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Well-posedness of a periodic boundary value problem for the system
of hyperbolic equations with delayed argument

The periodic boundary value problem for the system of hyperbolic equations with delayed argument is
considered. By method of introduction a new functions the investigated problem reduce to an equivalent
problem, consisting the family of periodic boundary value problem for a system of differential equations with
delayed argument and integral relations. Relationship of periodic boundary value problem for the system
of hyperbolic equations with delayed argument with the family of periodic boundary value problems for
the system of ordinary differential equations with delayed argument is established. Algorithms for finding
solutions of the equivalent problem are constructed and their convergence is proved. Sufficient and necessary
conditions of well-posedness of periodic boundary value problem for the system of hyperbolic equations with
delayed argument are obtained.

Keywords: periodic boundary value problem, system of hyperbolic equations, delayed argument, family
of periodic boundary value problems, system of differential equations with delayed argument, algorithm,
unique solvability, well-posedness.

Introduction

Numerous problems of application such as problems of population dynamics, management of technical
systems, the problem of physics, mathematical economics, ecology and etc., variational problems related to
the regulatory process, the optimal control problem with delay systems leads to boundary value problems
for a differential equations with deviating argument [1]. One of the rapidly growing field of the theory of
differential equations with deviating argument is the theory of boundary value problems for a various classes
of the differential equations with delayed argument [2, 3]. Mathematical modeling of the various processes in
physics, chemistry, mechanics, biology leads to the hyperbolic differential equations with delayed argument [1],
which in combination with periodic boundary conditions allow us to describe important classes of models. To
investigate the questions of solvability of these classes of problems there have been applied the methods of the
qualitative theory of differential equations, Riemann’s method, the method of monotone iteration, asymptotic
methods, the method of upper and lower solutions, numerical-analytical method and others. On their base, there
have been obtained the solvability conditions for the considered problems and suggested the ways of finding
solutions. Study of qualitative properties of nonlocal boundary value problems for the differential equations of
hyperbolic type with delayed argument, as well as the conditions of solvability and finding solutions us associated
with many problems, such as: the complexity of considered objects, the impossibility of constructing of analytical
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solution, the lack of universal methods of solving, difficulties with adaptation of known methods, etc. Note that
the periodic boundary value problems for hyperbolic equations with delayed argument are widely used in various
applications. Nevertheless, the problem of finding effective features of unique solvability of periodic boundary
value problems for hyperbolic equations with delayed argument still holds actual today.

In this paper we investigate of the questions existence and uniqueness of solution to the periodic boundary
value problem for the system of hyperbolic equations with delayed argument. Periodic boundary value problems
for the system of hyperbolic equations with delayed argument will be reduced to the family of periodic boundary
value problems for the system of ordinary differential equations with delayed argument and the integral relations.
We establish a connection between conditions of the solvability to the periodic boundary value problem for the
system of hyperbolic equations with delayed argument and the solvability of the family of periodic boundary
value problems for the system of ordinary differential equations with delay argument.

We consider the periodic boundary value problem for the system of the hyperbolic equations second order

with delay argument on the domain Q, = [—7,T] x [0, w]
2u(t, x u(t, z u(t — 7, u(t, z
3@;@2 ) = A(tam)a g; ) Jer(t,I)i@ (tam @) JrB(t,:E)a <(9tt7 ) + C(t,x)u(t,x) + f(t,x);
(t,x) € [0,T] x [0,w], (1)
8u = [ (80 } (2), ze€[-T,0], x € [0,w]; (2)
w0, z) = u(T,z),  zel0,w] 3)
( O) 1/1( )7 te [*Tv T]v (4)

where u(t,z) = col(ui(t,z),ua(t,x), ..., un(t,x)) is unknown function, the (n x n) matrices A(¢,x); Ao(t,x),
B(t,z), C(t,x) and n vector-function f(t,z) are continuous on Q2 = [0,7] x [0, w]; the n vector-function ¢(t) is
continuously differentiable and given on the initial set [—7, 0] such that ¢;(0) =1, ¢ = 1,n, 7 > 0 is constant
delay, the n vector-function (t) is continuously differentiable on [—7,T], and the compatibility condition is
valid: ¢ (0) = (T).

Let C(£2, R™) be the space of continuous on €2, vector functions u(¢, ) with the norm

llullo = max |[lu(t,z)|], [lu(t,z)|| = max |u;(t, z)];
(t,z)e,

i=1,n
C(]0,w], R™) be a space of continuous on [0,w] vector functions ¢(z) with the norm

llello = Jnax Il (2)I];

C([-7,T], R™) be a space of continuously differentiable on [—7,T] vector functions ¢(t) with the norm

0 = mase(| mase O], max |[D0)]):

Qo ={(t,z) : t=0,0 <z <w}.

. n . . . ou(t,x n ou(t,x n
The function u(t, z) € C(Q,, R™), that has partial derivatives % e C(Q, R™), % € C(2:\Qo, R™),

8;&;) € C(Q,:\Qo, R™) is called a classical solution to periodic boundary value problem (1)—(4) if it satisfies

system (1) for all (¢,x) € 2 and the condition (2) in the initial set [—7, 0], the boundary conditions (3), (4).

1 Problem (1)—(4) and its relationship with the family of periodic boundary value
problems for ordinary differential equations with delayed argument

In [4] a nonlocal boundary value problem with an integral condition in time was studied for the system
of hyperbolic equations. By introducing new functions the problem was reduced to the equivalent problem
consisting of a family of boundary value problems with an integral condition for ordinary differential equations
and integral relations. Family of boundary value problems with integral conditions for ordinary differential
equations was solved by the parametrization method. Necessary and sufficient conditions for the well-posedness
of nonlocal boundary value problem with an integral condition for a system of hyperbolic equations were set. The
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results of [4] will be developed to the periodic boundary value problems for differential equations of hyperbolic
type with delayed argument. There will be established the conditions of unique solvability of the considered
problem.

We introduce a new unknown functions v(t,z) = Bua(i’x) and w(t,z) = % and reduce problem (1)—(4)
to the equivalent problem
ovu(t, x)
5 = At z)v(t, x) + Ao(t, z)v(t — 7, 2) + F(t, z, w(t, ), u(t, x)), (t,x) € O (1.1)
v(z,2) = diaglv(0,2)] - p(2), ze€[-7,0], zel0,uw]; (1.2)
v(0,2) = v(T, z), z € [0,w); (1.3)
B : du(t

uta) o0+ [Coeode wien) =i+ [P0 (1.4

0 0

where  F'(t,z,w(t,x),u(t,z)) = B(t,v)w(t, ) + C(t, z)u(t,z) + f(t, ).
In the problem (1.1)—(1.4) the condition u(t,0) = () is taken into account in relation (1.4).

A triple {v(t, ), u(t, z), w(t, )} of functions is called a solution to problem (1.1)—(1.4) if the function v(t, x)
belonging to C(€2,;, R"™) has a continuous derivative with respect to ¢ on .\Qq and satisfies the one-parameter
family of periodic boundary value problems for ordinary differential equations with delayed argument (1.1)—(1.3),
where the functions u(¢,z) and w(t,x) are connected with v(¢, ) and % by the integral relations (1.4).

Let u*(t,z) be a classical solution of problem (1)—(4). Then the triple {v*(t,x), u*(¢, ), w*(¢, )}, where

v*(t,z) = a“d(ﬁ ) w*(t,x) = W, is a solution to problem (1.1)—(1.4). Conversely, if a triple {v(¢t, x), u(t, x),
w(t,x)} is a solutlon to problem (1.1)—(1.4), then u(t, z) is a classical solution to problem (1)—(4).

For fixed w(t,z), u(t,x) in problem (1.1)—(1.4) it is necessary to find a solution to a one-parameter family
of periodic boundary value problems for system of ordinary differential equations with delayed argument.

Consider the family of periodic boundary value problems for system of ordinary differential equations with
delayed argument

a”g;’ D) At a)o(t ) + Ao(h 2)olt — ma) + F(to),  te[0.T], ze0w, veR™  (15)
v(z,x) = diaglv(0,z)] - ¢(2), =z € [-T,0], x € [0,w]; (1.6)
v(0,2) = v(T, z), x € [0,w], (1.7)

where the n vector function F(¢,x) is continuous on ).

Continuous function v : Q, — R™ that has a continuous derivative with respect to ¢ on .\Qq is called a
solution to the family periodic boundary value problems with delayed argument (1.5)—(1.7) if it satisfies system
(1.5) for all (t,x) € 2 and has the values v(0, z), v(T,z) on the lines t = 0, ¢t = T and the equalities (1.6), (1.7)
are valid for all z € [0,w], respectively.

For fixed x € [0,w] problem (1.5)—(1.7) is a linear periodic boundary value problem for the system of ordinary
differential equations with delayed argument [5]. Suppose a variable x is changed on [0,w]; then we obtain a
family of periodic boundary value problems for ordinary differential equations with delayed argument. In the
[6] was investigated the family of periodical boundary value problems for the system of differential equations
with delayed argument. Algorithms for finding solutions of the considered problem are constructed and their
convergence is proved. Conditions of the unique solvability to family of periodical boundary value problems for
the system of differential equations with delayed argument are established in the terms of the initial data. These
conditions are also given the conditions of well-posed solvability to problem (1.5)—(1.7).

Definition 1. Problem (1.5)—(1.7) is called well-posed if for arbitrary F(t,z) € C(€, R") it has a unique
solution v(t,z) and for it the estimate holds

tx)|| < K F(t 1.
e [lo(t, @)l < K ma [[F(t)ll (18

where the constant K independent of F(¢,z) and z € [0,w].

Denote by Q" = [0,T] x [0,7] and ||ul|o,, = ( m)a}s(] [lu(t, )]
t,) €
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Definition 2. Boundary value problem (1)-(4) is called well-posed if for arbitrary f(t,z) € C(Q, R™) and
¥(t) € CH([—7,T), R™) it has a unique classical solution u(t, z) and this solution satisfies the following estimate

Ou
oz ’ ‘o,n’
where constant K independent of f(t,z) and ¥ (t) and 7 € [0,w].

Theorem 1. The boundary value problem (1)—(4) is well-posed if and only if so is problem (1.5)—(1.7). Proof
of Theorem 1 is similar to the proof of Theorem 1 in [4] taking into account the properties of the delayed
argument.

From Theorem 1 it follows that the well-posedness of problem (1)—(4) are equivalent to the well-posedness
of problem (1.5)—(1.7).

Hereby, the problem (1)—(4) reduce to an equivalent problem, consisting the family of periodic boundary
value problem for system of differential equations with delayed argument and integral relations. For constructing
of algorithms of finding approximate solutions to the equivalent problem (1.1)—(1.4) are used results of paper [7].

max (| u]]o.,

) < & max (|1 llo.ns 1]11.0, max [le(@)]]),
z€[0,7)]

EHO,W

2 Algorithm for finding approzimate solutions of problem (1)—(4) and its convergence

We suppose that problem (1.5)—(1.7) is well-posed. By virtue of the equivalence of problems (1)-(4) and
(1.1)~(1.4), it suffices to justify the well-posedness of problem (1.1)—(1.4). We find a solution {v(t, ), u(t,z),
w(t,z)} of problem (1.1)-(1.4) by the successive approximation method. As the initial approximation u(t, x)
and w(t, ) we take 9(t) and 9 (t), respectively, and then find v(?) (¢, z) from the problem

% = A(t, 20O (t,z) + Ag(t, )0 O (t — 7, 2)+
+B(t,2))(t) + C(t,z)(t) + f(t,x),  (t,z) €Q; (2.1)
v (z,2) = diag[v®(0,2)] - (2), =z € [-7,0], z € [0,w)];

U(O)(O,x) = ’U(O)(T, x), x € [0,w].

By assumption, problem (2.1)~(2.3) has a unique solution v (¢, z).
Then vV (¢, 2) and w(® (t,z) are determined from integral relations:

T O (t,€)

TS (2.4)

WOt 2) = () + / T, wO () = ) + /

Suppose u* =D (t, ) and w*~V(t,z) are known. Then v(*)(¢,z) can be found from the problem (1.1)-(1.3),
where w(t,z) = w* V(¢ ), u(t,z) = uF=V(t, 2):

(k)
81}875157‘%) = A(tv x)v(k) (ta SU) + AO(ta x)v(k) (t - T 1[,’)+
+B(t, x)w* D (t,2) + Ot 2)u* =V (t,2) + f(t, x), (t,x) € (2.5)
U(k)(za 1') = dzag[v(k) (va)] ’ 90(2)7 z € [*Tv 0]7 T € [O,W]; (26)
v® (0, z) = vF(T, ), z € [0,w]. (2.7)
Once v (t,z) is found the successive approximations for u(t,z) and w(t, ) are found from relations (1.4):
@ . = k)

W =v+ [ oWt w®en=d0+ [ e ko1 @)

0 0

B (t,z) — uF=D(t, z),

We construct the differences Av®)(t,z) = v®)(t,z) — v*F=D(t, x), AuP)(t,2) = u
1.5)—(1.7) establish estimates

Aw®) (t,2) = wF (t, z) —w* =D (t,z), and by using the well-posedness of problem (

’ ’ OAvRH (¢ 1)

max{ max_||Av* D (¢, 2|, max H} < max{K7 Ir[lél)%} [|A(t, x)|| K + 1}><
telo,

te[0,T] te[0,T] ot
(k) (k) .
<K (o) max{ mas || 8w (), mas [1Au®(6)] (2.9)
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max{ max. 1Aw® (¢, 2)]], max. 1Au® (¢, x)||} <

e dAvR) (¢
g/ max{ max HAv(k)(t,g)H7 max Hvi
0 t€[0,T] t€[0,T]

H}d&, (2.10)

where K3 (z) = max, [B(t, ) + max, l|C(t, z)||.

This implies the main inequality

‘ ‘ DAV (¢ 1)
ot

max{ max || AvF (¢, 2)||, max

H} < maX{K7 max ||A(t, z)|| K + 1}><
t€[0,T) t€[0,T] t€[0,T]

|22 09 e 2.1)

x K1(x) /I max{ max ||Av®) (¢, €)||, max
0

te[0,T] te[0,T]

From (2.11) it follows that the sequences {v(*)(¢,2)} and { M} are convergent in the space C (€, R") as
k — oo. Then the uniform convergence on Q of the sequences {u*)(t,z)} and {w® (¢,z)} follows from the
estimate (2.10).

In this case, the limit functions v* (¢, z), M u*(t,x) and w*(¢,x) are continuous on €2, and the triple
{v*(t, z), u*(t, z), w*(t, z)} is a solution to problem (1. ) (1.4). For n € [0, w] by using the estimates (2.9)—(2.11),
we obtain

a1l 1 o 0" l) < B - max (117l [, mmace 1)), (212)

where K = max(eKoKl“’[l + wKy], K[K1(1 + wKy) + 1]), Ko = max(K,||AlloK + 1), K1 = m[aax]Kl(x) and
z€|0,w

they independent of f and .

Now let {v(t, z),u(t,x), w(t, z)} be a solution to problem (1.1)—(1.4), where f(¢t,2) = 0 and (t) = 0 for all
(t,z) € Q. Then the well-posedness of problem (1.5)—(1.7) together with (1.4) imply that v(¢,z) = 0, u(t,z) = 0,
and w(t,z) = 0 for all (¢,x) € 2. Thus it follows from the estimate (2.12) that problem (1)—(4) is well-posedness.

So, the problem (1)—(4) reduce to an equivalent problem, consisting the family of periodic boundary value
problem for system of differential equations with delayed argument and integral relations. For constructing of
algorithms of finding approximate solutions to the equivalent problem are used results of paper [5]. For solve of
the family to the periodic boundary value problems for system of differential equations with delayed argument
are used results of articles [6-7]. Algorithms of finding solutions to the families of periodic boundary value
problems for differential equations with delayed argument are constructed and their convergence proved. The
conditions of the solvability to the periodic boundary value problems for hyperbolic equations with delayed
argument are established. These results are partially announced in the [8].

This study is supported by grants No. AP05131220, AP05132262.
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A.T. Acanosa, H.B. lckakosa, H.T. Opymbaena

Kermmiryni aprymenTi 6ap runepooJiajblK, TeHJaeyJsiep »Kyiieci ynria
MMEePUOATHI IMETTIK eCeNTiH, KOPPEKTiai MIeniJiMIiIiri

Kemrirysi aprymenTi 6ap runep6osaJiblK TeHIAEYIep »Kyileci YIIiH IepHOATHI MIETTIK ecell KapaCThIPBLIIbL.
?Kana dyHKImsaap eHrisy o9/7ici apKbLIbl 3ePTTEJIII OTHIPFAH eCell Kelirya aprymenTi 6ap auddepenim-
aJIIBIK, TEHJEYJIep »Ky#ecl YIIiH IepUOTHI MEeTTIK eCceNTep 9yJIeTl MeH NHTErPAJIIbIK, KATbIHACTAD Iapa-Iiap
ecenke KeaTipiiaai. Kemrirysi aprymenTi 6ap runepOo/iaibiK, TeHIeyIep »Kyieci YIMiH epruoaThl MEeTTIK ecerr
MeH KeNmrysi apryMeHTi 6ap xkait audepeHnnaaabk TeHIeyIep *Kyheci YIIH TepuoaThl METTIK ecenTep
oyJIeTiHiH e3apa baitaHbIChl OpHaThLIFaH. [lapa-tiap ecentin, meriMid Tady aJaropuTMmIepi KypblIraH KoHe
OJIapJIbIH KUHAKTHIIBIFBI J1oJiesieHreH. Kemrirysi apryMeHnTi 6ap runepbosiaJiblK TeHeysnep Kyiteci yimin
MEPUO/ITHI IMIETTIK eCENTiH KOPPEKTIJIi MeniMINriHIH XKeTKIJTIKTI 2)KoHe KaXKeTTi MapTTapbl aJIbIHFAH.

Kiam cesdep: mepuoaThl MIETTIK €cell, TUMepOOJIaIbIK, TeHIEYIep KYHeci, Kelmiryii apryMeHT, TepUuOIThI
IETTIK ecemnTep OyJIeTi, KeImrysi apryMeHTi 6ap anddepeHnuaiiblK TeHaeyaep XKyiieci, aaropurm, 6ip-
MOHJII MIENTIM/IIK, KOPPEKTILI MeniiMIiTiK.

A.T. Acanosa, H.b. lckakosa, H.T. Opymbaena

KoppekTHass pa3pemmnMocTh NepUoANYEecKOil KpaeBoil 3a1a4un
JJIS CUCTEMBbI TUTIEePOOJIMYIEeCKNX yYpPaBHEHU
C 3alla3abIBAIONIUM apryMeHTOM

Paccmorpena nepuomgmueckass KpaeBasi 3a/1a9a JJIsi CHCTEMBI TUIIEPOONIECKAX YPABHEHUHN C 3aIa3/IbIBA0-
UM apryMeHTOM. MeTomoM BBeleH!sI HOBBIX (DYHKIHMI HCCaeayeMas 33/1a9a CBOIUTCS K SKBUBAJIEHTHOMN
3a/1a1e, COCTOAIIEH U3 ceMeiicTBa IIePUOJINIECKUX KPAEBbIX 3a/1ad JJIsi CUCTeMbI inddepeHInaIbHbIX yPaB-
HEHWIi C 3aIMa3IbIBAIOIIINM apPIyMEHTOM U WHTETPAJbHBIX COOTHOITEHHUI. YCTAHOB/IEHA B3AMMOCBSI3b TIEPUO-
JIYECKON KpaeBO#l 3a/1a4u JJIsi CUCTEMBI THIEPOOTHIECKIX YPABHEHHUI € 3al1a3bIBAIONIIM apryMEHTOM U
CceMeliCTBa TEePUONIECKUX KPAEBBIX 3aJ1a4 JIJIsl CUCTEMbI M depeHITNaIbHbIX YPABHEHUI C 3a11a3/IbIBa0-
UM apryMeHTOM. [I0CTpOeHBI aJrOpUTMBbl HAXOXKIEHUST PEIIEHN SKBUBAJECHTHON 3a/a9N U JOKA3aHA UX
cxonuMocTh. [losydenst JocTaToOuHbIE U HEOOXOIUMbIE YCIOBHS KOPPEKTHON PA3PENINMOCTH II€PUOIUIECKOM
KpPaeBo#l 3314 JIJIsI CUCTEMbI THIIEPOOITNYIECKUX YPABHEHUH C 3aIa3/bIBAIOIIUM apryMEHTOM.

Karouesvie caosa: mepuonudeckast Kpaepas 3a/1a4a, CUCTeMa I'UIepOOIMYECKUX YpPaBHEHUi, 3alra3/bIBa-
OIUI ApPTYMEHT, CEMEHCTBO MEPUOMIECKUX KPAEBBIX 3aJ1a4, cucTeMa aud@epeHInalbHbIX yPABHEHUN
C 3amna3/bIBAIOIINM apryMeHTOM, aJrOPUTM, OJJHO3HAYHAS PAa3PENINMOCTb, KOPPEKTHAs Pa3pPelInMOCTD.
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On an integral equation of the problem of heat conduction
with domain boundary moving by law of t = x2

In the article it is shown that the homogeneous Volterra integral equation of the second kind, to which
the homogeneous boundary value problem of heat conduction in the degenerating domain is reduced, has
a nonzero solution. The boundary of the domain moves with a variable velocity. It is shown that the norm
of the integral operator acting in classes of continuous functions is equal to 1. Mellin transformation is
applied to the obtained integral equation. It is proved that for certain values of the spectral parameter the
eigenvalues of the integral equation will be simple.

Keywords: heat conduction, boundary value problems, a kernel, Mellin transformation, convolution theorem,
eigenfunction.

In general cases, the methods of separation of variables and integral transformations are not applicable to
problems in domains that are degenerated to the point, since for this type of problems methods of separating
the variables and integral transformations can not be applied, as remaining within the classical methods of
mathematical physics you cannot conform the solution of the heat equation to the boundary of domain. Therefore
the question about the study of boundary value problems with degenerating the domain at the initial moment
of time is actual. Using the method of heat potentials solving such problems is reduced to the study of singular
Volterra integral equations of the second kind. Feature of these equations consists in incompressibility of the
kernel and is expressed in the fact that the homogeneous equation has nonzero solutions and corresponding
non-homogeneous equation can not be solved by classical methods.

1 Statement of the problem

We consider the first boundary value problem of heat conduction in the degenerating domain
(domain with a moving boundary; the boundary of the domain is moving with variable speed). In the domain
G= {(:17, t) :t>0, 0<a< \/{f} to find a solution to the heat equation

ou 0%
S hedied 1
ot — " 922’ L
satisfying the boundary conditions:
u(x, t)],_o =0, u(z, t)|x:\/{ =0. (2)

Such problems in the domain @ = {(z; t): ¢ >0, 0<ax <t} are investigated in works [1-3].
2 Reducing the problem to an integral equation

We are looking for a solution to boundary problem (1)—(2) as the sum of the heat potentials of the double
layer [4]

332

TR ) (th)% eXp{_4a2(t—T)

} v (1) dr+ (3)

Cepusi «Maremaruka». Ne 1(89)/2018 15



D.M. Akhmanova, M.I. Ramazanov, M.G. Yergaliyev

It is known that function (3) satisfies equation (1) for any v (t) and v (t) [4; 476-480]. Using conditions (2)
and the properties of the heat potential, we obtain the integral equation:

(4)
0

where

" a7 (t—1)%? C 4a2(t—7) 5)
2
NN N,
4+ Y exp [ L) b

(1) 12— 1)

In equation (4) we introduce a new function
p(t) = VEy(t) € M(Ry), where M(Ry) = Loo(Ry) [ | C(Ry);
and consider integral equation (4) with a real parameter \
¢
o(t) = [ K(t.m)e(r) =0 (©
0

where

K(t,7) = \t/Tk(t, 7).
The kernel K (¢,7) has the following properties
1) K(t,7) > 0 and is continuous on 0 < 7 < ¢;
¢

2) tlirg]t{K(t,T)dT = 0;

3) jK(t,T)dT =1

0
The properties 1) and 2) are obvious. Let us prove the validity of property 3)

s
3

1 o 22
- L
a/T Jo EXP{ 4a2} :

Remark. From this property we conclude that when A = 1, p(t) = C' (where C = const) is the solution to
equation (6).

3 Solving integral equation (6) by means of the Mellin transformation

We rewrite equation (6) in the form

w(t)A/t\/Zkl (j) @dﬁo, (7)
0

16
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N Vi)
k:1(0):2a1/7r (\/59_4;)13/2 exp 4(1a2(9_2)
Vo -1 (\/5—1)2
012 P | T

Introducing the function K;(6) according to the formula

t
¢ k1(>,0<7<t<+oo;
T

0, 0<t< T <400,
we rewrite the equation (7) in the form

o(t) — 7\\/@ K (j) ‘p(:) dr = 0. (8)
0

Applying Mellin transformation to the last equation and taking into account the convolution theorem [5; 385]
oo

to‘-/TB-fl (i) f(mdr = fi(s+a)- fals+a+B+1),
0

B(s) - {1_»[?1 (s—&-;)] =0,

N 1 1 (-2 (142> 22
K 2) = _Z 4y
1(8+2) aﬁ/{ 1+ 22 FPL g2 [P
0

5o = [ (o).

0

we get

where

It is known [5; 180-181], that form of the eigenfunctions of integral equation (8) is determined by the roots
of the transcendental equation for the parameter s:

A-fq(s+;>=1. (9)

Eigenfunctions

pr(t) =t
correspond to the real (single) roots s.

Following [6], we denote by A the set of positive numbers A, and by ¥ the set of numbers s < —%. It is
easily seen that equation (9) establishes a one-to-one correspondence between A and . This is obvious, since

d - 1
°K ) =
ds 1<s+2)
©0 —2s
1 / |1 — 22| . 22 1 1+ 22
= Xpe —— ¢ln|——
a\/T 1+ 22 Pl a2 1—22
0
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~ 1 ~ 1 ~ (1
lim K, (s—l—) =400, lim K; <s+> =0; K; <) = 1.
s—+1 2 s——00 2 2

Also we denote by C, (R ) Banach space of functions ¢(t) € C(R), with finite norm

llolly = max [t7p(t)|, ~ = const.

The following theorem holds.

Theorem. For all A € A there is a number s such that the functions ¢(t) = Ct* (where C' = const) are
eigenfunctions of equation (6) in the space C_s(R4). In thies space C_;(R4) all eigenvalues of equation (6) are
simple.

From the theorem and remark it follows that for A = 1 equation (6) has eigenfunction ¢(t) = C = const,

C
and initial equation (4) has eigenfunction 1 (t) = T
Brief abstract of this work has been published in the Materials of the workshop «Differential operators and
modeling of complex systems» (7-8, April, 2017, in Almaty, Kazakhstan) [7].
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JI.M. Axmanosa, M.J. Pamazanos, M.I'. Epraiues

ITTekapachl t = x? 3aH/IbLILIFLI GOMBIHINA ©3repeTiH »KbLIYyeTKI3rimTik

eceOiHIH MHTEerpaJIJIbIK TE€HAEYl TypaJibl

Maxkanana aiimakTa GipTekTi ekinmm perti Bosbreppa nHTErpai bk, TeHIeyiHe KeNTIPETIH KbLITyOTKI3TiI-
Tik GipTeKTi ecebiHiH HOJIIK eMec memiMinig 6ap eKeHmiri KkepceTiared. ARMaKTBIH IIeKapachl aiHbIMAJIbI
KBLTJTaMIBIKIIEH XKBIJKUIABL. Y 3/TIKCI3 (DYHKIUAIAD KIACTAPBIH/IA 9PEKET eTETiH MHTErPAJIIBIK, OlepaTop-
JIBIH HOpMAachl 6ipre TeH eKeHi KOpceTuireH. AJIbIHFaH MHTerpasblK, TeHaeyre MeuH Typienaipyi Ko-
naabLIabl. ClleKTpasiapl HapaMeTpAiH, AaHBIKTAJIFAH MOHIEPIHIe MHTErPAJIABIK, TEHICYAiH MEHIIIKTI MoHIepi
KapanaibIM OOJIaTBIHBI JI9JIEJIICH .

Kiam cesdep: XKbLIyOTKI3TIMTIK TEHJIEY1, MIETTIK ecenTep, ©3eK, MeaanH TypaeHIipyi, KOHBOJIIOIUS TeO-
pemMachl, MEHIIKTI (DyHKITHSI.
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JI.M. Axmanosa, M.U. Pamazanos, M.I". Epranues

Oo6 OJHOM HMHTEIr'paJIbHOM YpPaBHEHHHN 3a/Ja49M TEIlJIOIIPOBOJHOCTH

c TpaHuIeil, ABUKYyIIeiicda 0 3aKOHY t = X2

B crarpe mokazamo, 4TO OMHOpPOAHOE WHTErpaJibHOE ypaBHeHHE Bosbreppa BTOPOro poga, K KOTOPOMY
CBeJleHa OJHOPOJHAs KpaeBas 3aJia4a TEeIJIOIPOBOJHOCTH B BBIPOXKJAIOIIeiics 00JIacTH, UMeeT HEHYJIeBOe
pemenne. ['panuiia 06JaCTH ABUMKETCSI C MMEPEMEHHON CKOPOCThIO. [loKazaHo, 9TO HOpMa MHTErpaJbHOTO
omeparopa, AefICTBYIOMIEro B KJIacCaX HENpPepbIBHBIX (yHKImi, paBHa 1. K momydyeHHOMYy mMHTErpasibHO-
My YpPaBHEHHIO IIpUMeHseTcs npeobpa3oBanue Mesnaa. /lokazaHo, 9TO NPH OIPEJIEJIEHHBIX 3HAYEHUAX
CITIEKTPAJILHOTO MapaMeTpa cOOCTBEHHBIE 3HAYEHUs] MHTEIPATLHOTO YPaBHEHUsI OYIyT MPOCTBIMU.

Kmouesvie crosa: ypaBHEHME TEIJIOMPOBOIHOCTH, KPaeBble 3a/Ia9H, 1Apo, mpeobpasoBanue MesnHa, Teo-
pema o cBepTKe, cOOCTBEHHAsT (DYHKIIHS.
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On the boundary value problem for the loaded parabolic
equations with irregular coefficients

In the paper we consider the generalized solvability of boundary value problem for the loaded parabolic
equations with irregular coefficients. Theorem on unique solvability of the boundary value problem is
proved. The correctness of the theorem and the accuracy of selected functional spaces are established by
obtained a priori estimates. The proof of the theorem is carried out using the theory of Sobolev spaces, the
method of a priori estimates, and the Galerkin method. Along with the initial boundary value problem,
the corresponding adjoint boundary value problem is investigated. To prove the solvability of the adjoint
problem, we define a linear continuous form and use the duality relations.

Keywords: generalized solvability, boundary value problems, irregular coefficients, a priori estimates, unique
solution.

Introduction

It is well-known that one of the central issues in the theory of boundary value problems for partial differential
equations is the question on the correct choice of functional spaces. Boundary value problems for the loaded
equations were studied systematically in [1, 2]. The questions of existence and uniqueness of solutions of the
loaded equations in the class of continuous functions were considered in [1, 2]. In present work we develop these
studies.

1 Statement of the of the boundary value problem

Suppose 2 € R™ is bounded domain with boundary T, @ = Q x (0,T), ¥ = x(0,T), T is positioned locally
on one side of the domain 2. We consider the following boundary value problem

n

Dtlu = Z D;l (aijDiju)—F

ij=1
P
+30(0) [ exlw & u(€ 0dE + 7 =0 on Q; &
i=1 2,
u(z,t) =0 on X; (2)
u(z,0) =up on Q, (3)

where e; € L°°(0,T; L*(Q x I;)); vi(t) € Lo(0,T),i = 1,...,p, I';; are (n — 1) — dimensional manifolds from €,

n < 3 (for n = 1,T; are fixed points from Q); I';, i = 1,...,n together with I from C?; a;; € L>(0,T;C*(9)),
a;j = aj;, i,j =1,...,p for almost every {z,t} € @ :

B GE =Y iG> By ¢ (4)
1=1

ij=1 i=1

Br, B2 = const > 0,Y¢ € R", f € L*(Q),up € Hy(Q).
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2 The theorem of existence and uniqueness of the solution

For the boundary value problem (1)—(3) we obtain a priori estimates to ensure the correctness and accuracy
of the selected function spaces.

Theorem 1. Let conditions (4) hold. Then the problem (1)—(3) has a unique solution v € Y (0,7
for all f € L?(Q) and ug € H}(Q). Moreover, this solution continuously depends on the initial data, i.e.
the map {f,uo} — u of a direct product of the spaces L?*(Q) x H}(Q) into the space Y (0,7) is continuous,
where

Y(0,T) = {u/u € L*(0,T; H*(Q) N Hy(Q)), % € LQ(Q)} .

Proof. Now we take the inner product of equation (1) with Au

ou "9 ou
(Gran) = { X () o)+

(2% / z, &, t)u (fﬂf)df,AU> + (f,Au), ()

where (p,9) = [ dz, |¢| = [(SONP)]% , A is Laplace operator.

Q
Further, we use the following inequality [3]

"9 ou 351 2 2
I (a2 Au | > 2P (12— .
o (055 ) v ) = 2 = € s ©)
for a.e. t € [0,7] and Vu € Y (0,7, |tzz| = < > uzu%> ,C1>0.
=1
By inequality (6), equality (5) implies that

1d 351

5 g lult Wiz o) + 3= luzal® = C [l |
P

<3 |[we / ei (2, &) ule, D), Au(t) ||+ (F,Au) . M)

i=1 £,

Applying the Holder inequality [3], we estimate the first term of the right hand side of (7).

Z ui(t)/ei(mﬁ,t)u(@t)d{,Au <

i=1 I,

p
< DO lei®)l paxr,) VimeasQy/measTiCy lu@ll ) Al (®)

i=1

where C; satisfies the following inequality

)l pacr,y < Cillw) g o) - (9)
for a.e. t € (0,7),i=1,...,p [4].
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Then the relation (7) implies

1d 3B1
3dq [|u(t )HHl(Q) +

) llull gy IIAUII +1(f, Au) [,

where C(t) = 2|uz<>| le:(®)ll s aer,) Ci V/meas y/meas T

Further, by usmg the Cauchy inequality with e [3], we have

1d 351
BYT, [Ju(t )||H1(Q) +

etz |* = C1 fuz |

etz (8)[1* = O s (B)[* <

C3(t) £20%

2 €1 2 2
< S0l + S0 O + 5= WO + 22 O
where C5 is a constant in [|Au(t)] < v/Cs ||u ()| By choosmg €1,€9 from conditions £,Cs 4+ £2Cs < % , we
have 1 d ﬂ
1
5 Oy ) + 5 ||um<t>||2 <
2 2
< Ky (8) lu) g o) + g IF @I, (10)
where K (t) = Cy + 25( ) Inequality (10) implies
a ()17 2y < K@) l[al®) 512 0y + . LF @1 (11)
dt Hg(Q) = Hy(@) " o, )
where K(t) = 2C, + %Et)
. o - Knyar
Further, we use the Gronwall lemma [3]. Multiplying both sides of inequality (11) by e © , we transfer
the first term on the right hand side to the left hand side. So we obtain
t t
d 2 - [ K(r)dr 1 o — [ K(r)dr
oy e 7 < lrrre 7T
By integrating from 0 to ¢ and by exploiting the fact that u(x,0) = ug, we have
fK (m)dr 1 fK(T)dT
gy < Il et 42 [t @) .
Hence, it follows that
4l ey < const ( Nallyien + [ 1SNt ). (12)
0
Substituting inequality (12) into the right hand side of inequality (10) by a standard way, we have
lll 20,712 ) () B2 @) A L 0,313 () <
< const ( [ualmgeey + [ 17001t |- (13)
0

By inequalities (12) and (13), and equation (1) and by

vi(t) | i, &, thu(€, t)dg € L*(Q),

r;
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we obtain the following estimate

T
lull p20,0:m2(0) N 1)) < K ||U0||H5(Q)+/Hf(t)|| dt ). (14)

0
For the further study we apply the Galerkin method. Let wi,ws, ..., wp, ..., be a basis of the
space H2(Q) N H}(Q), i.e. the elements wy,ws, ..., wx are linear independent for all N € N; the set of linear

combinations Y &w; is dense in H?(Q) N H(Q) (& are constants).
We define the approximate solution of the problem (1)-(3) in the following form

N
un(z,t) = ZgiN(t)wi(x)v (15)
i=1

where the functions g;n(t), ¢ = 1,..., N are chosen such that the following relations hold
Oupn ~ Ouy Ow;
P
+Z Vi(t)/eiuNdf,wj = (fiwj), 1<i<N, (16)
i=1 P,

un(x,0) = uon () = Y ninw;, where {n;n} such that
i=1

Zmei — ug in H&(Q) when N — oo. (17)
i=1

The relations (16), (17) are the Cauchy problem for systems of linear differential equations for the functions

gin (t).
dgn

WNW + An(t)gn = fn, gv(0) = {min},

where

- ow; Ow;
i j

ij=1

+Z Vi(t)/ei(m,g,t)wi(g)d&wj ;

I;
g () ={an@®)}, v = {(f,w;)}.

Since Wy is Gramian matrix, and consequently det Wy # 0, for the finite number VN, then the problem
(16), (17) has an unique absolutely continuous solution.

We show, that if N — oo, then uy — u, and w is the solution of the problem (1)—(3). Due to the fact that
for the approximate solution uy(z,t) of the equation (15) for each N has a priori estimate of the form (14),
then from the bounded sequence {un(z,t)}7_, one can take out a subsequence {u,(z, t)}:‘;1 such that

u, — z weakly in H*'(Q). (18)

By theorem on traces and by lemma on linear continuous mapping of weakly convergent sequences [4], we
have \ s
u, — z weakly in H>'3(I';(t) x (0,7T)). (19)

The relation (19) implies that
u, — z stronger in L*(T;(t) x (0,T)). (20)
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Let now j be arbitrary fixed number and p > j. Since the relation (15) holds for N = u, then multiplying
it by function ¢(t) € ® = {p/p € C*[0,T],(T) = 0} and integrating from 0 to T, we obtain

T

Oun ‘ n _auN Bwj
/ ( ot "pwﬂ> + 2 <“”a axz>+
0

i,j=1
+Z (Vi(t)/eiuNdﬁ,gowj) - (f, @wj)]dt =0. (21)

i=1 I

Then integrating by part, we have

[ %50 35 (o)

0

+ (Vi(t)/eiuNdfaSij> - (f, Sﬁwa‘)]dt =
=1

~(un(, 0), () (2), ¥ i, .

We take as ¢ € D((0,7)) C ® the function that is infinitely differentiable and finite function. Then, by
taking the limit as y — oo (that is possible by relations (18), (20) we obtain

T

Opw; - 0z  Ow;
/ |:_ (Z’ ot > i ';2:1 <a” Oy’ ax]) i
0 L=

i=1 P,
and
f 0z Ow
/l (z,w;) QDJFZ (a” 8xj>80+
0 i,j=1
+Z <Vi(t)/ei2d£awj>§0_ (fawj) QD‘| dt = 0.
i=1 P,

By definition of the Schwarzian derivative we have

T
0 = 0z Ow;
/aZ‘[(z’w])+Z (alja a$1>+

0 1,j=1

—1—2 (Vi(t)/eizd& wj> - (f, wj)] p(t)dt =0, Vg, € D((0,T)),

i=1 T

where 2 (z,w;) € D'((0,T)).
It is well known that (F, ) =0 for all ¢ € D((0,T)) & F =0¢€ D'((0,T)), consequently,

0z - 0z Ow
(at’“’J) 2 (“”a aa;) + (23)
i—1 7

)=

+Z<w / ft)dg,w]>=(f,wj>.

T;
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Further, since j is arbitrary, and the set of linear combinations of elements wi,ws, ..., wy, ... is dense in
H?(Q) N H}(Q). Then the relation (23) implies that
L S + Xp: / (€, t)de = f. (24)
vi(
ot ) ox; i 896j !

i

Hence & € L?(Q), thus z € Y(0,T).
For final derivation one can examine as z satisfies the initial conditions. We take ¢ € ® such, that it is not
necessary to be the finite function. Then as N — oo we have

T

Opw; = 0z Ow;
[0 2 (i)

Z( / z(&,t)dg, wwj> —(f,sowj)ldtz

I;

= —(uo(x), p(0)w;(z)), Vj and for p € ®. (25)
Integrating by part the relation (25), we have

T
0z "9 0z
[+ S (o)

0 1

+3ol) [ exnle g - f)w(t)] =

i=1 T

= —(uo(x), w;)¢(0) = (2(,0),w;)¢(0).

By (24), we have —(uo(z), w;) — (2(x,0),w;) = 0, ¥j. Consequently, namely ug(x) = z(x,0) is the solution of
the boundary value problem ( )—(3). The proof of theorem 1 is complete.

8 The adjoint problem

Let
re Yz)/a Yo = {u/u € Y(OaT)v U(Z‘,O) = 0}7 p1 € H_l(Q) (26)

We consider the problem that is adjoint of the problem (1)—(3)

Dip+ Y Dy, (aisDyp) +

+Zm ~1y) [ el a pe. s = r(at) on @ (27)
Q

p(z,t) =0 on X, (28)

p(z,T) = p1, (29)

where §(x —T";) — is the Dirac function. In order to prove solvability of the problem (27)—(29) we use the schema
2 from [4].
Under the condition of theorem 1 and by v;(t) € L2(0,T) the following operator

=Y () / equ(€, t)de

=1

r;
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corresponding to the problem (1)—(3) defines the homomorphism Y (0,7) — L?(Q) [5]. Consequently, if o (u) is
linear continuous form above Y (0,T), then by Riesz theorem [3] there exists an unique element p(v) € L?*(Q),
such that Yu € Y

QWLZ—Ej£J@éi)—2ﬂ@/éwmmgzﬂm. (30)

i,j=1 i=1 P,
We define the following linear continuous form

o(u) = ((r(z,t), ulz, t)) + (pr,u(z,T)), (31)

where ((.,.)) and (., .) are duality relations between spaces Y§ and Yy , H~1(Q) and Hg(f2), respectively.
Thus we state the following intermediate result.
Theorem 2. The problem (27)—(29) has unique solution p(z,t) € L?(Q), that satisfies the integral identity
(30)—(31) for all {r,p1}, satisfying (26).
Let us give some of possible descriptions of the elements r(z,t) € Yj. We have

r0) = role, ) + 5 (p(0),ra (1)

ro(z,t) € L*(0,T; (H*(Q) N Hy (Q))), 1 € L*(Q),

where p(t) is infinitely differentiable function, defined, for example, by the following way (0 < tg < %, to is

fixed):

t, 0 <t < to;
p(t) = { arbitrary, to <t <T —tg;
T—t, T—tg<t<T

Indeed, the estimates, that analogous with the estimates (12)—(14), hold for boundary value problem
(27)—(29). And the following more stronger result is true. Let r = 0, we state

Theorem 3. Let condition (4) hold. Then the problem (27)—(29) has unique solution p € Y (0,7) for all
p1 € H(Q). This solution continuously depends on initial data, i.e. the map of the space H}(€2) into Y (0,T) is
continuous.

The proof of theorem 3 is similar with the proof of theorem 1.

Brief abstract of this work has been published in the Materials of the workshop «Differential operators and
modeling of complex systems» (April 7-8, 2017, Almaty, Kazakhstan) [6].
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M.T. ?Kuenames, A.C. KaceimbexkoBa

Perynsapabl emec KO3 PUIMEHTTi XKYKTEJTEH NapadoJIaabIK
TeH/ieyJiep YIIIiH Oip MIeTTiK ecen >KalbIHIA

Maxkanana perynaspasl emec kodddunmenTTepi 6ap KYKTeJreH MapaboJIablK, TeHAeyaep YIMH ImeKapa-
JIBIK, €CEIITIH >KaJblIaHFaH meniMIrr kapacreipbuiasl. [lekapaJsiblk, ecenrepain Oipereii mrernrijeTisiri
TYpaJIbl TeopeMa JaJesaeHi. TeopeMaHbIH qYPBICTHIFEI KOHE TaHIAIFaH (DYHKIIMOHAIIBIK, KEHICTIKTEPIIH
JIQJIIIITT aJIBIHFAH AIPUOPJIbI barajayiapMeH aHbIKTasabl. Teopemannl miienaey CobosieB KeHicTirinig Teo-
PUSICBIH, alPUOPJIbI DaraJsay 9/icin koHe ['ajlepkuH 9/1iCiH KOJIJJaHa OTBIPBII XKy3€ere achbIpbLIAbl. BacTankbr
IIeKapaJbIK eCelleH KaTap, ColKec TYHiHIeC meKapaJsblK ecell 3epTresi. Tyiinaec ecenTiy memniMiirin
IPJesaey VIMH ChI3BIKTHI Y3imicci3 popMa aHBIKTAIIbI KOHE TYHIHIECTIK KATHIHACTAD KOJIIAHBLI/IbI.

Kiam cesdep: »KaJublLIaHFaH IIENIIMIIK, IIEeKapaJblK, €CElTep, Peryasapibl eMec KodduumenTrep,
anpuopJIbl Harasayap, KaJIFb3 MIEIIiM.

M.T. /Ixxenamues, A.C. Kacbimbexkora

O06 onnoii KpaeBoit 3aa4e JIJIs HATPYKEHHBIX NapaboImIecKnX
ypaBHEHUITI ¢ HeperyJasapHbIMu KO3 dpunmeHTamu

B crarbe paccmorpena 0600IeHHAs PA3PEIIUMOCTD KPACBOW 3a1a4n JjIsi HATPYKEHHBIX MapabOMIeCKuX
yPpaBHEHU ¢ HeperysipHbiME Koddduipenramu. JJokazana TeopeMa 0 €IMHCTBEHHON Pa3penInMOCTH Kpae-
BOIf 3a71a9n. KOPPEKTHOCTH TEOPEMBI U TOYHOCTH BBIOPAHHBIX (DYHKIIMOHAJIBHBIX ITPOCTPAHCTB OIPEIEIEHbI
MOJTy YEHHBIMU AITPUOPHBIME OlleHKaMu. J[0Ka3aTesmbCcTBO TeOpeMbI TPOBOIUTCS C UCIIOIB30BAHUEM TEOPUU
npocrpancTs CobosieBa, MeTO/Ia AlPUOPHBIX OIEHOK U Meroia lanepkuna. Hapsimy ¢ mcxomuoit kpaesoit
3a/adeil MCCiIeyeTcsl COOTBETCTBYIONIAsI €l COIpsiKeHHasI KpaeBas 3ajada. s mokasareabcTsBa paspe-
IIAMOCTH COTPSI?KEeHHOW 3a1a9n 3aJ[aeTCs JIMHEeHAs HenpephIBHAS (POpMa U HUCIOIB3YIOTCST COOTHOITEHUST
JIBOWCTBEHHOCTH.

Karouesvie carosa: 06001eHHAST pA3PEINIMMOCTD, KPAaeBble 3aJ1a49M, HEPEry/IsipHbIE KOI(DMUIIMEHTHI, allpuop-
HbIE OIEHKH, €IMHCTBEHHOE PEIIEHUE.
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Estimation of randomity of generators of keys
of the crypto system

The aim of the study is to develop an algorithm for constructing an integer random variable representing
random components of the keys of the RSA cryptosystem, and determining the table for the distribution
of its probabilities. The constructed random variable can be used to estimate the hypothesis that a given
generator generates its values with the same probability with which a random variable takes these values.
A hypothesis testing algorithm is provided, which is accompanied by a calculation table for a uniformly
distributed random variable that takes primes from a given half-open interval.

Keywords: RSA-cipher, keys, random variable, prime number, probability distribution.

Introduction

To ensure that the practical stability of the cryptosystem is consistent with its theoretical stability, it is
necessary to fulfill all the requirements for using this cryptosystem. The most important requirement is the
requirement of generating by generator keys with a frequency corresponding to the calculated probability.
If the random elements and groups of interrelated random elements can be represented as the corresponding
discrete random variables and their probability distribution can be determined, then it is possible to evaluate
the hypothesis on the feasibility of requirements for the correctness of operation to this generator. In this paper,
we propose an algorithm for constructing a random variable representing interrelated elements p,q,a of key
of cipher RSA, where p,q are prime numbers, a is mutually prime with the numbers (p —1)(¢ — 1). The
second part provides an algorithm for testing the hypothesis that this generator generates its values with a
frequency that tends in probability to the probabilities of the corresponding values of a given random variable
with unlimited increase in the number of output values (generation of keys by generator with a frequency which
corresponds to the calculated probability). The algorithm is accompanied by a calculation table for verifying
the above hypothesis for several generators, generating prime numbers from a given half-interval and for a
uniformly distributed random variable, taking the prime values from this half-interval. Note that the uniform
distribution of a random variable has not values when evaluating a hypothesis. Note also that the random
variable constructed in this work for the RSA cipher is not uniformly distributed, while this requirement is the
main one in the works [1, 2.

1 Algorithm for constructing a random variable

Let p,q be random prime numbers from the integer half-interval & = (0,G], a is a random number,
1 < a < ¢(pg), mutually prime number with ¢(pg) = (p — 1)(¢ — 1), ie. (a,p(pq)) = 1. Three random
numbers p, ¢, a are random elements that generate the key k(p, ¢, a) of the cipher RSA. These random numbers
are dependent: the choice of p implies the elimination of p from the set of values for ¢; the choice of p,q
determines the possible values and the corresponding probabilities for a. We construct a discrete random
variable £(p,q,a) such that the probability P(p,q,a) = P(&(p,q,a))(*). Since in each key k(p,q,a) of the
cipher RSA the following inequality holds p # ¢, and also the following equality holds k(p,q,a) = k(q,p, a),
it suffices to define £(p,q,a) with the condition (*) for p < ¢g. Further £(p,q,a) must be one-to-one because
a partition on a probability space of triples (p,q,a) must correspond to a partition on the number axis and
vice versa.

Proposition. Let &(p, q,a) = pga® be prime numbers , where p,q and p < ¢ < G, a < p(pq), (a,0(p,q)) = 1.
Then the function ¢ is one-to-one.

Proof. Let (p,q,a) # (p1,q1,a1). Case 1. Let (p,q) = (p1,q1). Then a # a; and hence pga® # piqra?.
Case 2.1. Let (p,q) # (p1,q1),p # p1,q4 # 1. Then pg# piqi and let pg < p1q;. We assume pga? = p1qia3,
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then piqi]a®, from here pigqila. But a < pg < piq1 and hence a = 0, contradiction. Case 2.2. Let
(p.@) # (p1,q¢1), p=p1,9# . We assume pga® = p1grai, then ga® = qra?, hence glaj and ¢?|af. Let k
be such that ¢*|a?, and ¢***V ta2, then ¢***'a? u ?*#+V|a?. From here ¢***Y|a?. Contradiction.
As the case 2.2, the case 2.3 is considered (p,q) # (p1,¢1),P # P1,9 = ¢1. Proposition is proved.

Description of the algorithm

Let 7 be the number of primes in the half-interval &. The algorithm consists of m — 1 stages, there
are exactly so many primes p € &, for which there exists ¢ € & such that p < ¢q. At each stage i the
probability P(p;) of choice for i-th prime number p; is determined, it equals to ﬁ, and 7 —+¢ is number
of sub-stages. That is on the i-th stage m — i of sub-stages are fulfilled to determine the probabilities of the
choice of numbers of the form p;q, where p; < ¢q. For i-th prime number p; there are exactly m — i
prime numbers ¢, for which p; < ¢. Then, at each sub-stage of the stage ¢ we define ¢ and probabilities
Ppiq) = Wl(‘"*l) (see Fig. 1). Further, at each sub-stage of the stage ¢ with a certain number p;q,

©?(piq) steps are taken, that complete the calculation of probabilities P(¢ = p;qa?) = C

1
7—1)(m—i)p2(piq)’ where

a€ Mg, Mpg= {a:1<a<piq,(a,p(piq) =1}
p [Pl ] 4 P(a) pg P(pq) ©(pq) ©*(pq) P(a?), a € Mpq | P(pga?), a € Mpq
1 1 1 1
2 e % |mo| & | 2 1 1 172
1 1 1
pr | o | r | ooz | Pl #lpr —1) R P17
1 1 Pr—2° 1 2 1 1
Pr—2 | 1) | Pm—1 2 pr_q | 2D P(or—2pr—1) | " (Pr—2Pn—1) | 23 opr ) | SPmape 20D
1 Pr—2" 1 2 1 1
P 2 D 2(r—1) (pr—2pr) #*(pr—2pr) ©2(Pr—207) ©2(pr—2p7)2(m—1)
1 Pr—1" 1 2 1 1
Pro1 | Gmy | Pro | 1 e | T | $Prape) | @praape) | 25 | P oD

Figure 1. Calculation of the probability for distribution &

Thus, a discrete probability distribution for a random variable £(p, ¢, a) = pga® will be determined. On the
Figure 2 application of the algorithm for G = 10 is considered.

p [P [a [P@] pe [Plpg) [plpa) | a:a€ My [a®:a€ Mpg| P(a?) pga® : a € Mpq P(pqa?)

1 1 1 1

2 : 3] 3 6 3 2 1 1 1 6 3

50 1 |10 1 4 1,3 1,9 1 10-1,10-9 L

3 9 2 10,90 (1.4) 18

70 1 1| 1 6 1,5 1,25 L 14-1,14-25 1

3 9 2 14, 350 (1.5) 18

1 1 1 1 15-1,15-9,15-25,15-49 1

3 3 510 2 15 3 8 1,3,5,7 1,9,25,49 3 =
15,135,375,735  (1.6)

71 1 o1 | 1 12 1,5,7,11 1,2549,121 | % 21-1,21-25,21-49,21 - 121 L

2 6 4 21,525,1029,2541 (1.7) 24

5 1 7 1 35 1 o4 | L5,7,11,13,17, | 1,25,49,121, 1 35-1,35 - 25,35 - 49,35 - 121, 1

3 3 19,23 169,289 8 35-169,35-289,35-361,35-529 24
361,529 35,875,1715,4235,5915, (1.8)

10115,12635,18515

Figure 2. Calculation of the probability distribution &, n = 10

On the Figure 3 a discrete probability distribution function is given, the calculation of which is given on
the Figure 2.

12111 1111 1 111 1 1 1 11 1 1 1 1
9 18 18 24 24 24 18 24 18 24 24 24 24 24 24 24 24 24 24 24 24
6 10 14 15 21 35 90 135 350 375 525 735 875 1029 1715 2541 4235 5915 10115 12635 18515

Figure 3. Probability distributions £, n = 10
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The first line in Figure 3 is the probabilities of values of a random variable £(p, ¢,a) = pga?, located in the
second line.

2 Evaluation of the generator

Suppose that for a random discrete quantity &, whose values lie in the half-interval & = (0, G|, the probability
of acceptance of each of its values is known. Let Q be sample of size Dim{Q} of generator § for numbers from
domain of values for £.

Hypothesis H : § generates values with frequencies tending in probability to the probabilities of the
corresponding values of the random variable &, with an unlimited increase in size Dim{Q2} of sample Q.

Checking algorithm H .

1. Run random choice of size for sample Dim{}, 100 < Dim{Q} and number of partitions r, 2 < r < 100.

2. Run random partition &, of the half-interval & by a random choice r —2 of points in
&:6,.=(g(1)=0,9(1),...,9(r—1),9(r) = &, where g(1) < g(2) < ... < g(r — 1) < g(r).

3. Create an array of frequencies Freq{Q,} = (Freq{€,}[1],....,Freq{Q,}[r]), where Freq{,}[i] is the
number of prime numbers in the sample  that fall into the half-interval (g(i),g(¢ +1)],i=1,....,7 — 1.

4. Create an array of probabilities P&, = (P&, [1], ..., P&-[r — 1]), where P&, [i] is the probability of falling &
into the half-interval (g(é),g(i +1)],i=1,...,7 — 1.

r—1_ Freq{O7}[i]
=1 Dim{Q} - PE, 1]

6. Test the hypothesis H. If for a random variable x? with 7 — 2 degrees of freedom the probability
Pz(r) = P(x? > x*(Freq{€,}), then there is reason to reject the hypothesis H. Since it is considered unlikely
in one test to obtain an event whose probability is less than 5%. End of algorithm.

Note that the number r is recommended to be taken in such a way that one of the conditions:
i) x2 > x%(Freq{Q,} > 10 ; ii) Freq{Q[i]} > 10,4 = 1,...,r — 1 is satisfied. The conditions (i), (ii) are necessary
for the practical application of the y2-Pearson criterion [3]. Repeated application of this algorithm to evaluate
this generator with similar data may strengthen or weaken the grounds for rejecting the hypothesis.

5. Compute value x? for the array Freq{Q,} : x*(Freq{Q,}) =>_

8 Examples of estimates of prime numbers generators
Let the uniformly distributed discrete random variable ¢ takes as values all prime numbers in the half-
G
interval & = (0, G| with probability P(£ = p) = [ %dz, (asymptotic formula for the number of primes in the

2
interval &) [4]. Let © be sample of size Dim{Q} for generator § of primes in the interval & . Let us check the
following hypothesis H. H: § generates every prime number p € & with probability P({ = p). Figure 4 shows
the results of the implementation of the algorithm for estimating 5 generators of prime numbers:

G | r | Dim A Type 4] Pe(r) H
Generator of Maple 13: < 2.343 >70% Do not reioct
103 100 Random selection of prime numbers — 2 > 1.649 < 80 J
Ali] = { random prime numbers, if 7 odd < 11.668 < 5% Rather Reject
Ppio, if 1 even > 9.488 > 2%
Generator of Maple 13: > 2.195 >50% Do not
10 100 Random selection (?f prime numbgrg -Q < 3.357 <70 reject
Ali] = { random prime numbers, if ¢ odd < 18.465 <01% Ra‘?her
P10.t/2, 1 EVEN Reject
Generator of Maple 13: > 2.195 >50% Do not
10° 100 Random selection (?f prime numbgrs. -Q < 3.357 <70 reject
Ali] = { random prime numbers, if ¢ odd < 18.465 <01% Ra‘?her
P1o2.¢/2, 4f 1 even Reject
Generator of Maple 13: > 2.343 >80% Do not
106 100 Random selection c?f prime numbgrg -Q > 1.610 <90 reject
Ali] = { random prime numbers, if ¢ odd < 20.517 <01% Rat.her
P103.¢/2, 4f 1 even Reject

30

Figure 4. Test of hypothesis
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Evaluation of the generators is performed as follows. For the generator Maple 13, which has generated a
sample Q , value x?(Freq{2,}) falls into the next half-interval, the boundaries of which are determined from the
table of values of the random variable x2, Figure 5: 1.649 < x?(Freq{Q,}) = 1,8597.. < 2.195,r = 6, Figure 4.
According to the table in [3] for the distribution function of a random variable x? with r — 2 = 4 degrees of
freedom, accidental hit of values x? into the interval [1.859..,00) is probably more than 80 % and less than in
90 % cases, Figure 4. Therefore, the hypothesis H is not rejected.

This study is supported by grants No. AP05130928, AP05132262.
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M.T. ?Kuenasmer, A. T. Hyprazun, 3.I'. Xucamuen

Kpunroxyiie kijTrepi reHepaTopJiapbIHbIH,
Ke3IeliCOK KacueTiH daraJiay

Ocbl 3eprreyain MakcaTbl RSA Kpunroxkyiie KUITTepi KypBLIATHIH KE3JEHCOK 3JeMEHTTEPIH Oimmiperin
OYTiH MOH/II Ke3ECOK MAaMaHbI YKacay >KOHE OHBIH, BIKTUMAJIIBIKTaAPBIH YIECTIPY KECTECIH aHBIKTAY VIIMiH
aJIropuTM/Ii KypacThIpy 605bin TabbLiaabl. KypacThIpblaraH Ke3AefICOK, aMaChIHbIH MOHIEPIHIH BIKTHUMAJI-
JBIKTapbl OepijireH reHepaTopabl OHJAENHTIH, COJI MOHJIEPIH BIKTUMAJIBIKTAPbIMEH Oipseit 60JIaTbIHbIH 00JI-
KaMmIaipl. ABTOpJIap ajfblH ajia GesIrIreH KapThliail apaJibIFbIHAAFbl YKall cangapabl KaObLIIAWTBIH,
OipKeJIKi yJrecTipijireH Ke3/eicok mraMa OoJiraH Kariaiiia, oCcbl DOJIKaMJIbl TEKCepyTre apHaJIFaH ecernTey
KEeCTeCiH KeJITipesi.

Kiam ceszdep: RSA-mmdp, Kiarrep, Ke3/eicok mamMa, »Kaif caH, bIKTUMAJIbIK, BIKTUMAJIILIKTaPIbl YJIeC-
Tipy.

M.T. JIxxenamumes, A.T. Hyprazun, 3.I'. Xucamuen

Onenka cBoiicTBa CIy4ailHOCTH T€HEepPaTOPOB KJTIOYEll KPUIITOCUCTEMbI

Ilenpro ucciaenoBanus sABjsIETCS pa3pabOTKa aJrOPUTMa IOCTPOEHUS IEJIOYUCJIEHHON CiIydaifHONl Beandu-
HBI, IIPEJICTABJISIIONIEH CIIyYaiiHbIe COCTABJISIIOIIIE 3JIEMEHTHI KiTtoueil kpunrocucrembl RSA | u onpeeenne
Tab/MITEl pacupeziesienus e€ BepostHOocTei. [locTpoennas ciaydalinas BeJIMYNHA UCIOJIb3YETCS IS OIEHKU
TUTIOTE3BI O TOM, UTO JAHHBII I'eHepaTOp BhIPAOATHIBAET CBOM 3HAUEHNUS C TAKOIl K€ BEPOATHOCTHIO, C KAKOM
CJIydaifHas BeJIMYUHA TPUHUMAET 9TU 3HadeHus. [IpuBeieH aJroputM mpoBepKYU TUIIOTE3bl, KOTOPBIH COMPO-
BOXKJIaeTCs TaOJIAIIEH PACIETOB MJIsI PABHOMEDPHO PACIPEIEeICHHONW CIYyJIalHON BEJINYUMWHBI, TPUHUMAIONIEH
IPOCTBIE YHC/Ia U3 33JaHHOIO IIOJIyUHTepBaJa.

Karouesvie crosa: RSA-mmdp, Kirroun, caydaiiHast BEJIMYNHA, TPOCTOE YUCIIO, BEPOSITHOCTD, PACIIPEIe/IeHIE
BEPOATHOCTEIR.
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On the solvability of the first boundary value problem
for the loaded equation of heat conduction

In this paper we consider the first boundary value problem for the loaded equation of heat conduction in a
quarter plane. The loaded term is the trace of the fractional derivative of order v, 0 < v <1 with respect
to the time variable on the line x = ¢. It is shown that when 0 < v < 1 and VA €C, then the load is a weak
perturbation, that is, the studied problem has a unique solution in the class of bounded functions.

Keywords: loaded equation of heat conduction, boundary value problem, fractional derivative, Volterra

integral equation.

Statement of the problem. In the domain @Q = {z € Ry, t € R} the following boundary value problem is
considered:

ou 82U v
Efazaxz + A oDfu(x,t)],_, = f(2,); W
u (x’ 0) = 0, u (0’ t) = 07 (2)

where .
1 Q 1
Frl—-v)ot) (t—r)
0

AeC,0<v <1, oDiu(z,t) =

su (z,7)dr —

is the fractional Riemann-Liouville derivative of the function u(z,t) with respect to a variable ¢ of order v,

oDy //G@,g,t—ﬂ-f@m)dgm e M(R,). 3)
0 O

Hear
M (Ry) = Loo (R1)NC (Ry),

_ 1 (z — ) (z +6)°
G(x,ﬁ,t) = 27\/7_? {exp <_4t> —exp <_4t> } _

is the Green’s function of the first boundary value problem for the heat equation.

Peculiarity of this problem lies in the fact that the loaded term is the value of the fractional derivative on
the line x = t. Similar problems were considered in [1, 2]. In [1] it has been shown that when v =1 the load is
a strong perturbation and for certain values of the parameter A\ the corresponding homogeneous problem has
nonzero solutions, that is, a non-homogeneous problem has a non-unique solution.

The purpose of this paper is to determine the nature of the load when 0 < v < 1.

Inverting the differential part in the boundary value problem (1)—(2), we have the following representation
for the solution:

t oo
w(zt) = —A//G(x,g,t 1) o DYu (€, )] dédr+
0 0

+0/0/G(:17,£,t7-)~f(§,7)d§d7,
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or
t oo
U(.]Z,t) = _)‘ KO (xat -7 ) ' [ODtyu (677—)“5:7— dng—i—
/]
t oo
" / [t s (4)
0
hear -
Ko (z,t—1) O/G(a:,§,t7)d§ erf( \/7)
Indeed

r ~ (x—¢)° @+’ -
O/G:rft T)dE = 2m/{exp< t_T)>—exp< 4(t—7')>}d§_

. =FE ,=_Z
N _2\/75—7’ _2\/t77'

— % { /Z exp (=) dn — 76961) (—n?) dﬂ}

z

_ \/Z%O/Ze:cp (=1°) dn=erf (2\/26—77) '

Substituting the value of this integral into (4), we obtain

wlat) = - / erf( \/—)'[OD?U(&T)] dr+ fi (1), (5)

E=1

where .
1<x,t>://G(x,g,t—Tyf(mdgdr
0 O

It follows from (5) that in order to find solutions of problem (1)—(2) it is sufficient find an expression

oD u (€, T)lle=r -

For this, we differentiate both sides of (5) by ¢, then assuming x = ¢, we get

[oD{u (x,t)]| =y = —A {0 jerf <2\/7) oDy u (€,7)] N dT} +
0 - w=t

+oDy f1 (x7t)|x:t7 (6)

and introducing the notation

loD{u(x,0)]|,—, = ¢ (1), oD} f1(z,t)|,—, = f2(t);

from (6) we obtain the following integral equation

¢<t>+x{ /f(QF) <>dT} =5 (0). M
0 T=t
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Next, we calculate

th”/terf(wfj) o (r)dr =
0

_ r(11f y)@ato/ (t—lT)V {O/Terf (2\/:’_77) .gp(ﬁ)dﬁ}dT:

T

- it | et i o oo -

T1

t t—11
1 0 1 x
:1“(1—1/)/&{/ ) (za,m>dn}*"<ﬁ)dﬁ:
0 0

t—T=mn
T=t—"n

t
T

X Tdn o (1) dn T /K,, t,71,2) @ (1) dm, (8)

da(t—7 —n)2 _V)O

where the following notation is used:
1
K, (t,7,x2) = 5 —ky, (t,71,7); (9)
(t — Tl)

72
k, (t,71,2) / , ~exp{—}d77-
Qa\f (t—7 — 77)% 4a? (t — 71 — 1)

Let us find the explicit form of the function k, (¢, 71, z) .

o (¢ ) T ] 1 1 x? d
 (tT,m) = — Py =
! 2a\/T J (-1 _n)% P 122 (t—m—n) g

/ t_Tl ! ex _7.%2 1 dz =
2a\f (t—m1)" (1 —2)" (t—ﬁ)%- g P da? (t — 1) =2 B

- /z_%-(l—z)fy-ex _96721 dy —
2a+/T (t_ﬁ)u+% / P a2 (t—m) =z
=|[3]. p.367, 3.471(2)|| =

ST(=v) g (t—rll)% ' {4(12 (f n)]i -exp{—w(fﬁ)} )

hear W, 1 1 {Win)} is Whittaker function.

Cepust «Maremarukas. Ne 1(89)/2018 35



M.T. Jenaliyev, S.A. Iskakov et al.

Substituting the function k, (¢,71,2) into (9), for the kernel K, (¢,7,z) finally we obtain the following
representation

1 20 1
Kl/ tv ) = v — =
R iy T JE

1 2 z?
—_— — . 1 1 — . 1
X<t_anﬂexp{ R L ey (10)

Thus, the integral equation (7) takes the form

where

Kby = ?Q@@;yfw{w%iﬂ}m**{wgﬂﬁkauhﬂ”

This kernel has a weak singularity when 0 < v < 1, that will be shown below.

We consider some particular cases of equation (11) for specific valuesof v: v =1, v=0, v = %

We note that earlier in [1] the problem (1)—(2) was considered for the case v = 1, which was reduced to an
integral equation of the form

1+XMNe /K1 t,7)-p(r)dr = fa(t), (12)

the kernel of this integral equation

v e )

¢
lim/K1 (t,7)dr =
t—0

0

and it was shown that the corresponding homogeneous integral equation has non-zero solutions, and their
number depends on |A].

We show that when v — 1 — 0, the integral equation (11) coincides with equation (12). To do this in (11)
we pass to the limit » — 1 — 0, that is, we calculate the following limits:

K1 (t,T)

is «incompressible», since

t

: 1
ykrln—o)\./l_‘(l—l/)-(t—T)u p(rdr=
0

u=p(r); du=¢ (1)dr

= dv = 7(tii:—)";v = 7$ (t o T)l—y
t t
= 1 #)\ M ()+1/(t )1u /()d —
TS T (I w) R A oowner e =
0
\ t
= Ty (PO [ e =
0

=X 00+ e(Mo=A00)+X @) =A-00)=Xp(t).
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Now we find the limit from the first summand

lim k, (t,7)= —-m

v—1—-0 e

t? t?
Xemp{_&ﬂ(t—ﬂ} W04 {42@_T>} -

2a 1 t? o
== = egpd_—
T i (t— T)%*O P 8a2 (t—1)

e R )

Here we use the representation of the Whittaker function Wy , (z) in terms of the function M) , (z)
[3; 1024(9.220)]. Further, writing down the Whittaker function M) , (z) via the Kummer function (e, f;z2)

we have:

lim Ey (t.7) = 2a 1 t? t* Y
u—%ﬁﬂ v )= T \/E'(t—T)i_O erp 8a2(t—7') 4(12(t—7)

12 3 12
_ . D R
xe:vp{ 8a? (t — 1) } <O’ 27 4a2 (t — T))

1 t t?
—_—Fs ' EX —_——— .
Z p da? (t — T)

00

B 2aym (t—1)
Thus, we obtain
<1+A>so<t>—A/2a1ﬁ-(ttT)g-ezp{—m}-@<f>dr=f2<t>. (13
0

Indeed, equation (13) coincides with equation (12) [1].We further define the form of the integral equation (11)

i) -

at v — 0,
For this, we find the value K, (¢,7) npu v — 0.

T RN o et S
VT fE

(2) = [1 —erf(z)] - 6_7%2

NS
=

P
4

1
4

20 (t—7) ﬁw)i,{l_erf{%tﬂz

R Y (2a)t (-7 -

t t
=1l—|l—erfq ———=¢| =erf{ ———— .
[ er {20,\/t—7'}:| {Qa\/t—r}
Using this relation, we obtain the following integral equation

! (14)

w(t)—AO/erf{W} D= £,

where ¢ (t) = u (z,t)|,_, -
This equation coincides with the integral equation (5), when v — 0.
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Now we consider the case v — % That is

Q?G. Vit (tl— T)iexp{_&ﬂ (t: T)}.W‘l* T {4‘1257)} .

1 1
VE Vit
To determine the specific form of the kernel, we use the representation of the Whittaker function

I'(~3)
"M 1
I (+0) i

lim K, (¢t,7)=

1
v—3

(2) + (2) =

_1
:Z%e_%_i'_l—‘( 2).i.z%.6_%.erfi{\/g}7

vz
where erfi{y/z} = [ e$”d¢. Hence the kernel Ky (t,7) is equal to the sum of three terms.

0
We compute the first summand

K (t,7) = Q?G Vi (tl— nE (4a2 (t:— T))i .exp{_wg)_ﬂ} i

For the second summand we have

”lgn’K(Q) G,7) = 11:((;%))) . Q?GTW \/i.(tl—r)i . (4@2 (t:T))A11 .
2 BT
Xexp{ 4a2(tt 7_)}' exp {€*}d¢ =
0
_ T(=3) 1 12 = , -
2T VieT e“’{ 4a2<t—7)} 0/ e
H{ 2&\/%'2"_
- ﬁ(éé) \/tl—iT 2at —1 p{ 4a2(tt2—7-) (1_22)}d2:

Thus

R R = i

This result can be obtained if we take directly from both sides of (5) the derivative of order  :

oD} /f(wtf) o(r)dr § =
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t T
1 0 1
:\/Ef)to/ — O/erf(2ﬁ> o (m)dm pdr =

t t
_ 1 0 1 x . t—T7=n
- 7w [ g ot (e o e oin = | rth‘
0 1

t
1 0 1 x
-+ /= /n ”f<2am)d" p(m)dn =
0 0
T AT 2
x x
= — ~erf (oo ,/71 ~6xp{ }x —d ) dr
7T0/ Vi—T1 (00) / N2 e 4a? (t —m —n) da(t—11—mn)2 n e (m)dn

[ n=0=m)-(A=2) || _
| e |

= [I[3], 3.471]| =

[ (e ) o

Now we show that the kernel of the integral equation (11) has a weak singularity for Vv, 0 <wv < 1. To do

this, we calculate the integral from the kernel k, (¢, 7).

J(t’”:o/tﬁwmp{‘&ﬂéf—ﬂ}wui it~

2a (2a) oy 1 y
/ et e Y eap{ =3} Wooyy ) dy =

20" o [ 1) y
_%.tz 2 ./y< D2eap {2 W,y )y =

_ (2a)21’—2 2—2v v— W ° —
B T t v 6.’13]){—*} Vﬁii% (y) 4:2’ B
2(1 7u+§ t t
“VE ! “”p{‘s@z} Wog-4 {42}

_5 _
1

NG

(z) at t — 0, for this, we represent the function W,

r(-1
I ER

Let us study the behavior of functions W,,_ 51
as follows:
_ T ( )
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From here it follows that

lim [ Ky (t,7)dr =0, Vv, 0<v<1.
t—0
0

This means that the integral equation (11) has a unique solution ¢y (t), VA € C, f2 (t). The same can be
shown as follows.

The function k, (t,7) has a singularity at 7 — ¢, we define the order of this singularity by using the
asymptotics W, (z) ~ 2* - exp (—%) , npu |z| — oo [3, 1026; (9.227)].

We have for the case v > %

_ 1

- La? it—J p{‘4(tt—>} :

Here, we use the estimate

2 - eap{-a} < (V_ ;)V_é .ea:p{— <y_ ;)}

And when v < % the following inequality is used

(t flﬂ" ' LW it—ﬂ p{‘zl(tt—)} :

1—-2v
1 t—T7 1 1—2u 1
= 2v—1 ( ) ’ < (2a) ’ :
(2a) t t—1T t—T1

Now, according to (4), we write the solution to problem (1) — (2) in the form

t

u(x,t)z—x/erf{wij} o (7) dr+

0

t oo
+O/O/G(:c7§,t—7)-f(ﬁ,T)dﬁdT.

Thus, it is shown that when 0 < v < 1 for YA € C the loaded term in (1) — (2) is a weak perturbation.
Thus, the following theorem is valid
Theorem. The boundary value problem (1)—(2) Vv,0 < v < 1, VA € C has a unique solution uy € U, where

U= {al (5 vE) s = € (@), oD o)Ly € M (R
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2KyKTeJireH >KbLTYyOTKI3TIINTIK TeHAeyl YImiH OipiHTmi
MIETTIK eCeNnTiH MIENIiM/IJIr TypaJbl

MakaJjiaga »Ka3bIKTHIKTBIH Oip ITUperine »KYKTeJIreH XKbITYOTKI3rIMTIK TeH eyl yIimiH 6ipinm meTrTik ecebi
KapacTeIpblarald. 2KyKTereH KOCBUIFBINI — & = ¢ CBhI3BIFBIH/IA YAKBITTBIK, aflHBIMAJIBICHI OOWBIHINA V-IITi
perTi Gesmiek TyBIHABIHBIH 131, 0 < v < 1. Erep 0 < v < 1 xkome VA € C 6osica, OHIa KYKTEMEHIH 9JICi3
aybITKY €KeHi KOPCEeTIJINeH, AFHU, 3ePTTEJIETIH €CEITiH, MeHeareH (MYHKIUAIAD KIAChIHIa YKAJIFBI3 IIeIiMi
oap.

Kiam cosdep: »KYKTeJITeH »KBUIYOTKI3TIIITIK TEHJIEY, IETTIK ecell, OOJIIIEK TYBIHIbI, BolbTeppaHblH, UHTE-
IPaJIIbIK, TEHIEYI.

M.T. JIxenamues, C.A. Nckakos, M./. Pamazanos, (.M. Tyseyraesa

O paspemnmMocTu MepBoOii KpaeBoii 3aa4un JJid HArpyKEHHOTO
YpaBHEHUs TeNJIOIMPOBOJHOCTU

B craTbe paccmoTpena mepBast KpaeBas 3aada IS HArPYKEHHOTO yPaBHEHHUS TEIIONPOBOIHOCTUA B U€T-
BEpPTH IJIOCKOCTH. HarpyskeHHoe ciiaraemoe — cJjieji JpoOHOM mpou3BogHoi mopsiaka v, 0 < v < 1, mo
BpeMeHHO# mepemenHoit Ha jguHun x = t. [Tokazano, aro pu 0 < v < 1 u VA €C Harpy3ka sSIBISI€TCS CJIa-
OBIM BO3MYIIIEHHEM, TO €CTh UCCJIEIyeMas 3ajada UMeeT eIMHCTBEHHOEe DeIlleHre B KJIAaCcCe OTPAHUYEHHBIX
bYHKIHIH.

Karoweswie croea: HArpy»KEHHOE ypaBHEHHE TEIIONPOBOJHOCTH, KpaeBas 3aJada, JPoOHAasi TPOM3BOIHASI,
WHTErpaJibHOE ypaBHeHUe Boabreppa.
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The admissibility and similarity of Jonsson theories

This work is related to the concepts of admissibility, interpretability, syntactic similarity and semantic
similarity of Jonsson’s theories. This new concept generalize the notion of syntactic and semantic similarities
for Jonsson theories. In the frame of study of preservation of the definable formulas subsets of Jonsson
theory’s semantic model regarding to considering morphisms the concepts of admissibility, interpretability,
domination and similarity play a very important role. As an example, we consider the theory of Boolean
algebras. These concepts are closely related to the concept of admissibility by one theory on the other. The
interest of this paper is that the examples examined show the fact that admissibility, interpretability and
similarity can be considered on algebras of different signatures.In this work the main definitions of notions
and the basic directions of further researches are studied.

Keywords: Jonsson theory, semantic model, admissibility, interpretability, domination of Jonsson theories,
syntactic and semantic similarity.

One of the classical problems of science is the question of classifying objects of study on some common
features. In mathematics, the role of such objects is played sets with given relations. With the help of mathematical
logic, these objects were associated with some sets of formulas of the predicate calculus’s language. This relation
between the syntax and semantics of a fixed language is actually the essence of Model Theory. Therefore, it
is clear that finding the syntactic and semantic features of similarity can be useful in classifying objects of
Model Theory.

In this paper, we compare the notions of admissibility and similarity for complete and Jonsson theories. At
one time Professor T.G. Mustafin [1] in the language of pure pair and semantic triples defined the notion of
admissibility, interpretability and syntactic and semantic similarity between two complete theories.In connection
with the fact that any complete theory with the help of certain manipulations (enrichment of signature and
morlization) can lead to a theory that will be Jonsson theory. In addition, after morlization, the structure and
number of models of the newly obtained theory in a certain sense will not differ much from the structure and
number of models for the original complete theory. The remark «in a certain sense» can be deciphered in the
following way: in connection with the fact that when dealing with Jonsson theories we are dealing with the
class of existentially closed models of the considering theory, one can note that morlization with existentially
closed models of originally complete theory (if they exist) do not change the structure and the number of these
models. The next fact, connected with the existence of existentially closed models of complete theories, forces
us to be in the class of complete inductive theories, because it is well that any model of an inductive theory is
embedded isomorphically into some existentially closed model of this theory.

T.G. Mustafin in his work [2] defined the exact concept of syntactic [2 (Def. 1)] and semantic similarity
[2 (Def. 4)] of complete theories. Moreover, in the language of these definitions and corresponding concepts
(eg, the hull of theory [2 (Def. 12)], the semantic property (of theory, model, element) [2 (Def. 8]), he proved that
for an arbitrary complete theory there exists syntactically similar to it some theory of polygons [2, Th. 4, Th. 5].

In this paper, we give a material that explains the connection with the various concepts of similarity between
Jonsson theories. By means of a generalization of some definitions from [2] and the technique of working with
Jonsson theories, it was obtained that in the class of perfect 3-complete Jonsson theories the concepts of the
introduced similarities of Jonsson theories coincide with the corresponding concepts in general theorems in the
sense of [2]. In the class of Jonsson theories this approach to the classification of the corresponding objects is
acceptable, but requires certain changes in the definitions of the corresponding similarities of theories. This is due,
first, to the fact that, generally speaking, the Jonsson theories are not complete, and secondly, that in the class of
models of Jonsson theory, homogeneous-universal models are, generally speaking, not saturated. Thus, all of the
above suggests that the redefinition of the basic attributes of such concepts as permissibility, interpretability and
similarity in the class of Jonsson theories is an actual task. On the other hand, the research of Jonsson theories
is interesting in and of itself, regardless of the reduction of some complete theory to the Jonsson theory. The
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point is that the class of Jonsson theories of fixed signature is, generally speaking, incomplete, yet inductive and
with the amalgam property and the joint embedding property, which are natural for many algebraic problems.

We give the definitions from [1].

Definition 1. If A is non-empty set, G is some group of bijections (permutations) of theset A concerning
superposition then the pair (A,G) is called pure pair. If (B,H) and (A,G) are pure pairs, B C A and
H = {g | B; g € G} then pure pair (B, H) is called subpair of pure pair (4, G) and we denote (B, H) C (4, G).

Definition 2. We say that pure pairs (A, G) and (B, H) are isomorphic, if exists such bijection ¢ : A — B
that H = {1/191/1_1; geaG } In this case we will write ¥ : (A,G) ~ (B, H). If A= B, H is a subgroup of group
G then we will use record (B, H)[=, <](A, G). If there is such pure pair (G, F') that (B, H) ~ (G, F)[=, <|(4,G)
we will write (B, H)[~, <](4,G).

Definition 3. Let (A, G)-pure pair, P-any m-place relation on A (i.e.P C A™). Then P will called
G-invariant if for any g € G, a ..., a,, € A takes place < aj ..., a, >€ P = < g(a1) ..., g(ay,) > € P.

Through G,, we will denote the set of all such permutations f of set A™ or which exist such g € G that
fl<ay...,a, >)=<g(ar),...,g9(an) > for all a1, ..., a,, € A. It is obvious that the pair(A™, G,,) is pure pair.
If ~ is G- the invariant relation of equivalence then ~ induces on G group congruence which also we will denote
through ~ as follows:

g1~9g2 < gi(a) ~ ga(a) for all a € A.

Clearly that (A/_, G/_) will be pure pair if to put g(a) = g(a) for all ¢ € G, a € A where a, g- coset
classes on A and G accordingly.

Definition 4. Pair (B, H) is called derivative pure pair from pure pair (A4,G) if exists such n < w and
Gr — the invariant relation of equivalence ~ on A that (B, H) C (A" /., G™/.). We say that pure pair (4, G)
dominates over pure pair (C, F) if there is such derivative pure pair (B, H) from (A, G) that (B, H)[=, <|(C, F).

Family of subsets (relations) p; C A™, ¢ € I, we name complete family on pure pair (A, G) if G is group of
all automorphisms algebraic system < A; P;, i € I >(i.e G = Aut (< A; P, i €1 >).

Let 7- some way allowing for any pure pair (A4, G) to allocate some system of G- invariant relations on
A (so-called 7- relations). We say that the algebraic system < C; R;, ¢ € I >- is interpreted in pure pair (4, G)
if exist such n < w, P C A™ and surjection ¢ : P — C' that complete prototypes R; i € I, and equality relations
are 7- relations on A. We say that pure pair (C, F), 7 is interpreted in (A, G) if exist such complete family of
relations R; C C™, i € I, on (C,F) that < C; R;, i € I >, 7 — is interpreted (4, G).

Definition 5. Let, 2, B are arbitrary mathematical structures in the Bourbaki’s sense on sets A, B accordingly,
G = Aut(A), G = Aut(B). We say that:

1) 2 admits B (or B it is admissible 2), if (A, G)[~, <|(B, H);

2) 2 relatively admits B, if (A4, G) dominates over (B, H).

Remark 1. If 2 admits B, then 2 relatively admits 2B.

If K is the class of mathematical structures then we say that 2 admits (relatively admits) K if and only if
when 2 admits (relatively admits) some structure from K. If the class K is defined by system of axioms ¥ then
expression «2 admits ¥» («2 relatively admits ¥») means the same, as «2 admits K» («2 relatively admits
K, accordingly» ).

If T is the complete theory of algebraic systems of the first order language then we say that T (relatively)
admits a class K of mathematical structures (or system of axioms X) if the monster-model € of theory
T (relatively) admits K (X accordingly).

One of the important concepts of Model Theory is the concept of definability (interpretability) of one
algebraic system in another. It is said that the algebraic system B =< B, R;,7 € I > is definable on
A =< A, Pj,j € J >if exists such formular relations ®; ¢ € I in language A that < A; ®;, i € I > is
isomorphic < B; R;, i € I >. In the course of the development of model theory, this notion was generalized,
and the most general (at present) definition can be formulated as follows. If 2 algebraic system n < w B C A™, A
is the cardinal then B is called 7)-subset if exists such n-type p(z1, ..., ©,) over {) of language of system A, such
|p(21, ..., zn)| < A and B consists of all n of A™, realising p(x1, ..., 2,,) in 2. Obviously, T)-subsets are invariant
relatively automorphisms. Therefore, 7, it can be considered as a way of isolating a certain class of invariant
subsets of algebraic systems. If 2(, 9B - algebraic systems G = Aut( A), then we say that B is 7, — interpreted
in 2 if 9B, is 7\ — interpreted in pure pair (A4, G). If A = w then usually instead of 7, — interpretability says
formally (or elementarily) interpreted (definable).

We redefine the notion of a pure triple in the frame of the study of Jonsson theories. First we recall the
original definition of a pure triple from [1].
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Definition 6. A triple (A, G, N) is called a pure triple, if:

1) (A, G) is pure pair;

2) N — some class of subsets A such that g (M) € N for all M € N g € G, where g (M) = {g(a) : a € M}.

If (A,G, N), (A", G', N') — pure triples, ¢ : A — A’ bijection then ¢ is called as exact similarity
(isomorphism), if:

a) ' ={pgy¢ : g€ G}

6) N={p(M): MeN}

If (A, G, N) — a pure triple, ~ - G — the invariant relation of equivalence on A then ~ is called a congruence
on (A, G, N),if Vae AVM e N (ae M =aeM).

If(A, G, N), (A, G’, N') — pure triples, ¢ : A — A’- surjection then ¢ is called a compression and ¢~ is
inflating, if:

1) The relation ¢ is congruence, where agb <= ¢(a) = ¢(b), a,b € A;

2) The mapping ¢ : A’ — A/_ is exact similarity, where ¢ (¢/) ={a € A : p(a) =d'},d € A’.

Let T is a complete theory, € is its monster-model, G = Aut( €), N- a class of all elementary submodels €,
smaller it on capacity. Then a pure triple (€, G, N) will be called a semantic triple of theory T. Complete
theories T, Ts will be called semantically exactly similar if their semantic triple are exactly similar.

Remark 2. The notion of exact similarity of theories does not depend on the choice of monster -models and
the semantic model.

Definition 7 [2]. Let Ty and T are complete theories. We will speak, as Ty and T» are syntactically similar,
if f: F(Ty) — F(T3) exists bijection such that

1) restriction f to F,,(T}) is isomorphism of Boolean algebras F,,(T1) and F,(T}), n < w;

2) f(zlvn+1§0) = Elvn-&-lf(‘p)a p e Fn+1(T)vn < w;

3) f(’l}l = Ug) = (1)1 = ’UQ).

Let T is an arbitrary Jonsson theory, then E(T) = U,,,, En(T), where E, (T) is a lattice of 3-formulas with
n free variables, T* is a center of Jonsson theory T', i.e. T* = Th(C), where C is semantic model of Jonsson
T theory in the sense of [3].

Definition 8 [4]. Let Ty and T are arbitrary Jonsson theories. We say, that 77 and T, are Jonsson’s
syntactically similar, if exists a bijection f : E(Ty) — E(T%) such that

1) restriction f to F,(T}) is isomorphism of lattices F,,(T1) and E,(T»), n < w;

2) f(Fvnt1) = Font1f(9), ¢ € Ens1(T), n < w;

3) f(vr =1w2) = (v1 = v2).

Definition 9 [4]. The pure triple (C, AutC, SubC) is called the Jonsson semantic triple, where C' is semantic
model of T, AutC is the automorphism group C, SubC' is a class of all subsets of the carrier C, which are
carriers of the corresponding is existentially-closed submodels of C.

Definition 10 [4]. Two Jonsson theories T; and T» are called Jonsson’s semantically similar if their Jonsson
semantic triples are isomorphic as pure triples.

The main result of this paper is the following result, related to the above definitions.

Theorem 1. Let T; and Tb are 3 — complete perfect Jonsson theories. Then following conditions are
equivalent:

1) Ty and Ty are Jonsson’s syntactically similar;

2) Ty and Ty are syntactically similar (in the sense of [2]).

The following two facts are necessary for the proof.

Fact 1. For any Jonsson theory T following conditions are equivalent

1) T is perfect;

2) T* is the model complete.

Proof: follows from the fact that the perfectness of the Jonsson theory T is equivalent to that T™* is the
model companion of the theory T [5 (the proposition 3.4)], [6].

Fact 2. For any complete for 3 - sentences of Jonsson theory T the following conditions are equivalent:

1) T* is model complete;

2) for each n < w, E,(T) is Boolean algebra, where F,,(T) is a lattice of 3 — formulas with n free variables.

Proof: 1) = 2) Let T* is the model complete = E,,(T*) is Boolean algebra, since T* is complete theory
(elementary theory of semantic model), but E,,(T) C E,(T*), since T C (7).

We have 2 cases:

1) T — complete, T = T* then = T is model = E, (T)-complete is Boolean algebra;

2) SoT C T* & T* = Th(C) where is C semantic model of T, then Vo € T = ¢ € T*.
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Since T is complete for 3-sentences,then all the J-sentences deducing from T, belong to T*. There are no
other F-sentences in T*, since T is complete for I-sentences T* is a complete theory. Since E, (T*) is Boolean
algebra, then in it there are complements for any ¢ J-sentense. In general this ¢ will not be I-sentence,
as if ¢ € &, then - € II (Z-set of 3-sentences and I is the set of V-sentences), but T* is model-
complete & VY e T, T*:¢p=0,0€ 3. But we know, that 0 e T* < 0T = 1) 1,0 € E,(T);
2) p € Ep(T) = ~p € En(T); 3) Vo € Ep(T)——¢ = ¢ = E,(T) is the Boolean algebra.

2) = 1) E,(T) is the Boolean algebra = T is model complete, but T' C T* = Th(C). Let A € ModT = A
isomorphically embedded in C', since C is semantic model. By virtue of that is model complete, = this embedding
is elementary.

Let C it not saturated, then 3X C C, |X| < |C|, Ip € S1(X): it is incorrect, that (C,z).cx E p, but
pUT — jointly, p U T* jointly, therefore 3m ¢ C: m realizes p, then, IM |= T* that, m € M, is an elementary
extension of C of that power = there is a semantic model C’ | which is | M |- saturated and elementary extension
of M of power 2/M!

But any two semantic models are elementarily equivalent to each other, in particular C' = C’. We received
contradiction since in C” is p realised. Consequently, our assumption, that C is unsaturated, wrong = T is
perfect = T™ is model complete.

We now proceed directly to the proof of the theorem.

Let’s show 1) = 2). We have that for each is n < w, E,,(T}) isomorphic to E, (T%). Let this isomorphism be
realized by fi,, . By virtue of condition of the theorem and facts 1 and 2, for each n < w, E,(T1) and E,,(T2)
are the Boolean algebras.

But by virtue of perfection 77 and Th = 17 and T3 are model-complete by virtue of fact 1, therefore for
each n < w, for any formula p(T) from F,(T}) there is a formula (%) from E, (T}) such, that T} = ¢ < 1.
Due to the fact that the theory T3 is 3 — complete and E,,(T1) C E,(T}),(since Ty C T7), it follows, that
E,(Ty) = E,(Ty). Due to the fact that the theory T5 is 3 — complete and E,,(T3) C E,(Ty), (since To C T3),
it follows, that E,(Tx) = E,(T%).

For each, n < w, for each ¢1(Z), from F,(T}) we set the following mapping between F, (T}) and
Fo(T3): fan(1(T)) = fin(¥1(F)), where TT = b1 <> @1, ¢1 € En(T1).

It is easy to see that, by virtue of properties f1,, and the above fs, is a bijection defining an isomorphism
between F,,(T5) and F,,(Ty). Hence T} and Ty are syntactically similar.

We will show 2) = 1). It is trivial, as F,,(7T}) is isomorphic F,,(Ty) for each n < w, and the theorem and
facts 1 and 2, this isomorphism extends to all subalgebras..

The following result is known from [2].

Proposition 1. If the theories T7 and Tb are syntactically similar, then 77 and T, semantically similar, the
converse is not true.

In connection with this, we can formulate the following:

Lemma 1. Any two cosemantic Jonsson theories are Jonsson’s semantically similar.

The proof follows from the definition.

Lemma 2. If two perfect 3-complete Jonsson theories are Jonsson’s syntactically similar, then they are
Jonsson’s semantically similar.

Proof. Follows from Theorem 1 and Proposition 1.

All the definitions and concepts that are not defined here, connected with the Jonsson theories, can be found
in [4].

Returning to the concepts of admissibility, interpretability, and similarity from [1], we recall that theories
Ty and T5 are called 7 — similar if there are satisfying models M; = Ty, My = T5, such that Th(M1, m)men,
and Th(Ms, m)men, € are similar.

The following result is correct:

Proposition 2 [1]. 1) If T1 and T5 € - similar, M; € N;, M1 — My then Th(Mim)men, and Th(Ma, m)me s, ,
€ are similar.

The «7 — similarity» relation is an equivalence relation.

It is absolutely analogous, as in the case of complete theories, that all the above concepts can be redefined,
namely, admissibility, interpretability, dominance, 7 — similar to the case of Jonsson theories. Further, all
results and their corollaries on 7 — similarity in the sense of [1] can be correlated to the study of the syntactic
and semantic similarity of Jonsson theories in the above. We note that the syntactic similarity of two Jonsson
theories, defined above preserves all types of morphisms proposed for the study of Jonsson theories in the frame
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of the study of Jonsson analog of 7 — similarity for complete theories. In conclusion, we note that this topic
also has a promising continuation in the frame of the study of Jonsson sets in the given Jonsson theories [7-9].

We would like to give some examples of syntactic similarity of certain algebraic examples. Fot this, we recall
the basic definitions associated with these examples following denotions from B. Poizat [10].

A Boolean ring is an associative ring with identity, in which 2 = z for any z is called a Boolean ring; then,
we have also (x + y)2 =22 +ay+yr+Y? = v+xy+yz+y and besides(x + y)2 = z+y; therefore zy+yz = 0 for
an arbitrary z, y; 22 +22 = 0 means = + = = 0, for any = or x = —z; hence the Boolean ring has characteristic
2 and, since xy = —yxr = yzx, it is commutative.

To axiomatize this concept, we introduce a language containing two symbols of constants 0 and 1, two
symbols of binary relations + and - .

We write down some universal axioms expressing that A is the Boolean ring , without forgetting thus 0 # 1.
In the Boolean ring we will define two binary operations A and V, and unary operation — as follows: t Ay = x-y;
rVy=xz+y+ay;, =1+

It is easy to verify that the following are true for all x,y and z:

(de Morgan’s laws or duality): =(—z) =z, = (z Ay) = —x V ~y—(x Vy) = -z A —y;

rVr=xN\x=ux,

(associativity A): (z Ay)Az=x A (yA 2);

(associativity V): (zVy)Vz=2xaV (yV 2);

(distributivity A over V):z A (yV z) = (z Ay) V (x A 2);

(distributivity V over A): zV (yAz) = (zVy) A(zV z);

(commutativityA over V): z Ay =yAz,xcVy=yVuz;

cA-xz=0,zV-x=1;

zAN0=0,z2vV0=xzAl=2,2V1=1;

0#4#1,-0=1,-1=0.

A structure in language > 0,1, -, A, V satisfying to these universal axioms is called a Boolean algebra.

Fact 3 [10]. In each Boolean ring one can interpret a certain Boolean algebra.

Proof. With the Boolean ring A we have connected some Boolean algebra b(A); the converse is also true:
z-y=xzAyxz+y=(xVy)A(-xV-y) then we receive the Boolean ring a (B); and besides a (b(A)) = A
b(a(B)) = B. Thus we see that, up to a language, the Boolean ring and Boolean algebras have the same
structures, the Boolean ring canonically is transformed into a Boolean algebra and vice versa, transformations
in both directions are carried out using quantifier-free formulas

The following example connects Boolean algebras with abelian groups.

Fact 4 [11]. In each Boolean algebra one can interpret an Abelian group.

Proof. In Boolean algebra A we suppose a +b = (a AY)V (¢’ AD).

[A, 4] is Abelian group and in which each not unit element has an order 2.

The element 0 is group unit in G, and each element z is reciprocal to itself: x + x = 0 for all x € A.

We state the obtained results.

Let’s denote through Tpa, Tpr, Tac accordingly theories in their signatures (they are different) of Boolean
algebras, Boolean rings, and Abelian groups.

Lemma 3. Tga,TsRr, Tac are examples of Jonsson theories.

Proof. Tga and Tggr from [4], Tac from [12].

Theorem 2. Theories Tp 4 and Tppr are syntactically similar, and mutually interpreted among themselves,
as for complete theories and for Jonsson theories.

Proof. Follows from the fact 3.

Theorem 3. Theory Ty 4 is interpreted in theory T4, as for complete theories and for the Jonsson theories.

Proof. Follows from fact 2 and Theorem 2.
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A.P. Emkees, I'A. Ypken

I/IOHCOH,ZLLIK TeopudJjiapAdblH PYKCATTBLJIBIJIBIFBI 2KoH€ YKCaCTbIJIbIFbI

Maxkasa HOHCOHIBIK, TEOPHUSIAPALI PYKCATTHLIIBLIBIK, HHTEPIPETAIIUAIANYbl, CUHTAKCUCTIK JKOHE CEeMaH-
TUKAJIBIK, YKCACTBLUIBIK YFBIMIAPbIMEH OANMJIAHBICTBI. AWTBHLIFAH KAHA YFBIM HOHCOH/IBIK, TEOpHsIAp YIIiH
CHHTAKCHC KOHE CEMAHTUKAJIBIK YKCACTBIK YFBIMBIH 2KaJIbLIaiAbl. PyKCaTTBLIBLIBIK, HHTEPIPETAIUIAY,
6GaCBIMIBLIBIK, JKOHE YKCACTBIK, YFBIMIAPBI KAPACTBIPHIN OTHIPFaH MOPGMU3MIEPTe KATHICTBI HOHCOHIBIK, TE€O-
PUSIAPIbIH CEMAHTUKAJBIK, MOJIEJIbIH aHBIKTAIFaH (POPMYJIATIBIK IMKi KUBIHAAPABI CAKTAYBIHBIH 3€PTTEY
GapbICBIHIa, ©6Te MAaHBI3BI pOJIiH aTkapasbl. Herisri Mmbicas periHge Oysib ajredbpajiap TEOPHUsICHI Kapac-
THIPBIAALI. Byl yFeIMzap O6ip TeOpUSHBIH, 0ACKa TEOPUSIMEH PYKCATTBHLIBLIBIFBI YVFBIMBIMEH OAaM/TAHBICTHI.
By sKyMBICTBIH, KBI3BIFYIIBLIBIFBI OCBIH/Ia KAPACTBIPBLIFAH MBICATIIAD PYKCATTBHIIBLIBIK, HHTEPIPETAIIA-
JIay YKOHE YKCACTBIJIBIKTHI 9PTYPJIi CUTHATYPaIaFsl ajaredpasgapia 3epTTelyl MyMKiH eKeHiH kopceTTi. Maka-
JIazia VFBIMIIAP/IBIH, HETI3T1 aHbIKTaMAJIaphl YKOHE 9PipeKTeri 3epTTey/epiH, Heri3ri OarpITTaphbl OepiareH.

Kiam cesdep: HOHCOHMIBIK, TEOPHsl, CEMAHTUKAJIBIK MOJIE/Ib, HOHCOHBIK, TEOPUSIAPIBIH PYKCATTHLIBLIBIFEI,
WHTEPIPETAIUAIAHYbI, OACHIM/BIIBIFBI, CHHTAKCUCTIK KOHE CEMAHTUKAJIBIK YKCACTBLIBIK,
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A.P. Emikees, I'A. Ypken

omycTumocTh 1 nmogobme HOHCOHOBCKUX TEOPUiA

CraTbsl CBsI3aHA C TMOHATUSIMU JIOIYCTUMOCTH, WHTEPIIPETAIINN, CHHTAKCHIECKOTO U CEMAHTUIECKOTO MO0~
Ous 111 HOHCOHOBCKUX Teopuil. B paMkax n3ywueHunst COXpaHeHUsT ONPEIETNMbIX (POPMYIbHBIX IOIMHOXKECTB
CEeMaHTUIECKOU MO/JIeJI HOHCOHOBCKOM TEOPUN OTHOCUTEJHHO PACCMATPUBAEMbBIX MOP(MU3MOB MTOHSITHUS JI0-
IMyCTUMOCTH, HHTEPIIPETUPYEMOCTH, TOMUHUPYEMOCTH U OO0 UTPAIOT OYEHb BaXKHYIO POjib. B KadecTse
[IpUMEPa PACCMOTPEHA TeOpUsi OyJIEBBIX AJredp. JTH MOHATUS CBA3aHBI C JOIIYCTUMOCTBIO OIHON TeOpuu
¢ apyroit. OJHUM M3 UHTEPECHBIX MOMEHTOB 3TOW pabOThI SIBJISIETCSI TO, YTO MPEICTABJIEHHBIE TPUMEDDI
JIOITYCTAMOCTH, WHTEPIPETAINN, T0o100UsT M3yUeHbl B PA3JNIHBIX CUTHATYpaX. B cTaTbe JaHBI KJIIOYEBBIE
onpe/eeHus ITIOHATHUIT 1 OCHOBHBIE HaIIpABJIEHUA JIAJIbHEHIIINX UCCJIEIOBAHUN.

Karouesvie caosa: HOHCOHOBCKAsT TEOPHsl, CEMAHTUIECKAs MOJEJb, IOIIYCTUMOCTh, UHTEPIPETUPYEMOCTD,
JIOMUHUPYEMOCTh HOHCOHOBCKHMX TEOPHUI, CHHTAKCUYECKOE U CEMAaHTUIECKOe ToI0o0ue.
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Criterion for the cosemanticness of the Abelian
groups in the enriched signature

In the present paper we give a criterion of the cosemanticness relative to the Jonsson spectrum of the
model in the class of Abelian groups with a distinguished predicate. This paper is devoted to the study of
model-theoretic questions of Abelian groups in the frame of the study of Jonsson theories. Indeed, the paper
shows that Abelian groups with the additional condition of the distinguished predicate satisfy conditions of
Jonssonness and also the perfectness in the sense of Jonsson theory. It is well known that classical examples
from algebra such as fields of fixed characteristic, groups, abelian groups, different classes of rings, Boolean
algebras, polygons are examples of algebras whose theories satisfy conditions of Jonssonness. The study of
the model-theoretic properties of Jonsson theories in the class of abelian groups is a very urgent problem
both in the Model Theory itself and in an universal algebra. The Jonsson theories form a rather wide
subclass of the class of all inductive theories. But considered Jonsson theories in general are not complete.
The classical Model Theory mainly deals with complete theories and in case of the study of Jonsson theories,
there is a deficit of a technical apparatus, which at the present time is developed for studying the model-
theoretic properties of complete theories. Therefore, the finding of analogues of such technique for the
study of Jonsson theories has practical significance in thegiven research topic. In this paper the signature
for one-place predicate was extended. The elements realizing this predicate form an existentially closed
submodel of the considering Jonsson theory’s some model. In the final analysis, we obtain the main result
of this article as a refinement of the well-known W. Szmielew’s theorem on the elementary classification of
Abelian groups in the frame of the study of Jonsson theories, thereby the generalization of the well-known
question of elementary pairs for complete theories was obtained. Also we obtained the Jonsson analogue for
the joint embeddability of two models, or in another way the Schroder-Bernstein properties in the frame of
the study of the Johnson pairs of Abelian groups’ theory.

Keywords: Jonsson theory, model companion, existentially closed model, perfectness, cosemanticness, Jons-
son spectrum, Jonsson pair.

This paper is concerned with the study of certain model-theoretic properties of Jonsson theories in the class
of Abelian groups. The class of Jonsson theories is wide enough and it is a natural subclass of the class of all
inductive theories. The definition of the Jonsson theory is quite natural. Many theories of a well-known and
classical algebras are essentially examples of Jonsson theories. Examples include the following algebras: groups,
Abelian groups, fields of fixed characteristic, Boolean algebras, many classes of rings, polygons. As a rule, the
considered Jonsson theories are not complete and since the classical Model Theory deals mainly with complete
theories, in the case of the Jonsson theories there is a deficit of the technical apparatus, which is accordingly
developed at the present time for studying the model-theoretic properties of complete theories. Therefore, the
finding of analogues of this technique and accordingly, concepts for the study of Jonsson theories, is a very
urgent problem.

In the paper [1] was considered the problem related to the concept of cosemantic and Schroder-Bernstein
properties for Jonsson theory of Abelian groups. The concept of cosemanticness is a generalization of the
concept of elementary equivalence, which is used as an important tool in the study of complete theories. The
Schréder-Bernstein property is also related to models of some fixed complete theory. That is, like the property
of cosemanticness, this property is a semantic concept, in contrast to the properties of the theory, which we
attribute syntactic properties to. By virtue of the theorem about completeness, the duality of syntax and
semantics allows us to seek new connections between the model-theoretic properties of theories and their classes
of models. In the Jonsson case, because of the incompleteness, it is impossible to directly use this duality, and
in this case we resort to the so-called semantic method, the essence of which is the «transfer» of elementary
properties of the first order of the elements of Jonsson theory’s center to the theory itself. It turned out that the
theory of Abelian groups is an example of the perfect Jonsson theory. In this connection, it was possible to find
a criterion for the cosemanticness of Abelian groups [1] and Jonsson analog of the Schroder-Bernstein property.
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We note how the study of Jonsson theories differs fundamentally from the study of complete theories. The
classification of a fixed complete theory and its class of models with respect to certain syntactic and semantic
conditions is one of the most important tasks of the classical Model Theory. In Model Theory itself, as noted
in the review article by H.J. Keisler, «Foundations of Model Theory» in the reference book, ed. J. Barwise [2],
historically there were two directions. In [2] they are called «western» and «eastern» Model Theory, these names
are conditional, they are related to the geographical location of the founders of the Model Theory. A. Robinson
lived on the east coast of the USA and A. Tarski lived on the western coast.

«Western» Model Theory develops in the traditions of Skolem and Tarski. It was more motivated by problems
in number theory, analysis and set theory, and it uses all formulas of first-order logic. In particular, various
types of elementary morphisms are considered as morphisms in the «western» theory of models. «Eastern»
Model Theory develops in the traditions of Maltsev and Robinson. It was motivated by problems in abstract
algebra, where the formulas of theories usually have at most two blocks of quantifiers. It emphasizes the set
of quantifier-free formulas and existential formulas. In the «eastern» Model Theory, as a rule, homomorphisms
and isomorphisms are considered as morphisms.

Thus, we can see that when dealing with the model-theoretic attributes of the «eastern» Model Theory,
we tend to deal with incomplete theories and morphisms between their models, which maximally preserve the
properties of Boolean combinations of atomic formulas. As a model at the study of this type of theories, as a
rule, we consider a subclass of class of all models of the considering theory, namely, the class of its existentially
closed models.

In this paper we extend the signature by a one-place predicate, the essence of which is that the elements
realizing this predicate form an existentially closed submodel of some model of considering Jonsson theory. Thus,
we can say that we turn to the situation when the considering problem generalizes the problem of elementary
pairs.

The Jonsson theories satisfy natural conditions, such as inductive, the joint embedding property and
amalgam [2 (def. 6.1, p. 80)]. T. G. Mustafin in the work [3]| generalized Jonsson theories and found a connection
between the complete theories, Jonsson theories and the generalized Jonsson theories. In the work [4]
Yeshkeyev A.R. was continued the study of Jonsson theories concerning the various model-theoretic properties of
their companions, including J-stability. In particular, in the frame of the study of Jonsson theories was redefined
an important notion such as forcing, which was earlier defined by S. Shelah [5] and is one of the main tools
of modern technique of Model Theory in the classification of complete theories. Further A.R.Yeshkeyev were
defined new classes of positive Jonsson theories and in the paper [6] were obtained positive Jonsson analogues of
F. Weispfenning’s work [7] for the positive lattice of the existential formulas of considered theory. The concept of
positive Jonsson theories was first considered in the paper [8] and this concept, in a certain sense, was introduced
after the appearance of series of I. Ben-Yaakov’s works [9-10], as both concepts of theory’s positivity from [8] and
[9] coincide for the minimal fragment of considered theory. This implies, in particular, non-triviality (not just
a generalization of the Jonssonness for generalization) of the concept of positivity in the sense of [§], because,
for example, such an important class of mathematical structures as metric spaces is not Jonsson class, but is
positive Jonsson in the sense of the works [9-10] and, in particular, in the sense of [8] for the minimal fragment.
It should be noted that there are various regular ways of transition from an arbitrary theory to Jonsson theory,
which preserves the original class of existentially closed models. One of these methods is the Morleisation of
theory [2 (Theorems 2.18, 2.19, p.63-64, Theorem 6.8, p.83)]. Thus, the study of model-theoretic properties
of Jonsson theories is an actual problem, both in Model Theory and in universal algebra, and the questions
concerning the study of Jonsson theories are exactly the essence of the problem of «easterns» Model Theory.

The study of the model-theoretic properties of complete theories of Abelian groups is a large subsection of
model-theoretic algebra. Many classical results have been obtained in this field of research, in particular, the
complete classification of Abelian groups up to elementary equivalence was carried out in the work of Polish
mathematician W. Szmielew [11].

The following references to the relevant sources will allow the reader to obtain exhaustive information on
this classification [11-15].

The concept of an elementary pair was first determined by B. Poizat in [16]. The following stages in the
development of study of this concept were noted in works of E. Bouscaren and B. Poizat [17-19]. Further, the
history of studying this concept is related to the work [20]. T.G. Mustafin in this paper considered new concepts
of stability and showed that one of them in the particular case is the case of an elementary pair. Also to this
period are the works of T. Nurmagambetov and B. Poizat [21]. In the future there are papers by E.A. Palyutin
[22, 23|. In these papers E.A. Palyutin clarifies the concept of T*-stability introduced by T.G. Mustafin in [20]
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with the help of concept of E*-stability, and in a fairly wide class of primitive-normal theories consider the
model-theoretic properties of elementary pairs. Recall that all these works were done in the frame of study of
complete theories. It is clear that the transition to generally speaking incomplete theories on the example of
Jonsson theories and, in particular, the theory of Abelian groups, is uniquely an actual continuation of above
studies.

All the indefinite concepts and results associated with them in this article on Jonsson theories can be found
in [24].

In brief we give the main generally accepted notation associated with Abelian groups.

If A is an arbitrary Abelian group, n is an integer, then nA = {na : a € A}. It is not difficult to see that
both nA and A[p] = {a € A : pa = 0} for a simple p form subgroups of the group A. We say that n # 0 divides
the element a from A if a = nb for some b € B. If there exists m > 0 such that ma = 0, then the smallest such
m is called the order of the element a. Thus, nA is the set of elements of A that are divisible by n and A[p] is
the set of all elements of A of order p. The subgroup (nA)[p] is usually denoted by nA[p]. The set T'(A) of all
elements of A of finite order is called the periodic part of A. It is clear that T'(A) is a subgroup of A and the
factor group A /T( A) is torsion-free, that is group that does not have nonzero elements of finite order. If every

element of A has order equal to p™ for some n > 1, then the periodic group A is called a p-group. A group A is
called a group of bounded order if nA = [0] for some natural n.

A group A is said to be divisible if for any a € A and any n € Z\ {0} there exists b € A such that a = nb.
If B is a divisible group and at the same time a subgroup of A, then it is called a divisible subgroup of A.
A group that does not contain non-zero divisible subgroups is said to be reduced. A subgroup B of a group A
is said to be servant if nA N B = nB for all n € Z. We say that a subgroup B of a group A is distinguished in
it by a direct summand if there exists a subgroup C' of the group A for which A = B& C.

A group A is said to be algebraically compact if it is distinguished by a direct summand in every group that
contains A as a pure subgroup. These groups have a number of interesting properties. For example, the group
A is algebraically compact < in it any compatible countable set of equations from any number of unknowns
with constants in A is solvable. It is easy to see that w] -saturated groups are always algebraically compact.
The structure of algebraically compact groups is well studied. The following examples of Abelian groups are
canonical in the study of their elementary theories.

1. @Q — the additive group of rational numbers, called the complete rational group.

2.2, = {% :m,n € Z,(n,p) = 1}.

3. Zpyn — cyclic group of order p™.

4. Zpe — the multiplicative group of all the roots of equations 2" =1,n =1, 2, ..., from the field of complex
numbers, called a quasicyclic group of type p°°, where p is prime number.

Remark. The group Z,- can be defined as the additive group generated by elements ¢y, c2, ..., ¢p, ..., Where
pcy =0, pca =1, ..., PCpt1 = Cp.

Let A be a model of signature of Abelian groups, where oag = (+, —, 0).

A formula of the form dzp...3x,¢, where ¢ is the conjunction of atomic formulas, is called positively
primitive (p.p.formula). P.p.formulas express the solvability of finite systems of linear equations of the form
mix1 + moxo + ... + mpxr = 0. It is not difficult to show that p.p. formulas are closed with respect to the
conjunction and suspension of the existence quantifier. One can directly verify that the truth of p.p. formulas
is preserved under extensions, cartesian products and homomorphisms of Abelian groups.

The following facts are well known.

Theorem 1. Let A be an arbitrary Abelian group. Each formula of signature oag is equivalent regarding
Th(A) of the Boolean combination of p.p. formulas.

Sentence 1. Q and Zp are divisible groups.

Theorem 2. Every divisible periodic Abelian group G is a direct sum of quasicyclic groups (possibly on
different prime numbers).

It is known that any group A can be decomposed as follows:

A=A1® Ay,
where Ay is the single maximal divisible subgroup of A, A, is a reduced subgroup, i.e. group without non-zero

divisible subgroups. Algebraically compact groups are constructed in a certain way from the indecomposable
groups Zpe, Zyn, Z and @), where p is a prime number.
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The divisible group A, has the following decomposition:
A= 0,75 0 QW

where 7, (p is a prime number) and ¢ are arbitrary cardinal numbers, @, means a direct summation over all
simple p, Z;,Zé’) is the direct sum of ~, -copies of quasicyclic groups Zp~, and Q") is the direct sum of J-copies
of the additive group of rational numbers.

Recall that two models 2 and B of the same language £ of the first order are called elementarily equivalent
if the same the first-order sentence of language £ are realized in the above models.

We define the Szmielew’s invariants. In future we assume that co < & for any cardinal x > w.

For any abelian group A and any simple p:

e U(p,n; A) = min {w, dim,, (p”A[p]/anﬂA[p}) } ;
e T¢(p; A) = min {w, i%f dim,, (p”A/pn+1A)} ;
e D(p; A) = min {w, irﬁf dim,, (p"A[p])} :

0, if the group A is of bounded order;
o Eap(A) = :
o0, otherwise,
where dim,, is the dimension of the corresponding vector space over the field Z /p 7.
This is the elementary Szmielew’s invariants.
We denote by W(A) the ordered sequence of elementary Szmielew’s invariants of group A:

W(A) = (((Up,n;A) :ncw), Tr(p; A), D(p; A) :p=2,3,...), Exp(A)).

Theorem 3. Let A, B be two arbitrary groups. Then the following conditions are equivalent:
1. A= B.

2. W(A)=W(B).

We define the standard group of Szmielew A° for any group A:

04,0 0 0
A =@, 25 @ 0,25 © @250 @ Q"

where o) = min (U(p,n — 1; A),w), By = min (Tf(p; A),w), 7p = min (D(p; A),w), 6° = min (Exp(A4),1).

Theorem 4. A= A°.

Theorem 5. Any Abelian group can be embedded as a subgroup of a divisible group.

We give some well-known definitions of concepts and results related to the Jonsson theories, which are
necessary for studying Abelian groups in the frameof the Jonssonness.

Definition 1. The theory T is called Jonsson if:

1) T has an infinite model;

2) T is inductive, i.e. T is equivalent to the set V3-propositions;

3) T has the joint embedding property (JEP), that is, any two models 20 = T and 98 = T are isomorphically
embedded in a certain model € = T

4) T has the property of amalgamation (AP), that is, if for any 2,%,¢ = T such that f; : 2 — B,
f2 : A — € are isomorphic embeddings, exist © = T and isomorphic embeddings g1 : B — D, g5 : € — D such
that g1 f1 = g2 fo.

Let’s define the semantic model. This model plays an important role as a semantic invariant. Such model
always exists for any Jonsson theory. In future we will use the so-called semantic method [24] in the study of
Jonsson Abelian groups. The essence of this method consists in translating the elementary properties of a fixed
complete theory (the center of Jonsson theory) to Jonsson theory itself.

Initially, the concept of semantic model assumed another concept of homogeneity, but to prove the existence
of a semantic model it was necessary to add to the axiom of the theory of sets ZF the axiom of the existence of a
strongly inaccessible cardinal. To eliminate this axiom, it was necessary to change the definition of homogeneity
of the semantic model to an acceptable variant. This was done in the work [25] Y.T. Mustafin. The concept of
a universal model does not change. Recall it.

Definition 2. Let k > w. The model M of theory T is said to be x-universal for T' if every model T of
cardinality is strictly less than x is isomorphically embedded in 9.
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The following definition of xK-homogeneity for the model was introduced in [25].

Definition 3 [25]. Let k > w. The model M of theory T is said to be xk-homogeneous for T if for any two
models 2 and 2y of T', which are submodels of 9, the cardinality is strictly less than x, and the isomorphism
f 20 — 2y, for each extension B of the model 2, which is a submodel of 9 and a model T' of cardinality
strictly less than k, there exists an extension 287 of the model 2(;, which is a submodel of 91, and an isomorphism
g : B — B, that extends f.

A homogeneous-universal model for 7' is a x-homogeneous-universal model for T of cardinality x, where
K> w.

Theorem 6 [25]. Each Jonsson theory T has a x*-homogeneous-universal model of power 2. Conversely, if
T is inductive, has an infinite model, and has a w*-homogeneous-universal model, then 7" is Jonsson theory.

Theorem 7 [25]. Let T be Jonsson theory. Two models 9t and 9t x-homogeneous-universal for T' are
elementary eivalent.

Definition 4 [25]. The semantic model C7 of Jonsson theory T is the w™-homogeneous-universal model of
theory T'.

Sentence 2 [25]. Any two semantic models of Jonsson theory T are elementarily equivalent to each other.

Definition 5 [24]. The semantic completion (center) of Jonsson theory T is the elementary theory T™* of the
semantic model Cr of theory T, that is, T* = Th(Cr).

Let T be some Jonsson theory of fixed signature ¢ and Mod T the class of all models of theory T'. Consider
an arbitrary model A from Mod 7. We define the following notion by means of which we are going to distinguish
the models of Jonsson theory. Let JSp(A) = {T'|T be Jonsson theory in the language o and A € ModT'} and
call JSp(A) Jonsson spectrum of model A.

The following definitions 6, 7 belong to T. G. Mustafin.

Definition 6 [24]. We say that Jonsson theory T is cosemantic to Jonsson theory Ty (T} > 1) if Cr, = Cr,
where C7, is the semantic model of T;, ¢ = 1, 2.

The relation of the cosemanticness on the set of theories is an equivalence relation. Then JSp(A)/s is the
factor-set of Jonsson spectrum of model A with respect to ><.

Definition 7 [24]. Jonsson theory of T is called perfect if every semantic model of T is a saturated model
of T*.

Definition 8 [2]. The theory T is called model-complete if for any models 2 and B of T, any subsystem
2 C ‘B is an elementary subsystem B. Equivalently, every isomorphic embedding is an elementary embedding.

Theorem 8 [2]. The theory T is model-complete if and only if theory T'U D(90) is complete for any model
M of theory T.

Definition 9 [2]. Let T, T* be some L-theories. The theory T* is called a model completion of theory T if:

(a) T and T* are mutually model joint, i.e. any model of theory T is embedded in the model of T* and vice
versa,

(b) T* is model complete theory;

(c) it M = T, then T* U Diagram(9M) is complete theory.

The theory T* is called a model companion of T if conditions (a) and (b) are satisfied.

Theorem 9 [2]. The theory T has no more than one model companion.

Theorem 10 [2, p. 68, table 1)]. The theory of algebraically closed Abelian groups is a model complement to
the theory of Abelian groups.

Theorem 11 |24]. Let T be an arbitrary Jonsson theory, then the following conditions are equivalent:

1) the theory T is perfect;

2) T* is a model companion of the theory T.

Let Er be the class of all existentially closed models of theory T'.

Theorem 12 [24]. If Jonsson theory T is perfect, then Er = Mod T*, where T* = Th(Cr).

Let T be Jonsson theory, S7(X) be the set of all existential complete n-types over X that are compatible
with T for any finite n, where X C C.

Definition 10 [24]. We say that Jonsson theory T' J-A-stable if for any T-existentially closed model 2 for
any subset X of 4, | X| <\ = |S7/(X)| <A

Theorem 13. Let T be a perfect Jonsson theory complete for 3-propositions, A > w. Then the following
conditions are equivalent:

1) T is J-A-stable;

2) T* is A-stable, where T™* is center of Jonsson theory T'.

Proof. Follow from Theorem 2.1 from [26].
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We consider the language Lp obtained by adding the one-place predicate P(z) to the language L. Denote by
Tp the theory obtained by adding to T" axioms, which state that the interpretation of P is also a model of theory
T. We can say that P is interpreted as an existentially closed substructure, i.e. for each quantifier formula ¢ in
L the following is true: (VZ) [P(Z) A (35)¢(Z,7) — (32)P(2) A ¢(Z, Z)], where P(Z) means P(z1) A ... A P(xy,).

The model of theory Tp is called Jonsson pair (J-pair) of models of T. We denote this pair (N, M), where
M is the interpretation of the predicate P(z). In this pair we call N a large model, and M a small model.

We denote by Tp,., the theory of Jonsson pairs of Abelian groups’ theory. Let M be the class of models of
Tp.-

The following lemmas are necessary to prove the sentence 3.

Lemma 1. A B € M; €€ M and € C 2, € C B; |€] = |2A| N [B|, then there exists a system D € M such
that A C D, B CD.

Proof. Let A and B be Abelian groups and ANB=C,C C A, C C B. Let A é B be the free product of

groups A and B with the amalgamated subgroup C. Then A C A x Band BC A x B.
c c

Lemma 2. If M is an abstract and satisfies the lemma 1, then M satisfies the amalgamation property (AP).

Proof. The proof can be extracted from Theorems A, B of the paper [27], but we need only take into account
the new definition of homogeneity.

Sentence 3. The theory Tp,, is the perfect Jonsson theory.

Proof. We first show that T’p,. is Jonsson theory. T’p,, has an infinite model. It is inductive, because the
union of an increasing chain of Abelian groups is Abelian group. That is the conditions (1) and (2) from the
definition 1 are satisfied.

If A and B are two J-pairs of theory Tp,, then their direct product A x B is Abelian group. The set of
elements < a,e? >, where a € A, e? is the unit element of B, is a subgroup of A x B isomorphic to A. Similarly,
the set of elements < e?,b >, where b € B, e/ is the unit element of A, is a subgroup of A x B isomorphic to
B. Thus condition (3) is satisfied.

Let us verify the satisfaction of condition (4). As the class of Abelian groups is abstract that is is closed
with respect to isomorphisms, then according to the lemma 1 and the lemma 2, the class of Abelian groups has
amalgamation property (AP). Thus Tp, is Jonsson theory.

Perfection follows from Sentence 3 of [1], since due to the perfection of theory of Abelian groups, the semantic
model of this theory is saturated in its power. Consider the semantic model (N, M) of theory Tp,.. Let the
realization of predicate P by the small model M be an existentially closed submodel of the large model N. All
types over this model are realized in the large model N by virtue of Sentence 3 from [1]. There are no other
new types, thus, the J-pair (IV, M) is saturated in its power.

The next notion was considered by J. Goodrick in [28] and there he denoted it as a Schroder-Bernstein (SB)
property.

Definition 11. The theory T admits the property SB if for any two mutually elementary embeddable models
of the theory T it follows that they are isomorphic.

But J. Goodrick notes that this property was first considered for w-stable theories by T.A. Nurmagambetov.
In the works [29, 30]. In particular, T.A. Nurmagambetov was obtained the following result with respect to the
property SB.

Theorem 1.2 from [29] If T is w-stable theory, then T has an SB property if and only if T of bounded
dimension.

J. Goodrick in the paper [28] received a description of the SB property for a classifiable (superstable, with
NDOP and NOTOP) theory with a limited dimension. In particular, in work [31] J.Goodrick and M.Laskovsky
described the property SB for weakly minimal theories.

Later J.Goodrick [32] found necessary and sufficient conditions for the theory of abelian groups to admit
the SB property. Namely, he proved the following theorem:

Theorem 3.8 from [32] If G is Abelian group, then the following conditions are equivalent:

1. Th(G,+) has the Schroder-Bernstein property.

2. Th(G,+) is w-stable.

3. G is the direct sum of a divisible group and a group with torsion of a bounded exponent.

4. Th(G,+) is superstable, and if (G, +) = (G, +) is saturated, then every map in Aut(é/@o) is unipotent.

We redefined this concept for Jonsson theories and is denoted as JSB, namely: Jonsson theory T has JSB
property if for any two existentially closed models 2 and B of theory T from the fact that they are mutually
isomorphically embedded into each other it follows that they are isomorphic.
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The following result is Jonsson analog of Theorem 3.8 from the paper [32] in the enriched language, namely:

Theorem 14. Let Tp, ., be the theory of Jonsson pairs of Abelian groups’ theory, then the following conditions
are equivalent:

1) Tp, is J-w-stable;

2) Tp, ., is w-stable;

3) Tp,. has the JSB property.

Proof. By the sentence 3, the equivalence of items (1) and (2) follows from theorem 13, since in theorem 13
we use 3-completeness and then, by the theorem 1, we can apply the theorem 13.

We will show from (3) in (2). By virtue of the sentence 3, the theory of Jonsson pairs of Abelian groups’
theory is a perfect Jonsson theory. Then by virtue of the criterion of perfectness 11 and theorem 12 we have
that Er, = ModT}, .. Consequently, any model of the center of theory T'p,. is existentially closed. By the
theorem 11 T, . is the center of theory T, is a model companion of theory Tp,,. Hence Tp, . is the model
complete theory and any embedding is elementary. It remains to apply Theorem 3.8 from [32].

We will show from (2) in (3). Let the center Tp, . be w -stable. Since Tp,, C Tp it follows that
ModT%, . € ModTp,,. In view of Theorem 3.8 from [32] T, . admits SB. But by virtue of Theorem 11 and
the perfectness of theory Tp,, Mod T5, . = Erp,. - And this completes the proof, because the Josnson property
of JSB is defined only for models from Er, .

The following result concerning Jonsson Abelian groups is an analog of W.Szmielew’s theorem on the
elementary classification of Abelian groups. We know that for any Abelian group G there exists a standard
group GO such that G = G°, and in this case

) )

DLO 0 0
G = @p,nZ;z(;"M ® @pZzgﬁp ® @pZz(ng) ® Q).

Denote by JSp(A) the Jonsson spectrum of Abelian group A, where
JSp(A)={Tp,s | TP, is Jonsson theory in the language op,. and A € Mod Tp,.}.

The following result gives a description of semantic model of Abelian groups’ Jonsson theory.
Theorem 15. Let Tp,, be Jonsson theory of Abelian groups in the language op,., then its center
CTPAG € Erp, ., while CTPAG is a divisible group and its standard Szmielew group is representable as

@,,Zz(ﬁf) ®QWP), where a,, 3 € wt, 2¢ = |CTPAG ’

Proof. 1t follows from the theorems 5 and 2 and the fact that any Jonsson theory has a semantic model that
is a wT-homogeneous-universal model.

Sentence 4. There exists a continuum of imperfect subclasses of the class of all Abelian groups.

Proof. In [33] this sentence was proved using the old definition of semantic model. For a new definition 4 of
semantic model, we can repeat the proof from [33] considering only the power estimates of semantic model. To
prove this fact, it suffices to show that not elementary equivalent semantic models of imperfect Jonsson theories
of Abelian groups will be a continuum. From Theorem 15 the semantic model of any Abelian group will be the
direct sum of the corresponding number of groups’ copies of two kinds: Z,~ and @. In the imperfect case, only
() can be absent since () can not be a universal model. The number of copies of Zy,~ can be any subset of w.

We call the pair (ap, B)év[ ] Jonsson invariant of Abelian group A if the standard group of Szmielew’s

TPac
group A is representable in the form @pZ;OQ?) & Q)| where C[TPAG} is semantic model of [Tp,.] € JSP(A) /-

We give the following definitions of concepts, which are specified in the frame of the study of Jonsson
theories, the definition of elementary equivalence for complete theories.

Let A and B be models of the same signature.

Definition 12. We will say that the model A is Jonsson elementary equivalent to the model B (A

JSp(A) = JSp(B).
Lemma 8. VA, B € Modop,, JSp(A) N JSp(B) # 0.
Proof. This is true because at least Tp,, € JSp(A) N JSp(B).
Definition 13. We say that the model A is JSp-cosemantic to model B (A ]l>54 B), if
JSp
JSp(A)/sa = JSp(B) /e

Lemma 4. AJDS B & JSp(A)NJSp(B) = JSp(A) U JSp(B).
P
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Proof. It follows from the definition.

It is easy to understand that the concepts introduced in the definitions 12 and 13 generalize the notion of
elementary equivalence. In the following lemma, by virtue of the sentence 3, we can note that the following is
true:

Lemma 5. Let A and B be arbitrary abelian groups, then

A=B=A=B= A~ B.
J JSp

Proof. 1t follows from the definition.
The following result is the Jonsson analog of a well-known W. Szmielew’s theorem on the elementary
classification of Abelian groups and is a corollary of Theorem 15 and Lemma 5.

We define the following set {(ap, BA : [Tpye] € JSP(A) /s, for all simple p } as Jonsson invariant of
Tp,

the factor-set JSp(A)/q and denote it by JIGnv(JSp(A)/,X]).

Theorem 16. Let A,B € Modop,,, A = (M;,N1), B = (M3, N3), then the following conditions are
equivalent:

1) A i B;

JSp

2) JInv(JSp(A)/s) = JInv(JSp(B)/sa)-

Proof. From (2) to (1). If (2) is satisfied, this means that the standard Szmielew’s groups for A and B
coincide, then by lemma 5 it follows that AJD;IPB , 1.e. (1) is satisfied.

Suppose that (1) holds, then JSp(A)/w = JSp(B)/w. Assume the contrary, i.e.
TTno(TSp(A) fua) # TTn0(ISp(B) fua)

Then there exists

(ap, B)E € JInv(JSp(A)/w) and (o, B)4 ¢ JInv(JSp(B)/w)-
[TPAG [TPAG]
Therefore, for each class [Tp, .] € JSp(B)/sq we have (ap,,é’)é[ | # (ap,ﬁ)g[ , 1. e. there is not a single
Pac Thac

Jonsson theory of the group B, the semantic model of which is C[TPAG]' But it is known that any Jonsson

theory is uniquely determined by its semantic model ([3], Theorem 2.2 at o = 0). It follows that there is

Jonsson theory Tp,, which is determined by Jonsson invariant («,, 8)& and Tp,, ¢ JSp(B). And this
T

Pac
contradicts condition (1), so our assumption is incorrect.

The main result of this paper is the content of theorem 16. In this theorem we obtained Jonsson analogue in
the extended signature by the one-place predicate of a well-known theorem of Polish mathematician W. Szmielew
on the elementary classification of abelian groups. Interpretation of the predicate symbol in Jonsson pair (M, N)
is an existentially closed submodel of M in the large model N. Such a statement of the problem is a generalized
Jonsson generalization of a well-known problem on elementary pairs for the complete theories [17]. On the other
hand, in the frame of the study of stability in the sense of [20] and [22] in connection with theorem 14 presented
in this paper, there is an obvious relationship. Thus, the enrichment of signature with a single predicate can be
considered in the frame of the classification of Jonsson theories and their classes of existentially closed models.
As the obtained results (Theorems 14 and 16) show, the model-theoretic properties of Jonsson pair are closely
related to the model-theoretic properties of the center of the considering Jonsson theory. Since the center is a
complete theory and originally Jonsson theory (the theory of abelian groups) is an example of perfect Jonsson
theory, we can conclude that in the case of enriching of this theory’s language by the one-place predicate, the
basic properties obtained in the work [1] are also preserved, as before enrichment.
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A.P. Emkees, M.T. Kacbimerosa, O.11. Yianopuxt

BaiibiThlsIFan curHaTypa/ja adejibAaiK IpyHnnajaapablH,
KOCEMaHTHUKAJILIK, KPpUTEepHi

Maxkanasa GerisieHreH npeaukaThl 6ap abesb ik Ipynmagap KJIaChIHIA MOEb/IiH HOHCOHIBIK, CIIEKTPiHEe
KATBICTHI KOCEMAHTUKAJIBIK KPATEPUiil YCHIHBIIAbL. VIOHCOHIBIK TEOPHIADPIBIE MOLEIbIEPIH 3epTTey as-
CBIHJA abesIbIiK T'PyIaJapablH MOJEbIi-TeOPETUKAJIBIK, CYPaKTapbl 3epTTesai. 2KyMbIcTa HOHCOHIBIIBIK,
mapThl abebIiK TPYIIAJTapIblH, OE/TIIEHreH MPEINKATTHIH, KOCHIMIIA MMAPTHIH KAHAFATTAHIBIPAILI, CO-
HBIMEH KaTap WOHCOHBIK TEOpUsl MarbIHACHIHIA KEeMeJIIIr KepceTiared. Anrebpasal KIaCCUKAJIBIK, Mbl-
caJiIapbl OOJIBII KeJieTiH OEeKiTIIreH curaTTaMaMeH epicrep, rpymnmnajiap, abesbIiK rpymnaaap, CAKUHAHBIH
OpTYPJIi KaacTapsl, Oy/IbIiK aarebpa, MOJUTOHIAD AJIreOpaHbIH, KoHEe HOHCOH/IBIK, MMAPTThl KAHAFATTAHIbI-
PATBIH TEOPHUAHBIH MBICAJLIAPLI GOJIBII TAGHIIALbL. VIOHCOHIBIK TEOPUAIAp GAPJIBIK WHIYKTHBTI TEOPHs-
JIAP/IBIH, KJIACTAPBIHBIH »KETKUIIKTI KeH iIKi KJIachlH Kypaiabl. Bipak, KapacTbIPbIIl OThIPFaH HOHCOH/IBIK,
TeopusiIap KaJIbl AUTKAH/IA, TOJIBIK, eMeC OOJIBIT TabbLIaIbl. KIacCuKaJIbIK MOIE/ThIEP TEOPUSICHI HETi3iHEeH
TOJIBIK, TEOPHUIMEH >KYMBIC >KacaiIbl, aJl Ka3ipri yaKbITTa TOJIBIK T€OPUSAIAP/IbIH, MOIE/IbIi-TeOPETUKAIIBIK,
KACHeTTepiH 3epTTey YIINH JaMblFaH, 6ipak HOHCOHJBIK TEOPHUsLIap/bl 3epTTey OapBICHIHIA TEXHUKAJIBIK,
anmapaTThIH YKeTICIey/Tiri opbiH ajaaabl. COHIBIKTAH HOHCOHIBIK, TEOPUSIAPILI 36PTTEY TEXHUKACHICHIHBIH
aHAJIOTBIH Taby OYJI 3epTTEY TaKbIPHIOBIHIA MTPAKTUKAJIBIK MaHbI3ALLILIFEL 0ap. Ochkl Makaaaga CATHATYPA
GipOPBIHJIBI TpeUKATKA KeHENTLI M. OChl MpeuKaTThl KYPaiThIH 9JIEMEHTTED KAPACTBIPHIIT OThIPFaH HOH-
COH/IBIK, TEOPUSTHBIH, KeMOIp MOJIe/IbIePiHiH 9K3UCTEHIIMOHAJABI-TYHBIK, 11IIKi MoIe/ il Kypaiiabl. ConbiMen 6i3
0oCBhI MaKaJIaHbIH 6acThl HoTHKeciH B. IlIMereBaHbIH, HOHCOHIBIK, TEOPUSJIAPBIH 3epTTEy IeHOepiHIe abesb-
JIK TPYIIaJap/IblH, 3JIEMEHTAPJIBIK, KJIACCU(PUKAIUSICHI OOMBIHINEA TAHBIMAJ TEOPEMACHI PETIHE HAKTHLIAIL,
OCBLTANIIIA TOJIBIK TEOPHUSIIAP YIIIH 3JIEMEHTAPJIBIK, KOCAPJIAPHI YKANJIBI O€JIT1T CYPAKTHIH, JKATIBLIAY bIH aJIa-
MbI3. COHBIMEH KaTap €Ki MOE/b/IiH yilaeciMai eHyiHiH, HOHCOHIBIK aHAJIOT1, OacKala aliTKaHa, abesbIik
rpymmnajgap TeOPHUsIapbIHBIH, HOHCOHIBIK KocapJiapbl 3eprrey ascbiaga [lIpénep-Bepumreiin kacuerTepi
AJIBIHIBI.

Kiam ceadep: HOHCOHABIK TEOPUSsI, MOZEJbIl KOMIAHBOH, SK3UCTEHIIMOHAJIBI-TYIBIK MOJIEJb, KEMEJJILIK,
KOCEMaHTTBLIBIK, HOHCOH/IBIK, CIIEKTP, HOHCOH/IBIK, KOCAP.

A.P. Emkees, M.T. Kacbimerosa, O.U. Yasopuxt

Kpurepuii koceMaHTUIHOCTU abeJIeBbIX TPy
B 00Orall€HHOI CUTrHaType

B craTnhe paccmoTpen Kpurepnii KOCEMaHTHIHOCTH OTHOCUTEIHLHO HOHCOHOBCKOTO CIIEKTPA MOJIEJIM B KJIAC-
ce abeJIeBBIX TPYII C BBIJEJEHHBIM MPEAUKATOM. V3ydeHBI HEKOTOPBIE TEOPETHKO-MOJIEIbHBIE CBOMCTBA
abeJieBBIX T'PYNI B paMKaxX MX HCCJIEIOBAHUsA, KaK Mojiejieil IOHCOHOBCKUX Teopuit. Hamu mosydeno, 4ro
abeJIeBbI TPYIIILI C JOMOJTHUTENHHBIM YCIOBUEM BBIJEJIEHHOTO MPEINKATA YIOBJIETBOPSIIOT YCIAOBUIM HOHCO-
HOBOCTH, a TaKKe COBEPIIIEHHOCTU B CMbICJIE WOHCOHOBCKOM Teopuu. VI3BeCTHO, 9TO KIACCHIECKUE TIPUME-
PBI U3 arebphl, TaKue Kak oIt (GUKCUPOBAHHON XapaKTEPUCTHKHU, IPYIIIbI, a0e/IeBbl IPYIIIbI, PAa3INIHbIEe
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KJIACCHI KOJIEIl, OyJIeBbI areOphl, TTOJUTOHBI, SIBJISTFOTCS IPUMepaMU ajredbp, TEOPUU KOTOPBIX YIOBJIETBO-
PSAIOT YCJIOBUSAM HOHCOHOBOCTH. VI3ydeHne TeOpeTUKO-MO/IE/IbHBIX CBOMCTB HOHCOHOBCKUX TEOPHUI B Kjacce
abeJIeBBIX IPYIIII SIBJISIETCS BECbMa aKTyaJIbHOU 3aja4eil KaK B CAMOil T€OpUU MOJesiell, TaK U B YHUBEPCAJIb-
Hoit amreGpe. MoHCOHOBCKIE TeopHn 06pa3yIoT JOCTATOYHO IIHPOKH MOIKIACC KIACCA BCEX WHIYKTHBHBIX
teopuit. Ho paccmarpuBaembie HOHCOHOBCKHE TEOPHUH, BOOOIIE TOBOPs, HE SABJSIOTCS HOJHBIME. Kitaccudae-
CKasl Teopusl MoJiejleil B OCHOBHOM HMeET JIeJIO C IIOJIHBIMHU TEOPUSIMU, & B CIydae U3y4eHHsI HOHCOHOBCKUX
Teopuii CyIIEeCTBYET JAePUIUT TEXHUIECKOrO alapara, KOTOPBI B JaHHOE BPEMsI PAa3BUT I U3YIEHUsT
TEOPETHKO-MO/IEJILHBIX CBOMCTB MOTHBIX Teopuit. [losTomy HaxoK/1eHMe aHATIOTOB TAKOM TEXHUKU IS M3Y-
YeHUsI HOHCOHOBCKUX TEOPHiIl NMeeT IPAKTUYECKYI0 3HAYMMOCTh B JIAaHHOIN TeMe uccieroBanus. ABropaMu
Obl7Ia pacIIMpeHa CUTHATYPA Ha OJWH OJHOMECTHBIN MPEANKAT. DJIEMEHTHI, PEAJTU3YIONINe TOT MPEIUKAT,
00pa3yoT K3UCTEHIMATHLHO-3aMKHYTYIO TO/IMO/IE/Ib HEKOTOPOI MOJIETH PacCMaTPUBAEMOl HOHCOHOBCKOM
Teopur. B KOHEYHOM UTOTre MMOJIyYEH OCHOBHOM Pe3y/IbTaT JAHHON CTAThU KAK YTOYHEHKE XOPOIIO U3BECTHOMN
Teopembl B. [1ImesréBoit 06 a1eMeHTapHON KiTacCHMDUKAIIH abeJIEBBIX TPYIIT B pAMKaX U3y JIeHUsT HOHCOHOBC-
Kux Teopuit. TeM camMbIM HalijieHbI 0000IIEHNE U3BECTHOIO BOIPOCa 00 3JIEMEHTAPHBIX HapaxX JjIsi MOJIHBIX
TeOpHii, a TaK>Ke HOHCOHOBCKWI aHAJIOT JjIsl COBMECTHOM BJIOXKMMOCTH JIBYX MOJIEJIe, Wi, MO-JIPYroMYy,
caoticrBa [lIpénepa-Beprmreitna, B paMKax n3ydeHus HOHCOHOBCKUX Map Teopun abeeBbIX TPYIII.

Kmovesvie crosa: TOHCOHOBCKAsI TEOPUsI, MOJEJBHBII KOMIIAHBOH, SK3UCTEHIINAIBHO-3aMKHYTas MOJIEIb,
COBEPIUIEHHOCThb, KOCEMaHTUYHOCTh, HOHCOHOBCKUI CIIEKTD, HOHCOHOBCKas Hapa.
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Maximum likelihood estimates of some probability
model of discrete distributions

In this work the new multivariate discrete probability model of distribution of random sums with unobserved
components is proposed.The maximum likelihood estimates for this model are determined in the case that
all the elements of the sample implementation, namely the observed sums of unobserved components have
only singular partition. In the case, that some element of the sample implementation has more then one
partition, it is not possible to establish the maximum likelihood estimates.

Keywords: probability, multivariate distributions, maximum likelihood estimates.

1 Introduction

Models of probability distributions are a powerful and effective tool for studying diverse objects, systems
and processes in various areas of human activity. In recent years, a significant number of probabilistic models
have been developed.

Nevertheless, many unresolved problems remain, when it is possible to observe only the sums of components
that can not be detected as a result of observations. For example, due to of the increasing use of digital media,
there are failures of noise immunity, explained by randomly overlapping in one frequency band [1-3]. The use of
probabilistic and static methods, namely, probabilistic modeling, allows us to present an approach to reducing
the failures of noise immunity in information of digital media.

Also, an exclusive relevant example of the use of such a model is the advertising industry, where it is
necessary to link the distribution of consumer interests with relevant advertising in various sources. Similar
problems are very common in meteorology and in other areas. The probabilistic models describing such situations
was considered in [4-6], where unbiased estimates were presented using the Rao-Blackwell-Kolmogorov method.
Unlike the works [4-7], for these distributions in this paper we consider the maximum likelihood estimates and
the conditions for the existence of their analytic derivation.

As is known, the maximum likelihood method is one of the most effective methods in terms of ensuring a
minimum variance of the estimated parameters of probability distributions [5; 229]. The method is rigorous in
the mathematical (probability-theoretic) plan. And its application is especially justified when there are both
uncorrelated and correlated measurements in the processed information [8].

The strong consistency, the asymptotic unbiasedness, the asymptotic normality, asymptotic and the efficiency
of maximum likelihood estimates provides their advantages in applied problems. Therefore the maximum
likelihood estimates determined by the needs of practice, especially when using a large sample size.

The efficiency of the second order distinguishes this method of estimation among other asymptotically
effective ones [9]. Invariance of maximum likelihood estimation ensures successful application of this method
when estimating functions of distribution’s parameters [10].

2 The model of multivariate discrete probability distribution

Consider a following probabilistic model by the example of the urn scheme with balls. Suppose that the urn
contains balls, and each ball in the urn is marked by some value of number from the set of the random numbers

Ly, Lo, ..., Lg. Let’s the elements of the vector p = (p1,pa,...,pq) are the probabilities of retrieval from the
urn of a ball marked by corresponding numbers Ly, Lo, ..., Ly and
d
> pa=1
a=1
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By successive extraction of n balls from the urn with return we have the following situation. After the
successive removal of n balls from the urn with the return, it is not known exactly what the balls were taken
out of the urn. Only value u is known, which is the sum of the values of the numbers on the extracted balls
from the urn. To study this situation, it is necessary to construct a probability distribution w. It is obvious that
u is the realization of some random variable U.

Let's say, that V,, represents the number of possible combinations ry, Li,7r2, La,...,7q, L4, which in the
sum formed the number u, where r1, ,r2, ,...,7q, determine the possible number of removed balls that are
marked with the corresponding the random numbers Ly, Lo, ..., Ly. In other words, V,, is the number of
partitions of the w into parts Ly, Lo, ..., Lq [11; 1].

The following assertion follows from the results of [4-6]. The probability that the random variable U will
take the value u, is

Vi d  Tay,
PU=uw=> n]]2—. (1)
Ta, -
vy=1 a=1 Yu

8 Formulation of the problem

Obviously, in practice, the elements of the vector p are not known. Consequently, formula (1) does not find
actual application. In this connection, it becomes necessary to determine the probability estimate (1).

It is also Ly, Lo, ...,, Lg, which give the sum u, are not known.

Let’s x = (x1,...,x)) can be interpreted as a realization of a sample X = {X7, ..., X} with size k, whose

elements have distribution (1). We denote vector r,, = (7‘1vﬁ s Ty, ), which defines vg - th solution of equation

d
> Larozvﬁ = Xp;
a=1

d (2)

T, =1,
a=1 G
where vg =1,...,V3,Vg is the number of partitions of the xg on the L, Lo, ...,, Lg. Using the
Ly, Lo, ...,, Ly, and the realization of simple x in the system of equations (2) we define for each 8 =1,...,k
the number of partitions Vs of the sum xg on Ly, Lo, ...,, Lg, and vectors ri,, ..., Ty,.
Suppose that for each j =1,..., u, where
k
p=1] Vs
B=1

there is a vector z; = (21,,...,2q,), defined as

k
2j =) Tu, (3)
B=1

and the indices on the right and left side are linked one-to-one correspondence, which is not unique. For example,
this line can be described by the following form

k
j:1}1—‘r(’Ug—l)Vl—i-(U?,—1)V1Vv2+...—|—(1}k—1)HVB. (4)
B=1
Also, it can be represented as
k
j=vr+ (Uk—l — 1)Vk + (Uk_z — I)Vka—l +...+ ('Ul) H Vg.
B=2

That is, if used (4), then (3) can be represented as the following systems of equations
Z1 =Ty, +ry, +r1, +...+7r,;

Zo =Ty +Try, +T1, +...+7Tq,;
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Zy, =T1,, +ry, +ry, +...+711;
Zy,4+1 =Ty, +I‘22 +I‘13 +...+I‘1k;

Zy, 42 = To, +I‘22 +I‘13 +...+I‘1k;

Z, =Ty, + Ty, + Ty, +... + Ty,

The following Lemma allows to determine which vectors r,,,r,,...,r,, form the vector z;. Suppose that
for some real value a the value (a) determines the integer part of a.
Lemma. If the indices in the right and left sides of the equation (3) are interconnected in form (4), then

) — 1
vk:<,3_1>+1;
[1Vi
=1

) k—1
j—(=1 [ Vi—1
Uk-—1=< = >+1;

k=2
[V
i=1
k=2 k=1
J= =) I Vi (e = 1) [TVi-1
_ =1 i=1
Vg—2 = < k_3 > + 1a
[V
i=1
k=1
j_(’Ug_l)V]_‘/Q_('U4_1)‘/1‘/2‘/3—...—('Uk_1) H V;‘—l
Vg = < 3 =1 > +1;
IV
i=1
k-1
vy =j—(v2—D)Vi = (v3— DV — (0 = DV — ... — (v = 1) [] Vi
i=1
Proof. From (4) it follows that
j—c
VE = —1 + 1, (5)
1V
i=1

where

k—2
C:’U1+(’0271)V1+(’U3*1)Vl‘/2+...+(1}k_1 71)1_[‘/1
i=1

It is obvious that the latter can be represented as follows

k—2 k—3 k—4
¢ = Up_1 H Vi— | (Vik—2 — vg—2) H Vi(Vi—g — vk—3) H Vit...+Vi—v
i=1 i=1 i=1
Since
k—3 k—4
(Viez = vk—2) [ ViVees —von—s) [[ Vi + .-+ Vi — w1 > 0,
i=1 i=1
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then
k-2 k—1
CS(vkq—l)HViS HVi
i=1 i=1

or

c—1
g <L (6)
I1 Vi
i=1
By the fact that (5), then we obtain receive
—1 c—1
Yk = 1371 — b
v IV
i=1 i=1

Since we have (6) and vy is non-negative integer, then
_ (i1
[1V;
i=1

The same way as vi has been determined in the last formula, vi_1, v5_2, ..., v1 are determined.
Lemma is proved.

4 Construction of maximum likelihood estimates for the distribution
parameters of the model investigated

Find maximum likelihood estimates for the parameters p, ..., pq of distribution (1). The likelihood function
of distribution (1) has form

™
Il
—
™
Il
—
<
)
Il
-
Q
Il
iR
<
Q
<
LY

which can present in form

™
Il
-
™
I,
N\
=
bS]
Q
N——
3
o=

Accordingly, the log-likelihood for the parameters py, ..., pq of distribution (1) is

k Vs d Tavﬂ d nVg
lnL(X;p):k‘lnn!—l—Zan Hl;a  —nnln (ZPa) )
a=1

B=1 vg=1a=1 g *
k
where n = > V3.
p=1

It follows that for any a® =1,...,d we have

Vs Ta*uyg -1 d Tavg

Z P, H Pa

vg=1 (Ta*vﬁ _1>! a=1 ravﬂ !
0ln L(x;p) _ Z oo oy
apa* —1 Ve d revs 7
= 2 I Fe
vg=la=1 "8
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or

v,

Oln L(x; p) Tar,,

— = —ni, (7)
6pa* ;:1 vgz—:l pa*Av[s

where for B =1,...,k,vg=1,...,V3

Ay=1+ > I T“”* pa? (8)

w[; =1
wg # g
As it is known, the maximum likelihood estimations p = (p1,...,Pq) for vector of parameters
p = (p1,.-.,paq) satisfy the following condition for any a =1, ..., d
dln L(x;
9pa p=p
It follows that In L(x,p) reaches a local maximum at the point p = (p1,...,04), for any az,as = 1,...,s,
s =2,...,d carried the following conditions
det ‘ w >0, if sis even;
2IialL(paz) e (10)
0“In L(x,p .
det Hi@pqlapaz s < 0, otherwise.
From (7) and(9) it follows that for o =1,...,d
k Vﬂ Tay
[521 1 A”f
A~ = vg=
nn

Since

a=1
then in conformity with (11)
d k Vs Ta
d PO DED I v
. a=1pB=1vg=1 "#
D pa= =1
a=1 il
Hence, we have
d k Vs o
PIDIDIE w2 (12)
Ay,

B=
From (8) it is evident that for any 8 =1,...,k, vg =1,..., Vg Ay, > 1. And A,, = 1, if V5 = 1, otherwise
Ay, > 1. Thus, we have

That is

if for some 8 = 1,...,k A, > 1. So (12) is satisfied if for all 3 = 1,...,k V3 = 1. Consequently, the construction
of maximum likelihood estimates for the distribution parameters p = (p1,...,pq) of this model (1) is possible
only when all elements of realization of sample have no more than one partition on the submitted L1, Lo, ..., Lg.
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In other words, if for all 8 =1, ..., k Vg = 1, then from (8) it implies A,, = 1, and by (11) for a = 1,...,d
we have
ko Vs k
> 2 Tay, > Tas
. B=lug=l _ B=1
“ nn - nk
That is
k
le Tay
po = — ) 13
b oy (13)
From (7) and (13) it’s following that for any o, a1, ae =1, ..., d if a1 # ag
0?In L(x,p)
—_ =0
apoq 3pa1 p=p
and i
9 In L(x, p) Z Ta
—_— =— —L <0.
9z p=b B=1 d
So for any s = 2,...,d we have the following
9*InL v 0?InL
det ’ 1 (Xa p) — H n gxap)
Opa, OPa, sXs 1 op? R
p=p
or
2InL >
o) ()
apoqapozg SXS§ a=1 pa

Consequently, if for all 3 =1,...,k Vg =1, then the elements of the vector

pP= (pla"'vﬁd)v

defined in (12) satisfy (8)—(9) and they are the maximum likelihood estimates for the parameters p = (p1,...,pq)
of disrtibution (1). Thus, the following Theorem holds.

Theorem. If all elements of realization of sample x = (x1,...,2%) of distibution (1) have no more than
one partition on the on the submitted L, Ls,...,Lq, then there are maximum likelihood estimates for the
parameters of the distribution (1), which is defined in (12).

Consequence. If some element from realization of sample x = (x1,...,x) of distibution (1) have more than
one partition on the on the submitted Ly, Ls,...,Lg, then there not are maximum likelihood estimates for
the parameters of the distribution (1).

Thus, it can not always possible to construct maximum likelihood estimators for the parameters of the
distribution (1).

5 Conclusion

The analysis conducted in this paper studies allows us to formulate the following conclusion: Found that for
this model maximum likelihood estimates exist if all the elements of observations have no more than one part
by partition.

As is known, in practice, often some element of the implementation of the sample has more than one
partition. That is, the method for determining the likelihood estimation is not actually applicable to this model.
Of course, it is possible to use modified likelihood estimates by means of the apparatus of numerical methods, for
example, to solve the system of maximum likelihood equations by the iterative method [12] or directly maximize
the likelihood function of the type [13].

Obviously, the application of numerical methods generates numerous problems. Namely, the convergence of
iterative methods requires justification [14; 202], the likelihood function can has a several local maxima [15], the
choice of the moment of termination of calculations in connection with the achievement of the required accuracy
requires justification [16], also the accuracy of the computation depends to the sample size [17].

66 Becrnuk Kaparanmauickoro yHuBepcurera



Maximum likelihood estimates ...

Thus, if any element of the sampling of the given distribution model has more than one decomposition, then
when finding the maximum likelihood estimates, we have a number of computational problems that call into
question the practicality of using maximum likelihood estimates.

There is no need to absolutize the maximum likelihood estimates. In addition to these, there are other
types of estimates that have good asymptotic properties. An example is the most suitable unbiased estimates
presented in [4-6].
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A Uckakona, I".2KakceibaeBa

JuckperTi yiecripiMaepaiH 0ip BIKTUMAJIILIK MOJEJiHIH,
IIBIHABIKKA YKCAC MaKCUMaJiabl OaraJjiapbl

MakaJsraga 6akblIaHATBIH KOMIIOHEHTTEPIMEH OepijireH Ke3efCOK KOCBHIHIbLIAD YJ/IeCTipiMiHiH KaHa KOIl-
OJIIIIEMII JTUCKPETTI BIKTUMAJIIBIK, MOJIe/i yChIHBLIFaH. OChl MOJE/b VIINiH IIBIHIBIKKA YKcac Oarajiapbl
aHBIKTAJIFAH, OHBIH IIIHIE erep TaHIAMAHBI XKY3€re achIpyAarbl 6APJIBIK, SJIEMEHTTEDI, JI9JI OChI OAKBIIAH-
GaliTHIH KOMIIOHEHTTEP/IIH 6aKbIJIaHATHIH KOCBIH/IBLIAPHI TEK YKAJIFbI3 OeJlikTeyTe ne 6osca. COHbIMEH KaTap
TaHJAMAaHbBI YKY3€re achIPYyJIaFbl 9JIEMEHT XKaJFbI3 OOIKTeyTe ne 6oIMaca, MaKCUMAJIIbI MIBIHIBIKKA YKCAC
Garaylappl ajay MYMKIH eMec.

Kiam cesdep: BIKTUMAJIIBIK, KOIOJIIIEM I VIECTIpiM, MAKCHUMAJIIBI IIBIHIBIKKA YKcac HGarasiap.

A Nckakosa, I'.2Kakcribaesa

OneHKNn MaKCHUMAaJIbHOI'O IIPABIOIIOA00MsI OJHOI BEPOSITHOCTHOM
MOJeJIn JUCKPETHBIX PacIlipeesIeHnuin

B crarbe npencraBiieHa HOBasi MHOTOMEpHAs JIUCKPETHAs BEPOSATHOCTHAS MOJEIb PACIPEICTICHUST CIIydaii-
HBIX CYMM C HEHaOJII0JaeMbIMu KOMIIOHeHTaMu. ONpeaeieHbl OEeHKN MaKCUMAJIBLHOTO MIPaBIOIOn00us 11t
9TOM MOJEJIN B TOM CJIydae, €CJI BCEe IJIEMEHTHI peasin3alluyl BBIOOPKU, a UMEHHO HaOJII0/IaeMble CYMMBbI
HeHabJTIOTaeMbIX KOMIIOHEHTOB, UMEIOT TOJIPKO €INHCTBEHHBbIE pa3bueHus. B ciydae eciim Kakoi-HuOYIH
JIEMEHT Peaju3allii BLIOOPKU MMEET He eJUHCTBEHHOe pa30ueHue, TO ONEHKH MAKCHUMAaJLHOTO IIPaBIOIO0-
1001sT HEBO3MOXKHO YCTaHOBUTD.

Karouesvie caro6a: BEPOATHOCTDH, MHOTOMEPHBIE PACIIPE/IEIEHNsI, OIIEHKH MAaKCHMAJILHOTO IPABIOIOA00MS.
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We consider criteria for elementary equivalence and elementary embeddability for generic structures [1-6].
They are based on classical characterizations for the general case. The criterion for elementary equivalence
uses the well known Fraissé-Taimanov—Ehrenfeucht overturning method [7-12]. The criterion for elementary
embeddability is based on the Tarski-Vaught test [11, 13].

1 Preliminaries

We consider collections of sentence and formulas in first order logic over a language ¥. Thus, as usual,
F means proof from no hypotheses deducing - ¢ for a formula ¢ of language ¥, which may contain function
symbols and constants. If deducing ¢, hypotheses in a set ® of formulas can be used, we write ® - ¢. Usually
3 will be fixed in context and not mentioned explicitly.

Below we write X, Y, Z, ... for finite sets of variables, and denote by A, B,C, ... finite sets of elements, as
well as finite sets in structures, or else the structures with finite universes themselves.

In diagrams, A, B, C, ... denote finite sets of constant symbols disjoint from the constant symbols in ¥ and
Y (A) is the vocabulary with the constants from A adjoined. ®(A), ¥(B),X(C) stand for X-diagrams (of sets A,
B, ), that is, consistent sets of £(A)-, X(B)-, X(C)-sentences, respectively.

Below we assume that for any considered diagram ®(A), if aj,az are distinct elements in A then
—(a1 =~ az) € ®(A). This means that if ¢ is a constant symbol in ¥, then there is at most one element
a € A such that (a = c) € ®(A).

If ®(A) is a diagram and B is a set, we denote by ®(A)|p the set {p(a) € (A) | a € B}. Similarly, for a
language ¥, we denote by ®(A)|s the restriction of ®(A) to the set of formulas in the language X.

Definition [1-6]. We denote by [®(A)]4 the diagram ®(B) obtained by replacing a subset A’ C A by a set
B’ C B of constants disjoint from ¥ and with |A’| = |B’|, where A\ A’ = B\ B’. Similarly we call the consistent
set of formulas denoted by [®(A)]4 the type ®(X) if it is the result of a bijective substitution into ®(A) of
variables of X for the constants in A. In this case, we say that ®(B) is a copy of ®(A) and a representative of
®(X). We also denote the diagram ®(A) by [®(X)]¥.

Remark. If the vocabulary contains functional symbols then diagrams ®(A) containing equalities and
inequalities of terms can generate both finite and infinite structures. The same effect is observed for purely
predicate vocabularies if it is written in ®(A) that the model for ®(A) should be infinite. For instance, diagrams
containing axioms for finitely axiomatizable theories have this property.

By the definition, for any diagram ®(A), each constant symbol in ¥ appears in some formula of ®(A). Thus,
®(A) can be considered as ®(A U K), where K is the set of constant symbols in 3.

We now give conditions on a partial ordering of a collection of diagrams which suffice for it to determine a
structure. We modify some of the conditions for structures by d to signify they are conditions on diagrams not
structures.
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Definition [1-6]. Let 3 be a vocabulary. We say that (Dg; <) (or Dyg) is generic, or generative, if Dy is a class
of Y-diagrams of finite sets so that Dy is partially ordered by a binary relation < such that < is preserved by
bijective substitutions, i. e., if ®(A) < ¥(B), and A’ C B’ such that [®(A)]4, = ®(A’) and [¥(B)]5, = ¥(B)
are defined, then [®(A)]4,, [¥(B)]5, are in Dy and [®(A)]4, < [¥(B)]E,. ! Furthermore:

(i) if ®(A) € Dg then for any quantifier free formula ¢(Z) and any tuple a € A either p(a) € ®(A) or
~p(a) € B(A);

(ii) if ® < ¥ then ® C ¥;2

(iii) if @ < X, ¥ € Dy, and & C ¥ C X, then & < U;

(iv) some diagram ®q(0) is the least element of the system (Dg; <), and Dg \ {®¢(0)} is nonempty;

(v) (the d-amalgamation property) for any diagrams ®(A), ¥(B), X(C) € Dy, if there exist injections
for A — B and go: A — C with [@(A)]A(A) < ¥(B) and [® (A)]‘g“o(A) < X(C), then there are a diagram
©(D) € Dy and injections f1: B — D and g¢1: C — D for which [¥(B ]f ) < O(D), [X(C)]gl(c) < O(D)
and fo o fi = go o ¢g1; the diagram O(D) is called the amalgam of ¥(B) and X(C') over the diagram ®(A) and
witnessed by the four maps (fo, 90, f1, 91);

(vi) (the local realizability property) if ®(A) € Dy and ®(A) - 3z p(x), then there are a diagram ¥(B) € Dy,
®(A) < U(B), and an element b € B for which ¥(B) F ¢(b);

(vii) (the d-uniqueness property) for any diagrams ®(A), U(B) € Dy if A C B and the set ®(A) U ¥(B) is
consistent then ®(A) = {¢(b) € ¥(B) | b€ A}.

A diagram ® is called a strong subdiagram of a diagram W if & < V.

A diagram ®(A) is said to be (strongly) embeddable in a diagram ¥ (DB) if there is an injection f: A — B such
that [@(A)]?(A) C¥(B) ([@(A)]f(A) < ¥(B)). The injection f, in this instance, is called a (strong) embedding
of diagram ®(A) in diagram ¥(B) and is denoted by f: ®(A) — ¥(B). A diagram ®(A) is said to be (strongly)
embeddable in a structure M if ®(A) is (strongly) embeddable in some diagram ¥(B), where M = ¥(B). The
corresponding embedding f: ®(A) — W(B), in this case, is called a (strong) embedding of diagram ®(A) in
structure M and is denoted by f: ®(A) — M.

Let Dy be a class of diagrams, Py be a class of structures of some language, and M be a structure in Py.
The class Dy is cofinal in the structure M if for each finite set A C M, there are a finite set B, A C B C M,
and a diagram ®(B) € Dg such that M | ®(B). The class Dy is cofinal in Py if Dy is cofinal in every structure
of Py. We denote by K(Dy) the class of all structures M with the condition that Dyg is cofinal in M, and by P
a subclass of K(Dyg) such that each diagram ® € Dy is true in some structure in P.

Now we extend the relation < from the generative class (Dg; <) to a class of subsets of structures in the
class K(Dy).

Let M be a structure in K(Dy), A and B be finite sets in M with A C B. We call A a strong subset of the
set B (in the structure M), and write A < B, if there exist diagrams ®(A), ¥(B) € Dy, for which ®(A4) < ¥(B)
and M = U(B).

A finite set A is called a strong subset of a set My C M (in the structure M), where A C My, if A < B
for any finite set B such that A C B C M, and ®(A) C U(B) for some diagrams ®(A), ¥(B) € Dy with
M E ¥(B). If A is a strong subset of M then, as above, we write A < My. If A < M in M then we refer to
A as a self-sufficient set (in M).

Notice that, by the d-uniqueness property, the diagrams ®(A) and ¥(B) specified in the definition of
strong subsets are defined uniquely. A diagram ®(A) € Dy, corresponding to a self-sufficient set A in M, is
said to be a self-sufficient diagram (in M).

Definition [1-6]. class (Dg; <) possesses the joint embedding property (JEP) if for any diagrams ®(A),
U(B) € Dy, there is a diagram X(C) € Dy such that ®(A) and ¥(B) are strongly embeddable in X(C).

Clearly, every generative class has JEP since JEP means the d-amalgamation property over the empty set.

Definition [1-6]. A structure M € P has finite closures with respect to the class (Dg; <), or is finitely
generated over X, if any finite set A C M is contained in some finite self-sufficient set in M, i. e., there is a
finite set B with A € B C M and ¥(B) € Dy such that M | ¥(B) and ¥(B) < X(C) for any X(C) € Dy
with M = X(C) and ¥(B) C X(C). A class P has finite closures with respect to the class (Dg; <), or is finitely
generated over ¥, if each structure in P has finite closures (with respect to (Dg; <)).

Note that Dy is closed under bijective substitutions since < is preserved by bijective substitutions and < is reflexive.
*Note that ®(A) < ¥(B) implies A C B, since if a € A then (a ~ a) € ®(A), so ®(A) < ¥(B) implies ®(A) C ¥(B)
and we have (a = a) € ¥(B), whence a € B.

Cepusi «Maremaruka». Ne 1(89)/2018 71



S.V. Sudoplatov

Clearly, an at most countable structure M has finite closures with respect to (Dg;<) if and only if
M = |J A; for some self-sufficient sets A; with A; < A;41, 1 € w.

1EW

Note that the finite closure property is defined modulo ¥ and does not correlate with the cardinalities of
algebraic closures. For instance, if ¥ contains infinitely many constant symbols then acl(A) is always infinite
whereas a finite set A can or can not be extended to a self-sufficient set.

Besides, for the finite closures of sets A we consider finite self-sufficient extensions B in a given structure
M with respect to (Dg; <) only and B can be both a universe of a substructure of M or not. Moreover, it is
permitted that corresponding diagrams W(B) can have only finite, finite and infinite, or only infinite models.

Thus, for instance, a finitely axiomatizable theory without finite models and with a generative class (Dg; C),
containing diagrams for all finite sets and with axioms in diagrams, has identical finite closures whereas each
diagram in Dg has only infinite models.

Definition [1-6]. A structure M € K(Dyg) is (Do; <)-generic, or a generic limit for the class (Dg; <) and
denoted by glim(Dy; <), if it satisfies the following conditions:

(a) M has finite closures with respect to Dy;

(b) if A C M is a finite set, ®(A), ¥(B) € Dy, M = ®(A) and ®(A) < V(B), then there exists a set
B’ < M such that A C B’ and M = U(B’).

Clearly, uncountable (Dg;<)-generic structures can be non-isomorphic. Indeed, for instance, all infinite
structures in the empty language are generic for a given generative class although these structures are non-
isomorphic for distinct cardinalities. But, as the following theorem shows, they are isomorphic for at most
countable cases.

Theorem 1.1 [1-6]. For any generative class (Dg; <) with at most countably many diagrams whose copies
form Dy, there exists at most countable (Dy; <)-generic structure, unique up to isomorphism.

Theorem 1.2 [1-6]. Every w-homogeneous structure M is (Dg; <)-generic for some generative class (Dg; <).

Thus any first-order theory has a generic model and therefore can be represented by it.

2 Elementary equivalence and elementary embeddability

Recall that structures M; and Ms in a language 3 are elementarily equivalent (denoted by M1 = My) if
for any sentence ¢ in the language X, M; = ¢ if and only if My = .

Definition [11]|. Let My and Mz be structures in a language Y. An injective map f: X — My, where
X C My, is a partial isomorphism of My into My if for every elements aq,...,a, € X the following conditions
hold:

1) for any functional symbol F (") ¢ % and correspondent operations Fp, and Faq, in M; and My,
respectively,

f(FMl(al,""an)) :FMz(f(a1)7'~'>f(an));

2) for any predicate symbol P(™) € ¥ and correspondent predicates Py, and Pu, in M; and My,
respectively,

(a1,...,an) € Ppmy < (f(ar),..., f(an)) € Py,

A partial isomorphism f: X — M5 is called finite if the set X is finite.
The set of finite partial isomorphisms of M; into My is denoted by P(Mj, Ms).

The following well-known theorem uses the Fraissé-Taimanov—Ehrenfeucht overturning method [7-10]. It is
broadly used, in particular, in [12].

Theorem 2.1 [11]. Let My and My be structures in a language X. The following conditions are equivalent:

(1) the structures My and Ms are elementarily equivalent;

(2) for any n € w and any finite language Xog C X there are nonempty sets Z1(3g,n), ..., Zn (3o, n) of finite
partial isomorphisms of Mil|s, into Ma|s, such that for any f € Z;(X0,n), 1 <1i <mn, and for any a € M,
b € My there are g1, 92 € Zit1(3o,n), for which a € é4,, b € pg, and f C g1 N go.

Notice that considering (D;; <;)-generic structures M; in a language X, i = 1,2, we take elements for
extensions g1, 92 € Z;4+1(X0,n) in diagrams ®(A) and ¥(B) in generative classes satisfying M; = ®(A) and
My = U(B). Moreover, since the sets A and B are finite, we can replace addition of elements a and b by
addition of self-sufficient sets A and B. Finite partial isomorphisms f: X — My with X = A or p; = B are
called coordinated with given generative classes, coordinated generic, or simply generic.

The set of generic finite partial isomorphisms of M; into My is denoted by PG(M;, Ms).
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We have PG(M7, Ms) C P(My, Ms) and each partial isomorphism in P(M 7, Ms) is extensible till a partial
isomorphism in PG(M7, My). Thus, for generic structures in Theorem 2.1 it suffices to consider generic finite
partial isomorphisms in PG(M;, Ms), with their restrictions, and a modification of that theorem holds allowing
syntactically, in terms of generative classes, characterize the elementary equivalence for generic structures. Below
we consider that generic modification, whose proof can be easily obtained from the proof of [11, Theorem 5.1.1].

Theorem 2.2 Let M; be (D;; <;)-generic structures in a language 3, © = 1,2. The following conditions are
equivalent:

(1) the structures My and My are elementarily equivalent;

(2) for any n € w and any finite language Lo C X there are nonempty sets Z1(Xg,n), ..., Zn(Xo,n) of
restrictions of generic finite partial isomorphisms of Mi|s, into Ma|s, such that the following condition holds:

(x) for any f € Z;(Xo,n), 1 <i<mn, and for any a € My, b € My there are g1,92 € Z;11(Z0,n), for which
a€ by, be pg, and f C g1 Nga.

Remark 2.3. Following Theorem 2.2 and adding for any f € Z;(Xo,n) and for any a € My, b € M all
elements in some self-sufficient sets A D ¢y U {a} and B D p; U {b} we can consider sequences Z1(Xg,n), ...,
Zn (20, n) of nonempty families of generic finite partial isomorphisms with the property of sequential extensions
by 91,92 € Zi11(Zo,n) with a € &4, b € pg, and f C g1 N ga.

Proposition 2.4. If M; are elementarily equivalent (D;; <;)-generic structures, i = 1,2, then the classes
(Dy; ;) can be extended, with some extensions of their diagrams, till a common generative class (Dg; <).

Proof. Since M1 = Ms, complete diagrams ®*(A) for finite sets in M; and in My can be collected for a
homogeneous model M of the theory Th(M;) = Th(My) realizing the complete types ®*(X). The complete
diagrams for M form the required generative class (Dg; C). O

Proposition 2.4 immediately implies

Corollary 2.5. Any elementarily equivalent gemeric structures are isomorphic to some restrictions of a
common generic structure.

Since any countable structure has a countable homogeneous elementary extension and homogeneous structures
are generic, Corollary 2.5 has the following modification:

Corollary 2.6. Any elementarily equivalent countable structures are isomorphic to some restrictions of a
common (countable) generic structure.

Recall that a substructure M; = (M;; %) of My = (My; %) is called an elementary substructure (denoted
by M; < Ms), if for any formula ¢(z1,...,2,) in the language ¥ and for any elements aq,...,a, € M; the
condition M; | ¢(ay,...,ay) is equivalent to Ms = ¢(a,...,ay,). Here the structure My is an elementary
extension of My. If My # My, we write M; < Moy instead of M; < Msy. If My C M, and the condition
My < My (M1 < Ms) does not hold, we write My £ Ms (respectively My £ Ms).

The following well-known Tarski—Vaught test [11, 13] is used for the checking that a substructure is an
elementary one.

Theorem 2.7. Let My and My be structures in a language ¥, My C May. The following conditions are
equivalent:

(1) My < My;

(2) for any formula ¢(xo,x1,...,2,) in the language ¥ and for any elements aq,...,a, € My, if
My = Jxg (0, a1, ..., ay,) then there is an element ag € My such that Ms = ¢(ag, a1, ..., ay).

In the following theorem, we obviously modify Theorem 2.7 for generic cases.

Theorem 2.8. Let My be a (D1; <1)-generic structures in a language X2, My C My. The following conditions
are equivalent:

(1) My < My;

(2) for any formula ¢(xg,21,...,x,) in the language ¥ and for any elements ai,...,a, forming a self-
sufficient set A <1 My, if Mo = Jxg (0, a1, ... ,an) then there is an element ag € My in a self-sufficient set
B <1 My such that A <1 B and Ms = p(ag,a1,-..,an).

Remark 2.9. If in Theorem 2.8 the diagrams ®(A), ¥(B) € Dy, for the sets A and B, force the complete
types tp(A), tp(B), respectively, we take formulas Jxg p(z0, a1, ...,a,) and ¢(ag, ai,...,a,) which are forced
by ®(A) and ¥(B), respectively.

Recall that an elementary embedding of a structure M; into a structure Ms of the same language ¥ is a map
f: My — Ms such that for every X-formula p(z1, ..., z,) and all elements a4, ..., a, of My, M1 |E v(ai,...,ay)
if and only if My E ©(f(a1),..., f(ay)). In such a case, f is really an embedding denoted by f: M; — M,y
and for M; and My we say that M, is elementarily embeddable into M.
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Similarly to Theorems 2.7 and 2.8, the following theorems characterize the elementary embeddability in
general case and for generic structures, respectively.

Theorem 2.10. Let My and My be structures in a language 3, f: My — My be an embedding. The following
conditions are equivalent:

(1) the embedding f is elementary;

(2) for any formula ¢(xg,21,...,2,) in the language ¥ and for any elements ai,...,a, € My, if
My = Fzg (0, f(ar), ..., fla,)) then there is an element ag € My such that My = o(f(ag), f(a1), ..., f(an)).

Theorem 2.11. Let My be a (D1; <1)-generic structure in a language ¥, and f: My — Ms be an embedding.
The following conditions are equivalent:

(1) the embedding f is elementary;

(2) for any formula ¢(xg,21,...,x,) in the language ¥ and for any elements aq,...,a, forming a self-
sufficient set A <y My, if Mo | Jxo p(x0, f(ar),. .., f(an)) then there is an element ag € My in a self-sufficient
set B <1 My such that A <; B and Ms = o(f(ag), f(a1),..., f(an)).
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C.B. Cynomraros

DJIeMeHTAPJIBbIK, €HTi31JIy/dl 2KoHe 3JIeMEeHTAPJIBIK, SKBUBAJIEHTTIJIIKTi
CAKTANThIH IT'€eHEPUKAJIBIK KYPbLIBIMIAP TYPaJbl

Makasiazia reHepuKaJIbIK, KYPBIJIBIMIAD YIIIH 3JIeMEHTAPJIBIK, SKBUBAJIEHTTIIIK XKoHe 3JIEMEHTAaPJIbIK €HI13i-
JIy Kputepuiisiepi KapacToIpbuiabl. OJap YImiH XKaJIIbL 2Karjai/1arbl KITAaCCUKAJIBIK, CUITATTAMAa KOJIIAHbBIIIbL.
DuteMeHTAPIIBI SKBUBAJIEHTTI KpuTepuiti @pancce-TalitMaHOB-DpeHMONKTHIH XKAKCHI TAHBIMAJ «aYBICTBIPY »
ozicine HerizesreH. DyeMeHTapJIbIK eHrisiiay kpurepuiiinge Tapckuii-BoorTsiH TanbiMas TecTi maiigasia-
HBLIJIEL.

Kiam cesdep: reHepUKAJBIK, KYPBLIBIMIAP, JIEMEHTAPJIBIK SKBUBAJEHTTIIIK, Ppancce-TaiimanoB-Dpen-
boIXTBIH 9ici, 3/1eMeHTapJIbIK, eHrisiny, Tapckuit-Boor Tecti.

C.B. Cynoniaro

O reaepneCKmux CTpYKTypax, COXpaHAI0IIINnX 3JIEMEHTapHYIO
9KBMUBAJICHTHOCTDb M JJIEMEHTAapPHYIO BJIO2KMMOCTDb

B craTbe paccMoTpenbl Kpureprun 371eMeHTapPHON SKBUBAJIEHTHOCTH U 3JIEMEHTAPHOMN BIIOXKUMOCTH JIJIsl TeHe-
PUYECKHX CTPYKTYP, KOTOPhIE UCIOJIB3YIOT KJIACCHYECKUE XapaKTEPU3AIMY JJIs o0Iero ciydasi. Kpurepuit
9JIEMEHTAPHON SKBUBAJIEHTHOCTH 0A3MPOBAH HA XOPOIINO M3BECTHOM METOJIE «IIE€peKubIBaHus» Ppamcce-
TaiimanoBa-Dpendoiixra, a KpUTEPHil JIEMEHTAPHOI BJIOXKUMOCTH — Ha, u3BecTHOM Tecre Tapckoro-Boora.

Karouesoie cao6a: TeHEpUYECKHE CTPYKTYPBI, dJIeMEeHTapHas BJIOXKUMOCTh, meroj, Ppaucce-TaitmanoBa-
Opendoiixra, Tect Tapckoro-Boora.
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Mynait kabaTbl mapaMeTpJ/iepiH HaKThLJIay OOWBbIHINA aJIbIHFaH
Cy3rijiey TeopusCBHIHBIH Oip Kepi ecebi TypaJibl

Maxkasiasia HakThI JIepeKkTep/ii maiijjasany Ke3iH/e HAKThl YaKbIT PEXKUMIHJIE OHIM/II KaOATTHIH KOJIJIEKTOD-
JIBIK, KACHETTEDIH JI2JIIPEK aHBIKTayFa MYMKIH/IIK OepeTiH/iell Cy3risiey TeOpUsiCHIHBIH Kepi ecebi 3epTTei.
Byn makcarra yHFBIMasap GoibIHIIA CYHBIK JeOUTiHIH, ra3 »kKoHe Ka0AT KBICHIMBIHBIH, YAKBITKA TOYEJIIiJTi-
riHiH KaXKeTTi ImapTTapbl AaHBIKTAJIBI 2KOHE HAKTBI MoJTiMeTTep Gepiim, 6esrisi 6ip KeH OPHBIHBIH TEXHOJIO-
TUSJIBIK, KOPCETKImTEepi KaanbiHa keaTipiiami. Typa KoHe Kepi ecenrep MIBIFAPBLIIBI, OJaAPIbI MENTYIIH aJl-
roputMi yebIHBLILIBI. Cyiibl KaGaTTHIH 06JIBIC MIETTEPIHIE KETKIZY, KEHIJIJETY KOHE CY3Ti/Iey-ChIAbIMIBLIBIK,
mapaMeTpJIepiHiH, IapTTAPhl KAJIBIHA KEeJITIPpUIreH i€ YHFbIMAIAPAAFrbl J COMKECCI3IiK (DyHKIIMOHAIBIHBIH
a3a1obl KAJIIBIHA KEJITIPY YKOHE CONKECTEeH Py eCelTePiHiH JoUeKTi MenriMIepiH aIy/IbIH 2KeTKIIIKT] IapThl
GOJIBII TAOBLIATHIHIBIFEI KOPCETLNAl. ATbIpay OGJIBICHI KEH OPBIHJIAPBIH/IA AJBIHFAH MOJIMETTeD Herisine
CaHJIBIK, TOXKipubesiep »Kyprizismi.

Kiam ceadep: Kepi ecemn, Cy3rijiey TeOPUsIChI, KOJJIEKTOPJIBIK, KacuerTepi, nuddy3us TeHaeyi, mapaMerpiiep,
GbYHKITHOHAJ, TPAJ/IMEHT.

KapacTeIpbuibill OTBIpFaH yKargaiiIarbl CY3rijiey TEOPHUSICHIHBIH Kepi ecebiHiH, KOWBLIYbI CYHBIKTHI KEyeKTi
opTajia cy3rizey kesimje TuiMi KabaTThIH arperaTThiK Kal-KyiiHiH e3repyi ocepinen Tybiagan oTeip. Coilikecti
afBIPMAIIBIIBIKTAP CYJIbI KabaT KYPBLIBIMBIHBIH €PEKINeIKTePiHe KOHe OHBIH, KOJIJIEKTOPJIBIK KACUEeTTEPiHiH
esrepicrepine GaitanbicThl. COHIBIKTAH KAPACTHIPBLIBIIT OTHIPFAH Kepi eCeTiH, KOWBLIYhI YKOHe Myl 6apbi-
CBHIH/A KBICBIM 2KOHE YHFBIMAJIAPIBIH, CY3riIey mapaMeTp/iepl TypaJjbl akmaparThl KoJmaHyFa 6omaasl. ['uapo-
TEOJIOTHUSLIBIK, 3€PTTEYJIep HOTUKeCI TAOMFU CY3rijiey arblHBI TArbl Ja Oip epeKMIesiriMeH CUIaTTaIaThIH IbIFBIH
kopceresi. Cyarisiey arblHbI OOJIYyBI OCEpPIHEH €PITIIreH Typ/ie KOMIPCYTEKTI »KoHE KOMIPCYTEKTi eMec KOMITO-
HEHTTepre Kapait cyauiy Oenrii 6ip 6eimnyi 6o/a1b1. [€0OrUsIbIK y3aK YaKBIT 6aPBICHIHIA OYJI KOMIOHEHTTED
MyHall HeMece ra3 KaJlbIH/IbIIIapbIHAH KAJIBIITACHIIL, CyJIbl KAbaTKa aybICKaH (0TKeH) Oesrisi 6ip aHbIKTAFaH WH-
JMKATOPJIAp PeTiHIe KaObLIIaHybl MYMKIH. ByJ MHAMKATOPIAD KOHIEHTPAIUSICHI CYJIbI KA0AT KYPBLIBIMBIHBIH,
epeKIIeTKTePiHe KOHE OHBIH KOJIJIEKTOPJIBIK, KACHETTEPIHIH o3repicTepine OallyIaHBICTHI aJTaH, OONBIHIIA ©3repil
oTbipaibl. MyHIall yKeKeIeren KOMIIOHEHTTEP/IiH KOIIIYiHiH CTAIMOHADJIBIK, €MEC IIPOIECTEP] KOHBEKTUBTI Tud-
bysusa renmeyiven cunarramanpt [1]. 2Kaseik cysriney aFbiHBI KargalbiHaa KOHBeKTUBTI nuddysust TeHaeyi
MBIHA TYp/e Gosampt [2]:

dc 9 [ M+ i de 9 [ \Mv3+ Xovi de 0

_— = — —_— . — J— - - - - 1
"o o\ e ) T\ errer an) " )

MYHJIAQFbl M — KEYEeKTLTK KO3 PUIMEHT]; ¢ — KapaCThIPBLIBIN OTBIPFAH KOMIIOHEHT KOHIIEHTPAIUSICHL;
A1, A2 — OpTaHbIH, TapaJlybIHbIH COUKECIHINEe KyMa YKoHe KOJIJECHEH napamMerpsiepl, TypakTbuiap (y3bIHJbIK, OJi-
memzi); vy, Vo — ColikeciHie  XKoHe y ocbTepl GOMBIHINA CY3riiey KbUIAMIBIFBIHBIH, KOMIOHEHTTED].

(1) Tenney yurH Tabury meKapaJiblk

0
87;:07 (xay)ep27p3ap4; Czl? (a:7y)epl (2)
2KoHe OacTalKbl mapTrap 6epinemi
c(a,y) =0;  t=0. (3)

CoHta yakpITTBIH, op TYPJl KEe3€HIHIEri, COHBIH, IMIiHIe ecenTeyaep XKYpridy Ke3eHIHIeri CyJbl KabDaTThIH,
OGapJIbIK, ayJaaHbl OOMBIHINA OpiC KOHIIEHTPAIUSICHIH AHLIKTAYILIH TiKeJel IeKapaJblK, ecebi aablHAgbI. Vi, Vo
cysrijiey KbULIaMIBIKTaphl ayJaH OOMbIHIIA KBICBIMHBIH TapaJyblHa Toyei 6otaapl, enzere, (1)—(3) ecebiniy
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mrermrimMin Taby yirH MyHail Hemece ra3 KaJbIHIbLIapbl 6ap, 6iprekTi emec (KOJIEKTOPJIBIK KACHETTEpiHe Coii-
Kec) CyJibl Kabarrarsl P* KeJTiplireH KbIChIMFPA KATBICTBI 3JIMNCTIK TunTeri auddepeHiuaiipk TeHIeyMeH
OPHEKTEJIETIH CyIbl Cy3rijiey ecebiHiH mentiMinia, 60Iybl KasKeTTi

0 oP* 0 opP*
— |k -h — k -h —| =0. 4
5 ren hea) G| + o k) hea G, (@)
(4) Tengeyni uHTErpasay KHICHIMPA KATBICTHI KeJIecl IeKapaslblK IapTTapra ColKec iCKe aChIPbLIAIbI
oP*
— =0, ,y) € 'y, s, 5
o (z,y) € I'1, I’y (5)
P* =P, =const, (z,y)€'s; P*"=P, =const, (v,y)€ [y (6)

ConbiMen, MyHali HeMece ra3 meriniiepi 6ap, cysbl KabaTTarbl HAKTHI Cy3riiey arbiabl yinid (4)—(6) Tikeseit
MEKAPAJIBIK ecedi OpbIHIataabl, MyHIarsl P* = P+ ppgl; P — KoopauHATANIAPHI & 2KOHE Y O0JIATHIH HYKTEIeri
KBICBIM; pp — CYIAbBIH TBIFBI3MIBIFBI; ¢ — €PKIH TYCy YaAeyi; | — KoopauHaTaJaphbl & KoHe Yy 00JIaThIH OepiireH
HYKTEJIEH KeJITIPLIreH Ka3bIKTHIKKA JIEHiHIT BepTUKaJb apaKaIIbIKTHIK; 1 — (G-Fa KaTBICTBI CHIPTKbI HOPMAJIb;
k — xabarThIH Cy OTKI3rimTiK KoadgduimenTi; h — KabaTTBIH KaJbIHIALIFBL, ['| — MyHail HeMece ra3 KaJiblH-
IBLIAPBIHBIH, eKapachl; ['o — Cysbl KaOATTHIH Cy OTKi30eiTiH 1mekapaapbr; ['s — KOPEKTEH Py aliMarbIHbIH,
KOHTYPBI; [’y — YKeHIIIeTy aifMarblHbIH KOHTYPhI. KapacThIPIILIT OThHIPFaH aiiMak, 1-CyperTe KOpCeTiIreH.

o + + PI = 30 Mla g R 4

z P B

¢ 3 4 Pr=22 mma ‘L4 4
1-cyper. KosuiekTop bk, KacuerTepine coiikec 6ipTeKTi emMec CyJibl KabaTTarbl
GapJiay YHFBIMAJIAPBIH OPHAJIACTHIPY ChI30ACHI YKoHe n300ap KapTachl

P* KBICBIMHBIH, ¢ — KAPaCTBIPBLILII OTHIPFaH KOMIIOHEHT KOHIICHTPAIUSICHIHA KePi TOYEJIIIIr XKOK, osait
Gouica, (4)—(6) xone (1)—(3) ecemrepi eki gepbec Tikeseil mekapasblk ecenrepre Geominei. CoHbIMeH, KabaTThIH
Gepiiren KOJJIEKTOPJIBIK KacueTTepine k »xome h, A1, Ay IIeKapaJIblK MapTTapra COUKeC TeHIeyIep/Ii eIy CyJIbl
KAbATTHIH GAPJIBIK, ayJaHBI OOMBIHIIA KEITIpUIreH P* KBICHIMHBIH, TAPAJIYBIH aHBIKTayFa MyMKIHIIK Gepeni [3-5].
Osan opi ajabIiHFBL ecenreri P* (QyHKIUSCBHIH MaiijlajlaHa OTBIPBIN, CYJIbl KabarTwiH k, h, m OGepiaren
KOJIJIEKTOPJIBIK Kacuerrepide (3) Gacrankel mapTka KoHe (2) mekapaJiblk mapTka cofikec (1) renneyi merry
¢ — KOHIIEHTPAIUSACHIHBIH, CYJIbI KaOATTHIH OAPJIbIK, ayIaHbl OOMBIHINA TAPAJIybIH AHBIKTAyFa MYMKIHJIK OepeJi.

Kepi ecenmin xotivwys. Cyibl KabaTThIH 0apJIblk, ayianbl GoiibiHma cos KyHre coiikec [0,T] yakpIT apa-
JIBIFBIHBIH, coHbIHIA P*(x,y) x)oue C(x,y,t) HaKTHI MoHIepi Gesriii men ecemreiiMiz. T reosIOrHsIBbIK YAKBIT
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MyHait KabaThl TapaMeTpJIepiH ...

Me3eTiHJIe YHFBIMAJIAP/IAFbl KADAT NeOMEeTPHUSIChI YKOHE OHBIH, KOJIJIEKTOPJIBIK KACUETTEPIHIH KYBIK MOHJEPI TY-
panbl P* xone C mosimertep Genriai 6osichin. Cyiibl KabaTThiH 6apJIbIK HYKTEJEPIHIeri KOJUIEKTOPJIBIK, (Cy3-
rijiey »KoHe ChIABIMIBLIBIK) KACHETTEPIH, COHBIMEH KaTap KoJiJa 0ap JepeKkTepre HEri3fesireH YKeTKI3y KoHe
TYCIpy aJlaHJapBIHBIH IeTTEPiH/Ieri mapTTapabl aublkTay KakeT. Kepi ecenti tuimaenaipy ecebi periHse Iibl-
rapambI3. J pyHKIHOHAIBIH Ji KoHE Jo KOCBIHJBICHI TYPiHJ/E TYPFbI3aMbI3. Bysl (byHKITMOHAJIHIH KAOATTHIH,
KOJLJIEKTOPJIBIK, KACHEeTTepiHe Toye 1l OOJIaThIHABIFBI TYCIHIKT

T{P: PEb, A, Ao} = J1 (P, PEL) + Jo (my A, Ae) =

T N

N
= Z [(P;aci - P;i>2 + w; (bpaci, - b(ﬁi)z] + /Z% [Cpaci — C¢i]2dt_ (7)
=1 )

i=1

Kepi ecenti mpina Typiie TyzKbIpbiMiayFa 6osaabt: (7) GyHKIMOHAIIBI MUHUMAJIARTHIH P Py, b,m, Aty Ag
MoHEpiH Taby Kepek. EcenTi mmernry HOTUKeciHie eHri3iyiren mapTTap MeH CY3riieyIiH KaObLIIaHFaH MaTeMaTH-
KaJIbIK, MOJIEJTi TYPFBICBIHAH KEJITIPiJireH KBICHIMHBIH, €CENTIK »KOHEe HAKTHI MOHJEPIHIH, Cy3rijiey mapameTpJiepi
MEH KOHIIEHTDAIIUsIIAPBIHBIH COKeC KeJIylH KAMTaMaChl3 €TeTiH I'e0JIOTUsIIBIK, MOJIEIbMEH IKBUBAJIEHTTI 00JIa-
TBHIH Ke#i0ip KabaTThIH KOJIJIEKTOPJIBIK, KACHETTEePl aHbIKTa 8 1bl. OyHKIMOHAIIBI MUHUMAJIIAY YIMiH UTEPAIHsI-
JIBIK, TPAAMEHTT] ©/IiCTI KOJIIAHAMBI3, MBICAJIBI, KaOATTHIH OpTYPJIl HYKTEJEPIHIeri KeyeKTUTK Ko uImeHTian
aHBIKTAy YIIiH KeJieCl PEKYPPEHTTIK KATHIHACTHI aJIaMbl3:

(s+1)  (s) (9 é}
s+1 s s

=M — Ay, 57—, 8
m " Om (8)

MYHJIAFbl § — UTEPAIs HOMEDI.

Ocbiran aHAJOTHJIBIK, TYpJe 0apJblK H6acka i3/e/minal napaMeTpiep VIl Jie TPAJIUeHTTI epexKesep yKa3bl-
ganpl. Pr P; , b, m, A1, Ay ImamMasiapbl MOHJIEpi YIIH HOJIJIK KAKbIHJATY PETiH/Ie TeOJIOTUJIBIK KapTaJsap,
YHFBIMAJIAP MeH KabaTTap/ibl reodu3nKaJjbIK, KoHE IMJIPOJIMHAMUKAJIBIK, 3€PTTEY/Iep HOTHXKe EP] maiigaiafbl-
Jiybl MyMKiH. ['paguentri epexenepai (pociMuepai) icke acbipy yIimiH (DyHKIUOHAJIBL TYBIHABLIADIBL €CEnTey
KEpeK.

Ecenri memnmy ajaroputwmi Kesteci Ke3eHAEpaeH TYPaJIbL:

1. Cyuibl KabaTTBIH ra3 HeMece MyHail meriHiepi 6e/rijeHrern HaKThl KOH(PUIY paruschbl Hemece (G KUbIHThI-
FBI cy16a Gl afiMarbIMeH JKyBIKTasuaibl. IIbe30MeTPUKAJBIK, YHFBIMAJIADJBLIE OPHAJIACKAH ODPBLIHIAPBIHEIH,
KOOpAMHATAIAPBI MEH OJIapJafbl KabAaT KBICBIMBIH OJIIIEY HOTUKEJIEPl, COHBIMEH KATap OCHl YHFBIMAJIAPIAFbI
ecenreyJiep Kyprizy HeMece yaKbITTbIH opPTYpJi Me3erTTepineri (CyablH TabuFy Cy3rijiey/iiH arbIHbIH XKACAHIbI
JKOJIMEH aJ1y GapbIChIHJIA) UHIUKATOP KOMIOHEHTTEDIHIH KOHIEHTPAIUSIIAPBIH OJIIIeyJIep TYPaJjbl MOJIMeTTep
Gesrini jien ecentesesi. KabarTThiy reosorusiblk Mojestin Py P;7 b, m, A1, Ao HOJIIK YKAKBIHIATY PeTiHJe
Te0JIOTUSIIIBIK-TeOMU3NKATIBIK, MOJIMETTED HETi3iH/e TYPFhI3bLIFaH KapTaJiap, COHBIMEH KaTap Heri3ri Tasiay
HOTHKEJIEP] Mail/IaIaHbLIa IbI.

2. (4)—(6) Tikeseii neKapaIbIK ecel MeKTI afibipMa 9iCIMEH IIBIFAPBIIAJIbL, XKOHE HHTEIPAJLIAY OOJIBICHIHBIH,
OapJblk aynanb GofibiHmma P, KenTipliren KabaT KBICHIMBIHBIH €CENTIK Tapalybl AHBIKTAJIA/BL.

N 2 N
3.J=_ 21 [P;aci - P;J 6dG+ [ lel [bpac, — bgﬁi]z 3dG  dbopmynachl GOMBIHITA KBICHIM YKoHe CYy3rijiey
i= i=
HapaMeTpﬂ(épi OJIIIIEeHeTiH HYKTeHepﬂeF?CSﬁKeCCiSAiK AHBIKTAJIAJIBI 2K9He J; DYHKIIMOHAIBIHBIH MOHI €CernTee]T.
4. Anemrer (4)—(6) ecebinmeri Py, dbynxiusacem nafinanana orsipsit, (1)-(3) Tikeseit mekTik ecebi rmbi-
rapbuiapl. (1)—(3) ecebin mbrapy HoTHKECiHIE OPTYPJI yakbITina KabarTapiarbl, COHbBIMEH Karap T yakpIT
MmezeTingeri C; ; KOHIIEHTPAIUACHIHBIH, €CeNTiK TapaJybl OeriTeHe/Ii.
5.¢; = [C(z,y,T)dG — C¢; dbopMynacbiMen KOHIEHTpaIUsIap OJIIeHeTIH HyKTeleperi coiikeccisik
G

aHBIKTANBII, Jo dyHKIHOHANBIHBIE MoHi ecenrerneni, mynnarsl [ C(z,y,T)dG = Cppa;(T) — T yaxpir Me3e-
G

TiHJIET] -1 YHFBIMAHBIH, OPHAJIACKAH OPHBIHA COUKEC KeJIeTiH eCeNTiK KOHIEHTPAINWs; €; — 1 yaKbIT Me3eTiH-
Heri ¢-1mi YHFBIMAJAFbl €CENTIK KOHE HAKTHI KOHIIEHTPAIUSIAp apachblHIArbl colikeccizmik. Byman col, erep

() (s—1)
J—=J

< € mapThl opbiHaaica, J = Jy + Jo OYyHKIIMOHAIBIHBIH, MOHI aHBIKTAJIAIbI, MYHJIAFBI S — UTEpa-

mysT HOMEpI; € — aJAbIH ajia OepiareH MOJETbIiH KATETIK IaMachl OPBIHIAJIaIb, Kepi €CenTiH meniMin Taby
ASTKTAJIAIBI.

Cepust «Maremarukas. Ne 1(89)/2018 79



H.K. Iaxxk gexeesa, I K. [Ilambuaosa T. O.

6. Kapama-kKapchl *Kargaiiga TabblIFal cofikecci3 maMaJJapMeH TYHIHIeC MEKTIK eCell MIbLIFapbLIaIbl

divbVU — 22 e — P5.)0 = 0; (9)
i=1
ou
%:07 (xvy)€F17F2; (]‘0)
U:07 (xvy)€F3aF47 (11)

>koHe U, ; TyitiHgec (DyHKIUSHBIH Tapasybl aHBIKTAJIAIbI. AHAJIOTUSIIBIK TYpP/le TaOBLIFAH CofiKecci3 maMasiap-
MeH Tyiingec muddepeHIuaIbK, TeHIEY MIeTTiIe i
3 )\1V2 + )\21/2 6U 8 A11/2 + A V2 80 8U 8
— %7 = 2272;* -+ (1/1U)+m—_22:%€z (12)
NVaZieR % Oz N Z e %) Oz dy Ox
KeJIecl IeKapaJblK, YKoHe 6acTallKbl IapTTapra, CofKec

oU
871:0’ (r,y) € I'y, '3, I'y; U=0, (x,y)€l; (13)
U(z,y,t) =0, t="T. (14)

[0, T] yakpIT KeCiHAICIHE YAKBITTHIH OPTYPJI Me3eTiHmeri U ; Tyiiingec GbYHKIUACHIHBIH TaPaJIybl AHBIKTAIAIbL.
7. 2KybIKTamn narerpaigay dopMytaiapbl OOHBIHITIA cbyHKuHOHaﬂ):LblK TYBIH/IBLIIAD €CeTTesIe i

N,
8] Yy U 15— U .
_ b; Pt 2V MUY AN =1 15
aP,;: Jz:; »J Az Y, ? 3 ( )
z+1,] ,J < .
8P* Zb»] Aya Z—Nx, (16)
N, N,
” B p* . _ p*. U, . _U,,P,*, — P*.
z+1,J Uij Lt . byl by _ Lyl o
EP; ;b; ;| AzAy. 17
;“{ Ar T Ay T
N, Ny Ni_q k+1 k
aJ Ciy —G
2 Z U 2y e 2Y ) 4,J AxAyAt (18)
i=1j=1 k=1
Ngz—1 N t
o1 N~ Ris Ol = O Vb, UL |
o\ i=1 j=1 k:1 m A A (19)
) k
+ Y2i,5 Cljwr = Cf; Uy — G AzAyAt;
SERRRTY Ay A
N, Ny—1 N, 2 o
9% _ 12 Yij Oy = O Uk, Yy
Ory J=1 k=1 V12ij +’/221',3' A A (20)
2 k k 77k k
n Vi Ciji1 = Cij Ui — Cij AxAyAt.
Vit Vi, A A

8. 'pajineHT epexkesiepiHiH TapaMeTpJiepi ecenresie i
AP; 9 >\Pg ) )‘57 )\ma >\)\17 >\)\2 .
9. I'pagmenT epexkeepiH maiiTagaHbIn, CyJbl KaODATTBIH 13/eIiHal mapaMeTpsepl aHBIKTAIaIbl, OacKara

(s+1) (5+1) (s+1) (s41) (s+1) (s+1) _ .
aittkanma, Py, Py, , M, Ay KOHE Ao ImMaMasapbl YIMH Ke3eKTi XKYBIKTAyIap TAOBLIAIbl YKOHEe 2

IIYHKTKE aybICy YKYPpri3ijesi.
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Kecre

Kepi ecenTi nienty 6apbIcbIHIAFbI UTEpAIs CAaHBIHA OallyIaHBICTHI Jo »KoHe J DYHKIIMOHAIIAPI
OOIbIHINIA >KUHAKTBUIBIK, >K9HE ChINbIM/IbLIBIK, IapaMeTPJIEPiHiH HAKTBHIFA YKUHAKTHILIBIFbI

Urep. Urep.
. m Jé J . m Jé J
HOMEDI HoMepi
1 1,0000 | 38,1372 | 444,83 1 1,5000 | 44,6142 | 451,10

0,645 | 39,5578 | 345,80 1,4211 | 45,1973 | 351,42
0,9300 | 40,9089 | 265,39 1,3438 | 45,7435 | 270,22
0,8991 | 41,9977 | 200,36 1,2680 | 46,1575 | 204,52

2
3
1

12,6758 | 149,64 5 1,1025 | 46,4474 | 153,21
6
7
3

0,8399 | 43,5912 | 112,10 1,1157 | 46,6270 | 115,15
0,8119 | 44,2864 | 83,79 1,0360 | 46,7591 | 86,25
0,7850 | 44,5489 | 64,94 0,9518 | 46,5029 | 66,89

QO | O U | W N
=
Qo
=)
09}
NeJ

9 0,7582 | 45,3890 | 52,46 9 0,08562 | 46,5466 | 53,62
10 | 0,7331 | 48,2365 | 48,40 10 0,7504 | 48,3765 | 48,55
11 | 0,7161 | 45,8002 | 48,07 11 0,6838 | 45,3221 | 47,60
12 | 0,6857 | 46,1512 | 46,76 2 0,5808 | 44,3479 | 44,96
13 | 0,6527 | 47,4741 | 47,66 13 0,4700 | 44,1643 | 44,35
14 | 0,6222 | 45,4419 | 45,87 14 0,3586 | 35,9937 | 36,43
15 | 0,5731 | 45,1268 | 45,33 15 0,1466 | 5,7585 | 5,97
16 | 05111 | 43,7017 | 43,81 16 0,1212 | 1,1974 | 1,30
17 | 0,4210 | 41,6976 | 41,73 17 0,1086 | 0,4233 | 0,45
18 | 0,3723 | 39,1174 | 39,14 18 0,0993 | 0,0470 | 0,07
10 | 0,2994 | 33,9184 | 33,94 19 0,1029 | 0,0344 | 0,06
20 | 0,1697 | 13,3323 | 13,35 20 0,1005 | 0,0094 | 0,03
21 | 0,1434 | 6,9516 | 6,97 21 0,1014 | 0,0113 | 0,03
22 [ 0,132 | 0,8680 | 0,89 22 0,1012 | 0,0102 | 0,03
23 [ 0,0963 | 0,1754 | 0,20 23 0,1013 | 0,0107 | 0,03

24 | 0,1072 | 0,2418 | 0,26

2-cyper. Kecrenin 1-kaTapbl OoiibIHIIIA KePi ecenTi Trerty OapbIChIHIAFBI UTEPAIs CAHBIHA,
GaitsianbicThl Jo KoHe J DYHKITMOHAIIAPHI OOUBIHINA KUHAKTHLIBIK,

Hm

mJ2

IH—_'——:!F‘?:—-{IT]
17" 49 oy

15

3-cyper. Kecrenin 2-karapsr O0iibIHIIA KEPi ecemTi ety 0apbICHIHIATBI UTEPAIds CAaHbIHA OAlIaHBICTHI Jo
xone J OYHKIUOHAIIAPHI OONBIHITA CHIHBIMIBLIBIK TapAMEeTPJIEPIHIH HAKTHIFA YKUHAKTHIIBIEBI
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MunnmangasaThiH (OYHKIIMOHAJIBIH MOHIHIH, COHFBI 2KOHE COHFBIHBIH aJIIIBIHIAFbl UTepaIusijiap/ia 6epiares

€ KaTeJIirineH o3repici bosiMaraH Karmaiijia FaHa ecenreysep askranaaabl. 2KeTkizy KoHe TYCipy aJaHIapbIHBIH
MIeTTepiHeri mapTTap KaJIblHA KeJTIpiIren/ie KoHe Cyabl KabaTThIH, CYy3Ti/iey-ChIibIM/IBLIIBIK, TapaMEeTPIIEPIH
neHTHUKAINIAFaH A YHFbIMAIAPIArsl J cofikecci3mik (OYHKIIMOHAJIBIHBIH a3ai0bl KAJIIbIHA KeJITIpYy KoHe
nIeHTUUKAIIAIAIAY eCeNITEPiHiH aKUKAT MIEMTiMIePiH aTyabIH KeTKITIKTI mapThl 60JATBIHIBIFBI KOPCETLI I
(kecreni Kapa.). HakTbl KeH OpHBI MoJiiMeTTepl HerisiHie caHubIK ToxKipubesep Kyprising (2, 3-cyp.).
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H.K. [laxaekeesa, ['K. [ITambunosa, A.H. Meip3amesa, E. Jlarumos

O6 oaHoOIT 0oOpaTHOIT 3aade Teopun PUJIBTPAINN 110 YTOYHEHUIO

nmapaMeTpoB HedTIHOTO IJIacTa

B crarpe uccienoBanbl obpaTHbIE 33341 TEOPUHU (DUIBTPAINN, KOTOPBIE B PEXKIME DeaIbHOTO BPEMEHU
MMO3BOJISIIOT YTOYHUTH KOJIJIEKTOPCKUE CBOWCTBA MPOJIYKTUBHOIO IIJIACTA MIPU MCIOJIb30BaHUU (DAKTUIECKUX
naHHbIX. {151 9THX 11esTeit OnpeiesieHbl HeOOXOAMMBbIE YCIOBHUS 3aBUCUMOCTH OT BPEMEHH AeONTOB KU KOCTH,
raza ¥ IJIaCTOBBIX JABJIEHMII 10 CKBasKMHAM M BOCCTAHOBJIEHBI TEXHOJIOTHYECKUE ITOKa3aTe/ M KOHKPETHOTO
MECTOPOXKIEHUsI C peaIbHbIMU JaHHBIMHU. PereHnl mpsiMasi M oOpaTHasl 3aJa4d, MPUBEIEH aJTOPUTM UX
pemenusi. [lokazano, 9TO pW BOCCTAHOBJIEHWH YCJIOBHUIT Ha KOHTYpax obJIacTell MUTAHUS W PAa3TPY3KHA U
uIeHTUDUKAINN (PUIBTPAITMOHHO-EMKOCTHBIX IAPAMETPOB BOJOHOCHOTO IIACTA yMeHbIIeHne (PYyHKIIMOHAIA
HEBA3KM J HA CKBAXKMHAX SIBJISIETCS JOCTATOYHBIM yCJIOBUEM JIJIsI TIOJIyY€HUs JIOCTOBEPHBIX PEIIEeHUH 3a0a
BOCCTAHOBJIEHUS U uaeHTUdUKAIMU. [[poBeIeHbI YrCIeHHbIE SKCIIEPUMEHTHI C JAHHBIMA, [TOIYIeHHBIMU HA
MECTOPOXKIEHUIX ATBIPayCcKoOil 0bJsracT.

Karouesvie crosa: obpaTHasa 3a1a4a, Teopus (PUIBTPAIUHN, KOJJIEKTOPCKUE CBOICTBA, YypaBHeHHE TuddDy-
3Ud, mapaMeTphl, (PyHKIIMOHAJ, TDAUEHT.
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N.K. Shazhdekeeva, G.K. Shambilova, A.N. Myrzasheva, E. Latipov

On an inverse problem of the filtration theory by the refinement
of parameters of an oil layer

In the article the inverse problems of the filtration theory, that in real time allows to specify the reservoir
properties of the productive formation by using the actual data. For these purposes, the necessary conditions
for the dependence of liquid, gas and reservoir pressures on the wells have been determined on time, and
the technological performance of a particular field with real data has been restored. The direct and inverse
problems are solved, the algorithm for their solution is given. It is shown that, when conditions are restored
on the contours of the feeding areas and unloading and the identification of the filtration-capacitance
parameters of the aquifer, the decrease in the residual J function at the wells is a sufficient condition for
obtaining reliable solutions for recovery and identification problems. Numerical experiments were carried
out with the data obtained in the fields of Atyrau region.

Keywords: inverse problem, filtration theory, reservoir properties, diffusion equation, parameters, functional,
gradient.
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MaTremaTndeckKoe MOJIeJIMPOBAHAE U YHMCJIEHHOE MCCJie/IOBaHUe
3aBUCHUMOCTU TEPMOHAINPSIKEHHOTO COCTOSIHUS CTEPXKHS OT
KO3 PuIrmeHTa TerjioooMeHa TPy HAJIMIYNUA TEMIIEPATyPbI

IMOCTOSHHO MHTEHCUBHOCTU

B craTtpe Ha ocHOBe SHEpPreTUYECKNX IPUHIMIIOB Pa3padOTaHa MaTeMaTHIECKasd MOJIEIb TEPMOHAIIPIZKEHHO-
JebOpMUPOBAHHOTO COCTOSTHUSI CTEPXKHSI U3 YKAPOIPOUHOrO CILIaBa. DHEPreTUIECKUN TPUHITUIT OPUEHTUPO-
BaH HA MUHUMU3AIUIO MIOTEHIINAIBHON SHEPTUH YIPYTUX AedOpMAIlHii ¢ TpUMEHEHHEM METO/1a KBaIpaTHI-
HOI'O KOHEYHOI'O 3JIeMeHTa ¢ TpeMs y3jiamMu. CTepyKeHb OrPAHUYEHHOMN JJIMHBL U YKECTKO 3allleMJIeH ¢ 060ux
KOHIOB. Bokosast mosepxHocts yuacTkoB (0 < < L/3) u (2L/3 < z < L) cTep:KHs TENIOM30/IMPOBAHHASL.
Yepes mIoIma b momepeIHbIX CEIeHni 000X KOHIIOB JAHHOTO CTEPIKHS IMIPOMCXOIUT TEIJIOOOMEH C OKPYKa-
romumu ux cpegamu. Ha cepemunnom yuactke crepxkis (L/3 < x < 2L/3) nana remmeparypa HOCTOSHHON
naTercusHocT 1T = const = 800 °C. HccnenoBano BiausHIE KoM dUIMEHTa TEI000MeHa Ha TEPMOHAIPSI-
2KEHHOE COCTOsSIHUE CTepKHs u3 kaponpodnoro ciiasa AHB-300 npu Hajauauu teMiepaTypbl TOCTOSTHHOM
WHTEHCUBHOCTHU, U IIPUBEJIEHBI YUCJIEHHbIE PE3YJIbTAThI UcCaeoBanus. VccienoBanus IpOBeIeHbI IPU Pa3-
HBIX 3HAYEHUSIX KO3 uImenTa remnnoobMena. B pesyibrare yCTaHOBJIEHO, UYTO TPU YBEJTUIEHUN 3HATEHUST
ho — xoaddunmenta Tena006MeHa BO3PACTAET AMILIUTYAA HMEpPEMEIeHuil TpoTuB HampasiaeHus ocu O;
KOODJIMHATA CeYeHUs, aMILINTYIa IepeMeleHIs] KOTOPOro O6yaeT HauboJIbIlel, yBeJINIUBAETCS; aMILIUTY1a
MepeMeIeHust o HanpasieHnto ocu O YMEHBIAETCs; MAKCUMAJIbHOE U CpeHee 3HAYEHUsT TEPMOYIIPYTOTo
HAIPSI?KEHNUSI 0 YMEHbBIIAIOTCS.

Karoueswie cA06a: METO, KOHEUHBIX SJIEMEHTOB, TEMIIEPATYPA, TEIJION30JISIHS, TEIII000MeH, KOIhMUIHEHT
TerI000MeHa, TOTEHITNAIbHAS SHEPIUs YIPYTIuX JedOpMaInil, MaTeMaTHIeCKas MOIETb.

PaccMOTpUM CTepzKeHb OrPaHuIeHHON JMHbL L (CM), M3rOTOBJIEHHBIN u3 Kaporpodnoro ciiasa AHB-300.
I[Lomah monepedroro cedennsi crepskns I (cm?) mocrosimna 1o Beeit ero jymne. Kosdbdmurment Temmosoro
pacmupenus Marepuada crepxkus a(T') (1/°C) 3aBucur or nosst pacupesenenus remmneparypbl. Koaddunuent
TEJIONPOBOIHOCTH MaTepuasa crepxusa — K., (Br/(cm-°C)), momyms ynpyroctn — E (xI'/em?). Oba xomia
pacCMaTpUBaeMOIr'o CTEP2KHA 2KECTKO 3allleMJICHDBI. HOSTOI\/Iy Opu HaJIUIUNU UCTOYHUKOB TeIllJIa U3-3a TEIIJIOBOI'O
PaCIIUpeHus BO BHYTPEHHUX CEUEHMX CTEPrKHs IOSBJISETCS HAlpPs?KeHHO-1e(POPMUPOBAHHOE cocTosHue. 1Ipu
9TOM cocTaBjistionye AedopManu U HAlpsKeHusl OyILyT COOTBETCTBEHHO YIpYyrue (€,,0;), TEMIEPATYpPHbIE
(er,or) u Tepmoyupyrue (¢,0). Eciu uzBecrno noje pacipejiesieHust TeMIiepaTypbl U Kodduimenta rerio-
BOTO PACIIUPEHUS 110 JIJIMHE CTEPXKHSI, TO BhIpazkeHne (hbyHKINOHAA, KOTOPOE XapaKTEPU3YET MOTEHIUAIbHYTO
SHEPIUIo YIPYIuX JehopMaliuii pacCMaTpUBAEMOTO CTEPIKHS, UMEeT CJIEYIOMINN BUI:

= [ Zec,dV— [ a(T(x) E-T(z) e, dV, (1)
[Feme]

rae V — o0beM CTepXKHH; £, = % — cocraBidoliag yupyroit gedopmanun; v = u(x) — moJie yupyrux me-

peMelleHuil 1o JyInHe CTepXKHs; 0, = F - £, — yupyrag cocrapsionias Hanpsikenus; o = a (T'(z)) — 3akon
pacupeesenns Ko3(ppuImenTa TemI0BOro paciiupeHust 1o JAJIMHe CTepKHs; F, — MOJIyJIb yIIpYyTrOCTH MaTepuaJa
crepxust; T = T'(x) — 3aKOH pacIpe/ie/eHNs TEMIIEPATY DB 110 JIINHE cTep:kHs [1, 2].

YuuThIBas, 9TO pacCMaTpUBAEMbIil IIPOIECC ABJSETCS YCTAHOBUBIIUMCS B IIpejesiax KayKJIoro JIUCKPETHOTO
3JIeMEHTa, TI0JISl PACIpPEIeIeHIs TeMIIEpaTyphl, KO3(MMUIMEHT TeILIOBOr0 PACIIUPEHUs U yIPyTroro IepeMele-
HUS alPOKCUMHAPYEM MOJHBIM TIOJIMHOMOM BTOPOTO TOpsiKa. JIjIst 3TOro B cTepykKHE BBIIECIUM JIIOO0H yIacTOK
mHON Az (M) — 9T0 TaK HA3BIBAEMBbIil JUCKpeTHDLI 31eMent. [osie pacupesenenus TeMuepaTypbl B Ipeesiax
3TOrO JUCKPETHOTO 3JIEMEHTa OyJIeM pacCMaTPUBAThL OTAEIBHO, KAK Ha PUCYHKE 1.
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TCe)
T=T(x),x =x=x,x,—x =Ax=/

)

x ('CM)

o 3 T
]
4

Pucynoxk 1. Ilone pacupenesiennst TeMmnepaTypbl Ha OTPE3Ke CTEPIKH

Ha paccmarpuBaeMoM ajieMeHTe NnHONH Az BO3bMeM cedeHHs ¢, j U k ¢ KOOpIUHATAME & = Z;, & = &j

u x = x. Torma B npemesax paccMATPUBAEMOTO JUCKPETHOTO 3JIEMEHTa I0JI€ PACHPEIEEHUsT TEMIIEPATY PhI

T = T'(x) MOXKHO IIPEICTABUTL KAK KPUBYIO BTOPOTO MOPSIKA, IIPOXOMSIILYIO Yepe3 TPH TOUKU & = X;, T = &L, U
r = Tk-

T(x) =a+br+cz?, z; <z <z, a,b, c— const. (2)

CunTast, ITO 3HaUEHUs] TEMIIEPATYPHL B y3JaX & = &;, ¢ = &; U & = x oyayr T(x;) = T;, T(x;) = Tj,
T(xk) = T, u3 (2) umeem
a+ bx; +cxf =T
a+ bxj+ ca? =Ty; (3)
a+ bxy, +cxi =T}.

<

YuureBag, uto r; = 0, x; = %, 2 = £, u, pernas MOCJIEIHIO CHUCTEMY YPaBHEHUIH, HAXOIUM 3HAYCHUS
KOHCTaHT a, b, c. [loncrasisis ux B BeIpakeHue (2), mocje yupomeHns IoayInm, aro [1, 2

T(2) = pi(a) T+ 03(2) Ty + oule) T 0< <L, @
rIe
0% — 30z + 227 4(lx — 2? 222 — (x
pila) = SR i = M) = 22 hcace ®)

Otn GyHKIMM ABASIOTCS QyHKIUAMU (HOPMBI JJIsT KBAJIPATHIHOTO KOHETHOIO JIEMEHTA C TPEMsI y3JIaMU.
Cremyer OTMETUTH, YTO OHU UMEIOT CJIEIYIOIIIe CBOCTBA!

pi(z) =1 pi(z) =0 pi(z) =0
1. p;j(z) =0 mpum z = x;; pj(z) =1 npu = = z;; @j(z) =0 mpu = = . (6)
or(z) =0 or(x) =0 er(x) =1
2. Jlnst jiroboro &, IpUHAJIEXKAIEr0 UHTEPBALY T < T < Tk,
@i(x) + ¢j(x) +pr(z) = 1. (7)

3. s siroboit Touku nHTepBasia 0 < x < £, T.e. B Ipejiesiax KaxKJI0ro JUCKPETHOIO SJIEMEHTA,

Ipi(z)  Op;(z) | Ipi(z)
Ox + ox + Ox

— 0. 8)

Hounb3ysch coorromenuamu (5), MOXKHO JIOKA3aTh ITU CBONCTBA.

IIpuBenennnie cpoiicTBa (byHKIEE HOopM obecredaT HEMPEPHIBHOCTL MCKOMBIX (DYHKIIMI TIPH ITEPEX0e OT
OIHOrO 3JieMeHTa K ciegytomeMy. ITo anasorum, mosie pacupejiesieHust yupyrux iepemernenuit u(x) u xkoad-
dburmenra Terosoro pacmupenus Marepuana crepxkus « (T(x)) B unTepBase x; < T < X TAKXKE MOXKHO
[IPEJICTABUTH B BUIE
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w(@) = @i() - ui + 95 (x) - uj + r() - uk; (9)

a(T(z) = pi(x) - ai + (@) - o + or(@) o, @ € (xi <@ < aw), (10)

e Ui, Uj, Uy — IePEeMeIeHns CeveHnii 10 KOOPAUHATE, KOTOPbIE ABJIAIOTCH KOOPIMHATAMU COOTBETCTBEHHO

y370B i, j, k; aq, ag, ag — const, ¢;(z), ¢, (x), ¢r(r) u dyukmuamu GOpMEL JIs AUCKPETHOrO KBAIPATUIHOIO
JIEMEHTa, ¢ TpeMs y3iaMu [2, 3].

Torma Beipakenne QyHKIIMOHATA, XaPAKTEPUIYIOIIEe MTOTEHITNAIBHYIO SHEPTHUIO YIPYTOil AedopMaIuu Ipu
HaJIMYAU UCTOYHUKOB TellIa JJIA OJHOI'0 JUCKPETHOI'O dJIeMeHTa, UMeeT CJIeTyIOmuil BUJ;:

Hi:/g (?;)QdV—/a(T(x))-E-T(x). <g“) dv =
Vi Vi

i

E (dp; | O, don \
:/2<6a: ui+ ot sk dV—/E(soiai+sﬁjOéj+<PkOék) (i + ;T + oiT) X

i

Oz Ox Oz

rae V; — o0beM paccMaTpUBaEMOTO AMCKPETHOrO KBAPATHIHOTO SJIEMEHTA C TPEMs y3JIaMU.
Torna BoIpaxkenue GyHKIIMOHAIA, KOTOPOE XapaKTEPU3yeT MOTEHITNAJILHYIO SHEPTUIO YIIPYTroi nedopMaIiimn
BCEr0 CTEPXKHS [IPU HAJIUYUN UCTOYHUKOB TEILJIA, BBINVIAIUT CJIEIYIONIAM 00Pa30M:

><<8% H-% J+87 k)dV, (11)

9IS

I=>" 11, (12)

e Y19 — umciio JUCKPETHBIX 9JIEMEHTOB B CTEPIKHE.
PacemorpuM Kazkiplit nHTErpast B Beipaykernu (11) 1o oTaensHOCTH:

2 ¢ 2
1)/5(6% ﬁ% ]+8<p’“uk) dV:EF/<a% 1—1—% +8<p’“uk> dz.
0

ox or 0 2 ox ox ox
i
3aecy F' — muiomma/p MOMEPETHOrO CEeUeHUs] dJIeMeHTa CTEPXKHsI, KOTOpasi [OCTOsIHHA 1o ero juimHe. U3 (5),
i v L 9v;
oz ' Ox ox

dpi(z) 1 dpj(x) 4
D = (-8t dny S — (020,

", TIOJICTABJIAS UX B IIOCJIeTHEE BhIParKeHUe, IOJIYIUM, ITO

HaXO0d4d BbIpazKE€HHE IJId YaCTHBIX ITPOU3BOJAHBIX

Opr(x) _ 1
Ox 02

(4 — 0)

l
EF (8% d; Ok >2 "

2 0r VT p W gy ) 4T
EF[7 , 16 2 16 , 16 7,
= T | = o iy o v+ o 1
2 [3£“i 3p it g ikt g v 35“”“’“+3e“’“] (13)

Jasibliie repexonuM K MHTEIPUPOBAHUIO BTOPOIO MHTEerpaJsa B Bbipaxkenun (11)

2) V/ia (T(z)) - E-T(x) - (g“) dv =

f (pic; + pjias + prag) (0T + 0T + piT) ( o Wi T 8% o Uj T BWC ) dvV =
Vi

EF

C =

(PiiT; + pivjeiTy + pippai Ty + pipja; Ti + 050, Tj + @ippaTi + ivrorT; +
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+ @jononT; + eiarTy] - [Z22u; + 2550y + 2y, ] do =
=LEr {[ 30‘1Tz %O‘iTj + %O‘iTk - %OéjTi - %Olej + Tlg)Othk + %akTﬁ—
T+ T ui + [2aiTs + 5Ty + 0+ froy Ty + 0 — st Ty + 0—

—%aij — %aka} u; + [—%aiTi — %aiTj asz oij + oij +

+ %Oéka — %ale + %Oéij + %O[}CT]C] uk} . (14)

Tenepb, noacrasass (13) u (14) B (11), moxyunM WHTErPUPOBAHHBIA BUJ| BhIpaykeHust DyHKIHOHAA, KO-
TOPBIIt XapaKTepu3yeT MOTEHIUAILHYIO 3HEPruio yIpyroi medopMaliy JUCKPEeTHOTO 3JIeMEeHTa IPU HAJIWYIUN
[oJIst TeMieparypsl [2, 3J:

2
U — Ul U S U — S U U o —

EF[7 , 16 2 16 16 7 2
n 307 3¢ 30"

1 1 1 1 8 1 1
—FEF { |:—O[1Tl — —oy T + fOéiTk — *O(jTL' 150ij + 150[ka + 3OOZkTi+

1 1 2 4 4 4
4 2 1 1 1
Z Ty — —aTh| u T — —aiT; — —a;T) T, T
151 T 15k ’“] it [ Y T s T gt T g 150‘3 *
+ I - T 4 Ty + tanT (15)
—a;Ty — —aop Ty + a1 + - Uk ¢ -
5 jLtk 30 kLq 5 kLj 3 kLk k

Jlajiee, MUHUMUBUPYS MTOCJIEIHAN (DYHKIIMOHAJ TI0 y3JIOBBIM 3HAYEHUSIM YIIPYIOrO IIEPEMEIEHUSsT, TOJLY IUM
MaTeMaTUYECKYIO MO/Ie/Ib TEPMOHAIIPAKEHHOT'O COCTOSHUS JUCKPETHOT'O 3JIEMEHTa B BUJIE Pa3PeIaloNinX CUCTEM
JINHEWHBIX ajredpandecKux ypPaBHEHUI OTHOCUTEIHHO [IEPEMEIIEHNs Y3JI0B JJIeMEHTA!

oIl EF[14 16 2 1 1 1 1
1 =0; — | = U; — — U —_— —EF —_ = iTi—f iT' - zT - - ‘Tl‘—
i [36“ 3£“J+3£“’“} [ giti T 50l gtk T 59
8 1 1
S Ty T T, T; T, = 0. 16
154913 T 5% ’“+300"“ TR 150”~c ’“} (16)
o1l EF[ 16 32 16 2 4 1 4
9) T 20 = o |t oy — | — EF | ZoiTy T+ —a; T — —ayTh—
Vo, ~% 7 [ AT 3@“’“] [50‘ T AR TR A T
1 2
71750%7“’]., 501ka:| =0. (17)
oIl EF[2 16 14 1 1 1 1
3) S0 > | S uy | — BF |~ —aiTy — —aiT) — —oiT) T,
T 2 [33” 30 36“’“} { R A AT L T A
8aT+1aT 1aT-+1aT-+1aT =0 (18)
gt Ttk T gt T party T gande] =0

3/ech ciielyeT OTMETUTD, 9TO 3TH YPABHEHUS TIOJIY Y€HbBI JIJIsl Y3JI0B OJIHOTO JINCKPETHOrO 3jieMenTa. Tak Kak
MBI JUCKPETU3NPYEM pacCMaTPUBAEMBbI CTEpKEHb MHOYKECTBOM KBa/IPATUYHBIX 3JIEMEHTOB C TpeMsl y3JIaMu, TO
JJIST KaXKJIOrO JIEMEHTA JIOJI?KHO OBITH 3aIIMCAHO BbIpaKeHHe (DyHKIMOHAJA [TOTEHINAJILHON SHEPIHH YIIPYTOi
,He(bOpMaL[I/II/I C y49€TOM IIOJIsA TeMIlepaTyp. TOI‘,H& 061_[166 BbIpazKeHue HOTGHL[I/I&JILHOﬁ QHepruu Jjisd paccMaTpu-
BaeMoro crepxkug B HejgoM umeer Buj (12). O6miee wucio ysiuoB Oyger pasho: 2 X 43 + 1. B obmem ciaydae
MAaTEeMaTUIeCKON MOJIEJIBI0 TEPMOHAIIPSIKEHHOTO COCTOSHIAS PACCMATPUBAEMOTO CTEPXKHS, 3aAIEMJIEHHOTO ¢ 000-
WX KOHIIOB, SBJISIETCS CJICIYIONAs CUCTEMA JIMHEHHBIX aaredpandecKux 2 X 139 + 1 ypaBHEeHwHIt:

oIl
6ui

—0, (19)

rae i =2+ (2xw + 1).
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M3-3a KECTKOTO 3aIMeMJICHHS JIBYX KOHIIOB CTEPIKHS
U] = Udxust1 = 0. (20)

Pemas cucremy (19), HaxonuM y3J10Bble 3HAYEHHs YIPYIUX lIepeMelleHnil. 3HaYeHus yIPYTroro KOMIOHEHTa
nedopMalIuu B IIepBOii IIOJIOBUHE 3JIEMEHTA OIPEEIAI0TCA CIIeIYIONUM 00pa3oM:

1 e O G
T

u; + Uk (21)

ox ox

el = Ou (m: X —xi> _ Ou; (x: %;x,)

T ox 2
AHaJjIornyuHO U1 BTOPOIi IOJIOBUHBI JIeMEHTa IMeeM

o (r=25) o (v = 25%)

uj; + oz U - (22)

Ui +

T dx 2 Ox Ox

Ell_au (x:xk—xj>:8ui<x:“;xj)

(jOOTBeTC‘TBeHHO7 110 3aKOHY FyKa, 3HaYCHUsA YIIPYroro KOMIIOHCHTa HaIIPAXKEHH OIPEAesIAI0TCA CJIEYyIOo-
UM 0O6pa30M:

ol =F.-¢; oI =pF.cI (23)

BHa‘{eHI/IH TeMIIEepaTyPHOT'O COCTABJIAIONIETIO )Ie(bOpMaLII/II/I " HallIPA2KEeHU A OIIPEAesIA0TCA CJIEY IOIIUM 06pa30M:

Ti— X T — X; T — X T — X
5§,a<xj2).T<xj2>; sga<x2j>'T($2]>§ (24)

oh=F-¢b, o =E L (25)

[Ipu mssectrbix cl; elf; &:IT; EITI ol oIl J%; 0}1 OIIPEIENAIOTCA 3HAYCHUA TEPMOYIIPYIUX COCTABJIAIONINX Jle-

dbopmanmit u manpskennit [1, 3|:

I_ I 1. _I_ Il _I.

et =e,+ep; e =en +er; (26)
I_ 1 1. _II_ I _II

o =o0,+op; o =0, +or. (27)

[Ipumensist mmosry9YeHHbIE MaTEMATHIECKHE MOJIEIN, PACCMOTPUM YUCJIEHHOE MOJIEJIMPOBAHUE TEPMOHAIPSI-
JKEHHOI'0 COCTOSIHUS CTePKHsI 13 Kaporpodroro ciuiasa AHB-300 npu oHOBpeMeHHOM HaJIMYUU TEILIOOOMEHA,
TeIJION30JISIIAU U TeMIIEPATyPbl IOCTOsiHHOM nHTeHcuBHOCTH T = const = 800 °C.

Pacemorpum ropusoHTaIBHBIH cTepKeHb U3 kaporpounoro ciiasa AHB-300, koopaunarayio ocb OX Ha-
[paBUM CJieBa BIPaBo (puc. 2).

T =const

L2 *ock

A

02 ~ oc

— /33— pla—1/3— ple—1/3—p

L

h 4

Pucynok 2. Pacuernas cxema 3amadu

Yepes momna m mMOMepevHbIX CeIeHnil 060MX KOHIOB IPOUCXOJIUT TEIJIOOOMEH C OKPYKAIOMIUMHU UX CPeJIa-
Mu. Koadbdurment tensoodMena u TeMepaTypa OKPY2KAIOIIUX CPeJ] JIJIs JIEBOI'O KOHIIA hg (BT/ (em? - OC)) u
Toeo (°C). AHasormuaso 115t IpaBoro KOHIa — hf, (BT/(CM2 . °C)) u Tyer, (°C).

Bokosyo nosepxuoctb yuactkoB (0 < < L/3) u (2L/3 < & < L) crepKHs CIMTAEM TeIION30JMPOBAHHOI.
Ha yuactke (L/3 < x < 2L/3) crep:kHs 1aHa TeMiepaTypa MOCTOsTHHON mHTeHcnBHOCTH T = const = 800 °C.
IIpn HaIM9IMK TPUBEJEHHBIX BBINIE NCTOYHUKOB TEILIA W YACTUIHONW TEIIOM30JISIUN CTEPIKEHb CTAPAETCS Pac-
muputhea. Ho u3-3a 3amemienns 000ux KOHIIOB HOSBJISIIOTCS cxkuMaloniue ycuinsa R. B cs3u ¢ stum u n3-3a
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HEOJTHOPO/HOTO T0JIsI TEMIIEPATYPhI BO BHYTPEHHUX CEYEHUAX CTEDPIKHS BO3HUKAET HEOJHOPOJHOE IT0JIe HAIPsi-
xenus. Cocrapysromue gedopManyuu OyIyT €, €7, €, a HANPSIXKEHUA — 04, op, 0. Tpedyercss ompeneynThb
nosie mepemerteHuit u = u(x), yupyryo jedopMaIyio ,, TeMIEpPaTypHYIO J1edOpPMAIUIO 1, TEPMOYIPYTYIO
nedopMaIuio €, a TaKKe yIpyrue, TEMIEPATYPHBIE U TEPMOYIIPYTUe HAIPSKEHUS 0y, op U 0. OyHKIMOHAII,
XapaKTEePU3YOIIN TOTEHIINAIbHYIO SHEPIUIO YIPYTIUX JAeopMaluii Ipy HAJIMYUY TI0JIsT TEMIIEPATYD, MUHUMU-
3UPYETCsl 10 Y3JIOBBIM II€PEeMeIeHUsIM

oIl

gu, — 0 i=2%2m (28)

Pemrast mocaenHoo cucTeMy, HAXOAUM y3JI0OBLIe 3HadeHus nepeMernenus. Jamee mo (21-27) onpeznensiorcs
3HAYEHUST COCTABJISIONX Ey, T, €, Oy, O, 0 B 33JIAHHBIX CEYEHHUSIX CTEPXKHs. 32 UCXO/HbIE JAHHbIEe IIPHHIMAEM
caetytonue [3]:

L=30(cm); r=1(cm); F=m-r2=n(cm?); Ko =100 (Br/ (cm-°C));

h =10 (Br/ (eM? - °C));  Toeo = Toer, = 40(°C); T = const = 800 (°C).

IIpu dukcrpoBaHHBIX 3HAYEHUHAX BapbUpyeM 3HadeHne Kodddurmenta tenaoodmena hg = 7,5; 10; 15;
30 (Br/(cm? - °C)).

Cuauasta npuanmaeM hg = 7,5 (BT /(cm? - OC)). V3i10BbIe 3HAYEHUS TIEPEMEITIEHNST IPUBEIeHbI B Tabsuie 1.
CooTrBeTcTByIOIIee MoJjie MepPEeMEIeH 10 JIJInHe CTepXKHs n300pakeHo Ha pucyHke 3. 13 aroro pucynka Bu/i-
HO, 9TO CeYeHUsl CTePXKHsl, Haxodmuecs Ha yuacTke 0 < < 14 (cM), epeMeInaiTcst IPOTUB HallPaBJIeHHs OCH
Oz. B 3710 Bpems oCTaJbHBIE CEUeHNsI, HaXo/sImuecsi Ha yuactke 14 < z < 28 (eM), IIepeMenaroTes o HaIlpas-
sgenuio ocu Ozx. Ilpu arom HamboJsibIliee IepeMelneHne MPOTHB HanpaBieHns ocu OT COOTBETCTBYET CEUEHUIO
crepxkug & = 6,6 (cM). 3Havenue nepeMernenus 3Toro cedenus pasao ugg = —0,0113 (cm). Haubosbiee nepeme-
nierwue 1o Harnpasienuio ocu Ox coorsercrByer cedenuio ¢ = 23,1 (M), 3HaUeHUe HePEMeIeHns KOTOPOIo PABHO
g3z = 0,015 (cm). Ceuenue crepkust ¢ Koopaunaroit © = 14,05 (cM) He mepemerraercs.

Tabauma 1
VasoBble 3navenns nepememennii npu T = 800 (°C); hg = 7,5 (Br/(cm? - °C))

Vaur. Vai1. 3ua4. Vair. Va1, 3uad4. Vaur. V1. 3na4. Vair. Vazi1. 3na4. Vau. V3. 3nad.
TOYKHU | I[EepeMEIeHn | TOYKM | MEepeMelleHUuil | TOYKU | IepeMelleHnil | TOYKM | IepeMelleHnii | TOYKU | IepeMeleHunit
u (cMm) u (cm) u (cMm) u (cMm) u (cm)

1 0,0000000000
-0,0003374609 65 -0,0113061676 139 -0,0002715203 231 0,0150037799 299 0,0008018468
3 -0,0006670340 66 -0,0113075751 140 -0,0000738218 232 0,0150073841 300 0,0004052590
67 -0,0112980940 141 0,0001238766 233 0,0149983362 301 0,0000000000

[\

Macwrab: 10x

0,14
0,12

0,1
0,08
0,06

0,04 4

1l eHnA

0,024

[=)

Meper

0,024 L
0,044
0,084
0,084

01

Pucynok 3. Ilone pacupenesienus yupyrux mepeMeriennii o JjnHe CTePKHs
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Ilossr pactipesiesieHusT KOMIIOHEHTOB JePOPMAIIAA €4, ET U €, & TAKIKE COOTBETCTBYIONINX HANPSKEHUN T,
3 ) )
o, 0 IPUBOAATCS Ha PUCYHKax 4 m 5.
N3 pucynka 4 BHUIHO, 9TO XapaKTe MPYroro KOMIIOHEHTa J1ebOpPMAINN £, HA yYIACTKE CTEPIKHSI
I x
0 <z <£6,65(cMm) gBasgerca cxknMatormuM. /lamee Ha ydactke 6,65 < < 23,25 (cM) €, IMeeT pacTATUBAIONIIIA
) ) K
xapakTep. Ha ocrasbrom yuactke 23,25 < x < 30(cM) cTep:kHs OHA MMeeT TaKXKe CXKUMAIOIIMI XapakTep.
B To Bpems moBesieHMe TEMIIEPATYPHOTO KOMIIOHEHTA, JiehOpMAITUil €7 SBJIAETCA BCIOMY CKUMAIONUM. TakKe
BCIOJLY SIBJISIETCSI C2KMMAIOIIEN TepMOYIIpyTas COCTaBJIsIIOINast gedopMaluu € = £, + . Kpome Toro, 4ro moJist
PACIIPEJIEJIEHNHT €, U € ABJISAIOTCS CUMMETPUIHBIME OTHOCUTENbHO TpaMoit € = —0,0000014 x — 0, 007654.

Macwraf:

150
Dnuua crepkua

:\:01

Pucynox 4. Ilosne pacupenenenus medopMaliuii Mo JIUHE CTEPIKHST

Kax BupHO W3 puCyHKa 5, MOBEJEHHE COCTABJSIONINX HANPKEHUH Oy, 07 U 0 OyJET aHAJTOTHIHBIM,
KaK U €, €7, €. llpm 3TOM HamboJsbIllee TEPMOYNIPYTOe HANPSKEHHE, HUMEIOIee CKUMAIONMI XapakTep,
nabirofaerca  Ha yudactke 10,5 < z < 19,95 (cM) crepKHsI, W ero 3HaYEHHEe HA TOM ydacTKe Oy-
ger pasHo o = —33166,03 (x'/em?). Ha yuactke 0 < z < 10,5 (cM) cTepkHSI 0 pacTeT MOHOTOHHO OT
o = —23869,66 (x['/cm?) B ceuennu x = 0,05 (cM) g0 0 = —33066, 48 (k['/cm?) B cevernun x = 9,95 (cm).
U3 pucyHKa 5 TakKe BUJIHO, 9TO G, U O SBJAIOTCS CUMMETPUIHBIMA OTHOCHTEIHHO FOPU3OHTAJIBHON OCH CHM-
MeTpUH. 3JIeCh CJIeJIyeT OTMETHTD, ITO €CIN (v = Const, To 0 = const 1Mo Beell JUIMHe CTEPKHS.

Maciwrab:

&0 100 120 140 160 160 200 220
Nnnua crepxna

Pucynox 5. Ilose pacupenesiennst HAPS2KEHUN IO JJINHE CTEPIKHST

VI3 oty 9eHHBIX YUCJIEHHBIX PE3YIbTATOB BUIHO, UTO B CEYEHUAX CTEPXKHS, I/ie OOJIbIINE TEMIIEPATYPHI, 3HA-
YeHHEe TEPMOYIIPYTOrO COCTABJISIONIEr0 HAIIPSKEHU ¢ OyneT OoJbIuM. B ¢BA3u ¢ 9TUM 110 BCell JJIMHE CTEPXK-
Hg [0JIe pacIipesiesieHns o He OyJieT rOpU30HTAIbLHOM npsamoii. B aro Bpems wa ygacrke 19,95 < x < 30 (cm)
TOBeJieHre 0 Gy/leT CKIMAIONTIM, HO ero 3HAYeHHe MOHOTOHHO MOHIZKaeTcs oT o = —33166,03 (k['/cm?) mo
o = —22690,009 (kI'/cm?) cooTBeTCTBEHHO.
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AHaNoOrnuHO HpOBEJIEM YHCIIEHHOE HCCIIEI0BAHNE TEPMOHAIIPSIZKEHHOIO COCTOSIHUSI JIAHHOTO CTEPXKHSI [IPH
pa3HBIX 3HAYEHUAX KO3(hOUIHEHTa TeIII000MeHa U 10 Pe3y/IbTaTaM HPOBEJIEHHBIX YNCJIEHHBIX SKCIEPUMEHTOB
noctpouM tabsuiy 2 [3].

Bausinue koaddumnuenta rermioobmena hy (Br/(cm? - °C)) Ha

Tabauma 2

TEPMOHAMNPAKEHHO-/1e(DOPMUPOBAHHOE COCTOSIHUE MCCJIEIyEMOTr0 CTEPXKHS

Koopnunara Koopnunara Koopnunara
Ne COOTBET-TO COOTBET-TO COOTBET-TO
n/u | ho (5%g) | Umin (cn) CevYeHns Umax (CM) CevIeHus Omax (23) | 0ep (£z) | Toukm, rme
(cm) (cm) u=0(cm)
1 7,5 0,0113 z=06,6 0,015 x =231 -33166 -29706,25 x = 14,05
2 10 0,01405 x=06,7 0,01405 x =233 -32885,9 -29181 z=15
3 15 0,077 =71 0,01282 z =235 32514,3 | -28484,3 | z = 16,295
4 30 0,0229 x=13 0,011188 x =239 -31991 -27503 z = 17,695

Ananmzupyst JaHHYIO TAOJIHILY, MOXKHO CJICJIATH CJIEJYIONIIE BBIBOJIbI:

— [IpU yBEJUYEHUN 3HAYEHUs hg BO3pacTaeT aMIUIMTYIa IIepeMenieHnii TpOTUB Halpasienus ocu Ox;

— IIpY yBeJINYEHUN 3Ha4YeHUs hy KOOD/IMHATA CEYeHUsI, AMILUIUTY/A [T€PEMEIIEHNsT KOTOPOro OyIeT HanboIb-

1Iel, yBeJIMINBACTCS;

— [IPU yBEJIMYEHNN 3HAYCHU A ho aMIINTY/Ta MIepeMenieHnsd 110 HallpaBJICHUIO OCU OLL' YMeHbIIaeTCHd,

— I[Ip1 yBEJIMYECHUUN 3HAYCHUA h() MaKCUMaJIbHOE U Cpe/iHee 3HAYCHUA TEPMOYIIDYTOI'O HallPpA?KEeHNA 0 YMEHb-

IaX0TCHd.
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A.H. Muipzamesa, I K. IITam6unosa, H.K. Ilaxknekeesa, B.E. Maxarosa

Temmneparypa TypakTbl O0JIFaH Kargaii/ia cTep>KeHHiH
TePMOKEPHEYJIIK KYiHiH XKbLITy ajiMacy Ko3dduiimeHTiHeH
TOYEJIAITIH CAHABIK 3€PTTEY 2KOHE MAaTEMATUKAJbBIK MOEIbIey

MakaJstasia sHEpreTUKAJBIK Karu/1a Heri3iHje KbI3yra Te3iMi KyHMaJlaH »KacaFaH CTEePyKEHHIH YKbLIYKep-
HEYJTIK-7TeOPMAITUSIIIBIK, YKAFTANBIHBIH, MATEMATAKAJIBIK, MOJIENI YKACAKTAJIbI. DHEPTETUKAJIBIK, TPHHITAIT
yII TYHiHI KBaJApaTTHIK IIEKTI 3J€MEHTTEP 9ICIH KOJaHyMEH YIITaCThIPBLIFAH cepHiMl jedopMariusi-
HBIH OJICYETTIK SHEPIUsICHIH MUHUMaJIIayFa Herizgeared. CTep:KeHHIH MeKTi Y3bIHABIFLL 6ap »KoHe eKi meTi
MeIKTBL Gekitiiren. Oubiy (0 < © < L/3) xone (2L/3 < © < L) Geutikrepi xkburynan oxmaynanras. Crep-
JKEHHIH €Ki KarbIHbIH, KOJIJIEHEH KUMACHIHBIH ayJIaHbl apKbIIbI OJIapAbl KOPIIAFaH OpTaMeH KbLIY aJIMacy
Kypeai, an oublH opra (L/3 < z < 2L/3) Genirine T = const = 800 °C GosaTblH TypaKThl TE€MIIEPATYDa
rycipinren. 2Kbuty anmacy xkoaddunuentiniy Typakrel Temueparypa ocepirgeri AHB-300 koi3yra Te3iM-
Ji KyMMachIHAH KacaJIFaH CTEPKEHHIH >KbLIYKEPHEYJIK JKarJailblHA dCcepi 3epTTeJIill, 3epTTeYiH CAHbIK,
HOTHKEsepl KedTipinai. 3eprreysep KbLly ajamacy KoddDUuImeHTiHiH op TypJi MoHIEpiHAe Kypriziimi.
Hormxeciuge, ho — xkbuty anvacy Ko3hDdUIUEHTIHIH MOHIH apTTBIPFAHIA OPBIH AyBICYIbIH, (PKbLIKY/IbIH)
amiTyackl O ociHne Kapchl GArbITTa OCETIHJIIr; OPBIH aybICY/IbIH AMIUIMTYIACHI €H, YJIKEH O0JIaThIH KIMa
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KOODJMHATACHI apTATBIHIABIFEI; QX OCIHIH OaFbITHI OOMBIHITA OPBIH AYBICY/IBIH AMILINTY/IAChl a3asITHIH IBIFHL;
O KBUIY CEPIIM/IIIIK KEPHEY/IIH €H YJIKEH YK9HEe OPTAIlla MOHEP] a3asiThIHBIFbI AHBIKTAJITHI.

Kiam cosdep: 1eKTi 3J1eMeHTTED 9IiCi, TEMIIEpATyPa, KbLIYIaH OKIIAYJIaHFAH, KbLITY aJIMacy, KbLITY aJMacy
KO3 urmenTi, ceprimMi TedopMaIUsiHbIH TOTEHITUAJIBIK, SHEPTUSICHI, MATEMATUKAJIBIK, MOJIEb.

A.N. Myrzasheva, G.K. Shambilova, N.K. Shazhdekeeva, V.E. Makhatova

Mathematical modeling and computational investigation of the
dependence of the thermal stressed state of the rod on
the heat transfer coefficient in the presence of
a temperature of constant intensity

In the article on the basis of energy principles, a mathematical model of thermal stressed-deformed state of a
rod from a heat-resistant alloy. The energy principle is focused on minimizing the potential energy of elastic
deformations in combination, the application of the method of a quadratic finite element with three nodes.
Rod of limited length and rigidly pinched by two ends. The lateral surface of the rod sections (0 < z < L/3)
and (2L/3 < z < L) is thermally insulated. Through the cross-sectional area of both ends of the rod, heat
exchange takes place with their environment. The temperature of T' = const = 800 °C constant intensity is
given on the middle section of rod (L/3 < z < 2L/3). Investigated effects of heat transfer coefficient on the
thermally stressed state of the core of the high-temperature alloy ANV-300 in the presence of a temperature
of constant intensity and numerical research results are represented. Research were conducted for different
values of the heat transfer coefficient. As a result, it was found that with an increase in the value of the
ho — coefficient of heat transfer the amplitude of displacements increases against the direction of the axis
Ozx; coordinate of section, displacement amplitude, which will be the largest, increases; the amplitude of
the interchange of the axis Oz direction is reduced; the maximum and average values of the thermoelastic
stress o decrease.

Keywords: finite element method, temperature, heat insulation, heat transfer, heat transfer coefficient,
potential energy of elastic deformations, mathematical model.
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Optimization of contents of two-component polydispersed filler by
applying the mathematical design of experiment in forming
composites for transport repairing

The influence of two-component polydispersed filler on the elasticity modulus in flexure and impact resilience
of the developed epoxy-polyester composite is analyzed. Regression equation by applying the mathematical
design of experiment is found and dependence of output parameters on chosen variable factors is determined.
It is proved that introduction of two-component polydispersed filler (in contents of mica —q = 20. .. 30 pts.wt.,
nitride boron — q = 40...60 pts.wt.) in composite allows to increase significantly parameters of elasticity
modulus in flexure to E = 7.2...7.6 hPa with slight decrease of impact resilience to W = 4.6...4.8 kJ/m2.
Theoretical analysis of the calculation results of functional relationships is carried out and mathematical
model that properly describes behavior of the investigated material is found. Optimal content of main
and additional fillers in composite for each property is established using found regression equations. It
is determined that composite material in contents of mica q = 20...30 pts.wt. and of nitride boron
q = 40...60 pts.wt. has optimal parameters.

Keywords: composite, epoxy-polyester matrix, two-component polydispersed filler, method of mathematical
design of experiment, regression equation.

Introduction

Development of multicomponent system, which is a polymeric composite material (PCM), is a complex and
long-lasting process. The composite with necessary properties can be formed by changing the content of single
components, that is, changing the composition of multicomponent system. At the same time, to determine the
structure of interrelationships of object parameters (properties) and to find quantitative constraint equation
of outcome indexes and outcome parameters it is necessary to conduct set of experiments that requires high
material costs. Therefore, an important task is to get necessary data with a minimum number of experiments.
In order to optimize the results of multicomponent systems research, the mathematical design of the experiment
is used for the required accuracy of results. Mathematical model receiving allows predicting material properties.
Forecasting allows taking into account all factors that affect the functioning of heterogeneous systems, and
provides the formation of technical object with high efficiency and quality [1, 2]. It is important to note that
the use of the created bidisperse two-component composite material with improved properties in the complex
during manufacturing and repairing the elements of marine transport (protective coatings for ship hulls, parts
of friction units for ship machinery, etc.) allow significantly improve their operational characteristics.
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During experimental studies different disperse fillers are added to binder to increase PCM outcome parameters
[3, 4]. The issues of optimizing the composition and structure of highly filled epoxy composites containing
additives of various dispersion are highlighted in works [5-8]. It should be noted that epoxy-polyester matrixes
filled with dispersed fillers insufficiently investigated. The influence of disperse fillers (mica and nitride boron
hexagonal) on the developed matrix (each component separately) is predetermined. The purpose of chosen
disperse particles is to improve the PCM tribological properties. The multifactorial interaction of two-component
polydispersed filler in complex with respect to composites properties remains unexplored. The method of
simultaneous variation of several parameters in order to study their impact and the impact of interaction
on the composites performance characteristics is used precisely in the integrated approach to establish the
optimal content of mica and NB. During active experiment mathematical design exclude implementation of a
large number of experiments and significantly reduces the timing of receiving the result.

Aim of work — to optimize the content of two-component polydispersed filler to improve the performance
characteristics of composite material for its use in repairing the working elements of marine transport using the
method of mathematical planning of the experiment.

Results and discussion

Design of experiment allows building a research strategy based on a sequence of clear and logically deliberated
operations. Received mathematical model reflects the interconnection of the physical and mechanical properties
of composites (elasticity modulus in flexure and impact resilience) from the content of bidispersed filler and gives
an opportunity to study its influence on composition outcome parameters. The nature of changes of elasticity
modulus in flexure and impact resilience as a result of addition of different amounts of main and additional fillers
(mica and nitride boron hexagonal, respectively) is investigated. Particles dispersion according to granulometric
analysis: mica — 20...40 micron, NB — 8...10 micron. For standardization, as well as for simplification of
calculations, each component (filler) is encoded by conditional units taking into account variations (Table 1).

Table 1l

Levels of variables on conditional and natural scale

Average level, | Variation step, | Values of variables (pts.wt.), that
Components Factor . . .
g, pts.wt. Ag, pts.wt. corresponding to conditional units
-1 0 +1
Main filler — mica T 30 10 20 30 40
Additional filler — nitride - 40 2 2 40 60
boron hexagonal

According to the experiment planning scheme 9 experiments (N = 9) were conducted, each of which was
repeated three times (p = 3) in order to exclude system errors (Table 2). In order that planning matrix to be
orthogonal [9], the corrected values of E'level were entered, which were calculated by the formula

N o

’ 2 Zu—l Liu
() - ol 1
x; = (x;) i (1)

Table 2

Scheme of experiment planning

No of experiment (u) \ T \ o \ T \ Es=FE{—d| E,=E3—d \ ELEs ‘

1 2 3 4 5 6 7
1 1]-11]-1 0.33 0.33 +1
2 1 | +1] -1 0.33 0.33 -1
3 1] -1 1]+1 0.33 0.33 -1
4 1| +1 ] +1 0.33 0.33 +1
) 1 0 0 -0.67 -0.67 0
6 1 |+1] 0 0.33 -0.67 0
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Table continuation

1 213 4 5 6 7
7 1[-1] 0 0.33 0.67 0
8 1[0 |+l -0.67 0.33 0
9 10 -1 -0.67 0.33 0
SN 2 96| 6 2 2 4

The expanded matrix of planning of complete factor experiment (CFE) and its results are shown in Table 3.

Table 3

The results of investigation of the elasticity modulus in flexure and impact resilience PCM

No of experiment Content of components, | Elasticity modulus | Impact resilience,
P q, pts.wt. in flexure, E, hPa W, kJ/m?

X1 T2 Y1 Y2

1 20 20 5.6 4.1

2 40 20 5.2 3.9

3 20 60 7.6 4.8

4 40 60 6.2 4.5

5 30 40 7.2 4.6

6 40 40 5.8 4.2

7 20 40 6.8 4.3

8 30 60 6.9 4.4

9 30 20 5.4 4.3

The mathematical model y = f (21, 22 ) was formed as a regression equation
Yy = bO + bllL'l —+ bQLL‘Q —+ bllx% —+ bQQx% —+ bllel'g. (2)
The regression coefficients were determined by the formula:
N
b= st T 3)
u—1 m?u
Received coefficients of regression equation are given in Table 4.
Table 4
The coefficients of regression equation
bo by by bi1 bao b2
6.80 -0.47 0.75 -0.3 -0.45 -0.25

As a result, in the analysis of the elasticity modulus in flexure, the following regression equation was

determined:
y =6.8—0.472, +0.75E2 — 0.3F] — 0.45E3 — 0.25E, F.

For the statistical processing of experiment results, a test of reproducibility of experiments by the Cochran

test was conducted: &
¢ =s5m gz < Coomin (4)
u= ur

where S2, — dispersion of experiment results on combinations of few factor levels for m=3; m — number of
parallel experiments; S2,,,., — the highest dispersion in design line.

Dispersions of adequacy were determined by the formula:

52— i (yi — E)i (5)

m—1

where y;,,, — value, received from each parallel experiment; 7; — average value y, received in parallel experiments.
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Mean square error was determined by formula:

i oyl

0_2 {y} — N(T,L — 1) , (6)
where % {y}, = 22213(91 -7 9 2
o’ {y(w}: 0 Z{VC}’ SZU :ST\(; (7)

Dispersion values are shown in Table 5.

Table b
Values of dispersions of adequacy (S2;) and mean square error (o2 {y},)
N The dispersions of adequacy The mean square error
° ["conditional designation | value | conditional designation | value
1 S2 0.03 o’ {y}, 0.06
2 Sz, 0.04 a2 {y}, 0.08
3 S2, 0.03 o2 {y}, 0.06
4 S2, 0.01 o?{y}, 0.02
5 S2. 0.03 o? {y}; 0.06
6 SZ, 0.01 o2 {y}s 0.02
7 S2. 0.04 o?{y}, 0.08
8 SZ 0.03 o2 {y}e 0.06
9 Sz, 0.01 o? {y}y 0.02
n this case:
N
> 82 =023
i=1
o? {y} = SZ = 0.026.
Then the calculated value of the Cochran test at the 5% level of significance:
S2
Gcalc = o ; 8
Sl Shi "
0,04
cale = —— = 0.174.
Ceale = § 53 = 017

Testing the experiment results by the Cochran test [9] for a fixed probability @ = 0.05 confirmed the
reproducibility of the experiments. Dispersion of experiment results on combinations of few factor levels:
S2 hax = 0.04. Calculated value of Cochran test: Geqe = 0.174.

Table value of Cochran test: Giqp — 0.478.
So, the requirement is fulfilled (7):

Geate = 0.174 < Giap, = 0.478.

Subsequently, the coefficients significance of regression equation was determined by analyzing the results
according to the experimental design (Table 6).
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Table6

The experimental results of study of the elasticity modulus in flexure of materials

No of experiment Elasticity modulus | Average value,
in flexure, F, hPa E, hPa
1 2 3
1 54 | 5.7 5.7 5.6
2 5.0 5.4 5.2 5.2
3 T4 | 7.7 7.7 7.6
4 6.3 6.1 6.2 6.2
5 7.1 7.4 7.1 7.2
6 57 | 5.9 5.8 5.8
7 6.6 | 7.0 6.8 6.8
8 6.7 | 7.0 7.0 6.9
9 53 | 5.5 5.4 5.4

Then the dispersions of regression coefficients (Table 7) were determined by the formula:
52
s2— S0 (9)
Zu—l ‘Tzzu

The significance of the regression coefficients was determined by the Student’s test [10, 11]. Here with the
table (t) and calculated criterion (¢) of Student’s test (Table 7) were determined.

Depending on freeness: f = N (n-1) =9 (3 - 1) = 18 the Student’s test value were calculated, which is
t=2.1.

Calculated values of Student’s test (¢) and coefficients significance were determined: tg, t1, ta, t11, tas, t12 > tr.

Moreover:

tig = . (10)

Table 7

Dispersion of coefficients of regression (57) and calculated values of Student’s criterion ()

No Dispersion of coefficients of regression | Calculated values of Student’s criterion
conditional designation value conditional designation value
1 Sy 0.003 to 123.19
2 Sy, 0.004 t 7.15
3 Sy 0.004 t 11.49
4 E 0.013 ty 2.65
5 Sfm 0.013 tao 3.98
6 Sflz 0.006 t1o 3.10

Calculated values of Student’s criterion tg,t1,t2,t11,t22,t12 are larger than ¢, so it was considered that
all coefficients of the regression equation are significant. As a result of rejection of insignificant coefficients, the
following regression equation was received: y = 6.8 — 0.47x, + 0.75F; — 0.3E12 — 0.45E§ — 0.25F1 E>.

The adequacy of the model was checked by Fisher test [3, 7]:

2

Su max
F. = —g < Flo.os:5, 11,5 "
y

where S2, = 0.04 — calculated value of dispersion of adequacy (Table 5);

it St

S; = 0.026 — mean square error. So: I, = 1.565.
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F(0.05; fou;£.)- table value of Fisher test in 5% significance level fi = N —(k+1) = 9 - (6 +1) = 2,
fo=N(n—-1)=93 1) =18). So: F(;) = 3.55 [10, 11].

Calculated value of Fisher test is less than table one, so the requirement (10)is fulfilled. It is possible to
assume that equation adequately characterizes the composition.

Interpretation process of received mathematical model, as a rule, is not just determination of factors
influence. A simple comparison of absolute value of linear coefficients does not determine the relative degree
factors influence, since there are also quadratic squared terms and paired interactions. In a detailed analysis of
the received adequate model, it is necessary to take into account the fact that for a quadratic model the degree
of factor influence on the change of output value is not constant.

Dependencies that connect normalized and natural values of the variables are as follows:

qi — dio
Ti = A—%a (13)
where ¢; — value of i experiment factor; ¢;0 — value of zero level; Ag; — variation interval [9].

Substituting these values in accordance with the formula (13) into the regression equation and transforming

it, we receive the following regression equation with the natural values of the variables:

E = 0.86 + 0.178¢; + 0.16125¢ — 0.003¢7 — 0.001125¢2 — 0.00125¢1¢>.

Given equation in natural values allows only predicting the output value for any point in the middle of
range of factor variations. However, with its help it is possible to construct graphs of dependence of output
value (elasticity modulus in flexure of composites) from any factor (or two factors). Geometric interpretation of
the response surface is shown on Figure 1-3.

Standardized Pareto chart Main effects E

52F =
2 .t r ]
q, — a7k 3
q. 42F 3
4.4 E 37F 3
g 32F
¢/ WE 3
22E E

2 40 60 10 30

q, 4,

a) b)

Figure 1. Standardized Pareto chart (a) and main effects (b)

Figure 2. Estimated surface E = f(q1, ¢2)
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Figure 3. Contours of estimated response surface

Based on experimental studies it is set that both factors are significant. It should be noted that the effect
of the additional filler content on the parameters of elasticity modulus in flexure is higher in comparison with
the main one (according to Pareto chart). Analyzing the calculated response surface, it is determined that
the optimum parameters of elasticity modulus in flexure have developed epoxy-polyester composite with two-
component poly dispersed filler with the following content of particles: mica — 20...30 pts.wt., NB — 40...60 pts.wt.
(E=172...7.6hPa).

Similarly to the above calculations scheme, the composition formula was optimized according to the viscosity
index. The encoding of natural components values and the experimental design scheme are chosen according to
Table 1 and Table 2.

In the process of study results analysis of composites impact resilience, the following values of the regression
coefficients were received (Table 8).

Table 8
The coefficients of regression equation
bo by bo b11 bao bi2
4.42 -0.18 0.32 0.02 -0.18 0.05

As a result, the following regression equation was found:
y = 4.42 — 0.18x1 + 0.32E5 + 0.02E? — 0.18E2 + 0.05E, F,.

For statistical processing of experiment results, a test of experiments reproducibility was conducted according
to the Cochran test [9].
Dispersions values that were calculated by formula (5-7) are shown in a Table 9.

Table 9

Values of dispersions of adequacy (S2,) and mean square error (c2{y};)

No The dispersions of adequacy The mean square errors

conditional designation | value | conditional designation | value
1 S2, 0.01 o2 {y}, 0.02
2 S2, 0.04 o?{y}, 0.08
3 SZ, 0.03 o2 {y}, 0.06
4 S2, 0.03 o2 {y}, 0.06
5 SZ. 0.04 o2 {y}s 0.08
6 S2, 0.01 o2 {y}s 0.02
7 S2. 0.01 o2 {y}, 0.02
8 S2g 0.03 o2 {y}e 0.06
9 S2, 0.03 o2 {y}, 0.06
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Moreover:
N
> 82 =0.23;
i=1

o? {y} = S2 = 0.026.
Calculated value of the Cochran test at the 5% significance level was determined by formula (8):

0.04
c=023 = 0.174.

Testing the experiment results by the Cochran test [10, 11] for a fixed probability o = 0.05 confirmed the
experiments reproducibility. Dispersion characterizing dispersal of the experiments results in combination of few
factor levels: S2 .. = 0.04. Calculated value of Cochran test: Geqre = 0.174.

Table value of Cochran test: Gy, = 0.478.

So, the requirement is fulfilled:

Geale = 0.174 < Gygp = 0.478.

At the next stage, the coefficients significance of regression equation is determined, analyzing the results
according to the experimental design (Table 10).

Table 10
The experimental results of study of the impact resilience of CM

No of experiment Impact resilience, | Average value,
W', kJ/m? W’, kJ/m?
1 2 3
1 4.3 | 4.1 | 4.2 4.2
2 3.9 | 35 | 3.7 3.7
3 4.7 | 4.7 | 5.0 4.8
4 46 | 4.3 | 4.6 4.5
5 44 | 4.8 | 4.6 4.6
6 4.1 | 4.2 | 43 4.2
7 4.4 | 45 | 4.6 4.5
8 45 | 4.2 | 45 4.4
9 3.8 | 41 | 3.8 3.9

Subsequently, dispersion of regression coeflicients is determined by formulas (9-10). The significance of
regression coefficients is determined according to Student’s criterion, which table value is t7 = 2.1 [10,11].
Calculated values of Student’s criterion are shown in Table 11.

Table 11

Dispersion of coefficients of regression (S?) and calculated values of Student’s criterion (t)

No Dispersion of coefficients of regression | Calculated values of Student’s criterion
conditional designation | value conditional designation value
1 Sy, 0.003 to 81.81
2 Sy 0.004 h 2.81
3 Sy, 0.004 ty 4.85
1 El 0.013 t 0.15
5 Sp. 0.013 tro 1.62
6 Sfu 0.006 tio 0.60

Calculated values of Student’s criterion tg, t1, t2 are larger than ¢, so it is considered that coefficients bg, b1, bo
of regression equation are significant. Calculated values t11, t22, t12 are smaller than t7, so coefficients by1, bas, b12
are insignificant. As a result, the following regression equation is received:

y =442 — 0.18z; + 0.32E;.
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The adequacy of the model was checked by Fisher’s test [10, 11].

Calculated value of adequacy dispersion: S2_ = 0.04 (Table 9).

The mean square error: S; = 0.026. So: F' = 1.565. F(g05:,:f,) — table value of Fisher’s test in 5%
significance level (F;) = 2.77) [10, 11].

Calculated value of Fisher’s test is smaller than table on, so requirement (11) is fulfilled. Consequently, the
equation adequately shows the composition formula.

After transformations in accordance with formula (13), the following regression equation with the natural
values of variables was received:

W' = 4.32 — 0.018¢; + 0.016g5.

Geometric interpretation of response surface is shown on Figure 4-6.

Standardized Pareto chart Main effects v
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Figure 6. Contours of estimated response surface
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Received results indicate that both factors of regression equation are significant. However, the output
parameters of the composite are influenced only by linear dependencies of these factors. In the process of
analysis, it was determined that the impact resilience values show maximum values for the fillers contents: mica
— 20...30 pts.wt., nitride boron hexagonal — 40...60 pts.wt. (W’ = 4,6...4,8 x/I>x/m?). With further increase
of particles in content the impact resilience degradation was observed. In our opinion, this happens due to
aggregation of fillers in polymer matrix, which negatively affects the physical and mechanical properties of the
material. Therefore it is advisable to add two-component polydisperse filler with the aforementioned content
into modified epoxy-polyester matrix to improve performance in the repair of marine transport elements.

Conclusions

The analysis of set of experiments results in mathematical design of experiment showed that in regression
dependences linear effects have more significant effect than interaction effects. This is especially noticeable in
regression dependence in study of the composite material impact resilience. Received results are confirmed
by Pareto charts and response surfaces. The optimum content of two-component polydispersed filler was
set: mica is 20...30 pts.wt., nitride boron hexagonal is 40...60 pts.wt. The introduction of two-component
polydispersed filler into the composite on the basis of epoxy-polyester binder can significantly increase values
of elasticity modulus in flexure of composites to E = 7.2...7.6 hPa with a slight decrease of impact resilience
to W = 4.6...4.8 kJ/m?. Received results allow getting materials with improved parameters of physical and
mechanical properties. Due to the use of developed CM for protective coatings for ship hulls, repair of friction
units of ship machinery, etc. it is possible to increase term between their overhauls and improve the performance
characteristics in general.

The authors convey sincere thanks for opportunity of mobility and financial support during the research work
at the Technical University of Kogice (Slovak Republic) in accordance with the National Scholarship Program of
the Slovak Republic (SAIA Programs).
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H.B. Bpauno, A.B. Bykeros, C.B. fdkymenko, A.A. Canposnos, JI. yrebosa

Keik KypaJagapbid KeH/ieyre apHaJFaH KOMIIO3UTTEP/l JaiibIHIay 2
SKCIIEPUMEHTTIH MaTeMaTUKAJIbIK AN3aHBIH KOJJaHy apKbLIbI
€KiKOMITOHEHTTI MOJIMJIUCIIEPCTI TOJATHIPFBINITHIH,
Ma3MYHBIH OHTAMJIaHABIPY

Winren »xoHe COKKBI TYTKBIPJIBIK OH/IEITEH SITOKCUATI-IOMIIMOUDP KOMIIO3UT VIITiH OMKOMIIOHEHTTI TOJIH/IHIC-
[I€PCTI TOJITBIPFBIIITHIH, CEPINIIeIiK MOYJIIiHE 9cepi TaJlfaHFaH. DKCIEPUMEHTTI MATEeMAaTUKAJIBIK, XKOCIIAPJIay
o7iciMen perpeccust TeH/EY »KoHe TaHJAIFaH affHbIMAJIbl (PaKTOPJIAPJaH MIAFaThIH TapaMeTPJIEPAEH ToyeI-
ainiri anpraran. Kypamra (caona - g = 20. .. 30 mac. car.; NB - g = 40. .. 60 mac. car.) GUKOMIIOHEHTTI 101U~
JTUCTIEPCTI TOJITHIPFBINITHI KOMIO3UTTI €Hri3y, uityi 6oamainsl E = 7.2...7.6 hPa neitin COKKBI TYTKBIPJIBIFBIH
azafiTyra, 6ommamer W '=4.6 ... 4,8 x/Ix / M2 JIeitiH COKKBI CEepHIMIIIITiH a3aiTyFa CepIiM/IIIIK MOTYJTIHIH
KOPCETKIITePiH epyip KeTepyre MyMKIHIIK 6epeTiHi Jpiiesenred. 3epTTesieTiH MaTepUasIIblH, e3repicin
CHNIATTAUTHIH (DYHKIMOHAJIBIK, TOYEJIIIiK ecenTeysiepi HOTUXKEIEPIHIH TEOPUSIIBIK TaJIaybl *KYPrisijren
JKOHE MaTeMaTUKAJBIK Mojeni ajbiaraH. [IIbIKKaH perpeccusi TeHIACYJIEPiHIH KOMeriMeH 9p KACHET YIIIiH
KOMIIO3UTTETr] HEri3ri »KoHe KOCBIMINA TOJTHIPFBIINITAPBIH OHTAMIBI KypaMbl anbiaral. Kypamer g = 20...30
Mac. car. cirona xkoHe g = 40...60 mac. car. 60p HUTPUIBI HOJIATHIH KOMIIO3UTTI MATEPUAJT YKAKCAPTHLIFAH
KOPCETKIIITEPMEH CUIATTAIATBIHBI KOPCETIIreH.

Kiam cesdep: KOMIOBUIUSAIIBIK, SMOKCHI-TIOAU(MUPII MATPUILA, €KIKOMIIOHEHTT] HMOJUAUCIIEPCTIK TOJITHIP-
FBIII, MATEMATHUKAJIBIK SKCIIEPIMEHTTEP] 2KOCIIapJiay 9/1ici, perpecCHsIBbIK, TEHIEY.

H.B. Bpauno, A.B. Bykeros, C.B. fdxymenko, A.A. Canponos, JI. [yreboBa

OnTuMu3alus cojiep2KaHus JIBYyXKOMIOHEHTHOTO MOJIAIACIIEPCHOTO
HAITOJIHUTEJIA IIyTeM HNpUMeHEHHsI MaTeMaTUYeCKOro IJIAaHUPOBaHUS
9KCIEepUMEHTa MPH IMOJIyUYeHUN KOMIIO3UTOB JJIsi PEMOHTA
TPaHCIIOPTHBIX CPE/ICTB

IIpoananusnpoBaHo BIIUSHEE JIBYXKOMIIOHEHTHOI'O ITOJIMIHUCIIEPCHOIO HAIIOJIHUTESI Ha MOJYJIb YIIPYTOCTH
npu u3rube M yIapHYI0 BA3KOCTb pa3pabOTaHHOTO SIMOKCHIHO-TOJN3(MUPHOTO KoMmmo3uTa. Meromom mare-
MaTHYECKOT'O IIJIAHUPOBAHUS SKCIIEPUMEHTA [TOJIyYeHbl YPABHEHUsSI PETPECCUU U YCTAHOBJIEHA 3aBUCUMOCTH
BBIXO/HBIX IaPAMETPOB OT BHIODAHHBIX IIepeMEHHBIX GaKTOpOB. JlokasaHo, YTO BBEJEHHUE B COCTAB KOMIIO-
3UTa JABYXKOMIIOHEHTHOTO IIOJUIAMCIIEPCHOTO HAIOJHUTE IpH cojepxKannn (cmona - q = 20. . .30 mMac.q.,
NB - q = 40...60 mac.d.) 103B0JISIeT 3HAYUTEIHHO TOBBICUTH HOKA3ATEIN MOY/Is yIPYTOCTH IPU U3rube
g0 E = 7.2...7.6 hPa npn He3HauHTEILHOM CHUYKEHHH yIapHO# BsiskocT 10 W' = 4.6...4,8 kJIx/M>.
IIpoBenen Teopermdeckuiit aHAM3 PE3YIBTATOB pacdera (OYHKIIMOHAIBHBIX 3aBUCUMOCTEHN, U MOy IeHA Ma-
TeMaThyecKas MOJIeJIb, KOTOpas aJleKBATHO OIUCBLIBAET MOBEJEHUe ucciaeayemMoro Marepuaia. C moMombo
[TOJIy Y€HHBIX yPABHEHUI PErpecCUy YCTAHOBJIEHO OLTUMAJIBLHOE COAEPKaHNe OCHOBHOI'O U JOIIOJTHATEIHLHOTO
HAIIOJTHUTEIEH B KOMIIO3UTE /I KaXKJA0r0 CBOHCTBA. JloKa3aHOo, 9TO yIydIEHHBIMA TOKA3ATEISIMI XapaK-
Tepu3yeTcsi KOMIIO3UTHBIN MaTepuas 1o comepxkanuio q = 20...30 mac.4. cmoasl u q = 40...60 mac.u.
HuTpHz Hopa.

Kmouesvie c106a: KOMITO3UT, STOKCUTHO-TIOINI(DUPHAST MATPUILA, IBYXKOMIIOHEHTHBIH TOTUIUCIEPCHBIN Ha-
MOJIHUTEb, METOJ[ MaTeMaTH4IeCKOro IIJIaHUPOBaHUsA dKCIEPUMEHTa, YPaBHEHUe Perpeccuu.
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Dynamics of auger working body of a multifunctional conveyor

A mathematical model of bending oscillations of a multifunctional conveyor working body with consideration
of the angular velocity of its rotation and the motion along its outdoor medium is developed. Based on this
model, the analytical relations were defined that describe the laws of changing the defining parameters of
the working body oscillations for both non-resonant and resonant cases. The amplitude of the transition
through the resonance is found to depend greatly on the relative quantity of medium motion and the rate
of transition through the resonance.

Keywords: dynamic modeling, amplitude, resonance, conveyor, determining parameters, speed of rotation.

Introduction

The auger working body of the multifunctional conveyor in the operating mode undergoes considerable
dynamic loads due to a simultaneous effect of longitudinal compressive force (transmitted from moving regulating
blocks), external driving moment, and the forces of interaction with the processed medium. The indicated power
factors cause complex oscillations in the body, that is a combination of torsion, longitudinal, and bending ones.
The transverse oscillations to a certain extent reduce the service life of the auger, and also create additional
dynamic loads on a «fixed> cone trough. Moreover, the processed medium when moving at a certain speed
relative to the auger working body causes an additional dynamic effect. This effect is largely manifested for
its bending oscillations. In addition, the heterogeneous inclusions always occur in the processed medium or in
the medium being transported. Due to the rotational movement of the working body, they «blocks it up in
separate points, thereby causing additional power actions in them. On the other hand, based on these factors,
the mathematical model of the relative motion dynamics of the system ‘elastic body - medium moving flow’
acquires a qualitatively new consideration [1-3], for which, in the general case, the known analytical methods of
studying the systems with distributed parameters cannot be applied [4]. The first two types of oscillations (in
some cases) contribute to the technological process improvement, in particular the adhesion prevention of the
processed medium, its additional densification, and the structure perfection) [5-10]. The application of numerical
simulation methods does not lead to the desired results due to the complexity of systems, in particular the most
dangerous resonant oscillations of the working body. In this paper, the main attention is paid to the development
of approximate analytical methods for studying bending oscillations of the multifunctional conveyor working
body, which rotates with a constant angular velocity around the longitudinal axis; and a continuous flow of the
processed medium moves along it. Resonant and non-resonant cases are considered as well.

Material and method

The auger compensating multifunctional conveyor is made in the form of a casing (1) with both front (2)
and rear (3) supports (Fig. 1). Their height can be changed in order to transport materials horizontally and
at an angle. The fixed cone trough (4) is firmly fixed to these two supports in several variants - the solid
one and with the system of through-holes in its lower part made in a known way. Inside the fixed conical
body metricconverterProductID4, a4, a conical screw working element (5) with variable steps is installed in the
bearing units with the possibility of turning and axial displacement. The bearing bushes 5 are welded to the
left (2) and the right (3) supports; in their central openings, the movable cylindrical blocks (6) are set. The
bearings are rigidly installed in the middle of blocks; the internal holes of bearing are in contact with the shaft
(7) ends of the conical auger (5) with the possibility of axial displacement.

Cepust «Maremarukas. Ne 1(89)/2018 105



B.Hevko, O.Lyashuk et al.

| Bl N L i ] P |

Figure 1. Schematic construction of auger compensating multifunction conveyor

The ends of movable blocks (6) are covered with lids. A screw (9) is rigidly welded to the left lid
(8) of the cylindrical block (6). The screw is in contact with the adjusting nut 10, which is firmly
mounted in the axial groove of the lid (11) of the movable cylinder block metricconverterProductID6.
In6. In addition, the stopper (13) are firmly fixed to the left and right ends of the shaft (7) of the
cylindrical movable block (6). They prevent the movement of transport mass beyond the screw working
body.

Similarly, at the right end of the screw cone working body, the structure is the same, but the difference is
that the ends of the shaft (7) are made with an elongated cut (14), to which the drive shaft (15) of the conveyor
is connected. In the loading zone, the boot pipe (16) is installed, and in the unloading zone, the discharge
nozzle (17) is installed as well. To fix the screw conical working body metric converter ProductID5, in5, in the
moving blocks (6), the axial slots (19) are made with screw fixing elements (20). The system is controlled
from the console (21).

Depending on operations, a stationary pipe is chosen. Thus, let us consider the operation of the conveyor
for squeezing the juice. For this purpose, the inclination angle should be set by reducing the height of the left
support in a known way. The stationary pipe is chosen with through-holes and the corresponding design of a
conical screw working body with an appropriate gap between the holes and the stationary pipe; the gap is set
with the help of an adjustor nut. The materials, from which the juice will be squeezed, are loaded into the
boot pipe. A conveyor is started and the appropriate modes of operation are set on the control panel. The
squeezed juice flows into a container and a trench through a through-hole system, then it is taken
away. The pulp is collected through a discharge nozzle into a separate container with the help of a
sliding shutter.

A multifunctional conveyor screw working body rotates with a constant angular velocity w; the
continuous flow of the processed medium moves along it at a relative speed V. Thus, the challenge is
to determine the influence of external and internal factors on the transverse oscillations of the working
body.

Basic assumptions about the object under study:

— the auger working body is the elastic body, which is symmetric relative to the longitudinal axis; its material
satisfies the nonlinear technical law of elasticity [11] - o = F (51 + 55‘;’) (e1 - relative deformation, the parameter
€ characterizes the deviation of its elastic properties from the linear law; it is considered small in comparison
with the elastic modulus E);

— its inertia moment relative to the longitudinal axis OX is I (z); its mass per unit length m; () rotates with
a constant angular velocity around the longitudinal axis inclined to the horizon at an angle a; u (x, t) - transverse
displacement of its neutral axis with the coordinate x at any given time ¢ (OX axis is deduced from the upper
bearing along the undeformed axis of the screw working body); the deplanation of the normal cross-section is
absent.

The processed medium is not an elastic solid body [12-14] with a mass per unit length m (z). Mathematical
model of the object under study: based on the above [11,15], the differential equation of bending oscillations of
the multifunctional conveyor working body, along which the continuous flow of the processed medium moves,
is deduced
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where N — pressure forces at the auger end; A, s, xg, @o; H — steels; § (x —xg) — Delta Dirac’s function.
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S
Dependence A(%) describes the resistance force to the working body motion; and the ratio

H sin?? (wt 4+ 9) § (z — o) describes the interaction force of the heterogeneous inclusion and the working body
(¢ =1,2,...; zp indicates the location of the heterogeneous inclusion, and g - its form).

To describe the dynamic process of the system under consideration, the boundary conditions are added to
the equation (1) that for simplicity are assumed in the form

0%u(z,t
U(x,t)\g;:o;l = %‘xzo;h (2)

where [ — the distance between the upper and lower bearings of the working body.

To solve this problem, for the above-mentioned mathematical model of the dynamics process, it is necessary
to develop the basic analytical dependences for determining the law of changing the defining parameters of the
oscillation process, depending on the external and internal factors of the system.

To solve the first part of the problem, we will make additional physically based assumptions about force
factors: a) the maximum values of the resistance forces and the interaction force of the inhomogeneous inclusion
with the working body is a small value in comparison with the maximum value of the second or fourth terms of
the left-hand side of the equation (1); b) the motion quantity of the processed medium in the relative motion
(in relation to the working body) is a limited quantity; c) inertia moment of the working body is a slowly varying
function; and its change along the length is neglected. Thus, the differential equation (1) is deduced:
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Based on the above limitations for the system under study, the maximum value of the right-hand side of the
equation is small in comparison with the maximum value of the terms of its left-hand side. The latter, in turn, is
the basis for solving the boundary problem (3), (2) of combining the Bubnov-Galerkin method [9] and the Van
der Paul method [15]. The first one-frequency approximation in modes close to the principal oscillation mode
can be presented as u (x,t) = sin 727 (t), where T'(t) is an unknown function; this function is the solution of
the common quasi-linear differential equation

T (t) 4+ QT (t) =

A o mV? ™2 3eEl /m\6 4 H . TLo . o4
N _m+m1T * (m+my) (?) 32 (Z) + £(m+ my) ST W+ o), )
EI  /m\4 N o /m2 - T(1+s/2)
here 2= —— (=) —w? - ——(Z) , A= x—r—1"_.
whete (m + my) (4) (m+my) (6) ’ 2T (1.5 + 5/2)

According to the principle of one-frequency oscillations in nonlinear systems [16], the dynamic process in the
mode close to the first mode of the «dynamic equilibrium» of the object under study is analyzed. This process
is considered the most important in view of practical use.
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Results

The right-hand side of the equation (4) is periodic in time with the period T. Then, the resonance in the
system can occur in case of a certain correlation between the frequency of the own (unperturbed) oscillations of
the working body and the angular velocity of its rotation, and, therefore, a periodic perturbation. Thus, both
resonant ) & 2w and non-resonant Q # 2w cases should be considered to solve the equation (4). In this paper,
only the case of the main resonance is considered; the consideration of the combination or fractional resonance
does not constitute a fundamental difference. Based on the above, the main resonance in the auger working
body occurs at the next angular velocity of its rotation (Fig. 2)

o= 2 (s () - )

@, rev/min @, revimin

Figure 2. Dependence of the angular velocity of the working
body rotation on its length and compressive force

The oscillations amplitudes, for the non-resonant case, do not depend on the external perturbation [15, 16]
and are determined by the ratio

d 1 2m 2T
ditL - ﬁ/o 0 {F (a, 9, )} cos pdipdy, (6)

where F (a, ¥, ¢) corresponds to the value of the right-hand side of the equation (4), and T' = a cos v, ¥ = Qt+1)g.
Thus, for perturbed motion, the laws of changes in the amplitude of non-resonant oscillations are deduced
da X T'(1+5s/2)
dt 72l (1.5 + s/2)

a’. (7)

A resonant case is more difficult to study, and at the same time it is more important in view of practical use.
For this case, the amplitude of the transition through resonance depends to a large extent on the difference
between the phases of the own and forced oscillations, that is, the parameter v = ¢ — ¢, ¢ = wt. The relations
that describe the laws of changing the basic parameters of the working body during the transition through the
main resonance are developed:

da A (1452 H 2 T((2q+1)/2) 7o
it~ 7Q2(15+5/2)"  (m+m)(Q+w)2+q T(A+gq/2) T
dy mV? 0.07eEIr
20— w/2—
dt w/ 2(m + mq)Q2 + (m+m1)a
H 2¢ T'((2¢+1)/2) . WL
Tmim)Qiw2tq T(rg) 77 ®)

In Figure 3, the dependences of the change in time of the transverse oscillations amplitude at different values
of the system parameters are represented.
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Figure 3. Changes in time of the amplitude of the multifunctional conveyor
working body during the transition through the main resonance
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Conclusions

The developed analytical and graphic dependences prove that for the resonant case:

— the amplitude of the transition through the main resonance is greater for larger velocity values of the
processed medium relative motion. An increase in the relative velocity from 2 to 5 m/s at the parameters
m = 15 kg/m, m; = 10 kg/m, causes an increase in the amplitude of the transition through the main resonance
by 17 %, and at the parameters m = 30 kg/m, m; = 10 kg/m, by 54 %.

— an increase in the mass per unit length of the processed medium at the constant relative velocity of its
motion causes an increase in the amplitude of the transition through resonance. An increase in the mass per unit
length from 25 kg/m to 40 kg/m at a relative velocity of its motion 4 m/s causes an increase in the amplitude
of the transition through the resonance by 61 %.

— in case of identical quantities of the processed medium relative motion, the amplitude of the transition
through the main resonance is greater provided that the relative velocities of the motion are smaller

— the transition rate through the main resonance largely affects the magnitude of the resonance amplitude;
and the amplitude is smaller for larger rates of transition through resonance.

In the non-resonant case, the attenuation rate of the transverse oscillations amplitude is greater for larger
quantities of medium motion. The basic idea of the above methodology can be applied to the case of many
inhomogeneous inclusions, as well as for torsional oscillations of the working body.
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B.TI'eeko, O./Iamyk, M.Cokmi, E.Ckuba, A.Mapynbra, JI.IIImaTko

KendyHKnnmoHa/ bl KOHBeiepaiH »KYMbBIC 3JIEMEHTIHIH, JMHAMUKACHI

Ken ¢dyuknmonanapik TpaHCIOpTEPAiH KYMBIC KAPYBIHBIH, HiIT€H TepOesiCiHIH MaTeMaTHUKAJIBIK MOJIETI
aJIbIHFaH, MYHJIa TPAHCIOPTED aHHAJBIMBIHBIH, OYPBIIITHIK KbLIJAM/IBIFBI MEH CBIPTKBI OPTAHbIH, OHBIH
GONBIMEH KBIIZKbLY bl €CKEPIITeH. AJIbIHFAH HOTUKEHIH HEeri3iH/Ie pe30HACTHI XKoHe 6ePe30HAHCTDI YKar1ai-
JIapbl VIIH OHBIH TePOEiCiH aHBIKTAWTHIH MapaMEeTPJIEP/IiH 63repy 3aHIbIIBIKTAPBIH AMKBIHIANTHIH aHa-
JINTUKAJIBIK, KATBIHACTAD aJIbIHFaH. Pe30HAHC apKbLIbI 6Ty aMILIATY/IAChl OPTAHBIH YKbIJIXKY CAHBbIHA YKOHE
PE30HAHC apKbLIbI OTY KbLJIIaMIbIFBIHA TOYEJIJIi.

Kiam ce3dep: mTMHAMUKAJBIK, MOJEIbIEY, aMILUIUTY/1a, PE30HAHC, TPAHCIOPTED, MapaMeTpiepll aliKbIHIAY,
affHaJIy >KbLIJAMIIBIFbI.

B.T'eeko, O./Iamyk, M.Cokmi, E.Ckuba, A.Mapyusra, JI.IIImaTko

JIlmHaMUKa IITHEKOBOTO pabdodero opraHa
MHOTO(PYHKITMOHAJIHBHOI'O TPAHCIIOPTEPA

Ilosnyuena maTemaTmyeckass MOJEIb U3THOHBIX KOJIeOaHII paboduero oprana MHOIOMYHKIIMOHAJIBEHOTO TPAHC-
opTepa € yIeTOM YIJIOBOM CKOPOCTH €ro BPAIleHUsI U JIBUYKEHUsI BJIOJb HETO Hapy»KHOM cpeanl. Ha ee Gaze
IIOJIyYeHbI aHAJUTUYIECKHE COOTHOIIEHMS, OIMCHIBAIONINE 3AKOHBI U3MEHEHUs OIPEEsIoNuX 1apaMeTPOB
ero KoJyiebaHMl KaK JjIsi HEPE30HAHCHOI'O, TaK U JJIsI PE3OHAHCHOI'O CIyYaeB. YCTAHOBJIEHO, YTO aMILIUTYIa
rnepexofa depe3 Pe30HAHC B 3HAYMWTEJHHOI CTENEHHW 3aBUCHAT OT OTHOCUTEIHBHOTO KOJIMYECTBA JBUKEHU
cpebl M CKOPOCTH IIE€PEexo/ia Yepe3 PEe30HAHC.

Karouesvie crosa: mTUHAMHYECKOE MOIAEIUPOBAHNE, AMIIUTYd, PE30HAHC, TPAHCIIOPTED, OINPEEJIAIONINe
IapaMeTpbl, CKOPOCTb BPAI[eHUs.
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On mathematical and analytical methods for solving problems
on vibrations of membranes and plates

The problems about determination of the frequencies and forms of natural vibrations of plates and shells
lead to the necessity of partial differential equations integration. The well-researched cases are those where it
is possible to separate the variables. In particular, these include the vibrations of a rectangular plate hinged
on opposite sides, umbrella and fan vibration of circular axisymmetric plates and vibrations of cylindrical
shells, closed or hinged along generating curves. In this work, the vibration of a flat homogeneous membrane
is investigated for the general case of boundary conditions.

Keywords: boundary value problem, membrane, plate, vibrations, spectrum problem, orthonormal system
of functions, deflection function.

Film and membrane structures are highlighted among the thin-walled structures that combine lightness with
high strength. Such thin-walled structures (films, membranes, coatings, etc.) find application in all branches of
production and daily life [1].

To create new films, membranes and coatings with the specified performance and durability, one needs to
investigate how the time and temperature, mechanical (including vibrational), chemical and other exposures may
cause destructive processes in the material structure. Therefore, the necessary quality of films, membranes and
coatings are usually provided by calculating the impact of these effects on the strength and the characteristics
necessary for exploitation of the material [2].

Consider a flat homogeneous rectangular membrane fixed at the edges, with sides b and ¢ in the plane
OXY, 0 <z <b,0 <y < c. Wedenote the deflection function of the membrane, that is, its deviation from
the equilibrium position at the point (z,y) at the time ¢, by u(z,y,t). Let us consider the process when the
vibrations of the membrane are caused by a given initial deviation and a given initial velocity [3].

To find the function w(z,y,t) we have the following boundary value problem: to find the solution of the
partial differential equation describing the process of the membrane vibrations,

Ut = a2(ux.r + Uyy)a (1)

where a2 = L, T is the membrane tension; p is the density of a membrane, in the region 0 < z < b, 0 < y < ¢,
t> 0,
under the initial conditions

u(z,y,0) = ¢(z,y); (2)
ut(xayvo) :w(may) (3)
and boundary conditions
alu(ov Y, t) + ﬂlul‘ (Oa Y, t) = Oa O[gu(b, Y, t) =+ ﬂqu (b7 Y, t) = 07 (4)
yu(z,0,t) + O0ruy(2,0,t) =0, you(z,c,t) + Oauy(z,c,t) =0, (5)

where ¢ and ¢ are the given functions; a;, 3, Vi, 6; are the given numbers, and o? + 32 # 0, 72 + 6? # 0;
i=1,2.
We seek the solution of problem (1)—(5) by the method of variables separation as a function in a form [4]

U({E,y,t) = V(1'7y) T(t) (6)
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This function (6) is not identically equal to zero. Dividing the variables, we obtain an equation for the
function T'(t)

T" +a?0T = 0, (7)
and for the function v(x,y) we get the following boundary value problem
Vg + Vyy +0v =0, (8)
aly(oa y) + 511/1(07 y) = 07 a?”(b7 y) + B2V:E(b7 y) = 07 (9)
yv(z,0) + 01vy(2,0) =0, vev(zx,c)+ Oavy(x,c) =0, (10)

where o is a constant of variables separation. For the ease of calculations we take o with a minus sign, without
assuming anything about its sign. The boundary conditions (9), (10) are obtained by the direct substitution of
(6) in (4), (5)-

To solve problem (8) - (10) we again apply the method of variables separation. We seek a solution of this
problem in the form of a function v(z,y) = X(z) - Y(y) , which is not identically equal to zero. To define
functions X (z) and Y (y) from (8) - (10) we obtain one-dimensional spectral problems

X"+n-X=0, Y'+7-X =0,
a1 X(0) + /1X'(0) =0, 7Y (0) +6,Y'(0) =0, (11)
as X (b) + B2X'(b) =0, | 12Y(c) +62Y'(c) =0,

where 7 is constant variables separation, and 7 = o — 7 [5].
Remark 1. By direct calculation, we determine that the spectral problem for an equation with a parameter v

Z2"+v-Z =0
hZ(0) +g1Z'(0) = 0; (12)
haZ (1) + g2Z' (1) = 0,

where Z = Z(2); 0 < z < I; h;, g; (i = 1,2) are the given numbers, and h? + g2 # 0, i = 1,2, has non-trivial
solutions in the following cases:
1) v = 0 when the condition holds
grha — hi(hal + g2) = 0; (13)

2) v >0.

By remark 1, the spectral problems (11) have eigenvalues and eigenfunctions if » = 7 = 0 when the condition
(13) holds for the corresponding parameters, and if n > 0, 7 > 0.

We introduce the notations n = A2, 7 = p? in (11). Solving spectral problems (11), we receive that the

eigenvalues A1,...,An,... and 1, ..., fhm, ... of these problems are the roots of the following equations,
respectively
— A 01 — 110
tg b = (21 a152)2 tgpc = (7261 —m 2)57
araz + B1 822 Y172 + 01021

and the eigenfunctions are functions in the form

Xn(x) = An(ﬁl)‘n COS A\p® — o1 Sin )\nx)a Ym(y) = Bm(el,um COS [y — 71 Sin ,U/my)a

where A,,, B,, are constants.
Since 0 = 7+ 7 = A% + u?, we obtain that the eigenvalues o, , = A2 + p2, correspond to eigenfunctions

Vnm (2, Y) = Apm (B1An €08 Az — aq 8in Ay @) (01 fm, €OS fomy — Y1 SI0 iy y), (14)

where A,,,, = A,, - B,, is a constant. We choose A,,,, = A,, - By, so that the norm of the function v, with a
weight of unit was equal to one, that is, we orthonormalize the functions vy,

b c b c
/ / Vim dedy = Aim/ (B1An cos Az — ay sin A, x)? d - / (01tm €08 iy — 1 8inpmy) dy = 1,
0 0 0 0

1
A

\// (B1An cOs Az — a sin )\nx)2 dx - / (01 o, €OS Ly — 18I0 4 y) dy
0 0
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Calculation of the coefficients A, in the general case, by the formula (15), is laborious and inexpedient.
It is much more convenient and more rational to calculate the coefficients A,,,, in each case of the boundary
conditions of the spectral problem, than to use the cumbersome and hard-to-remember formula obtained in
calculations of the integrals in (15).

Remark 2. We investigate the spectral problem (12) by introducing the notation v = p?. Under different
boundary conditions, from (12) one can obtain nine spectral problems. We carry out the calculations for the
case of boundary conditions of the third kind. Obviously, the remaining particular cases of problem (12) are
investigated in a similar way with more elementary calculations. The general solution of the equation in (12)
is Z(z) = Acospz + +Bsinpz. Its substitution into boundary conditions of the third kind of the problem (12)
gives us a system of equations

B="4
p

h2
A(—psinpl + hcospl + — sinpl) = 0.
p

To obtain non-trivial solutions, from condition A # 0 we receive that p; are the roots of the equation
1/p h
tgpl==-(+~——], 16
ctgpl = 3 (h p) (16)
and the eigenfunctions of the problem are the following functions

—~ h
Zy(z) = Ak<cospkz + p—k sinpkz) = Ak (px cosprz + hsinpgz). (17)

We normalize the functions (17), taking into account the relation (16) in the calculations,

! 2
A
/ Zi(2)dz = 7’“ / [p3(1 4 cos 2py2) + 2pphsin 2pgz + h2(1 — cos 2pg2)] dz =
0 0

1 1
= [pi (l + —sin Zpkl) + h(1 — cos 2pyl) + h? (l — —sin kal)] =
2pi 2pi

ALT 1 dpyh(p} — h?) (pp — h)* — 4pih?
[ (1 + TR )+ T )+
of, L Apph(pi —P*)\ _

+h (l 2Pk (p% — h?2)? )} o

A} 2102 | 1212 2,792 52 2 12\2 2 12\2
= W{pkl(pk'i_h )° + 2pph(py — h7) + h(py +h7)" — hp — h*)*+
HAPE® + WY + )2 = 20° (0 — 1?)] =

2

A
= W {(pi +hA)2(1- (p} + h?) + h) + h(2p), — 2pEh? — pjy + 2pEh*—
k

“hh o 4pPh? — 2h2pR + 2h4)] -
Ai 2 2\2 2 2 4 212 4
:W[(pk'f‘h ) ({l(pk-l-h )+h:| +h(pk+2pkh +h )):| =
k
A? I(p? + h?) + 2h
— st 0k W[ (G 1) 4 2m)] = ap PRI
k

As a result, we obtain

2
A= 55—, Zr(z)=A4 hsi k=1,2,..
k W22+ 2 k(2) & (Dr cos prz + hsinpgz), .2,

Cepust «Maremarukas. Ne 1(89)/2018 115

1.



G.A. Yessenbayeva, D.N. Yesbayeva et al.

We return to the original problem (1) - (5). We have from (14)

Vnm (2, Y) = Apm (B1An cos Az — a1 8in Ay @) (01 fm, €OS fimy — Y1 SI0 i y),

where the coefficients A, are calculated as in remark 2 in each particular case of boundary conditions.
Let us find the general solution of equation (7) for ,,, = A2 + u2,

Tom (t) = Chm €08 aA/Trumt + Dy, Sin ar/opmt,

where Cppm, Dy are arbitrary constants. Returning to the original problem (1) - (5), we obtain that the
particular solutions according to (6) will have the form

Unm (1‘, Y, t) = Vnm (JZ, Z/) “Trm (t) = Vnm (ZC, y) (Onm COS G/ Tpmt + Dy sin A/ O'nmt)-

By the principle of superposition, the general solution of equation (1) with the boundary conditions (4), (5)
has the form

Z Z 'im COS A\/Trmt + Dy SInay/Tpmt) - Vim (2, y). (18)

Using the initial conditions (2), (3), relation (18) and the property of orthonormality of functions vy, we
find the values of the constants C,,,,, and D,,,,

SIS b c

1 b pc
(E 9,0 Z Z Dnma O'nm’/nm(x y) 1/)(55731), Dypm = a\/m/o /0 Tﬁ(%,y)%m(%y) dwdy

n=1m=1

Hence, we obtain the solution of problem (1) - (5) in the analytical form

:E Y, t) = Z Chrm cos a/Tpmt + Dy sin -/ O'nmt) Vnm(xv y),

n=1 :1

where
Vnm (1‘, y) =A,m, (61>\n COS A\p @ — o1 Sin )\nx) (6‘1,U/m COS [y — 71 Sin ,U/my)y

Omn = A2+ 125 M, ooy A, ... are the roots of the equation tg \b = %, [l eey fbn, ... are the roots of

(7201 —7102)1

the equation tg uc = e T B

1
Anm = 3

b c
\// (B1An cOs Az — aq sin )\nglc)2 dx - / (01 o, €OS Ly — 18I0 o y) dy
0 0

b rc b rc
1
Crm ——/ / (@, Y)Vnm (2, y) drdy, Dnm = / / (@, y)Vnm (2, y) drdy.

Thus, function u(z,y,t) is found in the general case of boundary conditions. This functiondescribes the
deviation of the membrane from the equilibrium position.

Statement and analytical methods of solving the problem on plate vibrations

The Germain-Lagrange equation describing small transverse vibrations of an elastic isotropic plate |z| < a,
ly| < b of constant thickness h, has the form

0w 02 0?

Here w(x,y,t) is the transverse bending of the middle plane of the plate; A is the two-dimensional Laplace
operator; D = Eh?/(12(1—v?)) is bending stiffness of the plate; v is Poisson’s coefficient; F is Young’s modulus;
p is the specific density per unit area ofthe plate; ¢ is time.
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The problem of determining the natural frequencies and vibrations types of a plate with free edges is reduced
to determining the deflection W (z,y) (here and below the harmonic factor e =" is omitted) and the frequencies
k* = phw?/D from the homogeneous boundary value problem

AAW — KW =0 (19)
with boundary conditions for x = +a:
*w n V(?zW —0
Ox2 oy
EW o ZW (20)
Ox3 oy2ox
and for y = +b:
Pw n V82W —0
y? ox2
PW PW

+ — V) = 2].
0 ( )aygax (21)
At present, two analytical approaches to the solution of the boundary value problem (19)—(21) have become
most widely used. These approaches are the Ritz method and the superposition method. In his classic paper,
Ritz pointed out that this boundary value problem is equivalent to finding the minimum value of the integral

a b 2 2 2 5 §
PWN2  PWN2 L OPW OPW H2W \ 2
J—/_a/_b [( Ox? ) + ( 2 ) +2v 912 Oy +2(1_V)<8x8y) ]dxdy (22)
provided that
a b
/ / W2 dxdy = A = const. (23)
—aJ—b

For the particular case of a square plate a = 1, b = 1, Ritz chose the representation

S S
Ws = Z Z Anmum(x)l/n(y)a (24)
n=0

m=0

in which u,,(x) and v, (y) are eigenfunctions of bending vibrations of an elastic rod £ < 1 with both free edges.
In other words, these functions are solutions of the homogeneous equation

d*u 4
with homogeneous boundary conditions
d*u d3u
— =0 — =0 ==+1. 26

The normalization is chosen so that for the solution number m the following ratio holds

1
/ ufndgz 1.
-1

Rayleigh studied the solution of the homogeneous boundary value problem (25), (26) in detail and showed
that the required functions should be chosen as follows

e for even m
chk,, cos k., & + cos ky,chk, &

Vch2k,, + cos? k,,
where k,, is a root of the equation tg k., + thk,, = 0,

Um (E) =

)
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e for odd m
shk, sin k,,& + sin kmshk‘m§

V sh2k,, — sin? k,

where k,, is a root of the equation tgk,, — thk,, = 0.
It was assumed that

U (§) =

Uo(f): ﬁa k0:07

3
. \657 ki = 0.

When an indefinite Lagrange multiplier A = k* is used, the integral J is minimized and the condition (23)
holds, the substitution of the expansion (24) into an quadratic with respect A,,, expression (22) leads to a
homogeneous system of linear algebraic equations with respect to A,,,. Hence A is defined in the standard way
as a value that reduces to zero the determinant of this linear system. Moreover, all the boundary conditions
(20) and (21) are satisfied identically.

For the Poisson’s coefficient v = 0.225 (glass, as in the experiments of Khladny) and for the case of
antisymmetric vibrations with respect to the diagonals of the square y = £z (in this case App = Amn)
Ritz took s = 5 in the representation (24), manually calculated all the necessary integrals and obtained a
homogeneous system of linear algebraic equations of the sixth order. He also managed to find the first two
roots of the determinant of this system.Further, a bold assumption was made that the vibrationstypes of a
plate are determined only by the main summand w,, (z)v, (y) £ up (2)vm (y). In articles Hladni the table is given
for calculating the first 35 eigenfrequencies and their comparison with the experimental data of Khladni. Ritz
also cited figures of nodal lines for vibrations types at natural frequencies corresponding to all four types of
symmetry with respect to the x and y axes. He took s = 5 everywhere, represented the complete expression
(24) with numerical coefficients, and emphasized the defining contribution of the principal terms. It was truly a
titanic work, given the lack of a computer. A different approach, which is traditionally called the superposition
method,represents a general solution of the differential equation (19) as the sum of solutions for bands |z| < a,
ly| < bin the form of trigonometric series. The solution is chosen in such a way as to satisfy the second boundary
conditions in (20), (21) identically and to have enough arbitrariness to meet the remaining two conditions.

There are four types of symmetry of the plate deflection: the function Wg(x,y) is even relative to x and y;
the function Wga(z,y) is even relative to z and odd relative to y; the function Wag(x,y) is odd relative to x
and even relative to y; the function Wy (x,y) is odd relative to « and y. Using the standard method of variables
separation, the solutions of equation (19) can be written in the form

@(cos ky chky) @(cos kx chkm)

k \sinkb shkb k B

(oo}
_1)yn+1,.8
sinka  shka bz( 1" ay Ay, b, a) cos

n=1

Ws =

+aZ 1) yS A(z, b, By) cos By, (27)

Sa , o oo
Wga = b (bm ky Shky) bz )" 23 B(y, b, a,) cos i — aZ(—l)"yfaA(x,a,én) sind,y; (28)

k2 \coskb chkb —
o0 o0
Wa = b3 ()08 By, by sinyaz + 3 (—1)" 2 Bz, a,6,) sin b, (29)
n=1 n=1

where designations are thus introduced

™ ™ _7m(2n—1) _7m(2n—1)
an_ay ﬁn_bv 'Yn— 2@ ) 61’L_ 2b )

E+E-2-1ch/E Kz -k —-(2-1Ech/EC+kz

Alm )= 2k shy/e _kh VETR  shy/E@ 1 kh
Bz, h,€) = E+E2—-(2-v)e? sh\/m,z B k2 —-(2-v)€? sh\/mz

€2 k2 ch\/E& —k2h VE TR ch/E2+k2h
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The expression for W g is not written out because, due to the symmetry of the problem all the corresponding
eigenvalues and forms are constructed by the solution of SA with the substitution x <> y and a < b:

ksA(a/b) = kAs(b/a),
Wsa(z,y,a,b) = Was(y,z,b,a).

Note that for this reason, in the case of a square, the eigenvalues for the cases AS and SA coincide.
Substitution of solutions (27) - (29) into the first of the boundary conditions (20), (21) with the subsequent
expansion of incoming functions into trigonometric series on the basis of formulas

chpz 1 2£ i M cosémz mm
shph ph h

) 5 = 7
TYL+p " h

m=1

shpz _ 2p Z )™+ sinn,, 2 _@m-1r
chph n2, + p? b 2h

allows us to obtain homogeneous infinite systems of linear algebraic equations with respect to unknown coeflicients
from the equality under basic functions [6].
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['A. Ecenbaesa, /[.H. Ecbaesa, /1. Baywsipxankssnr, J[.A. Hypraan

MemOpaHaJjap MeH IJIaCTUHAJAPABIH TepbeJtici OoiibIHIITa
MaceJIeJiep/Ii IeITy/IiH MaTeMaTUKAJIBIK, >KoHe aHAJUTUKAJIBIK, 9/1icTepi

IInacrunanap Men KabbIKIIAIAP/IBIH TAOUFHN TepOeTiCcTePiHiH KULTiKTepl MeH HOPMYyIATaAPBIH AHBIKTAY M-
ceJiesiepi KapTbLiail quddepeHnnaiIblK, TeHIeyIepal HHTerpaIIay bl KaKeTTuTirine skeaai. EH »Kakch
3epTTeJITeH KaFaait — OyJ1 aifHbIMaIBLIAPIbI 6eTin amyra 601aThH KaFmait. Qurap eIy inriHge, aTam aifTKaH-
&, Kapchbl »KarblHa OEKITireH TiK OYPBINITHI IJIACTUHAHBIH, TepOeJIici, TOHreIeK 0OChbCUMMETPJIK ILIUTa-
JIapJIaFbl KOJIIIATHIP YK9HE »KeJIJIETKIIT TepbeticTep, NUINHIP KaObIKIIaJIapbIHBIH TePOeJIici, XKaObIK, HeMece
rerepaTopJiapra 6exiriiren. Makasiajia mekapaJsblK Kar aiIap bl XKaJIllbl KarIaibIHIa YKa3blK 01pKeJIKi
MeMOpaHaHBIH Tepbestici 3epTTesiii.

Kiam cesdep: mekapablK ecenTep, MeMOpaHa, IIacTUHA, TePOEIic, CIEKTPJIK eCell, OPTOHOPMAJIIBI (DYHK-
nusiyiap Kyieci, niay GyHKIUACHI.
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O mareMaTUYeCKUX M aHAJATUYUECKUX METOJaX perieHus:
3a/1a9 0 KoJyiebaHnu MeMOpaH U MJIaCTUH

Bagaun 06 onpejiesieHnn YacTOT U (POPM COOCTBEHHBIX KOJIEOAHUN IJIACTUH U 0DOJIOYEK MPUBOJAT K HEOO-
XOIAMMOCTH MHTEerprupoBanus JnuddepeHnuajlbHbIX YPABHEHNI B 4aCTHBIX NTPOM3BOAHbIX. Hanbosiee xopo-
IO U3yYeHBbI Te C/Iydal, KOT/a OKa3bIBAETCsS BO3MOXKHBIM pa3/iesieHre MepeMeHHBIX. K HUM OTHOCSTCS,
B YaCTHOCTH, KOJIeOaHUs MPAMOYTOJIbHOM IJIACTUHBI, IIAPHUPHO-OIEPTON TI0 IIPOTUBOJIEXKAIIUM CTOPOHAM,
30HTHYHbBIE U BeepHbIE KOJIebaHusi KPYTJIbIX OCECUMMETPUYHBIX IIJIACTUH, KOJIEOAHNS [IUJIMHIPUIECKIX 000-
JIOUEK, 3aMKHYTBIX WJIV IIApHUPHO-3aKPEIIEHHBIX BIOJIb 00pal3ytonmx. B craTbe TpoBEIEHO UCCIeI0BaHNE
KoJIeHGaHUS TIIIOCKON OJHOPOIHON MeMOPAHbI Jjis ODIIEro CJIyvasi TPAHUIHBIX YCJIOBHIA.

Kmouesvie crosa: Kpaepast 3a/a4a, MeMOpaHa, IJIACTHHA, KOJIeDaHUs, CIIEKTpajIbHasl 3a/a49a, OPTOHOPMHU-
poBaHHas cucTeMa (DyHKIMA, GyHKIMs 1poruba.
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Research and development of deployable solar tracking
system in SolidWorks for multiple tasks

Nowadays, we have a problem of uninterrupted automatic operation of unmanned ground vehicles (UGV).
The appliance of alternative types of energy, in particular solar, as a system of main or additional power
source in automatic mode, can be carried out in the body of a ground robot. Within the limited space in
the trunk, it is necessary to place the solar panels and actuators densely as possible, and also effectively
locate the plane of the unfolded panels in relation to the sunrays. For these reasons, a deployable solar
tracking system was developed and analyzed. There were made calculations of the number of necessary
solar energy, cells and panels for the effective charging of the UGV in automatic mode, construction of a
3D model of the device in SolidWorks, selection of the design of the deploying mechanism based on the
motion analysis and simulation of the model, identification of location of the charging system within the
existing UGV. The further stages of research are determined.

Keywords: solar, tracking, SolidWorks, deployable, automative system, ugv, portable, alternative energy,
3D modelling.

Continuous automatic functioning of the UGV can not be performed for a long time without timely charging
of the batteries. One of the solutions to the problem is using of solar energy, which makes it possible to receive
the necessary energy in an automatic mode, no tight binding to a certain place of charging, the amount of
energy received is limited only by the capacity of the battery and the state of the environment. Among the
imperfections, it can be noted an increase of the UGV’s weight, the dependence on weather conditions and lower
rate of charging of the storage batteries. Sufficient charging efficiency with the solar panels in a given limited
space of the UGV design can be compensated by the introduction of deploying system. Therefore, the coverage
area of the unfolded solar panels is increasing several times in comparison with the occupied area in
the trunk.

UGV automatically executes deploying of the solar system at a definite threshold of battery charge, at
sufficient solar illumination and in a safe state of the environment. After a full disclosure, the system begins
tracking of the best position of the solar panels, in which the sunrays fall at right angles to the surface. Tracking
panels in two axes will increase the efficiency of the charging by 81.68 percents [1]. In the case of battery
is fully charged or unfavorable conditions are occurred, the system folds the panels into the UGV’s
body.

According to the analyzed characteristics of different types of mono and polycrystalline solar cells, one of
the optimal solutions is to use Maxeon C60 with nominal parameters, shown in Table 1, and I-V curve presented
in Figure 1.

Table 1
Electrical characteristics of Maxeon C60 solar cell at 25 °C
Pinpp(Wp) Eff.(%) Vmpp(V) Impp(A) Voc(V) Isc(A)
3.38 22.1 0.577 5.87 0.684 6.26
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Figure 1. Maxeon C60 I-V curve

The future system must satisfy the following conditions:

— Dimensions compactness;

— Maximum simplicity of the design;

— Resistance to changes of weather conditions;

— The most effective placement of Maxeon C60 solar cells in a box measuring 420x250x800 mm.

The most suitable technology is a Smart Flower [2] for the first three criteria. To satisfy the fourth criteria, a
slightly different design of the panels must be chosen. The most effective shape of the panels for the arrangement
of Maxeon C60 solar cells is a square or rectangle, with the sides that are multiple to 125 x 125 mm cell
dimensions. The average output voltage of one cell is 0.5V, in cloudy days 0.25V. For a stable power supplying
of a 12V system, even in overcast weather, it will be required about 36-40 solar cells. The most optimal solution
is the deploying mechanism [3] with four rectangular panels with dimensions of 260x640 mm, on which 10 solar
cells can be arranged. With a relatively simple design and actuators, the coverage area of the solar panels
increases four times. Of course, the origami method [4] can execute magnifications of more than 20 times, but
to deploy such small area, it is necessary to use very thin panels that, even in conditions of slight windiness,
have weak stability.

SolidWorks software has been used to create and calculate the motion of the deployable tracking solar system
model (Fig. 2-5).

Figure 2. Fully deployed system

To store the system in the body of the UGV, there were made several structural changes, because the
occupied area has the highest priority. Compactness in length can be obtained by reducing the support stand,
but in this case we have to raise it in a pair with the movement of tracker axes. This compensation is necessary
because of the collision when lifting only one support stand. Such change decreases the length of the box 2
times.
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Figure 3. Support stand in unfolded position

The center of the clutch with the shaft located in the corner of the panel, so the folded panels should be
placed at angle of 12.72 degrees to effectively use the space in the box (Fig.4).

Figure 4. Solar system in folded position

As a result, we receive a box with dimensions of 410x220x750 mm, which is quite satisfactory for the
dimensions of the available UGV’s trunk.

For deploying system, it has been used compact DC motors with high RPM in pair with gearboxes based on
cylindrical and bevel gears. The wiring of the motors passes through the centers of the shafts of each execution
block. More detailed placement of motors, wiring and actuators is shown in Figure 5.

Figure 5. Location of motors, wiring and actuators

In result, developed solar system [5] has a number of advantages: portable, compact, energy efficient,
ecological clean, autonomous. A system of this kind can easily be applied into various areas of obtaining an
energy. In the future, it is planned to implement the system on an existing UGV.
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H.A. Ecmaramber, A.C. Omapos

OPTYPJIi TanckipMaJjaapabl opbiHaay yroriH SolidWorks-Te
KYH NOIyaKTapbIMeH TYCIiHAIpijeTiH OakbliIay >Kyiecin
3epTTey >KoHE JTaMbBITY

Kasipri yakpirTa anamcer3 xkep yeri keairinig (AZKYK) ysiniceis aBromarTsl Typie *KyMBIC icTey Moceseci
KOTepiIyne. DHEPrusgHbIH OajaMa TYpPJepiH maiiaJaHybl, aTan afTKaHIa, KYH, HETi3Ti HeMece KOCBHIMIIA
HOp Oepyiri XKylieslep peTiHe aBTOMATTHI TYP/Ie 2Kep/ieri pOOOTTHIH KOPIIYCHIH/Ia KY3€ere achIpyFra 00JIa bl
ITlekTeyn keHicTikKTeH KopIiycTa OapbIHINA BIKIIAM/IBI KYH TaKTAChIH KOHE aTKAPYIIbl MEXaHU3M/IEp-
Il OpHAJIACTBIPY KAXKET, Tarbl Ja KYH COyJeJiepiHe KATBHICTBI AIIIBIK, ITaHEJIbJIEePIiH Ka3bIKTBIFGIH THIMII
opHajacTeipy Kepek. Ocbl MakcaTTa KYH IIyaKTapbIMeH TYCIHIIpijgeTiH 6akbuiay Kyiteci TajgaHibl XKoHe
azipnenai. AZKYK aBromarTe! Typze THiMal 3apsiATay VIIH KYH SHEPIHsICHIH, XKacyllajaap, TaKTaJlap/IblH
KaXKeTTi caHbl ecenTered. TyCiHAIpLIETIH MeXaHU3MAEP/IiH KYpbLIbIMIAPbIHA TAHJAY >KACAJIbI. ATmma-
parTeiy, 3JI-Moneni KypbLiabl. KaxkeTTi KOHCTPYKIMSAIAPIBIH KO3FaJbICThI TaJIay HEridi >KoHe MOJEJbIiH
cuMyasiusicbiia ecenrey »Kyprizinai. [Ilekreyni kenicrikrer kasipri 6ap A?KYK zapsiaray xyitecin opHa-
JIacKaH Kepin Oimmipeni. Byzman opi 3eprreyain Ke3eH1epi aHBIKTAJIIBL.

Kiam cesdep: kyHaiK, 6akbinay, SolidWorks, apromarTts! xkyiiteci, A2KYK, mopraTtusTi, 6ajiaMaJibl SHEPTUs,
3/1-monenbaey.

H.A. Ecmaramber, A.C. Omapon

WNccnenoBanme m pa3zpadboTKa pa3BepTHIBAEMOI COJTHEYHOI ciiesiieii

124

cucrteMbl B SolidWorks 11 BbIIOJIHEHHSI Pa3/IMYHBIX 3a1aY4

B nacrosiiiiee Bpemsi mpobiiema 6ecriepeboifHO aBTOMATHIECKON pabOThl OECITUIOTHBIX HA3EMHBIX Allllapa-
roB (BITHA) ocobenno ocrpa. Vcnonbp3oBanne ajbTepHATABHBIX BUIOB SHEPIUHU, B YACTHOCTHU COJIHEYIHOIA,
KaK CHCTEMBbI OCHOBHOT'O WJIH JIOMOJTHUTE/ILHOTO MCTOYHWKA MUTAHWS B aBTOMATHYECKOM PEKUME MOXKHO
OCYIIECTBUTDH B KOPITyCe HA3eMHOr0 poboTa. B paMKax orpaHunYeHHOro IPOCTPAHCTBA B KOPILYCEe HEOOXOIMMO
MaKCHAMaJIbHO KOMIIAKTHO Pa3MECTUTh COJIHEYHBIE [TAHEJU Y MCIIOJIHUTEJIbHbIE MEXaHU3MBbI, & TAKXKe ILJI0C-
KOCTBb PACKPBITHIX TIaHEJIe OTHOCUTEIBHO COJTHEUHBIX JTyueit. /[jist aToro paspaborana u mpoaHaIn3upoBaHa
pa3BepThIBaeMas COJIHEUHAs CJIESINas CUCTeMa. PaccuuTaHo KOJIMYeCTBO HEOOXOAMMON COJTHETHON SHep-
ruu, si9eeK, naHeseit s apderrusroro 3apsina BITHA B aBromarmyeckoMm pexxkume. OcyinecTBiieH BEIOOD
KOHCTPYKIIMH pa3BepThiBaeMoro mexanmsMma. llocrpoena 3/I-momesn anmapara. Ha ocHoBe ananmmsa gBu-
JKEHUSI U CUMYJISAIAU MOJIEJIM [IPOU3BE/IeH pacdeT HeoOxoauMoii KoHCTpy K. OB03HAYEHO PACIIOJIOKEHHEe
cUCTeMBI J103apsiku B pamkax cyinectByiomero BITHA. Onpesesens! qajbHeIne sTamnbl NCCIe0BAHMSI.

Karoueswie caosa: connednast, ciensmasi, SolidWorks, passeproiBaemas, aBromarudeckas cucrema, BITHA
[IOpTaTHUBHA, AJIbTEPHATHBHAA dHeprus, 3/1-MonemmpoBanue.
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Calculation and modeling tracked mobile robot

Introduction and consideration of basic device of an unmanned ground vehicle (UGV). Determination
of the most significant characteristics for exploitation of UGV allows us to formulate the main task:
this is the most effective overall design. Analysis of design in the SolidWorks software package. This
work in its structure relates to mechanical problems associated with the task of mechatronics. This
area of research in mechatronics today is an actual and rapidly developing discipline. More precisely
we can attribute the tasks discussed in this article to the description of modular unmanned ground robot
with manual control.

Keywords: ground vehicle, caterpillar platform, calculation of electric motor, SolidWorks, hull, layout.9.

Introduction

Mechanisms and machines are an inseparable part of human life. The development of this field has led to the
creation of a complex and organized system of mechanisms interaction between themselves and environment.
For example, mechatronics, that was established in the 30-ies of twentieth century. Mechatronics combines
mechanics, electronics, designing (the main tool is the CAD system (computer-aided design)), programming.
Mechatronics allows us to answer the question: which construct of ground design is the most optimal and
effective for exploitation under different environmental conditions. The main research tool is the CAD software
SolidWorks. The SolidWorks software package opens up wide opportunities for research. SolidWorks allows us
to design three-dimensional objects, collecting them in an assembly of a certain construction. By means of extra
addittions such as SolidWorks Motion or SolidWorks Simulation, we can analyse design in a software-recreated
reality that is as close as possible to the required conditions.

Layout

The layout of the UGV is a functionally conditioned location of motor-transmission installation, power
supply, chassis, UGV systems and auxiliary equipment [1]. The layout can be general and private. General
layout determines relative positioning of robot’s elements, i.e. outlines how device will look. Private layout
defines the device and appearance of individual robot’s elements. The main task of the layout is to obtain the
most efficient design for given conditions. The best scheme of general layout of the ground vehicle has several
features:

— minimum unused internal volumes;

— the shortest way of transferring energy from engine to moving parts of machine.

Generally, ground vehicle on a caterpillar platform basically have same design, i.e. body, caterpillar prop,
which consists of a driving wheel, track rollers, sloth, balancers and, optionally, supporting rollers, suspension,
transmission and complementary modules, motors and mechanical connections between the elements.

Hull

The hull [2] is the basic component of caterpillar platform. Optimally selected body provides the most
favourable location of propulsion unit, internal components and additional modules, as well as convenient access
to the components. There are various forms of device hull, each of which has its own characteristics (Picture 1).
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Picture 1. Forms of the cross sections of hulls

The selection of material usually comes from relations price-quality (strength) -mass and from purposes
of appointment. Used materials can be divided into groups: metallic, non-metallic and combined. From metal
materials mainly used steel, aluminium. And from non-metallic - wood, fiberglass, plastic, HPL - panel, etc.

In the existing design were used HPL panels that were made of wood fibers that were pressed at high

temperature and pressure. Choice of this material was the most optimal by criteria of price and weight
(see Chart).
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Chart. Comparative chart by price criteria - quality (strength) - weight
Transmission and engine installation

Transmission (powertrain) - a set of mechanisms that match engine with its propulsion, as well as systems
that ensure work of mechanisms. Transmission is responsible for changing traction effort, speed and direction
of motion.

The main requirements for transmission:

— Providing high traction and speed;

— Simplicity and easeness of management;
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— High reliability of work over a long period of exploitation;

— Small mass and overall dimensions of mechanisms;

— Simplicity of production;

— Convenience in maintenance during exploitation and repair.

In ground mobile platforms mechanical transmissions are predominantly used. On such mobile bases, the
transmission elements are: a reducer, a chain connecting motor to shaft on which driving wheel is located, a
system of asterisks connecting chain to shaft.

The main component leading robot into motion is the drive. It includes an engine and devices that regulate
engine. Drives must provide a constant engine speed with variable load, a constant torque on motor shaft, high
precision of the components system included in the engine and much more. The drive significantly determines
structure, parameters and technological parameters of the robot. Main characteristics of the drive are: power,
velocity and performance of system, sensitivity to the control signal.

Drives are systematized according to type of engine, their number, availability and type of transfer devices.
At present time are used electric, hydraulic, pneumatic and other drives.

The main characteristics of electric motor are:

Electrical:

— Voltage Range (Recommended) is permissible range of supply voltages. The higher supply voltage, the
greater motor power and velocity of rotation. But if a certain voltage value is exceeded, motor will fail.

— Voltage (Nominal) is optimum voltage at which motor is able to rotate quickly and not overheat while
doing that.

— No-load current is current that motor consumes at idle.

— Stall current is current that motor consumes when shaft is blocked.

Mechanical:

— Shaft diameter is diameter of moving axis of the engine making movement.

— Velocity without load is velocity of rotation of motor shaft (number of revolutions per minute) at idle.

— Moment of force (torque) is a vector physical quantity that characterizes rotational action of force on a
solid body.

Motor has one of the significant characteristics, by quantity of which we can determine whether engine can
pull the robot, this is the moment of force. The engines for terrestrial vehicle were chosen according to the power
and thrust criteria. External DC collector motor, with integrated reducer, on permanent magnets, is designed
for connection any single-speed bicycles to the rear wheel, as well as for conversion to electric traction of other
vehicles: scooters, skateboards, wheelchairs, etc.

Specifications:

— Voltage (nominal) 24 volts.

— Power (nominal): 250 watts.

— Maximum power: 270 watts.

— Maximum efficiency of the wheel motor: 82.5 %.

— Maximum rpm: 360.

— The maximum velocity of an electric bike with an installed external DC collector motor depends on the
diameter of rim and is usually 18-25 km /h.

— Gear ratios: 9:62.

— 4 brushes 5.5x6 mm.

— Sprocket on 12-tooth.

— Hull: aluminium alloy.

— Overall dimensions: 130 x 102 x 134 mm.

— Weight: 2.2 kg.

— Length of power wires: 0.5 m.

— operational temperature: -25 C%/ + 45 CO.

So, we calculate power and moment of force of robot motor with a weight of 70 kg, maximum speed of which
is 2 m/s and the radius of driving wheels is 0,075 m.

First we need to calculate the acceleration:
v? — v%
2s

v =1 +2-a-s=a=

(1)
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where s is distance overcome by robot, a is acceleration, vg is initial velocity:

2—-0 2
a="—"="=0.2m/s% 2
2.5 10 / 2)
Using the basic equation of rotational motion’s dynamics, we find the moment of force:
2
m-g-r m-g-r-a a
— = M=—"— = —. 3
2 2 r (3)
I is moment of inertia, € is angular acceleration, g is acceleration of gravity (10 m/s), r is wheel radius, m is
the mass of entire robot:

M=TI¢l=

70-10-0.075-0.2
M = 5 = 5.25N/m. (4)
The resulting torque is distributed between robot’s motors, and it must be divided into the gear ratio of
transmission used.

Power required by engine is determined by formula:

P=M-w, (5)

w is angular velocity.

v v 2
w=-—=P=M-_=P=52 0 =U0W. (6)

Mechanical connections and parts of the device

Mechanical connections and parts include: split and integral connections, shafts, various fastenings and
supports, bearings and etc [3].

Connections are process of assembling a product from parts, assemblies, aggregates into a unit, holistic
mechanism. Connections can be separable, allowing disassembly of elements with subsequent restoration and
all-in-one, allowing analysis only under full or partial destruction.

The shaft Table is a part of mechanism that supports rotating components of mechanism and transmitting
torque. The axis is a detail of mechanism that does not directly participate in transmission of motion.

Table
Common types of shafts
Sign of shaft Scheme
Smooth 44 - J £
s | BB
Crank
Kneed
Cam g

(@ S flaga Co

Chassis

Chassis of platform is divided into a caterpillar prop and a suspension. The term «undercarriage» can also
be used.

Movement of the tank realises by means of a caterpillar mover consisting of caterpillars and associated
devices: footing and supporting rollers, driving and guiding (idler) wheel, a device for pulling caterpillars. The
suspension is composed of components that connect platform hull to axes of its support rollers. Suspension
includes springs, balancers and shock absorbers.

The caterpillar mover is a propulsion device, in which a pulling force is created by rewinding the belt. Mover
is a set of devices interacting with the external environment and creating an external traction force. In general
case, caterpillar mover consists of a driving wheel, footing rollers, supporting wheels, guiding wheels (idler) and
a caterpillar belt.
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Under the action of torque M, the driving wheels begin to rewind caterpillar belt, which create rail tracks
for machine and with the help of footing rollers the carrier system of machine moves along them (Picture 2).
The next component of chassis is the suspension.

1 2 M
= A
= i ; /
Q}ﬂﬁ & ﬁégi

\q}fﬁfﬁﬁf\q\ 3

5
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o 5 M
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1 — is idler; 2 — are supporting wheels (rollers); & — is the driving wheel;
4 — is caterpillar tape; 5 — are footing rollers; v — is velocity; M — is the torque

Picture 2. Scheme of caterpillar propulsors with rear
(a, b) and front (¢, d) arrangement of the driving wheel

Suspension is a collection of units, parts and mechanisms that connect robot body on a caterpillar platform
by means of axis of footing rollers. In general case each suspension’s assembly includes an elastic element
(spring), a shock absorber (damper), and a balancer.

Static stroke of roller is movement of footing roller vertically from position of fully unloaded elastic element
to the position of its loading under weight of the robot.

Dynamic stroke of roller is movement of footing roller vertically from static position to the stop in the
limiter of roller.

Full stroke of roller is movement of footing roller vertically from position of fully unloaded footing element
to the stop in the limiter of roller, is defined as the sum of static and dynamic strokes of roller.

A number of the following requirements are put forward to the suspension:

— ensuring maximum smoothness of the stroke under various road and ground conditions;

— have high reliability at various loads;

— the most convenient maintenance and repair, easy to install and dismantle.

In addition to mechanical part of the robot there is electronic one, which includes power and control. Thanks
to battery, the robot becomes «alives. And can perform its functions for some time.

So, what is a battery? The battery (Lat. Collector) is a device that stores energy for its further use. It is a
device inside of which occurs a chemical reaction, during which an electric charge is produced.

Let’s highlight the main characteristics of batteries:

— Construction (hull);

— electrochemical system;

— voltage;

— capacity;

— internal resistance;

— self-discharge current;

— life time.

Next significant part of the mobile robot is information management system (IMS) [4]. The IMS pursues a
number of aims, such that:

a) Transformation and perception of information about environment, as well as about the robot itself;

b) Based on the control program, command signals from control panel and information about state of the
robot and environment, development of the laws of executive device’s motion;
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¢) Transmission of signals to actuators and mechanisms of the executive system for purpose of robot’s
interaction with environment. In the base of the information management system is the management system
(MS), information and measurement system (IMS) and communication system (CS). Determination of robot
functions’ number mostly depends from its information management system, such as flexibility, positioning
accuracy, speed.

Modeling mobile robot in CAD Solid Works

SolidWorks is said to be software complex CAD for works automation of an industrial enterprise at stages
of design and technological preparation of production. It provides products development of any complexity and
purpose. It works in a Microsoft Windows environment (Picture 3).

Picture 3. Building a ground robot model

The very first step before creating a model is choosing the plane: right, front or top. Then, we can make a
sketch of the future 3D model, which is stretching out into solid body by «Piglet» tool. Sketch consists of tools
such as - circle, segments, splines, arrays, rectangle, line and much more.

In order to build a model of the hull, we must recreate model of each its parts, which in turn combined into
assemblies. And assemblies develop by combining into even greater, a complex assembly.

We created the hull model in several stages. First, we constructed separate components, such as armor of
the hull, consisting of a front top plate, a front middle and lower armored plates, a bottom, a rear armor plate
and side armor plates, driving wheels, shafts, sloths, rockers, support wheels. Which, subsequently, we combined
into one complex assembly

We interconnected the armored plates when using tools such as «Object Conversions», «Object Shifty, «Move
Objects».

Hull’s omplex assembly requires careful work, powerful support equipment, as well as software that is able
to provide stable operation of the program SolidWorks.
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H.A. Ecmaramber, A.H. Hypneucosa

HIbmxkeIp TaAbaH miaaTdopMachIHIAAFbI YTKBIP
POOOTTHI ecernTey »KOHE MOJIEJbJIey

Maxkasaa mminoresr3 xkepycri anmaparsiabiy, ([126A) merisri KypbuIFbLIAPEI KAPACTHIPBLIFAH. EH MaHbI3-
b1 Genriniepi anbikTadbn, [12KA nafinasany yiria 6acThl MiHIET KaJbIITACTBIPYFa MYMKIHIIK 6epe/ii, sFH
GapbIHINTA THIMII KaJI0bl KYpbUIbIM TabyFa. ABTopsapMmen KoHcTpyKimsiaap SolidWorks 6armapiamaiibik
KeIeHIHe TaaaaHabl. By 2KyMbIC KYPBLIBIMBL OOMBIHITIA MEXATPOHUKAHBIH, MiHIETTepIMEH OGallyTaHBICTDI
MeXaHHKa MoceJleJiepiHe »KaTajpl. Depiiren 3eprrey camacbl OyriHri Tagjaybl MeXaTPOHUKAJAFbl ©3€KTi
JKOHE JKBLIIaM JaMBbLIBII KeJle YKaTKAH MoH 00JIbiI ecenTestedi. Jomipek afTKanaa, 0Cbl MaKaJIala KapaJraH
MoceJIesiep/Ii KOJIMEH 0ACKaPBIIATBIH MOIYJIBI KEPYCTi pOOOTTHIH CHUIIATTAMACHIHA YKATKBIZYFa 0018 IbI.

Kiam cesdep: »)epycTi annapat, MIBIHXKbBIP TabaHIbl aJlaHbl, JIEKTPKO3FaITKeI ecenrey, SolidWorks, cu-
MYJISIIUsI, KYPaCThIPY.

H.A. Ecmaramber, A.H. Hypmeucosa

Pacuér u monenmpoBanne MOOMJIBHOTO
poboTa Ha I'yCEeHU4HOI njaTdopme

B crarpe paccMoTpeHo OCHOBHOE ycTpoiicTBo Gecnmornoro Hazemuoro amnapara (BITHA). Onpenenenst
HaunboJiee 3HAYMMBbIe UpU3HAKK I dKciuryaranun BITHA mossossiomume chopMyinpoBarh IJIaBHYIO 3a-
Jady — MaKCUMAJIbLHO 3 (PEKTUBHYO OOIIYI0 KOHCTPYKIINI. ABTOpaMy MpOaHAIU3UPOBAHA KOHCTPYKIIHS
B mporpammuoM komtiekce SolidWorks. /lannast pabora mo cBOeil CTPpyKType WMeeT OTHOIIEHWE K IIPO-
O6jeMaM MeXaHHKH, CBSI3AHHBIM C 33Jla9aMy MeXaTpoHUKU. JlaHHas 00/IacTh MCCIIeIOBAHUN B MEeXaTPOHUKE
Ha, CETOIHSIIIHAN JEeHb SBJISIETCST aKTYaAJIbHOM 1 OBICTPO pa3BUBAOIIEHCs UCIUILINHON. Bostee TouHO 3374~
91, pACCMOTPEHHBIE B JIAHHOW CTaThe, MOYKHO OTHECTH K OMHMCAHUIO MOIYJIBHOTO OECIIIOTHOrO HA3E€MHOTO
poboTa ¢ PYYHBIM YIIPaBJIEHHEM.

Kmouesvie crosa: Ha3eMHBIN allllapaT, I'yCeHHYHas I1ardopMa, pacdér ajekrponsuraress, SolidWorks,
CAMYTIAIUs, KOMIIOHOBKA.
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Mathematical layout model of coupling with
tangentially located ropes

The article deals with the results of mathematical modeling of layout coupling with tangentially located
ropes. Arrangement considered limiting geometric nature that must be considered when designing joints.
These conditions take into account the possibility of tightening fasteners, bushings opportunity neighborho-
od inner coupling halves, the possibility of relative rotation of the coupling halves, the lack of interference
of the outer and inner sleeves of the coupling halves, the absence of interference of adjacent ropes and
sleeves inner halfcoupling. As a result of research obtained mathematical expressions to be used in the
calculation of engineering couplings checking the basic conditions of their geometric existence. These have
been tested according to the design of the coupling, and the calculation results are checked by comparing
them with the results of construction and found a match. The results can be used in the design of the
coupling with the end of direct installation of ropes tangential location.

Keywords: mathematical model, layout, coupling, rope, load, gap, torque.

Introduction

Most of the parts and components of machines are complex structures, and their successful design is possible
only after a thorough study of the processes occurring in these units during their operation, and the development
of models for justifying their parameters based on new knowledge. At the same time, for many assembly units,
rational design is the result of a series of calculations performed by the method of successive approximation,
an example of which are the layout calculations e.g. when «implementing» gears in predetermined dimensions,
etc. [1]. The elastic couplings [2, 3], in particular those with rope elements, for which the design and verification
calculation methods have not been developed are not an exception, therefore further development of such
calculation methods and construction of appropriate mathematical models is an important task.

Analysis of previous studies on this issue, highlighting
the unsolved part of the problem

The authors of previous works [4, 5] proposed a new design of the coupling with an end-type installation
of ropes of tangential location. The coupling (Fig. 1) consists of two half-couplings - the inner (1) and the
outer one, which are connected by elastic elements (10), represented by ropes, each of being fixed by one end
metricconverterProductID14 in (14) in the pin (8), installed in the outer half-coupling (11), and the other end
metricconverterProductID15 in (15) in the pin (2) installed in the inner half coupling (1). The pins (8) and (2)
are passed into the axial holes (7) of the sleeves (6) and the holes (9) of the flanges (5) of the half-couplings (11)
and (1) and are tightened with the nuts (4) which are mounted on their threaded ends (3). The ropes (10) are
passed into the transverse grooves (12) of the sleeves (6) and the grooves (13) of the pins (8) and (2). The pins
(8) and (2) can be installed in their half-couplings (11) and (1) at different diameters which exclude interference
of adjacent sleeves of the outer and inner half-couplings. This feature makes it possible for the coupling to
perform safety functions, so that during overloading and pulling the ropes from the sleeves, the impact of the
sleeves fixed on the half-couplings (11) and (1) is eliminated and the driving half-coupling can continue to rotate
freely.
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Figure 1. Scheme of the coupling with end-type installation of tangentially located straight ropes

As a result of theoretical studies, the basic geometric constraints are determined and five conditions for
the geometric existence of couplings of the proposed design are formulated: the possibility of tightening fixture
elements, the possibility of «proximity» of the sleeves of the inner half-coupling, the possibility of relative rotation
of the half-couplings, the absence of interference between the sleeves of the outer and inner half-couplings, the
absence of interference between the ropes and adjacent sleeves of the inner half-coupling. These geometric
constraints also affect the loading of the coupling parts, but formulas for testing the last two conditions at
the design stage and the mathematical model of the actual layout are not obtained, which complicates the
process of designing couplings. Therefore, the purpose of this work is the theoretical justification of the features
of geometric and power calculations, the design of couplings with end-type rope installation and obtaining a
mathematical model that will simplify the work of the engineer during the layout of the couplings.

Statement of the main material

The design scheme of the coupling with end-type installation of tangentially located ropes is shown in
Figure 2. In its half-couplings at different diameters, the outer D; and the inner Da, sleeves (1) and (2) are
fixed, in which the ropes (3) are fixed, due to their tension the rotation from the driving half-coupling to the
driven one is transmitted. The main initial data for checking the specified conditions for the existence of the
coupling, in addition to the diameters of the sleeves location, are the diameters of the sleeves d; and the ropes
ds , as well as the angle of the installation displacement of the half-couplings ¢ - the angle between the radii on
which the sleeves of the outer and inner half-couplings that hold one rope are fixed. This angle can be adjusted
when mounting the coupling to the required limits. The value of the angle £ also affects the force parameters of
the coupling, therefore, due to the rational choice of the angle &, it is necessary to ensure minimum loading of
the coupling parts and its geometric existence within the limits of the indicated constraints.

Figure 2. Design scheme of the coupling with end-type installation of tangentially located ropes
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In order to obtain formulas that will test the two conditions mentioned above-the absence of interference
between the sleeves of the outer and inner half-couplings, as well as the absence of interference between the
ropes and adjacent sleeves of the inner half-coupling, it is necessary to consider a number of simple drawings
shown in Figure 2. Thus, the first of above mentioned conditions is the condition that there is no interference
between the sleeve of the outer half-coupling and the corresponding sleeve of the inner half-coupling, provided
there is a gap k3 between them. The condition is tested to ensure the shock-free operation of the coupling and
is described by the expression (1). Thus, the provision of this condition actually reduces itself to the calculation
of the distance h; between the axes A and C of the adjacent sleeves of the outer and inner half-couplings.

ks =hy —dy, ks> [A], (1)

where [A,] is expected radial misalignment, at which the coupling will be operable.

The second of these conditions - the absence of interference between the ropes and adjacent sleeves of the
inner half-coupling, is met when there is a gap k4 between them. The condition is tested to ensure the shock-free
operation of the coupling and is described by the expression (2). Thus, the verification of the provision of this
condition reduces itself to determining the distance ho between the axis C of the sleeve of the inner half-coupling
and the axis AB of the rope.

ky = hy — 05(d1 + dz), k4(24)mm (2)
To achieve this goal, let us first consider a rectangular triangle OPB for which we can write as follows:
D
PB = 0B x sin¢ = 72 sin &; (3)
D
OP:OBxcosfzgcosf. 4)
It follows from the rectangular triangle APB:
oo — @ - PB - 0,5D5siné B Dysing X (5)
992 = AP T OA—OP ~ 0,5D; —0,5Dscosé Dy — Dycosé
2
A=— ¢ 6
"¢ (6)

It follows from the rectangular triangle OSC:
D
CS=0C xsin\A = {sin)\; (7)

CSZOCXCOS)\:%COS)\. (8)

From the rectangular triangle ASC we can derive as follows:

tgos — @ _ cs _ 0,5D5 sin A _ D5 sin A _v. )
AS OA-0OS 0,5D; —0,5DycosA  Dj — Dycos\ k
Cosagzﬁ:OAfOS:O,5D170,5D2cos)\. (10)
CA CA CA
We introduce the substitution (11)
cosaz = ! L (11)

V1ttgRas V1+Y?
then

AS
hi =CA = e (0,5D1 —0,5D5cos \) X /1 +tg?a3 =0,5(D1 — Dacos\) X /14 Y2, (12)
3
From the rectangular triangle CDA, we can derive as follows:

a4 = Qg + Q3. (13)
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We introduce the substitutions (14) u (15):

P tgag +tgaz X +Y (14)
94_17tga2><tgoz3_lexY_ ’
t Z
sinay = ga4 = . (15)
V1+tg2ay, V1422
Then P
. lgay
ho =CD =CAsinay, =CA =h , 16
2 4 T ig%0, N T (16)
or finally

0,5(D1 —DQCOS)\) xV1I+Y2xZ
V1i+ 22 '

The obtained formulas (3)—(15) made it possible to derive the dependences (12) and (17), which can be
used in the design and layout of couplings in order to test the possibility of their geometric existence according
to the conditions mentioned above (1) and (2).

To illustrate the possibilities of applying the obtained formulas, let us consider an example of the layout
simulation for the following coupling data: the torque transmitted by the coupling is T = 500 Nm, the diameters
of the sleeves in the half-coupling Dy = 145 mm, Dy = 110 mm, number of ropes z = 8 pcs. In the design
calculation, the angle of the installation displacement of the half couplings, which ensures the minimum tension
of the ropes, was calculated from the previously [6] obtained formula (18).

hy =

(17)

D 110
&p = arccos D—; = arccos 7 = 40, 66°. (18)
After calculating the tension of the ropes according to the formula (19), the ropes were selected with a dimmer

ds = 3.8mm GOST 2688, with a breaking force of 8400 N, marking group 1170 MPa, the diameter of the sleeves
is taken to be d; = 24mm.

4T+/0,25(D3 + D3) — 0,5D1 D5 cos & (19)
o 2D Dgysin € '

The possibility of the coupling layout with accepted and calculated parameters is illustrated by the graph
(Fig. 3). With the use of the obtained formulas (1)-(19), the graph shows the influence of the angle of the
mounting displacement of the half-couplings £ for the gaps k3 and k4, as well as the tension of the ropes Fy.
Other conditions for the geometric existence of the coupling are met for any &, therefore they are not shown on
the graph.

Fy

40

30 N\
ZDK\ >

z

- Ki

= I

S o Fu

= 11 )

o= B

. = \\\t“‘—'\-’h .
8 _: 10 < o

E E \ = ~ L / N Ks
g =i 0 ~ -y

T2 ~L_| et

E5 o0 .

: v oo
= 20 Border of layout P

limits

—

5 I

5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80
Angle of mounting displacement of half-couplings &, degrees

Figure 3. Graph of the mutual influence of design and force parameters of the coupling
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The analysis of the graphs presented in Fig. 3 makes it possible to state that the interference between the
adjacent sleeves, as well as that between the ropes and the sleeves according to the conditions (1) and (2) is
absent at angles ¢ = 32°. The limiting layout parameter is the design gap ks, which only at the angle value
¢ < 32°) has the value which is greater than zero (this position corresponds to the vertical line of the border of
the layout limits on the graph).

Conclusions. To set in the model coupling the value of the mounting displacement angle £, calculated
according to the formula (18), which is optimal from the point of view of ensuring minimum rope tension, is
not possible due to interference between the adjacent sleeves of the outer and inner half-couplings. Therefore,
for a successful layout, based on the graph data (Fig. 3), it is possible to reduce the angle of the mounting
displacement of the half-couplings e.g. to a value of 25°. With this change, the load of the coupling parts will
change insignificantly, since the force of the rope tension when the angle & changes from 40.66° to 25°, which is
acceptable from the viewpoint of the layout, will increase by about 6%. Consequently, the research performed
and the model obtained make it possible to simplify the coupling layout characterized by the compactness and
the possibility of calculation automation.

References

1 Usanos M.H. eranu mamun / M.H. Usanos, B.A. ®unorernos. — M.: Beicu. mk., 2008. — 408 c.

2 Tlonaxkos B.C. Cupasounuk no mydram / B.C. IHoagxos, 1.J. Bapbam, O.A. Paxosckuii; on pen.
B.C. IossikoBa. — JI.: Mammunocrpoenune, 1979. — 344 c.

3 Manamenko B.O. Mydru upusoxis. Koncrpyknii ta npukiagu pospaxyskis / B.O. Manamenko. —
JIbBiB: BumaBHUIITBO HAIliIOHAJILHOTO yHiBepcuTeTy «JIbBiBChbKa mosiTexnikas, 2009. — 208 c.

4 TIpomuenko B.O. l'eomerpuuni ymoBu icHyBaHHSI MydTH 3 TOPIEBAMU KAHATAMU TAHTEHIHAIHLHOIO PO3Ta-
mryBauns / B.O. IIponenko, M.B. Babiit, O.10. Kiiemenrnesa // Haykosuii BicHuk XepcoHCHKOI 1epKaBHOL
MopCBKOI akaemil. — Xepcon: Bugapaunrso XJIMA. — 2015. — Ne 1(12). — C. 240-246.

5 IIpomenko B.O. ['eomerpudsi Ta cuioBi mapaMerpu My(TH 3 TOPIIEBOIO yCTAHOBKOIO KAHATIB TAHT€HIIi A b
noro pozramysanug / B.O. IIpouenko, B.O. Hacracenko, O.10. Kiementnesa // ITigiioMu0-Tpanciopraa
rexuika. HaykoBo-rexniunuii Ta Bupobumunii »xypuast. — Ojgeca: IHTEPIIPIHT, 2015. — Ne 4. — C. 53-59.

6 IIponenko B.O. Brums KoMIoHyBaHHs My(TH 3 TOPIIEBIMHI KaHATAMU TAHTEHIHAJIBHOTO PO3TAILYBAHHS
Ha cuioBy B3aemozio i1 esementis / B.O. Ilponenko, O.10. Knemenrsesa // Haykosuii Bicauk HJITY
Vkpaiuu. — JIpsis: HIITY VYkpainu, 2016. — Bum. 26.1. — C. 292-397.

B.A. IIponenko, M.B. Babwuii, B.A. Hacracenko, O.FO. Kinemenrnesa

Apkangapbl TAaHTreHINAJIALI OpHAJAcKaH MydTa OeJInIeKTepiH
KYPaCTbIPYIbIH MaTEeMAaTUKAJIbIK MOJEJIi

MakaJsiaga TanreHc GOMBIHINA OpHAJACKAH OETTIK KYPBLIBIMIbI KAHAT I€H My(dTa KYPbUIBIMBIHBIH MaTe-
MAaTHKAJbIK, MOJIE/bEY HOTHKEC] YCBIHBLIFAaH. 3epPTTey HOTUKECIH/IE OChI 9CEP/IiH BIKIIAJIbI AIBLIFAH YKOHE
OJIAP/IBIH T€OMETPUSIIBIK, 6ap OOJIYBIHBIH HETi3Ti MapTTapblH TEKCepy OapbICHIHIa My@dTaAJIapIAbI KoOAIAI
ecelTel KoJIJIaHy YIIH MaTeMaTHKAJIbIK 6pHEKTep ajblHraH. ChIPTKBI YKOHE 1IIKi 2KapThUIail Mydrasapiabiy
TBHIFBIHIAPBIHBIH, MHTEP(EPEHIUSIAPBIHBIH, OOJIMAWTHIHBI, COHBIMEH KAaTap IIIKi YKapThlaail MydTaaap/IblH
apaJIbIK, THIFBIHABLIAD MEH KAHATTAPIBIH, HHTEP(MEPEHITUSIIAPBIHBIH O0IMANTHIH KAFIANBl KAPACTHIPHLIFAH.
Mydranb! kobasiayian KeiiH Toye IiJIiKTep aJibIHFaH, COHJIali-aK, ecenTey HOTHKeepl Kypy HOTHUKeJepi-
MeH CaJIBICTBIPBLIBII JYPHIC €CENITE/ITeHIHE KO3 YKETKI3IIreH. AJIBIHFAH HOTUXKEIEP TaHTeHC OOMBIHITA OpHA-
JIaCKaH OETTIK KYPBLIBIMIBI TY3y KaHATTHI My@dTaJIapabl 2K00aIay YITiH KOJIIAHBIMBIH Taba ajIajibl.

Kiam ceadep: MaTeMATHKAJIBIK, MOJIE/Tb, KYPACTBIPY, ChIPTKBI YKOHE 1IIKi 2KapThliail MydTajiap, KAaHAT, KYK,
CaHblLIIay, Me3eT.
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Maremarudeckasa MOJdeJIb KOMIIOHOBKN My(bTbI C KaHaTaMM
TaHTI€eHIINAJIbHOI'O PaCIIOJIO2KEHM A

B crarbe mpencraBieHbl pe3ysbTaThl MATEMATHIECKOTO MOJIEUPOBAHUST KOMIIOHOBKM MYy(T C TOPIIEBO
YCTAHOBKO} KQHATOB TAHI€HIIMAJIBLHOI'O PACIIOJIOXKEHNUsI. B pe3ysbraTe BBIIIOJIHEHUS UCCIIEI0OBAHNN PACKPbI-
TO 3TO BJUASHUE U TOJYIEHbI MATEMATUUYECKUE BLIPAYKEHUS JIJIS UCIOJIb30BAHUS HPU HTPOCKTHPOBOTHOM
pacyeTe MydT U IPOBEPKE OCHOBHBIX YCJIOBUIl UX T€OMETPUIECKOTO CYIIECTBOBAHUsA. PacCMOTpEHBI CIydan
OTCYTCTBUSA UHTEP(EPEHIINH BTYJIOK BHEIIHEN U BHYTPEHHEN MOIyMydT, & TAKKe OTCyTCTBU UHTEP(EPEH-
MM KAHATOB M CMEXKHBIX BTYJIOK BHYTpeHHeH moyMydThI. [loyueHHbIe 3aBUCHMOCTH alTpOOUPOBAHBI TIPU
MIPOEKTUPOBAHUN My(THI, & PE3YIbTAThI PACIETa [0 HUM CPABHEHBI C PE3Y/IHTATAMU MOCTPOECHUS U ITOKA3a~
J coBIiajieHue. /laHHbIE Pe3y/IbTaThl MOI'YT OBITH MCIIOJIB30BAHBI IIPU IIPOEKTUPOBAHUU MYdT C TOPIEBOI
YCTAHOBKOI IPSMBIX KAHATOB TAHT'€HIINAJILHOTO PACIOJIOXKEHUS.

Kmouesvie caosa: maTreMaTHdecKasi MOJIEJb, KOMIOHOBKA, BHEIHSsI M BHYTPEHHsIsI MOTyMyQThI, KAHAT,
Harpy3KH, 3a30p, MOMEHT.
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