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Global solvability of a nonlinear Boltzmann equation
In this paper, based on the splitting method scheme, the existence and uniqueness theorem on the whole
time interval t ∈ [0, T ), T ≤ ∞ for the full nonlinear Boltzmann equation in the nonequilibrium case is
proved where the intermolecular interactions are hard-sphere molecule and central forces. Considering the
existence of a bounded solution in the space C, the strict positivity of the solution to the full nonlinear
Boltzmann equation is proved when the initial function is positive. On the basis of this some mathematical
justification of the H−theorem of Boltzmann is shown.

Keywords: full nonlinear Boltzmann equation, splitting method, existence and uniqueness theorem on the
whole time for the nonlinear Boltzmann equation, positivity of the solution to the nonlinear Boltzmann
equation, Boltzmann’s H−theorem.

Introduction

The Boltzmann equation [1] is a complex nonlinear integro-differential equation and refers to
difficult-to-study mathematical objects. Proof of the existence and uniqueness theorem for a solution
of the Cauchy problem for a spatially homogeneous Boltzmann equation begins with the work of
T. Carleman [2].

H. Grad [3] proved the first existence theorem in the "small" for spatially nonhomogeneous Boltzmann
equation in the case of Maxwellian molecules when the initial function tends to Maxwellian distribution
function in a special norm.

The world’s leading experts on kinetic equations provided a review monograph [4], on the current
state of mathematical theory of the Boltzmann equation starting with its derivation, theorem existence
and uniqueness and methods of solution. They wrote: «. . . For over 110 years this equation attracts
the attention of researchers, but only in recent years it has proved global solvability spatially −
nonhomogeneous problem in the case of a small deviation of the gas state from equilibrium positions
- more general results are not obtained to this day . . .» [4].

T. Carleman in [2] pointed out that solving the full Boltzmann equation for practical problems
can be only done through approximate mathematical methods. In this connection, we have chosen the
splitting method to solve the full nonlinear Boltzmann equation. Splitting methods for solving a class
of various applied problems were developed by G. I. Marchuk [5].

In Kazakhstan, the study of the nonlinear equation and its corresponding discrete models began in
S.K. Godunov and U.M. Sultangazin works [6].

In this connection, to solve the full nonlinear Boltzmann equation in the class of positive initial
functions, the splitting method was applied [7], [8]. First, based on this method boundedness of
positive solutions in the space continuous functions was got. With the help of the boundedness of
the solution and of the established a priori estimates, the convergence of the scheme splitting method
and uniqueness of the limiting element were proved. The found limiting element satisfies the equivalent
integral Boltzmann equation. Thus, a weak solvability of the nonlinear Boltzmann equation as a whole
in time.

From modern bibliographic sources it follows that there are no the existence and uniqueness
theorems as a whole in time for the nonlinear Boltzmann equation in a nonequilibrium case when
intermolecular interactions are hard-sphere molecules or central forces.
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1 Statement of the problem for a nonlinear Boltzmann equation

Cauchy problem for the full nonlinear Boltzmann equation for molecules − hard spheres of radius
χ in the domain

Q =

(
t ∈ [0, T ), T ≤ ∞; x = (x1, x2, x3) ∈ G ≡

{
0 ≤ xα ≤ 1, α = 1, 3

}
;

v = (ξ1, ξ2, ξ3) ∈ V3 ≡
{
−∞ ≤ ξα ≤ ∞, α = 1, 3

})
with respect to the distribution function f = f(t,x,v) is written as [1], [2]:

∂f

∂t
+ (v,∇)f = J(f)− fS(f) ≡ B(f, f), (1)

with an initial
f(t,x,v) |t=0= ϕ(x,v) (2)

and periodic boundary conditions∗

f(t,x,v)
∣∣
Γ0xα

= f(t,x,v)
∣∣
Γ1xα

, α = 1, 3, (3)

where

S(f) =

∞∫∫∫
−∞

π/2∫
0

2π∫
0

f(t,x,v1)K(θ,w)dεdθdv1 ≡
∫

V3×Σ

f(t,x,v1)K(θ,w)dσdv1;

J(f) =

∫
V3×Σ

f(t,x,v′)f(t,x,v′1)K(θ,w)dσdv1, K(θ,w) = 0.25χ2 | w | sin(2θ),

v, v1 are the velocity vectors of two colliding molecules, w = v−v1 is relative velocity vector; velocity
of molecules after collisions v′, v′1, are related to v, v1 by the dynamic relation: v′ = v+g(g,w), v′1 =
v1 − g(g,w); g is unit vector in the direction of scattering of molecules:
g =

(
sin θ cos ε, sin θ sin ε, cos θ

)
; (θ, ε) ∈ Σ ≡

{
0 ≤ θ ≤ π; 0 ≤ ε ≤ 2π

}
; Γρxα− edge cube G

perpendicular to the axis xα, passing through xα = ρ, ρ takes the value either 0 or 1.
The initial function ϕ(x,v) satisfies condition (3) and it is such that

0 < ϕ(x,v) ∈ C(G× V3) ∧
(
‖ϕ(v)‖L∞(G) ≤ const

(1+|v|2)
γ
2
, γ > 6

)
;

J(ϕ) ≤
∫

V3×Σ

‖ϕ(v′)‖L∞(G) · ‖ϕ(v′1)L∞(G)‖K(θ,w)dσdv1 = q1(v) <∞;

S(ϕ) ≤
∫

V3×Σ

‖ϕ(v1)‖L∞(G)K(θ,w)dσdv1 = q2(v) <∞,

(4)

where ‖ϕ(v)‖L∞(G) = sup
x∈G

| ϕ(x,v) | at every v ∈ V3,
∫
V3

qk(v)dv = const, k = 1, 2. Following

[2], requirements (4) for the initial function were taken into account, that improper integrals were
convergent in the velocity space.

Lemma 1. For periodic functions, the following integration-by-parts formula over the cube G3 is
valid ∫

G3

V∆U dx = −
∫
G3

∇V ∇U dx. (5)

∗or mirror reflections of molecules from the boundary of the G domain.
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Proof. Let us write down the integration-by-parts formula∫
Ω

V∆U dx = −
∫
Ω

∇V ∇U dx +

∫
∂Ω

V
∂U

∂n
dx. (6)

From the properties of the cube surface, it follows

∫
∂G3

V
∂U

∂n
dx =

3∑
κ=1

( ∫
Γ0,xκ

V
∂U

∂xκ
nκ dxβdxγ+

+

∫
Γ1,xκ

V
∂U

∂xκ
nκ dxβdxγ

)
, (β, γ) ∈ {1, 2, 3} ∧ (β, γ) 6= κ, (7)

where n is the outward normal vector to the cube surface, then considering the value of the normal

component in formula (7), nκ =

{
−1, ρ = 0,

+1, ρ = 1,
we have

∫
∂G3

V
∂U

∂n
dx =

3∑
κ=1

( ∫
Γ0,xκ

V
∂U

∂xκ
nκ dxβdxγ +

∫
Γ1,xκ

V
∂U

∂xκ
nκ dxβdxγ

)
= 0.

Taking into account this relation, from (6) we get (5).

2 Existence and uniqueness theorems

To solve problem (1)−(3) we use the of splitting method [5]. On [0, T ) we introduce the time grid
ωτ = {tn = nτ ≤ ∞, τ > 0, n = 0, 1, · · · ; }, and∗

τ < 1
/∫
V3

(q1 + q2)dv. (8)

Suppose an approximation is known fn(x,v), at time nτ. Then the schemes of the splitting method
corresponding to the problem (1)–(3) are written as follows:

fn+1/2 − fn

τ
= B(fn, fn), (9)

fn+1 − fn+1/2

τ
+ (v,∇)fn+1 = 0, (10)

with initial and periodic boundary conditions

f0(x,v) = ϕ(x,v), fn+1
∣∣
Γ0xα

= fn+1
∣∣
Γ1xα

. (11)

Let the known approximation fn(x,v) has all the properties (4) of the initial function.
Introduce a shift operator T−1/2 such that T−1/2fn = fn−1/2, that is, the operator T−1/2− acting

on the function fn returns its value obtained by the previous fractional step of the splitting method.
Acting this operator on scheme (10), we find the difference-differential analog of the continuity equation

∗Condition (8) on the step τ is necessary for the solution positivity of the splitting method schemes.
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(or mass conservation equation) at each v ∈ V3 corresponding to the first fractional step of the splitting
method, that is

fn+1/2 − fn

τ
+ (v,∇)fn+1/2 = 0, fn+1/2

∣∣
Γ0xα

= fn+1/2
∣∣
Γ1xα

. (12)

The boundary condition was obtained from (9), since the function fn has this property.
It is easy to see that there is the maximum principle on spatial variable x ∈ G for problems (10)-(11)

and (12).
Let us first consider problem (12) in the form

fn+1/2 + τ(v,∇)fn+1/2 = fn, fn+1/2
∣∣
Γ0xα

= fn+1/2
∣∣
Γ1xα

.

Applying the maximum principle to this problem, we find an estimate for the solution fn+1/2(x,v) in
the space C(G)

sup
x∈G
|fn+1/2(v)| ≤ sup

x∈G
|fn(v)|, ∀v ∈ V3.

Then in the same way from problem (10), (11) we obtain an estimate

sup
x∈G
|fn+1(v)| ≤ sup

x∈G
|fn+1/2(v)|, ∀v ∈ V3.

Combining the found estimates, we have

sup
x∈G
|fn+1(v)| ≤ sup

x∈G
|fn+1/2(v)| ≤ sup

x∈G
|fn(v)|, ∀v ∈ V3.

From here, summing over n, we find the main estimate

sup
x∈G
|fn+1(v)| ≤ sup

x∈G
|fn+1/2(v)| ≤ ‖ϕ(v)‖L∞(G) = q0(v), ∀v ∈ V3 (13)

that allows us to obtain estimates for the nonlinear terms of the equation (9).
Consider first

J(fn) =

∫
V3×Σ

fn(x,v′) · fn(x,v′1)K(θ,w)dσdv1.

From here

1. |J(fn)| ≤
∫

V3×Σ

|fn(x,v′)| · |fn(x,v′1)|K(θ,w)dσdv1 ≤

≤
∫

V3×Σ

sup
x∈G
|fn(x,v′)| · sup

x∈G
|fn(x,v′1)|K(θ,w)dσdv1 =

=

∫
V3×Σ

‖fn(v′)‖L∞(G) · ‖fn(v′1)‖L∞(G)K(θ,w)dσdv1 ≤

≤
∫

V3×Σ

‖ϕ(v′)‖L∞(G) · ‖ϕ(v′1)‖L∞(G)K(θ,w)dσdv1 = q1(v) <∞. (14)

Mathematics series. №3(107)/2022 7



A.Sh. Akysh (Akishev)

2. fn(x,v) | S(fn(x,v1)) |≤ sup
x∈G
|fn(v)|

∫
V3×Σ

| fn(x,v1) | K(θ,w)dσdv1 ≤

≤ q0(v)

∫
V3×Σ

‖fn(v1‖L∞(G)K(θ,w)dσdv1 ≤

≤ q0(v)

∫
V3×Σ

‖ϕ(v1)‖L∞(G)K(θ,w)dσdv1 = q2(v) <∞. (15)

It is now easy to obtain an estimate for the difference derivative fn+1/2
t̄

using (14), (15), based on the
equation (9):

sup
x∈G
| (fn+1/2 − fn)/τ |≤| B(fn, fn) |≤| J(fn)| + |fn(v)| | S(fn) |≤ q1(v) + q2(v) = q3(v). (16)

Adding equations (9), (10), on the integer step we obtain the difference-differential Boltzmann
equation

(fn+1 − fn)/τ + (v,∇)fn+1 = B(fn, fn). (17)

with initial and boundary conditions

f0(x,v) = ϕ(x,v), fn+1
∣∣
Γ0xα

= fn+1
∣∣
Γ1xα

. (18)

From here
| (fn+1 − fn)/τ |≤| B(fn, fn) | + | (v,∇)fn+1 | .

When the function fn+1(x,v) reaches its maximum value at extremum points reaches xe in G for every
v in V3 by virtue of the maximum principle, we have

| (fn+1 − fn)/τ | (x) ≤| (fn+1 − fn)/τ | (xe) ≤| B(fn, fn) | (xe).

From here
sup
x∈G

∣∣(fn+1 − fn)/τ
∣∣ ≤ ∣∣B(fn, fn)

∣∣ = q3(v). (19)

Now from (17) we find
sup
x∈G

∣∣(v,∇)fn+1
∣∣ ≤ 2q3(v). (20)

Remark 1. The functions qk(v) ∈ C(V3). k = 0, 3, i.e., they are positive continuous summable
functions and continuous depending on the integral of norm for the initial function ϕ(v) over the
domain V3.

Proposition 1. Each problem (12) and (10)–(11) has a unique positive continuous solution that is
bounded in Q, and it is periodic function over xα, i.e., it possesses properties (4) of the initial function,
since the approximation fn(x,v) is such. The periodicity is shown in the same ways as in [7], and the
rest of the properties have already been proven.

3 Compact solutions and existence

We denote the set of found approximate solutions to problems (9), (10)–(11) by {f τ}, and the the
set of interpolated values on the interval [0, T ) by f̃ τ .

In the velocity space V3, we introduce a ball VRτ with the center at the origin of coordinates and
with the radius Rτ = O(1/τk) < ∞, where 1 � k = const ∧ k ∈ N resulting in a finite bounded
domain QRτ = [0, T )×G× VRτ ⊂ Q.

8 Bulletin of the Karaganda University
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Since all the estimates are established in the domain Q then they are valid in QRτ . The validity of
the estimates are not violated when the radius of the ball Rτ increases arbitrarily large as τ tends to
zero.

Moreover, from estimates of (13), (14), (15), (16) and (19), (20) it follows the uniform boundedness
of the norms for the interpolated functions

f̃ τ , J(f̃ τ ), S(f̃ τ ), f̃ τt̄ , (v,∇)f̃ τ

in C(Q) at τ → 0. From here it follows the equicontinuity of {f̃ τ} in C(Q). Hence, the set f̃ τ is
compact in the space C(Q). A convergent subsequence can be distinguished from this set. It converges
in C(Q) to some element f(t,x,v) ∈ C(Q). Due to compactness, the following limit transitions take
place at τ → 0 :

f̃ τ → f, f̃ τt̄ → ft, J(f̃ τ )→ J(f), f̃ τS(f̃ τ )→ fS(f),

f̃ τ (t,x,v) |t=0→ f(t,x,v) |t=0= ϕ(x,v), (v,∇)f̃ τ → (v,∇)f,

f̃ τ (t,x,v)
∣∣
Γ0xα

= f̃ τ (t,x,v)
∣∣
Γ1xα

→ f(t,x,v)
∣∣
Γ0xα

= f(t,x,v)
∣∣
Γ1xα

, α = 1, 3,

QRτ → Q.

Thus, going to the limit in the difference-differential problem (17)–(18) we make sure that the limit
element f(t,x,v) uniformly satisfies problem (1)–(3) for the nonlinear Boltzmann equation.

4 Uniqueness

Let there be two solutions f(t,x,v) and F (t,x,v) of problem (1)−(3). Let us write down the
equations for their difference U = f − F :

∂U

∂t
+ (v,∇)U = B(f, f)−B(F, F ), (21)

in the domain Q = [0, T )×G× V3 with zero initial U |t=0= 0 and periodic boundary condition

U(t,x,v)
∣∣∣
Γ0xα

= U(t,x,v)
∣∣∣
Γ1xα

, α = 1, 3. (22)

Note that all improper integrals in the calculations make sense, i.e. they are converging integrals.
Multiply equation (21) by 2U and integrate by domain V3:

∂

∂t

∫
V3

U2dv +

∫
V3

(v,∇)U2dv = 2

∫
V3

U
(
B(f, f)−B(F, F )

)
dv. (23)

Remark 2. In ([2], p. 13), there are formulas (8), (9) of the involutive transformation. For trans-
formation (8), properties are briefly written as

U
′

= P(U),

a) P is an involutive transformation, i.e. P
(
P(U) = U

)
,

b) Transformation P preserves the volume element dσdv1dv.

Definition 1. We call two single-valued functions sign equivalent, i.e., U ∼W, in the domain Q for
∀t ∈ [0, T ) such that

U(t,x,v),W (t,x,v) ∈ C(G× V3) ∩ L1(V3),∀t ∈ [0, T ),

and properties
a) signU = signW in Q,
b) U(M j) = W (M j) = 0, where M j , j = 0, 1, · · · , are zeros of these functions in Q.
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Lemma 2. There is the inequality∫
V3

U
(
B(f, f)−B(F, F )

)
dv ≤ 0. (24)

Proof. Consider the expression system
∫
V3

ΦB(f, f)dv =
∫

V 2
3 ×Σ

Φ[f, f ]dσdv1dv,

∫
V3

ΦB(F, F )dv =
∫

V 2
3 ×Σ

Φ[F, F ]dσdv1dv,
(25)

where
[f, f ] =

(
f ′f ′1 − ff1

)
K(θ,w), (26)

V 2
3 = V3 × V3, Φ = Φ(t,x,v) is an arbitrary continuous in Q and summable in V3 function.
From the first expression of system (25), subtracting the second expression, respectively, we get∫

V3

Φ
(
B(f, f)−B(F, F )

)
dv =

∫
V 2
3 ×Σ

Φ
(
[f, f ]− [F, F ]

)
dσdv1dv.

Here we use the well-known involutive transformation P (see Remark 2).
Applying P to the integrand on the right parts, we have∫

V3

Φ
(
B(f, f)−B(F, F )

)
dv = −

∫
V 2
3 ×Σ

Φ′
(
[f, f ]− [F, F ]

)
dσdv1dv.

Adding the latter with the previous expression, we find∫
V3

Φ
(
B(f, f)−B(F, F )

)
dv =

1

2

∫
V 2
3 ×Σ

(Φ− Φ′)
(
[f, f ]− [F, F ]

)
dσdv1dv.

In this formula, we make the change of variables v1 � v and find∫
V3

Φ
(
B(f, f)−B(F, F )

)
dv =

1

4

∫
V 2
3 ×Σ

(Φ + Φ1 − Φ′ − Φ′1)
(
[f, f ]− [F, F ]

)
dσdv1dv.

Hence the square brackets on the right side, replacing the expressions according to the formula (26),
we find∫
V3

Φ
(
B(f, f)−B(F, F )

)
dv =

1

4

∫
V 2
3 ×Σ

(Φ + Φ1 − Φ′ − Φ′1)×

×
((
f ′f ′1 + FF1

)
−
(
ff1 + F ′F ′1

))
dσdv1dv. (27)

If we put Φ = ln(f/F ), then from (27) we arrive at formula∫
V3

ln(f/F )
(
B(f, f)−B(F, F )

)
dv =

=
1

4

∫
V 2
3 ×Σ

ln
(ff1F

′F ′1
f ′f ′1FF1

)((
f ′f ′1 + FF1

)
−
(
ff1 + F ′F ′1

))
dσdv1dv. (28)
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We must define the sign definiteness of the complex integral (28). In this case, it is difficult to check
the sign of the second the integrand in the domain Q. Since we are interested in only integral is definite
in sign, then using Definition 1 we write the sign equivalence functions for the terms of the second
integrand (

f ′f ′1 − ff1

)
∼ lnf

′f ′1
ff1

,
(
FF1 − F ′F ′1

)
∼ ln FF1

F ′F ′1
.

Using these relations, we rewrite the integral (28) sign equivalent form∫
V3

ln(f/F )
(
B(f, f)−B(F, F )

)
dv ∼ 1

4

∫
V 2
3 ×Σ

ln
(ff1F

′F ′1
f ′f ′1FF1

)(
ln
f ′f ′1
ff1

+

+ ln
FF1

F ′F ′1

)
K(θ,w)dσdv1dv =

1

4

∫
V 2
3 ×Σ

ln
(ff1F

′F ′1
f ′f ′1FF1

)
ln
(f ′f ′1FF1

ff1F ′F ′1

)
K(θ,w)dσdv1dv =

= −1

4

∫
V 2
3 ×Σ

ln2
(ff1F

′F ′1
f ′f ′1FF1

)
K(θ,w)dσdv1dv ≤ 0. ∀t ∈ [0, T ). (29)

According to Definition 1, the functions U = f − F and Φ = ln(f/F ) are also sign equivalent that is,
U ∼ Φ, since signU = signΦ in Q, Thus, (29) implies inequality (24), since U = f −F ∧Φ = ln(f/F ),
then we will see that signU = signΦ in Q, As a result, we arrive at the inequality (24).∫

V3

ln(f/F )
(
B(f, f)−B(F, F )

)
dv ≤ 0,=⇒

∫
V3

U
(
B(f, f)−B(F, F )

)
dv ≤ 0.

Lemma 2 is proved.
Now for functional equation (23), integrating over the domain G taking into account the boundary

condition (22) and Lemmas 1 and 2, we obtain the main the inequality for the uniqueness of the
solution

d

dt

∫
G×V3

U2(t,x,v)dvdx ≤ 2

∫
G×V3

U
(
B(f, f)−B(F, F )

)
dvdx ≤ 0.

The latter we will rewrite

d

dt

∫
G×V3

U2(t,x,v)dvdx− 2

∫
G×V3

U
(
B(f, f)−B(F, F )

)
dvdx ≤ 0,

from the left side, discarding the non-negative bounded integral justified in estimates (13)–(16) and,
integrating over t, we obtain∫

G×V3

U2(t,x,v)dvdx ≤
∫

G×V3

U2(0,x,v)dvdx, ∀t ∈ [0, T ).

From here
∫

G×V3
U2(t,x,v)dvdx ≤ 0, =⇒ U(t,v,x) ≡ 0. ∀(t,x,v) ∈ Q.

As a result, we show the existence and uniqueness of the positive solution to the full nonlinear
Boltzmann equation from the space

f(t,x,v) ∈ C1
(
0, T ;C(G× V3) ∩ L1(V3)

)
∧
(
(v,∇f); B(f, f)

)
∈ C(Q) ∩ L1(V3), (30)
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it consists of the union of some functional spaces, as the space of continuously differentiable functions
f(t,x,v) by t ∈ [0, T ) and at each t continuous in (x,v) in the domain G× V3 and summable over v
in V3, and the functions (v,∇)f ; B(f, f) at each t continuous over all variables in Q and summable
over v in V3.

Definition 2. The solution f(t,x,v) with properties (30) uniformly satisfying the Boltzmann
equation (1) with initial boundary conditions (2), (3) in the domain Q will be called strong.

As a result, it was proved next main theorems
Theorem 1. If the initial function satisfies conditions (3), (4), then there is a unique strong positive

solution to (1)–(3) for the whole time interval t ∈ [0, T ), T ≤ ∞ satisfying uniformly the Boltzmann
equation (1) everywhere in Q.

When intermolecular interactions are determined by central forces, then K(θ,w) is determined by
the formula (see [2], p. 15)

Kc(θ,w) =| w | ρ; w = v − v1; Σ ≡
{

0 ≤ ρ ≤ ρ0; 0 ≤ θ ≤ 2π
}
, dσ = dρdθ,

where ρ is the target distance of the colliding molecules, ρ0 is the radius of action of the molecule.
Initial function ϕ(x,v) satisfies condition (3) and such that

0 < ϕ(x,v) ∈ C(G× V3) ∧
(
‖ϕ(v)‖C(G) ≤ const

(1+|v|2)
γ
2
, γ > 6

)
;

J(ϕ) ≤
∫

V3×Σ

‖ϕ(v′)‖ · ‖ϕ(v′1)‖Kc(θ,w)dσdv1 = h1(v) <∞;

S(ϕ) ≤
∫

V3×Σ

‖ϕ(v1)‖Kc(θ,w)dσdv1 = h2(v) <∞;

(31)

where
∫
V3

hk(v)dv = const, k = 1, 2.

The existence and uniqueness theorem of the Cauchy problem for the Boltzmann equation with
intermolecular interaction Kc(θ,w) is also proved as Theorem 1, by a literal repetition, the formulation
will be:

Theorem 2. If the initial function satisfies conditions (3) (31), then there exists a unique strong
positive solution of problem (1)-(3) on the whole time interval t ∈ [0, T ), T ≤ ∞ satisfying uniformly
the Boltzmann equation (1) everywhere in Q.

Corollary 1. The existence and uniqueness theorems 1 for the nonlinear Boltzmann equation (1) are
trivial for the Boltzmann equation in the case of Maxwellian molecules with corresponding relaxations
of the requirement from the initial function.

5 Positivity of the solution to the Boltzmann equation

Lemma 3. Since there exists a bounded solution of the Boltzmann equation (1) with positive
initial condition (2), then the value B(f, f) of the collisions integral makes sense and the solution
f(t,x,v) ∈ Q is positive.

Proof. The Boltzmann equation (1) is written along the trajectory

d

dτ
f(t,x − v(t − τ),v) =

∂f

∂t
+ (v,∇)f(t,x − v(t − τ),v) = B(f, f)(t,x − v(t − τ),v). (32)

We put f = U−1, since f exists and it is a bounded solution of the Boltzmann equation, then (32) can
be rewritten as

d

dτ
U(t,x− v(t− τ),v) = −UB(U,U)(t,x− v(t− τ),v).
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From here, integrating we find

U(t,x,v) = ϕ(x,v) exp(−B(U,U)t) > 0, ∀(x,v) ∈ G× V3,

it was required to prove.

6 H−Boltzmann theorem

Let us multiply the Boltzmann equation (1) by the function 1 + ln f(t,x,v). Then integrate over
the domain G× V3 and, considering mass conservation [2], we find

d

dt

∫
G×V3

f ln fdvdx +

∫
G×V3

(v,∇)f ln fdvdx =

=

∫
G×V3

∫
V3×Σ

ln f
(
f ′f ′1 − ff1

)
K(θ,w)dσdv1dvdx. (33)

Hence, the second summand of the left part, integrating over the parts, taking into account the
boundary condition (3) and using the lemma 1, we have:∫

G×V3

(v,∇)f ln fdvdx = 0. (34)

Using the involutive transformation P (see note 2), the integral in the right-hand side (33) can be
written as∫
G×V3

∫
V3×Σ

ln f
(
f ′f ′1 − ff1

)
K(θ,w)dσdv1dvdx =

− 1

4

∫
G×V 2

3 ×Σ

(
ln f ′ + ln f ′1 − ln f − ln f1

)(
f ′f ′1 − ff1

)
K(θ,w)dσdv1dvdx =

= −1

4

∫
G×V 2

3 ×Σ

ln
f ′f ′1
ff1

(
f ′f ′1 − ff1

)
K(θ,w)dσdv1dvdx. (35)

Wherefore, using the signequivalence of the function lnf
′f ′1
ff1
∼
(
f ′f ′1 − ff1

)
and denoting

H(t) =

∫
G×V3

f(t,x,v) ln f(t,x,v)dvdx,

considering (34), (35) from (33), we find
First case:

d

dt
H ∼ −1

4

∫
G×V3

∫
V3×Σ

ln2 f
′f ′1
ff1

K(θ,w)dσdv1dvdx ≤ 0.

Second case:
d

dt
H ∼ −1

4

∫
G×V3

∫
V3×Σ

(
f ′f ′1 − ff1

)2
K(θ,w)dσdv1dvdx ≤ 0.

From these cases it follows that
d

dt
H ≤ 0. (36)
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Lemma 4. If the positive initial function ϕ(x,v) is an additionally function to the requirements
(4) and satisfies the condition ∫

G×V3

ϕ(x,v)| lnϕ(x,v)|dvdx <∞,

then the following inequality holds

|
∫

G×V3

f(t,x,v) ln f(t,x,v)dvdx| <
∫

G×V3

ϕ(x,v)| lnϕ(x,v)|dvdx <∞, ∀t. (37)

Integrating inequality (36) over t in the range from 0 to t, we obtain (37).
Above we proved the strict positivity of the solution f(t,x,v) to problem (1)-(3), when the initial

function ϕ(x,v) is positive, thus the logarithm function of the distribution is lawful and, moreover, it
follows from (30), (37) that ∃ ln f(t,x,v) for all (t,x,v) ∈ Q.

It follows from (36) that the H(t) function never increases in time and is constant if and only if
the distribution function is locally-Maxwellian. Indeed, the equality in (36) is achieved, if and only if:
in the first case ln2 f ′f ′1

ff1
= 0,=⇒ ln

f ′f ′1
ff1

= 0, from here

ln f(v′) + ln f(v′1)− ln f(v)− ln f(v1) = 0, (38)

and in the second case f ′f ′1 = ff1, By logarithmizing both parts of the latter, we have the ratio

ln f(v) + ln f(v1)− ln f(v′)− ln f(v′1) = 0. (39)

Eventually, we see that equations (38), (39) coincide and it follows from them that ln f(t,x,v) is a
summator invariant, i.e.,

ln f(t,x,v) = a+ bv + c|v|2, ∀(t,x) ∈ [0, T )×G,

where a, c are scalar function and b is a vector constant. Hence, following [2], we obtain

f ≡ f0 = C exp(
[
− α(|v| − |v0|)2

]
),

where f0 is the local-Maxwell distribution.

C > 0 and α > 0, andα = 1/(2kT ),

k is the Boltzmann constant, T is the temperature, v0 is the average velocity, C = ρ(2πkT )−
3
2 , ρ is

the density. ρ, T, v0 can depend on (t,x).
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Ә.Ш. Ақыш (Ақышев)

Алматы, Қазақстан

Бейсызықты Больцман теңдеуiнiң барлық уақытта шешiлетiндiгi

Жұмыста ыдырату әдiсiнiң негiзiнде толық бейсызықты Болцман теңдеуiнiң барлық уақыт аралы-
ғында t ∈ [0, T ), T ≤ ∞ молекулалардың тепетеңдiксiз күйi ортасында және олардың әсерлесуi қатты
сфералы молекулалар болса немесе қақтығысуы орталық күш арқылы орындалса жалқы шешуiнiң
болатындығы теоремасы дәлелденген. Үзiлiссiз функциялар кеңiстiгiнде тұйық шешуi болғандықтан
бейсызықты Болцман теңдеуiнiң бастапқы шарты оң болғанда, шешудiң әрқашанда оң болатыны
дәлелдендi. Соңғының негiзiнде БолцманH−теоремасының кейбiр математикалық негiздеуi көрсетiл-
ген.

Кiлт сөздер: толық бейсызықты Болцман теңдеуi, ыдырату әдiсi, барлық уақыт аралығында бей-
сызықты Болцман теңдеуiнiң жалқы шешуiнiң болатындығы теоремасы, бейсызықты Болцман тең-
деуiнiң оң шешуi, Болцман H−теоремасының математикалық негiздемесi.

А.Ш. Акыш (Акишев)

Алматы, Казахстан

Глобальная разрешимость нелинейного уравнения Больцмана

В статье с помощью схемы метода расщепления доказана теорема существования и единственности
на всем промежутке времени t ∈ [0, T ), T ≤ ∞, для полного нелинейного уравнения Больцмана в
неравновесном случае, когда межмолекулярные взаимодействия являются молекул-твердыми сфе-
рами и центральными силами. На основе существования ограниченного решения в пространстве C
подтверждена строгая положительность решений полного нелинейного уравнения Больцмана, когда
начальная функция положительна. На основании этого показано некоторое математическое обосно-
вание H−теоремы Больцмана.

Ключевые слова: полное нелинейное уравнение Больцмана, метод расщепления, теорема существова-
ния и единственности на всем промежутке времени для нелинейного уравнения Больцмана, положи-
тельность решений нелинейного уравнения Больцмана, H-теорема Больцмана.
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New exact solutions of space-time fractional
Schrödinger-Hirota equation

In this study, improved Bernoulli sub-equation function method (IBSEFM) is presented to construct the
exact solutions of the nonlinear conformable fractional Schrödinger-Hirota equation (FSHE). By using
the traveling wave transformation FSHE turns into the ordinary differential equation (ODE) and by the
aid of symbolic calculation software, new exact solutions are obtained. 2D, 3D figures and contour surfaces
acquired from the values of the solutions are plotted. The results show that the proposed method is powerful,
effective and straightforward for formulating new solutions to various types of nonlinear fractional partial
differential equations in applied sciences.

Keywords: conformable fractional derivative, Schrödinger-Hirota equation, improved Bernoulli sub-equation
function method (IBSEFM).

1 Introduction

Fractional differential equations are the generalization of classical differential equations with integer
order. In recent years, fractional differential equations become the field of scientists to investigate
the expediency of non-integer order derivatives in different areas of physics and mathematics. These
equations have become a useful tool for describing numerous nonlinear phenomena of physics such
as heat conduction systems, nonlinear chaotic systems, viscoelasticity, plasma waves, acustic gravity
waves, diffusion processes [1–3]. Many numerical and analytical methods have been developed and
successfully employed to solve these equations such as modified Kudryashov method [4], homotopy
perturbation method [5], new extended direct algebraic method [6], fractional Riccati expansion method
[7], modified extended tanh method [8].

During the last few years, a straightforward definition of conformable derivative has been given
[9]. The conformable derivative operator which is compatible to many real-world problems provides
some properties of classical calculus: derivative of the quotient of two functions, the chain rule, the
product of two functions [10]. In addition, many techniques have been applied to find exact solutions
for conformable nonlinear partial differential equations [11–16].

In this study, FSHE is considered as follows:

iq
(µ)
t +

1

2
qxx + |q|2 q + iλqxxx = 0, t ≥ 0, 0 < µ ≤ 1, i =

√
−1, (1)

where λ is a nonlinear dispersion term, q is the function of the independent variables of x and t. The
operator q(µ)t represents a conformal derivative operator defined only for a positive domain of t [10].
Before beginning the solution procedure, let us give some properties of the conformable derivative:

The conformable derivative of order α with respect to the independent variable t is defined as [9]:

Da
t (y(t)) = lim

τ→0

y(t+ τt1−α)− y(t)

τ
, t > 0, α ∈ (0, 1] ,

for a function y = y(t) : [0,∞)→ R.
∗Corresponding author.
E-mail: volkanala@mersin.edu.tr
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Theorem 1. Assume that the order of the derivative α ∈ (0, 1] and suppose that u = u(t) and
v = v(t) are α− differentiable for all positive t. Then,

i. Da
t (c1u+ c2v) = c1D

a
t (u) + c2D

a
t (v), for ∀ c1, c2 ∈ R.

ii. Da
t (tk) = ktk−a,∀ k ∈ R.

iii. Da
t (λ) = 0, for all constant function u(t) = λ.

iv. Da
t (uv) = uDa

t (v) + vDa
t (u).

v. Da
t

(
u
v

)
=

vDat (u)−uDat (v)
v2

.

vi. Da
t (u) (t) = t1−α dudt .

The conformable differential operator satisfies some critical fundamental properties like the chain
rule, Taylor series expansion, and Laplace transform.

Theorem 2. Let u = u(t) be an α− conformable differentiable function and assume that v is a
differentiable function. Then,

Da
t (u ◦ v)(t) = t1−αv′(t)u′(v(t)).

The proofs of these properties are given in [17] and [9] respectively.
The rest of the paper is organized as follows: in the second section, descripton of the IBSEFM is

given; in the third section, the application of IBSEFM is mentioned; in the last section, this study
provides conclusions.

2 Description of the IBSEFM

In this section, we give the fundamental properties of the IBSEFM. This method is direct, significant,
advanced algebraic method for establishing reliable exact solutions for both nonlinear and nonlinear
fractional partial differential equations [11, 12, 18–21]. We present five main steps of the IBSEFM as
follows:

Step 1: Let us take account of the following conformable partial differential equation of the style

P (v,D
(α)
t v,D(α)

x v,D
(2α)
xt v, ...) = 0, (2)

where D(α)
t is the conformable fractional derivate operator, v(x, t) is an unknown function, P is a

polynomial and its partial derivatives contain fractional derivatives. The aim is to convert conformable
nonlinear partial differential equation with a suitable fractional transformation into the ordinary
differantial equation. The wave transformation as

v(x, t) = V (ξ) , ξ = ξ (x, tα) . (3)

Using (3) and the properties of conformable fractional derivate, it enables us to convert (2) into an
ODE in the form

N(V, V ′, V ′′, ...) = 0. (4)

If we integrate (4) term to term, we obtain integration constants which can be determined later.
Step 2: Hypothesize the solution of (4) can be presented as follows:

V (ξ) =

n∑
i=0
aiF

i(ξ)

m∑
j=0

bjF j(ξ)

=
a0 + a1F (ξ) + a2F

2(ξ) + ...anF
n(ξ)

b0 + b1F (ξ) + b2F 2(ξ) + ...bmFm(ξ)
, (5)

18 Bulletin of the Karaganda University



New exact solutions ...

where a0, a1, ..., an and b0, b1, ..., bm are chosen arbitrary constants of the balance principle and the
form of Bernoulli differential equation is as follows:

F ′(ξ) = σF (ξ) + dFM (ξ), d 6= 0, σ 6= 0, M ∈ R/ {0, 1, 2} , (6)

where F (ξ) is a polynomial.
Step 3: The positive integers m,n,M are found by balance principle that is both nonlinear term

and the highest order derivative term of (4).
Substituting (5) and (6) into (2) it gives us an equation of polynomial Θ(F ) of F as follows;

Θ(F (ξ)) = ρsF (ξ)s + ...+ ρ1F (ξ) + ρ0 = 0,

where ρi, i = 0, ..., s are to be determined later.
Step 4: Equating all the coefficients of Θ(F (ξ)) which yields us an algebraic equation system;

ρi = 0, i = 0, .., s.

Step 5: When we solve (4), we get the following two cases with respect to σ and d,

F (ξ) =

[
−deσ(ε−1) + εσ

σeσ(ε−1)ξ

] 1
1−ε

, d 6= σ, (7)

F (ξ) =

(ε− 1) + (ε+ 1) tanh
(
σ(1− ε) ξ2

)
1− tanh

(
σ(1− ε) ξ2

)
 , d = σ, ε ∈ R.

Using a complete discrimination system of F (ξ), we obtain the analytical solutions of (4) via Wolfram
Mathematica and categorize the exact solutions of (4). To achieve better results, we can plot two and
three-dimensional figures of analytical solutions by considering proper values of parameters.

3 Application of the IBSEFM

In this section, we will applicate the IBSEFM to obtain the exact solutions to space-time fractional
Schrödinger-Hirota equation. Let us consider the following wave transform:

q(x, t) = U(ξ) exp

(
i

(
ωx+ η

tµ

µ

))
, ξ = x− 2ω

tµ

µ
, (8)

where the coefficient η and ω are constants that represent soliton frequency and soliton wave number
respectively. Introducing (8) we get

q
(µ)
t =

(
−2ωU ′ + iηU

)
exp

(
i

(
ωx+ η

tµ

µ

))
, (9)

qxx =
(
U ′′ + 2iωU ′ − ω2U

)
exp

(
i

(
ωx+ η

tµ

µ

))
, (10)

qxxx =
(
U ′′′ + 3iωU

′′ − 3ω2U ′ − iω3U
)

exp

(
i

(
ωx+ η

tµ

µ

))
. (11)

Substituting (9)–(11) into (1) and detaching the real and imaginary parts yield ω = − 1
3λ and U(ξ)

satisfy the following ordinary differential equation:
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−
(

5

54λ2
+ η

)
U +

3

2
U ′′ + U3 = 0, (12)

where U ′′ = d2U
dξ2

. When we reconsider (12) for balance principle, considering among U ′′ and U3, the
relationship as follow:

M = n−m+ 1. (13)

(13) shows us the different cases of the solutions of (12) and some analytical solutions can be constructed.
According to the balance, we consider M = 3,m = 1, n = 3 for (12) and (13), the following equations
hold:

U(ξ) =
a0 + a1F (ξ) + a2F

2(ξ) + a3F
3(ξ)

b0 + b1F (ξ)
≡ Υ(ξ)

Ψ(ξ)
, (14)

U ′(ξ) ≡ Υ′(ξ)Ψ (ξ)−Υ(ξ)Ψ′(ξ)

Ψ2(ξ)
, (15)

and

U ′′(ξ) ≡ Υ′(ξ)Ψ (ξ)−Υ(ξ)Ψ′(ξ)

Ψ2(ξ)
− [Υ(ξ)Ψ′ (ξ)]′Ψ2(ξ)− 2Υ(ξ)[Ψ′(ξ)]2Ψ(ξ)

Ψ4(ξ)
, (16)

where F ′ = σF +dF 3, a3 6= 0, b1 6= 0, σ 6= 0, d 6= 0. Using (14)-(16) in (13), obtained from coefficients
of polynomial of F we get:

F 0 : a30 − ηa0b20 −
5a0b20
54λ2

= 0,

F : 3a20a1 − ηa1b20 −
5a1b20
54λ2

+ 3
2σ

2a1b
2
0 − 2ηa0b0b1 − 5a0b0b1

27λ2
− 3

2σ
2a0b0b1 = 0,

F 2 : 3a0a
2
1 + 3a20a2 − ηa2b20 −

5a2b20
54λ2

+ 6σ2a2b
2
0 − 2ηa1b0b1 − 5a1b0b1

27λ2
− 3

2σ
2a1b0b1 − ηa0b21 −

5a0b21
54λ2

+
3
2σ

2a0b
2
1 = 0,

F 3 : a31 + 6a0a1a2 + 3a20a3 + 6dσa1b
2
0 − ηa3b20 −

5a3b20
54λ2

+ 27
2 σ

2a3b
2
0 − 6dσa0b0b1 − 2ηa2b0b1 − 5a2b0b1

27λ2
+

9
2σ

2a2b0b1 − ηa1b21 −
5a1b21
54λ2

= 0,

F 4 : 3a21a2+3a0a
2
2+6a0a1a3+18dσa2b

2
0−2ηa3b0b1−5a3b0b1

27λ2
+33

2 σ
2a3b0b1−ηa2b21−

5a2b21
54λ2

+3
2σ

2a2b
2
1 =

0,

F 5 : 3a1a
2
2 + 3a21a3 + 6a0a2a3 + 9

2d
2a1b

2
0 + 36dσa3b

2
0 − 9

2d
2a0b0b1 + 18dσa2b0b1 − ηa3b21 −

5a3b21
54λ2

+
6σ2a3b

2
1 = 0,

F 6 : a32 + 6a1a2a3 + 3a0a
2
3 + 12d2a2b

2
0 + 3

2d
2a1b0b1 + 48dσa3b0b1 − 3

2d
2a0b

2
1 + 6dσa2b

2
1 = 0,

F 7 : 3a2a
2
3 + 63

2 d
2a3b0b1 + 9

2d
2a2b

2
1 = 0,

F 8 : a33 + 12d2a3b
2
1 = 0,

F 9 : 3a22a3 + 3a1a
2
3 + 45

2 d
2a3b

2
0 + 27

2 d
2a2b0b1 + 18dσa3b

2
1 = 0.

When we solve above the system of the equations of F using Wolfram Mathematica, the coefficients
are obtained as:

Case 1. For σ 6= d,

a0 =
i
√
−5
6 − 9ηλ2b0

3λ
; a1 =

i
√
−5
6 − 9ηλ2b1

3λ
; a2 = 2i

√
3db0; a3 = 2i

√
3db1; σ = −

i
√
−5
2 − 27ηλ2

9λ
.
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Substituting these coefficients along with (7) in (14), we obtain the following solution to (1) as follows:

q1 (x, t) =


i
√
−5
6 − 9ηλ2

3λ
− 2i

√
3d

e
2
√
−5
2 −27ηλ2(x−2ω t

µ
µ )

9λ ε+ 9dλ√
−5
2
−27ηλ2

 e
i
(
ωx+η t

µ

µ

)
.

Figure 1. 3D- plots of q1(x, t) for the values d = 0.4; ω = 0.5; µ = 0.3; ε = 0.2; λ = 0.3; η = 0.1;
λ = 0.3; t = 0.1; −10 < x < 10, −10 < t < 10.

Figure 2. 2D- plots and contour surfaces of q1(x, t).

Case 2. For σ 6= d, a0 = i
√

3 σb0; a1 = i
√

3 σb1; a2 = 2i
√

3 db0; a3 = 2i
√

3 db1;λ = −
i
√

5
6

3
√
−η−3σ2

.

Substituting these coefficients along with (7) in (14), we obtain the following solution to (1) as
follows:

q2 (x, t) = i
√

3

 2d

e
−2xσ+ 4tµσω

µ ε− d
σ

+ σ

 e
i
(
ωx+η t

µ

µ

)
.

Figure 3. 3D- plots of q2(x, t) for the values d = 0.3; σ = 0.5; µ = 0.3; ε = 0.2; ω = 0.5; η = 0.1;
t = 0.2;−10 < x < 10, −10 < t < 10.
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Figure 4. 2D- plots and contour surfaces of q2(x, t).

4 Conclusions

In this paper, the IBSEFM is applied for FSHE. Using a wave transformation, FSHE has been
converted into the ODE which can be solved according to the IBSEFM. By means of this method,
exact solutions are obtained. The contourplot surfaces, 3D and 2D figures (Figures 1–4) of all solutions
obtained by IBSEFM under the suitable values of parameters are plotted by showing the main
characteristic physical properties of the solutions with the help of symbolic software. According to
the results, the formats of traveling wave solutions in two and three-dimensional surfaces are similar
to the physical meaning of results.

The solutions are solitary wave solutions. It is also clear that the more steps are developed and the
better approximations are obtained. The conclusions show that the IBSEFM is simple, effective, and
powerful. Thus, in mathematical physics, it is applicable to solve other conformable partial differential
equations. In summary, the improved Bernoulli Sub-equation funtion method is influential and suitable
for solving other types of nonlinear differential equations in which the balance principle is satisfied.
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5 Yıldırım, A., & Koçak, H. (2009). Homotopy perturbation method for solving the space-time
fractional advection-dispersion equation. Advances in Water Resources, 32 (12), 1711–1716.

6 Rezazadeh, H., Tariq, H.,Eslami, M., & et al. (2018). New exact solutions of nonlinear conformable
time-fractional Phi-4 equation. Chinese Journal of Physics, 56 (6), 2805–2816.

7 Abdel-Salam, A., Emad, B.M., & Eltyabev, A.Y. (2013). Solution of nonlinear space-time fractional
differential equations using the fractional Riccati expansion method. Math. Probl. Eng., 2013,
1–6. https://doi.org/10.1155/2013/846283

8 Shallal, M.A., Jabbar, H.N., & Ali, K.K. (2018). Analytic solution for the space-time fractional
Klein-Gordon and coupled conformable Boussinesq equations. Results in Physics, 8, 372–378.
https://doi.org/10.1016/j.rinp.2017.12.051

22 Bulletin of the Karaganda University



New exact solutions ...

9 Abdeljawad, T. (2015). On Conformable Fractional Calculus. J. Comput. Appl. Math., 279, 57–
66. https://doi.org/ 10.1016/j.cam.2014.10.016

10 Khalil, R., Horani, M., Yousef, A., & et al. (2014). A new definition of fractional derivative. J.
Comput. Appl. Math., 264 65–70. https://doi.org/10.1016/j.cam.2014.01.002

11 Ala, V., Demirbilek, U., & Mamedov, Kh.R. (2020). An application of improved Bernoulli sub-
equation function method to the nonlinear conformable time-fractional SRLW equation. AIMS
Mathematics, 5 (4), 3751–3761. https://doi.org/10.3934/math.2020243
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Кеңiстiк пен уақыттан тәуелдi бөлшек
Шредингер-Хирота теңдеуiнiң жаңа нақты шешiмдерi

Мақалада сызықты емес бөлшек тәрiздес Шредингер-Хирота теңдеуiнiң (FSHE) дәл шешiмдерiн құру
үшiн жақсартылған Бернулли қосалқы теңдеуi функциясының әдiсi (IBSEFM) ұсынылған. Жылжы-
малы толқын түрлендiруiнiң көмегiмен FSHE кәдiмгi дифференциалдық теңдеуге (ODE) түрлен-
дiрiледi және символдық есептеуiш бағдарламалық қамтамасыз етудiң көмегiмен жаңа нақты ше-
шiмдер алынады. 2D, 3D фигуралары мен шешiмдердiң мәндерiнен алынған контур беттер салынған.
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Нәтижелер көрсеткендей, ұсынылып отырған әдiс қолданбалы ғылымдардағы әртүрлi типтi сызы-
қты емес бөлшек дербес туындылы дифференциалдық теңдеулердiң жаңа шешiмдерiн жасау үшiн
қуатты, тиiмдi және қарапайым әдiс.

Кiлт сөздер: бөлшек тәрiздес туынды, Шредингер-Хирота теңдеуi, жақсартылған Бернулли қосалқы
теңдеуiнiң функциясы әдiсi (IBSEFM).

В. Ала

Университет Мерсин, Мерсин, Турция

Новые точные решения пространственно-временного
дробного уравнения Шрёдингера-Хироты

В статье представлен усовершенствованный метод функций подуравнений Бернулли для построения
точных решений нелинейного дробно-подобного уравнения Шрёдингера-Хироты (FSHE). С помощью
преобразования бегущей волны FSHE превращается в обыкновенное дифференциальное уравнение,
а с использованием программного обеспечения для символьных вычислений получаются новые точ-
ные решения. Строятся 2D, 3D фигуры и контурные поверхности, полученные из значений решений.
Результаты показывают, что предложенный метод является мощным, эффективным и простым спо-
собом для разработки новых решений различных типов нелинейных дробных дифференциальных
уравнений в частных производных в прикладных науках.

Ключевые слова: дробно-подобная производная, уравнение Шрёдингера-Хироты, усовершенствован-
ный метод функций подуравнений Бернулли.
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Stability of the time-dependent identification
problem for delay hyperbolic equations

Time-dependent and space-dependent source identification problems for partial differential and difference
equations take an important place in applied sciences and engineering, and have been studied by several
authors. Moreover, the delay appears in complicated systems with logical and computing devices, where
certain time for information processing is needed. In the present paper, the time-dependent identification
problem for delay hyperbolic equation is investigated. The theorems on the stability estimates for the
solution of the time-dependent identification problem for the one dimensional delay hyperbolic differential
equation are established. The proofs of these theorems are based on the Dalambert’s formula for the
hyperbolic differential equation and integral inequality.

Keywords: hyperbolic equation, time delay, Hilbert space, source identification, stability.

Introduction

There is always a major interest for the theory of source identification problems for partial differen-
tial equations since they have widespread applications in modern physics and technology. Subsequently,
the stability of various source identification problems for partial differential and difference equations
have been studied extensively by many researchers (see, e.g., [1–25] and the references given therein).
In many fields of the contemporary science and technology, systems with delaying terms appear. The
dynamical processes are described by systems of delay ordinary and partial differential and difference
equations. The stability of the delay differential and difference equations have also been studied in many
papers (see, e.g., [26–35] and the references given therein). In the present paper, the time-dependent
identification problem 

∂2u(t,x)
∂t2

− ∂2u(t,x)
∂x2

= b∂
2u(t−ω,x)
∂x2

+ p(t)q(x) + f(t, x),

0 < t <∞, x ∈ (−∞,∞) ,

u(t, x) = g(t, x),−ω ≤ t ≤ 0, x ∈ (−∞,∞) ,

∞∫
−∞

α(x)u(t, x)dx = ζ(t), t ≥ 0

(1)

for one-sdimensional delay hyperbolic equation is considered. Here u(t, x) and p(t) are unknown
functions. Under compatibility conditions, problem (1) has a unique solution (u(t, x), p(t)) for the
smooth functions f(t, x)((t, x) ∈ (0,∞) × (−∞,∞)), g(t, x)((t, x) ∈ [−ω, 0] × (−∞,∞)), ζ(t)(t ≥
0), q(x), and α(x),
x ∈ (−∞,∞) . Here b is a constant.

∗Corresponding author.
E-mail: aallaberen@gmail.com
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The theorems on stability

We have the following theorems on the stability of problem (1).

Theorem 1. Assume that
∞∫
−∞

α(x)q(x)dx 6= 0 and
∞∫
−∞
|α(x)| dx ≤ α < ∞. Then for the solution of

problem (1) the following stability estimates holds:

max
0≤t≤ω

|p(t)| , max
0≤t≤ω

‖utt‖C(−∞,∞) , max
0≤t≤ω

‖ut‖C(1)(−∞,∞) , max
0≤t≤ω

‖u‖C(2)(−∞,∞)

≤M (q, α)

[
a0 + max

0≤t≤ω

∥∥f ′(t)∥∥
C(−∞,∞)

+ ‖f (0)‖C(−∞,∞) + max
0≤t≤ω

∣∣ζ ′′∣∣] ,
a0 = max

{
max
−ω≤t≤0

‖gtt(t)‖C(−∞,∞) , max
−ω≤t≤0

‖gt(t)‖
C(1)(−∞,∞)

,

max
−ω≤t≤0

‖g(t)‖
C(2)(−∞,∞)

}
,

and

max
nω≤t≤(n+1)ω

|p(t)| , max
nω≤t≤(n+1)ω

‖utt‖
C(−∞,∞)

, max
nω≤t≤(n+1)ω

‖ut‖
C(1)(−∞,∞)

,

max
nω≤t≤(n+1)ω

‖u‖C(2)(−∞,∞) ≤M (q, α)

[
an + max

(n−1)ω≤t≤nω
|p(t)|

+ max
nω≤t≤(n+1)ω

∥∥f ′(t)∥∥
C(−∞,∞)

+ ‖f (nω)‖C(−∞,∞) + max
nω≤t≤(n+1)ω

∣∣ζ ′′∣∣] ,
an = max

{
max

(n−1)ω≤t≤nω
‖utt(t)‖C(−∞,∞) , max

(n−1)ω≤t≤nω
‖ut(t)‖C(1)(−∞,∞) ,

max
(n−1)ω≤t≤nω

‖u(t)‖C(2)(−∞,∞)

}
, n = 1, 2, · · · .

Here C(−∞,∞) refers to the vector space of continuous functions w(x) from the entire real line to
R = (−∞,∞) with norm

‖w‖C(−∞,∞) = sup
x∈(−∞,∞)

|w (x)| .

Proof. We will seek u(t, x), using the substitution

u(t, x) = w(t, x) + η(t)q(x), (2)

where η(t) is the function defined by the formula

η(t) =

∫ t

(n−1)ω
(t− s)p(s)ds, η((n− 1)ω) = η′((n− 1)ω) = 0, n = 1, 2, · · · .

It is easy to see that w(t, x) is the solution of the problems
∂2w(t,x)
∂t2

− ∂2w(t,x)
∂x2

= η(t)q′′(x) + bgxx(t− ω, x) + f(t, x),

0 < t < ω, x ∈ (−∞,∞) ,

w(0, x) = g(0, x), wt(0, x) = gt(0, x), x ∈ (−∞,∞) ,

(3)
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and 

∂2w(t,x)
∂t2

− ∂2w(t,x)
∂x2

= b∂
2w(t−ω,x)
∂x2

+(η(t) + bη(t− ω)) q′′(x) + f(t, x),

(n− 1)ω < t < nω, x ∈ (−∞,∞) , n = 2, 3, · · · ,

w((n− 1)ω+, x) = w((n− 1)ω−, x),

wt((n− 1)ω+, x) = wt((n− 1)ω−, x),

x ∈ (−∞,∞) , n = 2, 3, · · · .

(4)

Now we will take an estimate for |p(t)| . Applying the integral overdetermined condition

∞∫
−∞

α(x)u(t, x)dx = ζ(t)

and substitution (2), we get

η(t) =

ζ(t)−
∞∫
−∞

α(x)w(t, x)dx

∞∫
−∞

α(x)q(x)dx

.

From that and p(t) = η′′(t), it follows that

p(t) =

ζ ′′(t)−
∞∫
−∞

α(x) ∂
2

∂t2
w(t, x)dx

∞∫
−∞

α(x)q(x)dx

.

Then, using the triangle inequality, we obtain

|p(t)| ≤
|ζ ′′(t)|+

∞∫
−∞

∣∣∣α(x) ∂2∂t2w(t, x)∣∣∣ dx∣∣∣∣∣ ∞∫−∞ α(x)q(x)dx

∣∣∣∣∣
(5)

≤ k(q, α)

[∣∣ζ ′′(t)∣∣+ ∥∥∥∥ ∂2∂t2w(t, .)
∥∥∥∥
C(−∞,∞)

]

for all t ∈ (0,∞) . Now, using substitution (2), we get

∂2u (t, x)

∂t2
=
∂2w (t, x)

∂t2
+ p(t)q(x).

Applying the triangle inequality, we obtain∥∥∥∥∂2u (t, ·)∂t2

∥∥∥∥
C(−∞,∞)

≤
∥∥∥∥∂2w (t, ·)

∂t2

∥∥∥∥
C(−∞,∞)

+ |p(t)| ‖q‖C(−∞,∞)

Mathematics series. №3(107)/2022 27



A. Ashyralyev, B. Haso

for all t ∈ (0,∞) . Therefore, the proof of Theorem 1 is based on the following theorem.
Theorem 2. Under assumptions of Theorem 1, for the solution of problems (3) and (4) the following

stability estimates holds:

max
0≤t≤ω

‖wtt‖C(−∞,∞) , max
0≤t≤ω

‖wt‖C(1)(−∞,∞) , max
0≤t≤ω

‖w‖C(2)(−∞,∞) (6)

≤M (q, α)

[
a0 + max

0≤t≤ω

∥∥f ′(t)∥∥
C(−∞,∞)

+ ‖f (0)‖C(−∞,∞) + max
0≤t≤ω

∣∣ζ ′′∣∣] ,
a0 = max

{
max
−ω≤t≤0

‖gtt(t)‖C(−∞,∞) , max
−ω≤t≤0

‖gt(t)‖
C(1)(−∞,∞)

, max
−ω≤t≤0

‖g(t)‖
C(2)(−∞,∞)

}
,

max
nω≤t≤(n+1)ω

‖wtt‖
C(−∞,∞)

, max
nω≤t≤(n+1)ω

‖wt‖
C(1)(−∞,∞)

, max
nω≤t≤(n+1)ω

‖w‖C(2)(−∞,∞) (7)

≤M (q, α)

[
an + max

nω≤t≤(n+1)ω

∥∥f ′(t)∥∥
C(−∞,∞)

+ ‖f (nω)‖C(−∞,∞) + max
nω≤t≤(n+1)ω

∣∣ζ ′′∣∣] ,
an = max

{
max

(n−1)ω≤t≤nω
‖wtt(t)‖C(−∞,∞) , max

(n−1)ω≤t≤nω
‖wt(t)‖C(1)(−∞,∞) ,

max
(n−1)ω≤t≤nω

‖w(t)‖C(2)(−∞,∞)

}
, n = 1, 2, · · · .

Proof. First, we will prove that

max
0≤t≤ω

‖wtt‖C(−∞,∞) ≤M (q, α)

[
a0 + max

0≤t≤ω

∥∥f ′(t)∥∥
C(−∞,∞)

+ ‖f (0)‖C(−∞,∞) + max
0≤t≤ω

∣∣ζ ′′∣∣] . (8)

Applying the Dalambert’s formula, we get the following formula

w (t, x) =
g(0, x+ t) + g(0, x− t)

2
+

1

2

x+t∫
x−t

gt(0, ξ)dξ

+

t∫
0

1

2

x+(t−τ)∫
x−(t−τ)

[
η(τ)q′′(ξ) + bgξξ(τ − ω, ξ) + f(τ, ξ)

]
dξdτ

for any t ∈ [0, ω] , x ∈ (−∞,∞) . From that it follows that

w (t, x) =
g(0, x+ t) + g(0, x− t)

2
+

1

2

x+t∫
x−t

gt(0, ξ)dξ

+

t∫
0

η(τ)

2

[
qx+(t−τ)(x+ (t− τ))− qx−(t−τ)(x− (t− τ))

]
dτ

+

t∫
0

b

2

[
gx+(t−τ)(τ − ω, x+ (t− τ))− gx−(t−τ)(τ − ω, x− (t− τ))

]
dτ
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+

t∫
0

1

2

x+(t−τ)∫
x−(t−τ)

f(τ, ξ)dξdτ.

Taking the derivatives, we get

wt (t, x) =
gt(0, x+ t) + gt(0, x− t)

2
+

1

2
[gt(0, x+ t)− gt(0, x− t)]

+

t∫
0

η(τ)

2

[
qx+(t−τ),t(x+ (t− τ))− qx−(t−τ),t(x− (t− τ))

]
dτ

+

t∫
0

b

2

[
gx+(t−τ),t(τ − ω, x+ (t− τ))− gx−(t−τ),t(τ − ω, x− (t− τ))

]
dτ

+

t∫
0

1

2
[f(τ, x+ (t− τ))− f(τ, x− (t− τ))] dτ,

wtt (t, x) =
gtt(0, x+ t) + gtt(0, x− t)

2
+

1

2
[gtt(0, x+ t)− gtt(0, x− t)]

+

t∫
0

η(τ)

2

[
qx+(t−τ),tt(x+ (t− τ))− qx−(t−τ),tt(x− (t− τ))

]
dτ

+

t∫
0

b

2
[gtt(−ω, x+ t)− gtt(−ω, x− t)] dτ

+

t∫
0

1

2
[ft(τ, x+ (t− τ))− ft(τ, x− (t− τ))] dτ.

Applying this formula and the triangle inequality and estimate (5), we get

‖wtt(t, ·)‖ ≤ M (q, α)

[
a0 + max

0≤t≤ω

∥∥f ′(t)∥∥
C(−∞,∞)

+ ‖f (0)‖C(−∞,∞) +
∣∣ζ ′′(t)∣∣]

+M (q)

t∫
0

‖wττ (τ, ·)‖ dτ

for any t ∈ [0, ω] . By the integral inequality, we get the estimate (8). Applying equation (3) and
triangle inequality and estimate (8), we get estimate (6).

Second, we will prove that

max
nω≤t≤(n+1)ω

∥∥∥∥∂2w (t, ·)
∂t2

∥∥∥∥
C(−∞,∞)

≤M (q, α) [an

+ max
nω≤t≤(n+1)ω

∥∥f ′(t)∥∥
C(−∞,∞)

+ ‖f (nω)‖C(−∞,∞) + max
nω≤t≤(n+1)ω

∣∣ζ ′′∣∣] , n = 1, 2, · · ·
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Applying the Dalambert’s formula, we get the following formula

w (t, x) =
w(nω, x+ t) + w(nω, x− t)

2
+

1

2

x+t∫
x−t

wt(nω, ξ)dξ

+

t∫
nω

1

2

x+(t−τ)∫
x−(t−τ)

[
(η(τ) + bη(τ − ω)) q′′(ξ) + bwξξ(τ − ω, ξ) + f(τ, ξ)

]
dξdτ.

for any t ∈ [nω, (n+ 1)ω] , x ∈ (−∞,∞) . From that it follows that

w (t, x) =
w(nω, x+ t) + w(nω, x− t)

2
+

1

2

x+t∫
x−t

wt(nω, ξ)dξ

+

t∫
nω

(η(τ) + bη(τ − ω))
2

[
qx+(t−τ)(x+ (t− τ))− qx−(t−τ)(x− (t− τ))

]
dτ

+

t∫
nω

b

2

[
wx+(t−τ)(τ − ω, x+ (t− τ))− wx−(t−τ)(τ − ω, x− (t− τ))

]
dτ

+

t∫
nω

1

2

x+(t−τ)∫
x−(t−τ)

f(τ, ξ)dξdτ.

Taking the derivatives, we get

wt (t, x) =
wt(nω, x+ t) + wt(nω, x− t)

2

+
1

2
[wt(nω, x+ t)− wt(nω, x− t)]

+

t∫
nω

(η(τ) + bη(τ − ω))
2

[
qx+(t−τ),t(x+ (t− τ))− qx−(t−τ),t(x− (t− τ))

]
dτ

+

t∫
nω

b

2

[
wx+(t−τ),t(τ − ω, x+ (t− τ))− wx−(t−τ),t(τ − ω, x− (t− τ))

]
dτ

+

t∫
nω

1

2
[f(τ, x+ (t− τ))− f(τ, x− (t− τ))] dτ,

wtt (t, x) =
wtt(nω, x+ t) + wtt(nω, x− t)

2

+
1

2
[wtt(nω, x+ t)− wtt(nω, x− t)]
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+

t∫
nω

(η(τ) + bη(τ − ω))
2

[
qx+(t−τ),tt(x+ (t− τ))− qx−(t−τ),tt(x− (t− τ))

]
dτ

+

t∫
nω

b

2
[wtt(−ω, x+ t)− wtt(−ω, x− t)] dτ

+

t∫
nω

1

2
[ft(τ, x+ (t− τ))− ft(τ, x− (t− τ))] dτ.

Applying this formula and the triangle inequality and estimate (5), we get

‖wtt(t, ·)‖ ≤M (q, α) [an

+ max
nω≤t≤(n+1)ω

∥∥f ′(t)∥∥
C(−∞,∞)

+ ‖f (nω)‖C(−∞,∞) + max
nω≤t≤(n+1)ω

∣∣ζ ′′∣∣]

+M (q)

t∫
nω

‖wττ (τ, ·)‖ dτ

for any t ∈ [nω, (n+ 1)ω] . By the integral inequality, we get the estimate (6). Applying equation (4)
and triangle inequality and estimate (6), we get estimate (7). This completes the proof of Theorem 2.

Moreover, we have that

Theorem 3. Assume that
∞∫
−∞

α(x)q(x)dx 6= 0 and
∞∫
−∞
|α(x)|q dx ≤ α <∞, 1 ≤ q <∞, 1q +

1
p = 1.

Then for the solution of problem (1) the following stability estimates holds:

max
0≤t≤ω

|p(t)| , max
0≤t≤ω

‖utt‖Lp(−∞,∞) , max
0≤t≤ω

‖ut‖W 1
p (−∞,∞) , max

0≤t≤ω
‖u‖W 2

p (−∞,∞)

≤M (q, α)

[
a0 + max

0≤t≤ω

∥∥f ′(t)∥∥
Lp(−∞,∞)

+ ‖f (0)‖Lp(−∞,∞) + max
0≤t≤ω

∣∣ζ ′′∣∣] ,
a0 = max

{
max
−ω≤t≤0

‖gtt(t)‖Lp(−∞,∞) , max
−ω≤t≤0

‖gt(t)‖
W1

p (−∞,∞)
,

max
−ω≤t≤0

‖g(t)‖
W2

p (−∞,∞)

}
,

max
nω≤t≤(n+1)ω

|p(t)| , max
nω≤t≤(n+1)ω

‖utt‖
Lp(−∞,∞)

, max
nω≤t≤(n+1)ω

‖ut‖
W1

p (−∞,∞)
,

max
nω≤t≤(n+1)ω

‖u‖W 2
p (−∞,∞) ≤M (q, α)

[
an + max

(n−1)ω≤t≤nω
|p(t)|

+ max
nω≤t≤(n+1)ω

∥∥f ′(t)∥∥
Lp(−∞,∞)

+ ‖f (nω)‖Lp(−∞,∞) + max
nω≤t≤(n+1)ω

∣∣ζ ′′∣∣] ,
an = max

{
max

(n−1)ω≤t≤nω
‖utt(t)‖Lp(−∞,∞) , max

(n−1)ω≤t≤nω
‖ut(t)‖W 1

p (−∞,∞) ,

max
(n−1)ω≤t≤nω

‖u(t)‖W 2
p (−∞,∞)

}
, n = 1, 2, · · · .
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Here Lp (−∞,∞) refers to the vector space of functions w(x) from the entire real line to R = (−∞,∞)
satisfy the condition

∞∫
−∞

|w (x)|p dx <∞.

Conclusion

This paper is devoted to the time-dependent identification problems for delay hyperbolic partial
differential equations with unknown parameter p(t). The theorems on stability estimates for the
solution of this problem are established.
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Гиперболалық кешiгу теңдеулерi үшiн стационарлы емес
сәйкестендiру есебiнiң тұрақтылығы

Дербес туындылы дифференциалдық және айырымдық теңдеулер үшiн уақытқа және кеңiстiкке
тәуелдi көздi анықтау есептерi қолданбалы ғылымдар мен техникада маңызды орын алады және
бiрнеше авторлармен зерттелген. Сонымен қатар, кешiгу логикалық және есептеуiш құрылғылары
бар күрделi жүйелерде туындайды, мұнда ақпаратты өңдеу үшiн белгiлi бiр уақыт қажет. Мақалада
кешiгуi бар гиперболалық теңдеу үшiн стационарлы емес сәйкестендiру есебi зерттелген. Кешiгуi
бар бiрөлшемдi гиперболалық дифференциалдық теңдеу үшiн стационарлы емес сәйкестендiру есебiн
шешу үшiн орнықтылықты бағалау туралы теоремалар анықталған. Бұл теоремаларды дәлелдеу
гиперболалық дифференциалдық теңдеу мен интегралдық теңсiздiк үшiн Даламбер формуласына
негiзделген.

Кiлт сөздер: гиперболалық теңдеу, кешiгу, Гильберт кеңiстiгi, көздi анықтау, тұрақтылық.
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Устойчивость нестационарной задачи идентификации для
гиперболических уравнений с запаздыванием

Зависящие от времени и пространства задачи идентификации источника для дифференциальных
и разностных уравнений в частных производных занимают важное место в прикладных науках и
технике и изучались несколькими авторами. Кроме того, задержка возникает в сложных системах
с логическими и вычислительными устройствами, где требуется определенное время для обработки
информации. В настоящей работе исследована нестационарная задача идентификации для гиперболи-
ческого уравнения с запаздыванием. Установлены теоремы об оценках устойчивости решения нестаци-
онарной задачи идентификации для одномерного гиперболического дифференциального уравнения с
запаздыванием. Доказательства этих теорем основаны на формуле Даламбера для гиперболического
дифференциального уравнения и интегрального неравенства.

Ключевые слова: гиперболическое уравнение, запаздывание, гильбертово пространство, идентифика-
ция источника, устойчивость.
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Attractors of 2D Navier–Stokes system
of equations in a locally periodic porous medium

This article deals with two-dimensional Navier–Stokes system of equations with rapidly oscillating terms
in the equations and boundary conditions. Studying the problem in a perforated domain, the authors set
homogeneous Dirichlet condition on the outer boundary and the Fourier (Robin) condition on the boundary
of the cavities. Under such assumptions it is proved that the trajectory attractors of this system converge in
some weak topology to trajectory attractors of the homogenized Navier–Stokes system of equations with an
additional potential and nontrivial right hand side in the domain without pores. For this aim, the approaches
from the works of A.V. Babin, V.V. Chepyzhov, J.-L. Lions, R. Temam, M.I. Vishik concerning trajectory
attractors of evolution equations and homogenization methods appeared at the end of the XX-th century
are used. First, we apply the asymptotic methods for formal construction of asymptotics, then, we verify the
leading terms of asymptotic series by means of the methods of functional analysis and integral estimates.
Defining the appropriate axillary functional spaces with weak topology, we derive the limit (homogenized)
system of equations and prove the existence of trajectory attractors for this system. Lastly, we formulate
the main theorem and prove it through axillary lemmas.

Keywords: attractors, homogenization, system of Navier–Stokes equations, weak convergence, perforated
domains, rapidly oscillating terms, porous medium.

Introduction

In this paper, we study the asymptotic behavior of attractors to initial-boundary-value problems
for two-dimensional Navier-Stokes systems of equations in perforated domains as the small parameter
ε, characterizing the microinhomogeneous structure of the domain, tends to zero.

One can find some results for homogenization problems in perforated domains and a detailed
bibliography in monographs [1–3]. This paper presents the case of the appearance of a potential in the
limit (homogenized) equation (cf. similar problem in [4–10]).

We study a weak convergence and limit behavior of attractors to the given system of equations
as the small parameter converges to zero. There are recent works (cf. [11–13]) on homogenization of
attractors used for this study. Overall results on the theory of attractors and the homogenization of
attractors cf., for example, in monographs [14–16], and also see the bibliography in these monographs.

We prove that the trajectory attractors Aε of the two-dimensional Navier–Stokes system of equations
in (cf. also [17–19]) a perforated domain weakly converge as ε → 0 to the trajectory attractor A to
the homogenized system of equations in the corresponding function space. The small parameter ε
characterizes the cavity diameter, as well as the distance between cavities in the perforated medium.

In Section 1, we define main notions and formulate theorems on trajectory attractors of autonomous
evolution equations. In Section 2, we describe the geometric structure of a perforated domain, formulate

∗Corresponding author.
E-mail: altyn.15.94@mail.ru
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the problem under consideration, and introduce some function spaces. Section 3 is devoted to homo-
genization of attractors to the autonomous two-dimensional system of Navier–Stokes equations with
rapidly oscillating terms in a perforated domain.

1 Trajectory Attractors of Evolution Equations

We describe a general scheme of constructing trajectory attractors of autonomous evolution equations.
This scheme is used in Section 2 to study trajectory attractors of a two-dimensional system of Navier–
Stokes equations in a perforated domain with rapidly oscillating terms in equations and boundary
conditions and the corresponding homogenized equation.

We consider the abstract autonomous evolution equations

∂u

∂t
= A(u), t ≥ 0, (1)

where A(·) : E1 → E0 is a given nonlinear operator, E1 and E0 are Banach spaces such that E1 ⊆ E0.
For example, A(u) = ν∆u− (u,∇u) + g(·) (cf. Section 2).

We study a solution u(s) to equation (1) globally, as a function of variable s ∈ R+. Here, s ≡ t
denotes the time-variable. The set of solutions to equation (1) is called the trajectory space of equation
(1) and is denoted by K+. We describe the trajectory space K+ in detail.

First of all, we consider the solution u(s) to equation (1), defined on a fixed time-segment [t1, t2]
in R. We study solutions to equation (1) in the Banach space Ft1,t2 , which depends on t1 and t2. The
space Ft1,t2 consists of functions, f(s), s ∈ [t1, t2], such that f(s) ∈ E for almost all s ∈ [t1, t2], where
E is a Banach space. It is assumed that E1 ⊆ E ⊆ E0.

For example, for Ft1,t2 we can take the space C([t1, t2];E) the space Lp(t1, t2;E), or p ∈ [1,∞], or
the intersection of such spaces (cf. section 2). We assume that Πt1,t2Fτ1,τ2 ⊆ Ft1,t2 and

‖Πt1,t2f‖Ft1,t2 ≤ C(t1, t2, τ1, τ2)‖f‖Fτ1,τ2 , ∀f ∈ Fτ1,τ2 , (2)

where [t1, t2] ⊆ [τ1, τ2] and Ψt1,t2 is the restriction operator on [t1, t2]. Constant C(t1, t2, τ1, τ2) is
independent of f . Usually, one consider the homogeneous case of the space where C(t1, t2, τ1, τ2) =
C(t2 − t1, τ2 − τ1).

Let S(h) for h ∈ R denote the translation operator

S(h)f(s) = f(h+ s).

It is obvious that if the variable s of f(·) belongs to [t1, t2], then the variable s of S(h)f(·) belongs to
[t1−h, t2−h] for h ∈ R.We assume that the mapping S(h) is an isomorphism from Ft1,t2 to Ft1−h,t2−h
and

‖S(h)f‖Ft1−h,t2−h = ‖f‖Ft1,t2 , ∀f ∈ Ft1,t2 . (3)

This assumption is natural, for example, for the homogeneous space.
We assume that if f(s) ∈ Ft1,t2 , then A(f(s)) ∈ Dt1,t2 , where Ft1,t2 ⊆ Dt1,t2 . The derivative

∂f(t)
∂t is a generalized function taking the values in E0,

∂f
∂t ∈ D

′((t1, t2);E0) We assume that Dt1,t2 ⊆
D′((t1, t2);E0) for all (t1, t2) ⊂ R. A function u(s) ∈ Ft1,t2 is called a solution to equation (1) in the
space Ft1,t2 (on the interval (t1, t2)) if ∂u∂t (s) = A(u(s)) if in the sense of distributions in D′((t1, t2);E0).

We also introduce the space

F loc+ = {f(s), s ∈ R+ | Πt1,t2f(s) ∈ Ft1,t2 , ∀ [t1, t2] ⊂ R+}. (4)

For example, Ft1,t2 = C([t1, t2];E) implies F loc+ = C(R+;E), and Ft1,t2 = Lp(t1, t2;E), implies F loc+ =
Llocp (R+;E).
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A function u(s) ∈ F loc+ is a solution to equation (1) in F loc+ , if Πt1,t2u(s) ∈ Ft1,t2 , and the function
Πt1,t2u(s) is a solution to equation (1) for any time-segment [t1, t2] ⊂ R+.

Let K+ be a set of solutions to equation (1), on the space F loc+ , but does not necessarily coincides
with the set of all solutions to equation (1) in F loc+ . Elements of K+ are called trajectories, and K+ is
said to be the the trajectory space of equation (1).

We assume that the trajectory spaceK+ is translation invariant in the following sense: if u(s) ∈ K+,
then u(h+ s) ∈ K+ for any h ≥ 0. This condition is natural for solutions to autonomous equations in
homogeneous spaces. We consider the translation operators S(h) in F loc+ :

S(h)f(s) = f(s+ h), h ≥ 0.

It is clear that {S(h), h ≥ 0} is a semigroup in F loc+ : S(h1)S(h2) = S(h1 + h2) for h1, h2 ≥ 0 and
S(0) = I is the identity mapping. We replace the variable h with the time-variable t. The semigroup
{S(t), t ≥ 0} is called the translation semigroup. By assumption, the translation semigroup maps the
trajectory space K+ onto itself:

S(t)K+ ⊆ K+ ∀ t ≥ 0. (5)

In what follows, we study the attraction property of the translation semigroup {S(t)}, acting on
the trajectory space K+ ⊂ F loc+ . We introduce a topology in F loc+ .

Let ρt1,t2(·, ·) be a group defined on the space Ft1,t2 for all segments [t1, t2] ⊂ R. As in (2) and (3)
we assume that

ρt1,t2 (Πt1,t2f,Πt1,t2g) ≤ D(t1, t2, τ1, τ2)ρτ1,τ2 (f, g) , ∀f, g ∈ Fτ1,τ2 , [t1, t2] ⊆ [τ1, τ2],

ρt1−h,t2−h(S(h)f, S(h)g) = ρt1,t2(f, g), ∀f, g ∈ Ft1,t2 , [t1, t2] ⊂ R, h ∈ R.

(For a homogeneous space D(t1, t2, τ1, τ2) = D(t2 − t2, τ2 − τ1).)
We denote by Θt1,t2 the corresponding metric space on Ft1,t2 . For example, ρt1,t2 can be the metric

generated by the norm ‖ · ‖Ft1,t2 in the Banach space Ft1,t2 . In applications, it can happen that the
metric ρt1,t2 generates a weaker topology in Θt1,t2 than the strong convergence topology in the Banach
space Ft1,t2 .

We denote by Θloc
+ the space F loc+ , equipped with the local convergence topology in Θt1,t2 for any

[t1, t2] ⊂ R+. More exactly, by definition, a sequence of functions {fk(s)} ⊂ F loc+ converges to a function
f(s) ∈ F loc+ in k →∞ as Θloc

+ , if ρt1,t2(Πt1,t2fk,Πt1,t2f)→ 0 as k →∞ for any [t1, t2] ⊂ R+. It is easy
to prove that the topology in Θloc

+ in metrizable by using the Frechet metric

ρ+(f1, f2) :=
∑
m∈N

2−m
ρ0,m(f1, f2)

1 + ρ0,m(f1, f2)
. (6)

If all metric spaces Θt1,t2 are complete, then the metric space Θloc
+ is also complete.

We note that the translation semigroup {S(t)} is continuous in the topology of the space Θloc
+ . This

fact directly follows from the definition of the topological space Θloc
+ .

We define the Banach space

Fb+ := {f(s) ∈ F loc+ | ‖f‖Fb+ < +∞}, (7)

equipped with the norm
‖f‖Fb+ := sup

h≥0
‖Π0,1f(h+ s)‖F0,1 . (8)

For example, if F loc+ = C(R+;E), then Fb+ = Cb(R+;E) is equipped with the norm ‖f‖Fb+ =

suph≥0 ‖f(h)‖E , and if F loc+ = Llocp (R+;E), then Fb+ = Lbp(R+;E) is equipped with the norm ‖f‖Fb+ =(
suph≥0

h+1∫
h

‖f(s)‖pEds

)1/p

.
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We note that Fb+ ⊆ Θloc
+ . The Banach space Fb+ is necessary to introduce bounded sets in the

trajectory space K+. To construct a trajectory attractor in K+, we use the weaker local convergence
topology in Θloc

+ , instead of the uniform convergences in the topology of the space Fb+.
We assume that K+ ⊆ F b+, i.e., any trajectory u(s) ∈ K+ of equation (1) has finite norm (8). We

define an attracting set and a trajectory attractor of the translation semigroup {S(t)}, acting on K+.
Definition 1.1. A set P ⊆ Θloc

+ is called an attracting set set of the translation semigroup {S(t)},
acting on K+, in the topology of Θloc

+ , if for any bounded set Fb+ in B ⊆ K+ the set P attracts S(t)B
as t→ +∞ in the topology of Θloc

+ ,i.e., for any ε-neighborhood Oε(P) in Θloc
+ there exists t1 ≥ 0 such

that S(t)B ⊆ Oε(P) for any t ≥ t1. The attraction property of P can be formulated in the equivalent
form: for any bounded set B ⊆ K+ in Fb+ and any M > 0

distΘ0,M
(Π0,MS(t)B,Π0,MP)→ 0 (t→ +∞),

where
distM(X,Y ) := sup

x∈X
distM(x, Y ) = sup

x∈X
inf
y∈Y

ρM(x, y)

where denotes the Hausdorff semi-distance between sets X and Y in the metric spaceM.
Definition 1.2.([15]) A set A ⊆ K+ is called a trajectory attractor of the translation semigroup

{S(t)} on K+ in the topology of Θloc
+ if the following conditions are satisfied: (i) A is bounded in Fb+

and compact in Θloc
+ , (ii) A is strictly invariant under the translation semigroup: S(t)A = A for all

t ≥ 0, and (iii) A is an attracting set of the translation semigroup in the topology of {S(t)} for K+ in
the topology of Θloc

+ , i.e., for any M > 0

distΘ0,M
(Π0,MS(t)B,Π0,MA)→ 0 (t→ +∞).

Remark 1.1. Using the terminology of [14], we can say that a trajectory attractor A is global (Fb+,Θloc
+ )-

attractor of the translation semigroup {S(t)}, acting on K+, i.e., A attracts S(t)B as t→ +∞ in the
topology of Θloc

+ , where B is any bounded (in Fb+) set in K+:

distΘloc+
(S(t)B,A)→ 0 (t→ +∞).

We formulate the main result concerning the existence and structure of a trajectory attractor of
equation (1).

Theorem 1.1.([14,15,20]) Let the trajectory space K+, corresponding to equation (1), be closed in
Fb+ and satisfy the condition (5). Let the translation semigroup {S(t)} have an attracting set P ⊆K+,
that is bounded in Fb+ and compact in Θloc

+ . Then the translation semigroup {S(t), t ≥ 0}, acting
on K+, has a trajectory attractor A ⊆ P. The set A is bounded in Fb+ and compact in Θloc

+ . We
describe the structure of trajectory attractors A of equation (1) in terms of complete trajectories of
this equation. We consider equation (1) on the whole time-axis

∂u

∂t
= A(u), t ∈ R. (9)

Now, we extend the notion of the trajectory space K+ of equation (9) introduced on R+. To the case
of the whole axis R. If a function f(s), s ∈ R, is given on the whole time-axis, then the translations
S(h)f(s) = f(s+h) are also defined for negative h. A function u(s), s ∈ R is called a complete trajectory
of equation (9), if Π+u(s+h) ∈ K+ for any h ∈ R. Here, Π+ = Π0,∞ denotes the operator of restriction
onto the half-axis R+.

We introduced the spaces F loc+ ,Fb+ and Θloc
+ . Now, we can introduce the space F loc,Fb and Θloc as

follows:

F loc := {f(s), s ∈ R | Πt1,t2f(s) ∈ Ft1,t2 ∀ [t1, t2] ⊆ R};
Fb := {f(s) ∈ F loc | ‖f‖Fb < +∞},
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where
‖f‖Fb := sup

h∈R
‖Π0,1f(h+ s)‖F0,1 . (10)

The topological space Θloc coincides (as a set) with F loc, and by definition fk(s) → f(s) as(k → ∞)
in Θloc, if Πt1,t2fk(s) → Πt1,t2f(s) as(k → ∞) in Θt1,t2 for any [t1, t2] ⊆ R. It is clear that Θloc is a
metric space, as well as Θloc

+ .
Definition 1.3. The kernel K in the space Fb of equation (9) is the union of all complete trajectories

u(s), s ∈ R, of equation (9), that are bounded in Fb in the norm (10):

‖Π0,1u(h+ s)‖F0,1 ≤ Cu, ∀h ∈ R.

Theorem 1.2. Let the assumptions of Theorem 1.1 hold.Then

A = Π+K.

The set K is compact in Θloc and bounded in Fb.
The full proof is given in [15, 20]. To prove that some ball in Fb+ is compact in Θloc

+ we use the
following lemma. Let E0 and E1 be the Banach spaces such that E1 ⊂ E0. We consider the Banach
spaces

Wp1,p0(0,M ;E1, E0) =
{
ψ(s), s ∈ 0,M | ψ(·) ∈ Lp1(0,M ;E1), ψ′(·) ∈ Lp0(0,M ;E0)

}
,

W∞,p0(0,M ;E1, E0) =
{
ψ(s), s ∈ 0,M | ψ(·) ∈ L∞(0,M ;E1), ψ′(·) ∈ Lp0(0,M ;E0)

}
,

(where p1 ≥ 1 e p0 > 1) with the norms

‖ψ‖Wp1,p0
:=

 M∫
0

‖ψ(s)‖p1E1
ds

1/p1

+

 M∫
0

‖ψ′(s)‖p0E0
ds

1/p0

,

‖ψ‖W∞,p0 := ess sup {‖ψ(s)‖E1 | s ∈ [0,M ]}+

 M∫
0

‖ψ′(s)‖p0E0
ds

1/p0

.

Lemma 1.1.(Aubin-Lions-Simon, [21]) Let E1 b E ⊂ E0. Then the following embeddings are
compact:

Wp1,p0(0, T ;E1, E0) b Lp1(0, T ;E), W∞,p0(0, T ;E1, E0) b C([0, T ];E).

In the next section, two-dimensional systems of Navier-Stokes equations and their trajectory attractors
depending on a small parameter ε > 0 will be studied.

Definition 1.4. We say that trajectory attractors Aε converge to a trajectory attractor A as ε→ 0
in the topological space Θloc

+ , if for any neighborhood O(A) in Θloc
+ there is ε1 ≥ 0 such that Aε ⊆ O(A)

for any ε < ε1, i.e., for any M > 0

distΘ0,M
(Π0,MAε,Π0,MA)→ 0 (ε→ 0).

2 Notation and Setting of the Problem

First, we define a perforated domain. Let Ω be a smooth bounded domain R2. Denote

Υε =
{
j ∈ Z2 : dist (εj, ∂Ω) ≥

√
2ε
}
, � ≡

{
ξ : −1

2
< ξk <

1

2
, k = 1, 2

}
.
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Given an 1-periodic in ξ smooth function F (x, ξ) such that F (x, ξ)|ξ∈∂� ≥ const > 0, F (x, 0) = −1,
∇ξF 6= 0 as ξ ∈ � \ {0}, we set

Gεj =
{
x ∈ ε (�+ j) | F

(
x,
x

ε

)
≤ 0
}
, Gε =

⋃
j∈Υε

Gεj

and introduce the perforated domain as follows:

Ωε = Ω \Gε.

Denote by G(x) the domain G(x, ξ) in a stretched space ξ. Afterwards, we often interprete 1-periodic
in ξ functions as functions defined on 2-dimensional torus T2 ≡ {ξ : ξ ∈ R2/Z2}. According to the
above construction, the boundary ∂Ωε consists of ∂Ω and the boundary of the cavities ∂Gε ⊂ Ω.

We introduce the function spaces:
H := [L2(Ω)]2, Hε := [L2(Ωε)]

2, V := [H1
0 (Ω)]2, Vε := [H1(Ωε; ∂Ω)]2 is the set of vector-valued

functions in [H1(Ωε)]
2 with zero trace on ∂Ω. The norms in these spaces are defined by

‖v‖2 :=

∫
Ω

2∑
i=1

|vi(x)|2dx, ‖v‖2ε :=

∫
Ωε

2∑
i=1

|vi(x)|2dx,

‖v‖21 :=

∫
Ω

2∑
i=1

|∇vi(x)|2dx, ‖v‖21ε :=

∫
Ωε

2∑
i=1

|∇vi(x)|2dx.

We study the asymptotic behavior of trajectory attractors of the following initial-boundary-value
problem for the autonomous two-dimensional system of Navier–Stokes equations:

∂uε
∂t
− ν∆uε + (uε,∇)uε = g

(
x,
x

ε

)
, x ∈ Ωε,

(∇, uε) = 0, x ∈ Ωε,

ν
∂uε
∂n

+B
(
x,
x

ε

)
uε = h

(
x,
x

ε

)
, x ∈ ∂Gε, t ∈ (0,+∞),

uε = 0, x ∈ ∂Ω
uε = U(x), x ∈ Ωε, t = 0.

(11)

Here uε = uε(x, t) = (u1
ε, u

2
ε), gε(x) = g

(
x, xε

)
= (g1, g2) ∈ H, hε(x) = h

(
x, xε

)
= (h1, h2) ∈ H, n

is the outward normal vector to the boundary, and ν > 0.
Further,

B(x, ξ) =

(
b1(x, ξ) 0

0 b2(x, ξ)

)
,

functions bk(x, ξ) ∈ C(Ω × R2) such that bk(x, ξ) is 1-periodic by variable ξ functions on Ω × R2 and
satisfy the condition ∫

∂G(x)

bk(x, ξ) dσ = 0, k = 1, 2,

here, dσ is the length element of the curve ∂G(x).
Similarly, vector–function components h(x, ξ) satisfy the conditions: hk(x, ξ) ∈ C(Ω×R2), hk(x, ξ)

is 1-periodic by variable ξ functions on Ω× R2 and∫
∂G(x)

hk(x, ξ) dσ = 0, k = 1, 2.
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For U ∈ H, there exists a weak solution u(s) to the problem (11) in the space Lloc2,w(R+;Vε) ∩

Lloc∞,∗w(R+;Hε), such that u(0) = U . Moreover
∂uε
∂t
∈ Lloc2,w (R+;Hε). We consider weak solutions to

the problem, i.e., [20], [22].
This satisfies the problem (11) in the sense of distributions, i.e.,

uε(x, s) ∈ Lloc2,w(R+;Vε) ∩ Lloc∞,∗w(R+;Hε) ∩
{
v :

∂uε
∂t
∈ Lloc2,w (R+;Hε)

}
that satisfy the problem (11) in the sense of distributions, i.e.,∫

Qε

∂uε
∂t
· ψ dxdt+ ν

∫
Qε

∇uε · ∇ψ dxdt+

∫
Qε

(uε,∇)uε · ψ dxdt+

+
∑
j∈Υε

+∞∫
0

∫
∂Gjε

B
(
x,
x

ε

)
uε · ψ dσdt =

∫
Qε

gε(x) · ψ dxdt+
∑
j∈Υε

+∞∫
0

∫
∂Gjε

hε(x) · ψ dσdt

for any function ψ ∈ C∞0 (R+;Hε). Here y1 · y2 denotes the inner product vectors y1, y2 ∈ R2.
To describle the trajectory space K+

ε of the problem (11), we follow the general scheme of and on
every segment, introduce the Banach space [t1, t2] ∈ R

Ft1,t2 := Lloc2,w(t1, t2;Vε) ∩ Lloc∞,∗w(t1, t2;Hε) ∩
{
v :

∂uε
∂t
∈ Lloc2,w (t1, t2;Hε)

}
equipped with the norm

‖v‖Ft1,t2 := ‖v‖L2(t1,t2;V) + ‖v‖L∞(t1,t2;H) +

∥∥∥∥∂v∂t
∥∥∥∥
L2(t1,t2;H)

. (12)

It is obvious that the condition (2) holds for the norm (12) and the translation semigroup {S(h)}
satisfies (3).

Setting Dt1,t2 = L2 (t1, t2;V) we find that Ft1,t2 ⊆ Dt1,t2 , if u(s) ∈ Ft1,t2 , then A(u(s)) ∈ Dt1,t2 .
Further, we can consider a weak solution to the problem (11) as a solution to the system of equations
in accordance with the general scheme .

Introducing the space (4), we find

F loc+ = Lloc2 (R+;V) ∩ Lloc∞ (R+;H) ∩
{
v
∣∣∣ ∂v
∂t
∈ Lloc2 (R+;H)

}
,

F locε,+ = Lloc2 (R+;Vε) ∩ Lloc∞ (R+;Hε) ∩
{
v
∣∣∣ ∂v
∂t
∈ Lloc2 (R+;Hε)

}
.

We denote by K+
ε a set of all weak solutions to the problem (11). We recall that for any function

U ∈ H there exists at least one trajectory u(·) ∈ K+
ε such that u(0) = U(x). Consequently, the

trajectory space K+
ε of the problem (11) is not empty.

It is clear that K+
ε ⊂ F loc+ and the trajectory space K+

ε is translation invariant, i.e., if u(s) ∈ K+
ε ,

then and u(h+ s) ∈ K+
ε for any h ≥ 0. Consequently,

S(h)K+
ε ⊆ K+

ε , ∀h ≥ 0.

Further, using the L2(t1, t2;V)–norms, we introduce the metrics ρt1,t2(·, ·) in the spaces Ft1,t2 as
follows:

ρ0,M (u, v) =

(∫ M

0
‖u(s)− v(s)‖2ds

)1/2

, ∀ u(·), v(·) ∈ F0,M .
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These metrics generate the topology of Θloc
+ in the space F loc+ (respectively Θloc

ε,+ in F locε,+). We recall that
a sequence {vk} ⊂ F loc+ converges to a function v ∈ F loc+ as k →∞ in Θloc

+ , if ‖vk(·)− v(·)‖L2(0,M ;H) →
0 (k → ∞) for any M > 0. The topology of Θloc

+ is metrizable (nf. (6)) and the corresponding metric
space is complete. We consider the topology in the trajectory space K+

ε of the problem (11). The
translation semigroup {S(t)}, acting on K+

ε is continuous in the topology of the space Θloc
+ .

Following the general scheme of 1, we consider the bounded set in K+
ε by using the Banach space

Fb+ (cf. (7)). It is clear that

Fb+ = Lb2(R+;V) ∩ L∞(R+;H) ∩
{
v
∣∣∣ ∂v
∂t
∈ Lb2(R+;H)

}
and Fb+ is a subspace of the space F loc+ .

We consider the translation semigroup {S(t)} on K+
ε , S(t) : K+

ε → K+
ε , t ≥ 0.

Let Kε denote the kernel of the problem (11), consisting of all weak solutions u(s), s ∈ R bounded
in the space

Fb = Lb2(R;V) ∩ L∞(R;H) ∩
{
v
∣∣∣ ∂v
∂t
∈ Lb2(R;H)

}
Proposition 2.1. The problem (11) has trajectory attractors Aε in the topological space Θloc

+ . The
set Aε is uniformly (with respect to ε ∈ (0, 1)) bounded in Fb+ and compact in Θloc

+ . Furthermore,

Aε = Π+Kε,

the kernel Kε is nonempty and uniformly (with respect to ε ∈ (0, 1)) bounded in Fb. We recall that
the spaces Fb+ and Θloc

+ depend on ε.
The proof of Proposition 2.1 is similar to the proof in [15] given in a particular case.

3 Homogenization of attractors of initial boundary value problem for the Navier-Stokes system of
equations in a perfected domain

3.1 The main assertion

In this subsection, we study the limit behavior of attractors Aε of the Navier-Stokes equations
(11) as ε → 0+ as and their convergence to a trajectory attractor of the corresponding homogenized
equation.

The homogenized (limit) problem has the form:

∂u0

∂t
− ν

2∑
i,l=1

∂

∂xi

(
âil(x)

∂u0

∂xl

)
+ (u0,∇)u0 + V (x)u0 = ḡ(x) +H(x), x ∈ Ω,

(∇, u0) = 0, x ∈ Ω,
u0 = 0, x ∈ ∂Ω
u0 = U(x), x ∈ Ω, t = 0,

(13)

where
âil(x) =

∫
Y \G(x)

(
∂Nl(x, ξ)

∂ξi
+ δil

)
dξ, ḡ(x) =

∫
Y \G(x)

g(x, ξ) dξ,

mk(x) = −
∫

∂G(x)

bk(x, ξ)Mk(x, ξ) dσ, V (x) =

(
m1(x) 0

0 m2(x)

)
,
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Hk(x) = −
∫

∂G(x)

hk(x, ξ)Mk(x, ξ) dσ, H(x) =

(
H1(x)
H2(x)

)
.

Here Mk(ξ) and Nl(ξ) are 1-periodic functions of ξ satisfying the problems

∆Mk = 0 in Y \G(x),
∂Mk

∂n
= −bk(x, ξ) on ∂G(x),

∆Nl = 0 in Y \G(x),
∂Nl

∂n
= −nl on ∂G(x)

and having zero mean over the periodicity cell.
We consider the weak solution to the problem (13), i.e., a function

u0(x, s) ∈ Lloc2,w(R+;V) ∩ Lloc∞,∗w(R+;H) ∩
{
v :

∂uε
∂t
∈ Lloc2,w (R+;H)

}
satisfying the problem (11) in the sense of distributions,i.e.,∫

Q

∂u0

∂t
· ψ dxdt+ ν

∫
Q

2∑
i,l=1

âil(x)
∂u0

∂xi
· ∂ψ
∂xl

dxdt+

∫
Q

(u0,∇)u0 · ψ dxdt+

+

∫
Q

V u0 · ψ dxdt =

∫
Q

ḡ(x) · ψ dxdt+

∫
Q

H · ψ dxdt

for any function ψ ∈ C∞0 (R+;H).
Remark 3.1. Denote by mk = sup

Ω
mk(x).The coercivity of the limit operator (13), is a delicate

problem since the constants mk are always positive. In particular, the well-posedness of the problem
(13), connected with the coercivity of the operator is guaranteed by the inequalities

λ0 > max{m1,m2}, (14)

where λ0 is the first eigenvalue of the operator ν
2∑

i,l=1

∂

∂xi

(
âil(x)

∂

∂xl

)
in the space H1(Ω). The proof

of this assertion can be found in [8].
Under the condition (14) (cf. remark 3.1) the problem (13) has a trajectory attractor A in the

trajectory space K+, of the problem (13); moreover,

A = Π+K

whera K is the kernel of the problem (13) in Fb.
We formulate the main theorem on homogenization of attractors of the system of Navier–Stokes

equations.
Theorem 3.1. Let λ0 > max{m1,m2}, then is topological space Θloc

+ correctly limited relation

Aε → A if ε→ 0 + . (15)

Moreover,
Kε → K if ε→ 0 + in Θloc. (16)

Remark 3.2. We recall that the spaces in theorem 3.1 depend on ε. We assume that all functions
under consideration can be extended over the holes with preserving the norms.
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3.2 Auxiliaries

We use some results of [8] below.
We consider the auxiliary problem

−ν∆xxu
k
ε = gk

(
x, xε

)
, x ∈ Ωε,

ν ∂u
k
ε

∂n + bk
(
x, xε

)
ukε = hk

(
x, xε

)
, x ∈ ∂Gε, k = 1, 2.

ukε = 0, x ∈ ∂Ω.

(17)

We also require that ∫
∂G(x)

bk(x, ξ)dσ = 0,

∫
∂G(x)

hk(x, ξ)dσ = 0. (18)

We look for a solution in the form of a series

ukε = uk0(x) + εuk1(x, ξ) + ε2uk2(x, ξ) + . . . , ξ =
x

ε
. (19)

Substituting the series (19) into (17) and collecting terms with ε , of the same order in the equation
and boundary conditions, we find a recurrent sequence of problems such that the first one has the form −ν∆ξξu

k
1 +

∂2uk0
∂ξ1∂x1

+
∂2uk0
∂ξ2∂x2

= 0, x ∈ Y \G(x),

ν
∂uk1
∂nξ

+ ν
∂uk0
∂nx

+ bk
(
x, ξ
)
uk0 = hk(x, ξ), x ∈ ∂G(x).

(20)

The integral identity for the problem (20) is a follows:∫∫
Y \G(x)

(
∂uk1
∂ξ1

∂v

∂ξ1
+
∂uk1
∂ξ2

∂v

∂ξ2

)
dξ1dξ2 +

∫∫
Y \G(x)

(
∂uk0
∂x1

∂v

∂ξ1
+
∂uk0
∂x2

∂v

∂ξ2

)
dξ1dξ2+

+

∫
∂G(x)

bk
(
x, ξ
)
uk0υdσ =

∫
∂G(x)

hk
(
x, ξ
)
υdσ,

(21)

where v ∈ H1
per(Y \G(x)).

From the form of the integral identity we can propose that the functions uk1(x, ξ) have the following
structure:

uk1(x, ξ) = Lk(ξ) +Mk(ξ)uk0(x) +N1(ξ)
∂uk0
∂x1

+N2(ξ)
∂uk0
∂x2

.

Substituting the last expression into (21) and collecting the corresponding terms, we obtain the
following problem for the functions Nl(ξ) and Mk(ξ):∫∫

Y \G(x)

(
∂Nl

∂ξ1

∂v

∂ξ1
+
∂Nl

∂ξ2

∂v

∂ξ2

)
dξ1dξ2 +

∫∫
Y \G(x)

∂v

∂ξ1
dξ1dξ2 = 0, (22)

or, in the classical form: {
∆ξξ(Nl + ξl) = 0, x ∈ Y \G(x),
∂Nl
∂nξ

= nl, x ∈ ∂G(x);∫∫
Y \G(x)

(
∂Mk

∂ξ1

∂v

∂ξ1
+
∂Mk

∂ξ2

∂v

∂ξ2

)
dξ1dξ2 +

∫
∂G(x)

bk
(
x, ξ
)
vdσ = 0 (23)

or {
∆ξξM

k = 0, x ∈ Y \G(x),
∂Mk

∂nξ
+ bk

(
x, ξ
)

= 0, x ∈ ∂G(x);
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∫∫
Y \G(x)

(
∂Lk

∂ξ1

∂v

∂ξ1
+
∂Lk

∂ξ2

∂v

∂ξ2

)
dξ1dξ2 =

∫
∂G(x)

hk
(
x, ξ
)
vdσ (24)

or {
∆ξξL

k = 0, x ∈ Y \G(x),
∂Lk

∂nξ
= hk

(
x, ξ
)
, x ∈ ∂G(x).

The compatibility condition in the problem (22) can be easily verified by integrating by parts and
using (18) in the problems (23) and (24). We note that the functions Lk(ξ), Mk(ξ), and Nl(ξ) are
defined up to an additive constant and the natural normalization conditions are the following:∫∫

Y \G(x)
Lk(ξ)dξ =

∫∫
Y \G(x)

Mk(ξ)dξ =

∫∫
Y \G(x)

Nl(ξ)dξ = 0.

In what follows, we assume that these conditions are satisfied.
The next power of εyields the problem for uk2(x, ξ): ∆ξξu

k
2 + 2

(
∂2uk1
∂ξ1∂x1

+
∂2uk1
∂ξ2∂x2

)
+ ∆xxu

k
0 = −gk, x ∈ Y \G(x),

∂uk2
∂nξ

+
∂uk1
∂nx

+ bk
(
x, xε

)
uk1 + hk

(
x, xε

)
uk0 = 0, x ∈ ∂G(x).

(25)

The following statement is true.
Lemma 3.1. The functions Mk(ξ) and Nl(ξ) are connected by the integral identity

∂uk0(x)

∂xl

(∫∫
Y \G(x)

∂Mk

∂ξl
dξ1dξ2 −

∫
∂G(x)

bkNldσ

)
= 0.

We also need the integral identity corresponding to the problem (25)∫∫
Y \G(x)

(
∂uk2
∂ξ1

∂v

∂ξ1
+
∂uk2
∂ξ2

∂v

∂ξ2

)
dξ1dξ2 +

∫∫
Y \G(x)

(
∂uk1
∂x1

∂v

∂ξ1
+
∂uk1
∂x2

∂v

∂ξ2

)
dξ1dξ2+

+

∫
∂G(x)

bk
(
ξ
)
uk1vdσ + uk0(x)

∫
∂G(x)

hk
(
x, ξ
)
υdσ −

∫∫
Y \G(x)

∂Mk

∂ξ1
vdξ1dξ2 ·

∂uk0
∂x1
−

−
∫∫

Y \G(x)

∂Mk

∂ξ2
vdξ1dξ2 ·

∂uk0
∂x2
−
∫∫

Y \G(x)

(
∂N1

∂ξ1
+ 1

)
vdξ1dξ2 ·

∂2uk0
∂x2

1

−

−
∫∫

Y \G(x)

(
∂N1

∂ξ2
+
∂N2

∂ξ1

)
vdξ1dξ2 ·

∂2uk0
∂x1∂x2

−
∫∫

Y \G(x)

(
∂N2

∂ξ2
+ 1

)
vdξ1dξ2 ·

∂2uk0
∂x2

2

+ ḡk = 0,

where ḡk(x) =

∫∫
Y \G(x)

gk(x, ξ)dξ1dξ2.

The solvability condition for the problem (25) leads to the equations for uk0(x), which is the required
formal homogenized equations. Applying Lemma 3.1, and considering the connection between b(x, ξ)
and h(x, ξ) we can write it in the form

ν
2∑

i,l=1

∂

∂xi

(
âil(x)

∂uk0
∂xl

)
−
∫

∂G(x)

bk(x, ξ)Mk(ξ)dσ uk0(x) = ḡk(x) +

∫
∂G(x)

hk(x, ξ)Mk(ξ)dσ,

where
âil(x) =

∫∫
Y \G(x)

(
∂Nl

∂ξi
+ δil

)
dξ1dξ2, δil is the Kroneker symbol.
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Thus, the homogenized problem can be written as ν

2∑
i,l=1

∂

∂xi

(
âil(x)

∂uk0
∂xl

)
−mk(x)uk0(x) = ḡk(x) +Hk(x), x ∈ Ω,

uk0(x) = 0, x ∈ ∂Ω,

(26)

where as k = 1, 2 we have mk(x) =

∫
∂G(x)

bk(x, ξ)Mk(x, ξ)dσ,

Hk(x) =

∫
∂G(x)

hk(x, ξ)Mk(x, ξ)dσ = −
∫
∂G(x)

bk(x, ξ)Lk(x, ξ)dσ.

The following lemma is true (cf. [8]).
Lemma 3.2. If uε is a solution to the problem (17), and u0 is a solution to the problem (26), then

there is convergence

ν

∫
Qε

∇uε · ∇ψ dxdt+
∑
j∈Υε

+∞∫
0

∫
∂Gjε

B
(
x,
x

ε

)
uε · ψ dσdt−

∑
j∈Υε

+∞∫
0

∫
∂Gjε

h
(
x,
x

ε

)
· ψ dσdt−

−
∫
Qε

g
(
x,
x

ε

)
uε · ψ dσdt −→ ν

∫
Q

â∇u0 · ∇ψ dxdt+

∫
Q

V u0 · ψ dxdt−
∫
Q

H · ψ dxdt−
∫
Q

ḡ · ψ dxdt

as ε→ 0.
Following [23] and taking into account Remark 3.2 , we show that

(uε,∇)uε −→ (u,∇)u strongly in L2(Q). (27)

For this purpose we use the estimate

‖(uε,∇)uε − (u,∇)u‖L2(Q) ≤ ‖(uε − u,∇)uε‖L2(Q) + ‖(u,∇)(uε − u)‖L2(Q) ≤

≤ C
(∫
Q

|uε − u|2|∇uε|2dxds
) 1

2
+ C

(∫
Q

|u|2|∇(uε − u)|2dxds
) 1

2 ≤

≤ C1

(∫
Q

|∇uε|3dxds
) 1

3
(∫
Q

|uε − u|6dxds
) 1

6
+ C1

(∫
Q

|u|6dxds
) 1

6
(∫
Q

|∇(uε − u)|3dxds
) 1

3
.

As proved in [15] the trajectory attractors Aε and A of equations (11) and (13) exist in the following
space with a stronger topology: H(2,2,1)

w (Q), where

H(2,2,1)
w (Q) = L2,w

(
R+;

[
W 2

2 (Ω)
]2) ∩{v :

∂v

∂t
∈ L2,w(R+;H)

}
.

We set
H

(1,1,0)
3,w (Q) = L3,w

(
R+;

[
W 1

3 (Ω)
]2)

.

Since H(2,2,1)(Q) b H(1,1,0)
3 (Q) and H(2,2,1)(Q) b L6(Q), we find∫

Q

|uε − u|6dxds→ 0,

∫
Q

|∇(uε − u)|3dxds→ 0
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as ε → 0. Here, we used the uniform boundedness of the integral
∫
Q

|∇uε|3dxds ≤ M. Thus, we have

proved the convergence (27).

3.3 Proof of Theorem 3.1

Proof. It is clear that (16) implies (15). Therefore, it suffices to prove (16), i.e., for any neighborhood
O(K) in Θloc there is ε1 = ε1(O) > 0 such that

Kε ⊂ O(K) for all ε < ε1. (28)

If (28) fails, then there exists a neighborhood O′(K) in Θloc, a sequence εk → 0+ (k → ∞) and a
sequence uεk(·) = uεk(s) ∈ Kεk such that

uεk /∈ O
′(K) for all k ∈ N. (29)

The sequence
{
g
(
x, xεn

)}
is bounded in H. Consequently, using the integral identity and the

Cauchy-Bunyakovsky inequality, we conclude that the sequence of solutions {uεn} is bounded in Fb.
Passing to a subsequence, we can assume that

uεn → u0 (n→∞) in Θloc.

We assert that u0 ∈ K. The functions uεn(x, s) satisfy the equation

∂uεn
∂t
− ν∆uεn + (uεn ,∇)uεn = g

(
x,

x

εn

)
, t ∈ R, (30)

the condition
ν
∂uεn
∂n

+B
(
x,

x

εn

)
uεn = h

(
x,

x

εn

)
, x ∈ ∂Gεn ,

and the energy identity

−1

2

∫ M

−M
‖uεn(s)‖2Hψ′(s)ds+ ν

∫ M

−M
‖uεn(s)‖2Vψ(s)ds+

∑
j∈Υε

∫ M

−M

∫
∂Gjε

B(x, ξ)u1
εn(x, s)ψ(s)dσds−

−
∑
j∈Υε

∫ M

−M

∫
∂Gjε

h(x, ξ)ψ(s)dσds =

∫ M

−M
(g(x, ξ), uε(x, s))H ψ(s)ds (31)

for any M > 0 and any function ψ ∈ C∞0 (] −M,M [), ψ ≥ 0. Furthermore, uεn(s) ⇀ u0(s) (n → ∞)

weakly in L2(−M,M ;V), ∗-weakly in L∞(−M,M ;H) and
∂uεn(s)

∂t
⇀

∂u0(s)

∂t
(n → ∞) weakly in

L2(−M,M ;H). By the known compactness theorem [22] we can assume that uεn(s)→ u0(s) (n→∞)
strongly in L2(−M,M ;H) and uεn(x, s)→ u0(x, s) (n→∞) for almost all (x, s) ∈ D × (−M,M). In
particular, uεn(s)→ u0(s) (n→∞) strongly in Θloc

+ = Lloc2 (R;H).
Now, taking into account Lemma 3.2 and the convergence (27), we pass to the limit in (30) and

(31) as ε→ 0, based on a standard argument in [22] (see the detailed proof in [15,17,20]). Consequently
u0 ∈ K, i.e., u0 is a solution to the problem (13), satisfying the corresponding identity (31) with the
exterior force ḡ(x). At the same time, we have established that uεn(s)→ u0(s) (n→∞) in Θloc

+ and,
consequently, uεn(s) ∈ O′(u0(s)) ⊂ O′

(
K
)
for εn � 1. Thus, we arrive at a contradiction with (29).

The theorem is proved.
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Partial Differential equations and their Applications. Collège de France Séminaire, Volume II &
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Локальды периодты кеуектi ортадағы 2D Навье–Стокс
теңдеулер жүйесiнiң аттракторлары

Мақалада теңдеулерде және шекаралық шарттарда тез тербелмелi мүшелерi бар екi өлшемдi Навье–
Стокс теңдеулер жүйесiнiң қарастырылды. Тесiк облыстағы есептi зерттей отырып, сыртқы шекара-
дағы Дирихленiң бiртектi шартын және қуыстардың шекарасындағы Фурье (Робен) шартын анықтай-
мыз. Осындай болжамдармен осы жүйенiң траекториялық аттракторы кейбiр әлсiз топологияларда
қосымша потенциалымен және тривиалды емес оң жақ бөлiгi бар тесiгi жоқ облыстағы орташаланған
Навье–Стокс теңдеулер жүйесiнiң траекториялық аттракторына жинақталатыны дәлелденген. Ол
үшiн А.В. Бабиннiң, В.В. Чепыжовтың, Ж.–Л. Лионстың, Р. Темам және М.И. Вишиктiң эволю-
циялық теңдеулердiң траекториялық аттракторлары туралы мақалалары мен монографияларының
әдiстемесi қолданылған. Сондай-ақ, XX ғасырдың соңында пайда болған орташалау әдiстерi пайда-
ланылған. Алдымен асимптотикалық әдiстердi асимптотиканы формальды құру үшiн қолданып со-
дан кейiн асимптотикалық қатарлардың негiзгi мүшелерiн функционалды талдау және интегралды
бағалау әдiстерiн қолдана отырып таңдалған. Сәйкесiнше, көмекшi әлсiз топологиялы функционалды
кеңiстiктi анықтау арқылы теңдеулердiң шектi (орташаланған) жүйесiн алынған және осы жүйе үшiн
траекториялық аттракторлардың бар екенi дәлелденген. Содан кейiн негiзгi теорема тұжырымдалып,
ол көмекшi леммалардың көмегiмен нақтыланған.

Кiлт сөздер: аттракторлар, орташалау, Навье–Стокс теңдеулер жүйесi, әлсiз жинақтылық, тесiк об-
лыс, тез тербелмелi мүшелер, кеуектi орта.
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Аттракторы 2D системы уравнений Навье-Стокса
в локально периодической пористой среде

Рассмотрена двумерная система уравнений Навье–Стокса с быстро осциллирующими членами в урав-
нениях и граничных условиях. Исследуя задачу в перфорированной области, мы задаем однородное
условие Дирихле на внешней границе и условие Фурье (Робена) на границе полостей. При таких
предположениях доказываем, что траекторные аттракторы этой системы сходятся в некоторой сла-
бой топологии к траекторным аттракторам усредненной системы уравнений Навье–Стокса с допол-
нительным потенциалом и нетривиальной правой частью в области без пор. Для этого мы используем
подход из статей и монографий А.В. Бабина, В.В. Чепыжова, Ж.-Л. Лионса, Р. Темама и М.И. Ви-
шика о траекторных аттракторах эволюционных уравнений. Кроме того, применяем методы усредне-
ния, появившиеся в конце XX века. Сначала используем асимптотические методы для формального
построения асимптотик, далее мы выверяем главные члены асимптотических рядов с помощью мето-
дов функционального анализа и интегральных оценок. Определяя соответствующие вспомогательные
функциональные пространства со слабой топологией, мы выводим предельную (усредненную) си-
стему уравнений и доказываем существование траекторных аттракторов для этой системы. Затем
формулируем основную теорему и доказываем ее с помощью вспомогательных лемм.

Ключевые слова: аттракторы, усреднение, система уравнений Навье-Стокса, слабая сходимость, пер-
форированная область, быстро осциллирующие члены, пористая среда.
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Estimates of singular numbers (s-numbers) for a class
of degenerate elliptic operators

In this paper we study a class of degenerate elliptic equations with an arbitrary power degeneracy on
the line. Based on the research carried out in the course of the work, the authors propose methods to
overcome various difficulties associated with the behavior of functions from the definition domain for a
differential operator with piecewise continuous coefficients in a bounded domain, which affect the spectral
characteristics of boundary value problems for degenerate elliptic equations. It is shown the conditions
imposed on the coefficients at the lowest terms of the equation, which ensure the existence and uniqueness
of the solution. The existence, uniqueness, and smoothness of a solution are proved, and estimates are
found for singular numbers (s-numbers) and eigenvalues of the semiperiodic Dirichlet problem for a class
of degenerate elliptic equations with arbitrary power degeneration.

Keywords: elliptic operator, boundary value problem, singular numbers, power degeneracy, solution, uniqueness.

1 Introduction. Main results

Let Ω = {(x, y) : −π < x < π, 0 < y < 1}. Consider the following problem

Lu = −k(y)uxx − uyy + a(y)ux + c(y)u = f(x, y) ∈ L2(Ω), (1)

u(−π, y) = u(π, y), ux(−π, y) = ux(π, y), (2)

u(x, 0) = u(x, 1) = 0, (3)

where a(y), c(y) are piecewise continuous functions in [0, 1], k(y) > 0 as y ∈ (0, 1] and k(0) = 0. Let
C∞0,π(Ω̄) be a class of infinitely differentiable finite functions in Ω̄ and satisfying the conditions (2)–(3).

We also denote closure of the operator (1) by the norm of L2(Ω) as L.
In the study of the smoothness and approximation properties of solutions to boundary value

problems for some nonlinear equations we encounter questions of the spectral properties of linear
degenerate elliptic equations. In contrast to elliptic operators, spectral questions for degenerate elliptic
operators are poorly understood. Known results on this topic or those close to it in content are contained
in the works of M. Smirnov [1], M. Keldysh [2], T. Kalmenov, M. Otelbaev [3], O. Oleinik [4], M. Vishik,
V. Grushin [5, 6], and others.

However, in the general case, such traditional questions as asymptotic behavior and estimates of
eigenvalues in general are far from complete.

The results of this work are close to those of M.B. Muratbekov [7–10], where differential operators
of mixed and hyperbolic types were investigated. In contrast to the above works, here we investigate
previously unconsidered degenerate elliptic equations with an arbitrary power-law degeneracy on the
degeneracy line.

Definition 1. The function u ∈ L2(Ω) is called a solution to (1)–(3) if there exists a sequence
{uk(x, y)}∞k=1 ⊂ C∞0,π(Ω) such that

∗Corresponding author.
E-mail: igisinovsabit@mail.ru
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‖uk − u‖2 → 0, ‖Luk − f‖2 → 0 as k →∞.

By C([0, 1], L2(−π, π)) we denote the space obtained by completing the set of continuous functions
on the interval [0, 1] with values in L2(−π, π) relative to the norm

‖u‖C([0,1],L2) = sup
y∈[0,1]

 π∫
−π

|u(x, y)|2dx

 1
2

and W 1
2 (Ω) is the Sobolev space with norm

‖u‖2,1,Ω =
[
‖ux‖22 + ‖uy‖22 + ‖u‖22

] 1
2 ,

where ‖ · ‖ is a norm of L2(Ω).
Definition 2. [11] Let A be a completely continuous linear operator and |A| =

√
A∗A. Eigenvalues

of |A| are called s-numbers of A.
Nonzero s-numbers of L−1 will be numbered in descending order, taking into account their multiplicity,

so that
sk(L

−1) = λk(|L−1|), k = 1, 2, 3, ....

Theorem 1. Let a(y), c(y) are piecewise continuous functions in [0, 1] and satisfying the conditions

i)a(y) ≥ δ0 > 0, c(y) ≥ δ > 0.

Then there exists a unique solution u(x, y) to (1)–(3) such that

‖u‖C(0,1),L2
+ ‖u‖2,1,Ω ≤ c0‖f‖2

for all f ∈ L2(Ω), where c0 is a constant.
Theorem 2. Let the condition i) be fulfilled. Then the estimate

c1
1

k
≤ sk ≤ c2

1

k
1
2

, k = 1, 2, 3, ...

holds, where c1, c2 are constants, 0 < c1 ≤ c2, sk is singular numbers (s-numbers) of L−1.

2 Auxiliary lemmas

Lemma 1. The estimate
‖Lu‖2 ≥ c‖u‖2 (4)

holds for all u ∈ D(L), where c0 is a constant.
Proof. Let C∞0,π(Ω). Integrate by parts and taking into account the boundary conditions we have

< Lu, u >≥
∫
Ω

(u2
y + c(y)u2)dxdy +

∫
Ω

k(y)u2
xdxdy

and
< Lu, ux >=

∫
Ω

a(y)u2
xdxdy.

From these relations we obtain (4) using the Cauchy inequality with "ε"and taking into account
the condition i). Lemma 1 is proved.
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We denote by ln the closure of the operator

lnu(y) = −u′′ + (n2k(y) + ina(y) + c(y))u, n = 0,±1,±2, ...

defined on C∞0 [0, 1], where C∞0 [0, 1] is a set of infinitely differentiable functions satisfying the conditions
(3).

Lemma 2. The estimates

‖lnu‖L2(0,1) ≥ c1(‖u′‖L2(0,1) + ‖u‖L2(0,1)), (5)

‖lnu‖L2(0,1) ≥ c2‖u‖C[0,1], (6)

hold for all u(y) ∈ D(ln), where c1, c2 are constants.
Proof. Let us compose quadratic form (lnu, u), u ∈ C∞0 [0, 1]. Integrating by parts we obtain

|(lnu, u)| =
∣∣∣∣∫ 1

0
(lnu)ūdy

∣∣∣∣ =

∣∣∣∣∫ 1

0
(u′2 + (n2k(y) + ina(y) + c(y))|u|2)dy

∣∣∣∣ .
Hence, using the inequality |α + iβ| ≥ max(|α|, |β|) (α, β ∈ R), the inequality Schwartz and the

Cauchy inequality with "ε > 0"we obtain

‖lnu‖2L2(0,1) ≥ n
2δ2‖u‖2L2(0,1),

c‖lnu‖2L2(0,1) ≥ c3

∫ 1

0
(|u′|

2

+ c(y)|u|2)dy +

∫ 1

0
n2k(y)|u|2)dy. (7)

From (7) taking into account k(y) ≥ 0 we have

‖lnu‖2L2(0,1) ≥ c4(‖u‖2L2(0,1) + ‖u′‖2L2(0,1)) ≥ c1‖u‖2W 1
2 (0,1).

Since the embedding operator of the Sobolev space W 1
2 (0, 1) to [0, 1] is bounded it follows that

‖lnu‖L2(0,1) ≥ c2(‖u‖C[0,1]

which is true for all u ∈ D(L). Lemma 2 is proved.
Lemma 3. The operator ln is continuously invertible.
Proof. Taking into account (5) it is enough if we show the density of D(ln) in L2(Ω). Assume the

contrary. Let the set D(ln) is not density in L2(0, 1). Then there exists nonzero element w ∈ L2(0, 1)
such that (lnu,w) = 0 for u ∈ D(ln). Hence since the set D(ln) is not density in L2(0, 1) we obtain
that w is a solution to l∗nw = −w′′ + (n2k(y) + c(y))w = 0. From this equality it follows that w′′ ∈
L2(0, 1) by virtue of the continuous coefficients on [0,1]. Now we show that w(y) satisfies the condition
w(0) = w(1) = 0. Integrating by parts we obtain

0 = (u, l∗nw) = (lnu,w)− u′(1)w̄(1) + u′(0)w̄(0)

for all u ∈ D(ln). Last equality holds if w(0) = w(1) = 0. Therefore w ∈ D(ln). Then, we obtain

‖lnw‖L2(0,1) ≥ c‖w‖L2(0,1)

same as (5). It is shown that w = 0. The resulting contradiction proves the lemma 3.
Lemma 4. The following estimate holds for l−1

n

‖ln‖L2(0,1)→L2(0,1) ≥
1

nδ0
, n = ±1,±2, ....
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Proof. Taking into account the condition i) we have for any function u ∈ C∞0 [0, 1]

|(lnu, u)| ≥
∣∣∣∣∫ 1

0
ina(y)|u|2dy

∣∣∣∣ ≥ |n|δ0‖u‖2L2(0,1).

Hence, using the Cauchy inequality we obtain

‖lnu‖L2(0,1) ≥ |n|δ0‖u‖L2(0,1).

From the last estimates it follows Lemma 4.

3 Proofs of the main theorems

Proof of Theorem 1. The existence and continuity of l−1
n follows from Lemma 3. Let un(y) =

(l−1
n fn)(y). By direct verification, we make sure that the function

uk(x, y) =
k∑

n=−k
un(y)einx =

k∑
n=−k

(l−1
n fn)(y)einx

is a solution to (1) with the right side

fk(x, y) =
k∑

n=−k
fn(y)einx

which satisfies the condition (2)–(3). Moreover the following equality

‖uk(x, y)‖2L2(−π,π) = 2π
k∑

n=−k
|un(y)|2

holds. Then from the estimate (5) it follows that

sup
y∈[0,1]

‖uk(x, y)‖2L2(−π,π) = 2π
k∑

n=−k
sup
y∈[0,1]

|un(y)|2 ≤

≤ c12π

k∑
n=−k

‖lnu‖2L2(0,1) ≤ c22π

k∑
n=−k

‖fn(y)‖2L2(0,1) = c‖fk(x, y)‖22. (8)

From Lemma 4 we have

‖∂uk(x, y)

∂x
‖22 = ‖ ∂

∂x

k∑
n=−k

(l−1
n fn)(y)einx)‖22 = ‖in

k∑
n=−k

(l−1
n fn)(y)einx‖22 ≤

≤
k∑

n=−k
|n|2‖l−1

n ‖2L2(0,1)→L2(0,1)‖fn‖
2
L2(0,1) ≤

1

δ2
0

k∑
n=−k

‖fn‖2L2(0,1) =
1

δ2
0

‖fk(x, y)‖22. (9)

Similarly, using estimates (5), (6) we obtain

‖∂uk(x, y)

∂y
‖22 + ‖uk‖22 = ‖ ∂

∂y

k∑
n=−k

(l−1
n fn)(y)einx)‖22 + ‖

k∑
n=−k

(l−1
n fn)(y)einx)‖22 ≤
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≤
k∑

n=−k
‖fn‖22 +

k∑
n=−k

‖fn‖22 ≤= 2‖fk(x, y)‖22. (10)

It is known that a set of functions

fk(x, y) =
k∑

n=−k
fn(y)einx (k = 1, 2, ...)

is dense in L2(Ω). Therefore, we can assume that ‖fk(x, y) − f(x, y)‖2 → 0 as k → ∞. Then the
sequence {fk}∞k=1 is fundamental, and by virtue of estimates (8)–(10)

‖uk(x, y)− um(x, y)‖C([0,1],L2) + ‖uk(x, y)− um(x, y)‖2,1,Ω ≤

≤ c6‖fk(x, y)− fm(x, y)‖2 → 0

as k,m→∞. Hence, since the spaces C([0, 1], L2(−π, π)) and W 1
2 (Ω) are complete, it follows that the

sequence {un(x, y)}∞k=−∞ has limit u(x, y), for which, by virtue of (8)–(10), the estimate

‖u‖C([0,1],L2) + ‖u‖2,1,Ω ≤ c‖f‖2

holds. Theorem 1 is proved.
Let us introduce the sets

M = {u ∈ L2(Ω) : ‖Lu‖2 + ‖u‖2 ≤ 1},

M̃c1 = {u ∈ C([0, 1], L2(−π, π)) : (‖ux‖22 + ‖uy‖22 + ‖u‖22)
1
2 ≤ c1},

Ṁc−1
1

= {u ∈ L2(Ω); (‖uxx‖22 + ‖uyy‖22 + ‖ux‖22 + ‖uy‖22 + ‖u‖22)
1
2 ≤ c−1

1 },

where c1 > 0 и c−1
1 > 1.

The following lemma holds
Lemma 5. Let condition i) be satisfied. Then for some constant c1 > 1 the inclusions

Ṁc−1
1
⊆M ⊆ M̃c1

hold.
Proof. Let u(x, y) ∈ Ṁc−1

1
. Then, taking into account condition i), we obtain

‖Lu‖22 + ‖u‖22 ≤ c2(‖uxx‖22 + ‖uyy‖22 + ‖ux‖22 + ‖uy‖22 + ‖u‖22)
1
2 ≤ c−1

1 c2,

where c2 = max
y∈[0,1]

{|k(y)|, |a(y)|, |c(y)|}.

Hence, assuming c2 = c1, we have Ṁc−1
1
⊆M .

Let u ∈M . Then it follows from Theorem 1 that

(‖ux‖22 + ‖uy‖22 + ‖u‖22)
1
2 ≤ C(‖Lu‖22 + ‖u‖22) ≤ C,

i.e.M ⊆ M̃C . By choosing a constant c1 such that c1 ≥ c we obtain the assertion of the lemma. Lemma
5 is proved.

Lemma 6. Let condition i) be satisfied. Then the estimates

c−1ḋk ≤ dk ≤ cd̃k, k = 1, 2, ...
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hold, where c > 0 is an any constant, d̃k, dk, ḋk are the k-widths of the sets respectively M̃c,M, Ṁc−1 .
The proof of this lemma it follows from Lemma 5 and the properties of the widths.
Let us introduce the functions

N(λ) =
∑
dk>λ

1, Ñ(λ) =
∑
d̃k>λ

1, Ṅ(λ) =
∑
ḋk>λ

1,

equal respectively to the number of widths dk(M), d̃k and ḋk are greater than λ > 0. Estimates (8)
easily imply the inequalities

Ṅ(cλ) ≤ N(λ) ≤ Ñ(c−1λ)

Proof of Theorem 2. It is known that the estimates

c−1
0 λ−2 ≤ Ñ(λ) ≤ c0λ

−2, (11)

c−1
0 λ−1 ≤ N(λ) ≤ c0λ

−1. (12)

hold for the functions Ñ(λ) and N(λ). Let λ = d̃k. Then Ñ(d̃k) = k. Therefore from (11) and (12) it
follows

C−1
0

1√
k
≤ d̃k ≤ C0

1√
k
, C−1

0

1

k
≤ ḋk ≤ C0

1

k
.

respectively. Hence, taking into account estimates (7) and the equality sk+1(L−1) = dk we obtain

C1
1

k
≤ sk ≤ C2

1

k
1
2 , k = 1, 2, 3, ...

Theorem 2 is proved.
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С.Ж. Игисинов, Л.Д. Жумалиева, А.О. Сулеймбекова, Е.Н. Баяндиев

М.Х. Дулати атындағы Тараз өңiрлiк университетi, Тараз, Қазақстан

Өзгешеленетiн эллиптикалық операторлардың бiр класы үшiн
сингулярлық сандарды (s-сандарды) бағалау

Мақалада түзудегi туынды дәрежеде өзгешеленуi бар өзгешеленетiн эллиптикалық теңдеулердiң бiр
класы зерттелген.Жұмыс барысында жүргiзiлген зерттеуге сүйене отырып, авторлар бөлiктi-үзiлiссiз
коэффициенттерi бар дифференциалды оператордың анықталу облысындағы функциялардың өзге-
руiне байланысты туындайдын шенелген облыстағы шекаралық есептердiң спектральдiк сипаттама-
ларына әсер ететiн әртүрлi қиындықтарды жеңудiң әдiстерiн ұсынған осы жұмыста шешiмнiң болуы
мен жалғыздығын қамтамасыз ететiн теңдеудiң кiшi мүшелерi коэффициенттерi үшiн қойылған шар-
ттар көрсетiлген. Шешiмнiң бар болуы, жалғыздығы мен тегiстiгi дәлелдендi, сонымен қатар еркiн
дәрежелi өзгешеленетiн эллиптикалық теңдеулердiң бiр класына қойылған жартылай периодты Ди-
рихле есебiнiң сингулярлық сандары (s-сандардың) мен меншiктi сандарының бағасы алынды.

Кiлт сөздер: эллиптикалық оператор, шекаралық есеп, сингулярлық сандар, дәрежелiк өзгешелену,
шешiм, жалғыздық.

С.Ж. Игисинов, Л.Д. Жумалиева, А.О. Сулеймбекова, Е.Н. Баяндиев

Таразский региональный университет имени М.Х. Дулати, Тараз, Казахстан

Оценки сингулярных чисел (s-чисел) для одного класса
вырождающихся эллиптических операторов

В статье изучен один класс вырождающихся эллиптических уравнений с произвольным степенным
вырождением на прямой. На основе исследований, проведенных в ходе работы, авторами предложены
методы, позволяющие преодолеть различные трудности, связанные с поведением функций из обла-
сти определения дифференциального оператора с кусочно-непрерывными коэффициентами в огра-
ниченной области, которые влияют на спектральные характеристики краевых задач для вырожда-
ющихся эллиптических уравнений. Показаны условия, наложенные на коэффициенты при младших
членах уравнения, обеспечивающие существование и единственность решения. Доказаны существо-
вание, единственность и гладкость решения, а также найдены оценки сингулярных чисел (s-чисел) и
собственных чисел полупериодической задачи Дирихле для одного класса вырождающихся эллипти-
ческих уравнений с произвольным степенным вырождением.

Ключевые слова: эллиптический оператор, краевая задача, сингулярные числа, степенное вырожде-
ние, решение, единственность.

Mathematics series. №3(107)/2022 57



S.Zh. Igisinov, L.D. Zhumaliyeva et al.

References

1 Smirnov, M.M. (1966). Vyrozhdaiushchiesia ellipticheskie i giperbolicheskie uravneniia [Degenerate
elliptic and hyperbolic equations]. Moscow: Nauka [in Russian].

2 Keldysh, M.V. (1951). O nekotorykh sluchaiakh vyrozhdeniia uravnenii ellipticheskogo tipa na
granitse oblasti [On some cases of degeneration of equations of elliptic type on the boundary of
the domain ]. Doklady Akademii nauk SSSR — Proceedings of the Academy of Sciences USSR,
77 (2), 181–183 [in Russian].

3 Kalmenov, T.Sh., & Otelbaev, M. (1977). O gladkosti reshenii odnogo klassa vyrozhdaiushchikhsia
ellipticheskikh uravnenii [On the smoothness of solutions of a class of degenerate elliptic equations].
Differentsialnye uravneniia — Differential Equations, 13 (7), 1244–1255 [in Russian].

4 Oleinik, O.A. (1965). O gladkosti reshenii vyrozhdaiushchikhsia ellipticheskikh i parabolicheskikh
uravnenii [On the smoothness of solutions of degenerating elliptic and parabolic equations].Doklady
Akademii nauk SSSR — Proceedings of the Academy of Sciences USSR, 163 (3), 557–580 [in
Russian].

5 Vishik, M.I., & Grushin, V.V. (1969). Ob odnom klasse vyrozhdaiushchikhsia ellipticheskikh
uravnenii vysshikh poriadkov [On a class of degenerate elliptic equations of higher orders]. Mate-
maticheskii sbornik — Mathematical collection, 79 (1), 3–36 [in Russian].

6 Vishik, M.I., & Grushin, V.V. (1969).Uravneniia 2-go poriadka s neotritsatelnoi kharakteristicheskoi
formoi [Second-order equations with nonnegative characteristic form ]. Matematicheskii sbornik
— Mathematical collection, 80 (4), 445–491 [in Russian].

7 Muratbekov, M.B., & Muratbekov, M.M. (2007). Estimates of spectrum for a class of mixed type
operators. Differential equations, 43, 143–146.

8 Muratbekov, M.B., Muratbekov, M.M., & Abylayeva, A.M. (2013). On existence of the resolvent
and discreteness of the spectrum of a class of differential operators of hyperbolic type. Electronic
Journal of theory of differential equations, 63, 1–10.

9 Muratbekov, M.B., Kalmenov, T.Sh., & Muratbekov, M.M. (2015). On discreteness of the spectrum
of a class of mixed type singular differential operators. Complex Variables and Elliptic Equations,
60 (12), 1752–1763.

10 Muratbekov, M., & Otelbaev, M. (2016). On the existence of a resolvent and separability for
a class of singular hyperbolic type differential operators on an unbounded domain. Eurasian
mathematical journal, 7 (1), 50–67.

11 Gohberg, I.C., & Krein, M.G. (1969). Introduction to the Theory of Linear Nonselfadjoint Operators
in Hilbert Space (Translations of mathematical monographs). American Mathematical society.

58 Bulletin of the Karaganda University



DOI 10.31489/2022M3/59-69

UDC 517.95

U.K. Koilyshov1,2,∗, K.A. Beisenbaeva3, S.D. Zhapparova1

1Al-Farabi Kazakh National University, Almaty, Kazakhstan;
2Institute of Mathematics and Mathematical Modelling, Almaty, Kazakhstan;

3Academy of Logistics and Transport, Almaty, Kazakhstan
(E-mail: koylyshov@mail.ru, beysenbaeva56@mail.ru, zhapparova.saule@gmail.com)

A priori estimate of the solution of the Cauchy problem
in the Sobolev classes for discontinuous coefficients

of degenerate heat equations

Partial differential equations of the parabolic type with discontinuous coefficients and the heat equation
degenerating in time, each separately, have been well studied by many authors. Conjugation problems for
time-degenerate equations of the parabolic type with discontinuous coefficients are practically not studied.
In this work, in an n-dimensional space, a conjugation problem is considered for a heat equation with
discontinuous coefficients which degenerates at the initial moment of time. A fundamental solution to the
set problem has been constructed and estimates of its derivatives have been found. With the help of these
estimates, in the Sobolev classes, the estimate of the solution to the set problem was obtained.

Keywords: conjugation problem, heat equation, degenerating equations, discontinuous coefficients.

Partial differential equations of the parabolic type with discontinuous coefficients are studied in
the works [1–8]. Time-degenerate equations of heat conduction are studied in the works [9, 10]. The
conjugation problems for the periodic equations of the parabolic type with discontinuous coefficients
are slightly studied. We consider the Cauchy problem for a degenerating equation with discontinuous
coefficients: find functions u1(x, t), u2(x, t) that satisfy the equations

tp
∂u1
∂t

= a21∆u1 + f1(x, t), (x, t) ∈ D−n+1 = {(x, t), x′ ∈ Rn−1, xn < 0, t > 0}, (1)

tp
∂u2
∂t

= a22∆u2 + f2(x, t), (x, t) ∈ D+
n+1 = {(x, t), x′ ∈ Rn−1, xn > 0, t > 0}, (2)

with initial conditions
u1(x, 0) = ϕ1(x), u2(x, 0) = ϕ2(x), (3)

and with conjugation conditions

u1

∣∣∣∣
xn=−0

= u2

∣∣∣∣
xn=+0

, (4)

k1
∂u1
∂xn

∣∣∣∣
xn=−0

= k2
∂u2
∂xn

∣∣∣∣
xn=+0

, (5)

where x′ = (x1, x2, ..., xn−1),
ki > 0, p < 1, (i = 1, 2).

The feature of the problem is that equations (1) and (2) with discontinuous coefficients degenerate
at the initial moment t = 0.

∗Corresponding author.
E-mail: koylyshov@mail.ru
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Method of solving.
To solve problems (1)–(5) let us consider an auxiliary problem A: in the domain Dn+1(x ∈ Rn,

t > 0), find functions u1(x, t), u2(x, t) that satisfy the equations

∂u1
∂t

= ∆u1 + f1(x, t), (x, t) ∈ D−n+1 = {(x, t), x′ ∈ Rn−1, xn < 0, t > 0}, (6)

∂u2
∂t

= ∆u2 + f2(x, t), (x, t) ∈ D+
n+1 = {(x, t), x′ ∈ Rn−1, xn > 0, t > 0}, (7)

with initial conditions
u1(x, 0) = ϕ1(x), u2(x, 0) = ϕ2(x), (8)

and with conjugation conditions

u1

∣∣∣∣
xn=−0

= u2

∣∣∣∣
xn=+0

, (9)

k1
∂u1
∂xn

∣∣∣∣
xn=−0

= k2
∂u2
∂xn

∣∣∣∣
xn=+0

, (10)

where ki > 0, (i = 1, 2). Applying to problem (6)–(10) the Fourier transform with respect to variables
x′ = (x1, x2, ..., xn−1) and the Laplace transform with respect to variable t, we obtain an inhomogeneous
second-order differential equation

d2 ũ1
dx2n

−
(
p+ |s′|2

)
ũ1 = −f̃1(s′, xn, p)− ϕ̃1(s

′, xn), xn < 0, (11)

d2 ũ2
dx2n

−
(
p+ |s′|2

)
ũ2 = −f̃2(s′, xn, p)− ϕ̃2(s

′, xn), xn > 0, (12)

where s′ = (s1, s2, ..., sn−1). Conjugation conditions (9)–(10) take the following form:

ũ1

∣∣∣∣
xn=−0

= ũ2

∣∣∣∣
xn=+0

, (13)

k1
d ũ1
dxn

∣∣∣∣
xn=−0

= k2
d ũ2
dxn

∣∣∣∣
xn=+0

, (14)

The solutions to equations (11)–(12) have the form:

ũ1(s
′, xn, p) =

c1 − 1

2
√
p+ |s′|2

xn∫
0

F̃ 1(s
′, ξn, p)e

−
√
p+|s′|2ξn dξn

 e
√
p+|s′|2xn+

+

c2 +
1

2
√
p+ |s′|2

xn∫
0

F̃ 1(s
′, ξn, p)e

√
p+|s′|2ξn dξn

 e−
√
p+|s′|2xn , xn < 0,

ũ2(s
′, xn, p) =

d1 − 1

2
√
p+ |s′|2

xn∫
0

F̃ 2(s
′, ξn, p)e

−
√
p+|s′|2ξn dξn

 e
√
p+|s′|2xn+

+

d2 +
1

2
√
p+ |s′|2

xn∫
0

F̃ 2(s
′, ξn, p)e

√
p+|s′|2ξn dξn

 e−
√
p+|s′|2xn , xn > 0,
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here F̃ i(s′, xn, p) = f̃ i(s
′, xn, p) + ϕ̃i(s

′, xn), (i = 1, 2). We obtain a solution to problem (11)-(14):

ũ1(s
′, xn, p) =

0∫
−∞

F̃ 1(s′,ξn,p)

2
√
p+|s′|2

(
e−
√
p+|s′|2|xn−ξn| + λe

√
p+|s′|2(xn+ξn)

)
dξn +

+ µ2
+∞∫
0

F̃ 2(s′,ξn,p)

2
√
p+|s′|2

e−
√
p+|s′|2(ξn−xn) dξn, xn < 0,

ũ2(s
′, xn, p) =

+∞∫
0

F̃ 2(s′,ξn,p)

2
√
p+|s′|2

(
e−
√
p+|s′|2|xn−ξn| − λe−

√
p+|s′|2(xn+ξn)

)
dξn +

+ µ1
0∫
−∞

F̃ 1(s′,ξn,p)

2
√
p+|s′|2

e−
√
p+|s′|2(xn−ξn) dξn, xn > 0,

here λ = k1−k2
k1+k2

, µi = 2ki
k1+k2

, (i = 1, 2).

The solutions to equations (6)–(10) have the form:

u1(x, t) =

∫
Rn−1

0∫
−∞

[
e−
|x′−ξ′|2+(xn−ξn)2

4t(
2
√
πt
)n + λ

e−
|x′−ξ′|2+(xn+ξn)2

4t(
2
√
πt
)n ]

ϕ1(ξ
′, ξn) dξ′dξn+

+ µ2

∫
Rn−1

+∞∫
0

e−
|x′−ξ′|2+(xn−ξn)2

4t(
2
√
πt
)n ϕ2(ξ

′, ξn) dξ′dξn+

+

t∫
0

dτ

∫
Rn−1

0∫
−∞

[
e
− |x
′−ξ′|2+(xn−ξn)2

4(t−τ)(
2
√
π(t− τ)

)n + λ
e
− |x
′−ξ′|2+(xn+ξn)2

4(t−τ)(
2
√
π(t− τ)

)n ]f1(ξ′, ξn, τ) dξ′dξn+

+ µ2

t∫
0

dτ

∫
Rn−1

+∞∫
0

e
− |x
′−ξ′|2+(xn−ξn)2

4(t−τ)(
2
√
π(t− τ)

)n f2(ξ
′, ξn, τ) dξ′dξn, D−n ,

u2(x, t) =

∫
Rn−1

+∞∫
0

[
e−
|x′−ξ′|2+(xn−ξn)2

4t(
2
√
πt
)n − λ e

− |x
′−ξ′|2+(xn+ξn)2

4t(
2
√
πt
)n ]

ϕ2(ξ
′, ξn) dξ′dξn+

+ µ1

∫
Rn−1

0∫
−∞

e−
|x′−ξ′|2+(xn−ξn)2

4t(
2
√
πt
)n ϕ1(ξ

′, ξn) dξ′dξn+

+

t∫
0

dτ

∫
Rn−1

+∞∫
0

[
e
− |x
′−ξ′|2+(xn−ξn)2

4(t−τ)(
2
√
π(t− τ)

)n − λ e− |x
′−ξ′|2+(xn+ξn)2

4(t−τ)(
2
√
π(t− τ)

)n ]f2(ξ′, ξn, τ) dξ′dξn+

+ µ1

t∫
0

dτ

∫
Rn−1

0∫
−∞

e
− |x
′−ξ′|2+(xn−ξn)2

4(t−τ)(
2
√
π(t− τ)

)n f1(ξ
′, ξn, τ) dξ′dξn, D+

n ,

(15)

where dξ′ = dξ1dξ2 · ... · dξn−1, |x′ − ξ′| =
√

(x1 − ξ1)2 + (x2 − ξ2)2 + ...+ (xn−1 − ξn−1)2. We

introduce the notation G(x′ − ξ′, xn ± ξn, t) = e−
|x′−ξ′|2+(xn±ξn)2

4t

(2
√
πt)

n . Then
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u1(x, t) =

∫
Rn−1

0∫
−∞

[
G(x′ − ξ′, xn − ξn, t) + λG(x′ − ξ′, xn + ξn, t)

]
ϕ1(ξ

′, ξn) dξ′dξn+

+ µ2

∫
Rn−1

+∞∫
0

G(x′ − ξ′, xn − ξn, t)ϕ2(ξ
′, ξn) dξ′dξn+

+

t∫
0

dτ

∫
Rn−1

0∫
−∞

[
G(x′ − ξ′, xn − ξn, t− τ) + λG(x′ − ξ′, xn + ξn, t− τ)

]
f1(ξ

′, ξn, τ) dξ′dξn+

+ µ2

t∫
0

dτ

∫
Rn−1

+∞∫
0

G(x′ − ξ′, xn − ξn, t− τ)f2(ξ
′, ξn, τ) dξ′dξn, D−n ,

(16)

u2(x, t) =

∫
Rn−1

+∞∫
0

[
G(x′ − ξ′, xn − ξn, t)− λG(x′ − ξ′, xn + ξn, t)

]
ϕ2(ξ

′, ξn) dξ′dξn+

+ µ1

∫
Rn−1

0∫
−∞

G(x′ − ξ′, xn − ξn, t)ϕ1(ξ
′, ξn) dξ′dξn+

+

t∫
0

dτ

∫
Rn−1

+∞∫
0

[
G(x′ − ξ′, xn − ξn, t− τ)− λG(x′ − ξ′, xn + ξn, t− τ)

]
f2(ξ

′, ξn, τ) dξ′dξn+

+ µ1

t∫
0

dτ

∫
Rn−1

0∫
−∞

G(x′ − ξ′, xn − ξn, t− τ)f1(ξ
′, ξn, τ) dξ′dξn, D+

n .

(17)

We have obtained the solution to auxiliary problem (6)–(10) in the form (16)–(17).

Using [11], for the function Γ(x, t) = e−
|x|2
4t

(2
√
πt)

n , we obtain an estimate:

|Dk
xD

m
t Γ(x, t)| ≤ Ce−δ

|x|2
t

t
n+k
2

+m
.

This estimate is valid from [12]. Here δ < 1
4 .

For the function G(x′ − ξ′, xn−1 − ξn−1, t) the same estimate can be given:

|Dk
xD

m
t G(x′ − ξ′, xn−1 − ξn−1, t)| ≤

Ce−δ
|x−ξ|2
t

t
n+k
2

+m
.

Now consider the auxiliary problem B. Consider the Cauchy problem for a degenerate heat equation:
in the domain D+

n+1 = {(x, t), x ∈ Rn, t > 0} to find a function u(x, t) that satisfies the equation

tp
∂u

∂t
= ∆u+ f(x, t), (x, t) ∈ Dn+1 = {(x, t), x ∈ Rn, t > 0}, (18)

with initial condition
u(x, 0) = ϕ(x). (19)
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By applying the Fourier transform in variables x = (x1, ..., xn) to equation (18)

tp
∂ũ

∂t
+ |s|2ũ = f̃(s, t), (20)

we obtain a non-homogeneous differential equation of the first order. Here s = (s1, s2, ..., sn),

|s| =
√
s21 + s22 + ...+ s2n, p < 1. The initial condition (19) takes the following form:

ũ(s, 0) = ϕ̃(s). (21)

Taking into account the initial condition (21), the solution to equation (20) has the form:

ũ(s, t) = ϕ̃(s)e
− t

q

q
|s|2

+

t∫
0

f̃(s, τ)

τp
e
− (tq−τq)

q
|s|2

dτ, (22)

here q = 1− p.
Applying the inverse Fourier transform to equality (22), using the convolution formula, formulas [13]
and (15), we obtain a solution to problem (18)–(19):

u(x, t) =

∫
Rn

q
n
2(

2
√
πtq
)n e− q|x−ξ|24tq ϕ(ξ) dξ +

t∫
0

dτ

τp

∫
Rn

q
n
2(

2
√
π (tq − τ q)

)n e− q|x−ξ|2
4(tq−τq) f(ξ, τ) dξ. (23)

If we introduce the notation Γq(x, t) = q
n
2(

2
√
πtq

)n e− q|x|24tq , then formula (23) can be written in the form:

u(x, t) =

∫
Rn

Γq(x− ξ, t)ϕ(ξ) dξ +

t∫
0

dτ

τp

∫
Rn

Γq(x− ξ, t− τ)f(ξ, τ) dξ. (24)

In [14], the function Γq(x, t) was constructed in one-dimensional space. As shown in [12], for this
function we can accept the following estimate:

|Dk
xD

m
t Γq(x, t)| ≤

Ce−δ
|x|2
tq

t
q(n+k)

2
+m

, (25)

where δ < 1
4 .

The results of research.
Now let us solve the main problem (1)–(5). Using the solutions to auxiliary problems A and B, the

solutions of which have the form (16)–(17) and (24), we can obtain the solution to problem (1)–(5) in
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the form:

u1(x, t) =

∫
Rn−1

0∫
−∞

[
Gq(x

′ − ξ′, xn − ξn, t) + λGq(x
′ − ξ′, xn + ξn, t)

]
ϕ1(ξ

′, ξn) dξ′dξn+

+ µ2

∫
Rn−1

+∞∫
0

Gq(x
′ − ξ′, xn − ξn, t)ϕ2(ξ

′, ξn) dξ′dξn+

+

t∫
0

dτ

τp

∫
Rn−1

0∫
−∞

[
Gq(x

′ − ξ′, xn − ξn, t− τ) + λGq(x
′ − ξ′, xn + ξn, t− τ)

]
f1(ξ

′, ξn, τ) dξ′dξn+

+ µ2

t∫
0

dτ

τp

∫
Rn−1

+∞∫
0

Gq(x
′ − ξ′, xn − ξn, t− τ)f2(ξ

′, ξn, τ) dξ′dξn, D−n ,

(26)

u2(x, t) =

∫
Rn−1

+∞∫
0

[
Gq(x

′ − ξ′, xn − ξn, t)− λGq(x′ − ξ′, xn + ξn, t)

]
ϕ2(ξ

′, ξn) dξ′dξn+

+ µ1

∫
Rn−1

0∫
−∞

Gq(x
′ − ξ′, xn − ξn, t)ϕ1(ξ

′, ξn) dξ′dξn+

+

t∫
0

dτ

τp

∫
Rn−1

+∞∫
0

[
Gq(x

′ − ξ′, xn − ξn, t− τ)− λGq(x′ − ξ′, xn + ξn, t− τ)

]
f2(ξ

′, ξn, τ) dξ′dξn+

+ µ1

t∫
0

dτ

τp

∫
Rn−1

0∫
−∞

Gq(x
′ − ξ′, xn − ξn, t− τ)f1(ξ

′, ξn, τ) dξ′dξn, D+
n ,

(27)

where Gq(x
′− ξ′, xn± ξn, t) = q

n
2 e
−−q|x

′−ξ′|2+(xn±ξn)2

4tq

(2
√
πtq)

n . Thus, we have completely solved problem (1)-

(5). It is easy to check that the obtained solutions (26)-(27) satisfy equations (1)-(2), initial conditions
(3) and conjugation conditions (4)-(5). A similar estimate can be obtained for the function Gq(x

′ −
ξ′, xn − ξn, t):

|Dk
xD

m
t Gq(x

′ − ξ′, xn − ξn, t)| ≤
Ce−δ

|x−ξ|2
tq

t
q(n+k)

2
+m

. (28)

The solution to problem (1)–(5) and estimates (25) and (28) can later be used in the study of differential
properties and obtaining a priori estimates of initial-boundary value problems in the Sobolev and Holder
classes for non-stationary heat equations.

Let us consider the following potential of the initial condition:

hq(x, t) =

∫
Rn−1

+∞∫
0

q
n
2(

2
√
πtq
)n e− q|x−ξ|24tq ϕ(ξ′, ξn) dξ′dξn,

hq(x, t) =

∫
Rn−1

+∞∫
0

Gq(x− ξ, t)ϕ(ξ′, ξn) dξ′dξn =

∫
Rn

Gq(x− ξ, t)ϕ∗(ξ′, ξn) dξ′dξn,
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here

ϕ∗(ξ′, ξn) =

{
ϕ(ξ′, ξn), ξn > 0,

0, ξn < 0
,

hq(x, t) =

∫
Rn

Gq(x− ξ, t)ϕ∗(ξ′, ξn) dξ =

∣∣∣∣x− ξ = y

∣∣∣∣ =

∫
Rn

Gq(y, t)ϕ
∗(x− y) dy,

Dthq(x, t) =

∫
Rn

DtGq(y, t)ϕ
∗(x− y) dy.

As DtGq(−y, t) = DtGq(y, t) is a even function, at the same time, for any t > 0
∫
Rn

DtGq(y, t)dy = 0.

It can be written as follows: Dthq(x, t) = 1
2

∫
Rn

DtGq(y, t)

[
ϕ∗(x − y) − 2ϕ∗(x) + ϕ∗(x + y)

]
dy. Using

Minkowski’s inequality:( ∫
Rn

∣∣∣∣Dthq(x, t)

∣∣∣∣s dx) 1
s

=
1

2

∫
Rn

∣∣∣∣DtGq(y, t)

∣∣∣∣( ∫
Rn

∣∣∣∣[ϕ∗(x− y)− 2ϕ∗(x) + ϕ∗(x+ y)

]
dy

∣∣∣∣s dx) 1
s

,

|DtGq(y, t)| ≤ Ce
−|y|

2

8tq

t
qn
2 +1

, taking into account the inequality, we obtain the following estimate:

‖Dthq(x, t)‖s,Rn ≤
C

t
qn
2
+1

∫
Rn

e−
|y|2
8tq ·N(y)dy, (29)

where N(y) = ‖ϕ∗(x− y)− 2ϕ∗(x) + ϕ∗(x+ y)‖s,Rn . We write inequality (29) as follows:

‖Dthq(x, t)‖s,Rn ≤
C

t
qn
2
+1

∫
Rn

e−
|y|2
8tqs · e−

|y|2
8tqs′ ·N(y)dy,

where 1
s + 1

s′ = 1. Then using the Gelder inequality:

‖Dthq(x, t)‖s,Rn ≤
C

t
qn
2
+1

( ∫
Rn

e−
|y|2
8tq ·N s(y) dy

) 1
s
( ∫
Rn

e−
|y|2
8tq dy

) 1
s′

,

taking into account 1
s′ = 1− 1

s we get( ∫
Rn

e−
|y|2
8tq dy

)1− 1
s

≤ C1t
nq
2
−nq

2s .

So

‖Dthq(x, t)‖s,Rn ≤
C1

t1+
nq
2s

( ∫
Rn

e−
|y|2
8tq ·N s(y) dy

) 1
s

.

Now let us take a norm ‖Dthq(x, t)‖s,Dn+1 . Then from the last inequality we get:

‖Dthq(x, t)‖s,Dn+1 ≤ C1

( +∞∫
0

dt

ts+
nq
2

∫
Rn

e−
|y|2
8tq ·N s(y) dy

) 1
s

= C1

( ∫
Rn

N s(y) dy

+∞∫
0

e−
|y|2
8tq

ts+
nq
2

dt

) 1
s

,
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if we introduce |y|2
8t = z a replacement:

‖Dthq(x, t)‖s,Dn+1 ≤ C2

( ∫
Rn

N s(y)

|y|
2s
q
+n− 2

q

dy

) 1
s

= C2·
( ∫
Rn

∫
Rn

∣∣∣∣ϕ∗(x− y)− 2ϕ∗(x) + ϕ∗(x+ y)

∣∣∣∣s
|y|

2s
q
+n− 2

q

dxdy

) 1
s

,

� ϕ�
W

2
q−

2
qs

s (Rn)
=

( ∫
Rn

dx

∫
Rn

∣∣∣∣ϕ(x− y)− 2ϕ(x) + ϕ(x+ y)

∣∣∣∣s
|y|

2s
q
+n− 2

q

dy

) 1
s

. (30)

Given that (30), then
‖Dthq(x, t)‖s,Dn+1 ≤ C � ϕ∗ �

W
2
q−

2
qs

s (Rn)
.

As estimates Ds
xhq(−x, t) = Ds

xhq(x, t) and Ds
xGq(x, t) are consistent with estimate DtGq(x, t), the

estimate ‖D2
xhq(x, t)‖s,Dn+1 is also taken similarly. Therefore, the following inequality is obtained:

‖D2
xhq(x, t)‖s,Dn+1 ≤ C � ϕ∗ �

W
2
q−

2
qs

s (Rn)
.

Theorem 1. The potential of the initial condition satisfies the estimate:

� hq(x, t)�W 2,1
s (Dn+1)

≤ C � ϕ∗ �
W

2
q−

2
qs

s (Rn)
,

where

� hq(x, t)�W 2,1
s (Dn+1)

= ‖∂hq
∂t
‖s,Dn+1 +

n∑
k,j=1

‖ ∂2hq
∂xk∂xj

‖s,Dn+1 .

This notation � .� means the main part of the norm in the Sobolev classes.
Consider the following volume potential:

gq(x, t) =

t∫
0

dτ

τp

∫
Rn−1

+∞∫
0

Gq(x− ξ, t− τ)f(ξ′, ξn, τ) dξ′dξn.

Using the method [15], the following theorem can be proved.
Theorem 2. The following estimates are appropriate for the volume potential:

� gq(x, t)�W 2,1
s (Dn+1)

≤ C‖f‖
W 2,1
s (Dn+1)

, (1 < q <∞),

where

� gq(x, t)�W 2,1
s (Dn+1)

= ‖∂gq
∂t
‖s,Dn+1 +

n∑
k,j=1

‖ ∂2gq
∂xk∂xj

‖s,Dn+1 .

This notation � .� means the main part of the norm in the Sobolev classes.
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Коэффициентi үзiлiстi жылуөткiзгiштiк теңдеу үшiн Коши есебi
шешiмiнiң соболев класындағы априорлық бағасы

Коэффициенттерi үзiлiстi параболалық типтi дербес туындылы дифференциалдық теңдеулер және
уақыт бойынша өзгешеленген жылуөткiзгiштiк теңдеулердiң әрқайсысы жеке-жеке көптеген автор-
лармен жақсы зерттелген. Коэффициентi үзiлiстi уақыт бойынша өзгешеленген параболалық типтi
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теңдеулер үшiн түйiндес есептер iс жүзiнде зерттелмеген. Мақалада n-өлшемдi кеңiстiкте бастапқы
уақыт мезетiндегi коэффициенттерi үзiлiстi өзгешеленген жылуөткiзгiштiк теңдеу үшiн бiр түйiндес
есеп қарастырылған. Қойылған есептiң iргелi шешiмi табылды және оның туындыларының бағасы
алынды. Алынған нәтиженi қолдана отырып, берiлген есептiң шешiмiнiң соболев класындағы бағасы
табылды.

Кiлт сөздер: түйiндес есеп, жылуөткiзгiштiк теңдеу, өзгешеленген теңдеу, үзiлiстi коэффициенттер.
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Априорная оценка решения задачи Коши
для вырождающегося уравнения теплопроводности с разрывными

коэффициентами в соболевских классах
Дифференциальные уравнения в частных производных параболического типа с разрывными коэффи-
циентами и вырождающиеся по времени уравнения теплопроводности отдельности хорошо изучены
многими авторами. Задачи сопряжения для вырождающегося по времени уравнениям параболическо-
го типа с разрывными коэффициентами практически не изучены. В статье рассмотрена одна задача
сопряжения для уравнения теплопроводности с разрывными коэффициентами, вырождающегося в
начальный момент времени в n-мерном пространстве. Построено фундаментальное решение постав-
ленной задачи, и найдена оценка ее производных. С помощью этих оценок получена оценка решения
поставленной задачи в соболевских классах.

Ключевые слова: задача сопряжения, уравнения теплопроводности, вырождающиеся уравнения, раз-
рывные коэффициенты.
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Two theorems on estimates for solutions of one class of nonlinear
equations in a finite-dimensional space

The need to study boundary value problems for elliptic parabolic equations is dictated by numerous practical
applications in the theoretical study of the processes of hydrodynamics, electrostatics, mechanics, heat
conduction, elasticity theory and quantum physics. In this paper, we obtain two theorems on a priori
estimates for solutions of nonlinear equations in a finite-dimensional Hilbert space. The work consists of
four items. In the first subsection, the notation used and the statement of the main results are given. In
the second subsection, the main lemmas are given. The third section is devoted to the proof of Theorem
1. In the fourth section, Theorem 2 is proved. The conditions of the theorems are such that they can be
used in studying a certain class of initial-boundary value problems to obtain strong a priori estimates in
the presence of weak a priori estimates. This is the meaning of these theorems.

Keywords: finite-dimensional Hilbert space, nonlinear equations, invertible operator, differentiable vector-
functions, a priori estimate of solutions.

Introduction

The problem of describing the dynamics of an incompressible fluid, due to its theoretical and
applied importance, attracts the attention of many researchers. In mid-2000, the Clay Mathematics
Institute formulated this problem as The Millennium Prize Problems on the existence and smoothness
of solutions to the Navier-Stokes equations for an incompressible viscous fluid [1].

Countless works were devoted to the solution of this problem even before it was declared the
problem of the millennium. Since there are an infinite number of them, we simply do not list them.
The given article provides an incomplete list of works [2].

Many first-class mathematicians who managed to solve other important mathematical problems,
including those in problems of gas-hydrodynamics considered this problem. Such prominent mathe-
maticians of the 20th century as A.N. Kolmogorov, J. Leray, E. Hopf, J.-L. Lions provided significant
results in their works. Complete solution to the problem for two-dimensional case given by O.A. Lady-
zhenskaya [3]. In [4], a complete analysis of the current state of the problem and a review of the
available literature, as well as proposed methods for solving the problem, are given. In particular,
the main problem of the global unique solvability of the three-dimensional Navier-Stokes problem is
reduced to the question of finding a strong a priori estimate for all possible solutions. Works [5]–[12]
are devoted to the study of the solvability in the whole of equations of the Navier-Stokes type, the
continuous dependence of the solution to a parabolic equation and the smoothness of the solution. In
papers [13], [14] questions about the formulation and their solvability of boundary value problems for
high-order quasi-hyperbolic equations were studied.

In this article, we obtain two theorems on a priory estimates for solutions of nonlinear equations
in a finite-dimensional space. These theorems are proved under certain conditions, which are borrowed

∗Corresponding author.
E-mail: koshanov@list.ru
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from the conditions that are satisfied by finite-dimensional approximations of one class of nonlinear
initial-boundary value problems, rewritten in "restricted notation".

1 Used conditions and designations. Formulation of the main results

Let H be a finite-dimensional Hilbert space (10 ≤ dimH = N <∞) and G is an invertible operator
in H such that ‖G‖ ≤ 1, ‖G−1‖ <∞. We will be interested in the following equation

f (u) := u+ L (u) = g ∈ H.

Throughout this paper, f (u) will mean an operation of the form u+L (u), where L (·) is a non-linear
transformation.

If ξ is a parameter from [0,+∞) and the vector u (ξ) is a vector function that is continuously
differentiable with respect to the parameter ξ, then we assume that the vector function L (u (ξ)) is also
continuously differentiable (as well as the expressions arising from L(u) and f(u) below).

We introduce the notation Lu :
(L (u(ξ)))ξ = Luuξ.

It is obvious that Lu (for every u ∈ H) will be a linear operator

Luv = (L (u (ξ)))ξ

∣∣∣
uξ=v

.

We have
(f (u(ξ)))ξ = uξ + Luuξ = (E + Lu)uξ.

Here and throughout follows, E is the identity transformation.
Operator adjoint to Lu denote by L∗u, that is L∗u = (Lu)∗. Denote

D∗u = E + L∗uD
∗
uf (u) = f (u) + L∗uf (u) .

If u is a differentiable vector function, then we set

(D∗uf(u))ξ = Muuξ.

Here Mu is a linear operator for fixed is defined by the formula

Muv = (Muuξ)
∣∣
uξ=v

.

We will use the following conditions C1–C4.

Condition 1. If u, v ∈ H, then the transformation Lu and L∗u continuous in H, L (0) = 0 and the
conditions are met

‖L(u)− L(v)‖ ≤ ψ(‖u‖)‖u− v‖,

‖Lu − Lv‖H→H + ‖L∗u − L∗v‖H→H ≤ ψ(‖u‖)‖u− v‖,

‖D∗uv‖ ≤ ψ(‖u‖)‖v‖,

‖Muv‖ ≤ ψ(‖u‖)‖v‖,

where ‖ · ‖ = ‖ · ‖H , ψ(·) strictly monotonously increasing on [0, ∞) positive continuous function.
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This condition is natural, since H is certainly, as a rule, it is performed. Therefore, we will use this
condition often without stipulating. We will sometimes use the above designations without reservations.
In addition to them, we give often the frequently used designations

γ(u) = 〈D∗uf(u), u〉‖u‖−2,

µ(u) = ‖Gu‖2‖u‖−2,

S(u) = D∗uf(u)− γ(u)u−K(u)R(u),

R(u) = G∗Gu− µ(u)u,

K(u) =

〈
G∗Gu− µ(u)u,D∗uf(u)− u

‖u‖2

〉
‖G∗Gu‖2

,

J(u) = ‖u‖2 exp(−‖f(u)‖2).

Condition 2. If u-operator’s own vector G∗G, then the inequality has been fulfilled

‖u‖2 ≤
(
‖f(u)‖2 + 2

)m
,

where m–integer number, m ≥ 2.

Condition 3. For any u ∈ H evaluation is made

‖Gu‖2 ≤ d ‖f(u)‖2.

For some 0 6= u ∈ H

K̃ = inf
〈Mua, a〉 − a

‖u‖2

‖Ga‖2
,

where the infinum takes on all such a ∈ H, that

‖a‖ = 1, 〈G∗Gu, a〉 = 〈u, a〉 = 0.

Condition 4. If 0 6= u ∈ H, S(u) = 0, K(u) ≥ 0, then

K̃d < 1− δ,

fair, where δ ∈ (0, 1).

Theorem 1. If the conditions C1- C4 are met then for any u ∈ H fair assessment

‖u‖2 ≤ C exp(‖f(u)‖2), (1)

where C-does not depend on u and depends only on the conditions C2, C3, C4.

Remark 1. Since G is an invertible operator, we immediately have from condition C3 that the
following estimate holds:

‖u‖2 ≤ ‖G−1‖2 ‖Gu‖2 ≤ d ‖f(u)‖2. (2)

When approximating an infinite-dimensional problem, the finite-dimensional quantity ‖G−1‖ can
tend to ∞. Therefore, from (2) it is impossible to obtain the estimate for ‖u‖.

Theorem 1 is extended to infinite-dimensional problems, and this is its meaning.
We present one more result.
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Theorem 2. LetH be a finite-dimensional Hilbert space. Assume that L(·) is a continuous transforma-
tion in H and D is a linear invertible operator. Let us pretend that L(0) = 0 and for any H we have
the inequality

〈Du, DL (u)〉 ≥ −δ
∥∥Du∥∥2

at some 0 < δ < 1
2 . Then for any g ∈ H equation

u+ L (u) = g

has a solution satisfying the estimate

‖Du‖2 ≤ (1− 2δ)−1 ‖Dg‖2 .

Various forms of this theorem are well-known.

Basic lemmas

Lemma 1. If 0 6= u ∈ H, then the orthogonality equalities

〈u,R(u)〉 = 〈u, S(u)〉 = 〈R(u), S(u)〉 = 0.

Proof. These equalities are consequences of the definitions R(u) and S(u).

Lemma 2. For any C > 0
MC,δ = {u : ‖u‖2 e−δ‖f(u)‖2 ≥ C}.

Proof. Since G is an invertible operator and condition C3 is satisfied, then for u ∈MC,δ we have

C ≤ ‖u‖2 e−δ‖f(u)‖2 ≤ ‖u‖2 e−δd−1‖Gu‖2 ≤ ‖u‖2 e−δd−1‖G−1‖−2‖u‖2 .

This implies the boundedness of the set MC,δ. But then, since H is non-dimensional, we obtain the
compactness of the set MC,δ. Lemma 2 is proved.

Let us put
b(
◦
u) = sup ‖Gu‖2, (3)

where the supremum is taken over all such a ∈ H, then

J(u) ≥ J(
◦
u). (4)

Lemma 3. If 0 6= ◦
u ∈ H. Then there is a vector ũ, such that

‖Gũ‖2 = b(
◦
u) ≥ ‖Gu‖2, J(ũ) ≥ J(

◦
u).

Proof. The existence of the vector ũ follows from Lemma 2, since over a compact set is achieved on
some element of this compact space, and the suprenum set over which is taken is compact by Lemma
2 (see (3) suprenum and (4)). The lemma is proven.

We define a vector function as a solution to the problem{
uξ = xG∗Gu+ y S(u),

u(ξ)|ξ=0 = ũ.
(5)

here ũ is the vector constructed in Lemma 3 for some 0 6= ◦
u ∈ H. For functionality J(u(ξ)) and for

the norm ‖Gu(ξ)‖ using the orthogonality equalities of lemma 1 we have

(‖Gu(ξ)‖2)ξ = 2 〈G∗Gu, uξ〉 = 2x ‖G∗Gu‖2, (6)
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Jξ(u(ξ)) = 2J(u(ξ))
〈 u

‖u‖2
−D∗u(ξ)f(u(ξ)), uξ

〉
=

= −2 J(u(ξ)) 〈[K(u(ξ))G∗Gu(ξ) + S(u(ξ))], uξ〉 =

= 2 J(u(ξ))
[
− xK(u(ξ))‖G∗Gu(ξ)‖2 − y ‖S(u(ξ))‖2

]
.

(7)

Lemma 4. Let ◦u ∈ H, ũ be from Lemma 3. Then the conditions a), b), c), d), e):

a) S(ũ) = 0,

b) K(ũ) ≥ 0,

c) K(ũ) ≤ K̃(ũ),

d) G(ũ) = G(
◦
u),

e) J(ũ) = J(
◦
u).

Proof. Let S(ũ) 6= 0. Then in (5) we choose

x = 1, y = −‖S(ũ)‖−2
[
1 +K(ũ)‖G∗Gu(ξ)‖2

]
.

Then from (6) and from (7) we find

(‖Gu(ξ)‖2)ξ > 0, Jξ(u(ξ)) > 0. (8)

This implies the existence of a number ξ0 > 0 such that the strict inequalities

‖Gu(ξ0)‖ > ‖Gũ‖, J(u(ξ0)) > J(ũ). (9)

These inequalities contradict the origin of the vector ũ. Therefore, S(ũ) = 0 and done a).
Let us pretend that K(ũ) < 0. If we choose x = 1, y = 0, then it follows from (6) and (7) that

(8) is satisfied. From (8) it follows that there is a small ξ0 > 0, such that (9) is satisfied. We obtain a
contradiction with the definition of ũ. Therefore, b) is satisfied.

We define a vector function as a solution to the problem{
uξ = a− 〈a,G

∗Gu〉
‖G∗Gu‖2 G

∗Gu,

u(ξ)|ξ=0 = ũ,

where a ∈ H and 〈a,G∗Gu〉 = 0. Because dim H̃ ≥ 3, such a vector e ∈ H̃, ‖e‖ = 1 exists. Thus,

(‖Gu(ξ)‖2)ξ = 2 〈e,G∗Gu〉 = 0 (10)

Jξ(u(ξ)) = 2J(u(ξ)) 〈−S(u(ξ)), uξ〉 = 2J(u(ξ))
〈
−
∫ ξ

0
Sη(u(η))dη, uξ

〉
=

= − J(u(ξ))
[
ξ〈Sη(u(η)), uξ〉|η=0ξ + ξ2O(1)

]
=

= 2J(u(ξ))
[〈 uη
‖u‖2

−Muuη +K(u)G∗Guuη, a
〉
|η=0ξ + ξ2O(1)

]
=

= 2 J(u(ξ))
[‖a‖2
‖ũ‖2

− 〈Mũa, a〉+K(ũ)‖Ga‖2
]
ξ + ξ2O(1).

(11)

In the last transition, we used the condition C3 and the equality uη|η=0 = e. By definition K(ũ) from
(10) and from (11) it follows that if K(ũ) > K̃(ũ), then there exists a vector a and ξ0 > 0 such that

‖Gu(ξ0)‖ = ‖Gũ‖, J(u(ξ)) > J(ũ). (12)
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Now, we define the vector function g(ξ) from the problem{
gξ(ξ) = G∗Gg(ξ),

g(ξ)|ξ=0 = u(ξ0).

Then for g(u(ξ)) we have

‖Gg(ξ)‖2 = ‖Gu(ξ0)‖2 + 2

∫ ξ

ξ0

‖G∗Gg(η)‖2dη.

From here and from (12) it follows that there exists ξ1 such, that ξ1 > ξ0 as for g(ξ1) relations (9) are
fulfilled, in which instead of ξ0 taken ξ1. We get a contradiction. Therefore item d) of the lemma is
proved.

Suppose J(ũ) > J(
◦
u) and define the vector function g(ξ) how to solve a problem{

gξ(ξ) = G∗Gg(ξ),

g(ξ)|ξ=0 = ũ.

For ‖Gg(ξ)‖ we have

‖Gg(ξ)‖2 = ‖Gũ‖2 + 2

∫ ξ

0
‖G∗Gg(η)‖2dη ≥ ‖Gu̇‖2 + 2

∫ ξ

0
‖G∗Gg(η)‖2dη.

Since for small ξ the strict inequality J(ũ) > J(
◦
u) will not get spoiled, then from the inequality for

‖Gg(ξ)‖ we obtain that there exists ξ0 > 0 such that the strict inequalities J(u(ξ0)) > J(
◦
u), ‖Gg(ξ)‖ >

0, which contradict the origin of the vector ũ. That’s why J(ũ) = J(
◦
u). Item e) of the lemma is proved.

The lemma is completely proved.

Lemma 5. Let 0 6= ◦
u ∈ H, û be a vector constructed from ◦

u according to Lemma 3. Let us pretend
that R(ũ) 6= 0 and define the vector function u(ξ) as a solution to the problem{

uξ = R(u),

u(ξ)|ξ=0 = ũ.
(13)

Then relations (15)–(17) are satisfied for 0 < ξ < 1

e−4ξ‖R(ũ)‖2 ≤ ‖R(u(ξ))‖2 ≤ e4ξ‖R(ũ)‖2, (14)

‖Gu‖2 ≥ ‖Gũ‖2 + 2

∫ ξ

0
‖R(u(η))‖2dη ≥ ‖Gũ‖2 + 2ξ‖R(ũ)‖2 − ξ28e4ξ‖R(ũ)‖, (15)

J(ũ) > J(u(ξ)) = J(ũ)exp
(
− 2

∫ ξ

0
K(u(η))‖R(u(η))‖2dη

)
J(
◦
u) exp

(
− 2

∫ ξ

0
K(u(η))‖R(u(η))‖2dη

)
≥

J(
◦
u) exp

(
− 2 K̃(ũ)‖R(ũ)‖2 − ξ2‖R(ũ)‖2C1(‖ũ‖)

)
,

(16)

J(ũ) ≥ J(
◦
u) exp

[
K̃(ũ)(‖G(u̇)‖2 − ‖G(u(ξ))‖2)− ξ2nC2(‖ũ‖)

]
. (17)

where C1(·), C2(·) – functions continuous on [0;∞).
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Proof. Let R(u(ξ)) then we have∣∣∣(‖R(u(ξ))‖2)ξ
∣∣∣ = 2|〈R(u(ξ)), (G∗G− µ(u(ξ)))uξ − µξ(u(ξ))u(ξ)〉| =

2|〈R(u(ξ)), (G∗G− µ(u(ξ)))Ru(ξ)〉| ≤ 4‖R(u(ξ))‖2.
(18)

This implies estimates (14). Further

(‖G(u(ξ))‖2))ξ = 2 〈G∗Gu, uξ〉 = 2 〈G∗Gu− µ(u)u+ µ(u)u,R(u)〉 = 2(‖R(u)‖2 (19)

Jξ(u(ξ)) = 2J(u(ξ))
[
〈−K(u)G∗Gu− S(u), R(u)〉

]
=

2J(u(ξ))
[
−K(u)‖R(u)‖2 − 〈S(u), R(u)〉

]
.

(20)

Integrating (19), using (18) and already proven inequalities (14), we obtain (15). Now we integrate
(20), and then using the definitions R(·), K(·), S(·) and the results of Lemma 4, we get

J(ũ) ≥ J(ũ) exp
[
−2K̃(ũ)‖R(ũ)‖2ξ−∫ ξ

0

∫ τ

0

(
K(u(η))‖R(u(η))‖2 + 〈S(u(η)), R(u(η))〉

)
η
dηdτ

]
=

J(ũ) exp

[
−2K̃(ũ)‖R(ũ)‖2ξ −

∫ ξ

0

∫ τ

0

(
K(u(η))‖R(u(η))‖2+

〈−αu(η) +Dk
u(η)f(u(η))−K(u(η))GkGu(η), R(u(η))〉

)
η
dηdτ

]
=

J(ũ) exp

[
−2K̃(ũ)‖R(ũ)‖2ξ −

∫ ξ

0

∫ τ

0
〈Dk

u(η)f(u(η)), R(u(η))〉
]

=

J(ũ) exp

[
−2K̃(ũ)‖R(ũ)‖2ξ −

∫ ξ

0

∫ τ

0
〈Mu(η)R(u(η)), R(u(η))〉

]
≥

J(ũ) exp 2
[
−K̃(ũ)‖R(ũ)‖2ξ − ξ2‖R(ũ)‖2C1(‖ũ‖2)

]
,

(21)

where C1(·) – functions continuous on [0;∞).
To estimate the factor at ξ2, we used the equality ‖u(ξ)‖ = ‖ũ‖, which follows from the following

equality (
‖u(ξ)‖2

)
ξ

= 2〈u(ξ), R(u(ξ))〉 = 0.

From (21) follows (16), from (15) and (16) follows (17). The lemma is proven.

Lemma 6. Let 0 6= ◦
u ∈ H, ũ – the vector constructed from ◦

u in accordance with Lemma 3. Let us
pretend that R(ũ) = 0 and define the vector function u(ξ) as a solution to the problem{

uξ = G∗Gu,

u(ξ)|ξ=0 = ũ.
(22)

Then at 0 < ξ < 1 relations (23)-(26).

e−2ξ‖G∗Gũ‖2 ≤ ‖G∗Gu(ξ)‖2 ≤ e2ξ‖G∗Gũ‖2 (23)

‖Gu̇‖2 ≥ ‖Gũ‖2 ≥ ‖Gũ‖2 = ‖Gũ‖2+

+2

∫ ξ

0
‖G∗Gu(η)‖2dη ≤ ‖Gũ‖2 + 2 ξ‖G∗Gũ‖2 + 2ξ28e2ξ‖G∗Gũ‖

(24)
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J(u(ξ)) ≥ J(ũ) exp
[
−2ξK̃(ũ)‖G∗Gũ‖2 − ξ2C3(‖ũ‖2)l(ξ)

]
=

= J(
◦
u) exp

[
−2ξK̃(ũ)‖G∗Gũ‖2 − ξ2C3(‖ũ‖2)l(ξ)

]
,

(25)

J(u(ξ)) = J(
◦
u) exp

[
λ−10 (1− α)(‖Gũ‖2 − ‖Gu‖2)− ξ2C4(‖ũ‖2)l(ξ)

]
, (26)

where C3(·), C4(·) functions continuous on [0;∞) a l(·) function with values from the interval [−1; 1].

Proof. For ‖G∗Gu‖ and ‖Gu‖ we have∣∣∣(‖G∗Gu‖2)ξ∣∣∣ = 2|〈G∗Gu,G∗Guξ〉| ≤ 2‖G∗Gu‖2,

(‖Gu‖2|)ξ = 2〈G∗Gu, uξ〉 = 2‖G∗Gu‖2.

Integrating these inequalities and using Lemmas 3 and 4, we obtain (23) and (24).

For Jξ(u(ξ)) we have

Jξ(u(ξ)) = 2J(u(ξ))
[
〈−K(u)G∗Gu− S(u), G∗Gu〉

]
= 2J(u(ξ))

[
−K(u)‖G∗Gu‖2

]
.

Hence, using Lemma 4, we find

J(u(ξ)) = J(ũ) exp

(
−2

∫ ξ

0
K(u(η))‖G∗Gu(η)‖2dη

)
≥

≥ J(ũ) exp
(
−2ξK̃(ũ)‖G∗Gũ‖2 − ξ2C3(‖ũ‖2)l(ξ)

)
.

(27)

Here C3(·) – continuous on [0;∞) functions and l(·) function with values from the segment [−1; 1].
When estimating the factor at ξ2, we used the equalities

|
(
‖u‖2

)
ξ
| = 2|〈u, uξ〉| = 2〈u,G∗Gu〉 = 2‖Gu‖2 ≤ 2‖u‖2.

From which it follows that
e−2ξ‖ũ‖2 ≤ ‖u‖2 ≤ e2ξ‖ũ‖2.

From (27) and from J(ũ) = J(u̇) (25) follows, and (24) implies (26). The lemma is proven.
Proof Theorem 1. Let 0 6= ◦

u ∈ H. If R(
◦
u) = 0,, then ◦u will be an eigenvector of the operator G∗G.

Therefore, from condition C2 we have

J(u̇) = ‖u̇‖2 exp
(
−‖f(u̇)‖2

)
=
(
‖f(u̇)‖2 + 2

)m
e−‖f(u̇)‖

2 ≤
≤ sup

x≥2
xme−x+2 = mme−m+2.

(28)

If R(
◦
u) 6= 0, construct the vector ◦u then by the vector ũ0. If R(ũ0) = 0, then for J(ũ0) we obtain

an inequality similar to (28) J(ũ0) ≤ mme−m+2. Therefore, since by construction J(ũ0) ≥ J(
◦
u) we

have that (1) holds. From this we draw the following conclusion.
Thus, if at least one of the conditions R(

◦
u) = 0 and R(ũ) = 0, is satisfied, then Theorem 1 will be

proven.
If R(

◦
u) 6= 0 and R(ũ0) 6= 0, then we construct a sequence of pairs according to the following

algorithm.
Let the pairs be built (ũ0,

0
u), ..., (ũn,

n
u), 0 ≤ n, R(ũj) 6= 0, j = 0, ..., n.

Let us build a pairs (ũn+1,
n+1
u ).
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In Lemma 3, instead of the vector ◦u, we take the vector n
u and construct the vector ũ, which we

take as ũn+1.

For ũn+1, two cases are possible:
(I) R(ũn+1) = 0,

(II) R(ũn+1) 6= 0.

If (I) is satisfied, then we construct the vector n+1
u using Lemma 6. To do this, in (22) as ũ we take the

vector ũn+1 and for n+1
u we take the value u(ξ) at point ξ̂n:

ξ̂n = ξ̃,
n+1
u = u(ξn).

Then from Lemma 6, using condition C4, we have

J(
n+1
u ) ≥ J(

n
u) exp

[
d−1(1− δ)(‖Gũn+1‖2 − ‖G

n+1
u ‖2 − ξ2nG(ũn+1))

]
≥

≥ J(
n
u) exp

[
d−1(1− δ)(‖Gn

u‖2 − ‖Gn+1
u ‖2)− ξ2nC4(ũn+1)

]
.

(29)

When deriving (29), relations J(un+1) = J(
n
u), ‖Gũn+1‖ ≥ ‖G

n
u‖ were used, which follow from Lemmas

3 and 4 and the definition of ũn+1. Let’s choose ξn in the right place.
In the case (I) pair (ũn+1,

n+1
u ) is constructed.

In the this case, we stop the process of constructing a sequence of pairs.
In case (II), we construct n+1

u ) using Lemma 5. To do this, in (13) as ũ we take the vector ũn+1

and for n+1
u we take the value (13) at point ξ̂n:

ξn =
δ0‖R(ũn+1)‖2

(n+ 1)[C1(‖ũn+1‖) + C2(‖ũn+1‖) + 1] [‖R(ũn+1)‖4 + 1]
, (30)

here C1(·), C2(·)– continuous on [0;∞) functions from Lemma 5, δ0 is a small number. From Lemma
5 (17) and from (30) we find‖G

n+1
u ‖2 ≥ ‖Gn+1

u ‖2 + 2ξ‖R(ũn+1)‖2 − 20
δ20

(n+1)2
,

J(
n+1
u ) ≥ J(

n
u) exp

[
d−1(1− δ)(‖Gn

u‖2 − ‖Gn+1
u ‖2)− 20

δ20
(n+1)2

]
.

(31)

Pair (ũn+1,
n+1
u ) built. Let 1 ≤ n0 be an integer number, which holds for all j ≤ n0

R(ũj) 6= 0, R(ũn0+1) = 0.

Then from (31) we deduce‖G
n0
u‖2 ≥ ‖G0

u‖2 + 2
∑n0

j=0 ξj‖R(ũj)‖2 − 102δ20 ,

J(
n0
u ) ≥ J(

0
u) exp

[
d−1(1− δ)(‖G0

u‖2 − ‖Gn0
u‖2)− 102δ20

]
.

(32)

From the second inequality (32) we have

J(
0
u) exp

[
d−1(1− δ)‖G0

u‖2 − 102δ20

]
≤ J(

n0
u ) exp

[
d−1(1− δ)‖Gn0

u‖2
]

=

= ‖n0
u‖2 exp

[
−‖f(

n0
u )‖2 + d−1(1− δ)‖Gn0

u‖2
]
≤ ‖n0

u‖2 exp
[
δ‖f(

n0
u )‖2

]
.

(33)
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In the last transition, condition C3 is used.
From (33) and from Lemma 2 on compactness (see Lemma 2), since the left side of (33) does not

depend on n0 and the inequalities 0 < δ < 1, it follows that

‖n0
u‖ ≤ J(

0
u) <∞, (34)

where J(
0
u) does not depend on n0. From (34) and from the first inequality in (32), due to the choice

of ξn, follows that only two cases (A) and (B) are possible:
(A) There is an n ≥ 0 such that R(ũn1) = 0 and R(ũj) 6= 0, if 0 < j < n1;

(B) For any j = 0, 1, ... done R(ũj) 6= 0 and limn→∞‖R(ũn)‖ = 0.

Here lim means lower limit.
Indeed, if none of the conditions (A) is satisfied, then by virtue of (34) and the choice of A (see (30))

from the first inequality in (32) we obtain

J(
0
u) ≥ ‖n+1

u ‖2 ≥ ‖Gn+1
u ‖2 ≥ ‖G0

u‖2 − 102δ20 + 2
n∑
j=0

δ0
j + 1

inf
k
‖R(ũk)‖2.

When n → ∞, the right side tends to +∞. So we got a contradiction. Therefore, at least one of
conditions (A) and (B) is satisfied.

Let condition (B) be satisfied. Then, by virtue of (34), if necessary, passing to sequences can be
considered

lim
j→∞

j
u = g̃, lim

j→∞
R(

j
u) = R(g̃) = 0, lim

j→∞
f(

j
u) = f(g̃).

When deriving the equality for R(g̃) and f(g̃), we used the estimates for R(
j
u) in terms of R(ũj)

from Lemma 5 and choice ξj (see (30)), as well as the divergence of the harmonic series.
Letting go to infinity and then using the conditions C2 and C3, we obtain

J(
0
u) exp

[
d−1(1− δ)‖G0

u‖2 − 102δ20

]
≤ ‖g̃‖2 exp

[
−δ‖f(g̃)‖2

]
≤

≤
(
‖f(g̃)‖2 + 2

)m
exp

[
−δ(‖f(g̃)‖2 + 2) + 2δ

]
≤ sup

x≥2
xme−x+2δ =

(m
δ

)m
e−m+2δ.

(35)

Now from the definition of A and from (35) we deduce

‖0u‖2 ≤ exp
[
‖f(

0
u)‖2 − d−1(1− δ)‖G0

u‖2 − 102δ20

] (m
δ

)m
≤
(m
δ

)m
exp ‖f(

0
u)‖2. (36)

In the derivation, we used that the possibility of choosing δ0 small and inequalities 0 < δ < 1
2 ,m ≥ 1.

Theorem 1 follows from (36) in case (B).
If (A) is satisfied, then (29) is satisfied. From (29), since for all j ≤ n the inequalities R(ũj) 6= 0,

then choosing ξn = ξ̃ small enough, we get

J(
n+1
u ) ≥ J(

0
u) exp

[
d−1(1− δ)(‖G0

u‖2 − ‖Gn+1
u ‖2)− 102δ20

]
. (37)

Since n+1
u is defined in terms of ũn+1 by the equation (see (22)){

uξ = G∗Gu,

u(ξ)|ξ=0 = ũn+1.

Mathematics series. №3(107)/2022 79



B.D. Koshanov, N. Kakharman et al.

And n+1
u = u(ξ̃n), then choosing the number ξ̃n = ξ̃ small enough from (37) we obtain

J(ũn+1) ≥ J(
0
u) exp

[
d−1(1− δ)(‖G0

u‖2 − ‖Gũn+1‖2)− 102δ20

]
.

Hence follows

J(
0
u) exp

[
d−1(1− δ)‖G0

u‖2 − 102δ20

]
≤ ‖ũn+1‖exp

[
−‖f(ũn+1)‖2 + d−1(1− δ)‖Gũn+1‖2

]
. (38)

From (38), since ũn+1 is an eigenvector of the operator G∗G, we get the estimate

‖0u‖2 ≤
(m
δ

)m
exp ‖f(

0
u)‖2,

which are derived in the same way as we derived the estimate from (36). Theorem 1 is proved in case
(A). Therefore, Theorem 1 is proved completely.

Proof Theorem 2. We use the notation of Theorem 2. If g ∈ H, then vector u ≡ 0 is a solution to
the equation

u+ L(u) = 0.

Let 0 6= g ∈ H– arbitrary vector. Since D is an invertible operator, then ‖Dg‖ > 0.

Denote by M the set

M = {u : ‖Du‖2 ≤ 2

(1− 2δ)δ
‖Dg‖2}.

Let’s put

F (u) = − u+ L(u)− g
‖D(u+ L(u)− g)‖

η,

where the number η is chosen as follows:

η =

√
2

(1− 2δ)δ
‖Dg‖2.

Suppose equation u+L(u) = g has no solution in M: Since equation u+L(u) = g has no solution,
the transformation F (·) continuously translates from M to M. But then by the Schauder fixed-point
theorem u0 we get that there exists such that

− u0 + L(u0)− g
‖D(u0 + L(u0)− g)‖

η = u0. (39)

From here and the choice of η we have

‖Du0‖2 = η2 =
2

(1− 2δ)δ
‖Dg‖2.

We act on (39) with the operator D, and then multiply scalarly by Du0. Then, using (39) and the
condition of the theorem, we obtain

η−1‖Du0‖2‖D(u0 + L(u0)− g)‖ = −‖Du0‖2 − 〈DL(u0), Du0〉+ 〈Dg,Du0〉 ≤

≤ −‖Du0‖2 + δ‖Du0‖2 +
ε−1

2
+

1

2
ε‖Du0‖2.
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Let us take ε = 2δ. Then from the last inequality and from (39) we deduce

0 ≤ −‖Du0‖2(1− δ) +
1

4δ
‖Dg‖2 = − 2

(1− 2δ)δ
(1− δ)‖Dg‖2 +

1

4δ
‖Dg‖2 = − 7

4δ
‖Dg‖2.

We got a contradiction. Therefore, the equation u+ L(u) = g has a solution. We act on the equation
u+ L(u) = g by the operator D:

Du+DL(u) = Dg.

Multiplying the resulting equality scalarly by Du, we obtain

‖Du‖2 + 〈Du,DL(u)〉 = 〈Dg,DL(u)〉 ≤ 1

2
‖Dg‖2 +

1

2
‖Du‖2.

Now, using condition 〈Du,DL(u)〉 ≥ −δ‖Du‖2, , we obtain the desired evaluation

(1− 2δ)‖Du‖2 ≤ ‖Dg‖2.

Theorem 2 is proven.

Remark 2. Note that in Lemma 1 we can take K non-linear transformations as K.
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Ақырлыөлшемдi кеңiстiктегi сызықты емес теңдеулердiң бiр
класының шешiмiн бағалаудың екi теоремасы

Эллиптикалық және параболалық теңдеулер үшiн шеттiк есептердi зерттеу қажеттiлiгi гидродина-
мика, электростатика, механика, жылу өткiзгiштiк, серпiмдiлiк теориясы, кванттық физика проце-
стерiн теориялық тұрғыдан зерттеуде көптеген практикалық қосымшалардың түсiндiруiмен тiкелей
байланысты. Бұл жұмыста ақырлыөлшемдi кеңiстiкте сызықтық емес теңдеулердiң шешiмдерi үшiн
априорлық бағалаулары туралы екi теорема алынған. Жұмыс төрт бөлiмнен тұрады. Бiрiншi бөлiм-
де пайдаланылған белгiлеулер мен негiзгi нәтиженiң тұжырымдамасы келтiрiлген. Екiншi бөлiмде
негiзгi леммалар берiлген. Үшiншi бөлiм 1-шi теореманың дәлелдемесiне арналған. Төртiншi бөлiмде
екiншi теорема дәлелденген. Теореманың шарты мынадай, оны бастапқы-шекаралық есептердiң бел-
гiлi бiр класын зерттеу кезiнде олардың шешiмдерiне априорлық бағалау алу үшiн қолдануға болады.
Теореманың мәнi осында.

Кiлт сөздер: ақырлыөлшемдi Гильберт кеңiстiгi, сызықтық емес теңдеулер, керi оператор, диффе-
ренциалданатын вектор-функциялар, шешiмдердi априорлық бағалау.
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Две теоремы об оценках решений одного класса нелинейных
уравнений в конечномерном пространстве

Необходимость исследования краевых задач для эллиптических и параболических уравнений про-
диктована с многочисленными практическими приложениями при теоретическом изучении процессов
гидродинамики, электростатики, механики, теплопроводности, теории упругости, квантовой физики.
В этой работе мы получили две теоремы об априорных оценках решений нелинейных уравнений в
конечномерном гильбертовом пространстве. Работа состоит из четырех пунктов. В первом пункте
приведены используемые обозначения и формулировка основных результатов. Во втором — основ-
ные леммы. Третий пункт посвящен доказательству теоремы 1. В четвертом — доказана теорема 2.
Условия теорем таковы, что можно использовать при изучении некоторого класса начально-краевых
задач для получения сильных априорных оценок при наличии слабых априорных оценок. В этом и
состоит смысл этих теорем.

Ключевые слова: конечномерное гильбертово пространство, нелинейные уравнения, обратимый опе-
ратор, дифференцируемые вектор-функции, априорная оценка решений.
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A different look at the soft topological polygroups

Soft topological polygroups are defined in two different ways. First, it is defined as a usual topology. In the
usual topology, there are five equivalent definitions for continuity, but not all of them are necessarily
established in soft continuity. Second it is defined as a soft topology including concepts such as soft
neighborhood, soft continuity, soft compact, soft connected, soft Hausdorff space and their relationship
with soft continuous functions in soft topological polygroups.

Keywords: soft set, soft continuous, soft topological polygroups, soft Hausdorff space, soft open covering,
soft compact, soft connected.

1 Introduction

The real world is full of uncertainties. To support these uncertainties, we insert soft sets into
mathematical structures. As polygroups have the closest properties to groups among all hyperstructures,
we combine polygroups with soft sets and usual topologies, then introduce soft topological polygroups
and provide their examples. We are interested in making connections between complete parts in
polygroups with closure of soft topological polygroups, continuous function, and usual topology. Then
we enter the soft topology and present a combination of the polygroups and the soft sets with the soft
topology and another definition of the soft topological polygroups.

The efforts of many scientists were used in this direction, including G. Oguz [1], Heidari et al. [2],
Cagman et al. [3], Wang et al. [4], Shah and Shaheen [5], Davvaz [6], Maji [7], Mousarezaei and Davvaz
[8], Nuzmul [9], and Hida [10]. Figure 1 shows the relations between polygroups, topology and soft sets,
where each item is studied and investigated by many authors.

Polygroups Topology

Topological Polygroups Soft Sets

Soft Topological Polygroups

Figure 1. Relations between polygroups, topology, and soft sets
∗Corresponding author.
E-mail: davvaz@yazd.ac.ir
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In [8], R. Mousarezaei and B. Davvaz made a soft topological polygroup over a polygroup. The ideas
presented in this article can be used to build more polygroups and more soft topological polygroup.

This paper aims to combine soft sets, topology, and polygroups from different point of view. Also,
the concepts of soft neighborhood, soft continuity, soft compact, soft connected, soft Hausdorff space
appear and their relationship with soft continuous functions in soft topological polygroups are studied.

To consider soft topological polygroups which represent a generalization of topological polygroups,
this paper is constructed as follows: after an introduction, Section 2 contains a brief review of basic
definitions related to soft sets and polygroups that are used throughout the paper. Section 3 studies two
different definitions of the soft topological polygroup. Attributes are given for each definition along with
examples. In continuing the connection between the complete parts and the soft continuous function,
soft Hausdorff space, soft T0 space, soft T1 space, soft open covering, soft compact, soft connected in
soft topological polygroups are studied.

2 Basic definitions

2.1 Soft Sets

Let U be an initial universe, P(U) denote the power set of U, and P∗(U) be power set without ∅.
Suppose that E is a set of parameters and A is a non-empty subset of E. A pair (F, A) is said to be a
soft set over U , if F : A→ P(U) is a function.

Let (F, A) and (G, B) be soft sets over U. In this case, we have the following compliments:
• (F, A) is a soft subset of (G, B) and denoted by (F, A)⊂̂(G, B)) if A ⊆ B and F(a) ⊆ G(a) for all

a ∈ A.
• (F, A) is soft super set of (G, B) and denoted by (F, A)⊃̂(G, B) If (G, B)⊂̂(F, A).
• (F, A) is soft equal (G, B) and denoted by (F, A)=̂(G, B) if (F, A)⊂̂(G, B) and (G, B)⊂̂(F, A).
• (F, A) is a absolute soft set and denoted by Û If F(a) = U for all a ∈ A. The set Supp(F, A) =

{a ∈ A : F(a) 6= ∅} said to be the support of the soft set (F, A). A soft set is called non-null if its
support is not equal to the empty set.
• (F, A) is a null soft set and denoted by ∅̂ if F(a) = ∅ (null set) for all a ∈ A. If A is equal to E

we write F instead of (F, A).
• Let θ : U 7−→ U ′ be a function and F(resp.F′) be a soft set over U(resp.U ′) with a parameter set E.

Then θ(F)(resp.θ−1(F′)) is the soft set on U ′(resp.U) defined by (θ(F))(e) = θ(F(e))(resp.(θ−1(F′))(e) =
θ−1(F′(e))).
• Use hat (̂.) to distinguish "soft"objects from usual ones. For example, for a subset X of U , X̂

denotes the soft set satisfying that X̂(e) = X for all e ∈ E.
• We write F1∩̂F2 for the soft intersection of F1 and F2, where it is defined by (F1∩̂F2)(e) =

F1(e) ∩ F2(e) for every e ∈ E.
• The soft union of F1 and F2, will be denoted by F1∪̂F2, is defined by (F1∪̂F2)(e) = F1(e)∪ F2(e)

for all e ∈ E.
•We will use the symbol Fĉ to denote soft complement of F and is defined by Fĉ(e) = U \F(e)(e ∈

E).
• Let F be a soft set over U and x be an element of U. We call x is a soft element of F, if x ∈ F(e)

for all parameters e ∈ E and denoted by x∈̂F.

2.2 Polygroups

• Let H be a non-empty set, the couple (H, ◦) is called a hypergroupoid if
◦ : H × H 7−→ P(H∗) be a function, the combination of two subset A and B of H is defined as

A ◦B =
⋃
a∈A

a ◦B and a ◦B =
⋃
b∈B

a ◦ b.
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• A hypergroupoid (H, ◦) is called a quasihypergroup if for every h ∈ H, h ◦H = H = H ◦ h and
is called a semihypergroup if for every t, u, w ∈ H, t ◦ (u ◦ w) = (t ◦ u) ◦ w. The pair (H, ◦) is called a
hypergroup if it is a quasihypergroup and a semihypergroup [11,12].
• Let (H, ◦) be a semihypergroup and A be a subset of H. Say that A is a complete part of H if

for any n ∈ N and for all a1, . . . , an of H, the following implication true:

A ∩
n∏
i=1

ai 6= ∅ =⇒
n∏
i=1

ai ⊆ A.

The complete parts were introduced for the first time by Koskas [13].
• Let (P, ◦) be hypergroup and have other additional features. If there exist unitary operation −1

on P and e ∈ P with the property that for all p, q, r ∈ P , the following items be true;
(A) (p ◦ q) ◦ r = p ◦ (q ◦ r),
(B) e ◦ p = p ◦ e = p,
(C) If p ∈ q ◦ r, then q ∈ p ◦ r−1 and r ∈ q−1 ◦ p.

In this case, hypergroup P is called polygroup.
• The following results follow from the above axioms:
e ∈ p ◦ p−1 ∩ p−1 ◦ p, e−1 = e, (p−1)−1 = p, and (p ◦ q)−1 = q−1 ◦ p−1. A nonempty subset Q of a

polygroup P is called a subpolygroup of P if and only if for all x, y ∈ Q follows that x ◦ y ⊆ Q and for
all x ∈ Q follows that x−1 ∈ Q.
• Let P be polygroup and (F, A) be a soft set on P . Then (F, A) is called a (normal)soft polygroup

on P if F(x) is a (normal)subpolygroup of P for all x ∈ Supp(F, A).

Example 1. Let P be {e, a, b, c} and multiplication table be:

◦ e a b c

e e a b c
a a {e, a} c {b, c}
b b c e a
c c {b, c} a {e, a}

Then P is a polygroup. Let F, A) be a soft set over P , where A equal with P and define F : A 7−→ P(P )
by F(x) = {y ∈ P |xRy ⇔ y ∈ x2} for all x ∈ A. In this case, we will have F(e) = F(b) = {e} and
F(a) = F(c) = {e, a} are subpolygroups of P . In conclusion, (F, A) is a soft polygroup over P [4].

3 Soft Topological polygroups

Let (P, T ) be a topological space, where (P, ◦, e,−1 ) is a polygroup. Then the (P, T ) is called a
topological polygroup if the following axioms hold:

(1) The mapping ◦ : P × P 7−→ P(P ) is continuous, where ◦(x, y) = x ◦ y,
(2) The mapping −1 : P 7−→ P is continuous, where −1(x) = −x.

Definition 1. [8] Let T be a topology on a polygroup P . Let (F, A) be a soft set over P . Then the
system (F, A, T ) said to be soft topological polygroup over P if the following axioms hold:

(a) F(a) is a subpolygroup of P for all a ∈ A,
(b) The mapping (x, y) 7−→ x ◦ y of the topological space F(a)× F(a) onto P∗(F(a)) and mapping

x 7−→ x−1 of the topological space F(a) onto F(a) are continuous for all a ∈ A.

Topology T on P induces topolgies on F(a), F(a)× F(a) and P∗(F(a)).

Example 2. Let P be {1, 2} and its hyperoperation be as follows:
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> 1 2

1 1 2
2 2 {1, 2}

Hyperoperation > : P ×P 7−→ P(P ) and inverse operation −1 : P 7−→ P are continuous with topology
T1 = {∅, P, {1}} but > : P ×P 7−→ P(P ) is not continuous with topology T2 = {∅, P, {2}}. Therefore,
P with T1, Tdis,Tndis is topological polygroup. Subpolygroups of P are ∅, P, {1}. Let A be arbitrary
set and a1, a2 ∈ A and define soft set F:

F(x) =


{1} if x = a1,
P if x = a2,
∅ otherwise.

Therefore, (F, A, T1) is a soft topological polygroup.

Example 3. Let D̂4 be {1, 2, 3, 4, 5} and its hyperoperation be as follows:

∗ 1 2 3 4 5

1 1 2 3 4 5

2 2 1 4 3 5

3 3 4 1 2 5

4 4 3 2 1 5

5 5 5 5 5 {1, 2, 3, 4}

Hyperoperation ∗ : D̂4 × D̂4 7−→ P(D̂4) is not continuous with the following topologies:

T1 = {∅, D̂4, {1}} T2 = {∅, D̂4, {2}}
T3 = {∅, D̂4, {3}} T4 = {∅, D̂4, {4}}
T5 = {∅, D̂4, {5}} T6 = {∅, D̂4, {1, 2}}
T7 = {∅, D̂4, {1, 3}} T8 = {∅, D̂4, {1, 4}}
T9 = {∅, D̂4, {1, 5}} T10 = {∅, D̂4, {2, 3}}
T11 = {∅, D̂4, {2, 4}} T12 = {∅, D̂4, {2, 5}}
T13 = {∅, D̂4, {3, 4}} T14 = {∅, D̂4, {3, 5}}
T15 = {∅, D̂4, {4, 5}} T16 = {∅, D̂4, {1, 2, 3}}
T17 = {∅, D̂4, {1, 2, 4}} T18 = {∅, D̂4, {1, 2, 5}}
T19 = {∅, D̂4, {2, 3, 4}} T20 = {∅, D̂4, {2, 3, 5}}
T21 = {∅, D̂4, {2, 4, 5}} T22 = {∅, D̂4, {3, 4, 5}}
T23 = {∅, D̂4, {1, 2, 3, 4}} T24 = {∅, D̂4, {1, 2, 3, 5}}
T25 = {∅, D̂4, {2, 3, 4, 5}}.

This means that (D̂4, Tdis) and (D̂4, Tndis) are topological polygroups. Subpolygroups of D̂4 are ∅,
D̂4, {1}, {1, 2}, {1, 3}, {1, 4}, {1, 2, 3, 4}. Let A be a arbitrary set and a1, a2, a3, a4, a5 ∈ A. Then we
define a soft set F by

F(x) =



{1} if x = a1

{1, 2} if x = a2

{1, 3} if x = a3

{1, 4} if x = a4

{1, 2, 3, 4} if x = a5

∅ otherwise.
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Since restriction of topology T5 = {∅, D̂4, {5}} to subspaces F(x) are discrete or anti-discrete topologies
(F, A, T5) is a soft topological polygroup. With this method we can make many examples of soft
topological polygroups.

Definition 2. Let (F, A, T ) be a soft topological polygroup over P . Then the closure of (F, A, T )
denoted by (F, A, T ) and defined as F(a) = F(a) where F(a) is the closure of F(a) in topology defined
on P .

Theorem 1. [2] Let A and B be subsets of a topological polygroup P with the property that every
open subset of P is a complete part. Then

(1) A ◦B ⊆ A ◦B,
(2) (A)−1 = (A−1).

Theorem 2. [2] Let P be a topological polygroup with the property that every open subset of P is
a complete part. Then

(1) If K is a subsemihypergroup of P , then as well as K,
(2) If K is a subpolygroup of P , then as well as K.

Theorem 3. [8] Let (F, A, T ) be a soft topological polygroup over a topological polygroup (P, T )
and every open subset of P is a complete part. Then the following are true.

(1) (F, A, T ) is also a soft topological polygroup over (P, T ),
(2) (F, A, T )⊂̂(F, A, T ).

• Now instead of the usual topology we use the soft topology to define the soft topological polygroup
based on [10].
• A family θ of soft sets over U is called a soft topology on U if the following axioms hold:
(1) ∅̂ and Û are in θ,
(2) θ is closed under finite soft intersection,
(3) θ is closed under (arbitrary) soft union.
• We will use the symbol (U, θ,E) to denote a soft topological space and soft set F is called a soft

close set if Fĉ is soft open set, where each member of θ said to be a soft open set.

Example 4. Let U be Z2 and θ be {∅̂, {e2} × Z2, Ẑ2}, where E = {e1, e2} and {e2} × Z2 be soft
set F : E 7−→ P (Z2) with the property that F(e1) = ∅;F(e2) = Z2. Then (Z2, θ, E) is soft topological
space.

Example 5. Let P be {1, 2} and hyperoperation > be as follows:

> 1 2

1 1 2

2 2 {1, 2}

polygroup P with topology θ = {∅̂, {e2} × P, P̂} is a soft topological space.

Example 6. Let P be {e, a, b, c} and hyperoperation ◦ be as follows:

◦ e a b c

e e a b c

a a {e, a} c {b, c}
b b c e a

c c {b, c} a {e, a}

polygroup P with topologies θ1 = {∅̂, {e1} × P, P̂}, θ2 = {∅̂, {e2} × P, P̂} are soft topological spaces.
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• The closure of F is denoted by F and is defined by soft intersection of all soft closed supersets of
F, where F is soft set over U .
• A soft set F said to be a soft neighborhood of x if there exists a soft open set G with the property

that x∈̂G⊆̂F, where x be an element of the universe U . The soft neighborhood system of x we will
consider the collection of all soft neighborhoods of x.
• Let V be a subset of the universe U . A soft set F said to be a soft neighborhood of V if there

exists a soft open set G with the property that V ⊆̂G⊆̂F (i.e. ∀e ∈ E : V ⊆ G(e) ⊆ F(e)).
In this section, we will define soft continuity and express its equivalent theorems, then define

soft topological polygroups with the idea of Hida [10] and study the properties of soft topological
polygroups.

Definition 3. Let P1, P2 be polygroups and (P1, θ1, E), (P2, θ2, E) be soft topological spaces. The
function ϕ : (P1, θ1, E) 7−→ (P2, θ2, E) said to be a soft continuous function if for all x ∈ P1 and for
all soft neighborhood Fϕ(x) of ϕ(x), there exists a soft neighborhood Fx of x with the property that
ϕ(Fx)⊆̂Fϕ(x).

Theorem 4. Let ϕ : (P1, θ1, E) 7−→ (P2, θ2, E) be a function such that for all soft open set F′ ∈ θ2

the inverse image ϕ−1(F′) is soft open set if and only if for every soft closed set F′ the inverse image
ϕ−1(F′) is soft closed set.

Proof. This is easily seen to be an equivalence relation.

Theorem 5. Let ϕ : (P1, θ1, E) 7−→ (P2, θ2, E) be function. For every soft closed set F′, the inverse
image ϕ−1(F′) is also soft closed if and only if for all soft set F, ϕ(F)⊆̂ϕ(F).

Proof.
(i) ⇐= Let F′ be a soft closed set. Then we have ϕ(ϕ−1(F′))⊆̂F′. The soft closeness of F′, together

with the assumption (for all soft set F, we have ϕ(F)⊆̂ϕ(F), proves that

ϕ((ϕ−1(F′)))⊆̂ϕ(ϕ−1(F′))⊆̂F′.

Therefore, it holds that ϕ−1(F′)⊆̂ϕ−1(F′)⊆̂ϕ−1(F′), which shows that ϕ−1(F′) is soft closed.
(ii) =⇒ We have F⊆̂ϕ−1(ϕ(F)) for any soft set F. Since (for every soft closed set F′, the inverse

image ϕ−1(F′) is also soft closed, we have F⊆̂ϕ−1(ϕ(F)). Thus, we have

ϕ(F)⊆̂ϕ(ϕ−1(ϕ(F)))=̂ϕ(F).

Theorem 6. Let ϕ : (P1, θ1, E) 7−→ (P2, θ2, E) be a function. If for all soft open set F′ ∈ θ2, the
inverse image ϕ−1(F′) is also soft open set then ϕ is a soft continuous function.

Proof. For all x ∈ P1 and a soft open neighborhood F′ of ϕ(x), ϕ−1(F′) is a soft open set having x
as a soft element. Since ϕ(ϕ−1(F′))⊆̂F′, give F = ϕ−1(F′) in this case ϕ(F)⊆̂F′.

Example 7. The opposite Theorem 6 is not true.
Let P1 be < {e}, θ1, {a1, a2} > and P2 be < {e}, θ2, {a1, a2} >, where

θ1 = {∅̂, {(a1, e), (a2, e)}},

θ2 = {∅̂, {(a2, e)}, {(a1, e), (a2, e)}}.

The unique soft neighborhood of the point e is {a1, a2}×{e} in θ2. The inverse image of {a1, a2}×{e}
under id : P1 7−→ P2 is {a1, a2} × {e}. Thus id : P1 7−→ P2 satisisfies in the second part of Theorem 6,
but id−1({(a2, e)}) is not soft open in P1.

Definition 4. A bijection ϕ : P1 7−→ P2 said to be a soft homeomorphism between (P1, θ1, E) and
(P2, θ2, E) if ϕ and ϕ−1 are soft continuous.
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Theorem 7. Let ϕ : (P1, θ1, E) 7−→ (P2, θ2, E) be a soft continuous function. Then for all soft open
set F2 ∈ θ2, there exists a soft open set F1 ∈ θ1 with the property that for all x ∈ P1; x∈̂F1 if and only
if x∈̂ϕ−1(F2).

Proof. For every x ∈ P1 with ϕ(x)∈̂F2, choose a soft open Fx ∈ θ1 with the property that x∈̂Fx
and ϕ(Fx)⊆̂F2. Then define F1 =

⋃̂
{Fx|x ∈ P1, ϕ(x)∈̂F2}, F1; has the required properties.

Definition 5. Let (P, ◦, e,−1 ) be a polygroup and θ be a soft topology on P with a parameter set
E. Then (P, θ, E) is a soft topological polygroup if the following items are true:

(i) For each soft neighborhood Fp◦q of p ◦ q, where (p, q) ∈ P × P there exist soft neighborhoods
Fp and Fq of p and q with the property that Fp ◦ Fq⊆̂Fp◦q,

(ii) The inversion function −1 : P 7−→ P is soft continuous.
Every soft topological group is a soft topological polygroup.
Example 8. LetE be {e1, e2} and θ be {∅̂, {(e1, 1)}, Ẑ2}. In conclusion, (Z2, θ, E) is a soft topological

polygroup.
Example 9. Show that (R, θ, E) is a soft topological group, where E = {e1, e2} and θ is the soft

topology generated by the following subbase:

{∅̂, R̂} ∪ {{(e1, r), (e2, x)|r − ε < x < r + ε}|r ∈ R, ε > 0}.

Example 10. Every polygroup with discrete or anti-discrete topology is soft topological polygroup.
Example 11. Let P be {e, a, b, c} and hyperoparation ◦ be as follow:

◦ e a b c

e e a b c

a a {e, a} c {b, c}
b b c e a

c c {b, c} a {e, a}
Let E be {e1, e2, e3}. Then polygroup P with topologies

θ1 = {∅̂, {e1} × P, P̂}
θ2 = {∅̂, {e2} × P, P̂}
θ3 = {∅̂, {e3} × {a, b}, P̂}
θ3 = {∅̂, {e3} × {a, b}, {e1} × {e, b}, P̂}
θ4 = {∅̂, {e3} × {a, b}, {e1} × {e, b}, {e2} × {e, b, c}, P̂}

are soft topological polygroups.
Theorem 8. (P, θ, E) is a soft topological polygroup if and only if for all x, y ∈ P and for each soft

open set F with x ◦ y−1⊆̂F, there exist soft open sets Fx,Fy with the property that x∈̂Fx, y∈̂Fy and
Fx ◦ F−1

y ⊆̂F.
Proof. =⇒ From item (i) of Definition 5 we know that there exist soft open sets Fx,Fy−1 with the

property that x∈̂Fx, y−1∈̂Fy−1 and Fx ◦Fy−1⊆̂F. From item (ii) Definition 5 we know that there exists
a soft open set Fy satisfying y∈̂Fy and (Fy)−1⊆̂Fy−1 . In conclusion, x∈̂Fx, y∈̂Fy and Fx ◦ (Fy)−1⊆̂Fx ◦
Fy−1⊆̂F.⇐= Let F be a soft open set with the property that x−1∈̂F. Since x−1 = e◦x−1, there exist soft
open sets Fe,Fx with the property that e∈̂Fe, x∈̂Fx and Fe ◦ F−1

x ⊆̂F. In conclusion, F−1
x ⊆̂Fe ◦ F−1

x ⊆̂F,
which that the item (ii) of Definition 5 is proved. Let F be a soft open set satisfying x ◦ y⊆̂F. Since
x ◦ y = x ◦ (y−1)−1, we can find soft open sets Fx,Fy−1 with the property that x∈̂Fx, y−1∈̂Fy−1 and
Fx◦(Fy−1)−1⊆̂F. Since −1 : P 7−→ P is soft continuous, we can find a soft open set Fy with the property
that y∈̂Fy and F−1

y ⊆̂Fy−1 . In conclusion, Fx ◦ Fy=̂Fx ◦ ((Fy)−1)−1⊆̂Fx ◦ (Fy−1)−1⊆̂F.
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Definition 6. Let (P, θ, E) be a soft topological polygroup and for all x, y ∈ P with x 6= y, there
exists a soft open set F with the property that either x∈̂F

∧
∀e ∈ E(y /∈ F(e)) or y∈̂F

∧
∀e ∈ E(x /∈

F(e)) holds, then (P, θ, E) is a soft T0space.
Theorem 9. Let ϕ : (P1, θ1, E) 7−→ (P2, θ2, E) be a soft continuous injection and (P2, θ2, E) be a

soft T0space. Then (P1, θ1, E).
Proof. Let (P2, θ2, E) be a soft T0space and ϕ be a soft continuous injection, if x, y ∈ P1 and

x 6= y then ϕ(x), ϕ(y) ∈ P2 and ϕ(x) 6= ϕ(y), on the other hand, (P2, θ2, E) is a soft T0space hence
there exists a soft open set F with the property that ϕ(x)∈̂F or ϕ(y)∈̂F. Without loss of generality let
ϕ(x)∈̂F then since ϕ is continuous, there exists Fx ∈ θ1 with the property that x∈̂Fx and ϕ(Fx)⊆̂F
hence x∈̂F

∧
∀e ∈ E(y /∈ F(e)).

Definition 7. Let (P, θ, E) be a soft topological polygroup and for every distinct points x1, x2 ∈
P , there exist soft open sets F1,F2 with the property that both x1∈̂F1

∧
∀e ∈ E(x2 /∈ F1(e)) and

x2∈̂F2
∧
∀e ∈ E(x1 /∈ F2(e)) hold, then (P, θ, E) is a soft T1space.

Theorem 10. Let ϕ : (P1, θ1, E) 7−→ (P2, θ2, E) be a soft continuous injection and (P2, θ2, E) be a
soft T1space. Then (P1, θ1, E).

Proof. It is simillar to the proof of Theorem 9.
Definition 8. Let ϕ : (P1, θ1, E) 7−→ (P2, θ2, E) be a soft continuous injection and for every distinct

elements x1, x2 ∈ P , there exist soft open sets F1,F2 ∈ θ with x1∈̂F1, x2∈̂F2 and F1∩̂F2 = ∅̂, then
(P, θ, E) is a soft Hausdorff (or soft T2space [14]).

Example 12. Let R be real number, E be {e1, e2}, and θ be the soft topology generated by the
following subbase:

{∅̂, R̂} ∪ {{(e1, r), (e2, x)|r − ε < x < r + ε}|r ∈ R, ε > 0}.
It can be shown that (R, θ, E) is a soft Hausdorff space.
Theorem 11. Let ϕ : (P1, θ1, E) 7−→ (P2, θ2, E) be a soft continuous injection and (P2, θ2, E) be a

soft Hausdorff space. Then (P1, θ1, E).
Proof. Take distinct elements x and y from P1. We can separate ϕ(x) from ϕ(y) by soft open sets,

Fϕ(x),Fϕ(y). Since ϕ is soft continuous, we have soft open neighborhoods Fx,Fy of x, y, respectively,
satisfying that ϕ(Fx)⊆̂Fϕ(x) and ϕ(Fy)⊆̂Fϕ(y). Clearly Fx and Fy separate x from y.

Definition 9. Let (P, θ, E) be a soft topological polygroup and for every x ∈ P , every soft neighborhood
of x contains a soft closed neighborhood of x, then (P, θ, E) is a soft regular space [14].

Example 13. Let P be Z2 and E be {e1, e2, e3}. Define soft topology θ on P by θ = {∅̂, {(e2, 1)}, P̂}.
Since in soft topological polygroup, every point x ∈ P has only one soft clopen neighborhood P̂ , it is
obvious that soft space is soft regular.

Definition 10. A family C of soft open sets over P is said to be a soft open covering of P if for all
x ∈ P there exists an F ∈ C with the property that x∈̂F.

Definition 11. A soft space (P, θ, E) is soft compact if for any soft open covering C of (P, θ, E),
there exist F1, ...,Fn ∈ C with the property that {F1, ...,Fn} is a soft open covering.

Theorem 12. If V is soft compact with respect to θ1, then so is ϕ(V ) with respect to θ2, where
ϕ : (P1, θ1, E) 7−→ (P2, θ2, E) be a soft continuous function and V ⊆ P1 be a subset.

Proof. Let C ′ be a soft open covering of ϕ(V ). For every v ∈ V , there exists an G′ϕ(v) ∈ C
′ with

the property that ϕ(v)∈̂G′ϕ(v). Since ϕ is soft continuous, there exists a soft open neighborhood Gv of
v with the property that ϕ(Gv)⊆̂G′ϕ(v). Then the family {Gv|v ∈ V } is a soft covering of V . V is soft
compact with respect to θ1, there exist v1, ..., vn ∈ V with the property that {Gvi}ni=1 is a soft covering
of V . Thus we have ϕ(Gvi)⊆̂G′ϕ(vi)

, in conclusion {G′ϕ(vi
}ni=1 is a soft covering of ϕ(V ).
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Definition 12. If for any soft open covering F1,F2 of X subject to the condition that @x ∈
X(x∈̂F1

∧
x∈̂F2), either ∀x ∈ X(x/̂∈F1) or ∀x ∈ X(x/̂∈F2) holds, then subset X of P said to be

soft connected.

Example 14. Let E be {e1, e2} and θ be {∅̂, {(e1, 1), (e2, 0)}, {(e1, 0), (e2, 1)}, Ẑ2} on Z2. In this
case, since both 0 and 1 have only one soft neighborhood Ẑ2 the soft topological polygroup (Z2, θ, E)
is soft connected.

Example 15. Let Z be integer numbers and consider soft topological polygroup (Z, θ, E) where
E = {e1, e2} and θ = {∅̂, Ẑ} ∪ {{e1} × S|S ⊆ Z}. Since Ẑ is the unique soft neighborhood of i ∈ Z
thus (Z, θ, E) is soft compact and also soft connected.

Theorem 13. If both X1 and X2 are soft connected then X1 ∪X2 is soft connected, where X1 and
X2 are subsets of P having non-empty intersection.

Proof. Suppose that {F1,F2} be soft open covering of X1∪X2 Since {F1,F2} is a soft open covering
also of X1. Without loss of generality assume ∀z ∈ X1(z /̂∈F1). In particular, x/̂∈F1 holds for every
x ∈ X1 ∩ X2. Suppose that for the contradiction that there were a z ∈ X2 with the property that
z∈̂F1. Since {F1,F2} is a soft open covering of X2, it would hold that ∀z ∈ X2(z /̂∈F2). In particular,
x/̂∈F2 holds for every x ∈ X1 ∩ X2, which gives a contradiction. Therefore, ∀z ∈ X2(z /̂∈F1) holds; so
has obtained ∀z ∈ X1 ∪X2(z /̂∈F1).

Theorem 14. If ϕ : (P1, θ1, E) 7−→ (P2, θ2, E) is a soft continuous and X subset of P is soft
connected, then ϕ(X) is soft connected.

Proof. Let X be a soft connected subset of P1. Select an arbitrary soft open covering {F′1,F′2}
of ϕ(x). By Theorem 7, there exist soft open sets Fi ∈ θ1 with the property that ϕ(Fi)⊆̂F′i and
∀y ∈ P2(y∈̂F′i if and only if y∈̂ϕ(Fi))(i = 1, 2). Thus for every x ∈ X, exactly one of x∈̂F1 and x∈̂F2

holds. Since X is soft connected, there is no loss of generality in assuming ∀x ∈ X(x/̂∈F1). Therefore
have ∀y ∈ ϕ(X)(y /̂∈ϕ(F1)), and ∀y ∈ ϕ(X)(y /̂∈F′1).

Theorem 15. If ϕ : (P1, θ1, E) 7−→ (P2, θ2, E) is a soft homeomorphism, then X ⊆ P is soft
connected if and only if ϕ(X) is soft connected.

Proof. We have showed a left-to-right direction in the previous theorem. The converse direction
follows from the same argument applied to ϕ−1.

Definition 13. We say that Property P of soft topological polygroups is a soft topological property
if the following condition holds for any soft space (P, θ, E).

A soft space (P, θ, E) has the property P if and only if every soft space which is soft homeomorphic
to (P, θ, E) has the property P.

Theorem 16. Soft compactness and soft connectedness are soft topological properties.

Definition 14. For every soft topological polygroups (P1, θ1, E) and (P2, θ2, E), the set {F1×F2|F1 ∈
θ1,F2 ∈ θ2} generates a soft topology θ× over P1 × P2. The soft space (P1 × P2, θ

×, E) said to be
the soft product of (P1, θ1, E) and (P2, θ2, E), where F1 × F2 is the soft set on P1 × P2 defined by
(F1 × F2)(e) := F1(e)× F2(e) for every e ∈ E.

Theorem 17. The soft product of every two soft T0spaces is a soft T0space.

Proof. Suppose that (P, θ, E) and (P ′, θ′, E) are soft T0spaces. Take distinct points (x, x′), (y, y′) ∈
P × P ′. Without loss of generality, suppose that x 6= y. Since (P, θ, E) is a soft T0space, there exists a
soft open set F with the property that either x∈̂F ∧ ∀e ∈ E(y /̂∈F(e)) or y∈̂F ∧ ∀e ∈ E(x/̂∈F(e)) holds.
Thus we have:

(x, x′)∈̂F× P̂ ∧ ∀e ∈ E((y, y′) /∈ F(e)× P )
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or

(y, y′)∈̂F× P̂ ∧ ∀e ∈ E((x, x′) /∈ F(e)× P ).

Theorem 18. The soft product of every two soft T1spaces is a soft T1space.

Proof. It is clear.

Theorem 19. The soft product of every two soft Hausdorff spaces is a soft Hausdorff space.

Proof. It is clear.

Theorem 20. Let h be an element of a polygroup P and (P, θ, E) be soft topological polygroup.
Then:

(i) ϕL(h) : P 7−→ {h ◦ x}x∈P ;x 7−→ h ◦ x( ϕR(h) : P 7−→ {h ◦ x}x∈P ;x 7−→ x ◦ h) is a soft
homeomorphism.

(ii) ϕ(h) : P 7−→ {h ◦ x ◦ h−1}x∈P ;x 7−→ h ◦ x ◦ h−1 is a soft homeomorphism.

Proof. For every h, x ∈ P and a soft neighborhood F of h ◦ x, by the definition of soft topological
polygroup, there exist soft neighborhood Fh and Fx of h and x with the property that Fh◦Fx⊆̂F. Thus,
we have ϕL(h)(Fx) = (h ◦ Fx)⊆̂Fh ◦ Fx⊆̂F, in conclusion ϕL(h) is soft continuous. Since ϕL(h) is soft
continuous for each h ∈ P , for both h and h−1, the first case follows at once by (ϕL(h))−1 = ϕL(h−1).
The second case can be proved similarly.

Theorem 21. For every soft topological polygroup (P, θ, E), the following items are equivalent:
(i) (P, θ, E) is a soft T0space,
(ii) (P, θ, E) is a soft T1space,
(iii) (P, θ, E) is a soft Hausdorff space.

Proof. (i) =⇒ (ii) We prove that {̂e} is soft closed. For this, note that every x 6= e can be separated
from e by a soft open set. Take an x ∈ p \ {e} arbitrarily. By the item (i), there exists a soft open
set F with the property that either x∈̂F ∧ ∀e ∈ E(e /∈ F(e)) or e∈̂F ∧ ∀e ∈ E(x /∈ F(e)) holds. If
the first happens, it is done. In the second property, the soft continuity of ϕL(x) and the inversion
−1 : p 7−→ P guarantees the existence of a soft set F′ satisfying that x∈̂F′ and x ◦ (F′)−1⊆̂F. Thus, we
have F′⊆̂F−1 ◦ x. If e were in F′(e) for some e ∈ E, then we would have e ∈ u−1 ◦ x for some u ∈ F(e).
Thus x is equal to u(∈ F(e)), contradicting the assumption that ∀e ∈ E(x /∈ F(e)). Therefore, e is not
in F′(e) for any e ∈ E, in conclusion {̂e}∩̂F′ = ∅̂ holds for this soft neighborhood F′ of x. Take every
distinct x, y from P . Since x−1 ◦y is a soft subset of a soft open set {e}ĉ, the soft continuity of ϕL(x−1)
implies the existence of a soft open set F with the property that y∈̂F and x−1 ◦F⊆̂{e}ĉ. In conclusion,
this soft open set F satisfies ∀e ∈ E(x /∈ F(e)).

(ii) =⇒ (i) it is clear.

(ii) =⇒ (iii) Take x 6= y from P . Since e 6= x−1 ◦ y, item (ii) implies that ̂{x−1 ◦ y}
ĉ
is soft open.

Take a soft neighborhood F of e with the property that F ◦ F−1⊆̂ ̂{x−1 ◦ y}
ĉ
. Suppose that for the

contradiction, for some e ∈ E, the soft sets x ◦ F(e) and y ◦ F(e) had a common element, say g. Take
g ∈ x ◦ h, g ∈ y ◦ k for h, k ∈ F(e). However, then we would have

g−1 ∈ h−1 ◦ x−1, g ∈ y ◦ k Thus e ∈ h−1 ◦ x−1 ◦ y ◦ k then h ∈ x−1 ◦ y ◦ k hence h ◦ k−1 ⊆ x−1 ◦ y
and h ◦ k−1 ⊆ F(e) ◦ F(e)−1 and F(e) ◦ F(e)−1 ⊆ {x−1 ◦ y}ĉ then (h ◦ k−1) ⊆ (x−1 ◦ y) ∩ {x−1 ◦ y}ĉ.
This is a contradiction. In conclusion x ◦ F∩̂y ◦ F=̂ϕ̂. The soft continuity of ϕL(x−1)(resp.ϕL(y−1)),
presents a soft open Fx(resp.Fy) with the property that x∈̂Fx⊆̂x ◦ F(resp.y∈̂Fy⊆̂y ◦ F. Obviously, Fx
and Fy are soft disjoint, as

Fx∩̂Fy⊆̂x ◦ F∩̂y ◦ F=̂ϕ̂.

(iii) =⇒ (ii) it is clear.
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Definition 15. The soft connected component of x, is the largest soft connected subset of P
containing x, for every x ∈ P .

Definition 16. The soft connected component of P is the soft connected component of e ∈ P .

Theorem 22. Let Ne be the soft connected component of P . Then, for each q ∈ P the connected
component of q is q ◦Ne.

Proof. If Nq be The soft connected component of q by Theorems 14 and 20 q ◦ Ne ⊆ Nq since
q ◦Ne is a soft connection containing of q. Notably Ne ◦ q ⊆ Nq Nonetheless, Ne ⊆ Nq ◦ q−1 ⊆ Ne then
Ne = Nq ◦ q−1 in conclusion Ne ◦ q = Nq.

Theorem 23. If N is a soft connected component of P , then N is normal subpolygroup of P .

Proof. Suppose that a, b ∈ N Since −1 : P 7−→ P is soft homeomorphism and
ϕL(h) : P 7−→ {h ◦ x}x∈P ;x 7−→ h ◦ x(resp.ϕR(h) : P 7−→ {x ◦ h}x∈P ;x 7−→ x ◦ h) are soft

continuous. By Theorems 14 and 15 a ◦N−1 is soft connected. Since a ◦N−1 contains e ∈ a ◦ a−1, we
have a ◦N−1 ⊆ N . Obviously, a ◦ b−1 ⊆ a ◦N−1, thus have a ◦ b−1 ⊆ a ◦N−1 ⊆ N . This proves that
N is a subpolygroup of P . Note that both a−1 ◦N ◦ a and a ◦N ◦ a−1 are soft connected, and contain
e. Above all N is the largest soft connected subset containing e, we have a−1 ◦N ◦ a and a ◦N ◦ a−1

are a subset of N , in conclusion, N is normal subpolygroup of P .

Theorem 24. Let H and K be soft connected subsets of a soft topological polygroup P . Then H ◦K
subset of P is soft connected.

Proof. Suppose that {F1,F2} is a soft open covering of H ◦K with the property that @g ∈ H ◦K
satisfies both g∈̂F1 and g∈̂F2. Due to the Theorem 14, h ◦ K = (ϕL(h))(K) is soft connected for
each h ∈ H. Note that {F1,F2} is a soft covering of h ◦K for all h ∈ H. Take an h ∈ H arbitrarily.
We suppose that ∀g ∈ h ◦ K(g /̂∈F1) without loss of generality. Assume for the contradiction that
∃g′ ∈ h′ ◦K(g′∈̂F1) holds for some h′ ∈ H. Select a g′ from h′ ◦K, and deposit g′ ∈ h′ ◦ k′(k′ ∈ K). In
conclusion, both (∀t ∈ h ◦ k′)t /̂∈F1 and h′ ◦ k′ 3 g′∈̂F1 are true, contradicting the soft connectedness of
H ◦ k′. Thus, ∀g ∈ h ◦K(g /̂∈F1) holds for each h ∈ H. Notably, ∀g ∈ H ◦K(g /̂∈F1). Therefore, H ◦K
is soft connected.

Theorem 25. If H is a subpolygroup of P with the property that Ĥ is soft open, then Ĥ is soft
closed.

Proof. Suppose that P = H∪(
⋃
α∈ΩH ◦gα) is a right coset decomposition. First, prove that Ĥ ◦ gα

is soft open for all α ∈ Ω. For all h ∈ H, from the soft continuity of ϕR(g−1
α ), it can be select a soft

neighborhood Fh◦gα of h ◦ gα with the property that Fh◦gα ◦ g−1
α ⊆̂Ĥ. Above all for every h ∈ H, we

have h∈̂
⋃̂
h∈HFh◦gα ◦ g−1

α ⊆̂Ĥ. Therefore Ĥ=̂
⋃̂
h∈HFh◦gα ◦ g−1

α , and Ĥ ◦ gα is soft equal to
⋃̂
h∈HFh◦gα .

As a soft union of soft open sets Fh◦gα , Ĥ ◦ gα is also soft open.
In summary,

⋃̂
α∈ΩĤ ◦ gα is soft open as it is the soft union of soft open sets. Therefore Ĥ =

Ĝ \
⋃̂
α∈ΩĤ ◦ gα is soft closed.

Theorem 26. Let H be a subpolygroup of G. Ĥ is soft open if and only if there exist an h ∈ H and
a soft neighborhood F of h with the property that F⊆̂Ĥ.

Proof. =⇒: Select h and F as above. For every h′ ∈ H, there exists a soft neighborhood F′h′ of h
′

with the property that h◦(h′)−1◦F′h′⊆̂F as ϕL(h◦(h′)−1) : P 7−→ {h◦(h′)−1◦x}x∈P is soft continuous.
Since F′h′⊆̂h′ ◦h−1 ◦F and H is a subpolygroup we have F′h′⊆̂h′ ◦h−1 ◦F⊆̂Ĥ. Thus Ĥ=̂

⋃̂
h∈HF′h is soft

open.
⇐=: It is clear.
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Conclusion and Future Work

This study presented two different definitions of the soft topological polygroup. The authors
provided attributes for each definition along with examples. The connection between the complete
parts and the concepts such as soft continuous function, soft Hausdorff space, soft T0 space, soft T1

space, soft open covering, soft compact, soft connected in soft topological polygroups was examined.
Lastly, necessary arrangements were made.
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Жұмсақ топологиялық полигруппаларға тағы бiр көзқарас

Жұмсақ топологиялық полигруппалар екi түрлi жолмен анықталады. Бiрiншi анықтамада тұрақты
топология, ал екiншi анықтамада жұмсақ топология бар. Екiншi анықтамада жұмсақ маңай, жұмсақ
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үзiлiссiздiк, жұмсақ компакт, жұмсақ байланыс, жұмсақ хаусдорф кеңiстiгi сияқты ұғымдар пай-
да болады және олардың жұмсақ топологиялық полигруппалардағы жұмсақ үздiксiз функциялар-
мен байланысы зерттеледi. Кәдiмгi топологияда үздiксiздiктiң бес баламалы анықтамасы бар, бiрақ
олардың барлығы мiндеттi түрде жұмсақ үзiлiссiздiкте анықталмаған.

Кiлт сөздер: жұмсақ жиын, жұмсақ үзiлiссiздiк, жұмсақ топологиялық полигруппалар, жұмсақ ха-
усдорф кеңiстiгi, жұмсақ ашық жабын, жұмсақ компакт, жұмсақ байланыс.

Р. Мусарезаи, Б. Давваз

Йездский университет, Йезд, Иран

Другой взгляд на мягкие топологические полигруппы

Мягкие топологические полигруппы определяются двумя разными способами. Первое определение
имеет обычную топологию, а второе — мягкую топологию. Во втором определении появляются такие
понятия, как мягкая окрестность, мягкая непрерывность, мягкий компакт, мягкая связность, мяг-
кое хаусдорфово пространство, и изучается их связи с мягкими непрерывными функциями в мягких
топологических полигруппах. В обычной топологии есть пять эквивалентных определений непрерыв-
ности, но не все они обязательно установлены в мягкой непрерывности.

Ключевые слова: мягкое множество, мягкая непрерывность, мягкие топологические полигруппы, мяг-
кое хаусдорфово пространство, мягкое открытое покрытие, мягкий компакт, мягкая связность.
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Existence and smoothness of solutions of a singular differential
equation of hyperbolic type

This paper investigates the question of the existence of solutions to the semiperiodic Dirichlet problem for
a class of singular differential equations of hyperbolic type. The problem of smoothness of solutions is also
considered, i.e., maximum regularity of solutions. Such a problem will be interesting when the coefficients
are strongly growing functions at infinity. For the first time, a weighted coercive estimate was obtained for
solutions to a differential equation of hyperbolic type with strongly growing coefficients.

Keywords: resolvent, hyperbolic type equation, maximal regularity, unbounded domain.

1 Introduction. Formulation of results

Considered on the strip

Ω = {(x, y) : −π < x < π,−∞ < y <∞}

next problem:

(L+ λI)u = uxx − uyy + a(y)ux + c(y)u+ λu = f(x, y) ∈ L2(Ω), (1)

u(−π, y) = u(π, y), ux(−π, y) = ux(π, y),−∞ < y <∞. (2)

Further, we assume that the coefficients a(y), c(y) satisfy the conditions:
i) |a(y)| ≥ δ0 > 0, c(y) ≥ δ > 0 are continuous functions in R(−∞,∞);
ii) µ0 = sup

|y−t|≤1

a(y)
a(t) <∞, µ = sup

|y−t|≤1

c(y)
c(t) <∞;

iii) c(y) ≤ c0 · c2(y) for all y ∈ R, c0 > 0 is a constant number.
Here it has to be noted that a(y) and c(y) can be unlimited functions at infinity.
The existence and uniqueness, as well as the qualitative behavior, of solutions for differential

equations of hyperbolic type, were studied in [1–14]. In these works, Darboux and Goursat problems
and the Cauchy problem, periodic and some boundary value problems for differential equations of
hyperbolic type with constant or variable bounded coefficients were examined.

In this paper, in the space L2(Ω), we study questions about the existence, uniqueness of solutions,
and also the smoothness of solutions to a periodic problem without initial conditions [13] for a
differential equation of hyperbolic type with strongly increasing coefficients at infinity.

In our previous paper [14], we studied a differential operator of hyperbolic type in the space L2(R2).
In contrast to [14], in this paper, on a strip, we consider the so-called periodic problem without

initial conditions. Here we note that in the future, this work will allow us to study questions about
the compactness of the resolvent, about estimates for the singular (s-numbers) and eigenvalues of a
differential operator of hyperbolic type corresponding to problem (1)–(2).

∗Corresponding author.
E-mail: musahan_m@mail.ru
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Definition 1. We say that function u(x, y) ∈ L2(Ω) is a strong solution to problem (1)–(2), if there
is a sequence {un} ⊂ C∞0,π(Ω) such that

‖un − u‖L2(Ω) → 0, ‖(L+ λI)un − f‖L2(Ω) → 0 for n→∞,

where C∞0,π(Ω) is the set consisting of infinitely differentiable finite functions with respect to variable
y and satisfying conditions (2) with respect to variable x.

Theorem 1. Let the condition i) be fulfilled. Then for λ ≥ 0 for any f(x, y) ∈ L2(Ω) there is a
unique strong solution to the problem (1)–(2), and the equality is true

u(x, y) = (L+ λI)−1 f =
∞∑

n=−∞
(ln + λI)−1 fn(y) · einx,

where f(x, y) ∈ L2(Ω), f(x, y) =
∞∑

n=−∞
fn(y) · einx, fn(y) =< f(x, y), einx > are fourier coefficients,

i2 = −1, < ·, · > is the scalar product in L2(Ω),

(ln + λI)u = −u′′(y) + (−n2 + ina(y) + c(y) + λ)u(y), u ∈ D(ln).

Theorem 2. Let the condition i) be fulfilled. Then for λ ≥ 0 for any f(x, y) ∈ L2(Ω) there is a
unique strong solution to the problem (1)–(2), and the equality is true

‖uxx − uyy‖2 + ‖uy‖2 + ‖a(y)ux‖2 + ‖c(y)u‖2 ≤ c · ‖f‖2,

where c > 0 is constant number.

2 Proof of theorems 1-2

Using the Fourier method, we reduce problem (1)–(2) to the study of the following differential
operator with negative discrete parameter n (n = 0,±1,±2, ...):

(ln + λI)u = −u′′(y) + (−n2 + ina(y) + c(y) + λ)u(y), u ∈ D(ln),

where D(ln) is the domain of the operator ln.
Consider two cases:
I. Let be (n = 0). In this case, the operator l0 is the Sturm–Liouville operator.
This operator has been studied thoroughly in [15–21].
II. Let be n 6= 0. In this case, it is easy to see that the first term in the coefficient (−n2 + ina(y) +

c(y) + λ) tends to −∞ , i.e. −n2 → −∞ .
In this case, the ln operator is not a semi-bounded operator. Consequently, the methods that have

been worked out for the Sturm–Liouville operator L = − d2

dx2
+ q(x)u turn out to be poorly adapted to

the study of the Sturm–Liouville operator with a negative parameter.
Let us take {ϕj} the set of non-negative functions from C∞0 (R) such that∑

j

ϕ2
j ≡ 1, sup p ϕj ⊂ 4j ,

⋃
j

4j = R,

where 4j = (j − 1, j + 1), j = 0,±1,±2, ... the multiplicity of the intersection of which is not higher
than three. The existence of such a covering follows from the results of [22].

Continue a(y) , c(y) from 4j for all R . The resulting functions will be denoted by aj(y) and cj(y).
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These functions are bounded and periodic functions. Denote by (ln,j,α+λI) the closure of operator

(ln,j,α + λI)u = −u′′(y) + (−n2 + in(aj(y) + α) + cj(y) + λ)u

defined on C∞0 (R). We introduced the real number α to evaluate the norm of the operator Dy(ln,j,α +
λI)−1 in the space L2(Ω) , where Dy = ∂

∂y . The sign of the number α is chosen as follows: α · b(y) > 0
at y ∈ R.

In the course of the proof using Lemma 3, we will get rid of this number.
Lemma 1. Suppose that the coefficients of the operator ln,j,α + λI satisfy condition i). Then for

λ ≥ 0:
1) for the differential operator ln,j,α+λI at λ ≥ 0, there is a bounded inverse operator (ln,j,α+λI)−1

defined at all L2(R).
2) the resolvent of the operator ln,j,α + λI satisfies the following estimates:
a) ‖(ln,j,α + λI)−1‖2→2 ≤ c

(δ+λ)
1
2
, c > 0 — constant number independent of n, j, α;

b) ‖ ddy (ln,j,α + λI)−1‖2→2 ≤ c

(δ+λ)
1
4
, c > 0 — constant number independent of n, j, α;

c) ‖(ln,j,α + λI)−1‖2→2 ≤ 1
|n|·|a(ỹj)| , n 6= 0, c > 0 — constant number independent of n, j, α;

d) ‖(ln,j,α + λI)−1‖2→2 ≤ 2·c
c(yj)+λ , c > 0 — constant number independent of n, j, α;

where ‖ · ‖2→2 — is the norm of the operator (ln,j,α + λI)−1 in space L2(R), |a(ỹj)| = min
y∈4j

|a(y)|,

|c(yj)| = min
y∈4j

|c(y)|.

Lemma 1 is proved using functionals < (ln,j,α + λI)u, u >, < (ln,j,α + λI)u,−inu > (n =
0,±1,±2, ...) and repeating the calculations and arguments for these functionals, which were used
in the proof of Lemma 2.1 [22] and Lemmas 4–6 [23].

Now, consider the differential operator

(ln,α + λI)u = −u′′ + (−n2 + in(a(y) + α) + c(y) + λ) · u,

which is a closure in L2(R) of the following operator originally defined on C∞0 (R):

(ln,α + λI)u = −u′′ + (−n2 + in(a(y) + α) + c(y) + λ) · u.

We introduce the operator

Kλ,αf =
∑
{j}

ϕj(ln,j,α + λI)−1ϕjf, f ∈ L2(R).

The following lemma is proved with the help of calculations and arguments that were used in the
proof of Theorem 1.1–1.3 in [22] and Theorem 1 in [23].

Lemma 2. Suppose that the coefficients of the operator ln,j,α+λI satisfy condition i). Then there is
a number λ0 > 0 such that for the operator ln,j,α + λI for λ ≥ λ0 there is a resolvent and the equality

(ln,j,α + λI)−1f = Kλ,α(I −Mλ,α)−1f, f ∈ L2(R)

holds, where Mλ,αf =
∑
{j}
ϕ
′′
j (ln,j,α + λI)−1ϕjf + 2

∑
{j}
ϕ
′
j
d
dy (ln,j,α + λI)−1ϕjf , f ∈ L2(R).

Lemma 3. Suppose that the coefficients of the operator ln,j,α + λI satisfy condition i). Then there
is a number λ0 > 0 such that for the operator ln+λI (n = 0,±1,±2, ...) for λ ≥ λ0 there is a resolvent
and the equality

(ln + λI)−1f = (ln,α + λI)−1(I −Mλ,α)−1f, f ∈ L2(R)
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holds, whereMλ,α = inα(ln,α+λI)−1 (n = 0,±1,±2, ...) and the operator’s normMλ,α: ‖Mλ,α‖2→2 < 1.

Using the method used in the proof of Lemma 9 in [23], we obtain the proof of Lemma 3.
Proof of Theorem 1. Using the scalar product < (L + λI)u, u > for all u ∈ D(L) and taking into

account the condition i), we obtain that

‖(L+ λI)u‖2 ≥ c · ‖u‖2,

where c(δ) > 0 is a constant number. Further, repeating the calculations and arguments used in the
proof of Theorem 1 in [23], we obtain the proof of Theorem 1.

Proof of Theorem 2. Taking into account conditions ii)–iii), and also using the method used in the
proof of Theorems in [24–26], we obtain the proof of Theorem 2.
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Гиперболалық типтегi сингулярлық дифференциалдық теңдеудiң
шешiмдерiнiң бар болуы және тегiстiгi

Мақалада гиперболалық типтi сингулярлық дифференциалдық теңдеулер класы үшiн жартылай
периодтық Дирихле есебiнiң шешiмдерiнiң бар екендiгi туралы мәселе зерттелген. Сонымен қатар
шешiмдердiң тегiстiгi туралы мәселе, яғни шешiмдердiң максималды регулярлығы қарастырылған.
Коэффициенттерi шексiздiкте жылдам өсетiн функциялар болғанда мұндай есеп қызықты болады.
Осы жұмыста бiрiншi рет коэффициенттерi жылдам өсетiн гиперболалық типтi дифференциалдық
теңдеудiң шешiмдерi үшiн салмақты коэрцитивтi бағалаулар алынған.

Кiлт сөздер: резольвента, гиперболалық типтес теңдеу, максималды регулярлық, шексiз облыс.
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М.Б. Муратбеков, Е.Н. Баяндиев
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Существование и гладкость решений сингулярного
дифференциального уравнения гиперболического типа

В статье изучен вопрос о существовании решений полупериодической задачи Дирихле для одно-
го класса сингулярных дифференциальных уравнений гиперболического типа. Также рассмотрена
задача о гладкости решений, т.е. максимальная регулярность решений. Данная задача будет интерес-
ной, когда коэффициенты являются сильно растущими функциями на бесконечности. По-видимому,
в настоящей работе впервые получена весовая коэрцитивная оценка решений дифференциального
уравнения гиперболического типа с сильно растущими коэффициентами.

Ключевые слова: резольвента, уравнение гиперболического типа, максимальная регулярность, беско-
нечная область.
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Multipliers in weighted Sobolev spaces on the axis
This work establishes necessary and sufficient conditions for the boundedness of one variable differential
operator acting from a weighted Sobolev space W l

p,v to a weighted Lebesgue space on the positive real
half line. The coefficients of differential operators are often assumed to be pointwise multipliers of function
spaces. The author introduces pointwise multipliers in weighted Sobolev spaces; obtains the description
of the space of multipliers M(W1 → W2) for a pair of weighted Sobolev spaces (W1,W2) with weights of
general type.

Keywords: Sobolev space, pointwise multiplier, weighted space, differential operator, admissible function,
slow variation condition, Otelbaev function.

The results obtained in this paper can be regarded as a natural extension of certain results (in
dimension one) of the monograph "Theory of multipliers in spaces of differentiable functions" by
the authors V.G. Maz’ya and T.O. Shaposhnikova [1]. Such a book is currently the only work in
which the theory of pointwise multipliers in unweighted spaces of differentiable functions is treated
systematically. A part of the chapters of this work are devoted to multipliers in classical Sobolev
spaces W k

p , k ≥ 1− integer, 1 ≤ p <∞.
For the latest developments of pointwise multipliers we refer to the monographs [1], [2], which are

entirely devoted to this topic. Let us point out some specific directions through the works [3–6].
Let X, Y be Banach spaces whose elements are functions y : Ω → R (C). We say that a function

z : Ω→ R (C) such that a multiplication operator

Ty = zy, y ∈ X,

is bounded from X to Y , is a multiplier for the pair (X,Y ). We denote by M(X → Y ) the space of
all multipliers for the pair (X,Y ). We introduce the norm

‖z; M(X → Y )‖ = ‖T ; X → Y ‖ ,

in M(X → Y ) [1]. Different kinds of problems arise in the theory of multipliers. The first problem is
the problem of describing the space M(X → Y ) for the pair (X,Y ). Further, there are problems with
studying differential operators as operators acting in the space of multipliers such as the problem of
norm evaluation.

We denote by Lq,ω(I), I = [0,∞), the weighted Lebesgue space of all measurable functions in I
with the norm

‖f‖q,ω = ‖f ; Lq,ω (I)‖ =

∫
I

|f (x)|q ω(x) dx

 1
q

<∞ (1 ≤ q <∞) ,

Lq(I) = Lq,ω(I), ω ≡ 1. Here ω(·) is a weight in I, i.e., it is an almost everywhere positive locally
integrable function.

∗Corresponding author.
E-mail: aigul.myrzagalieva@astanait.edu.kz
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Below Al(I) is a class of all functions y in I having absolutely continuous derivatives up to order
l − 1 in I.

Let ω0, ω1 be weighted functions in I. Let l ≥ 1 be an integer. We denote by W l
q,ω0,ω1

(I) the
weighted Sobolev space of all functions y ∈ Al(I) equipped with the following weighted norm∥∥∥y; W l

q,ω0,ω1
(I)
∥∥∥ =

∥∥∥y(l); Lq,ω0(I)
∥∥∥+ ‖y; Lq,ω1(I)‖ .

The purpose of this paper is to obtain the description of the space M(W l
p,v(I)→Wm

q,ω0,ω1
(I)).

We define as a length function in I any positive and right-continuous function h(·) (h(·) is a l.f.).
We denote by ∆(x) the segment [x, x+ h(x)] for the l.f. h(·).

Definition 1. A weighted function v in I is called admissible with respect to the length function
h(·), if there exist 0 < δ < 1, 0 < τ ≤ 1, such that the following inequality is true

h(x)
l− 1

p inf
{e}

 ∫
∆(x)\e

v(t) dt


1
p

≥ τ (1)

for all ∆(x), x ∈ I. In (1) the infimum is taken over all measurable subset e of ∆(x) with Lebesgue
measure |e| ≤ δ |∆(x)|. We denote by Πl,p(δ, τ) the set of admissible weights v with respect to the
l.f. h(·).

Let us give some examples.
Example 1. Since

h(x)
l− 1

p inf
{e}

 ∫
∆(x)\e

v(t) dt


1
p

≥ (1− δ)
1
p = τ,

the function v ≡ 1 is admissible with respect to the l.f. h(·) = 1.
Definition 2. We say that a function ω(·) > 0 satisfies the slow variation condition with respect to

the l.f. h(·), if there exist constants 0 < b1 < 1 < b2 such that

b1ω(x) ≤ ω(t) ≤ b2ω(x) for all t ∈ ∆(x). (2)

Example 2. Let v(·) > 0 satisfy the slow variation condition (2) with respect to the l.f.
h(x) = v(x)

− 1
lp . Then v is admissible with respect to the l.f. h(x) = v(x)

− 1
lp with τp = b1(1− δ). The

proof is trivial.
Every power function v (x) = (1 + x)µ (x ≥ 0), 0 < µ < +∞ satisfies the slow variation condition

with respect to the l.f. h (x) = (1 + x)
− µ
lp in I. Indeed,(

1 + t

1 + x

)µ
≤ 2µ = b2,

(
1 + t

1 + x

)µ
≥ 1 > 2−µ = b1

for all t ∈ ∆(x).
Definition 3. We say that a weight v satisfies the condition A(δ,β) (0 < δ, β < 1) with respect to

the length function h(·) in I, if for any interval ∆ = [a, b] ⊂ ∆(x) = [x, x + h(x)] (x ≥ 0) and any
measurable subset e of ∆ with the Lebesgue measure |e| ≤ δ|∆| the following inequality holds∫

e

v(t) dt ≤ β
∫
∆

v(t) dt.
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We denote by A(δ,β) the set of all weights v which satisfy the condition A(δ,β) with respect to the l.f.
h(·). For example, if b2b−1

1 δ < 1 in (2), then v ∈ A(δ,β) with β = b2b
−1
1 δ.

Let v∗ be an Otelbaev function [7]. Namely

v∗(x) = sup

h > 0: hlp−1

x+h∫
x

v(t) dt ≤ 1

 .

We first show that 0 < v∗(x) <∞ for all x ≥ 0. To do this, we note that

M(x, h; v)
def
= hlp−1

x+h∫
x

v(t) dt −−−−→
h→0+

0

and that M(x, h; v)→∞ if h→∞. Hence, there exist δx > 0 and Tx > 0, such that

M(x, h; v) ≤ 1, if 0 < h ≤ δx,M(x, h; v) > 1, if h ≥ Tx.

Therefore, we obtain

(0, δx) ⊂ Hx,v = {h > 0: M(x, h; v) ≤ 1} ⊂ (0, Tx), δx ≤ supHx,v = v∗(x) ≤ Tx.

The function v∗(·) is right-continuous in I. By using absolute continuity property of the integral, we
can imply that

v∗(x)lp−1

x+v∗(x)∫
x

v(t) dt = 1.

Example 3. Any weight v ∈ A(δ,β) (with respect to the l.f. h(x) = v∗(x)) in I is admissible with
respect to the l.f. h(x) = v∗(x). Thus, for all e ⊂ ∆∗(x) = [x, x+ v∗(x)] with the measure |e| ≤
δ|∆∗(x)|, we have

v∗(x)lp−1 inf
{e}

∫
∆∗(x)\e

v(t) dt = v∗(x)lp−1 inf
{e}

 ∫
∆∗(x)

v(t) dt−
∫
e

v(t) dt

 ≥
≥ (1− β)v∗(x)lp−1

∫
∆∗(x)

v(t) dt = 1− β = τ.

Let C l[a, b] (−∞ < a < b <∞) be a space of all functions y, having continuous derivatives up to
order l in [a, b].

Lemma 1. [8] Let v belong to Πl,p(δ, τ) with respect to the l.f. h(·). Then there exists a constant
C∗ = C∗(δ, τ) > 1 such that

h(x)−lp
x+h(x)∫
x

|y|p dt ≤ C∗
x+h(x)∫
x

(∣∣∣y(l)
∣∣∣p + |y|p v(t)

)
dt (x ≥ 0)

for all y ∈ C l (∆), where ∆ = [x, x+ h(x)].
Lemma 2. Let 1 ≤ p, q < ∞. Let 0 ≤ j < l be integers. Let v ∈ Πl,p(δ, τ) with respect to the l.f.

h(·). Let ω ∈ L+
loc(I), dω(t) = ω(t) dt. Then

max
[x,x+h(x)]

|y(j)(t)| ≤ (c∗ + 1)A(l, j, p)×
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×h(x)l−j−1/p

(∫ x+h(x)

x
|y(l)(t)|p dt+

∫ x+h(x)

x
|y(t)|pv(t) dt

)1/p

, (3)

(∫ x+h(x)

x
|y(j)(t)|q dω(t)

)1/q

≤ (c∗ + 1)A(l, j, p, q)h(x)l−j−1/p×

×

(∫ x+h(x)

x
ω(t) dt

)1/q (∫ x+h(x)

x
|y(l)(t)|p dt+

∫ x+h(x)

x
|y(t)|pv(t) dt

)1/p

.

Here we consider a differential operator of the form

Ly =
m∑
k=0

ρk(x)y(k) (x ≥ 0), (4)

where ρk(·) ∈ Lloc(I), I = [0,∞), m ≥ 1 is an integer. In the sequel, we assume that L is defined on
a subspace D(L) of W l

p,v. Here we will investigate the boundedness of the operator L : W l
p,v → Lq,ω,

l > m ≥ 1.
Theorem 1. Let l > m ≥ 1 be integers. Let 1 < p ≤ q <∞. Let v belong to Πl,p(δ, τ) with respect

to the l.f. h(·). Let (dω(t) = ω(t) dt)

Rk = sup
x≥0

h(x)
l−k− 1

p

{∫ x+h(x)

x
|ρk(t)|q dω(t)

} 1
q

<∞

for k = 0, 1, . . . ,m. Then the operator L in (4) is bounded from W l
p,v(I) to Lq,ω(I). Here the norm

satisfies the inequality ∥∥∥L; W l
p,v(I)→ Lq,ω(I)

∥∥∥ ≤ c m∑
k=0

Rk.

Proof. Let y ∈ D(L) ⊂W l
p,v. For the k-th summand in (4), we have

∥∥∥ρky(k)
∥∥∥q
q,ω

=

∫ ∞
0

∣∣∣ρky(k)
∣∣∣q dω(t) =

∞∑
j=0

∫
∆j

∣∣∣ρky(k)
∣∣∣q dω(t),

where the system of segments {∆j} , j ≥ 0, is constructed as follows

∆j+1 = [xj , xj+1] , xj+1 = xj + h(xj) (x0 = 0) .

By virtue of (3), we obtain∫ ∞
0

∣∣∣ρk(t)y(k)
∣∣∣q dω(t) =

∞∑
j=0

∫
∆j

∣∣∣ρk(t)y(k)
∣∣∣q dω(t) ≤

≤
∞∑
j=0

(
max
∆j

∣∣∣y(k)
∣∣∣)q ∫

∆j

|ρk(t)|q dω(t) ≤

≤
∞∑
j=0

(1 + c∗)
1
p A(l, k, p) |∆j |l−k−

1
p

[∫
∆j

(∣∣∣y(l)
∣∣∣p + v(t) |y|p

)
dt

] 1
p

q

×
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×
∫

∆j

|ρk(t)|q dω(t) ≤ c̃ql,k,p
∞∑
j=0

|∆j |l−k−
1
p

(∫
∆j

|ρk(t)|q dω(t)

) 1
q

q ×
×

[∫
∆j

(∣∣∣y(l)
∣∣∣p + v(t) |y|p

)
dt

] q
p

≤ c̃ql,k,pR
q
k

∥∥∥y; W l
p,v(I)

∥∥∥q ,
where c̃l,k,p = A(l, k, p) (1 + c∗)

1
p .

As a result, we have

‖Ly; Lq,ω (I)‖ ≤
m∑
k=0

∥∥∥ρky(k); Lq,ω

∥∥∥ ≤ c m∑
k=0

Rk

∥∥∥y; W l
p,v(I)

∥∥∥ .
Thus the proof of Theorem 1 is complete.

Let us assume that the operator L in (4) is bounded as an operator from W l
p,v to Lq,ω, i.e.,

D(L) ⊂ W l
p,v and there exists a constant b > 0 such that(∫

I
|Ly|q dω(t)

) 1
q

≤ b ‖y; W l
p,v‖ (y ∈ D(L)). (5)

We take the function η ∈ C∞0 (I), 0 ≤ η ≤ 1, with supp (η) ⊂ [0, 1], such that η = 1 in
[

1
4 ,

3
4

]
.

Let ∆ = [x, x + h(x)], h(x) = v∗(x), ∆̃ = [x + h
4 , x + 3h

4 ]. We set y0(t) = η
(
t−x
h

)
. Then y0(t) = 1,

Ly0(t) = ρ0(t) for all t ∈ ∆̃. Therefore,(∫
∆̃
|ρ0|q dω(t)

) 1
q

=

(∫
∆̃
|Ly0|q dω(t)

) 1
q

≤ b ‖y0; W l
p,v(∆)‖. (6)

Moreover,

‖y0; W l
p,v(∆)‖ =

(∫
∆

∣∣∣y(l)
0 (t)

∣∣∣p dt) 1
p

+

(∫
∆
|y0(t)|pv(t) dt

) 1
p

=

=

(∫
∆
h−lp

∣∣∣∣η(l)

(
t− x
h

)∣∣∣∣p dt) 1
p

+

(∫
∆
v(t) dt

) 1
p

≤ (7)

≤ h−l+
1
p (c∗l + 1) ,

where c∗l = ‖η(l); C[0, 1]‖ = max
t∈[0,1]

|η(l)(t)|.

Recall that the following equality holds in ∆

h
l− 1

p

(∫
∆
v(t) dt

) 1
p

= 1.

By (6), (7), we obtain (∫
∆̃
|ρ0|q dω(t)

) 1
q

≤ c̃0 b h
−l+ 1

p , (8)

where c̃0 = c∗l + 1. We take the function y1(t) = (t − x)y0(t). We have |y1(t)| =
∣∣(t− x)η

(
t−x
h

)∣∣ =

|t−x| ≤ h, |y′1(t)| = |(t−x)y′0(t) + y0(t)| = 1,
∣∣∣y(k)

1 (t)
∣∣∣ = 0 for any t ∈ ∆̃, when k ≥ 2. Therefore, from

(5) it follows that (∫
∆̃
|ρ1|q dω(t)

) 1
q

=
∥∥∥Ly1 − ρ0y1; Lq,ω(∆̃)

∥∥∥ ≤
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≤ ‖Ly1; Lq,ω(∆̃)‖+ ‖ρ0y1; Lq,ω(∆̃)‖ ≤ b ‖y1; W l
p,v(∆)‖+ c̃0 b h

1−l+ 1
p . (9)

We have ∣∣∣y(l)
1 (t)

∣∣∣ =

∣∣∣∣∣∣
l∑

j=0

(
l

j

)
(t− x)(j)h−(l−j)η(l−j)

(
t− x
h

)∣∣∣∣∣∣ ≤
≤
∣∣∣∣( l0
)

(t− x)h−lη(l)

(
t− x
h

)∣∣∣∣+

∣∣∣∣( l1
)
h−(l−1)η(l−1)

(
t− x
h

)∣∣∣∣ ≤ h−l+1

[(
l

0

)
c∗l +

(
l

1

)
c∗l−1

]
.

Hence, ∥∥∥y1; W l
p,v(∆)

∥∥∥ =
∥∥∥y(l)

1 ; Lp(∆)
∥∥∥+

(∫
∆

∣∣∣∣(t− x)η

(
t− x
h

)∣∣∣∣p v(t) dt

) 1
p

≤

≤ h1−l+ 1
p

{(
l

0

)
c∗l +

(
l

1

)
c∗l−1 + 1

}
= h

1−l+ 1
p

1 +
1∑
j=0

(
l

j

)
c∗l−j

 . (10)

By (8)–(10), we have

(∫
∆̃
|ρ1|q dω(t)

) 1
q

≤ b h1−l+ 1
p

1 +

1∑
j=0

(
l

j

)
c∗l−j

+ c̃0 b h
1−l+ 1

p =

= b h
1−l+ 1

p


1∑
j=0

(
l

j

)
c∗l−j + c̃0 + 1

 = c̃1 b h
1−l+ 1

p .

Let us assume that for any k (1 ≤ k < m) following estimates hold∥∥∥ρj ; Lq,ω(∆̃)
∥∥∥ ≤ b hj−l+ 1

p c̃j (0 ≤ j ≤ k − 1).

Then we take yk(t) = (t− x)ky0(t), and we have

yk(t) = (t− x)k,

y
(j)
k (t) = k(k − 1) . . . (k − j + 1)(t− x)k−j (1 ≤ j ≤ k),

y
(j)
k (t) = 0 (j > k)

for all t ∈ ∆̃. Thus, (∫
∆̃
|ρk(t)|q dω(t)

) 1
q

=
1

k!

(∫
∆̃

∣∣∣ρk(t)y(k)
k

∣∣∣q dω(t)

) 1
q

=

=
1

k!

∫
∆̃

∣∣∣∣∣∣Lyk(t)−
k−1∑
j=0

ρj(t)y
(j)
k

∣∣∣∣∣∣
q

dω(t)


1
q

≤

≤ 1

k!

∥∥∥Lyk; Lq,ω(∆̃)
∥∥∥+

k−1∑
j=0

∥∥∥ρjy(j)
k ; Lq,ω(∆̃)

∥∥∥
 ≤

≤ 1

k!
b
∥∥∥yk; W l

p,v(∆)
∥∥∥+

1

k!

k−1∑
j=0

∥∥∥ρjy(j)
k ; Lq,ω(∆̃)

∥∥∥ ≤
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≤ 1

k!
b
{∥∥∥y(l)

k ; Lp(∆)
∥∥∥+ ‖yk; Lp,v(∆)‖

}
+

k−1∑
j=0

1

(k − j)!
hk−j

∥∥∥ρj ; Lq,ω(∆̃)
∥∥∥ ≤

≤ 1

k!
b


∫

∆

∣∣∣∣∣∣
k∑
j=0

(
l

j

)(
(t− x)k

)(j)
hj−lη(l−j)

(
t− x
h

)∣∣∣∣∣∣
p

dt


1
p

+

+

(∫
∆
|yk|pv(t) dt

) 1
p

}
+

+

k−1∑
j=0

1

(k − j)!
hk−j

(∫
∆̃
|ρj |q dω(t)

) 1
q

≤ b hk−l+
1
p c̃k.

So, we have (∫ x+3h/4

x+h/4
|ρk(t)|q dω(t)

)1/q

� b h
k−l+ 1

p (h = v∗(x), 0 ≤ k ≤ m).

Theorem 2. Let l > m ≥ 1 be integers, 1 < p < ∞, 1 ≤ q < ∞, lp > 1. Let the operator L in (4)
be bounded from W l

p,v to Lq,ω. Then (dω(t) = ω(t) dt)

R̃k = sup
x≥0

v∗(x)
l−k− 1

p


x+

3v∗(x)
4∫

x+
v∗(x)

4

|ρk(t)|q dω(t)


1
q

≤ c̃k
∥∥∥L; W l

p,v → Lq,ω

∥∥∥ . (11)

Proof. We have the fulfillment of condition (5) with b =
∥∥L; W l

p,v → Lq,ω
∥∥ . In this case, we have

shown that the following inequality holds

v∗(x)
l−k− 1

p


x+

3v∗(x)
4∫

x+
v∗(x)

4

|ρk(t)|q dω(t)


1
q

≤ c̃k
∥∥∥L; W l

p,v → Lq,ω

∥∥∥
for all x ≥ 0. Then it follows the validity of inequality (11). The proof of Theorem 2 is complete.

We set R∗ =
m∑
k=0

R∗k, where R
∗
k = Rk with h(x) = v∗(x), and R̃∗ =

m∑
k=0

R̃k.

Theorem 3. Let l > m ≥ 1 be integers, 1 < p ≤ q <∞. Let v be in A(δ,β). Let R∗ <∞. Then the
operator L in (4) is bounded from W l

p,v to Lq,ω. Furthermore,

c0R̃
∗ ≤

∥∥∥L; W l
p,v → Lq,ω

∥∥∥ ≤ c1R
∗.

The statements of Theorem 3 are direct consequences of Theorem 1 and Theorem 2.
Theorem 4. Let l > m ≥ 1 be integers, 1 < p ≤ q < ∞. Let v ∈ Πl,p(δ, τ) with respect to the

l.f. h(·) in I. Let µ ∈ Am(I). If

Mk,µ,ω0 = sup
x≥0

h(x)
l−k− 1

p


x+h(x)∫
x

∣∣∣µ(m−k)(t)
∣∣∣q dω0(t)


1
q

<∞ (k = 0, 1, . . . ,m),
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M0,µ,ω1 = sup
x≥0

h(x)
l− 1

p


x+h(x)∫
x

|µ(t)|q dω1(t)


1
q

<∞,

then µ ∈M(W l
p,v →Wm

q,ω0,ω1
). Moreover,

∥∥∥µ; M(W l
p,v →Wm

q,ω0,ω1
)
∥∥∥ ≤ C [ m∑

k=0

Mk,µ,ω0 +M0,µ,ω1

]
,

where C = C(n, l, p, q) > 0.
Proof. We have

‖µy;Wm
q,ω0,ω1

‖q =

∫ ∞
0

(
|(µy)(m)|qω0 + |µy|qω1

)
dt.

Since (µy)(m)(t) = Ly, ρk = m!
k!(m−k)!µ

(m−k), it follows that∫ ∞
0
|(µy)(m)|qω0(t) dt =

∫ ∞
0
|Ly|qω0(t) dt = ‖Ly;Lq,ω0‖q

and ∫ ∞
0
|µy|qω1(t) dt ≤ c

∑
j

h
(l−1/p)q
j

(∫
∆j

|µ|qω1

)
‖y;W l

p,v‖q ≤

≤

sup
x
h(x)l−1/p

(∫
∆j

|µ|qω1

)1/q
q

‖y;W l
p,v‖q.

Thus, the proof of Theorem 4 follows the lines of the proof of Theorem 1.
Theorem 5. Let 1 < p ≤ q <∞. Let l > m ≥ 1 be integers. If µ ∈M(W l

p,v →Wm
q,ω0,ω1

), then

∥∥∥µ; M(W l
p,v →Wm

q,ω0,ω1
)
∥∥∥ ≥ C [ m∑

k=0

M∗k,µ,ω0
+M∗0,µ,ω1

]
,

where

M∗k,µ,ω0
= sup

x≥0
v∗(x)

l−k− 1
p


x+

3v∗(x)
4∫

x+
v∗(x)

4

∣∣∣µ(m−k)(t)
∣∣∣q dω0(t)


1
q

<∞,

M∗0,µ,ω1
= sup

x≥0
v∗(x)

l− 1
p


x+

3v∗(x)
4∫

x+
v∗(x)

4

|µ(t)|q dω1(t)


1
q

<∞.

The constant C does not depend on h(·), v and µ.
Proof. By µ ∈M(W l

p,v →Wm
q,ω0,ω1

) it follows that

‖µ;M(W l
p,v →Wm

q,ω0,ω1
)‖ ≥ ‖(µy)(m);Lq,ω0‖

‖y;W l
p,v‖

+
‖µy;Lq,ω1‖
‖y;W l

p,v‖
.

Then

‖µ;M(W l
p,v →Wm

q,ω0,ω1
)‖ ≥ sup

06=y∈W l
p,v

‖(µy)(m);Lq,ω0‖
‖y;W l

p,v‖
= ‖L;W l

p,v → Lq,ω0‖,
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where Ly =
m∑
k=0

ρky
(k), ρk = ckµ

(m−k). By Theorem 3, we obtain

‖µ;M(W l
p,v →Wm

q,ω0,ω1
)‖ ≥ c0

m∑
k=0

sup
x≥0

M∗k,µ,ω0

Next, we take a function y0(t) defined as in Theorem 2. Then

‖µ;M(W l
p,v →Wm

q,ω0,ω1
)‖ ≥

(
x+3v∗(x)/4∫
x+v∗(x)/4

|µ|q dω1

)1/q

(
x+v∗(x)∫

x
|y(l)

0 |p dt

)1/p

+

(
x+v∗(x)∫

x
|y0|pv(t) dt

)1/p
≥

≥

(
x+3v∗(x)/4∫
x+v∗(x)/4

|µ|q dω1

)1/q

(
h1−lp

1∫
0

|η(l)|p dξ
)1/p

+

(
x+v∗(x)∫

x
|y0|pv(t) dt

)1/p
≥ c1M

∗
0,µ,ω1

.

Thus, the proof of Theorem 5 is complete.
Corollary 1. Let l > m ≥ 1, 1 < p ≤ q <∞. Let µ ∈ Cm(I). Then µ ∈ M(W l

p → Wm
q,ω0,ω1

) if and
only if

Uk = sup
x≥1

x+1∫
x

|µ(m−k)|q dω1 <∞ (k = 0, 1, . . . ,m),

V = sup
x≥1

x+1∫
x

|µ|q dω0 <∞.
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А. Мырзағалиева

Astana IT University, Нұр-Сұлтан, Қазақстан

Осьтегi салмақты Соболев кеңiстiктерiндегi мультипликаторлар
Жұмыста W l

p,v салмақты Соболев кеңiстiгiнен салмақты Лебег кеңiстiгiне оң нақты жартылай түзу-
де әсер ететiн бiр айнымалы дифференциалдық оператордың шектелуi үшiн қажеттi және жеткiлiк-
тi шарттар анықталған. Дифференциалдық операторлардың коэффициенттерiн мультипликаторлар
ретiнде қарастыру заңды екенi белгiлi. Салмақты Соболев кеңiстiктерiнде нүктелiк мультипликатор-
лар енгiзiлген. Жалпы типтi салмақтары бар (W1,W2) салмақты Соболев кеңiстiктерiнiң жұбы үшiн
M(W1 → W2) кеңiстiгiнiң сипаттамасы алынған.

Кiлт сөздер: Соболев кеңiстiгi, нүктелiк көбейткiш, салмақты кеңiстiк, дифференциалдық оператор,
рұқсат етiлген функция, баяу вариация шарты, Өтелбаев функциясы.

А. Мырзагалиева

Astana IT University, Нур-Султан, Казахстан

Мультипликаторы в весовых пространствах Соболева на оси
В статье установлены необходимые и достаточные условия ограниченности дифференциального опе-
ратора одной переменной, действующего из весового пространства Соболева W l

p,v в весовое простран-
ство Лебега на положительной вещественной полупрямой. Хорошо известно, что коэффициенты диф-
ференциальных операторов естественно рассматривать как мультипликаторы. Мы вводим точечные
мультипликаторы в весовых пространствах Соболева. Получено описание пространства M(W1 → W2)
для пары весовых пространств Соболева (W1,W2) с весами общего типа.

Ключевые слова: пространство Соболева, точечный мультипликатор, весовое пространство, диффе-
ренциальный оператор, допустимая функция, условие медленного колебания, функция Отельбаева.
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Some Convergent Summation Theorems For
Appell’s Function F1 Having Arguments −1, 1

2

In this paper, we obtain some closed forms of hypergeometric summation theorems for Appell’s function of
first kind F1 having the arguments −1, 1

2
with suitable convergence conditions, by adjustment of parameters

and arguments in generalized form of first, second and third summation theorems of Kümmer and others.

Keywords: generalized hypergeometric function, Appell’s function of first kind, Kümmer’s first, second and
third summation theorems.

Introduction

A great interest in the theory of hypergeometric functions (that is, hypergeometric functions of
several variables) is motivated essentially by the fact that the solutions to many applied problems
involving (for example) partial differential equations are obtainable with the help of such hypergeometric
functions (see, for details, [1; 47]; [2] and the references cited therein). For instance, the energy absorbed
by some non-ferromagnetic conductor sphere included in an internal magnetic field can be calculated
through such functions [3, 4]. Hypergeometric functions of several variables are used in physical and
quantum chemical applications as well [5–7].

The extensive development of the theories of hypergeometric functions of a single variable has led
to a full-scale investigation of corresponding theories in two or more variables. In 1880, Appell [8–10]
considered the product of two Gauss’s hypergeometric functions 2F1 to obtain four Appell’s functions
F1, F2, F3, and F4 in two variables. Later in 1893, Lauricella [11] further generalized the four Appell
functions Fi (i = 1, 2, 3, 4) to give the functions F (n)

A , F (n)
B , F (n)

C , and F (n)
D in n-variables. It is noted

that F (1)
A = F

(1)
B = F

(1)
C = F

(1)
D = 2F1, F

(2)
A = F2, F

(2)
B = F3, F

(2)
C = F4 and F (2)

D = F1.
Over eight decades ago Chaundy [12], Burchnall-Chaundy [13], and recently several others [14–

24], systematically, presented a number of expansion and decomposition formulas for some double
hypergeometric functions, for example, the Appell’s functions Fi, in series of simpler hypergeometric
functions. Recently, Khan & Abukhammash [25] introduced and investigated 10 Appell type generalized
functions Mi (i = 1, ..., 10) by considering the product of two 3F2 functions. Here, motivated by the
above-mentioned works, Choi et al. [16] aim to introduce 18 Appell type generalized functions κi
(i = 1, ..., 18) by considering the product of two 4F3 functions.

In the usual notation, let R and C denote the sets of real and complex numbers, respectively. Also
let

N0 := N ∪ {0} , N := {1, 2, 3, . . . } = N0\{0} ,

Z−0 := {0,−1,−2, . . . } = Z− ∪ {0} , Z− := {−1,−2,−3, . . . }

and Z = Z−0 ∪ N being the sets of integers.
∗Corresponding author.
E-mail: ashfaqmaths@gmail.com
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For definitions of Pochhammer symbol, generalized hypergeometric function pFq with convergence
conditions and other useful results, we refer the monumental work of Abramowitz & Stegun [26],
Andrews et al. [27], Erdélyi et al. [28], Prudnikov et al. [29], Rainville [30], and Srivastava & Manocha
[31]. Appell’s Function of First Kind is defined as :

F1[A ; B, C ; D ; x, y] =

∞∑
r,s=0

(A)r+s(B)r(C)s
(D)r+s

xr

r!

ys

s!
.

Convergence conditions of Appell’s double series F1

(a) Appell’s series F1 is convergent when |x| < 1, |y| < 1 ; A,B,C,D ∈ C\Z−0 .

(b) Appell’s series F1 is absolutely convergent when |x| = 1, |y| = 1 ; A,B,C,D ∈ C\Z−0 ;
<(A+B −D) < 0, <(A+ C −D) < 0 and <(A+B + C −D) < 0.

(c) Appell’s series F1 is conditionally convergent when |x| = 1, |y| = 1 ; x 6= 1, y 6= 1;
A,B,C,D ∈ C\Z−0 ; <(A+B −D) < 1, <(A+ C −D) < 1 and <(A+B + C −D) < 2.

(d) Appell’s series F1 is a polynomial if A is a negative integer; B,C,D ∈ C\Z−0 .

(e) Appell’s series F1 is a polynomial if B and C are negative integers; A,D ∈ C\Z−0 .

For absolutely and conditionally convergence (b,c) of Appell’s function F1, interested readers may
consult the paper of Hài et al. [32] related to the convergence of multiple hypergeometric functions of
Kampé de Fériet.

A result of Appell and Kampé de Fériet[8], see also [31; 55, Equation 1.6(15)]:

F1[a ; b, c ; d ; 1, 1] =
Γ(d)Γ(d− a− b− c)
Γ(d− a)Γ(d− b− c)

, (1)(
<(d− a− b− c) > 0 ; d ∈ C\Z−0

)
.

Motivated by the work in equation (1) of Appell and Kampé de Fériet , we obtain some summation
theorems for Appell’s function of first kind F1 having equal argument other than unity, in section 1,
by suitable adjustment of numerator and denominator parameters.

When the values of parameters leading to the results which do not make sense are tacitly excluded,
then using series iteration technique, the Appell’s function F1 with equal argument can also be written
as [8; 23, Equation (25)]

F1[A;B,C;D;x, x] = 2F1

[
A,B + C;

D;
x

]
,

(
|x| < 1 ; A,B,C,D ∈ C\Z−0

)
. (2)

1 Some new Summations using the function F1[A;B,C;D;x, x]

Further by putting x = 1 in equation (2) and applying Gauss classical summation theorem [31; 30,
Equation 1.2(7)], we get a known result (1) of Appell and Kampé de Fériet.

In equation (2), by putting A = a,B = b, C = c, D = 1 + a − b − c − m and x = −1, using a
summation theorem [33; 1524, Equation (2.3)], we get

F1[a; b, c; 1 + a− b− c−m;−1,−1] =
Γ(1 + a− b− c−m)

2Γ(a)

m∑
r=0

{(
m

r

)
Γ( r+a

2 )

Γ( r+a+2−2b−2c−2m
2 )

}
,
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(<(b+ c) <
2−m

2
;<(2b+ c) < 2−m,<(2c+ b) < 2−m, a, b, c, b+ c,

1 + a− b− c−m ∈ C\Z−0 ; m ∈ N0).

In equation (2), by putting A = a,B = b, C = c, D = 1 + a− b− c+m and x = −1, using another
summation theorem [33; 1523, Equation (2.2)], we obtain

F1[a; b, c; 1 + a− b− c+m;−1,−1] =
Γ(1 + a− b− c+m)

2Γ(a)(1− b− c)m

m∑
r=0

{(
m

r

)
(−1)rΓ( r+a

2 )

Γ( r+a+2−2b−2c
2 )

}
,

(<(b+ c) <
2 +m

2
,<(2b+ c) < 2 +m ,<(2c+ b) < 2 +m; a, b, c, b+ c, 1 + a− b− c+m,

1− b− c ∈ C\Z−0 ; m ∈ N0).

In equation (2), by putting A = a,B = b, C = c, D = a − b − c − m and x = −1, using the
summation theorem [34; 14, Equation (3.1)], we find

F1[a ; b, c ; a− b− c−m ;−1,−1]

=
Γ(a− b− c−m)

2Γ(a)

m∑
r=0

{(
m

r

)[
Γ( r+a

2 )

Γ( r+a−2b−2c−2m
2 )

+
Γ( r+a+1

2 )

Γ( r+a−2b−2c−2m+1
2 )

]}
,

(<(b+ c) <
1−m

2
,<(2b+ c) < 1−m,<(2c+ b) < 1−m; a, b, c, b+ c,

a− b− c−m ∈ C\Z−0 ; m ∈ N0) .

In equation (2), by putting A = a,B = b, C = c, D = a − b − c + m and x = −1, using another
summation theorem [34; 14, Equation (3.2)], we have

F1[a ; b, c ; a− b− c+m ;−1,−1]

=
Γ(a− b− c+m)

2Γ(a)(−b− c)m

m∑
r=0

{(
m

r

)[
(−1)rΓ( r+a

2 )

Γ( r+a−2b−2c
2 )

+
(−1)rΓ( r+a+1

2 )

Γ( r+a−2b−2c+1
2 )

]}
,

(<(b+ c) <
1 +m

2
,<(2b+ c) < 1 +m,<(2c+ b) < 1 +m ; a, b, c, b+ c,

−b− c, a− b− c+m ∈ C\Z−0 ; m ∈ N0) .

In equation (2), by putting A = n, B = C = a
2 , D = −a−m and x = −1, using the summation

theorem [34; 14, Equation (3.3)], we get

F1

[
n;
a

2
,
a

2
;−a−m;−1,−1

]
=

Γ(−m− a)

2Γ(n)

m+n+1∑
r=0

{
(−1)r(−m− n− 1)rΓ( r+n

2 )

r!Γ( r−n−2a−2m2 )

}
,

(
<(a) < 2

3(1−m− n); n, a, −m− a ∈ C\Z−0 ; m+ n ∈ N0 ∪ {−1}
)

.
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In equation (2), A = n, B = C = a
2 , D = −a+m and x = −1, using another summation theorem

[34; 14, Equation (3.4)], we have

F1

[
n;
a

2
,
a

2
;−a+m;−1,−1

]
=

Γ(1− a)Γ(m− a)

2Γ(n)Γ(m− a− n)

m−n−1∑
r=0

{
(1 + n−m)rΓ( r+n

2 )

r!Γ(n+r+2−2a
2 )

}
,

(
<(a) <

(
1+m−n

2

)
; n, a, m− a− n, m− a ∈ C\Z−0 ; m− n ∈ N

)
.

In equation (2), by putting A = a,B = b, C = c, D = 1+a+b+c−m
2 and x = 1

2 , using the summation
theorem [29; 491, Entry (7.3.7.2)], we obtain

F1

[
a; b, c;

1 + a+ b+ c−m
2

;
1

2
,
1

2

]
=

2a−1Γ(1+a+b+c−m
2 )

Γ(a)

m∑
r=0

{(
m

r

)
Γ( r+a

2 )

Γ(1+b+c+r−m
2 )

}
,

(
a, b, c, 1+a+b+c−m

2 ∈ C\Z−0 ; m ∈ N0

)
.

In equation (2), by putting A = a,B = b, C = c, D = 1+a+b+c+m
2 and x = 1

2 , using the summation
theorem [35; 827, Theorems (1)], we find

F1

[
a; b, c;

1 + a+ b+ c+m

2
;
1

2
,
1

2

]
=

2a−1Γ(1+a+b+c+m
2 )

Γ(a)(1−a+b+c−m
2 )m

m∑
r=0

{(
m

r

)
(−1)rΓ( r+a

2 )

Γ(1+b+c+r−m
2 )

}
,

(
a, b, c, 1+a+b+c+m

2 , 1−a+b+c−m
2 ∈ C\Z−0 ; m ∈ N0

)
.

In the equation (2), by putting A = a,B = b, C = c,D = a+b+c−m
2 and x = 1

2 , using the summation
theorem [36; 48, Equation (3.1)], we have

F1

[
a; b, c;

a+ b+ c−m
2

;
1

2
,
1

2

]

=
2a−1Γ(a+b+c−m

2 )

Γ(a)

m∑
r=0

{(
m

r

)[
Γ( r+a

2 )

Γ( b+c+r−m
2 )

+
Γ( r+a+1

2 )

Γ( b+c+r−m+1
2 )

]}
,

(
a, b, c, a+b+c−m

2 ∈ C\Z−0 ; m ∈ N0

)
.

In the equation (2), by putting A = a,B = b, C = c, D = a+b+c+m
2 and x = 1

2 , using another
summation theorem [36; 48, Equation (3.3)], we get

F1

[
a; b, c;

a+ b+ c+m

2
;
1

2
,
1

2

]

=
2a−1Γ(a+b+c+m

2 )

Γ(a)( b+c−a−m
2 )m

m∑
r=0

{(
m

r

)[
(−1)rΓ( r+a

2 )

Γ( b+c+r−m
2 )

+
(−1)rΓ( r+a+1

2 )

Γ( b+c+r−m+1
2 )

]}
,

(
a, b, c, a+b+c+m

2 , b+c−a−m
2 ∈ C\Z−0 ; m ∈ N0

)
.
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In equation (2), by putting A = a,B = b, C = 1−a−b−m,D = d and x = 1
2 , using the summation

theorem [35; 828, Theorem (6)], we find

F1

[
a; b, 1− a− b−m; d;

1

2
,
1

2

]
=

Γ(d)

2a+mΓ(d− a)

m∑
r=0

{(
m

r

)
Γ(d−a+r

2 )

Γ(d+a+r
2 )

}
,

(
a, b, 1− a− b−m, d, d− a ∈ C\Z−0 ; m ∈ N0

)
.

In equation (2), by putting A = a,B = b, C = 1 − a − b + m,D = d and x = 1
2 , using another

summation theorem [35; 828, Theorem (5)], we have

F1

[
a; b, 1− a− b+m; d;

1

2
,
1

2

]
=

Γ(d)Γ(a−m)

2a−mΓ(a)Γ(d− a)

m∑
r=0

{(
m

r

)
(−1)rΓ(d−a+r

2 )

Γ(d+a+r−2m
2 )

}
,

(
a, b, 1− a− b+m, a−m, d− a, d ∈ C\Z−0 ; m ∈ N0

)
.

In equation (2), by putting A = a,B = b, C = −a− b−m, D = d and x = 1
2 , using the summation

theorem [37; 144, Equation (3.3)], we get

F1[a; b,−a− b−m; d;
1

2
,
1

2
] =

Γ(d)2−a−m−1

Γ(d− a)

m∑
r=0

{(
m

r

)[
Γ(d−a+r

2 )

Γ(d+a+r
2 )

+
Γ(d−a+r+1

2 )

Γ(d+a+r+1
2 )

]}
,

(
a, b,−a− b−m, d, d− a ∈ C\Z−0 ; m ∈ N0

)
.

In equation (2), by putting A = a,B = b, C = −a − b + m,D = d and x = 1
2 , using another

summation theorem [37; 144, Equation (3.5)], we obtain

F1

[
a; b,−a− b+m; d;

1

2
,
1

2

]
=

2−a+m−1Γ(d)Γ(a−m)

Γ(a)Γ(d− a)
×

×
m∑
r=0

{(
m

r

)
(−1)r

[
Γ(d−a+r

2 )

Γ(d+a+r−2m
2 )

+
Γ(d−a+r+1

2 )

Γ(d+a+r+1−2m
2 )

]}
,

(
a, b,−a− b+m, d, a−m, d− a ∈ C\Z−0 ; m ∈ N0

)
.

Remark

By the theory of analytic continuation some convergence conditions associated with each result can
be relaxed.
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Conclusion

We conclude our present analysis by observing that several interesting summation theorems for
Appell function of first kind can be derived in an analogous manner. Moreover, presented summation
theorems should be beneficial to those who are interested in the field of applied mathematics and
applied physics.
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−1, 1
2 аргументтерi бар F1 Апелль функциясына арналған

кейбiр конвергенттi қосындылар теоремалары

Жұмыста параметрлер мен аргументтердi Куммердiң бiрiншi, екiншi және үшiншi жиынтық тео-
ремаларының жалпыланған түрiнде сәйкес келтiру арқылы −1, 1

2
аргументтерi бар F1 бiрiншi тектi

Аппель функциясы үшiн гипергеометриялық қосындылар теоремаларының кейбiр жабық формалары
алынған.

Кiлт сөздер: жалпыланған гипергеометриялық функция, бiрiншi тектi Апелл функциясы, Куммердiң
бiрiншi, екiншi және үшiншi жиынтық теоремалары.
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Некоторые теоремы о сходящемся суммировании
для функции Аппеля F1 с аргументами −1, 1

2

В статье мы получаем некоторые замкнутые формы гипергеометрических теорем суммирования для
функции Аппеля первого рода F1 с аргументами −1, 1

2
с подходящими условиями сходимости путем

подгонки параметров и аргументов в обобщенной форме первой, второй и третьей суммирующих
теорем Кюммера и других.

Ключевые слова: обобщенная гипергеометрическая функция, функция Аппеля первого рода, первая,
вторая и третья теоремы суммирования Кюммера.
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On recognizing groups by the bottom layer

The article discusses the possibility of recognizing a group by the bottom layer, that is, by the set of
its elements of prime orders. The paper gives examples of groups recognizable by the bottom layer,
almost recognizable by the bottom layer, and unrecognizable by the bottom layer. Results are obtained for
recognizing a group by the bottom layer in the class of infinite groups under some additional restrictions. The
notion of recognizability of a group by the bottom layer was introduced by analogy with the recognizability
of a group by its spectrum (the set of orders of its elements). It is proved that all finite simple non-
Abelian groups are recognizable by spectrum and bottom layer simultaneously in the class of finite simple
non-Abelian groups.

Keywords: group, layer-finite group, bottom layer, spectrum, recognizability.

Introduction

The article discusses the possibility of restoring groups by the bottom layer under additional
conditions.

The bottom layer of a group is the set of its elements of prime orders.
A group is called recognizable by the bottom layer under additional conditions if it is uniquely

reconstructed by the bottom layer under these conditions.
A group G is called almost recognizable by the bottom layer under additional conditions if there

exists a finite number of pairwise non-isomorphic groups satisfying the same conditions, with the same
bottom layer as the group G.

A group G is called unrecognizable by the bottom layer under additional conditions if there exists
an infinite number of pairwise non-isomorphic groups satisfying the same conditions, with the same
bottom layer as the group G.

Many results for groups with a given bottom layer describe some of the properties of the groups.
For example, V.D. Mazurov proved that a group with a bottom layer consisting of elements 2, 3, 5, in
which all other non-identity elements are of order 4, is locally finite [1]. If the bottom layer of finite
group consists of elements of orders 2, 3, 5 and the group contains no non-identity elements of other
orders, then W. Shi proved that this is a group of even permutations on five elements [2].

The results on group recognition by the bottom layer were reported at the conferences [3–5] and
published in journals [6–8].

Main part

Let us give an example of a group recognizable by the bottom layer in the class of finite groups.
If the bottom layer of group G consists of elements of order 2 and the group contains no non-identity
elements of other orders, then G is an elementary Abelian 2-group. That is, group G is recognizable
by the bottom layer in the class of finite groups.

∗Corresponding author.
E-mail: sen1112home@mail.ru
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An example of unrecognizability by the bottom layer in the class of finite groups is given by the
following infinite series of groups: in the infinite row of the cycle groups of the orders p, p2, p3, . . . for
some prime p the same bottom layer consisting of p−1 elements of order p. In this example, the groups
are unrecognizable by the bottom layer in the class of finite groups.

Recall that a group G is called layer-finite if it has a finite number of elements of each order. This
term was introduced by S.N. Chernikov. The definition of a layer-finite group arose in connection with
the study of infinite locally finite p-groups provided that the center of the group Z(G) has a finite
index [9].

The groups in the following example are almost recognizable groups by the bottom layer in the
class of infinite layer-finite groups. V.P. Shunkov proved that if the bottom layer in an infinite layer-
finite group consists of one element of order 2, then the group G is either quasi-cyclic or an infinite
generalized quaternion group. The groups from the result of V.P. Shunkov are almost recognizable by
the bottom layer in the class of infinite layer-finite groups.

Earlier the recognizability of a complete group with a layer-finite center and a periodic quotient
group by it is obtained in the class of infinite groups:

Let G be a complete group in which Z(G) is layer-finite and G/Z(G) is a periodic group. If the
bottom layer of group G consists of an element pn−1 of order p, then group G is recognizable by the
bottom layer in the class of groups satisfying these conditions [6].

Let us recall some results on the recognizability of groups in some classes of groups obtained earlier
by the authors.

If G is a complete group in which Z(G) is layer-finite and G/Z(G) is a periodic group containing
for each prime p only a finite number of p-elements, then group G is recognizable by the bottom layer
among groups with such properties [6].

Definition 1. Layer-finite group is called a thin layer-finite group if all of its Sylow subgroups are
finite.

Let G be a group in which the center contains a complete layer-finite subgroup R such that the
factor group G/R is a thin layer-finite group. The group G is recognizable by the bottom layer among
groups with such properties [6].

Let G be a complete nilpotent p-group with a finite bottom layer. Then group G is recognizable by
the bottom layer among groups with such properties [6].

Let G be a complete periodic group in which for each prime p there is only a finite number of Sylow
p-subgroups and for every prime p there is at least, one Sylow p-subgroup in G, which is a layer-finite
group. Then the group is recognizable by the bottom layer among groups with such properties [6].

A complete nilpotent p-group with a finite bottom layer is recognizable by the bottom layer in the
class of groups satisfying these conditions [6].

In articles [7,8], the recognizability by the bottom layer of the complete group is considered under
slightly different conditions: layer finiteness of the group or the existence of a layer finite subgroup S
in the center of the group G such that G/S is layer finite group. In the same papers, it was proved that
a group is recognizable by the bottom layer among locally solvable group without involutions with the
minimality condition.

It is convenient to consider the recognition of groups by the bottom layer in the class of layer-finite
groups. However, we can also consider other classes of groups.

Now we consider under which conditions it is possible to recognize groups by the bottom layer in
the class of infinite groups.

Periodic complete Abelian groups are not necessarily layer-finite. The next theorem establishes the
recognizability of a group by the bottom layer in this class of groups.

Theorem 1. Group G is recognizable by the bottom layer among periodic complete Abelian groups.
Proof. Indeed, let group G satisfy the indicated conditions. By Proposition 1, the complete Abelian
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group G decomposes into a direct sum of subgroups isomorphic to the additive group of rational
numbers or to quasi-cyclic groups, possibly for different prime numbers. There can be no rational
groups in this extension, since G is a periodic group and, therefore, there are no elements of infinite
order in it. Since the direct product of quasi-cyclic groups is restored from the bottom layer, the group
G is recognizable by the bottom layer among groups with the properties as in the theorem. The theorem
is proved.

Definition 2. A group is called radically complete if for any of its elements a and for each natural
number n the equation xn = a has at least one solution in it [10].

Theorem 2. Group G is recognizable by the bottom layer among periodic radically complete groups
satisfying the normalizing condition.

Proof. Indeed, let group G satisfy the indicated conditions. By Proposition 2 the elements of finite
order of the radically complete group satisfying the normalizing condition G form a complete Abelian
group. As G is periodic, such a group G by Theorem 1 is recognizable by the bottom layer among
periodic complete Abelian groups. So G is recognizable by the bottom layer among periodic radically
complete groups satisfying the normalizing condition. The theorem is proved.

Radically complete groups are not necessaryily layer-finite. For example, direct product of infinite
number of quasi-cyclic groups for the same prime number is radically complete, but it is not a layer-
finite group.

The notion of recognizability of a group by the bottom layer was introduced by analogy with the
recognizability of a group by its spectrum.

The spectrum of a finite group is a set of orders of its elements. A finite group G is called recognizable
by spectrum if any finite group which has the spectrum coinciding with the spectrum of G is isomorphic
to G. A group G is called almost recognizable by its spectrum if there are finitely many pairwise non-
isomorphic groups with the same spectrum as the group G. A group G is called spectrum-unrecognizable
if there are infinitely many pairwise non-isomorphic groups with the same spectrum as G.

Results on groups recognizable by spectrum could be found in the works of A.V. Vasil’ev, V.D. Ma-
zurov, A.M. Staroletov, A.A. Buturlakin, M.A. Grechkoseeva, and others [11–21].

An example of a group that is not recognizable by spectrum is group A6 with the spectrum 2, 3,
4, 5, 8, 9 (there are infinitely many groups, one of which is group A6) [12]. Also the group L3(3) with
the spectrum 2, 3, 4, 8, 9, 13, 16, 27 is unrecognizable by spectrum [12].

It is proved in [14] that the symmetric groups Sn are recognizable by spectrum for n /∈ {2, 3, 4, 5, 6, 8,
10, 15, 16, 18, 21, 27, 33, 35, 39, 45}. In 1994, W. Shi and R. Brandl proved the recognizability of an
infinite series of simple linear groups L2(q), q 6= 9 [15, 16].

A.V. Vasil’ev established the result on the almost spectrum recognition of the group U4(5) in the
class of finite groups:

Let G be a finite simple group U4(5) and H be a finite group with the property ω(H) = ω(G).
Then H ∼= G or H ∼= G(γ), where γ is a field automorphism of the group G of order 2. In particular,
h(G) = 2.

By h(G) it is denoted the number of pairwise non-isomorphic finite groups G with the same
spectrum [17].

Thus, the group U4(5) is almost recognizable by its spectrum in the class of finite groups.
We established previously [6] that the group U4(5) is recognizable by both the spectrum and the

bottom layer in the class of finite groups:
If G is a finite simple group U4(5), H is a finite group with the property ω(H) = ω(G) and the

bottom layer is the same as for the group U4(5), then H ∼= G. That is, U4(5) is the only finite group
with such a spectrum and such a bottom layer.

Almost all finite simple non-Abelian groups are recognized by their spectrum in the class of finite
simple non-Abelian groups. However, there are some exceptions: different groups of this set have the
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same spectra.
Theorem 3. All finite simple non-Abelian groups are simultaneously recognizable by spectrum and

bottom layer in the class of finite simple non-Abelian groups.
Proof. Let us show the possibility of recognizing by the bottom layer such finite simple non-Abelian

groups with the same spectrum using the example of the groups S6(2) and O+
8 (2).

The group O+
8 (2) is simple, has order 174182400 = 212 ·35 ·52 ·7. With the help of the GAP package,

it was established that there are 69615 involutions (elements of order 2) and 24883200 elements of order
7 in it.

The group S6(2) has order 1451520 = 29 · 34 · 5 · 7. Using the GAP package, it was found that it
contains 5103 involutions (elements of order 2) and 207360 elements of order 7.

Thus, the groups S6(2) and O+
8 (2) have different numbers of elements of the second and seventh

orders on the bottom layer and thus are recognized simultaneously by the spectrum and the bottom
layer in the class of finite simple non-Abelian groups.

In paper [11], it was established that among the finite simple non-Abelian groups, apart from the
groups S6(2) and O+

8 (2), there is only one more pair of almost unrecognizable by spectrum groups
O7(3) and O+

8 (3).
The first group O7(3) from this pair is simple non-Abelian, has order 4585351680 = 29 ·39 ·5 ·7 ·13.

Using the GAP package, it was established that there are 38211264 elements of the fifth order in it.
The second considered group O+

8 (3) has the order 4952179814400 = 212 · 312 · 52 · 7 · 13. Using the
GAP package, it was found that it contains 8253633024 elements of the fifth order.

Thus, the groups O7(3) and O+
8 (3) have different numbers of fifth-order elements in the bottom

layer and thus are recognized simultaneously by the spectrum and the bottom layer in the class of
finite simple non-Abelian groups. The theorem is proved.

In proving the results of the paper, we used the following theorems, which were referred to as
propositions with the corresponding number.

Proposition 1 (Theorem 9.1.6 from [22]). A nonzero complete Abelian group can be decomposed
into a direct sum of subgroups isomorphic to the additive rational group or quasi-cyclic groups, may
be for different prime numbers.

Proposition 2 (Theorem 2.8 from [10]). If a radically complete group satisfies the normalizing
condition, then the elements of its finite order form a complete Abelian subgroup.

Conclusion

The possibilities of recognizing of some finite and infinite layer-finite groups by the bottom layer are
considered. Results are obtained for recovering groups by the bottom layer in the class of infinite groups
with some additional conditions. It is proved that all simple non-Abelian groups are simultaneously
recognizable by spectrum and bottom layer in the class of finite simple non-Abelian groups.
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Төменгi қабат бойынша группаларды тану туралы

Мақалада группаны төменгi қабаттан, яғни оның элементтерiнiң жай реттерi жиынын қалпына кел-
тiру мүмкiндiгi қарастырылған. Жұмыста төменгi қабат арқылы танылатын, төменгi қабат арқы-
лы дерлiк танылатын және төменгi қабат арқылы танылмайтын топтардың мысалдары келтiрiлген.
Шексiз группалар класындағы төменгi қабаттан группаны қайта құру нәтижелерi кейбiр қосымша
шектеулер бойынша алынды. Төменгi қабат бойынша группаны тану түсiнiгi спектр бойынша груп-
паларды тануға (оның элементтерiнiң қатарларының жиынтығы) ұқсас енгiзiлдi. Барлық ақырлы
жай абельдiкемес группалардың спектрi және төменгi қабаты бойынша танылуы ақырлы қарапайым
абельдiкемес группалар класында бiр уақытта дәлелденген.

Кiлт сөздер: группа, қабатты ақырлы группа, төменгi қабат, спектр, танымдылық.
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О распознавании групп по нижнему слою

В статье обсуждена возможность восстановления группы по нижнему слою, то есть по множеству
её элементов простых порядков. Приведены примеры распознаваемых по нижнему слою, почти рас-
познаваемых по нижнему слою и нераспознаваемых по нижнему слою групп. Получены результаты
восстановления группы по нижнему слою в классе бесконечных групп при некоторых дополнительных
ограничениях. Понятие распознаваемости группы по нижнему слою введено по аналогии с распозна-
ваемостью группы по спектру (множеству порядков её элементов). Доказана распознаваемость всех
конечных простых неабелевых групп по спектру и нижнему слою одновременно в классе конечных
простых неабелевых групп.

Ключевые слова: группа, слойно конечная группа, нижний слой, спектр, распознаваемость, конечные
простые неабелевы группы.
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The Bessel equation on the quantum calculus

A large number of the most diverse problems related to almost all the most important branches of
mathematical physics and designed to answer topical technical questions are associated with the use of
Bessel functions. This paper introduces a h-difference equation analogue of the Bessel differential equation
and investigates the properties of its solution, which is express using the Frobenius method by assuming
a generalized power series. The authors find discrete analogue formulas for Bessel function and the h-
Neumann function and these are solutions presented by a series with the h-fractional function t

(α)
h . Lastly

they obtain the linear dependencies between h-functions Bessel on Ta.

Keywords: Bessel function, modified Bessel function, Bessel difference equation, h-calculus, the h-derivative
and h-fractional function.

1 Introduction and Preliminary

Now a days, the theory of transformation operators is a fully formed independent branch of
mathematics, located at the junction of differential, integral, and integro-differential equations, functional
analysis, function theory, complex analysis, the theory of special functions and fractional integro-
differentiation, the theory of inverse problems and scattering problems, the theory of optimal control
and dynamic systems. The special area of application of transformation operators has become the
theory of differential equations with singularities in the coefficients, especially with Bessel operators.

The Bessel functions are widely used in solving problems in acoustics, radiophysics, hydrodynamics,
problems of atomic and nuclear physics. There are numerous applications of Bessel functions to the
theory of heat conduction and the theory of elasticity (problems of vibrations of plates, problems of
the theory of shells, problems of determining the stress concentration near cracks) [1–5].

The theory of fractional h-calculus is a rapidly developing field of great interest from both a
theoretical and an applied point of view. Especially we refer to [6–12] and the references in it. As for
applications in various fields of mathematics, we refer to [13–20] and references in them. Let h > 0 and
Ta = {a, a+ h, a+ 2h...}, ∀a ∈ R.

Definition 1. (see [9]) Let f : Ta → R. Then the h-derivative of the function f = f(t) has the form
and is defined as

Dhf (t) (x) =
f(δh(t))− f(t)

h
, t ∈ Ta, (1)

where δh(t) = t+ h.
We assume f · g : Ta → R. Then the product rule for h-derivation reads (see [9])

Dh (f (x) g(x)) = f(x+ h)Dhg(x) + g(x)Dhf(x) (2)

∗Corresponding author.
E-mail: shaimardan.serik@gmail.com
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and the h-integral (or the h-difference sum) is given by

x∫
a

f(t)dht =

x/h−1∑
k=a/h

f(kh)h, x ∈ Ta. (3)

Definition 2. (see [9]) Let t, α ∈ R. Then the h-fractional function t(α)
h is defined as

t
(α)
h = hα

Γ
(
t
h + 1

)
Γ
(
t
h + 1− α

) ,
where Γ is the gamma function of Euler, t

h ≥ 0 and we use the convention that division at the pole
gives zero. Notice that

lim
h→0

t
(α)
h = tα.

Hence, from (1) we find that

tα−1 =
1

α
Dh

[
t
(α)
h

]
.

Let t ∈ T0. Then, for α, β ∈ R,

t
(α+β)
h = t

(α)
h (t− αh)

(β)
h , (4)

Definition 3. (Foundamental theorem h-calculus) If F (x) is an h-antiderivative of f(x) is continus
at x = 0, we get

b∫
a

f(x)dhx = F (b)− F (a),

for a, b ∈ Ta.

2 The Bessel equation. Bessel functions.

2.1 The Bessel differential equation. We consider the h-difference equation in the following form:

t
(2)
h D2

hy(t− 2h) + t
(1)
h Dhy(t− h) + t

(2)
h y(t− 2h)− v2y(t) = 0 (5)

which is called the h-Bessel equation of the indicator in v, where v is a real number. This equation has
a special point t = 0 (the coefficient at the highest derivative in (5) vanishes at t = 0).

Theorem 2.1. Let v ≤ 0. Then there is a particular solution to equation (5), given by a uniformly
convergent series

Jv,h(t) =

∞∑
k=0

(−1)ktv+2k
h

k!Γ(v + k + 1)2v+2k
(6)

which is the solution to the Bessel equation and is called the Bessel function of the first kind v-th order.
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Proof. Following the classical methods (see, for example, [6], p. 379), we will look for a solution to
this equation in the form of a series. Therefore, there is a solution to equation (5) in the form of a
generalized power series

y(t) = tα
∞∑
k=0

ak(t− αh)
(k)
h , a0 6= 0, (7)

where α is the characteristic indicator to be determined. By (4) we can rewrite the expression (6) in
the form

y(t) =

∞∑
k=0

akt
(α+k)
h

and using Definition 2 and (1) we find the h-derivatives:

D2
hy(t− 2h) = D2

h

∞∑
k=0

ak(t− 2h)
(α+k)
h

= (α+ k)(α+ k − 1)

∞∑
k=0

ak(t− 2h)
(α+k−2)
h

and

Dhy(t− h) = Dh

∞∑
k=0

ak(t− h)
(α+k)
h

= (α+ k)

∞∑
k=0

ak(t− h)
(α+k−1)
h .

Therefore, substituting (7) and its first and second h-derivatives into the equation (5), we get that

t
(2)
h (α+ k)(α+ k − 1)

∞∑
k=0

ak(t− 2h)
(α+k−2)
h + t

(1)
h (α+ k)

∞∑
k=0

ak(t− h)
(α+k−1)
h +

t
(2)
h

∞∑
k=0

ak(t− 2h)
(α+k)
h − v2

∞∑
k=0

akt
(α+k)
h = 0

so we can rewrite the equation:

(α+ k)(α+ k − 1)
∞∑
k=0

akt
(2)
h (t− 2h)

(α+k−2)
h + (α+ k)

∞∑
k=0

akt
(1)
h (t− h)

(α+k−1)
h +

∞∑
k=0

akt
(2)
h (t− 2h)

(α+k)
h −

∞∑
k=0

akv
2t

(α+k)
h = 0

where t(2)
h (t− 2h)

(α+k−2)
h = tα+k

h and t(1)
h (t− h)

(α+k−1)
h = tα+k

h .
From here we get a general formula for all these series.

(α+ k)(α+ k − 1)
∞∑
k=0

akt
(α+k)
h + (α+ k)

∞∑
k=0

akt
(α+k)
h +

∞∑
k=0

akt
(α+k+2)
h −

∞∑
k=0

akv
2t

(α+k)
h = 0
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and
∞∑
k=0

ak
(
(α+ k)(α+ k − 1) + (α+ k)− v2

)
t
(α+k)
h +

∞∑
k=0

akt
(α+k+2)
h = 0

and, finally
∞∑
k=0

ak
(
(α+ k)2 − v2

)
t
(α+k)
h +

∞∑
k=0

akt
(α+k+2)
h = 0.

Next, for α, α+ 1, ..., α+ k, ...,, we are equating to zero the coefficients at the same powers of x, we
lead at the following recurrent relations for the coefficients:

tα |(α2 − v2)a0 = 0,
tα+1|

(
(α+ 1)2 − v2

)
a1 = 0,

tα+2|
(
(α+ 2)2 − v2

)
a2 + a0 = 0,

... |............................................
tα+k|

(
(α+ k)2 − v2

)
ak + ak−2 = 0, ∀k ≥ 2.

(8)

Since a0 6= 0, it follows from the first equation (8) that α2 − v2 = 0, or α = ±v. Now from the
second equation (8) we will have a1 = 0.

Let us consider the case α = v > 0 first. Let us rewrite the k − th (k > 1) equation of system (8)
in the following form

ak =
−ak−2

k(2v + k)
.

Considering that a1 = 0, we get from here a3 = 0 and a2k+1 = 0 in general. On the other hand,
each even coefficient can be expressed in terms of the previous one by the formula

a2k = − a2k−2

22k(v + k)
.

Consistent application of this formula allows us to find an expression a2k through a0 :

a2 = − a0

22 · 1 · (v + 1)

⇒ a4 = − a2

22 · 2 · (v + 2)
=

a0

24 · 1 · 2 · (v + 1)(v + 2)

⇒ a6 = − a4

22 · 3 · (v + 3)
= − a0

26 · 3! · (v + 1)(v + 2)(v + 3)
. . . . . . . . .

⇒ a2k =
(−1)ka0

22kk!
k∏
r=1

(v + r)

.

The coefficient a0 has so far been left arbitrary. If v 6= −n, where n > 0 is an integer, then assuming

a0 =
1

2vΓ(v + 1)

we find

a2k =
(−1)k

22kk!(v + 1)(v + 2)(v + 3)...(v + k)
· 1

2vΓ(v + 1)

=
(−1)k

22k+vk!Γ(v + k + 1)
.
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Substituting this expression for the coefficients in (7), we get

y1(t) =
∞∑
k=0

(−1)ktv+2k
h

k!Γ(v + k + 1)2v+2k
.

The proof is complete.
Corollary 2.3. The equation (5) does not change when v is replaced by −v, then the function:

J−v,h(t) =

∞∑
k=0

(−1)kt−v+2k
h

k!Γ(−v + k + 1)2−v+2k
(9)

is also a solution to the equation (5).
Theorem 2.4. If v 6= n. Then the general solution to equation (5) has the form:

y(t) = C1Jv,h(t) + C2J−v,h(t). (10)

Proof. Now we prove that y(t) in the following form is also a solution to equation (8):

y(t) = C1Jv,h(t) + C2J−v,h(t)

= C1

∞∑
k=0

(−1)kt
(v+2k)
h

k!Γ(v + k + 1)2v+2k

+ C2

∞∑
k=0

(−1)kt
(−v+2k)
h

k!Γ(−v + k + 1)2−v+2k
.

Using (1) to find the h-derivatives from the formula (10):

• t(2)
h D2

h (C1Jv,h(t− 2h) + C2J−v,h(t− 2h)) = C1

∞∑
k=0

(−1)k(v + 2k)(v + 2k − 1)t
(v+2k)
h

k!Γ(v + k + 1)2v+2k

+ C2

∞∑
k=0

(−1)k(−v + 2k)(−v + 2k − 1)t
(−v+2k)
h

k!Γ(−v + k + 1)2−v+2k
,

• thDh (C1Jv,h(t− h) + C2J−v,h(t− h)) = C1

∞∑
k=0

(−1)k(v + 2k)t
(v+2k)
h

k!Γ(v + k + 1)2v+2k

+ C2

∞∑
k=0

(−1)k(−v + 2k)t
(−v+2k)
h

k!Γ(−v + k + 1)2−v+2k
,

• t(2)
h (C1Jv,h(t− 2h) + C2J−v,h(t− 2h)) = C1

∞∑
k=0

(−1)kt
(v+2k+2)
h

k!Γ(v + k + 1)2v+2k

+ C2

∞∑
k=0

(−1)kt
(−v+2k+2)
h

k!Γ(−v + k + 1)2−v+2k
,

• − v2 (C1Jv,h(t) + C2J−v,h(t)) = −v2C1

∞∑
k=0

(−1)kt
(v+2k)
h

k!Γ(v + k + 1)2v+2k

+ C2

∞∑
k=0

(−1)kt
(−v+2k)
h

k!Γ(−v + k + 1)2−v+2k
.
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Now we substitute in equation (10):

C1

( ∞∑
k=0

(−1)k(v + 2k)(v + 2k − 1)t
(v+2k)
h

k!Γ(v + k + 1)2v+2k
+

∞∑
k=0

(−1)k(v + 2k)t
(v+2k)
h

k!Γ(v + k + 1)2v+2k

)
+

+C1

( ∞∑
k=0

(−1)kt
(v+2k+2)
h

k!Γ(v + k + 1)2v+2k
− v2

∞∑
k=0

(−1)kt
(v+2k)
h

k!Γ(v + k + 1)2v+2k

)
+

+C2

( ∞∑
k=0

(−1)k(−v + 2k)(−v + 2k − 1)t
(−v+2k)
h

k!Γ(−v + k + 1)2−v+2k
+

∞∑
k=0

(−1)k(−v + 2k)t
(−v+2k)
h

k!Γ(−v + k + 1)2−v+2k

)
+

+C2

( ∞∑
k=0

(−1)kt
(−v+2k+2)
h

k!Γ(−v + k + 1)2−v+2k
− v2

∞∑
k=0

(−1)kt
(−v+2k)
h

k!Γ(−v + k + 1)2−v+2k

)
= 0.

If C1 = −C2 then y(t) = C1Jv,h(t)+C2J−v,h(t) is a solution to the equation (5). The proof is complete.
Example 2.5. Find a general solution to the following equation:

t
(2)
h D2

hy(t− 2h) + t
(1)
h Dhy(t− h) + t

(2)
h y(t− 2h)− 2y(t) = 0. (11)

Proof. We consider two cases v = 1/2 and v = −1/2. 1) According to the definition (see (6)) of the
Bessel function J 1

2
,h(t) we have:

J 1
2
,h(t) =

∞∑
k=0

(−1)kt
( 1
2

+2k)
h

k!Γ
(

1
2 + k + 1

)
2

1
2

+2k
.

Since

Γ

(
1

2

)
=

∞∫
0

e−tt−
1
2dt =

∞∫
0

e−td(2
√
t) = 2

∞∫
0

e−ξ
2
d(2
√
ξ) =

√
π,

Γ (t+ 1) = tΓ (t) , t > 0,

then

k!Γ

(
k +

3

2

)
= Γ (k + 1) Γ

(
k + 1 +

1

2

)
= k

(
k +

1

2

)
· 22k−1

√
π
·
√
π

22k−1
· Γ (k) Γ

(
k +

1

2

)
=

√
π

22k−1
k

(
k +

1

2

)
Γ (2k) .

Considering also that Γ(k + 1) = k! for k ∈ N, we get

J 1
2
,h(t) =

∞∑
k=0

(−1)kt
( 1
2

+2k)
h

k!Γ
(

3
2 + k

)
2

1
2

+2k

=

∞∑
k=0

(−1)kt
(− 1

2
)

h

(
t+ 1

2h
)(2k+1)

k!Γ
(

3
2 + k

)
2

1
2

+2k

= t
(− 1

2
)

h

∞∑
k=0

(−1)k
(
t+ 1

2h
)(2k+1)

√
π

22k−1k
(
k + 1

2

)
Γ (2k) 2

1
2

+2k

=

√
2t

(− 1
2

)

h√
π

∞∑
k=0

(−1)k
(
t+ 1

2h
)(2k+1)

h

(2k + 1)!
.
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The row on the right hand side of the last equality represents the decomposition of the function
sinht. Therefore, the following equality is true

J 1
2
,h(t) =

√
2t

(− 1
2

)

h√
π

sinh

(
t+

1

2
h

)
. (12)

Now, using (1), (6), and (12) we find the h-derivatives of sinht:

Dhsinh

(
t+

1

2
h

)
= Dh

∞∑
k=0

(−1)k
(
t+ 1

2h
)(2k+1)

h

(2k + 1)!

=
∞∑
k=0

(−1)k(2k + 1)
(
t+ 1

2h
)(2k)

h

(2k)!(2k + 1)

=
∞∑
k=0

(−1)k
(
t+ 1

2h
)(2k)

h

(2k)!

= cosh

(
t+

1

2
h

)
.

2) Let us now consider the case when v = −1
2 . By using (9) we have that

J− 1
2
,h(t) =

∞∑
k=0

(−1)kt
(− 1

2
+2k)

h

k!Γ
(
−1

2 + k + 1
)

2−
1
2

+2k
.

Taking into account that

k!Γ

(
k − 1

2
+ 1

)
= kΓ (k) Γ

(
k +

1

2

)
= k

(
k +

1

2

)
· 22k−1

√
π
·
√
π

22k−1
· Γ (k) Γ

(
k +

1

2

)
=

√
π

22k
2kΓ (2k) ,

we get that

J− 1
2
,h(t) =

∞∑
k=0

(−1)kt
(− 1

2
+2k)

h

k!Γ
(
k + 1

2

)
2−

1
2

+2k

=
∞∑
k=0

(−1)kt
(− 1

2
)

h

(
t+ 1

2h
)(2k)

h

k!Γ
(
k + 1

2

)
2−

1
2

+2k

= t
(− 1

2)
h

∞∑
k=0

(−1)k
(
t+ 1

2h
)(2k)

h

kΓ(k)Γ
(
k + 1

2

)
2−

1
2

+2k

= t
(− 1

2)
h

∞∑
k=0

(−1)k
(
t+ 1

2h
)(2k)

h√
π

22k
2kΓ(2k)2−

1
2

+2k

=

√
2t

(− 1
2)

h√
π

∞∑
k=0

(−1)k
(
t+ 1

2h
)(2k)

h

2k!
.
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The row on the right side of the last equality is a function cosh t . Therefore,

J− 1
2
,h(t) =

√
2t
− 1

2
h√
π

cosh

(
t+

1

2
h

)
. (13)

Now, using (1) we find the h-derivatives of:

Dh cosh

(
t+

1

2
k

)
= Dh

∞∑
k=0

(−1)k
(
t+ 1

2h

)(2k)

h

2k!

=
∞∑
k=1

(−1)k2k

(
t+ 1

2h

)(2k−1)

h

2k!

=

∞∑
k=1

(−1)k
(
t+ 1

2h

)(2k−1)

h

(2k − 1)!

= −
∞∑
n=0

(−1)n
(
t+ 1

2h

)(2n+1)

h

(2n+ 1)!

= −sinh(t+
1

2
h).

According to (12) and (13), we get a general solution to the equation (11):

y(t) = C1

√
2t

(− 1
2

)

h√
π

sinh

(
t+

1

2
h

)
+ C2

√
2t
− 1

2
h√
π

cosh

(
t+

1

2
h

)
.

The proof is complete.
Theorem 2.6. We define the h-Neumann function for non-integers ν (complex constant) by the

formula:

Nν,h(t) =
cosh(νπ)Jν,h(t)− J−ν,h(t)

sinh(νπ)
(14)

and it is a solution to equation (5).
Proof. Now, by using (1) we obtain the h-derivatives of the function (14):

DhNν,h(t) =
cosh(νπ)

sinh(νπ)
DhJν,h(t)− 1

sinh(νπ)
DhJ−ν,h(t)

D2
hNν,h(t) =

cosh(νπ)

sinh(νπ)
D2
hJν,h(t)− 1

sinh(νπ)
D2
hJ−ν,h(t).

Substitute equation (5) into

t
(2)
h

(
cosh(νπ)

sinh(νπ)
D2
hJν,h(t− 2h)− 1

sinh(νπ)
D2
hJ−ν,h(t− 2h)

)
+
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+th

(
cosh(νπ)

sinh(νπ)
DhJν,h(t− h)− 1

sinh(νπ)
DhJ−ν,h(t− h)

)
+

+t
(2)
h

(
cosh(νπ)

sinh(νπ)
Jν,h(t− 2h)− 1

sinh(νπ)
J−ν,h(t− 2h)

)
−

−ν2

(
cosh(νπ)

sinh(νπ)
Jν,h(t)− 1

sinh(νπ)
J−ν,h(t)

)
= 0.

Consequently:

cosh(νπ)

sinh(νπ)
(t

(2)
h D2

hJν,h(t− 2h) + thDhJν,h(t− h) + t
(2)
h Jν,h(t− 2h)− ν2Jν,h(t))−

− 1

sinh(νπ)
(t

(2)
h D2

hJ−ν,h(t− 2h) + thDhJ−ν,h(t− h) + t
(2)
h J−ν,h(t− 2h)− ν2J−ν,h(t)) = 0.

We know that functions (5) and (9) of the first kind in the form Jν,h(t) and J−ν,h(t) which is the
solution to the Bessel equation. Thus, we can say that the h-Neumann function (15) is the solution to
equation (9).

Let ν > 0 and

L2
ν,h [a, b] := {f :

 b∫
a

|f(x)|2 |x|2(ν+1/2) dhx

1/2

},

for ∀ ∈ a, b ∈ Ta.
The h-Bessel operator: In this article, we consider a discrete analogue of the Bessel operator, where

the h-Bessel operator has the following form:

(Bhy)(t) := t
(−2ν−1)
h Dh

[
Dhy(t)

1

t
(−2ν−1)
h

]
.

In addition, Bh is a linear operator, that is

Bh(αy + βf) = αBh(y) + βBh(f),∀y, f ∈ L2
ν,h(a, b).

Theorem 2.7. (Orthogonality of eigenfunctions). Let (λ1, y) and (λ2, f) two pairs of eigenvalues
and eigenfunctions, and λ1 6= λ2. Then, for both regular and periodic problems, the corresponding
eigenfunctions y(t) and f(t) are orthogonal with weight r (therefore 〈y(t), f(t)〉 = 0).

Proof. The first two statements follow from the definition 3 and (1)–(3) for ∀y, f ∈ Lν,2(a, b), we
get that

(f(t+ h)Bhy(t)− y(t+ h)Bhf(t))

t
(−2ν−1)
h

= Dh

[
Dhy(t)

1

t
(−2ν−1)
h

]
f(t+ h)

− Dh

[
Dhf(t)

1

t
(−2ν−1)
h

]
y(t+ h)

= Dh

[
f(t)Dhy(t)

1

t
(−2ν−1)
h

− y(t)Dhf(t)
1

t
(−2ν−1)
h

]
(15)
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and
h∫

0

(f(t+ h)Bhy(t)− y(t+ h)Bhf(t))

t
(−2ν−1)
h

dht =

[
f(t)Dhy(t)

1

t
(−2ν−1)
h

− y(t)Dhf(t)
1

t
(−2ν−1)
h

] ∣∣∣∣h
0

. (16)

And using (5), we see that

Bhy(t) = t
(−2ν−1)
h Dh

[
Dhy(t)

1

t
(−2ν−1)
h

]
= −λ2

1y(t+ h) (17)

and

Bhf(t) = t
(−2ν−1)
h Dh

[
Dhf(t)

1

t
(−2ν−1)
h

]
= −λ2

2f(t+ h) (18)

Now multiply the first of the obtained equations (17) and (18) by f(t), the second by y(t), and find
the difference. The resulting equation is reduced to the following form

f(t+ h)Bhy(t)− y(t+ h)Bhf(t) = t
(−2ν−1)
h Dh

[
Dhy(t)

t
(−2ν−1)
h

]
f(t+ h)

− t
(−2ν−1)
h Dh

[
Dhf(t)

1

t
(−2ν−1)
h

]
y(t+ h)

= (λ2
2 − λ2

1)y(t+ h)f(t+ h).

We can rewrite
(f(t+ h)Bhy(t)− y(t+ h)Bhf(t))

t
(−2ν−1)
h

= Dh

[
Dhy(t)

1

t
(−2ν−1)
h

]
f(t+ h)

− Dh

[
Dhf(t)

1

t
(−2ν−1)
h

]
y(t+ h)

= (λ2
2 − λ2

1)y(t+ h)f(t+ h)
1

t
(−2ν−1)
h

. (19)

From (2), (16), and (19), we may compute

(λ2
2 − λ2

1)

h∫
0

y(t+ h)f(t+ h)

t
(−2ν−1)
h

dht =

h∫
0

Dh

[
f(t)Dhy(t)

1

t
(−2ν−1)
h

− y(t)Dhf(t)
1

t
(−2ν−1)
h

]
dht

=

h∫
0

(f(t+ h)Bhy(t)− y(t+ h)Bhf(t))

t
(−2ν−1)
h

dht

=

h∫
0

Dh

[
f(t)Dhy(t)

1

t
(−2ν−1)
h

− y(t)Dhf(t)
1

t
(−2ν−1)
h

]
dht

= h
1

h
(−2ν−1)
h

− h 1

h
(−2ν−1)
h

− 0 + 0.
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Here: [
t = 0⇒ j(ν,h)(0) = 1;Dhj(ν,h)(0) = 0

t = h⇒ j(ν,h)(h) = 1;Dhj(ν,h)(h) = h.

]
Therefore,

h∫
0

(f(t+ h)Bhy(t)− y(t+ h)Bhf(t))

t
(−2ν−1)
h

dht = (λ2
2 − λ2

1)

h∫
0

y(t+ h)f(t+ h)

t
(−2ν−1)
h

dht = 0

and

λ2 6= λ1 ⇒ 〈y(t+ h), f(t+ h)〉 = 0.

It proves the claim.
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Кванттық есептеудегi Бессель теңдеуi

Бессель функцияларын қолдану математикалық физиканың барлық дерлiк маңызды салаларына
қатысты және өзектi техникалық сұрақтарға жауап беруге арналған әртүрлi есептердiң үлкен са-
нымен байланысты. Жұмыста Бессель дифференциалдық теңдеуiнiң аналогы болып табылатын h-
айырымдық теңдеуi енгiзiлген және жалпыланған дәрежелер қатарын алып, Фробениус әдiсi арқылы
өрнектейтiн оның шешiмiнiң қасиеттерi зерттелген. Бессель функциясы мен h-Нейман функциясы
үшiн дискреттi аналогтық формулалар табылды, олардың шешiмдерi h-бөлшек функциясы t

(α)
h бар

қатармен берiлген. Сонымен қатар, Ta бойынша h-Бессель функциялары арасындағы сызықтық тәу-
елдiлiктер алынған.

Кiлт сөздер: Бессель функциясы, модификацияланған Бессель функциясы, Бессель айырымдық тең-
деуi, h-есептеу, h-туынды және h-бөлшек функциясы.

С. Шаймардан1, Н.С. Токмагамбетов1,2, Е. Айкын1

1Евразийский национальный университет имени Л.Н. Гумилева, Нур-Султан, Казахстан;
2Карагандинский университет имени академика Е.А. Букетова, Караганда, Казахстан

Уравнение Бесселя в квантовом исчислении

С использованием функций Бесселя связано большое количество самых разнообразных задач, отно-
сящихся практически ко всем важнейшим разделам математической физики и призванных ответить
на актуальные технические вопросы. В статье мы вводим h-разностное уравнение, аналог дифферен-
циального уравнения Бесселя, и исследуем свойства его решения, которые мы выражаем с помощью
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метода Фробениуса, предполагая обобщенный степенной ряд. Найдены дискретные формулы-аналоги
для функции Бесселя и h-функции Неймана, решения которых представлены рядом с h-дробной
функцией t

(α)
h . Кроме того, мы получили линейные зависимости между h-функциями Бесселя на Ta.

Ключевые слова: функция Бесселя, модифицированная функция Бесселя, разностное уравнение Бес-
селя, h-исчисление, h-производная и h-дробная функции.

144 Bulletin of the Karaganda University



DOI 10.31489/2022M3/145-151

UDC 517.951

A.G. Smadiyeva∗

Al-Farabi Kazakh National University, Almaty, Kazakhstan;
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

(E-mail: smadiyeva@math.kz)

Well-posedness of the initial-boundary value problems for the
time-fractional degenerate diffusion equations

This paper deals with the solving of initial-boundary value problems for the one-dimensional linear time-
fractional diffusion equations with time-degenerate diffusive coefficients tβ with β > 1 − α. The solutions
to initial-boundary value problems for the one-dimensional time-fractional degenerate diffusion equations
with Riemann-Liouville fractional integral I1−α0+,t of order α ∈ (0, 1) and with Riemann-Liouville fractional
derivative Dα

0+,t of order α ∈ (0, 1) in the variable, are shown. The solutions to these fractional diffusive
equations are presented using the Kilbas-Saigo function Eα,m,l(z). The solution to the problems is discovered
by the method of separation of variables, through finding two problems with one variable. Rather, through
finding a solution to the fractional problem depending on the parameter t, with the Dirichlet or Neumann
boundary conditions. The solution to the Sturm-Liouville problem depends on the variable x with the
initial fractional-integral Riemann-Liouville condition. The existence and uniqueness of the solution to the
problem are confirmed. The convergence of the solution was evidenced using the estimate for the Kilbas-
Saigo function Eα,m,l(z) from and by Parseval’s identity.

Keywords: time-fractional diffusion equation, method of separation variables, Kilbas-Saigo function.

Introduction

Many mathematicians have attracted most interest to the fractional diffusion equations. Inverse
source problems for degenerate time-fractional PDE were studied in [1]. In [2, 3], Al-Refai and Luchko
analyzed the initial-boundary value problems for the linear and non-linear fractional diffusion equations
with the Riemann-Liouville time-fractional derivative. Various types of fractional derivatives and
their properties were investigated in the monograph [4–8]. Fractional calculus can be applied in
mechanics, physics, mathematics, etc. [8–12]. Note that degenerate fractional evolutionary equations
were investigated in [13, 14]. In [15], maximum and minimum principles for time-fractional diffusion
equations involving fractional derivatives were proposed. Luchko studied initial-boundary value problems
for a generalized diffusion equation with a distributed order [16].

In our previous work [17], we studied the Cauchy-Dirichlet and Cauchy-Neumann problems for
the Caputo time-fractional diffusion equation. This paper considers the Cauchy-Dirichlet and Cauchy-
Neumann problems for the diffusion equation with Riemann–Liouville time-fractional derivative. A
solution is discovered by using the Kilbas-Saigo function and by the method of separation of variables.
The existence, convergence, and uniqueness of the solution are proved.

1 Dirichlet problem

Let us consider the one-dimensional case of the time-fractional diffusion equation

Dα
0+,tu(t, x)− tβuxx(t, x) = 0, (t, x) ∈ (0,∞)× (0, 1), (1)

∗Corresponding author.
E-mail: smadiyeva@math.kz
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with the Dirichlet boundary condition

u(t, 0) = u(t, 1) = 0, t > 0, x ∈ [0, 1], (2)

and the Cauchy initial condition

I1−α
0+,tu(0, x) = φ(x), x ∈ [0, 1], (3)

where β > 1 − α, Dα
0+,t is the Riemann-Liouville fractional derivative of order α ∈ (0, 1) defined by

[5; 79]

Dα
0+,tf(t) =

d

dt
I1−α

0+,tf(t) =
1

Γ(1− α)

d

dt

∫ t

0

f(s)ds

(t− s)α
.

Here I1−α
0+,t is the Riemann-Liouville fractional integral given by [5; 80]

I1−α
0+,tf(t) =

1

Γ(1− α)

∫ t

0

f(s)ds

(t− s)α
.

Let H2(0, 1) is a Hilbert space, defined by

H2(0, 1) = {u : u ∈ L2(0, 1); uxx ∈ L2(0, 1)},

where the norm is

||u||2H2(0,1) =
∞∑
k=1

λ2
k|(u, ek)|2 <∞.

Definition 1. The solution to problem (1)–(3) is t1−αu ∈ C((0,∞);L2(0, 1)), which satisfies
t1−α−βDα

0+,tu, t
1−αuxx ∈ C((0,∞);L2(0, 1)).

Theorem 1. Let φ(x) ∈ H2(0, 1), then there exists a unique solution u to problem (1)–(3), which
has the form

u(t, x) =
tα−1

Γ(α)

∞∑
k=1

φkEα,1+ β
α
,1+β−1

α
(−π2k2tβ+α) sinπkx, (t, x) ∈ (0,∞)× (0, 1),

where φk = 2
∫ 1

0 φ(x) sinπkxdx, k ∈ N and Eα,m,l(z) is the Kilbas-Saigo function defined as
[8, Remark 5.1]

Eα,m,l(z) =

∞∑
i=0

ciz
i, c0 = 1, ci = Πi−1

j=0

Γ(α(jm+ l) + 1)

Γ(α(jm+ l + 1) + 1)
, i ≥ 1. (4)

For the function Eα,m,m− 1
α

(−λktβ+α) the following estimate holds [4, Proposition 3.6]

Eα,m,m− 1
α

(−λktβ+α) ≤ 1(
1 + Γ(1+αm)

Γ(1+α(m+1))λkt
β+α

)1+ 1
m

, m =
β + α

α
, t > 0. (5)

Proof Theorem 1.
Existence of solution. Since the Sturm–Liouville operator has eigenvalues {λk > 0, k ∈ N} on

L2(0, 1) and the corresponding orthonormal eigenfunctions {Xk(x), k ∈ N} in L2(0, 1) and φ(x) ∈
H2(0, 1), then we can write the solution to problem (1)–(3) as follows

u(t, x) =

∞∑
k=1

Tk(t)Xk(x), (t, x) ∈ (0,∞)× (0, 1), (6)
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φ(x) =
∞∑
k=1

φkXk(x), x ∈ (0, 1),

where

φk = 2

∫ 1

0
φ(x)Xk(x)dx.

Substituting (6) to diffusion equation (1)–(3), we gain the next problem

Dα
0+,tTk(t) + λkt

βTk(t) = 0, t > 0, (7)

I1−α
0+,tTk(0) = φk, (8)

X ′′k (x) + λkXk(x) = 0, (9)

Xk(0) = Xk(1) = 0. (10)

The orthonormal eigenfunctions and the corresponding eigenvalues of the Dirichlet problem (9)–(10)
are Xk(x) = sinπkx and λk = (πk)2, respectively. It is known that a unique solution to problem
(7)–(8) is [5; 227]

Tk(t) =
tα−1

Γ(α)
φkEα,1+ β

α
,1+β−1

α
(−π2k2tβ+α). (11)

Substituting (11) and the orthonormal eigenfunctions Xk(x) = sinπkx to (6), we can get the solution
to problem (1)–(3) in the next form

u(t, x) =
tα−1

Γ(α)

∞∑
k=1

φkEα,1+ β
α
,1+β−1

α
(−π2k2tβ+α) sinπkx, (t, x) ∈ (0,∞)× (0, 1). (12)

Convergence of solution. Applying (5) to (11), we get

Tk(t) ≤
|φk||tα−1|

Γ(α)

(
1 + Γ(1+αm)

Γ(1+α(m+1))π
2k2tβ+α

)1+ 1
m

, m =
β + α

α
.

By Parseval’s identity, it follows from (12) that

sup
t≥0
||t1−αu(t, ·)||2L2(0,1) = sup

t≥0

1

|Γ(α)|2
∞∑
k=1

|φk|2
∣∣∣∣Eα,1+ β

α
,1+β−1

α
(−π2k2tβ+α)

∣∣∣∣2 ≤
≤ sup

t≥0

1

|Γ(α)|2
∞∑
k=1

|φk|2(
1 + Γ(1+αm)

Γ(1+α(m+1))π
2k2tβ+α

)2(1+ 1
m

)
≤

≤ sup
t≥0

1

|Γ(α)|2
(

1 + Γ(1+αm)
Γ(1+α(m+1))π

2tβ+α

)2(1+ 1
m

)

∞∑
k=1

|φk|2 ≤
∞∑
k=1

|φk|2 = ||φ(·)||2L2(0,1). (13)

Solving Dα
0+,tu and uxx we get

Dα
0+,tu(t, x) =

1

Γ(α)

∞∑
k=1

φkD
α
0+,tt

α−1E
α,1+ β

α
,1+β−1

α
(−π2k2tβ+α) sinπkx =
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= − t
α+β−1

Γ(α)

∞∑
k=1

π2k2φkEα,1+ β
α
,1+β−1

α
(−π2k2tβ+α) sinπkx, (14)

and

uxx(t, x) =
tα−1

Γ(α)

∞∑
k=1

φkEα,1+ β
α
,1+β−1

α
(−π2k2tβ+α) sin′′ πkx =

= − t
α−1

Γ(α)

∞∑
k=1

π2k2φkEα,1+ β
α
,1+β−1

α
(−π2k2tβ+α) sinπkx. (15)

Applying (13)–(15) we get

sup
t≥0
||t1−α−βDαt u(t, ·)||2L2(0,1) ≤

∞∑
k=1

π4k4|φk|2 = ||φ(·)||2H2(0,1) <∞,

and

sup
t≥0
||t1−αuxx(t, ·)||2L2(0,1) ≤

∞∑
k=1

π4k4|φk|2 = ||φ(·)||2H2(0,1) <∞.

Uniqueness of the solution. Suppose that u1 and u2 are solutions to problem (1)–(3) and we choose
u = u1− u2 in such a way, that u satisfies the diffusion equation (1) and boundaries, initial conditions
(2), (3). Define

Tk(t) =

∫ 1

0
u(t, x) sinπkxdx, k ∈ N, t > 0. (16)

Applying Dα
0+,t to left-side (16) equation by using (1) we obtain

Dα
0+,tTk(t) =

∫ 1

0
Dα

0+,tu(t, x) sinπkxdx

= tβ
∫ 1

0
uxx(t, x) sinπkxdx

= tβ
∫ 1

0
u(t, x) sin′′ πkxdx

= −tβπ2k2

∫ 1

0
u(t, x) sinπkxdx

= −tβπ2k2Tk(t), k ∈ N, t > 0.

From (2), (3) we have
I1−α

0+,tTk(0) = 0,

which means that u(t, x) ≡ 0. Hence u1(t, x) = u2(t, x), therefore the problem (1)–(3) has a unique
solution.

2 Cauchy-Neumann problem

Let us consider time-fractional diffusion equation

Dα
0+,tu(t, x)− tβuxx(t, x) = 0, (t, x) ∈ (0,∞)× (0, 1), (17)

with the Neumann boundary condition

ux(t, 0) = ux(t, 1) = 0, t > 0, x ∈ [0, 1], (18)
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and the Cauchy initial condition
I1−α

0+,tu(0, x) = φ(x). (19)

Definition 2. The solution to problem (17)–(19) is t1−αu ∈ C((0,∞); L2(0, 1)), which satisfies
t1−α−βDα

0+,tu, t
1−αux, t

1−αuxx ∈ C((0,∞);L2(0, 1)).
Theorem 2. Let φ(x) ∈ H2(0, 1). The unique solution to problem (17)–(19) is the function u, which

has form

u(t, x) =
tα−1

Γ(α)

∞∑
k=0

φkEα,1+ β
α
,1+β−1

α
(−π2k2tβ+α) cosπkx, (t, x) ∈ (0,∞)× (0, 1),

where φ0 =
∫ 1

0 φ(x)dx and φk = 2
∫ 1

0 φ(x) cosπkxdx, k ∈ N and Eα,m,l(z) is a Kilbas-Saigo function,
which is defined by the formula (4) and (5).

It can be easily proven by the idea of Theorem 1.
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A.Г. Смадиева

Әл-Фараби атындағы Қазақ ұлттық университетi, Алматы, Қазақстан;
Математика және математикалық модельдеу институты, Алматы, Қазақстан

Бөлшек реттi туындылы өзгешеленген диффузия теңдеулерi
үшiн бастапқы шеттiк есептiң қисындылығы

Мақалада tβ , β > 1 − α диффузиялық коэффициенттерi бар бiр өлшемдi сызықтық бөлшек реттi
туындылы өзгешеленген диффузия теңдеулерi үшiн бастапқы шеттiк есептердi шешу қарастырыл-
ған. ∈ (0, 1) үшiн бөлшек реттi Риман-Лиувилль интегралы I1−α0+,t және α ∈ (0, 1) үшiн бөлшек реттi
Риман-Лиувилль туындысы Dα

0+,t бар бiр өлшемдi уақыт бойынша бөлшек реттi туындылы өзгеше-
ленген диффузия теңдеулерi үшiн бастапқы шеттiк есептердiң шешiмдерi көрсетiлген. Бөлшек реттi
диффузиялық теңдеулердiң шешiмдерi Eα,m,l(z) Килбас-Сайго функциясы арқылы берiлген. Есеп-
тердiң шешiмi айнымалыларды ажырату әдiсi арқылы, бiр айнымалысы бар екi есептi табу арқылы
анықталады. Демек, Дирихле немесе Нейман шекаралық шарттарымен t параметрiне тәуелдi бөлшек
реттi есебiнiң шешiмiн және x параметрiне тәуелдi Штурм-Лиувилл есебiне қойылған бастапқы шар-
ты бөлшек реттi Риман-Лиувилл интегралы арқылы берiлген есептiң шешiмiн табу арқылы. Есептiң
шешiмiнiң бар болуы мен жалғыздығы дәлелденген. Шешiмнiң жинақтылығы Kilbas-Saigo Eα,m,l(z)
функциясының бағалауы көмегiмен және Парсевал теңдiгiн қолдану арқылы дәлелдендi.

Кiлт сөздер: бөлшек реттi туындылы өзгешеленген диффузия теңдеуi, айнымалыларын ажырату
әдiсi, Килбас-Сайго функциясы.

A.Г. Смадиева

Казахский национальный университет имени Аль-Фараби, Алматы, Казахстан;
Институт математики и математического моделирования, Алматы, Казахстан

Корректность начально-краевых задач для дробных
вырожденных диффузионных уравнений

Статья посвящена решению начально-краевых задач для одномерных дробных вырожденных линей-
ных диффузионных уравнений коэффициентами диффузии tβ при β > 1−α, начально-краевых задач
для одномерных уравнений вырождающейся диффузии с дробным временем с дробным интегралом
Римана-Лиувилля I1−α0+,t порядка α ∈ (0, 1) и с дробной производной Римана-Лиувилля Dα

0+,t порядка
α ∈ (0, 1) по переменной. Решения этих дробных диффузионных уравнений представлены с помощью
функции Килбаса-Сайго Eα,m,l(z), их получили методом разделения переменных, путем нахождения
двух задач с одной переменной. Вернее, путем нахождения решения дробной задачи, зависящей от
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параметра t, с граничными условиями Дирихле или Неймана, и решение задачи Штурма–Лиувилля,
зависящей от переменной x с начальным дробно-интегральным условием Римана-Лиувилля. Доказа-
ны существование и единственность решения задачи. Сходимость в решения подтверждена с помощью
оценки функции Килбаса-Сайго Eα,m,l(z) и тождества Парсеваля.

Ключевые слова: дробно-вырожденное диффузионное уравнение, метод разделения переменных, функ-
ция Килбаса-Сайго.
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Construction of stochastic differential equations of motion
in canonical variables

Galiullin proposed a classification of inverse problems of dynamics for the class of ordinary differential
equations (ODE). Considered problem belongs to the first type of inverse problems of dynamics (of
the three main types of inverse problems of dynamics): the main inverse problem under the additional
assumption of the presence of random perturbations. In this paper Hamilton and Birkhoff equations are
constructed according to the given properties of motion in the presence of random perturbations from
the class of processes with independent increments. The obtained necessary and sufficient conditions for
the solvability of the problem of constructing stochastic differential equations of both Hamiltonian and
Birkhoffian structure by the given properties of motion are illustrated by the example of the motion of an
artificial Earth satellite under the action of gravitational and aerodynamic forces.

Keywords: stochastic differential equation, class of processes with independent increments, stochastic equations
of Hamiltonian and Birkhoffian structures, the main inverse problem.

Introduction

At present, the theory of inverse problems of dynamics in the class of ODEs is fully developed [1–9]
and goes back to the Yerugin’s fundamental work [10]. In [10], there is constructed a set of ODE that
have a given integral curve.

Methods for solving inverse problems of dynamics are generalized to the class of Ito stochastic
differential equations in [11–19].

Let the set
Λ(t) : λ(x, ẋ, t) = 0, λ ∈ Rm, x ∈ Rn, (1)

be given. It is required to construct a set of stochastic equations of Hamiltonian and Birkhoffian
structure 

q̇k =
∂H

∂pk
,

ṗk = −∂H
∂qk

+ σ′kj(q, p, t)ξ̇
j ,

(
k = 1, n

)
;

(2)

[
∂Ri(z, t)

∂zl
− ∂Rl(z, t)

∂zi

]
żi −

[
∂B(z, t)

∂zl
+
∂Rl(z, t)

∂t

]
= Tlµψ̇µ, (i, l = 1, 2n, µ = 1, n+ r) (3)

so that the set (1) is an integral manifold of the constructed stochastic equations of the Hamiltonian
(2) and Birkhoffian structure (3).

Here {ξ1(t, ω), . . . , ξk(t, ω)} and {ψ1(t, ω), ..., ψn+r(t, ω)} are systems of random processes with
independent increments that can be represented as a sum of Wiener and Poisson processes [20]:

∗Corresponding author.
E-mail: v_gulmira@mail.ru
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1) ξ = ξ0 +
∫
c(y)P 0(t, dy), where ξ0 is a Wiener process, P 0 is a Poisson process, P 0(t, dy) is

the number of the jumps of P 0 in the interval [0, t] that fall onto the set dy, c(y) is a vector function
mapping the space R2n into the space Rr of the values of the process ξ(t) for all t;

2) ψ = ψ0+
∫
c̃(y)P̃ 0(t, dγ), ψ0 is a Wiener process, P̃ 0 is a Poisson process, P̃ 0(t, dγ) is the number

of the jumps of P̃ 0 in the interval [0, t] that fall onto the set dγ, c̃(y) c(y) is a vector function mapping
the space R2n into the space Rn+r of the values of the process ψ(t) for all t; B = B(z, t) is a Birkhoff
function, W = (Wil) Birkhoff tensor with components Wil =

[
∂Ri(z,t)
∂zl

− ∂Rl(z,t)
∂zi

]
.

The stated problem was solved for the class of ODEs in [21]. In particular, the stochastic Helmholtz
problem, i.e., the problem of constructing equivalent stochastic equations of the Lagrangian, Hamiltonian,
and Birkhoffian structures by a given second order stochastic Ito equation was considered in [22].
In [23, 24], the above problem of constructing stochastic equations of the form (2) and (3) by a
given integral set (1) is considered under the assumption that systems {ξ1(t, ω), ..., ξr(t, ω)} and
{ψ1(t, ω), ..., ψn+r(t, ω)} are systems of independent Wiener processes (as a special case of random
processes with independent increments).

Let us give the scheme of solving the set problems: at the first step by the quasi-inversion method
[3] in combination with Yerugin’s method [10] and by virtue of stochastic differentiation of the complex
function in the case of processes with independent increments [20] by the given set (1) the second order
Ito differential equation

ẍ = f(x, ẋ, t) + σ(x, ẋ, t)ξ̇ (4)

is constructed so that the set Λ(t) is an integral manifold of the constructed equation (4). Further, at the
second step, equivalent stochastic equations of Hamiltonian and Birkhoffian structures are constructed
by the constructed stochastic equation (4).

1 Construction of stochastic Hamiltonian equation (2) by the given properties of motion (1)

Previously, by virtue of the Ito formula for stochastic differentiation of a complex function, the
equation of perturbed motion

λ̇ =
∂λ

∂t
+
∂λ

∂x
ẋ+

∂λ

∂ẋ
f + S1 + S2 + S3 +

∂λ

∂ẋ
σξ̇, (5)

is compiled. Here S1 =
1

2

∂2λ

∂ẋ2
: σσT ; following [20],

∂2λ

∂ẋ2
: D, D = σσT is understood as a vector,

the elements of which are the traces of the products of matrices of the second derivatives of the
corresponding elements λµ(x, ẋ, t) of the vector λ(x, ẋ, t) with respect to the components ẋ and the
matrix D

∂2λ

∂ẋ2
: D =

[
tr

(
∂2λ1
∂ẋ2

D

)
, . . . , tr

(
∂2λm
∂ẋ2

D

)]T
;

S2 =

∫
{λ(x, ẋ+ σc(y), t)− λ(x, ẋ, t) +

∂λ

∂ẋ
σc(y)

}
dy;

S3 =

∫
[λ(x, ẋ+ σc(y), t)− λ(x, ẋ, t)]P 0(t, dy).

Further, in order for the set (1) to be an integral manifold of equation (4), we introduce arbitrary
Yerugin functions [10]: a vector function A = A(λ, x, ẋ, t) and a matrix B = B(λ, x, ẋ, t) with properties
A(0, x, ẋ, t) ≡ 0, B(0, x, ẋ, t) ≡ 0, and such that

λ̇ = A(λ, x, ẋ, t) +B(λ, x, ẋ, t)ξ̇. (6)
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Equations (5) and (6) imply the following equalities
∂λ

∂ẋ
f = A− ∂λ

∂t −
∂λ
∂x ẋ− S1 − S2 − S3,

∂λ

∂ẋ
σ = B.

(7)

To determine the desired functions f and σ from relations (7), we use the following statement:
Lemma 1 [3; 12–13]. The set of all solutions of the linear system

Hv = g,H = (hµk), v = (vk), g = (gµ), µ = 1,m,k = 1, n,m ≤ n, (8)

is determined by the expression
v = αvT + vυ, (9)

where the rank of the matrix H equals to m. Here α is a scalar value,

vT = [HC] = [h1...hmcm+1...cn−1] =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

e1 ... en
h11 ... h1n
... ... ...
hm1 ... hmn
cm+1,1 ... cm+1,n

... ... ...
cn−1,1 ... cn−1,n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
is the cross product of vectors hµ = (hµk) and arbitrary vectors cρ = (cρk),ρ = m+ 1, n− 1; ek are
unit vectors of space Rn, vT = (vTk )

vTk =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 ... 1 ... 0
h11 ... h1k ... h1n
... ... ... ... ...
hm1 ... hmk ... hmn
cm+1,1 ... cm+1,n ... cm+1,n

... ... ... ... ...
cn−1,1 ... cn−1,k ... cn−1,n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, vυ = H+g,

where H+ = HT (HHT )−1, HT is the matrix transposed to H.
By Lemma 1, using (8), (9) we determine the form of the vector function f and the columns σi of

the matrix σ

f = s1

[
∂λ

∂ẋ
C

]
+

(
∂λ

∂ẋ

)+(
A− ∂λ

∂t
− ∂λ

∂x
ẋ− S1 − S2 − S3

)
, (10)

σi = s2i

[
∂λ

∂ẋ
C

]
+

(
∂λ

∂ẋ

)+

Bi, (i = 1, r
)
. (11)

Here σi = (σ1i, σ2i, . . . , σni)
T denotes the i-th column of the matrix σ = (σνj),

(
ν = 1, n, j = 1, r

)
.

Bi = (B1i, B2i, . . . , Bmi)
T is the i-th column of the matrix B = (Bµj) ,

(
µ = 1,m, j = 1, r

)
. By s1, s2

are denoted arbitrary scalar quantities.
The forms of the vector function f (10) and matrix σ (11) imply the general form of the set of

second-order Ito differential equations (4) with a given integral manifold (1)

ẍ = s1

[
∂λ

∂ẋ
C

]
+

(
∂λ

∂ẋ

)+(
A− ∂λ

∂t
− ∂λ

∂x
ẋ− S1 − S2 − S3

)
+
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+

(
s21

[
∂λ

∂ẋ
C

]
+

(
∂λ

∂ẋ

)+

B1, . . . , s2r

[
∂λ

∂ẋ
C

]
+

(
∂λ

∂ẋ

)+

Br

)
ξ̇.

To construct the Hamilton function, we first introduce a new variable yk = ẋk and rewrite the
constructed equation (4) in the form{

ẋk = yk,

yk = fk (x, y, t) + σkj (x, y, t) ξ̇j .
(12)

Here the vector function f = (f1, f2, . . . , fn)T and matrix columns σ = (σ1, σ2, . . . , σr) have the form
(10), (11), respectively.

Then, using zk =

{
xk
yk

, Gk =

{
yk
fk

, ψj =

{
0, for j = 1, n ,

ξj−n, for j = n+ 1, n+ 2, . . . , n+m,

µ = (µkj) =

(
0n×n 0n×m
0n×n σn×m

)
, σ = (σkj) we rewrite equation (12) in the form

żk = Gk (z, t) + µkj (z, t) ψ̇j . (13)

Further, using νk =

{
qk, k = 1, n
pk−n, k = n+ 1, n+ 2, . . . 2n

and ϕ = (ϕkν) =

(
0n×n In×n
−In×n 0n×n

)
,

p = (pkj) =

(
0n×n 0n×m
0n×n σ′n×m

)
, and also taking into account

 ∂H

∂pk
− ∂H
∂qk

 =

(
ϕkν

∂H

∂νν

)
, we rewrite

the stochastic equation of the Hamiltonian structure (2) in the form

ν̇k − φkν
∂H

∂νν
= pkjψ̇j . (14)

If we introduce the inverse matrix (ωkν) = (ϕkν)−1 =

(
0n×n −In×n
In×n 0n×n

)
for (ϕkν) and vector zk ≡

ωkννν =

(
−pk, k = 1, n
qk−n, k = n+ 1, 2n

)
, then equation (14) is transformed to the equivalent equation

ωνkżk −
∂H

∂zk
= ωνkpνjψ̇j . (15)

Consider the problem of indirect representation of equation (13) in the form of an equation of the
Hamiltonian structure (15), i.e., using some matrix Γ =

(
γkν
)
, consider the relation

γkν

(
żk −Gk − µkjψ̇j

)
≡ ωνkżk −

∂H

∂zν
− ωνkpνjψ̇j

or
Cνkżk −Dν(z, t)− γkνµkjψ̇j ≡ ωνkżk −

∂H

∂zν
− ωνkpνjψ̇j , (16)

where Cνk = γkν ; Dν(z, t) = γkνGk.
To fulfill the identity (16) it is necessary the conditions

Cνk = ωνk, Dν(z, t) = −∂H
∂zν

, (17)

γkνµkj = ωνkpνj ,
(
ν, k = 1, 2n, j = 1, n+m

)
, (18)
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γkν = ωνk (19)

to be satisfied. From relations (16) and conditions (17)–(19), µkj = pνj follows. This entails the
fulfillment of the equality σkj = σ′kj ,

(
k = 1, n, j = 1,m

)
.

Theorem 1. For the indirect construction of Hamiltonian structure stochastic equation (2) by the
given set (1) so that the set (1) is an integral manifold of equation (15), it is necessary and sufficient
that conditions (17)–(19) be satisfied.

2 Construction of the Birkhoffian structure stochastic equation (3)
by the given properties of motion (1)

To solve the problem, consider the relation

Cυkżk −Dυ(z, t)− µυjψ̇j ≡

≡
[
∂Rk(z, t)

∂zν
− ∂Rν(z, t)

∂zκ

]
żκ −

[
∂B(z, t)

∂zν
+
∂Rν(z, t)

∂t

]
− Tνjψ̇j , (ν, κ = 1, 2n, j = 1, n+m). (20)

(20) is fulfilled identically under the following conditions

Cνk =

[
∂Rκ(z, t)

∂zυ
− ∂Rυ(z, t)

∂zκ

]
, Dν =

[
∂B(z, t)

∂zυ
+
∂Rυ(z, t)

∂t

]
, µ = T. (21)

Theorem 2. To construct the Birkhoffian structure stochastic equation (3) by the given set (1), so
that set (1) is an integral manifold of equation (3), it is necessary and sufficient that conditions (21)
are satisfied.

3 Example

Consider the stochastic problem of constructing Hamilton and Birkhoff functions for a given
property of motion by the example of the motion of an artificial Earth satellite under the action
of gravitational and aerodynamic forces [25].

Let the properties of motion

∆ (t) : λ = θ2 + α1θ̇
2 + α2 = 0, λ ∈ R1 (22)

be given. Then the equation of perturbed motion (5) takes the form

λ̇ = 2θθ̇ + 2α1θ̇θ̈ + S1 + S2 + S3 = 2θθ̇ + 2α1θ̇f + S1 + S2 + S3 + 2α1θ̇σξ̇, (23)

where S1 = α1σ
2, S2 =

∫ {
2α1σc(y)[4θ̇ + σc(y)]

}
dy, S3 =

∫ {
2α1σc(y)[4θ̇ + σc(y)]

}
P 0(t, dy).

Let us introduce the scalar Yerugin functions a = a(λ, θ, θ̇, t), b = b(λ, θ, θ̇, t) with the property
a(0, θ, θ̇, t) ≡ b(0, θ, θ̇, t) ≡ 0 and such that the relation

λ̇ = aλ(θ, θ̇, t) + bλ(θ, θ̇, t)ξ̇ (24)

takes place. In our example from relations (23), (24), it follows that a set of equations (4) is written as
θ̈ = f(θ, θ̇, t) + σ(θ, θ̇, t)ξ̇ and it has the integral manifold (22) if f and σ have, respectively, the forms

f =
a(θ2 + α1θ̇

2 + α2)− 2θθ̇ − S1 − S2 − S3
2α1θ̇

, σ =
b(θ2 + α1θ̇

2 + α2)

2α1θ̇
. (25)
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Following [25], we write the equation of motion of an artificial Earth satellite under the action of
gravitational and aerodynamic forces in the form

θ̈ = f̃(θ, θ̇) + σ̃(θ, θ̇)ξ̇, (26)

where θ is pitch angle, f̃and σ̃ have the forms

f̃ = Ql sin 2θ −Q[g(θ) + ηθ̇], σ̃ = Qδ[g(θ) + ηθ̇].

Before constructing the Hamilton and Birkhoff functions, we first construct the Lagrangian by (26).
In (26), relations (25) should be taken into account, which ensure the integrality of the given set (22).
From f = f̃ , σ = σ̃, it follows that the four parameters Q, δ, η, l, determining the dynamics of satellite
motion, must satisfy the following relations{

a(θ2 + α1θ̇
2 + α2)− 2θθ̇ − S1 − S2 − S3 = 2α1θ̇

{
Ql sin 2θ −Q[g(θ) + ηθ̇]

}
,

b(θ2 + α1θ̇
2 + α2) = 2α1θ̇Qδ[g(θ) + ηθ̇].

Then, considering definition [26] and the action of random perturbations, equation (26) admits an
indirect analytic representation in terms of a stochastic equation with a Lagrangian structure if there
exists a function h such that the identity

d

(
∂L

∂θ̇

)
− ∂L

∂θ
− σ′(θ, θ̇, t)ξ̇ ≡ h[θ̈ − f − σξ̇] (27)

takes place. We find the function h = h(t) from the Helmholtz condition [26; 107]
∂l2

∂θ̇
=

∂l1
∂t

+

θ̇
∂l1
∂θ

, which is necessary and sufficient for constructing the Lagrange equation equivalent to the

scalar equation l1(θ, θ̇, t)θ̈ + l2(θ, θ̇, t) = 0. In particular, function h = e−Qη t satisfies this condition.
Substituting h in (27), we get

e−Qη t[θ̈ − f − σξ̇] =
∂2L

∂θ̇2
θ̈ +

∂2L

∂θ̇∂θ
θ̇ +

∂2L

∂θ∂t
− ∂L

∂t
σ′ξ̇.

Then we construct the desired Lagrangian in the form

L = e−Qηt[
1

2
θ̇2 −Q(

1

2
l cos 2θ +G)], G =

∫
g(θ)dθ, (28)

which provides an indirect representation of equation (27) in the form of the Lagrangian structure
equation

d

dt

∂L

∂θ̇
− ∂L

∂θ
= e−Qηtσ(θ, θ̇)ξ̇.

Using the Lagrange function (28) and the Legendre transform, we define the Hamilton function as

H = χθ̇ − L(θ, θ̇, t)
∣∣∣θ̇=θ̇(θ,χ,t) . Since χ =

∂L

∂θ̇
, then χ = e−Qηtθ̇ and therefore θ̇ = eQηtχ. Then the

canonical equation corresponding to the stochastic Lagrangian structure equation (27) will take the
form 

θ̇ =
∂H

∂χ
,

χ̇ = −∂H
∂θ

+
_
σ (θ, χ, t)ξ̇,

(29)
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where
_
σ= σ′(θ, θ̇, t)

∣∣∣θ̇=θ̇(θ,χ,t) , and the Hamilton function is defined as

H =
1

2
eQηtχ2e−Qηtb(θ). (30)

To solve the problem of representing the Birkhoffian by a given equation (26), we use Theorem 2.
According to the above constructed equation (29) and Hamilton function (30) from relations (21) for

C =

(
ϕ 0
0 ϕ

)
functions Rυ(υ = 1, 2), R = (R1, R2) and B are defined as R = {χ, (1 + ϕ)θ}, B =

1
2ϕe

Qηtχ2 − ϕe−Qηtb(θ), where ϕ is an arbitrary constant.
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Канондық айнымалылардағы қозғалыстың стохастикалық
дифференциалдық теңдеулерiн құру

А.С. Галиуллин динамиканың керi есептерiнiң классификациясын қарапайым дифференциалдық тең-
деулер класында ұсынды. Мақалада қарастырылатын есеп динамиканың керi есептерiнiң бiрiншi
түрiне жатады (динамиканың керi есептерiнiң негiзгi үш түрiнiң iшiнде) кездейсоқ түрткiлердiң бар
болуы туралы қосымша болжамдағы негiзгi керi есепке. Сонымен бiрге Гамильтон және Бирхофф
теңдеулерi тәуелсiз өсушелерi бар процестер класынан кездейсоқ түрткiлер бар болған кезде қозға-
лыстың берiлген қасиеттерiнен құрастырылған. Ал алынған қозғалыстың берiлген қасиеттерi үшiн
Гамильтондық та, Бирхоффтық та құрылымды стохастикалық теңдеулерiн құру есебiнiң шешiмiн
табу үшiн алынған қажеттi және жеткiлiктi шарттары ауырлық күштерiнiң және аэродинамикалық
күштерiнiң әсерiнен Жердiң жасанды серiгiнiң қозғалысы мысалында көрсетiлген.

Кiлт сөздер: стохастикалық дифференциалдық теңдеу, тәуелсiз өсiмшелi үдерiстер класы, Гамиль-
тондық және Бирхоффтық құрылымды стохастикалық теңдеулер, негiзгi керi есеп.

М.И. Тлеубергенов1,2, Г.К. Василина1,3, С.Р. Сейсенбаева1,2
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Построение стохастических дифференциальных уравнений
движения в канонических переменных

А.С. Галиуллиным была предложена классификация обратных задач динамики в классе обыкновен-
ных дифференциальных уравнений. И рассматриваемая в настоящей работе задача относится к пер-
вому типу обратных задач динамики (из трех основных типов обратных задач динамики) — основной
обратной задаче при дополнительном предположении о наличии случайных возмущений. В статье
строятся уравнения Гамильтона и Биркгофа по заданным свойствам движения при наличии случай-
ных возмущений из класса процессов с независимыми приращениями. И полученные необходимые
и достаточные условия разрешимости задачи построения стохастических уравнений как гамильто-
новой, так и биркгофиановой структуры по заданным свойствам движения проиллюстрированы на
примере движения искусственного спутника Земли под действием сил тяготения и аэродинамических
сил.

Ключевые слова: стохастическое дифференциальное уравнение, класс процессов с независимыми при-
ращениями, стохастическое уравнения гамильтоновой и биркгофиановой структур, основная обрат-
ная задача.
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Forcing companions of Jonsson AP-theories
This article is devoted to the study of the forcing companions of the Jonsson AP-theories in the enriched
signature. It is proved that the forcing companion of the theory does not change when expanding the theories
under consideration, which have some properties, by adding new predicate and constant symbols to the
language. The model-theoretic results obtained in this paper in general form are supported by examples
from differential algebra. An approach in combining a Jonsson and non-Jonsson theories is demonstrated.
In this paper, for the first time in the history of Model Theory. This will allow us to further develop the
methods of research of Jonsson theories and expand the apparatus for studying incomplete theories.

Keywords: Jonsson theory, perfect Jonsson theory, AP -theory, forcing, forcing companion, enrichment of a
signature, expanding theory, differential field, differentially closed field, differentially perfect field.

Introduction

In recent years, Model Theory has increasingly revealed its potential in solving important problems
from various areas of mathematics. Thus, many significant facts concerning differential algebras, namely
differential fields of zero and positive characteristic, were established through the use of model-theoretic
methods in the studies of D. Marker, L. Blum, K. Wood, and others. At the same time, there is an
increasing need to develop their own apparatus of Model Theory, especially in the study of incomplete
theories. In the 1980s, among inductive theories, a special subclass of Jonsson theories was singled out,
which are incomplete. Examples of Jonsson theories are the theories of well-known classical algebras,
such as group theory, fixed characteristic field theory, linear order theory, etc. are provided. The
methods used in the study of this class largely demonstrate their usefulness due to the numerous
results obtained by B. Poizat, T.G. Mustafin, A.R. Yeshkeyev, E.T. Mustafin.

In [1], the authors began the study of the Jonsson differential algebras: results were obtained for
differential fields of characteristic 0 and p. Here we continue to develop this direction while expanding
the language of these theories and considering forcing companions in a new enrichment.

In the framework of the study of Jonsson theories, earlier works [2–4] considered theories obtained
as constructions of Jonsson theories. In this paper, we work with a theory that is a union of two
theories, where the first one is Jonsson and the other is not.

1 Preliminary information

We start with the main definitions and facts concerning the subject of the study. Recall the
definitions of a model companion and a forcing companion.

Definition 1. [5; 156] Let T and TMC be some L-theories. The theory TMC is called a model
completion of the theory T if:

1) T and TMC are mutually model consistent, i.e., any model of the theory T is embedded in the
model of the theory TMC and vice versa;

∗Corresponding author.
E-mail: intng@mail.ru
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2) TMC is a model complete theory;
3) if A |= T , then TMC ∪D(A) is a complete theory. The theory TMC is called a model companion

if conditions 1) and 2) hold.

Definition 2. [6; 129] Let T be a theory of the language L. A forcing companion of the theory T is
a theory T f which is the set of all sentences of the language L weakly forced by ∅.

The following results were proved by J. Barwise and A. Robinson:

Theorem 1. [6; 133] Let T1 and T2 be the theories of the language L. Then T1 and T2 are mutually
model consistent if and only if T f

1 = T f
2 .

Theorem 2. [6; 134] Let T be mutually model consistent with some inductive theory T ′. Then
T ′ ⊆ T f . Therefore, if T is an inductive theory then T ⊆ T f .

Definition 3. [5; 80] A theory T has the joint embedding property (JEP ) if for any models U , B
of the theory T there exists a model M of the theory T and isomorphic embeddings f : U → M ,
g : B →M .

Definition 4. [5; 68] A theory T has the amalgam property (AP ) if for any models U , B1, B2 of
the theory T and isomorphic embeddings f1 : U → B1, f2 : U → B2 there are M |= T and isomorphic
embeddings g1 : B1 →M , g2 : B2 →M such that g1 ◦ f1 = g2 ◦ f2.

Since the work relates mainly to the study of the Jonsson theories, we will give the main definitions
concerning them. More detailed information about the Jonsson theories can be found mainly in [7].
In works [8–11], newer and more specific results have been published, and the apparatus for studying
Jonsson theories has been expanded.

We are working within the framework of the following definition of Jonsson theory published in the
Russian edition of [5].

Definition 5. [5; 80] A theory T is called Jonsson if:
1. the theory T has at least one infinite model;
2. T is an inductive theory;
3. T has the amalgam property (AP );
4. T has the joint embedding property (JEP ).

Many classical objects from Algebra satisfied such conditions, and these theories are Jonsson
1) group theory;
2) theory of abelian groups;
3) theory of boolean algebras;
4) theory of linear orders;
5) field theory of characteristic p, where p is zero or a prime number;
6) theory of ordered fields;
7) theory of modules.

The following concepts and facts play a crucial role in the construction of a model-theoretic
apparatus associated with the study of Jonsson theories.

Definition 6. [7; 155] Let T be a Jonsson theory. A model CT of power 2|T | is called to be a semantic
model of the theory T if CT is a |T |+-homogeneous |T |+-universal model of the theory T .

Theorem 3. [7; 155] T is Jonsson if it has a semantic model CT .

The following definition was introduced by T.G. Mustafin.

Definition 7. [7; 155] A Jonsson theory T is called perfect if its semantic model CT is saturated.

Definition 8. [7; 161] The elementary theory of a semantic model of the Jonsson theory T is called
the center of this theory. The center is denoted by T ∗, i.e. Th(C) = T ∗.
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Theorem 4. [7; 158] Let T be an arbitrary Jonsson theory. Then the following conditions are
equivalent:

1) the theory T is perfect;
2) T ∗ = Th(C) is the model companion of the theory T .

The following theorem is of particular importance for this study:

Theorem 5. [7; 162] Let T be a perfect Jonsson theory. Then the following statements are equivalent:
1) T ∗ is the model companion of T ;
2) ModT ∗ = ET ;
3) T ∗ = T f , where T f is a forcing companion of the theory T .

Theorem 6. [12; 1243] Let T be a Jonsson theory. Then for any model A ∈ ET theory T 0(A) is
Jonsson, where T 0(A) = Th∀∃(A).

We can see that in the case of the perfectness of T its center T ∗ is also a Jonsson theory.
The following definition will help us to specify the class of Jonsson theories which we will deal with

in this paper.

Definition 9. [13; 120] A Jonsson theory is said to be hereditary if, in any of its permissible
enrichment, it preserves the Jonssonness.

As mentioned before, Jonsson theories should have joint embedding and amalgam properties. At
the same time, it is known from [14; 270] that these two properties are generally independent of each
other. However, theories with AP and JEP form special subclasses among inductive theories that
are of interest for studying the internal structure of their model classes. In work [1], A.R. Yeshkeyev
introduced the following concepts:

Definition 10. [1; 130] A theory T is called an AP -theory if, from the fact that it has the amalgam
property, it follows that T also has the joint embedding property, i.e. AP → JEP .

Definition 11. [1; 130] A theory T is called a JEP-theory if T has the joint embedding property
and this implies the presence of the amalgam property, i.e. JEP → AP .

Definition 12. [1; 130] We call a theory T an AJ-theory if the properties of the amalgam and the
joint embedding are equivalent for T , i.e. AP ↔ JEP .

Examples are various classes of unars [14; 270]. In addition, in [1], it is shown that the theory of
differential fields of characteristic 0 and the theory of differentially perfect fields of characteristic p,
which will be discussed later, are AP -theories.

2 Forcing companions of theories in an enriched signature

Now we move on to the problem statement. We consider the theories ∆1, ∆2, ∆3 satisfy the
following conditions:

1) ∆1 is an inductive theory that is not a Jonsson theory but has a model companion which is the
theory ∆3,

2) ∆2 is a hereditary Jonsson AP-theory that has a model companion, which is also ∆3.
Based on the conditions set, we can draw the following conclusions. All three theories are mutually

model consistent, because ∆3 is mutually model consistent with both ∆1 and ∆2, for which ∆3 is the
model companion, which means that ∆1 and ∆2 are mutually model consistent with each other. At
the same time, according to Theorem 1, the forcing companions of mutually model consistent theories
must coincide, which means that ∆f

1 = ∆f
2 . ∆2 is a perfect Jonsson theory, while ∆∗2 = Th(C) = ∆3,

C is a semantic model of ∆2, which follows from Theorem 4. In addition, Theorem 5 gives us reason
to assert that ∆3 is also a forcing companion of ∆2, i.e. ∆3 = ∆f

2 . So we get ∆f
1 = ∆f

2 = ∆3.
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Consider the following extensions of the theories ∆1, ∆2, ∆3 in various language enrichment L by
adding new constant and predicate symbols c and P . Let ∆1 be a theory extending ∆1 by enriching
the language L with the predicate symbol P as follows:

∆1 = ∆1 ∪∆f
1 ∪ {P,⊆},

where {P,⊆} is an infinite list of ∃-sentences and interpretation of P is an existentially closed submodel
in model of ∆1.

Let ∆2 be a theory that extends ∆2 when a new constant symbol c is added to the language L and
defined as follows:

∆2 = ∆2 ∪∆f
2 ∪ Th∀∃(C, c),

where C is a semantic model of Jonsson theory ∆2. Since ∆2 is a hereditary Jonsson theory, ∆2 is also
a Jonsson theory.

Here we pose two questions:
1) How will the addition of new symbols P and c to the language L and the subsequent expansion

of ∆1 and ∆2 affect the forcing companion of the received theories?
2) When combining the theories ∆1 and ∆2, can a consistent theory be obtained and what will be

its forcing companion?
The answer to the first question is the following theorem.

Theorem 7. ∆1
f

= ∆f
1 .

Proof. According to Theorem 2, because ∆1 is an inductive theory, ∆1 ⊆ ∆f
1 . This means that

∆1 ∪∆f
1 = ∆f

1 = ∆3. Therefore, ∆1 can be written as ∆3 ∪ {P,⊆}. Since the set {P,⊆} consists only
of existential formulas, theories ∆3 and ∆1 do not differ in universal formulas, which means they are
mutually model consistent. As is known from Theorem 1, the forcing companions in this case of these
two theories must be equal. At the same time, ∆3, which is a forcing companion of ∆1 and ∆2, is
forcing-complete, because ∆f

3 = (∆f
1)f = ∆f

1 = ∆3. Hence, ∆f
3 = ∆1

f
= ∆3, and ∆1

f
= ∆f

1 .
Thus, we can conclude that the forcing companion of the inductive theory ∆1 does not change

when enriching the language of this theory with a new predicate symbol P .

Theorem 8. ∆2
f

= ∆f
2 .

Proof. The proof is similar to the proof of Theorem 7. Since ∆2 is a Jonsson theory, it is inductive,
which means by Theorem 2 ∆2 ⊆ ∆f

2 and ∆2 ∪ ∆f
2 = ∆f

2 = ∆3. So ∆2 = ∆3 ∪ Th∀∃(C, c). All
the sentences in Th∀∃(C, c) are ∀∃-formulas, which means that theories ∆3 and ∆2 do not differ in
universal formulas, i.e., they are mutually model consistent. We can conclude from this that their
forcing companions are equal, with ∆f

3 = ∆2
f

= ∆3, and ∆2
f

= ∆f
2 .

This means that the addition of the new constant c to language L did not affect the forcing
companion when expanding theory ∆2 to ∆2.

To answer the second question, we recall the Robinson’s consistency theorem.

Theorem 9. [5; 77] Let T be a complete theory of language L, languages L1 and L2 are extensions
of language L such that L1 ∩ L2 = L, and theories T1 and T2 are consistent extensions of theory T in
languages L1 and L2 respectively. Then T3 = T1 ∪ T2 is a consistent theory.

Now we can formulate and prove the following result.

Theorem 10. i) The theory ∆1 ∪∆2 is consistent.
ii) (∆1 ∪∆2)

f = ∆f
1 = ∆f

2

Proof. i) As noted above, ∆1 = ∆3 ∪ {P,⊆} and ∆2 = ∆3 ∪ Th∀∃(C, c). Applying Theorem 9,
we will consider ∆3 as the theory T , ∆1 as the theory T , acting as an extension of ∆3 by adding a
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new predicate symbol P to the language, and T2 as the theory ∆2, which is an extension of ∆3 by
adding the constant symbol c to the language. In this case, L = L1 ∩ L2, where L1 is the language of
theory ∆1, L2 is the language of theory ∆2. Therefore, the theory obtained as the union of ∆1 ∪∆2 is
consistent.

ii) Obviously, ∆1 ∪∆2 = ∆3 ∪ {P,⊆} ∪ Th∀∃(C, c). Theorems 7 and 8 allow us to assert that the
forcing companion of theories ∆3 ∪ {P,⊆} ∪ Th∀∃(C, c) and ∆3 is theory ∆3. Hence, (∆1 ∪ ∆2)

f =

∆f
1 = ∆f

2 .

3 Application of the result to differential algebra

The results formulated above, described for the general situation in model theory, can be interpreted
using examples of differential algebra, namely, when considering the theory of differential fields of
characteristic 0, the theory of differentially closed fields of characteristic 0, the theory of differential
fields of characteristic p, the theory of differentially closed fields of characteristic p. First, we will give
the basic definitions and theorems concerning these theories. All concepts whose definitions are not
given here can be found in [1].

We use the following notation: DF for the theory of differential fields, DPF for the theory of
differentially perfect fields, DCF for the theory of differentially closed fields. The lower index 0 or p
indicates the corresponding characteristic of the underlying field.

Definition 13. [15; 7] The differentiation of the ring A is called the mapping a→ D(a) rings A into
itself satisfying the relations

D(x + y) = D(x) + D(y),

D(xy) = xDy + yDx.

Definition 14. [15; 8] A differential ring is a commutative ring with a unit in which some differentiation
is given.

In the case where the differential ring is a field F , we will talk about a differential field. Differential
fields are models of the theory of differential fields DF , given by the axioms of field theory and the
following two sentences:

∀x∀y D(x + y) = D(x) + D(y),

∀x∀y D(xy) = xD(y) + yD(x),

where x, y ∈ F .
The language used to study differential fields is the language L = {+,−, ·, D, 0, 1}. Here the

differentiation operator D plays the role of a single functional symbol.
The concept of a differentially closed field was first proposed by A. Robinson [16; p. 2]. However,

A. Robinson did not formulate axioms for the theory of differentially closed fields, which was corrected
later by L. Blum for the case of characteristic 0. The situation with characteristic p was studied in
detail by С. Wood and looks similar.

Definition 15. [17; 9] A differential field F is called differentially closed if whenever f(x), g(x) ∈
F{X}, g(x) is nontrivial, has a nonzero value and the order of f(x) is greater than the order of g(x),
there exists a ∈ F such that f(a) = 0 and g(a) 6= 0.

Thus, the theory of differentially closed fields DCF is a theory consisting of the axioms DF and
the following two axioms:

1) Each nonconstant polynomial from one variable has a solution.
2) If f(x) and g(x) are differential polynomials such that the order of f(x) is greater than the order

of g(x), g(x) is nontrivial, then f(x) has a solution not being the solution of g(x).
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The following are some basic facts about the theories of differential fields and differentially closed
fields of various characteristics.

Theorem 11. [18; 581] DCFp is complete and model-complete.

Theorem 12. [19; 131] DF0 has the joint embedding and amalgam properties.

Theorem 13. [19; 128] The DCF0 theory is a model completion of the DF0 theory.

Theorem 14. [18; 578] The theory DFp of differential fields of characteristic p does not admit the
amalgam property.

The author notes that the main reason is the absence of roots of the p-th degree in some constant
elements of the field in the general case.

Theorem 15. [20; 92] DFp has a model companion, but does not have a model completion.

Definition 16. [20; 92] A differential field F is called differentially perfect if any of its extensions is
separable.

Theorem 16. [20; 92] In order for the differential field F of characteristic p to be differentially
perfect, it is necessary and sufficient that p = 0 or p > 0 and F p = C.

Thus, the theory DPF differentially perfect fields of characteristic p is given by the axioms DF
and the following axiom:

∀x∃y (D(x) = 0→ yp = x).

Theorem 17. [18; 579] DPFp is a model consistent extension of DFp.

Based on this fact, it is easy to see that theories DPFp and DFp are mutually model consistent,
since each differentially perfect field is a model of theory DFp and there will always be some model of
theory DPFp, in which any differential field of characteristic p can be embedded.

Theorem 18. [18; 578] The theory DPFp of differentially perfect fields of characteristic p admits
the amalgam property.

Theorem 19. [18; 581] The theory DCFp of differentially closed fields of characteristic p is the
model companion of the theory DFp differential fields of characteristic p and the model completion for
the theory DPFp of differentially perfect fields of characteristic p.

In work [1], the following statements related to the theories described above were proved.

Theorem 20. [1; 131] DF0 is a perfect Jonsson theory.

Theorem 21. [1; 131] DCF0 is the center of the Jonsson theory DF0.

Theorem 22. [1; 131] DFp is not a Jonsson theory.

Theorem 23. [1; 132] DPFp is a perfect Jonsson theory.

Theorem 24. [1; 132] DCFp is the center of the Jonsson theory DPFp.

In addition, DF0 and DPFp are strongly convex theories in the classical Robinson sense, which
allows us to state the following:

Theorem 25. [1; 132] DF0 and DPFp are Jonsson AP -theories.

Due to the above facts, we can project the results described in the previous paragraph to the
case of differentially closed fields of zero and positive characteristic. However, while in the case of
characteristic 0 the results are trivial by virtue of Theorem 20, the situation with differential fields of
characteristic p is of greater interest. As the theory ∆1, we can consider DFp, which is not Jonsson, as
stated in Theorem 22, but inductive (because of universality) and has a model companion according
to Theorem 19, which is DCFp. The role of the theory ∆2 will be played by the Jonsson AP-theory
DPFp, whose model completion (and, consequently, model companion) is DCFp. ∆3 is replaced by
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DCFp, which is the center and the forcing companion of DPFp. We additionally impose a condition
on DCFp, considering it to be hereditary Jonsson theories with respect to enrichment with a new
constant symbol c. Since DCFp is the center of DPFp, and also due to the saturation of the semantic
model C of DPFp, the heredity of DCFp is sufficient for DPFp to be a hereditary Jonsson theory as
well. According to Theorem 17, DFp and DPFp are mutually model consistent (which is also clear
from the fact that they have a common model companion). We obtain that, by virtue of mutual model
consistency, the forcing companions of the theories of differential fields and differentially perfect fields
of the characteristics of p are equal and represent DCFp:

DF f
p = DPF f

p = DCFp.

Since we are going to add a new predicate symbol P later, it will not affect the mutual model
compatibility of these theories in any way, because P does not generate new elements in the models
DPFp and DCFp. The situation is similar with the new constant c: since the constant can be
represented as a single predicate symbol, mutual model compatibility is preserved for the new specified
theories.

Finally, by enriching the language of differential field theory with the new predicate symbol and
constant, as was done in Section 2, we can obtain the following theories:

DFp = DFp ∪DF f
p ∪ {P,⊆}, (1)

DPFp = DPFp ∪DPF f
p ∪ Th∀∃(C, c). (2)

Note that the equalities (1) and (2) can be written as

DFp = DCFp ∪ {P,⊆},

DPFp = DCFp ∪ Th∀∃(C, c).

Thus, based on the reasoning and conclusions of the previous section, we can draw the following
conclusions:

Theorem 26. DFp
f

= DF f
p .

Theorem 27. DPFp
f

= DPF f
p .

Theorem 28. i) DFp ∪DPFp is consistent.
ii) (DFp ∪DPFp)

f = DF f
p = DPF f

p .

In the future, the authors plan to continue the study of theory ∆1 ∪ ∆2 obtained within the
framework of constructing the central types in the Jonsson theory and the Jonsson spectrum in the
sense of the works [21–23].
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Йонсондық AP-теориялардың форсинг-компаньондерi

Мақала йонсондық AP -теорияларының форсинг компаньондерiн байытылған сигнатурада зерттеуге
арналған. Теорияның форсинг-компаньоны тiлге жаңа предикаттық және тұрақты символдарын қо-
су арқылы белгiлi бiр қасиеттерi бар қарастырылып отырған теориялардың кеңеюiнде өзгермейтiнi
дәлелдендi. Осы жұмыста жалпы түрде алынған модельдi-теоретикалық нәтижелер дифференциал-
ды алгебраның мысалдарымен расталады. Сонымен қатар модельдер теориясының тарихында алғаш
рет йонсондық және йонсондық емес теорияларды бiрiктiруге деген көзқарас көрсетiлген. Бұл йон-
сондық теорияларды зерттеу әдiстерiн одан әрi дамытуға және толық емес теорияларды зерттеуге
арналған аппаратты кеңейтуге мүмкiндiк бередi.

Кiлт сөздер: йонсондық теория, кемел йонсондық теория, AP -теория, форсинг, форсинг-компаньон,
сигнатураны байыту, теорияны кеңейту, дифференциалдық өрiс, дифференциалды тұйық өрiс, диф-
ференциалды кемел өрiс.
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Форсинг-компаньоны йонсоновских AP-теорий

Статья посвящена изучению форсинг-компаньонов йонсоновских AP -теорий в обогащённой сигнату-
ре. Доказано, что форсинг-компаньон теории не меняется при расширении рассматриваемых теорий,
обладающих некоторыми свойствами, с помощью добавления в язык новых предикатного и кон-
стантного символов. Теоретико-модельные результаты, полученные в данной работе в общем виде,
подкреплены примерами из дифференциальной алгебры. Авторами статьи впервые в истории теории
моделей продемонстрированы подход к комбинированию йонсоновской и нейонсоновской теорий. Это
позволит в дальнейшем развить методы исследования йонсоновских теорий и расширить аппарат для
изучения неполных теорий.

Ключевые слова: йонсоновская теория, совершенная йонсоновская теория, AP -теория, форсинг, фор-
синг-компаньон, обогащение сигнатуры, расширение теории, дифференциальное поле, дифференци-
ально замкнутое поле, дифференциально совершенное поле.
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