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On computable subgroups of the group of all unitriangular
matrices over a ring

The problems of existence and uniqueness of computable numberings are fundamental in theory of compu-
tably numbered groups. In connection with the development of the theory of algorithms a study of the
problems of computability of important classes of algebraic systems are currently relevant. Groups of
unitriangular matrices over the ring are a classic representative of the class of nilpotent groups and have
numerous applications both in group theory and in its applications. In this paper we obtain a criterion of
computability of subgroups of the group of all unitriangular matrices UTn(K) over a computable associative
ring with unity.
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Let ω be the set of natural numbers, G a group, and ν : ω −→ G a mapping from ω onto G, also called a
numbering of G. The pair (G, ν) is called a constructive group if there is an algorithm which, for any triple of
natural numbers n,m and s, determines whether the equalities νn = νm and νn·νm = νs are true. A group G is
called computable (or constructivizable) if there exists a numbering ν such that the pair (G, ν) is a constructive
group. A subgroup H of a numbered group (G, ν) is called computable (computably enumerable) in (G, ν) if the
set ν−1H is computable (computably enumerable). If (G, ν) is a constructive group, then ν is called a computable
numbering of the group G. The problems of existence and uniqueness of computable numberings are fundamental
here, i.e., which groups are computable, and, if they are, how many non-equivalent computable numberings do
they admit. These problems have been investigated by A.I. Malcev, Yu.L. Ershov, S.S. Goncharov, R. Downey,
J. Knight, A.S. Morozov, V.A. Roman’kov, V.P. Dobritsa, N.G. Khisamiev, I.V. Latkin and other authors.

V. Roman’kov and N. Khisamiev proved [1] that the group UTn(K) of all unitriangular matrices, n ≥ 3, over
a commutative associative ring K with unity, is computable if and only if K is computable (where a computable
ring is defined in the obvious way, following the definition of a computable group). In [2] the same authors
constructed a ring K that is not computable, but the group UT2(K) is computable. Let Q be the additive group
of rational numbers. In [3] A.I. Malcev proved that a subgroup G ≤ Qn is computable if and only if G is a
computably enumerable subgroup in (Qn, γ), where γ is a standard numbering of the set of n-tuples of rational
numbers. In [4] it is obtained criteria for computability of torsion-free nilpotent groups of finite dimension and it
is proved the existence of a principal computable numbering of the class of all computable torsion-free nilpotent
groups of finite dimension. In this article we obtain a criterion of computability of subgroups of the group of all
unitriangular matrices UTn(K) over a computable associative ring with unity.

Our basic references for models, groups and rings are respectively [5–7], of which we adopt terminology and
notations. If in a torsion-free abelian group A there is a finite maximal linearly independent system of elements,
then we say that the dimension of the group A is finite. If a nilpotent torsion-free group G has a central series
whose factors are all abelian groups of finite dimensions, then G is called a group of finite dimension.

Theorem 1. Let (G, ν) be a constructive nilpotent torsion-free group of finite dimension, and let

e = G0 < G1 < . . . < Gn = G, (1)

be a central series of G. Then each Gi is a computable subgroup in (G, ν), for all i ≤ n.
Proof. By induction on i. The claim is obvious for i = 0. Suppose that the claim holds of i, and

gk1, gk2, . . . , gkmk ;

are elements of G such that the sequence
gk1, gk2, . . . , gkmk ,
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is a maximal linearly independent system of elements of the quotient Gk = Gk/Gk−1, 0 < k ≤ n. Since (1) is a
central series of the group G, the equivalence

g ∈ Gi+1 ⇐⇒ gkj · g = g · gkj mod Gi, (2)

holds, i.e., [gkj , g] ∈ Gi, for all 0 < k ≤ n, 0 < j ≤ mk.
Let mkj ∈ ω be numbers such that νmkj = gkj . Then (2) yields

s ∈ ν−1Gi+1 ⇐⇒ [νmkj , νs] ∈ Gi, 0 < k ≤ n, 0 < j ≤ mk. (3)

Since, by the induction hypothesis, the subgroup Gi is computable in the constructive group (G, ν), the right-
hand side of (3) can be effectively verified. From this, the set ν−1Gi+1 is computable, i.e., the subgroup Gi+1

is computable in (G, ν). The theorem is proved.
Corollary 1. If G is a computable nilpotent torsion-free group of finite dimension, then the factors of any

central series of G are computable.
Let K be a computable associative ring with unity, and UTn(K) the group of all unitriangular matrices over

K, of order n ≥ 2. From any computable numbering γ of the ring K one can determine a numbering γ∗ of the
group UTn(K), such that from a γ∗-number of a matrix A one can effectively find γ-numbers of the elements
of the matrix A.

Theorem 2. A subgroup G of the group UTn(K) of all unitriangular matrices over a computable associative
ringK, whose additive group is torsion-free and of finite dimension, is computable if and only ifG is a computably
enumerable subgroup in (UTn(K), γ∗), i.e., the set γ−1

∗ G is computably enumerable.
Proof. Let µ be a computable numbering of G and let

e = G0 < G1 < . . . < Gm = G,

be a central series such that each quotient Gi = Gi/Gi−1, 0 < i ≤ m, is an abelian group of finite dimension.
By Theorem 1, the set µ−1Gi is computable. Let

gi1, gi2, . . . , gimi ,

be a maximal linearly independent system of elements in the quotient Gi. In each class gij , 0 < j ≤ mi, we fix
a matrix Aij . Since there are finitely many such matrices, we can assume that γ-numbers of the elements of
these matrices are known.

By induction on i, we prove that the subgroup Gi is computably enumerable in (UTn(K), γ∗), and from any
number s ∈ µ−1Gi one can effectively find t such that µs = γ∗t. This is obvious for i = 0. Assume that for i it
has been proved that γ−1

∗ Gi is a computably enumerable set of numbers, and there exists a partial computable
function fi, with domain δfi = µ−1Gi, such that µk = γ∗fi(k), for all k ∈ µ−1Gi.

By definition of the matrices Ai+1j , 0 < j ≤ mi+1, the following holds: For every k ∈ ω, we have that
µk ∈ Gi+1 if and only if there are integers s, t, r1, r2, . . . , rmi+1

, with t ∈ µ−1Gi, such that

(µk)s = Ar1i+11 · . . . ·A
rmi+1

i+1mi+1
· µt. (4)

Suppose that (4) is true. By induction, µt = γ∗fi(t). By definition of the numbering γ∗ of the group UTn(K), it
follows that from the number fi(t) we can effectively find γ-numbers of the elements of the matrix B = γ∗fi(t).
Hence from the numbers r1, r2, . . . , rmi+1 we can effectively find γ-numbers of the elements of the matrix

C = Ar1i+11 · . . . ·A
rmi+1

i+1mi+1
·B.

Since UTn(K) is a nilpotent torsion-free group, roots of elements when they exist are unique, see [6, Theorem
16.2.8]. So, from C we can effectively determine a unique D, and r, such that Ds = C, and γ∗r = D. From
this and (4) it follows that there is an algorithm that lists the γ∗-numbers of matrices of the subgroup Gi+1,
and from a number k ∈ µ−1Gi+1 one can effectively find γ-numbers of the elements of the matrix µk, hence a
number s such that µk = γ∗s, therefore completing the proof of the induction step.

Thus, Gm = G is a computably enumerable subgroup in (UTn(K), γ∗), i.e., necessity has been proved.
Sufficiency follows from the fact that a computably enumerable subgroup of a constructive group is computa-

ble. This completes the proof of the theorem.
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Let ν1 and ν2 be two computable numberings of the group G. Then say that ν1 is m-reducible to ν2 if there
is a computable function f such that ν1n = ν2f(n), for all n ∈ ω. If all computable numberings are m-reducible
to each other, then the group is called computably stable.

From the proof of the previous theorem we have:
Corollary 2. If G is a computable subgroup of the group UTn(K) over a computable associative ring K

with unity, whose additive group is torsion-free and of finite dimension, then any computable numbering of the
group G is m-reducible to the numbering γ∗ of the group UTn(K).

Corollary 3. Any computable subgroup of the group UTn(K) over a computable associative ring K with
unity, whose additive group is torsion-free and of finite dimension, is computably stable.

Corollary 4. A subgroup G of the group UTn(P ) of all unitriangular matrices over a field P of finite degree
and of characteristic 0, is computable if and only if G is a computably enumerable subgroup in (UTn(P ), γ∗).

Corollary 5. If G is a computable subgroup of the group UTn(P ) over a field P of finite degree and of
characteristic 0, then any computable numbering of G is m-reducible to the numbering γ∗ of the group UTn(P ).

In particular, Corollaries 4 and 5 are valid when P is the field of rational numbers.
Let K be a computable associative ring with unity, whose additive group is torsion-free and of finite

dimension, let G be a subgroup of the group of unitriangular matrices UTn(K), and let

e = G0 < G1 < . . . < Gn = G, (5)

be a central series of it. Let us fix some maximal linearly independent system

Ai1, Ai2, . . . , Aimi

in the quotient Gi = Gi+1/Gi, i < n. Let

Si(G) = {〈αi0, αi1, · · · , αimi〉|αij ∈ Z, j ≤ mi, & ∃B ∈ Gi(B
αi0

= A
αi1
i1 · . . . ·A

αimi
imi )}.

Using this notation, we introduce the following
Definition 1. We say that a subgroup G is pure in UTn(K) with respect to the central series (5), if for

every i < n and sequence 〈αi0, αi1, · · · , αimi〉 ∈ Si(G), and for every element c ∈ Gi the following is true: From
solvability of the equation xαi0 = Aαi1i1 · . . . ·A

αimi
imi
· c in the group UTn(K), it follows solvability of this equation

in G.
Let γ be a computable numbering of the ring K, and let γ∗ be a numbering of UTn(K), defined through γ,

so that from any number n ∈ ω we can effectively find γ-numbers of the elements of the matrix γ∗n. Then we
have

Theorem 3. Let G be a subgroup G ≤ UTn(K), and let (5) be a central series of it, such that the following
are true:

a) all factors of the series (5) are computable;

b) G is pure in UTn(K) with respect to the series (5).

Then G is a computably enumerable subgroup in (UTn(K), γ∗).
Proof. By induction on i, we prove that the subgroup Gi is computably enumerable in (UTn(K), γ∗). The

claim is obvious for i = 0.
Assume that Gi is a computably enumerable subgroup in (UTn(K), γ∗). Since the dimension of the quotient

Gi+1/Gi is finite, then there is a finite sequence of matrices

Ai1, Ai2, . . . , Aimi ,

such that the cosets
Ai1, Ai2, . . . , Aimi (6)

form a linearly independent system in the quotient Gi = Gi+1/Gi, i < n. Since Gi is computable, then the set
of all sequences of integers

Si = {〈αi0, αi1, · · · , αimi〉|∃B ∈ Gi(B
αi0

= A
αi1
i1 · . . . ·A

αimi
imi ), αij ∈ Z, j ≤ mi}

is computably enumerable. We prove that the following equivalence is true:
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s ∈ γ−1
∗ Gi+1 ⇔ (UTn(K), γ∗) |= ∃〈αi0, . . . , αimi〉∃r ∈ γ−1

∗ Gi;

(〈αi0, αi1, · · · , αimi〉 ∈ Si & (γ∗s)
αi0 = Aαi1i1 · . . . ·A

αimi
imi

· γ∗r). (7)

( ⇒.) Let s ∈ γ−1
∗ Gi+1 and B = γ∗s. Since (6) is a maximal linearly independent system of elements of the

quotient Gi, then there are a sequence of integers 〈αi0, αi1, · · · , αimi〉 and a matrix C ∈ Gi such that

Bαi0 = Aαi1i1 · . . . ·A
αimi
imi

· C. (8)

Hence, it follows that the right-hand side of (7) is true.
(⇐.) Assume, now, the right-hand side of (7), and suppose that B = γ∗s, γ∗r = C ∈ Gi. Then we have (8).

Hence, by purity of the subgroup G in UTn(K) with respect to (5), and uniqueness of roots in UTn(K), we
have that B ∈ G, and therefore B ∈ Gi+1, as desired.

We show that by the equation (8) the elements of the matrix B can be effectively identified. Indeed, from a
number r, we can effectively determine γ-numbers of the elements of the matrix γ∗r = C. Since the number of
matrices Aij is finite, we can assume that γ-numbers of the elements of these matrices are known. From this,
we find effectively γ-numbers of the elements of the matrix in the right-hand side of (8). By uniqueness of roots
in UTn(K), we can find γ-numbers of the elements of the matrix B such that (8) holds, and therefore we can
find also a γ∗-number of the matrix B.

From this and (7), by the induction hypothesis we get that Gi+1 is a computably enumerable subgroup in
the group (UTn(K), γ∗). The induction step, and thus the sufficiency of the theorem, has been proved.

Corollary 6. Suppose that G ≤ UTn(K) is pure in UTn(K) with respect to the central series (5). Then the
group G is computable if and only if the factors of the series (5) are computable.

Corollary 7. If G is pure in UTn(K), then it is pure with respect to any central series of it.
From this and Corollary 6, it follows.
Corollary 8. Let G ≤ UTn(K) be pure in UTn(K). Then the group G is computable if and only if all factors

of some central series of it are computable.
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Р.К. Тюлюбергенев

Сақинадағы барлық униүшбұрышты матрицалар тобының
есептелiнетiн iштоптары туралы

Мақалада негiзгi мәселелер ретiнде қандай да бiр топтар кластары үшiн конструктивизацияның бар
болуы, жалғыздығы және жалғасы қарастырылды. Алгоритмдер теориясының дамуына байланыс-
ты алгебралық жүйелердiң маңызды кластарының есептелiмдiлiк мәселелерiн шешудi зерттеу өзектi
мәселелердiң бiрiне айналды. Сақинадағы униүшбұрышты матрицалар тобы нильпотенттi топтар
кластарының классикалық өкiлi болып табылады және көптеген қолданылымдары тек қана топтар
теориясында ғана емес, оның қосымшалары үшiн де маңызды орын алған. Автор есептелiнетiн ассо-
циативтi сақинадағы бiрлiкпен UTn(K) барлық униүшбұрышты матрицалар тобындағы есептелiмдi
iштоптардың болу критерийiн алған.

Кiлт сөздер: нөмiрлеу, униүшбұрышты матрицалар тобы, конструктивтi топ, нильпотенттi топ, ал-
горитм теориясы.

Р.К. Тюлюбергенев

О вычислимых подгруппах группы всех унитреугольных
матриц над кольцом

Основными проблемами статьи являются проблемы существования, единственности и продолжения
конструктивизации для тех или иных классов групп. В связи с развитием теории алгоритмов акту-
альным является исследование проблем вычислимости важных классов алгебраических систем. Груп-
пы унитреугольных матриц над кольцом составляют важный класс нильпотентных групп, имеющий
многочисленные применения как в самой теории групп, так и в её приложениях. Автором получен
критерий вычислимости подгруппы группы всех унитреугольных матриц UTn(K) над вычислимым
ассоциативным кольцом с единицей.

Ключевые слова: нумерация, группа унитреугольных матриц, конструктивная группа, нильпотентная
подгруппа, подгруппа, рациональное число, теория алгоритмов.
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