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Maximum likelihood estimates of some probability
model of discrete distributions

In this work the new multivariate discrete probability model of distribution of random sums with unobserved
components is proposed.The maximum likelihood estimates for this model are determined in the case that
all the elements of the sample implementation, namely the observed sums of unobserved components have
only singular partition. In the case, that some element of the sample implementation has more then one
partition, it is not possible to establish the maximum likelihood estimates.
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1 Introduction

Models of probability distributions are a powerful and effective tool for studying diverse objects, systems
and processes in various areas of human activity. In recent years, a significant number of probabilistic models
have been developed.

Nevertheless, many unresolved problems remain, when it is possible to observe only the sums of components
that can not be detected as a result of observations. For example, due to of the increasing use of digital media,
there are failures of noise immunity, explained by randomly overlapping in one frequency band [1-3]. The use of
probabilistic and static methods, namely, probabilistic modeling, allows us to present an approach to reducing
the failures of noise immunity in information of digital media.

Also, an exclusive relevant example of the use of such a model is the advertising industry, where it is
necessary to link the distribution of consumer interests with relevant advertising in various sources. Similar
problems are very common in meteorology and in other areas. The probabilistic models describing such situations
was considered in [4-6], where unbiased estimates were presented using the Rao-Blackwell-Kolmogorov method.
Unlike the works [4-7], for these distributions in this paper we consider the maximum likelihood estimates and
the conditions for the existence of their analytic derivation.

As is known, the maximum likelihood method is one of the most effective methods in terms of ensuring a
minimum variance of the estimated parameters of probability distributions [5; 229]. The method is rigorous in
the mathematical (probability-theoretic) plan. And its application is especially justified when there are both
uncorrelated and correlated measurements in the processed information [8].

The strong consistency, the asymptotic unbiasedness, the asymptotic normality, asymptotic and the efficiency
of maximum likelihood estimates provides their advantages in applied problems. Therefore the maximum
likelihood estimates determined by the needs of practice, especially when using a large sample size.

The efficiency of the second order distinguishes this method of estimation among other asymptotically
effective ones [9]. Invariance of maximum likelihood estimation ensures successful application of this method
when estimating functions of distribution’s parameters [10].

2 The model of multivariate discrete probability distribution

Consider a following probabilistic model by the example of the urn scheme with balls. Suppose that the urn
contains balls, and each ball in the urn is marked by some value of number from the set of the random numbers
L1, L2, . . . , Ld. Let’s the elements of the vector p = (p1, p2, . . . , pd) are the probabilities of retrieval from the
urn of a ball marked by corresponding numbers L1, L2, . . . , Ld and

d∑
α=1

pα = 1.
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By successive extraction of n balls from the urn with return we have the following situation. After the
successive removal of n balls from the urn with the return, it is not known exactly what the balls were taken
out of the urn. Only value u is known, which is the sum of the values of the numbers on the extracted balls
from the urn. To study this situation, it is necessary to construct a probability distribution u. It is obvious that
u is the realization of some random variable U.

Let‘s say, that Vu represents the number of possible combinations r1vu
L1, r2vu

L2, . . . , rdvuLd, which in the
sum formed the number u, where r1vu

, r2vu
, . . . , rdvu determine the possible number of removed balls that are

marked with the corresponding the random numbers L1, L2, . . . , Ld. In other words, Vu is the number of
partitions of the u into parts L1, L2, . . . , Ld [11; 1].

The following assertion follows from the results of [4-6]. The probability that the random variable U will
take the value u, is

P (U = u) =

Vu∑
vU=1

n!

d∏
α=1

p
rαvu
α

rαvu !
. (1)

3 Formulation of the problem

Obviously, in practice, the elements of the vector p are not known. Consequently, formula (1) does not find
actual application. In this connection, it becomes necessary to determine the probability estimate (1).

It is also L1, L2, . . . ,, Ld, which give the sum u, are not known.
Let’s x = (x1, . . . , xk) can be interpreted as a realization of a sample X = {X1, ..., Xk} with size k, whose

elements have distribution (1). We denote vector rvβ = (r1vβ
, . . . , rdvβ ), which defines vβ - th solution of equation

d∑
α=1

Lαrαvβ = xβ ;

d∑
α=1

rαvβ = n,

(2)

where vβ = 1, . . . , Vβ , Vβ is the number of partitions of the xβ on the L1, L2, . . . ,, Ld. Using the
L1, L2, . . . ,, Ld, and the realization of simple x in the system of equations (2) we define for each β = 1, . . . , k
the number of partitions Vβ of the sum xβ on L1, L2, . . . ,, Ld, and vectors r1β , . . . , rVβ .

Suppose that for each j = 1, . . . , µ, where

µ =

k∏
β=1

Vβ ,

there is a vector zj = (z1j , . . . , zdj ), defined as

zj =

k∑
β=1

rvβ , (3)

and the indices on the right and left side are linked one-to-one correspondence, which is not unique. For example,
this line can be described by the following form

j = v1 + (v2 − 1)V1 + (v3 − 1)V1V2 + . . .+ (vk − 1)

k∏
β=1

Vβ . (4)

Also, it can be represented as

j = vk + (vk−1 − 1)Vk + (vk−2 − 1)VkVk−1 + . . .+ (v1)

k∏
β=2

Vβ .

That is, if used (4), then (3) can be represented as the following systems of equations

z1 = r11 + r12 + r13 + . . .+ r1k ;

z2 = r21
+ r12

+ r13
+ . . .+ r1k ;
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. . .

zV1
= r1V1

+ r12
+ r13

+ . . .+ r1k ;

zV1+1 = r11
+ r22

+ r13
+ . . .+ r1k ;

zV1+2 = r21 + r22 + r13 + . . .+ r1k ;

. . .

zµ = rV1
+ rV2

+ rV3
+ . . .+ rVk .

The following Lemma allows to determine which vectors rv1
, rv2

, . . . , rvk form the vector zj . Suppose that
for some real value a the value 〈a〉 determines the integer part of a.

Lemma. If the indices in the right and left sides of the equation (3) are interconnected in form (4), then

vk =

〈
j − 1
k−1∏
i=1

Vi

〉
+ 1;

vk−1 =

〈j − (vk − 1)
k−1∏
i=1

Vi − 1

k−2∏
i=1

Vi

〉
+ 1;

vk−2 =

〈j − (vk−1 − 1)
k−2∏
i=1

Vi − (vk − 1)
k−1∏
i=1

Vi − 1

k−3∏
i=1

Vi

〉
+ 1;

. . .

v2 =

〈j − (v3 − 1)V1V2 − (v4 − 1)V1V2V3 − . . .− (vk − 1)
k−1∏
i=1

Vi − 1

k−3∏
i=1

Vi

〉
+ 1;

v1 = j − (v2 − 1)V1 − (v3 − 1)V1V2 − (v4 − 1)V1V2V3 − . . .− (vk − 1)

k−1∏
i=1

Vi.

Proof. From (4) it follows that

vk =
j − c
k−1∏
i=1

Vi

+ 1, (5)

where

c = v1 + (v2 − 1)V1 + (v3 − 1)V1V2 + . . .+ (vk−1 − 1)

k−2∏
i=1

Vi.

It is obvious that the latter can be represented as follows

c = vk−1

k−2∏
i=1

Vi −

[
(Vk−2 − vk−2)

k−3∏
i=1

Vi(Vk−3 − vk−3)

k−4∏
i=1

Vi + . . .+ V1 − v1

]
.

Since

(Vk−2 − vk−2)

k−3∏
i=1

Vi(Vk−3 − vk−3)

k−4∏
i=1

Vi + . . .+ V1 − v1 ≥ 0,
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then

c ≤ (vk−1 − 1)

k−2∏
i=1

Vi ≤
k−1∏
i=1

Vi

or
c− 1
k−1∏
i=1

Vi

< 1. (6)

By the fact that (5), then we obtain receive

vk =
j − 1
k−1∏
i=1

Vi

− c− 1
k−1∏
i=1

Vi

+ 1.

Since we have (6) and vk is non-negative integer, then

vk =

〈
j − 1
k−1∏
i=1

Vi

〉
+ 1.

The same way as vk has been determined in the last formula, vk−1, vk−2, . . . , v1 are determined.
Lemma is proved.

4 Construction of maximum likelihood estimates for the distribution
parameters of the model investigated

Find maximum likelihood estimates for the parameters p1, . . . , pd of distribution (1). The likelihood function
of distribution (1) has form

L(x;p) =

k∏
β=1

P (U = xi) =

k∏
β=1

Vβ∑
vβ=1

n!

d∏
α=1

p
rαvβ
α

rαvβ !
,

which can present in form

L(x;p) =

k∏
β=1

P (U = xi) =

k∏
β=1

n!
Vβ∑
vβ=1

d∏
α=1

p
rαvβ
α

rαvβ
!(

d∑
α=1

pα

)nVβ .

Accordingly, the log-likelihood for the parameters p1, . . . , pd of distribution (1) is

lnL(x;p) = k lnn! +

k∑
β=1

ln

Vβ∑
vβ=1

d∏
α=1

p
rαvβ
α

rαvβ !
− nη ln

(
d∑

α=1

pα

)nVβ
,

where η =
k∑

β=1

Vβ .

It follows that for any α∗ = 1, . . . , d we have

∂ lnL(x;p)

∂pα∗
=

k∑
β=1

Vβ∑
vβ=1

p
rα∗vβ

−1

α∗(
rα∗vβ

−1
)

!

d∏
α = 1
α 6= α∗

p
rαvβ
α

rαvβ
!

Vβ∑
vβ=1

d∏
α=1

p
rαvβ
α

rαvβ
!

− nη;

64 Вестник Карагандинского университета



Maximum likelihood estimates ...

or
∂ lnL(x;p)

∂pα∗
=

k∑
β=1

Vβ∑
vβ=1

rα∗vβ
pα∗Λvβ

− nη, (7)

where for β = 1, . . . , k, vβ = 1, . . . , Vβ

Λvβ = 1 +

Vβ∑
wβ = 1
wβ 6= vβ

d∏
α=1

rαvβ !

rαwβ !
p
rαwβ

−rαvβ
α . (8)

As it is known, the maximum likelihood estimations p̂ = (p̂1, . . . , p̂d) for vector of parameters
p = (p1, . . . , pd) satisfy the following condition for any α = 1, . . . , d

∂ lnL(x;p)

∂pα

∣∣∣∣
p=p̂

= 0. (9)

It follows that lnL(x,p) reaches a local maximum at the point p̂ = (p̂1, . . . , p̂d), for any α1, α2 = 1, . . . , s,
s = 2, . . . , d carried the following conditions det

∥∥∥∂2 lnL(x,p)
∂pα1∂pα2

∥∥∥
s×s

> 0, if s is even;

det
∥∥∥∂2 lnL(x,p)
∂pα1

∂pα2

∥∥∥
s×s

< 0, otherwise.
(10)

From (7) and(9) it follows that for α = 1, . . . , d

p̂α =

k∑
β=1

Vβ∑
vβ=1

rαvβ
Λvβ

nη
. (11)

Since
d∑

α=1

p̂α = 1,

then in conformity with (11)

d∑
α=1

p̂α =

d∑
α=1

k∑
β=1

Vβ∑
vβ=1

rαvβ
Λvβ

nη
= 1.

Hence, we have
d∑

α=1

k∑
β=1

Vβ∑
vβ=1

rαvβ
Λvβ

= nη. (12)

From (8) it is evident that for any β = 1, . . . , k, vβ = 1, . . . , Vβ Λvβ ≥ 1. And Λvβ = 1, if Vβ = 1, otherwise
Λvβ > 1. Thus, we have

d∑
α=1

k∑
β=1

Vβ∑
vβ=1

rαvβ
Λvβ

≤
d∑

α=1

k∑
β=1

Vβ∑
vβ=1

rαvβ = nη.

That is
d∑

α=1

k∑
β=1

Vβ∑
vβ=1

rαvβ
Λvβ

6= nη,

if for some β = 1, . . . , k Λvβ > 1. So (12) is satisfied if for all β = 1, . . . , k Vβ = 1. Consequently, the construction
of maximum likelihood estimates for the distribution parameters p = (p1, . . . , pd) of this model (1) is possible
only when all elements of realization of sample have no more than one partition on the submitted L1, L2, . . . , Ld.
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In other words, if for all β = 1, . . . , k Vβ = 1, then from (8) it implies Λvβ = 1, and by (11) for α = 1, . . . , d
we have

p̂α =

k∑
β=1

Vβ∑
vβ=1

rαvβ

nη
=

k∑
β=1

rα1

nk
.

That is

p̂α =

k∑
β=1

rα1

nk
. (13)

From (7) and (13) it’s following that for any α, α1, α2 = 1, . . . , d if α1 6= α2

∂2 lnL(x,p)

∂pα1
∂pα1

∣∣∣∣
p=p̂

= 0

and
∂2 lnL(x,p)

∂p2
α

∣∣∣∣
p=p̂

= −
k∑

β=1

rα1

p̂2
α

< 0.

So for any s = 2, . . . , d we have the following

det

∥∥∥∥∂2 lnL(x,p)

∂pα1
∂pα2

∥∥∥∥
s×s

=

s∏
α=1

∂2 lnL(x,p)

∂p2
α

∣∣∣∣∣
p=p̂

or

det

∥∥∥∥∂2 lnL(x,p)

∂pα1
∂pα2

∥∥∥∥
s×s

=

s∏
α=1

(
rα1

p̂2
α

)
.

Consequently, if for all β = 1, . . . , k Vβ = 1, then the elements of the vector

p̂ = (p̂1, . . . , p̂d),

defined in (12) satisfy (8)–(9) and they are the maximum likelihood estimates for the parameters p = (p1, . . . , pd)
of disrtibution (1). Thus, the following Theorem holds.

Theorem. If all elements of realization of sample x = (x1, . . . , xk) of distibution (1) have no more than
one partition on the on the submitted L1, L2, . . . , Ld, then there are maximum likelihood estimates for the
parameters of the distribution (1), which is defined in (12).

Consequence. If some element from realization of sample x = (x1, . . . , xk) of distibution (1) have more than
one partition on the on the submitted L1, L2, . . . , Ld, then there not are maximum likelihood estimates for
the parameters of the distribution (1).

Thus, it can not always possible to construct maximum likelihood estimators for the parameters of the
distribution (1).

5 Conclusion

The analysis conducted in this paper studies allows us to formulate the following conclusion: Found that for
this model maximum likelihood estimates exist if all the elements of observations have no more than one part
by partition.

As is known, in practice, often some element of the implementation of the sample has more than one
partition. That is, the method for determining the likelihood estimation is not actually applicable to this model.
Of course, it is possible to use modified likelihood estimates by means of the apparatus of numerical methods, for
example, to solve the system of maximum likelihood equations by the iterative method [12] or directly maximize
the likelihood function of the type [13].

Obviously, the application of numerical methods generates numerous problems. Namely, the convergence of
iterative methods requires justification [14; 202], the likelihood function can has a several local maxima [15], the
choice of the moment of termination of calculations in connection with the achievement of the required accuracy
requires justification [16], also the accuracy of the computation depends to the sample size [17].
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Thus, if any element of the sampling of the given distribution model has more than one decomposition, then
when finding the maximum likelihood estimates, we have a number of computational problems that call into
question the practicality of using maximum likelihood estimates.

There is no need to absolutize the maximum likelihood estimates. In addition to these, there are other
types of estimates that have good asymptotic properties. An example is the most suitable unbiased estimates
presented in [4-6].
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А.Искакова, Г.Жаксыбаева

Дискреттi үлестiрiмдердiң бiр ықтималдық моделiнiң
шындыққа ұқсас максималды бағалары

Мақалада бақыланатын компоненттерiмен берiлген кездейсоқ қосындылар үлестiрiмiнiң жаңа көп-
өлшемдi дискреттi ықтималдық моделi ұсынылған. Осы модель үшiн шындыққа ұқсас бағалары
анықталған, оның iшiнде егер таңдаманы жүзеге асырудағы барлық элементтерi, дәл осы бақылан-
байтын компоненттердiң бақыланатын қосындылары тек жалғыз бөлiктеуге ие болса. Сонымен қатар
таңдаманы жүзеге асырудағы элемент жалғыз бөлiктеуге ие болмаса, максималды шындыққа ұқсас
бағаларды алу мүмкiн емес.

Кiлт сөздер: ықтималдық, көпөлшемдi үлестiрiм, максималды шындыққа ұқсас бағалар.

А.Искакова, Г.Жаксыбаева

Оценки максимального правдоподобия одной вероятностной
модели дискретных распределений

В статье представлена новая многомерная дискретная вероятностная модель распределения случай-
ных сумм с ненаблюдаемыми компонентами. Определены оценки максимального правдоподобия для
этой модели в том случае, если все элементы реализации выборки, а именно наблюдаемые суммы
ненаблюдаемых компонентов, имеют только единственные разбиения. В случае если какой-нибудь
элемент реализации выборки имеет не единственное разбиение, то оценки максимального правдопо-
добия невозможно установить.

Ключевые слова: вероятность, многомерные распределения, оценки максимального правдоподобия.
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