UDC 531.88

T.Kh. Makazhanova, A.S. Bazylzhanova, O.I. Ulbrikht

Ye.A. Buketov Karaganda State University, Kazakhstan
(E-mail: aiger111086@mail.ru)

The structure of normal subsets of polyhedral cone

The structure of normal convex subsets of polyhedral cone K in normalized space is in investigated. The
normality of the subset 2 C K (in the sense of the cone K) is determined by the condition @ — KNK = Q
(a line over a set means taking a topological closure). The conical shell of finite number of rays mean
the polyhedrons of the cone, which are extreme rays. The structure of normal sets were studied from the
geometric point of view. It is shown that every normal subset 2 of a polyhedral cone can be divided into a
sum of two subsets, one of which is a bounded normal subset (in the sense of some subcone in K) and the
second — the subcone K contained in the set Q (it is unbounded, if € is unbounded).

Keywords: cone, ray, normal, conical shell, polyhedral cone, forming rays, closed set, normal subset of cone,
null cone.

Let (X,]| ) is the real normalized space.

For the subset of G C X intoduce the notation: G° — interior of G, G — closure of G, frG — frontier of G.
Everywhere @ - empty set.

All the operation will be entered in the space X:

Gl—"-GQ:{.’E:.’Iﬁl—‘y—xQ,.’ElEGl,IQEGQ}; Gl,GQCX;

aG={zx=ax,x€G}, GCX, «-—real

The subset G C X is called convex, if x = az; + (1 — @)ze € G for any 1,22 € G u 0 < a < 1. The subset
K C X is called cone (convex), if the task is done:

are K Vre K, az0;

1 +a0 € K Vri,20 € K.

It is obvious, that any cone 0 has own point z and outgoing ray L = {ax, o > 0} from 0. The cone K is called
bodily, if K° # @, salient, if K N (—K) = {0}. The conical shell coG of set G C X is called set of elements

n
coG:{:C:ZOéil’i, n —any natural; z; € G u o; >0 Vi=1,...,n}.
i=1

It is obvious that the conical shell is cone. We say it will pull on the set G.

If G = @, then we consider that K = coG = {0}.

The cone K ([1]) is called polyhedral, if it is cone shell of finite number of outgoing rays from 0. According
to the [2] we can see, that every polyhedral cone is closure and bodily in its linear shell. The ray L of cone K
is called extreme ray of cone, if from equality x = x1 + x2, where x € L, x1,x5 € K, follows, that x1,29 € L.
According to the [1] we can see, that the minimal (by inclusion) set of rays, it’s conical shell is cone K, forming
the extreme rays.

The extreme rays of cone we will call forming rays. If {L;};¢ is forming rays of polyhedral cone K, {e;}icr
is units (i.e. ||e;]] = 1) directional vectors of this rays (I — finite set of indices), then

K:{szaiei, a; 20 Viel}.
il

Let K is polyhedral cone, {L;};cs is forming rays of cone K. A sub subcone K; of cone K, we will be
understand that any polyhedral cone, which is formed by rays {L;}icr, cr. If I = &, then the subcone, which
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determined by set of indices I, suppose equal to {0}. If we speak about o cone in this work we will view a
polyhedral cones. Let K is cone, {L;};cs is its forming rays. For set Q C K we think that

Bi=sup{f =20:pe; €0}, i€l

If QN L; = @, then we think that 5, = 0. We say that the set & C K has a (0)- property with respect to
subcone spreat on rays {L;}icr,cr, if 0 < 8; < co. The set Q@ C K, € is called normal (that means cone K)
set, if € is convex and rightly the equal @ — KN K = Q.

Note 1. Directly from the definition following, that any normal subset be closure.

Note 2. If Q is normal subset of cone, x € §2, the segment will

0,z] ={az:0<a <1} C Q.

Its objectively that z € Q C K, wherefrom ax € K. In other case, ax = z — (1 — )z, where x € €,
(I1-a)r e K,ie. ar € Q— K, according this

ar€e(Q-K)NKCQ-KnK=Q.

Consider the question about structure of normal subsets of polyhedral cone.

Rightly Proposition. Let € is normal (not be cone) subset of cone K = Q = G 4+ K, where K is greatest
by inclusion contained in  nogkonyc K; G = QN Ky (where K5 is subset in K) and G is finite normal set and
it has a (0)-property with respect to cone Kj.

Proof of proposition. Let K is polyhedral cone, {L;};cr is set its forming rays.

1. We will consider the case of finite set Q, i.e. 3C > 0: ||z < C Vz € Q.

If © = {0}, then € is null cone, this case in proposition excluded.
Let Q # {0}, then Vz € Q (z # 0) we have

T = Zaiei end da;, >0 other wise z=0.
iel

Rightly the note a;,e;, =2 — > «;e;, where from
i#io

e € (t—K)NKC(Q-K)NKCOQ-KNK=Q

by the normality €2 with respect to K.
As aj e0 € Q, a B, = sup{B = 0: Be; € Q}, 1o B, > a;, > 0 and that’s the

IL={iel: B3 >0}+#a.

Let K5 is cone with forming rays {L;};cr,. Following from definition, that 2 has a (0)-property with respect
to cone K. We will show, that 2 C K. If suppose, that Q ¢ Ko, o 3x € Q: x € Ks. From inclusion z € Q C K

we have
xr = g o e; + g ;€.

i€l SIAND

Since = ¢ Ko, then Jig € I \ Iz : a;, > 0, tnen
aioeio:x—ZaieiG(x—K)ﬁKCQ—KﬁK:Q,
iio

because f3;, > o, > 0, where from iy € I3, that this is contrary to inclusion iy € I \ I, according this 2 C K
and G =QN Ky =Q.
Since €2 is finite set, we get that

Bi =sup{f=0:LPe €N} <c< 0.

According this 0 < 3; < oo for Vi € I, where from following, that G = Q has a (0)-property, with respect to
cone K.
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‘We have the inclusion G C G — KyN K> from ratio G = ) C K5. Check the inverse inclusion. From condition
of normality ) with respect to cone K, i.e. the equal 2 — K N K = Q and the inclusion Ky C K, we have:

G-—KiNKy=QO-K,NKyCOQ-KNK=Q=@G.

As contained in € the cone we take K; = {0}.
2. Now let the set  is undefinite. We show, that 2 contains a subcone.
By definition 8; = sup{8 > 0:08e; € Q}, Viel,soJiel:f =oc.
Really, if it is not, i.e. §8; < oo, Vi € I, then

r=Y e, and [z <3 <8, maed =B <o,

el el el iel

ie. ||z|]| < B8 Vzx €, where we get a contradiction of undefinite of set €.

Let I = {i € I : 8; = oo}, we showed, that I; # @ and let K; is subcone with forming rays {L;};cr,. We
wii show, that K C Q.

This follows from the fact, that 8; = sup{8 > 0: fe; € Q} = oo for Vi € I, ie.ifi € I u x = ae; € L,
that 38 > « : fe; € Q, we have a ratio from note 2: [0, Se;] C Q.

By condition 0 < a < 8, so azx € [0,8¢;] C 2 Va > 0, where from the ray L; = {ae;, a0 > 0} C Q. As
{Li}icr, € Q u Q is convex, that it has cone Ky, which is formed by the rays {L;}icr, -

Let b ={iel; :0<B; <o}, Is ={i € I : 5; =0}, then Vz € Q we have

x = Z ae; + Z a;€e; + Z ;€4

i€l i€l i€l3

where o; >0 Viel.
We will show, that a; =0 Vi € I3. If it is not, that Jip € I3 : o, > 0 and

aioeiozx—(Zaiei—i—Zaiei—l— Z ae) Ce—KCQ-KcCcQ-K;

i€l i€l i€l3Ni,

besides a; e;, € K, i.e. a;e;, € 2 — KNK =Q (by normality ).

By definition 8;, = sup{ = 0: Be;, € Q} > a;, > 0, this contradicts the inclusion iy € I5.

We shown, that for any = € Q@ we have the equal x = > «aje; € K7, i.e. Q C K;. We have previously shown,

iel

that Ky C Q, i.e. @ = K3, but on the conditions of the pro;l)osition Q can not be cone, thereby I # @.

Now let K is cone with forming {L;}icr, and G = QN K.

The set G is finite, how the subset of finite set ().

Following from definition the execution for set G (0)-property with respect to subcone K,. Check the
normality (with respect to K5) of the set G.

The inclusion G C (G — K3) is obviously.

By definition G C 2, Ko C K, so

G-KiNKyCQA-—KoNK; C(Q—KNK)NKy=QNK; =G.

Of equality G = G N K2 N Ky and convexity G (as the intersection of convex sets Q u K») we have normality
G with respect to Ks.
Check the equality 2 = G + K. As noted, Vx € € really the note

T = E Oliei—FE oie; = T + Tg,

i€l i€l

where 21 = > aje;; xa = Y aze;. Its true for 22 = 2 — 21 inclusion
i€h i€y

2 €N-—KICOQ-K)NK2C(Q-—K)NKCQ-KNK=Q;

ie. xo € QN Ky = G, where from x = x1 + 22 € K1 + G, we proved the inclusion Q C G + K;.
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On the contrary, let it z € G+ Ky, ie. x = x2 + x1;, where 2o € G, 1 € K. If 1y = 0, then
r=1x9 € G=0QNKo, ie. x €.

Now let 1 # 0 and L = {az1,a > 0} is ray, which passes through the point z;. As K is cone, then
Ary € K1 VA>20, Az e KCQ VA>0and 22 € G = QN Ky C Q, by virtue of the convexity of the
set ) contains the points axs + (1 — ) x; 0 < o < 1w A > 0. We suppose that A = ﬁ and will get, that
arg+x1 € Qfor0< a< 1.

We consider the sequence

1 1
2" =01—-=")za+xz, z,€Q, 1x 0<1——<1 Vn,
n n

then lim,, ™ = x2 + 1 € Q by virtue of the convexity of the set 2.
The proved inclusions 2 C G+ K u G+ K C  gave the equality 2 = G+ K.
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Kenbyiiipsii KOHYCTbIH HOPMAaJIb iMTKi »KUbIHIAPbIHBIH,
KYPbLIBIMBI TYypaJbl

MakaJsrayia HOpMaJianraH KeHicTikreri K KemOyiipsi KOHYCBHIHBIH HOPMAaJIb JIOHEC IMKi »KUBIHIAPBIHBIH
KYPBUIBIMBL 3eprreny. ) C K imki »KublHBIHBIH HopMababiesl ( K KoHyc MmarbiHachHga) Q — KNK =Q
IIAPTHIMEH AHBIKTAJIbI (ZKUBIH YCTIHJIET] CBI3BIK TOIIOJOTHAIBIK, TYRBIKTALY Jeren i 6inaipesni). Konycroin
KenoOy#ipJisiri gen merki coysenepi OOJBIIT TaOBLIATHIH COYJIeJep aKbIPJIbl CAHBIHBIH, KAHOHJIHIK, KAOBIK-
mackiH afitamMbrs. Hopmasib KUBIHIAP/IBIH KYPBLIBIMBI T€OMETPUSIIIBIK, TYPFbIIAaH 3epTTenmi. KenOyitipii
KOHYCTBIH, Ke3 KeJIreH ) HOpMaJib iIKi KUBIHBIH €Ki 1K XKUBIHAAPIBIH KOCBIH/IBICHIHA 06Iyre 60IaThIHIbI-
FBI KOPCETLIi: OHBIH 6ipi — IIEKTeJreH HOpMaJIb »KUbIH (Keiibip K imKi KOHyC MarbIHACBIH/IA), i eKiHIic
—  xubebHa Tricti K imki KoHycsl (erep € mexTesmerer 6osica, OHAA OJ1 JIa IIEKTEIMEreH ).

Kiam cesdep: KOHYC, HOPMaJIb, KOHYCTBIH KAOBIFbI, KOIOYHipJIl KOHYC, COyIeIep Ky PhLIbIMbI, KAOBIK, KIUbIH-
TBIFbI, KOHYC KAJIBIIITHI iIKi KUBIHBI.

T.X. Makazkanosa, A.C. Bazbunkanosa, O.M. Yisbpuxr

O CTpOo€HUN HOPpMaJIbHbIX IIOJMHO2KECTB MHOI'OI'DaHHOI'O KOHYCa

B craThe mCCIemOBAaHO CTPOCHHE HOPMAJIBHBIX BBIILYKJILIX IIOJMHOYKECTB MHOIOTDAHHOrO KoHyca K B HOp-
MHUPOBaHHOM IpocTpascrse. HopmassHocTs noamuoxkecrsa 2 C K (B cmbiciie KoHyca K) onpezensiercs
ycioBuem Q — K N K = Q (4epra Haj MHOXKECTBOM O3HAYAET B3sATHE TOMNOJIOIMYECKOrO 3aMbIKaHust). MHo-
TOrPAHHOCTb KOHYCa O3HATAET, ITO OH SIBJISETCH KOHHIECKOH OOOJIOUKON KOHETHOTO HHCJIA JIydell, sBiIs-
IOIMXCs KpatHUMK JrydaMu. Vcciie1oBajgoch CTpoeHne HOPMAJIbHBIX MHOXKECTB C ME€OMETPUYECKON TOYKU
spennst. IlokazaHo, YTO BCSIKOE HOPMAJIBHOE IIOAMHOXKECTBO {2 MHOIOTDaHHOI'O KOHYCa MOXKHO pasbuTh Ha
CyMMY JBYX IIOAMHOXKECTB, OJ{HO U3 KOTODBIX SIBJISIETCsI OlPAHMYIEHHBIM HOPMAJILHBIM (B CMBICJIE HEKOTOPOTO
nozkonyca B K) IIOJAMHOXKECTBOM, a BTOPOE — COJEPKalIMCst BO MHOXKecTBe () nozukonycom K (Heorpamu-
YEHHBIM, ecJii () HEOIDAHUIEHO).

Kmouesvie caosa: KOHYC, HOpMaJb, KOHUIECKasi 000JI0UKa, MHOTOTPAHHBIN KOHYyC, o0Opa3yoliue JIy4dn, 3a-
MKHYTO€ MHO>KECTBO, HOPMAaJIbHOE IIOJMHOXKECTBO KOHYCA.
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