson theory in the language
L, ¢(v) is an L)y —formula, we will let ¢(M) denote the elements of M that satisfy ¢.

Definition 2. Let D C M™ be an infinite A-definable set, where A CL. As a rule, throughout this article
under A we shall consider the set of all existential formulas of the given language. We say that a set D is Jonsson
minimal in M if for any A-definable Y C D either Y is finite or D\Y is finite.

If ¢(v,a) is the formula that defines D, then we also say that ¢(7,a) is Jonsson minimal.

We say that D and ¢ are Jonsson strongly minimal if ¢ is Jonsson minimal in any existentially closed
extension A/ of M.

We say that a theory T is Jonsson strongly minimal if the formula v = v is Jonsson strongly minimal (i.e.,
if M € ModEr then M is Jonsson strongly minimal).

Let M be some an existentially closed submodel of semantic model for fixed Jonsson theory in the language
L and D C M be Jonsson strongly minimal.
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We will consider aclp, the algebraic closure relation restricted to D. Recall that b is Jonsson algebraic over A
if there is a formula ¢(z,a) € A with @ € A such that ¢(M,a) is finite.
For A C D, we let aclp(4) = {b€ D : bis Jonsson algebraic over A}.

The following properties of Jonsson algebraic closure are true for any subset D of semantic model for
theory T.

Lemma 1.

1) acl(acl(A)) = acl(A) D A.

2) If ACB, then acl(A)Cacl(B).

3)If a € acl(A), then a € acl(Ag) for some finite AoC A.

Lemma 2 (Exchange Principle) Suppose that D C M is Jonsson strongly minimal, A C D, and a,b € D.
Ifa € acl(A U{b}) \ acl(4), then b € acl(A U {a}).

In any Jonsson strongly minimal set, we can define a notion of independence. We fix M € ModEr and D
is Jonsson strongly minimal set in M.

Definition 3. We say that A CD is Jonsson independent if a € acl(4 \{a}) for alla €A. If C C D, we say
that A is Jonsson independent over C if a ¢ acl(C U (A \ {a})) for all a € A.

It is turn out that cardinality is the only one opportunity to distinguish independent subsets of D.

Definition 4. We say that A is a Jonsson basis for Y C D if A C Y is Jonsson independent and
acl(A) = acl(Y).

Clearly, any maximal Jonsson independent subset of Y is a Jonsson basis for Y.

Lemma 3. Let A, B C D be Jonsson independent with A C acl (B).

1) Suppose that A9 C A, By C B, AgU By is Jonsson basis for acl(B) and a € A\ Ag. Then, there isb € By
such that Ag U {a} U (Bo\ {b}) is Jonsson basis for acl(B).

2) 4] < |BI.

3) If A and B are Jonsson bases for Y C D, then |A| = |B].

Definition 5. If Y C D, then the Jonsson dimension of Y is the cardinality of a Jonsson basis for Y.

We denote the Jonsson dimension of Y through Jdim(Y).

Note that if D is uncountable, then Jdim(D) = |D| because our language is countable and acl(A4) is
countable for any countable A C D.

For Jonsson strongly minimal theories, every model is determined up to isomorphism by its Jonsson
dimension.

Theorem 1. Suppose T is a Jonsson strongly minimal theory.

M,N € ModEr then MEN if and only if Jdim (M) = Jdim(N).

Corollary 1. If T' is a Jonsson strongly minimal theory, then T is k -categorical for k > Rg and I(T,Rg) < N,
where T™* is the center of T and I(T,®;) denote the number of existentially closed countable models of T

Analogously to the Baldwin-Lachlan result, we obtain the following theorem.

Theorem 2. If T* is perfect existentially complete Jonsson theory, then I(T,Rg) = Rq.

In this article, we will use Jonsson strongly minimal sets and consider some properties of combinatorial
geometry of algebraic closure.

It is well known that in the proof of Morley’s theorem on uncountable categoricity, the properties of an
algebraic closure on strongly minimal sets are used in an essential way. In this article, we turn to Jonsson
strongly minimal sets and with their help we study the combinatorial geometry of algebraic closure.

We give the following definitions.

Definition 6. Let X be subset of semantic model of fixed Jonsson theory and let ¢l :P(X) — P(X) be an
operator on the power set of X. We say that (X,cl) is a Jonsson pregeometry if the following conditions are
satisfied.

1.If AC X, then A C cl(A) and cl(cl(A)) = cl(A).

2. If AC B C X, then cl(A4) C cl(B).

3. (Exchange) A C X, a,b € X, and a € cl(AU{b}), then a € cl(A)b € cl(AU {a}.

4. (Finite character) If A C X and a € cl(A), then there is a finite Ay C A such that a € cl(Ay).

We say that A C X is closed if cl(A) = A.

We may notice (By Lemmas 1 and 2) that if D is Jonsson strongly minimal, we can specify a Jonsson
pregeometry by defining cl(A) = acl(A) N D for A C D. We can generalize basic ideas about independence and
dimension from Jonsson strongly minimal sets to arbitrary Jonsson pregeometries.
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Definition 7. If (X, cl) is a Jonsson pregeometry, we say that A is Jonsson independent if a ¢ cl(A\{a}) for
all @ € A and that B is a J -basis for Y if B C Y is J-independent and Y C acl(B). The natural generalization
of Lemma 3 is true for all J-pregeometries.

Lemma 4. If (X,cl) is a J -pregeometry, Y C X,B;,Bs C Y, and each B; is a J -basis for Y, then
|B1| = [Ba|.

We call |B;| the J -dimension of ¥ and write J dim(Y") = |B;].

If AC X, we also consider the localization cla(B) = cl(AU B).

Lemma 5. If (X, cl) is a J -pregeometry, then (X, cl4) is a J -pregeometry.

If (X, cl) is a J -pregeometry, we say that Y C X is J -independent over A if Y is J -independent in (X, cla).
We let Jdim(Y/A) be the J -dimension of Y in the localization (X, cly). We call J dim(Y/A) the J -dimension
of Y over A.

Definition 8. We say that a J-pregeometry (X, ¢cl) is a J-geometry if cl(@) = @ and cl({z}) = {z} for any
rzeX.

If (X,cl) is a J-pregeometry, then we can naturally define a J-geometry. Let Xo = X/cl(®). Consider the
relation ~ on X given by a ~ b if and only if cl({a}) = cl({b}). By exchange, ~ is an equivalence relation. Let

A A
)A( be X/ ~. Define ¢l on )A( by cl(A) ~) ={b/ ~: b e cl(A)}.

Lemma 6. If (X, cl) is a J-pregeometry, then ()A(, é\l) is a J-geometry.

We distinguish some properties of J-pregeometries that will play an important role.

Definition 9. Let (X, cl) be J-pregeometry. We say that (X, cl) is trivial if cl(A) = Uzecacl({a}) for any
A C X. We say that (X, cl) is modular if for any finite-dimensional closed A, B C X

Jdim(A U B) = J dim(A) + J dim(B) — J dim(A N B).

We say that (X, cl) is locally modular if (X, cl,) is modular for some a € X.

Theorem 3. Let (X, cl) be J- pregeometry. The following are equivalent.

1. (X, cl) is modular.

2. If A C X is closed and nonempty, b € X, and z € cl(A,b), then there is a € A such that x € cl(a,b).

3. If A)B C X are closed and nonempty, and = € cl(A, B), then there are « € A and b € B such that
x € cl(a,b).

Proof. Let us prove 1) = 2). By the definition of the closure, we conclude that Jdim A is finite. There
are two cases z € cl(b) and x ¢ cl(b). The case z € cl(b) is proved trivially. It is sufficient for us to
consider the case when x ¢ cl(b). As consequence, from definition of modularity Jdim(A,b,z) = J dim A+
+Jdim(b, z) — Jdim(A N el(b,x)) and Jdim(A,b,z) = Jdim(A,b) = Jdim A + Jdimb — Jdim(A N ¢l(d)).
Since Jdim(b,z) = Jdim(b) + 1, then there exists a € A such that a € cl(b,x)\cl(b). Consequently, by the
Exchange Principle, we obtain = € cl(b, a).

Let us prove 2) = 3). Without loss of generality, we consider case, Jdim A < w and J dim B < w. Further
we will prove by induction on Jdim A. If Jdim A is zero, then the condition 3) is satisfied. Let A = c¢l(Ay, a)
where Jdim A = Jdim A — 1. Hence z € cl(Ao, B,a). From 2) it follows that, there is ¢ € ¢l(Ap, B) such that
z € cl(c,a). By induction, there is ag € Ag and b € B such that ¢ € ¢l(cg, b). Continuing further, by condition
2) there is a* € cl(ag,a) C A such that © € cl(b, a).

Let us prove 3) = 1). We may assume that A, B C X are finite-dimensional and closed. We will show
condition 1) by induction on Jdim A. If Jdim A = 0, then we are done. Assume that A = cl(Ap,a)), where
Jdim Ag = Jdim A — 1 and we suppose, by induction, that

J dim(Ag, B) = J dim Ay + J dim B — J dim(4y N B).

First of all, suppose that a € cl(Ag,B). Hence Jdim(Ap, B) = Jdim(A,B) and, since a ¢ Ao,
Jdim A = Jdim Ay + 1. Since a € cl(Ao, B), then by 3) there is ap € Ag and b € B such that a € cl(ap, b).
Because a ¢ cl(ag), by the Exchange Principle, b € cl(a,ap). So b € A. But b ¢ Ag, because otherwise a € Ay.
Therefore, J dim(A N B) = J dim(Ap, B) + 1, as we would like.

Further, assume that a ¢ cl(Ag, B). We must show that AN B = Ay N B. Suppose that b € B and
b € cl(Ap,a)\cl(Ap). Then, by the Exchange Principle, a € cl(Ag,b), we have obtained a contradiction.

All undefined concepts related to Jonsson theory can be found in [7].
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M.T. Kaceimerosa

oHcoHABIK TeOPUSHBIH, CEMAaHTUKAJBIK MOJEJJIHIH, 111K
>KUBIHAPBIH/IAFbI IIPpereoMeTpust

Kasipri mojiesibjiep T€OPUSICHIHBIH, HOTHUXKEJIEPi apachIHIArbl €H KbI3BIKTHI »KETiCTIKTepiHIH OipiHe KaTTbI
MUHUMAJIIBI YKUBIHIAP/IBIH, T€OMETPUSICHIHBIH JIOKAJIIbI KACUETTEPIH YKy3ere achipy »kartajabl. OChbl ujesi-
JIapFa KATBICTBI 2KYMBICBIHIA . XPYIIOBCKUIILIH, TaMala HoTmKegepre ue 6oaasl. Oap KypbLIbIMIAD-
JIbIH, FajlaMJIbl KACHETTEPIH 3ePTTey VIIH 9ICTEP/IH KOHE HJIesap/IblH JaMyblHa eJeysl BIKIIaJ eTes.
Byn Teopus-momenpaik epexmiesikTepi MeH MastiMzeMesnepl dyHKIpsIap epicrep yHiH XpPYIIOBCKUAIbIH
Mopgenn-Jlaur runore3acsiH mpaefeyiHge MaHBI3ABI PO aTkapaibl. Makamama aBTOp KOFapbiia KOp-
CeTiJIPeH UJIesJIap/IbIH, HEri3ri YPBIMJIAPBIH KeHOip OeKiTiIreH HOHCOHIBIK, TEOPHS YIITIH SK3UCTEHIIMOHAJIIbI-
TYHBIK, MOJIEJIbIEPiHIH (DOPMYJIAJIBIK, iK1 >KUBIHIAPBI aPKBLIbI AHBIKTAyFa THIPBICTHI. COHBIMEH KATAp *KaHA
YFBIM/IAP KOMETIMEH epeKIIeTiKTePIiH HOHCOHIbIIbLIBIFBIHBIH asChIHIA HOHCOHIBIK TEOPHUSHBIH CEMaHTH-
KaJIbIK, MOJIEJIIHIH OapJIbIK, iIKi KUbIHIaPbIH/a [TPereoMeTpusi YEbIMbI 0epiiai. MuHuMaIIbl KYPbLIBIMIAD
JKOHE COMKECIHIIIE IPEreOMEeTPHUST YKoHe MUHUMAJIBI CTPYKTYPATAP/IHIH TeOMETPHSICH AHBIKTAIIBI. VIOHCOH-
JBIK, TEOPUSIAP YIIiH HOHCOH/IBIK, KATTHI MUHIUMAJIIHI KYPBUIBIMIAPIA OJIIIEMIUTIK, TOYEICI3IiK KoHe 6a3nc
YFBIMIAPBI KAPACTBIPBLIIbI.

Kiam ce3dep: MOHCOHIBIK TEOPUsl, HOHCOHIBIK, YKUbIH, CEMAHTHUKAJIBIK MOJEJb, HOHCOHIBIK, MUHIMAJIIHI
KYPBLIBIM, HOHCOH/IBIK IIPEreoMeTpHsl, HOHCOHIBIK, OJIIIeM, HIOHCOHIBIK 0a3nc, HOHCOHIBIK, TOYEICI3 K, MO-
JIYJIAPJIIBIK.

M.T. Kacbimerosa

IIpeareomerpus Ha MOJIMHOXKECTBAX CEMAaHTUYECKOM
MO/deJI MOHCOHOBCKOI Teopumn

OfHUM U3 UHTEPECHBIX JOCTUKEHUHN Cpe/ii NCCIETOBAHNI COBPEMEHHON TEOPUH MOJIEIeH sIBJISIeTCS PeaTn3a-
1Ml JIOKAJIbHBIX CBOWCTB FeOMETPUU CUJIBHO MUHUMAJIbHBIX MHOXKeCTB. B pabore D. XpyHuioBCKOro noka3anbl
3amMedaTesbHbIe PE3YJIbTATHL 0 ITUM HEsIM, U 9TO OKA3aJ0 CYIIECTBEHHOE BIIMSIHUE Ha pa3pabOTKy MEeTO-
JIOB U WJIei UCCIeq0BaHNS TJI00ATBHBIX CBOUCTB CTPYKTYP. DTU HOBBIE TEOPETUKO-MOJIEIbHBIE OCOOEHHOCTH
U yTBEPXKJIEHUsI UI'PAIOT BaXKHYIO POJIb B JIOKa3aTebCTBE . XpyIoBcKoro runoressl Mopaesuia-Jlanra mist
byHKImit moJeii. B 9T0it cTaThe MBI IBITAEMCSI TIEPEOTTPEIETUTH OCHOBHBIE MIOHSITHUS YIIOMSTHY TBIX BBIIIIE UIEH
Ha (QOPMYJIBHBIX MOJMHOXKECTBAX HEKOTOPON 9K3MCTEHITMATHLHO-3aAMKHYTON MOJEIN JjIs HEKOTOPOi (buK-
CUPOBAHHON HOHCOHOBCKO# Teopun. C IOMOIIBIO HOBBIX IMOHSTHII B PaAMKaxX OCODEHHOCTEH HOHCOHOBOCTU
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MIpeIreoMeTpusl JaeTCsl Ha BCEX MOJMHOXKECTBaX CEMAaHTHYECKOM MO HOHCOHOBCKOM Teopun. Onpe/iesie-
HBbI MUHUMAJIbHbIE CTPYKTYPBI U, COOTBETCTBEHHO, IIPEATCOMETPUL, U T€OMEeTPUsI MUHUMAJIbHBIX CTPYKTYD.
PaccMmoTpenbl TOHATHST pa3sMEepHOCTH, HE3aBUCUMOCTH W 0a3uca B HOHCOHOBCKHUX CUJILHO MHHUMAJILHBIX
CTPYKTypax IJisi HOHCOHOBCKHUX TE€OPHUM.

Kmouesvie cro6a: HOHCOHOBCKAs TEOPHS, HOHCOHOBCKOE MHOYKECTBO, CEMAHTUIECKAST MO/IEJTb, HOHCOHOBCKAS
MUHHUMAJIbHAsI CTPYKTYypa, HOHCOHOBCKAsI IIPEJIreOMeTpHsI, HOHCOHOBCKAsI PA3MEPHOCTD, HOHCOHOBCKUM Oa-
3HUC, HTOHCOHOBCKasl HE3aBUCUMOCTb, MOYJISIPHOCTD.
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