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On the integral equation of the boundary value problem for the
essentially loaded differential heat operator

In the article the Volterra integral equations of the second kind with the given kernel are investigated.
This kind of integral equations arises in the solving of some boundary value problems for essential loaded
differential heat operator in an unbounded domain. The theory of boundary value problems for essential
loaded differential parabolic equations is very important not only for the modeling of the physical, technical
and application processes, but also in the experimental studies. The test problems are also connected
with mathematical modeling of thermal processes in the electric arc of the high-current breaking devices.
Experimental studies of these phenomena are difficult because of their transience and in some cases only a
mathematical model is capable to provide adequate information about their dynamics, so the test material
is highly relevant in modern science.
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The necessity for the study of Volterra integral equations of the second kind in the given form
naturally arises in finding of the solutions of some boundary value problems for essentially loaded
differential parabolic equation |[1]

(t) — A / K(t, m)u(r)dr = F(z), (1)

where A € C is the numeral parameter of this equation; F'(¢) is the known function, it is defined on
the interval (0;00). The kernel K (¢, 7) of the integral equation (1) has the following form

OFQa,t —
k()= TALZD L,
where
3 2
Qx,t—7) = ﬁ-exp <—4(tm_7_)> - P(z,t —7), (2)

and z = Z(t) is the given function with ¢ € (0,00), I5(2) is the modified Bessel function, 8 is the
numeral parameter, 0 < 8 < 1, p(t) is the unknown function.

The function Q(z,t — 7) defines the kernel of the integral equation (1). We calculate the function
Q(x,t — 7) and present its various interpretations. Taking into account that [2]
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On the integral equation

where Rep, Re(a+v) >0;r>1land (v+1)o=1, w4+ 1)r=w+1)¥+2)-...-(v+k), k=1,2,3...

are the symbols of Pochhammer, from (3) we get

P (=)P 8
926+1 . 4(%4) T(B+1)

Plx,t—71)=

sz‘;Ok!

225+ T(B+1) (t—7)F “F=CKI(B+ 1), 2Vi—T
A N 1 72k+B
= 39541 NEE) Xk=0 2B + D)y : (t — 7)k+B-1 =
. 1 72k+8
= 2k=052k125-1 . (B+1)-T(B+1) : (t — 7)kt+B-1

=

1 2k+5
P(z,t—7) x

Substituting (4) in (2), we obtain the following representation of the function Q(z,t — 7)

N 1 22k+28 2
Qe =7) = S0 gkr98 (54 D)y T(B 1) (178 P <_4<t—7>>

or

T 1

x? o T
Qz,t—7) = (2)25 TE+rL(E 7B P <_4(t—7-)> k=0 (B + 1)k1. (t—r)k (5)%'

T OPEI T (G0, TB 4] (- W

It is possible to obtain a different ratio for the function Q(z,t — 7) with using the integral

representation of the modified Bessel function [3]

Ig(z) = 3’ '/1 (1- t2)57% -exp(xzt)dt, Re(p + 1) >0
HTrE ) 1) feBrg) >0

From the relation (3) we get

& (27"
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Pzt —7)= /OO 1 Pexp(— déx
0

1 4(t—7)

Taking into account that [3]
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and |argr| < I, Rey > 0, the relation (5) is transformed to the form
9 2

= ! =gyt
P(x,t T)_F(B%)T(%) /1(1 )72 x
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B
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where

Ao(a,t —7) = /_11 n-(1— )P % - exp (4(”;21727)) - (1 s (2\/%» dn.

Since we have (3]

@ 1
/ (a* — 2" de = =t @~ B <p’ u) ,
0

where a, 1, Rep > 0, then

1 1 11
Ay :/ (1-n*)"2dn=B (54- ,> :
_1 2°2

Now we calculate As(x,t — 7)

it [ () (0 )
_ /_ 11,7. (1= )b - cap <4(§2j27)) dn-

Taking into account that the integrands in the first and the second integrals of the last relation are
odd and even respectively we obtain
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Aﬂxi——ﬂ::—2/}n‘ﬂ—wfﬁ5wmp<4é?iﬁ>‘@<2J?lT>dn

Since we have [2]

erfe(cx)
a®t=le o +1 a+1 3 a+1
=4 B oy (1 i .22
ﬁ ( 2 7p> 2 2(7 2 727p+ 2 7CLC)+
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+{1} T 5oP) 15 2~|—pac ifa, Rep > 0; Rea > 5

where

> a et la z
qu(a17 --~,ap;b1, 7bQ7z) = Z ( 1)k : : ( P)k L

is the generalized hypergeometric function,

(a) P
k
1Fi(a;b;2) = E —
is the singular hypergeometric function,

ap=1,(a)y =ala+1)-...-(a+k—-1),k=1,2,3, ...

are the symbols of Pochhammer,

erfe(z) =1—®(z),erf(z) = ®(z),

then the correspondence for Ay(xz,t — 7) takes the form

Ag(w,t —7) = —2/_1177'(1—772)5_é - exp <4(:§2172¢)> - P <2\/?777> dn =

3 1 33 x?
=+——B| = =)o F |1, == 2 —. 8
ﬁ(t—T) (27ﬁ+2) 2 2( 72727/8+ 74(t_7_)> ()
Using (7) and (8) we obtain the representation (6) in the form

1 zP
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Considering the properties of the gamma function and the beta function
I'(p)L'(q) <1> <3> 1

B(p,q)=—"—=T (=) =vm,T'|=|==Vnr,

(»,q) Tt (2 V(5 ) =35vr

we can rewrite the last relation for P(z,t — 7) to the following form

T) = L X
CT(B+3)T(3)

P(x,t—

2t \ T(5)T(B+3)
’5”’4@—7)) NEED)
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= x( T) =+ - '2F2 177777/84_2;!%7 )
PPIT(B+1) - PTG 1 (i —7)P 272 =7

that is

xﬁ@ —7)=B 2B+2
= 226-10 (B + 1) + 220H1T(B + 2)(t — 7)

33 22
W (1,55, 84+2— ).
B 2 2( >2a2aﬁ+ ,4(t—7')> (9)

Substituting (9) in (2), we obtain the following representation for the function Q(z,t — 7)

Qa,t —7) = exp <—4(t”7_27)> x

P(x,t—7)

228 1 22642 33 z?

- [2251“(5 1) G =P T PP — P 2 <1’ A T T)ﬂ (19
where
33 0 2\ & (), ( v >’“.1
2k (172’2’6+2’ 4(t—7-)> _kzo (3), B+2)p \4t—7)/) k'
Since we have (1), =1-2-...-(1+k—1) = k!,
3 3 2 > 1 x? F

m (1350455 —) =L () - -

The equation (10) with (11) takes the form

Qa,t —7) = exp <—4(t‘””_2 T)> x

226 1 22B+2 © 1 22 k
" lwrw YR e T S R e L NG E T <4<t - T>) ] |

If for calculation of the function P(x,t — 7) from (3)

Pzt —71) = /OOO ¢ Peap <_4(5 7)) 1 (25_“;)) - de¢
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we use the relation [2]

o0
/ 2 Lexp (fpr) -I,(cx)-dx = A if Rep, Re(a + v) > 05 |arge| < m,
0

where

vy, x) =T(v)-T(v,z) = /OI 1 etdt

is the incomplete gamma function,
oo
I(v,z) = / 1 etdt
x
is the additional incomplete gamma function, then from the representation (3) we get

2

ot == 47 = () (ar7) e (im0 0)

(=) =S (w5a) 2 ()

C2t—1) x? 2
et =Sy o () 1 () "
Substituting (12) in (2), we calculate the function Q(z,t — 7)

8 22
Qz,t—7) = 2= 1) P <4(t—7‘)> Pz, t—7) =

_ L @’ _1,‘“%”—5,/3—1.
=) ”(5’4<t—7>>‘r<5>/0 € e

1 x?
Qz,t — 7)== T3 - <57 4(t—7)> . (13)

The function Q(z,t — 7) can also be written as

ei=n=557 (Mg =) =y [FO T (=)

Q(x,t—T):l—F(l)~F<ﬂ,4(:c_2T)>.

Taking into account the relation [2]

v

z
y(v, ) = o Fi(v,v+1;—2),
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the representation (13) is transformed into the form

2 2

1R <6,6+ 1;—4(;”_T)> : (14)

1 T

B-T(B) 2%(t—)

Qz,t—7) =

where

Since we have

(B)k :B(ﬁ+1)(5+2)-...~(ﬁ+k_1) _ 8
(B+ 1) BrD)B+2) . (B+Ek) s

then from (15) we receive

i (6“1 > i ﬁ+k (_4(:_27)>k:

From (14) with (16) we get the following representation of the function Q(x,t — 7)

1 z? — (-1F z’ ’
At =)= 7 S Gh R ()

=0

Taking into account that |2

z

Vv +1,2) = v y(v,2) — 2,

we obtain the representation for the function Q(x,t — 7) in the form

Using different representations of the original function of the integral equation kernel we will explore
questions of solvability of the integral equation (1).
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A.H. Ecbaes, I''A. Ecenbaena

Eneyni xxykrearen muddepeHNmanaplK »KbLIYOTKI3TIINTIK OoIepaTOPhbI
VIIiH IIEeKTi eCelTiH MHTerpaJiabl TeHAeyi TypPaJibl

Maxkanana Gepinren sapomen ekiumii perti BosbreppanbiH, muTerpaaasl TeHaeyi 3eprresren. OcbiHmait
WHTErPAJIIbl TeHEYJIep UHTErPAJI b MIENTIMHIH HYKTeCIHIer )KYKTeareH quddepeHnnaablK KbIIyoTKi3-
rilITiK omepaTopsl YIMiH MaHBI3/IBI XKYKTEJITEH €CeNTi KapacThIpFaH1a naiiaa 6oaasl. IHTErpasiap! merrim-
HiH HYKTeCiHIer] XKyKTeareH quddepeHInaIablK, KbUTyOTKI3TMTIK mapabosablk, TeHAEYIEP YIIH Teopust
GbU3NKAJIBIK, TEXHUKAJIBIK KOHE KOJITaHOAJIbI IIPOIIECC YIIIH FaHa eMec, COHIAM-aK, SKCIIePIMEHTAJIIbI 3€PT-
TeyJiep YIIiH Jie ©3eKTi 60JIbIn TabblIaabl. 3ePTTE/IreH eceTep MaTeMaTUKAJIBIK, MOJEIbIEYMEH YKbLITY hu-
3UKAJIBIK, IIPOIIECTEP/Il SJIEKTP JAOFACHIHA KYIIITI HYKTEI ayKbIPATYIIbI annaparTapMes OaifianbicTel. Byt
KYOBLIBICTAP/bI 9KCIIEPUMEHTTIK TYPJ€e 3€PTTEY OJIAPAbIH aFbIHBI >KOHE IMHAMUKACHI TYPAaJIbl OipKaTap Kar-
Jaiiapia FaHa eMec, MaTeMaTHKAaJIbIK MO/l TeHbe-TeH akmapar 6epyre KUbIHIABIK TyFbI3a/1bl, COHIBIKTAH
0YJT TAKBIPHIN KA3ipri 3aMaHFbI Y)KAaPATHIILICTAHY/IA ©T€ ©3€KTi1 OOJIBIIT €CenTe e Ii.

A H. Ecbaes, I''A. Ecenbaesa

OO0 uHTerpaJIbHOM ypaBHEHUW I'PAHUYHON 3a/1a49U JIJIsi CYIIIeCTBEHHO
Harpy2keHHoro JquddepeHImajIbHOro onepaTopa TenJoIPOBO/THOCTHI

B crarbe wmcciieoBaHo mHTErpasibHOE ypaBHeHMe BoJsibTeppa BTOPOTO pojia C 33JlaHHBIM siipoM. Takoro
polia MHTErpaJIbHbIE YPABHEHUsI BOZHUKAIOT MPY PEIIEHUH HEKOTOPBIX TPAHUYHBIX 33189 JJIsi CyIeCTBEH-
HO HAI'PYyKEHHOT0 JuddepeHInaaIbHOTO OepaTopa TeIJIOMPOBOJHOCTH B HEOT'paHUYeHHOM ob1acTh. Teopus
IPaHUYHBIX 337184 JJIsI CYIIIECTBEHHO HATPYKEHHBIX M DEPEHITNAIBHBIX TapaboJIMIeCKUX yPABHEHUN BECH-
Ma aKTyaJbHa HE TOJBKO JJIs MOJETHPOBAHNSA (PU3MIECKUX, TEXHUIECKUX U MPHUKJIAIHBIX TIPOIECCOB, HO U
B 9KCIIEPUMEHTAJbHBIX UCCJeoBanusX. Mcciemyemble 3a/1a4m CBA3aHbI TAKXKE C MATEMATUIECKAM MOJEJIH-
poBaHUEM TEIIO(PU3NIECKUX TPOIECCOB B JIEKTPUIECKON JyTre CHIbHOTOYHBIX OTKJIFOYAOIINX AIlapaTOB.
DKCIepUMEeHTAIbHBIE MCCJIEIOBAHUS STUX SBJIEHUI 3aTPYIHEHBI BCJIEICTBHE UX OBICTPOTEYHOCTH, U B Psi-
Jle CJIydaeB JIAIIb MaTeMaThdecKas MOJEJb CIOCOOHA JaTh aJieKBaTHYIO0 MH(MOpMANUio 00 MX JUHAMUKE,
IIO9TOMY MCCJIE/IyEMBINl MATEPUAJ BECbMa aKTyaJleH B COBDEMEHHOM €CTEeCTBO3HAHUU.
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