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MATEMATUKA
MATHEMATICS

VIIK 517.9 (574)

M.C. Aitrenosal, I'III. Uckakosa?, K.K. ®aspiios®

! Kapazandumcrut sxornomueckuti ynueepcumem Kaznompebeowsa, Kaszazcman;
2 Kapazanduncrkuti zocydapemeennuiti yrueepcumem um. E.A. Byxemosa, Kazaxcman;
3 Pezuonasvhoud kyavmypro-obpasosamesviod yenmp, Mopden, Kanada
(E-mail: abibekove@mail.ru)

OO0 orienke cBepxy (PYHKIMHN pacnpeiesIeHu

IIpu n3yvyeHUn S/IMNTUYECKUX OIIEPATOPOB BO3HUKAET HEOOXOINMOCTH MCCIEJOBAHUS BJIOXKEHUS BECOBBIX
npocrpancTs CobosreBa B mpocrpascTBo Jlebera. CyIecTByer psi/i INCIEHHBIX XaPAKTEPUCTUK JJIsI JAHHBIX
BJIOYKEHUHN, OMHOU M3 KOTOPBIX SIBJISIOTCS AIIPOKCHMATHBHBIE YnCjia. B craTbe J0oKa3aHa OIEHKa CBEp-
Xy (DYHKIMU paclpeieieHns] AllPOKCUMATUBHBIX YHUCEeJI BJIOYKeHHsI BecoBoro mnpocrpancrsa CobosieBa B
npocrpaHcTBO Jlebera. PaccMoTpeHbI OCHOBHBIE OIpeJIeJIeHNs, CBSI3aHHbIE C IOHATHEM (DYHKIUUA PacIpe-
JeJICHUST allIPOKCUMATUBHBIX 9HCEJI, U I 9TONH (PYHKIIMK TOKA3aHBI OIIEHKH COOTBETCTBYIOIIETO OIIEPATO-
pa BiIOXKeHUsA. JIaHHBIN pe3ysbTaT MOXKET OBITH IPUMEHEH B MCCJIEJOBAHUU CIEKTPAIbHBIX CBOWCTB CaMO-
COTIPSI?KEHHBIX TU(PDEPEHINATBHBIX OIEPATOPOB.

Kmouesvie caosa: ammpOKCUMATUBHBIE YHC/IA, (DYHKIUST PACIpPEIe/IeHNs], XapaKTepUCTUIECKUN pasMep,
npoctpaucTBo CobosieBa, MPOCTPAHCTBO Jlebera, OTKPBIThIE KyObl, BecOBast (DYHKITHSI.

Beedenue

B pabote jsaercst oleHKa cBepxy (byHKIMH PaCHpPeIesIe s alllPOKCAMATUBHBIX IUCEJT BJIOXKEHUST IPOCTPAH-
1
cta W, (v) B Ly.
Ipusesem ocuosuble onpenenenus u obosnadenus. depes Wi (v) Gysem 0603HAYATH HOMOIHEHIE % (R™)
6eckoneuno nuddepeHupyeMbix GUHATHBIX QYHKIWI B R” ¢ 3aJaHHOIl CJIeIyIoIIeil HOpMOIi:

1/p
||U||W£(v) = (/Vzu|pv—|—/|u|pv) . (1)

3aech v — mourH Berojy mosoxkurenbHas dyaxiumsa uz L(loc) = Li(loc); 1P € L(loc); p' = L=

l<p<ool>n
1/2

V| = Z | D . D% — $
s ’ R M

o=l "

L,, Ly(loc) — neberoso mpocrpamcrso dyukumit L,(R™) ¢ nopmoit

ol = ( / |updt)1/p. @)

R™ — n-mepHOe BeIecTBEHHOE eBKJINIOBO ITPOCTPAHCTBO.

8 Becrnuk Kaparanmuackoro yHuBepcuTeTa



006 orerke cBepXy PYHKIUH. ..

Mycrs L(X,Y) — nOpocTpaHcTBO JTUHEHHBIX HENPEPBIBHBIX OIEPATOPOB, ACHCTBYIONMX U3 6AHAXOBOIO IIPO-
crpaHcTBa X B 6aHAXOBO IMMPOCTPAHCTBO Y.
N — annpokcuMaruBabIM ynciaoMm oneparopa A € L(X,Y') HaspiBaior cieyoriee qucio:

an(A) =infr||A—- K],

rze inf Gepercs 110 COBOKYIHOCTH BCeX KOHeUYHOMepHbIX omeparopoB K € L(X,Y) pasmepuoctu < N. 3nech
ap(A) — mopma oneparopa A.

Pacemorpum npocrpanctsa X, Y ¢ coorBercrByronmu HopMaMmi ||ef -, [[e||y. ToBopsr, uro X Bioxkeno B
Y (zamuce X —Y), ecoim X C Y u cymecrsyer Takast nocrosiuas C' > 0, 1ro

lzlly < Cllz]lx, VvoeX.
IIpu sTom orpanmdennsiit omeparop E : X — Y, rne Fx = x, Ha3bIBAIOT ONEPATOPOM BJIOXKEHUSI.
Ocrosnotl peayavmam

IIycrs E : Wzl) (v) — L, — onepaTop BJIOXKEHHUs IPOCTPAHCTBA WZZ)(’U) B L,.
IMonoxum N (A, E) = Zak(E)>)\ 1,(A>0), tme N (A, E) ectb dhyHKIMsI pacupeieseHus] allpOKCHMATHB-
HbIX gnces ay (E) . Yepes I™ Gyzem 0603HAUATH COBOKYITHOCTh OTKPBITHIX KyOOB BUJIA

Iycrs |E| — neberosa mepa E C R™. Heorpunarenbuyio dyukimio v € L (loc) Ha3BIBAIOT BECOM.
Bec v na R™ yuoBnersopsier ycioBuio Ay, (3ammcs v € Ay), ecau cymecryior takue §, 7 € (0,1), 9ro ajis

Beex () € I™ ppmoHstercs: HepasercTso [v < 7 [ Qu, Kak Tosbko e C @, le] < 46Q).
e

IIycrn
d(z,v) = supgso{d: My, (z,dv) <1}, (3)

1/p' 1/p
M, (z,dv) = d'~" (/ Ul_p/> (/ v) (4)
Qa(z) Qa()

1/p’
K (,d) = d="/" </ > ' (5)
Qa(x)

IIpumenss nepaBencTso L'ebiepa, mosydanm
A P 1/p
M, (z,dv) = d'~" (/ VP > (/ v) > d.
Q Q

1= supgoo{d: d <1} > sup, o {d: My (2,dlv) <1} =d(z,v).

rae

Orcrosia cripaBejinBoO

B naspneitimum yepe3 Q(x) 6yuer obosnadarses Kyd Qg (x) upu
d=d(z,v).

Bynem cuurars, 4To Becosas napa (v,v) Ha R™ ynosiersopsier yciaosuio I, | orHOCHTENbHO PYHKINK (3AIUCH
(v,v) € II,,;), ecim cymecTByeT mojoXkuTebHas Gyuxknus d(z) na R" Takas, uro mia  : My, (x,dlv) > 1.
Paccmorpum A-xapakrepucrudeckuii pasmep S(A, ), oupenenenustii qyia VA > 0 u 2 € R™ ciemyromum paBeHc-
TBOM:

S(A\x)= iglg{d K (z,d) < A} (6)

st manbHeRIero BbIYUCIeHNsT HAM HYKHBI OYJIyT CJIEIYIONINE JIEMMBI.
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Jlemma 1. CripaBe/IMBbI yTBEPIK ICHAS:

a) Ilycrs 0 < d (z,v) <00, 0<ec<1, 0<c3 <1—c Torma c1d(x,v) < d(t,v) st € cQ(x).

b) Iycrs 0 < S(A,z) < 00, 0 < ¢ <1, ¢ = (1+¢)"". Torma S(eiht) < (1+¢)S(\xz) as
tecQq(z), d=S(\ ).

Hoxasamenvcmso. } . .

a) Honoxum d = d (z,v) ud = (1 — ¢) d. Torga xky6 Qg (t) C Q s moboro t € cQ = cQj(x).

U3 s1ux paBencrs u ¢opmydibt (4) cupaseiiuBo, 9ro:

1/p' 1/p
My (z,dlv) =d'™" / i / v] <
Qal(t) Qa(t)
. A VP 1/p _
<(1—¢)f d </~ vlp) </~ v) <(1—¢)"M,, (x,d|v) <1
Q Q

Orcrona nmeeM, uro d (t,v) > d = (1 —c¢)d = c1d (x,v) .
b) Iycre d* = S (A, z) u Q* = Qqg+. Torma xy6 Qg (t) D Q* s moboro t € ¢Q*u upu Beex d > (1 + ¢) d*.
Caenosarensro, n3 dopmya (5), (6) 1 13 cKA3aHHOTO BBIIIE UMEEM

(K (z,d))” =d*» " / vlp12<d>lp/_n(K(a:,d*))p/>

d*
Qal(t)
> (1L+0)P ="\ = (e N

Orkyna caexyer Tpebyemast onenka S (ci\,t) < (14 ¢)S (A, x).
Jdemma 2. Ilycrs BecoBas Gyuxmusa v € Ao, My (x,dlv) > 1,Q = Qq = Qq(x). Torma cupasemso
HepaBeHCTBO

ol < e (o) [ s [ uPv) we G (@) )

riae ¢ > 0 "He 3aBucHT OT X u d.
Joxasamesvcmeo nemmsl 2 npusenero B [1]. Ilycrs v € II, ;. Beegem cuemyiomue MuOXKecTBa 2y, QN

Qy = {z: S\, x) <d(z,v)},Q ={z: S\, x) > d(z,v)}.

Paccmorpum BeiomoraresbHyio Teopemy:
Teopema 1. CymiecTByeT MOCTOSTHHAS ¢ > 1 TaKasi, 9TO IPU BCEX € > €y CHPABEJINBA OIEHKA

dt
N (A E) < C/QC’A m, (8)

rae Qe ) = {x 0 S (c_l)\,t) < cd(t,v)}.
Joxazameavcmeo Teopembl BbITeKaeT u3 jeMMbl 1 (cm. [2]).
Teopema 2. Ilyctb v € Ay B YJOBIETBOPSET CJIEILYIONAM YCIOBUSM:
1. Cymectyer L < 0o Takoe, 9To jist oboro Q € I™ crpasemBo

1 ,
—/vl_p < L < o0.
QJq

2. s moboro R > 0 cymecrsyer € > 0 Takoe, 9TO

1/ -
— [ v <eg,
QJq

kaK ToJbK0 Q C R™"\Qr (0). Torma cymecrByer noCTosiHHAsL o > 1 Takas, 4TO OPU BCEX ¢ > Cg CIPABEIJIABA
OTIeHKA

NNE)<eA T |{z: K (z,cd(z,v)) > A} (9)
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JZoxazameavcmeo. Tlyers v yaosaersopsier yciaosuio (1). Torma mia Q = Qg4(x) u uz dbopmynst (5) umeem

1/p'
K (z,d) = d—/" / o7 < Ld,
Qa()
OTKY/Ia CJIeJlyeT OIEHKa
1
S\ xz)=sup{d: K (z,d) <A} >sup{d:Ld <A} =(L7'\)". (10)
d>0 d>0
B cumy onpezenenns (6) st 06oro gucsia ¢ > ¢ nMeeM
Qo e={z:S(c'\2) <cd(z,v)} C{z: K (z,c1d(z,v)) > A}. (11)

Yuntesasg (10) u (11), n3 Teopems! 1 BEIBOIUM TpeGyeMyIo OIEHKY

_n
1

N\ B) < c/ S (eIt de < (L) 0 o = eod T {a s K (2, end (2, 0)) > A},

Qc,)\

rae co = L',
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Tapary yHKIMSICHIH >KOFapbLJaH Oarajiay TypaJibl

DJLIUTICTIK omepaTop iapasl 3eprrerer e caamakTsl CoboseB Kenicriria Jleber kenicririne enrizyzai seprrey
KarkeT. Byt enrizysi asy yiria Gipkarap caHIbIK, cunaTraMaJap 6ap, cojapabiy 0ipi — »KybIKTay CaHIaphl.
Makasaga caamakrsr CoboseB kenicririn Jleber KeHicTirine eHrisy/ iy »KybIKTay CaHIaPbIHBIH TapaTy OyHK-
[USICBIH >KOFapBIIaH barasaybl mostesaenren. 2KybIKTay CaHIapBIHBIH TapaTy (PYHKIUSCHI TYCIHIKTEpiMeH
OailJIaHbICTBI HEri3ri aHbIKTaMaJjap KoHe OCbl (DYHKIUsLIap YIIiH CONKeC eHri3y oIlepaTOpbIHLIH OaraJjia-
ybI KOpCeTiJireH. AJIbIHFAH HOTVKEHI e3iHe-031 Tyiinaec auddepeHIaIIblK OnepaTopIapIblH CIIEKTPJIIIK
KACHETTEPIH 3epTTeye KOIIAHY MYMKIH.

Kiam coe3dep: XKybIKTay canuap, Tapary (QyHKIUSACH], cUIarTaMaJiblk Mesmep, CoboseB kenicriri, Jleber
KEHICTIri, ambIK Ky0Tap, CAJIMaKThl (DYHKITHS.

M.S. Aitenova, G.Sh. Iskakova, K.K. Fazylov

About upper bound of the distribution function

It is necessary to study Sobolev’s weighting space embedding into the Lebesgue space in the research of
the elliptic operators. There exist a number of numerical characteristics for such embeddings. Approximate
numbers are one of them. An upper bound of the distribution function of the approximate numbers of
Sobolev’s weighting space into the Lebesgue space is proved in this paper. Basic definitions related to
notion of the distribution function of the approximate numbers are considered by us. Estimates of the
appropriate embedding operator are obtained for this function. The result obtained can be employed in the
study of the spectral properties of self-adjoint differential operators.

Keywords: approximate numbers, distribution function, characteristic size, Sobolev’s space, Lebesg’s space,
open cubes, weighting function.
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Estimations of the best M-term approximations of functions
in the Lorentz space with constructive methods

This paper considers the Lorentz space of periodic functions of many variables with the anisotropic norm, of
functional Nikol’skii-Besov’s class and of the best M-term approximation of function. We have established
sufficient conditions for the function to belong to one of the Lorentz spaces in another. We obtain upper
and lower bounds for the best M-member approximations of functions from the Nikol’skii-Besov class in
the anisotropic Lorentz space To prove the upper bound, we used a new constructive method developed by
V.N. Temlyakov.

Keywords: Lorentz space, Nikol’ski-Besov class, the best M-term approximations, approximation, sufficient
conditions, estimate.

Introduction

Let Z = (21, ...,xp) € R™, I'™ = [0,27)" and numbers 6}, ¢; € [1,+00), j = 1,...,m. Let L2§ (I™) denotes
the space of Lebesgue measurable functions f () defined on R™ with the period 27 with respect to each variable
such that the quantity

27 o 4 2m 9, 01 3—? 8:3:1 —
Hf”;kjﬁ = / to" |: .. [/ (f*h...,*m (tl, ...,tm)) tl‘?l dt1:| .. :| dtom, )
0 0

is finite, where f*1*m (t1,...,ty,) is a non-increasing rearrangement of the function |f (Z)| in each variable z;,
whereas the other variables are fixed [1].
In case when the ¢y = ... = ¢,, = 01 = ... = 0,,, = q, the space of Lorentz L; 5 (I™) coincides with the space

of Lebesgue L, (I"™) with the norm ([2], Ch. I, item 1.1)

2m 2m
Il fllg = [/0 /0 |f(x1,...,xm)qd:c1...dmm1

Let ng (I"™) be the set of all functions f € ng (I"™) such that

Q|-

2w

/f(f)dxj:O, Wi=1,..,m.

0

For any function f € Ly (I™) = L (I™), let

Z az (f) e!tnm

ez

be function’s Fourier series with respect to the multiple trigonometric system {e“ﬁ*ﬂ}zm, where Z™ is the set
of points in R™ with integer coordinates.
Suppose

HD= Y an(f) e,

nep(s)
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m

where (7, ) = Z yjx;, s; = 1,2,... and

§)={k=(ki,...km) €Z™: 297" <|kj| <2%,j=1,...m}.

For a number sequence, we will write {az};cpm € lp if

1
Pm oy

P2

00 0o P1 Pm—1
|{am}sezm = Z [ Z an|p1] < 400,

N =—00 ni=-—00

Pm

where p = (p1,...,pm), 1 <p; <400, j=1,2,...,m

The spaces STH and STGB of functions with the dominating mixed derivative were introduced by
S.M. Nikol’skii [3] and T.I. Amanov ([4] Ch, item 17). The spaces SpH, S; 4B are called Nikolski-Besov’s
space, or, sometimes, Nikolski-Besov-Amanov’s space.

P.1. Lizorkin and S. M. Nikol’skii [5] investigated a decomposition of elements of the space S;@B. We will
use their definition.

Let 7 = (r1,...,Tm), 75 > 0,7 = 1,...,m, 1 < p,0 < 4o00. Suppose S;’HB is the space all of functions

fe L* 5 (I™) such that

1
2 2
Hf”S’” B = [/ / HAk |9H 1+9T < +00,

le

where Ai:“f(a_c) = Afm(Afllf(:f)) is the mixed difference of order k with step ¢ = (t1,...,t,,) and k; > rj,
j=1..m
In [5], it is given that the function f € S;,QB can be decomposed into Fourier series in the following form

Z az (f) €.
TeZm [T/, ny#0

Moreover, it is known (see [5]) that || f]

s7 B is a norm and
D,

S

1fllsr = 3 2 267 55 ()

sezm

provided 1 < p < +00, 1 <6 < 400.

(o)

Therefore, in the anisotropic Lorentz space L; g (I"™), we will consider an analogous space. Suppose Sf

denotes the space of all functions f € L;E(I ™) such that

s, o= |[{2szg) [ <o
P,0 ’ sez =

where p = (p1,...,0m), 0 = (01, ,0m), T = (T1,...,Tm), 1 <pj < o0, 1 <; <o0o,1<7; <400, 7 >0,
j=1...,m
In this space, let’s consider the unit ball (with keeping the notation)

£l

7o — % - — &7 18- *_
S {fepr "l H{2 152 ()53},

For a fixed vector ¥ = (y1,...,Ym), 7 >0, j=1,...,m, set

QL= Upyenp®), T(Q)) = {t@) = Y bre'™7},
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m
Ym(ﬁan): 32(817"'78771)623}:28]-’7]-2”
j=1

Let X,Y be spaces with the norm of 27-periodic functions of several variables. For a function f € X the
following quantity is called the best M-term approximation of f [6-8]:

M
— inf . b i</}(j),£>
eM(f)X ];:(ljr)l,b]‘ Hf Zl ;€ ||X7
j=
where {k( )}jle is a system of vectors k() = (kzy ), ey k’%)) with integer coordinates and b; are arbitrary numbers.
For a given class F', let

em(F)x =supep(f)x-
feF

In the case X = Lo, the quantity eps(f)r, for a function of one variable was introduced by S.B. Stechkin [6] and
it was used in a criteria for an absolute convergence of Fourier series by complete orthonormal systems. Order
estimations of the quantity e/ (F)x were investigated by R.S. Ismagilov [7], B.Ye. Mayorov [8] (for X = L,,
one-dimensional case), E.S. Belinskii [9-11] (multi-dimensional case in the case Y = L,(I™),X = L,(I™),
F = W}), V.N. Temlyakov [12] (in the case Y = L,(I™),F = H}), A.S. Romanyuk [13, 14], R. De Vore and
R.A. Devore [15], V.N. Temlyakov [16] ( in the case Y = L,(I™), F = B} 5), Dinh Dung [17]. We should note
that B.S. Kashin [18] established an estimation of the quantity eps(f)x in the case X = Lo by orthonormal
systems. The latest results in this direction can be found in [19-21].

In particular, the following theorem is well known.

Theorem 1 (A.S. Romanyuk [13]). Let 7 = (ri,...,7m), 0 <7 = .. =71, < 1pp1 < oo < Ty,
1<p<2<qg<+oo,and 1 <0 < +o0.

1) If ry > J then

ext (S5.9B), = M~ ("*373) (log M)

2)If%—%<r1<%,then

_ (=D w-1)(r-1+2 1) ;
(Vs (S;-VGB)q = M_%(rl—i_%_%) (logM) ( ! >+
) Ir = %, then

L
7

e (S9B), = M™% (log” M) 7",

where a; = max{a,0}, } + bi, =1

Here log M is the logarithm with the base 2 of M > 0.

V.N. Temlyakov [22-24] developed a constructive method of estimation of the M — term best approximations
of functions of the Nikol’skii-Besov’s class S;,TB in the space Ly(I™) in the case 1 < p < g < oo. This method
is based on greedy algorithms.

The main goal of the present paper is to find the exact order of the best M-term approximation of a function
in the class S; é,;B in the Lorentz spaces with anisotropic norm in the case 1 < p; < ¢; <2, j=1,...,m, and
in the case 1 < p; <2< g <00,j=1,...,m, to give a constructive proof for an upper bound for the quantity
EN (S;é)-j—B) Ljﬂf'

Let us denote by C(p, q,r,y) positive quantities which depend on the parameters in the parentheses, which
are, in general, are distinct in distinct formulas. A (y) < B (y) means that there are positive C, Cy such that
Cr-A(y) <B(y) <Ca- A(y).
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S.1. Auziliary results

To prove the main results, we need the following auxiliary results.
Lemma 1 [25]. Suppose a € (0, +00) and ¥ = (71, ...y Ym ) y = ('y;, ...,%’n) ,0=(01,....,0,), 0; € [1,+00),

j: L.,m,1 =7 = =T < Yot < < Y, 1 :’Y_; =% ] =1,.,7 and 1 :7; < 7]7,7: v+1,...,m
Then the following relation holds

g B
l9

[

Remark. For the case ; = ... = 0,,, Lemma 1 was proved by V.N. Temlyakov [12]. In what follows we
denote by X,.(n)(5) the characterlstlc function of the set »(n) = {5 = (s1,...,5m) €ZT' : (5,7) = n}.
Lemma 2 (|25], Lemma 2.3 and [26], Lemma 4). Let 7 = (71,...,7y), 1 < 7; < 400, and j = 1,...,m. Then

the following relation holds
o

H{X%(n)(g)}§€%(n) _=n=", neN
Theorem 2 [27]. Let p = (p1,-sPm), T = (q1, -y qm), T = $7’1,-~-,7'm), 6 :1(91,.1..,9m), T = (Tl,...,le),
1§pj<2<qj,l7:1,...,m,1§t9j,7'j<—|—c>o,()<7’1—+-q—1—p—l:...:7"1,—|—q—y—p—y<r,,+1—|—m—py+1 <
..§Tm+q1 fpi.
1) If r; >p%_,j:1,...,m, (rl—p%)é<(rj—p%_)q%,j=1/+1,...,m, then
_ rpdod -0 (n-F+1)+ 5 (3%
enm (S;,B) = (i )(logM) ( D)
P07 /.0
2)Ifi——<r =0, <T5,7=1 (ri— )L <(r;j— )L j=v+1,..,m, then
Pj J e ’ P17 q; J pila? LR
_ —A) S A+ 3
eM (51773) ,xM_q'Tl(“J“al m)(logM)ql< pl)jﬂ": i=27;
p,0, 7 7,0
W Uv<p rj=-,j=1..,pand r; > -~ j=p+1,..,m, then
noo
e (SFf B) =~ M2 (logM)j;Z
M50 )50

Theorem 8 [25|. Let p = (p1,..e,Dm), G = (q1, s @), 0D = (0%1),...,0%)), 62 = (0?),...,97(5)) and
1<p;<g <+oo, 1< 9§1)79;2) <400, j=1,.m If fe L,e(l)(Im) and the quantity

0(2) 6(2) 1

- 5m 03 (L 5107 (L - L » 9?)@?7” popd B3
o) =4 3 2ot [ 2 (16l ) |

Sm=1 s1=1

is finite, then f € Li§<2> (I™) and
||f||:;_’67(2) S O(pa Q79) : U(f)

S. 2. Estimates of the best M —term approximations of functions

Theorem 4. Let1 < q; <2<p; <400, 1<8;,\j <+4o0,j=1,..m. If f e L;G—(Im), then

92 Om 1

715> Clat.pm{ 3 oo [L[30 22 G (16nlys) "] ]}

Sm=1 s1=1

16 Bectnuk Kaparanmauickoro yHuBepcuTeTa



Estimations of the best M-term approximations...

Proof. Firstly, we will prove the theorem for the case p; = /\5.1) =2, j=1,..m. Then

[105(F)N5 5 = 16s(F)ll2, s € ZT.

By the conditions of the theorem f € L(’;,a—(lm), 1 <gj,0; < +o0, j =1,...,m. Therefore [1]

Ifll;5> sup f(@)g(z)dz, (1)
hgl*, ,<uvJI™
q’,6
Where g/ = (qllv 7qgn)? 9_/ = (0/17 79;71)7 % + % = 17 % + ei/ = ]-7 j = ]-7 7m
J

From the inequality (1), we have

Ifll;5= sup Z/még(f,z‘:)zsg(g,f)da?. 2)

lgll* _, <1 gecgm
a0’ = SELY

Since by the assumption of the theorem 1 < ¢; < 2,5 = 1,...,m, we have 2 < q;- < 00,7 = 1,...,m. Therefore,
by Theorem 3 for p; = 9§1) =2, j=1,...m, we obtain

. o si(5—2)
gl o < Co [ T2 ls()ll, - (3)
j=1 _
J sezt ||y,

Let’s introduce the following notation

. T si(3—)
Upa =9 € Lya:Co| | IT2 " @ 10s()l, <1
J=1 sezp .
Then it follows from the inequality (3) that the set U, 5 is a subset of the unit ball of the the space Ly, g (™).
Therefore, the formula (2) implies that
Ifll;5>C sup > [ 6s(f,2)ds(g, 7)da. (4)
QEUql‘é/ geZT Im
Ifg e L(*j,,a—/(lm), such that [|05(g)[|, < bs, 5 € Z7 and
T si(3—)
[1z2 = <1,
j=1 = m
J SELY Ly,
then from inequality (4) we obtain
I£l552 Cowp 3 swp [ su(f. 59,2 (5)
{bs} sezy l6s(9)llg<bs 1™
Now let’s prove that the following inequality holds
sup 05(f, 2)0s(g, T)dx = [|05(f)ll, bs (6)

165 (a) o <bs 4 I™

for each 5 € Z'. So consider the function
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where
—1
ag(g0) = I6s(S)ll2 " az(f)bs.
Then [|05(g)||, < bs, 5 € Z7. Hence, by the Perseval’s equality, we have

sup [ 0s(f.7)0s(g,7)dz > / 5(f,2)85(g0, 2)di =

165 llg<bs JI™

= [16s(f)llz " bs D> ag(f) = 165(f)llz s,

kep(s)

which proves the formula (6).
Next, it follows from formulas (5) and (6) that

I£1z5 > Csup > bs [165(f)ll, - (7)
{bs} SGZ"‘
Suppose
0.§7n g(f)éj =
o0 0 Gj 1
S Gl b P O AT K X
sj=1 s1=1
where 5, ; = (85415, Sm), éj:(el,...,ﬁj), j=1,...,m—1.
Consider the following sequence
[
9;.'1 m
S] lfi .
bs = H2 753 65l [ (o5, (£a,) 4% x
sezr |, 7=
<1653 1H2’(2 e
for 5 € Z*. Then
T si(3—)
M2 " b =1
=1 -
J sezt I
and
m % L
> bsl16s(H)ll, = H ) 16:(£),
sezy =1 sezy ||,
Therefore, from the inequality (7), we get
si(3— )
156 =C H2 2165 () s - (8)
sezr Iy

Next, if 2 < p; < 00, j = 1,...,m, then, by applying the inequality of different metrics for trigonometric
polynomials [28, 29|, we obtain from the estimate (8) the following
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171l = C |4 T2 % %) 105l
=1

sezr ||,

for 1 <g; <2<p; <oo, 1<6; A <oo, j=1,..,m. The theorem has been proved.
Suppose y; = max{0, y}.

Theorem 5. Let p = (pla"'apm)a q = (qla' an) = (T17~' ) 1 < Dj < qj S 27 .] = 1,...,771,,
1< 9(1 9 @ <400, 1 <7 < +00,0 < r1+q711_;0% - _TV—’_i_i < TV+1+qu+1 ;Dy1+1 = :Tm_‘_qin_in%n'

1. If 9§ <75,j=1,...,m, then

1

em (Sfé(l)fB)a,é(?) =M~ (m+d-3) (log M)

1 1 V 1 1
(v 1)(1 pl-‘rql)-'rj; <9§2) j>'
p,

2. Ingz) = .= 953’ =0>7T=7=..=Tp, then
r v— —*-‘rL l—%
(570(1) ) QSM (1+ )(10g 1]\/[)(1 0 +
3. If 1; < 0§2),j =1,...,m, then

~ w=1)(r-E+5 )+ i<<—
7 ri++ P j=2
enr (Sﬁ,gme)mz) > on (- >(logM) j

Ak
N———

Proof. The upper bound estimation of the quantity ey, (S; Pen ?B) - was proved in [30]. Let us consider
T a,

the lower bound.
For a number M € N choose a natural number n such that M =< 2"n™~! and 2"n™"! > 4 M.
Consider the function

- 2 —sj(rj+1—-L k@
fo(i’) n =2 Z H2 (T ) k:w

(8. 7)=nj=1 Rep(s)

Then, by Lemma 2,
H{z@ﬂ 1os(llsaf, |l =
(& m=n||;_
—n =T | aen [ 27w | 3 itk -
j=1 kep(s) 9

(5,7)y=nll]_

<Cp =27 o(s.7) H g si(rit1= 7) ﬁ 281‘(1*ﬁ) _
j=1

(5,7)=n I-

Thus, the function fo € ST 560 7 _B.

Let Q7 be an arbltrary collection in M of m-dimensional vectors {I;;(l), o kM )} with integer coordinates.
For every vector 5 , that satisfies the condition (3,5) = n , we consider the set Qu; N p(3). Then, according to
the choice of the number n, the set S of vectors 5 such that (5,%) = n and [Qa N p(5)] < 3|p(5)| contains at
least half of all vectors 5 such that (5,7%) = n. Hence |S| < n™~!.
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Let T(Z) be an arbitrary polynomial with a collection of harmonics from Qp;. Then, by Theorem 4, for
pj =X =2, j=1,...,m, we get

m

* Sj(l*%)
1fo =Tz g = C H 272 |65 (fo = T, =
j=1 o
(5,7)=n lg(Z)
" 1
> S TL2 7 sstfo = D, >
7=1 seslli
-> L o (3— L) T o—sy (ry1— L) T 5
>Cn =7 [V W [ [ 27 >
j=1 j=1 j=1 seslly g,
-5 L)(s -5 .
=2 i (T1+77?)<517> — j=2 i 7"1+ -
>Cn { 1 }ges Cn 2" H{ }SESHZ 5@

l2)

Applying the Holder’s inequality (—x e + 9(;), =1, j=1,...,m) and Lemma 4 , we have

S1=3 1< sl (sl <

ses

m

> a7
, <On™% ||{1}§ES||lé<2)'

(AT

< sl

l§<2)

Since |S| < n™~!, we obtain

v

>, o
n'~l < COn’=2 g H{l}geSHl—(m '

Hence
Z ( )
i=26;

<C H{l}ges||lé(2) '

Therefore,

||f0 — THq 7@ > CQ—(H—&-i—ﬁ)ng‘:z 9‘72

for any polynomial T'(Z) with a collection of harmonics from Qp;. Hence

m L1

7 (T1+ L) Jzz(e( )Ty
€N S, a(1) ‘T'B o2 > C2 R n J
’ q,

D,
(r1+ ) (m71)<r1*ﬁ+i)+§2<ﬁ7%>
>CM a1 (log M) i=2\ 6§ . )

Since v < m, then we obtain the lower bound estimation from (9). The theorem has been proved.

V.N. Temlyakov [22, 23| developed a constructive method of estimation of the best M — term approximations
functions from Nikol’skii-Besov’s classes S;’TB in the space Lq(I™) in the case 1 < p < 2 < g < oco. Let us
recall some notations.

Let 7 = (r1,...,7m), 7, > 0,7 =1,...,m,and | € NN {0} = Ny. Let » = r; and for a function f € L,(I"™)
suppose

flf('f): Z 5§(fa'f)a felm;

5:rl<(5,F)<r(l4+1)

irla= 3 ()

5:rl<(5,7)<r(I+1) kep(s)
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V.N. Temlyakov [22] considered the class

Wgab {f S L](Im) ||fl,FI|A < 2—lal(y_1)b}7

where a > 0,b > 0.
Lemma 3 [22]. Let 2 < p < 400 and a > 0,b > 0. Then there exists a constructive method based on the
greedy algorithms which leads to the following estimation

M (W5), < CM3 (log M),

Theorem 6. Let1<pj<2<q<+oo, 1 <6; < oo, 1<Tj <oo, j=1..m, O0<r=..=r,<
<rys1 < o Sy, 1> pT and ” = Jl',j =1,...,v and ” < ,j=v+1,...,m. Then the following relation
holds

(=D(r=F)+ 3 .
en(S5 5 B)g =< n” 2770 (logm) =

Tj - 1
—1° j -
Proof Let fesr 060 7 ,B By the condition of the theorem 1 < p; < 2, j = 1,...,m, then there exists a

number pgy such that 1 <pj <po <2, j=1,..., m. Therefore, by applying the Holder’s 1nequality (p% + pi, =1)
0

and the Hausdorf-Young’s Theorem [31; 211], we get

Ilfirlla < Z H 9055~ D5g ( Z laz(f ‘p()) <

srl<(s,7)y<r(l+1) j=1 kep(3)

<c Y H2 770 [|05(f) 1o - (10)

§5:rl<(3,F)<r(l4+1) j=1

’
where T =

o \"“

Now, since p; < po, Jj = 1,..,m, then by applying the inequality of different metrics for trigonometric
polynomials (see [28, 29])and the Holder’s inequality, we obtain from (10) the following

m

||fz,f||ASC > 11 2 |155(f )55 <
ri<(5,F)<r(l+1) j=1
T o5 ()
<c | {25 15Nl 5} 9% (5; " . 11
= H los(f )Hp9 rI<(s,7)<r(+1) ||, H 7 )
J=1 < (5, /) <r(+1) ],
1
Suppose v; = :—i, 7]/- :iii, j =1,...,m. Then, by the assumption of the theorem, 1 = = ... =7, <
< Yot1 < oo <Y and 'y;- =755, j=1,..,v,v; = fy;-, j=v+1,....,m. Then using Lemma 1 we have
m
H 25j(%7r7) <
i=t ri<(E R <r+D||;
1
< H{Q(n;lxgm} < oyl (1)
(5,3)>1 1

Wherej—l—— ji=1,.

T

Next it follows from the 1nequahtles (11) and (12) that

<

1
7
J

Ifirlla < C271 3012
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for any function f € S;,é(n,fB in the case r; > p%. Thus, the function f € S;ml)jB belongs to the class WZ»a,b

in the

in the

1
’

T
J

v
casea=r; —+ and b= ﬁ > =. Hence, by Lemma 3, we have
j=2

p1

i 7,a,b —r+1-2) (u—1)(r7ﬁ)+§2i
en(Sﬁ’gu)ﬁ_B)q < Cen(WA’ ’ )q < Cn 27 1 (logn) =

case 1 <p; <2< g< 400, 1<0;<00, 1<7;<00, j=1,....,m, r1>p%.ltprovestheupper

bound estimation.
Now let’s consider the lower bound estimation. Since 2 < ¢ < oo, then ||f|la < C|fllg, [ € Lg(I™).
Therefore

€n(5;g<1> ﬁ—B)q 2 Cen(Sgéu)fB)?-

Now, by letting 0; = ¢ =2, j = 1,...,m, in Theorem 5, we get

Hence

v 1 =D (r+i—L)+ 3 (3—2).
6"(5%,5(1)j3)2 ZC’n_(H'% Pll)(logn) : 1= J

T 1L (V—l)(r+l—$)+i(l_%
Bn( ;,é(l),fB)q Z C’n_(T"ré pll)(logn) 2 RS 5 >

(=D)(r= )+ 3
> C’n_(“'%_ﬁ)(logn) A

J

.

It proves the theorem.
Remark. Note that the upper bound estimation in the case p; = 6; = p, j = 1,...,m, in Theorem 6 was
proved by V.N. Temlyakov [22] using the constructive method.

In
in the

[32] obtained the exact estimation of the best M — term approximations of Nikol’skii’s and Besov’s classes
Lebesgue space with the mixed norm.

This work was supported by the Ministry of FEducation and Science of Republic Kazakhstan (Grant
No. 5129/GF4). Of this research was written when the author was staying at the Centre de Recerca Mathematica,
within the Research Program on Constructive Approzimation and Harmonic Analysis.
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. Axpimes

JlopeH1 keHicTiriHae YHKIUATIAPALIH €H YKaKcbl M -Mmy1ieri
KYBIKTaYyJIapbhlH KOHCTPYKTHUBTI d/icTepMeH OaraJjiay

MakaJstazia KenaifHbIMaJIbI IEPUOATHI (DYHKIUAIAPBIH, apajac HopMausibl Jlopenrr keHicriri, Hukonbckmii-
BecoBThiH DyHKIMOHAIIBIK, KIACH! 2KoHe (DYHKITUSHBIH €H YKaKChl M -MyTiie KybIKTaybl KaPACTBIPBLIIHL.
Conpaii-ak 6ip Jlopenn kenicririnaeri dpyHKIMAHBIH, 6ACKACBIHAA *KATYBIHBIH >KETKLIKTI MapThl Taraii-
pIHgaFaH. Hukosbckuit-BecoB KiachblHIarbl (hyHKIUSIAPIALIH €H YKAKChl M-MyIIesi »KybIKTayIapbIHbIH
JKOFapBIJaH JKoHEe TOMEHHEH Oarasayiapsl ajabiaran. 2Korapeiman 6aratayast gosenney yimia B.H. Temis-
KOB KYPFaH »KaHa KOHCTPYKTHUBTIK 9J1iC KOJIJIAHBLIIbI.

Kiam cesdep: Jlopenn, Hukonbckuit-Becos kitackl, M-TepMuHIEpIiH €H KAKCHI )KAKTaphI, XKYBIKTAY/IaD,
JKEeTKUIKTI maprrap, 6arajay.

I'. AkuiieB

Onenkn Hamaydmmnx M -4jIeHHBIX TPUOJIMKeHnii byHKITi
B npocTpaHcTBe JIopeHIla KOHCTPYKTUBHBIMUA METOIaMU

B crarse paccmorpensr npoctpancTBo JlopeHra nepuoandeckux (OYHKIUNA MHOTUX TEPEMEHHBIX C aHU30-
TPOIMHON HOPMOIT; (DYHKITMOHAIbHBIN Kiracc Hukombckoro-BecoBa n nanntydmee M-wreHHOe pubInzKeHne
dyHKIU. YCTAHOBJIEHBI JJOCTATOYHBIE YCJIOBUs MIPUHAJIEXKHOCTU (DYHKIUU U3 OJIHOTO IIPOCTPAHCTBA, J1o-
pennia B apyroe. [loydensl OlleHKN CBEpXY W CHU3Y HAWIYdIuX M -4/IeHHBIX NpUOIUZKEeHUN (DYHKIUH 13
kiacca Hukombckoro-Becosa. st moka3aTebcTBa OMEHKNA CBEPXY HCIOJIB30BAH HOBBIM KOHCTPYKTHUBHBIMN
meTron, paspaboranubiii B.H. TemisskoBbiM.

Kmoueswvie crosa: Jlopenr, knacc Hukombckoro-Becosa, maydmme annpoxkcumaruun M-tepmoB, npubsinxe-
HUE, JIOCTATOYHbBIE YCJIOBHS, OLEHKA.
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JnHaMuyecKoe HapAKeHHO-/1ePOPMUPOBAHHOE COCTOSTHIE
OJJHOCEKIITMOHHOT'O MAaHUILYJ/JIITOpa

CmojiemmpoBaHa TUHAMUKA yIPYTo-1eOPMUPYEMBIX IIJIOCKUX ¥ IPOCTPAHCTBEHHBIX MeXaHn3MOB. IlocTpoe-
HBI MATPHUIBI, ONICHIBAIONIAE NHEPIUOHHDIE, JUCCANIATUBHBIE U YKECTKOCTHBIE CBOMCTBA 3JIEMEHTOB IIPU JIeh-
CTBUU BHENIHUX CHUJI, CUJI NHEPIWH, TOIOJHUTEIbHBIX y3JI0BBIX cuil. IloIHbIE TepeMelieHns Ipyu 9TOM OIU-
CaHbl CyMMO#i 1e(DOPMAIMOHHBIX U KMHEMAaTHIECKUX IepemerneHuii. Pa3paboranbl aaroput™ U KOMILIEKC
BBIMUACNTEIBHOTO aKeTa IPUKJIAIHBIX IIPOrPaAMM Ha OCHOBE Pa3pabOTaHHBIX ITOAXOI0B, METOAUTIECKON OC-
HOBBI JIJISI MHOTOBaPUAHTHBIX KOMIIBIOTEPHBIX PACUYETOB CHUJI, IUHAMUYECKOTO HAIIPAZKEHHO-/1e(OPMIPOBAH-
HOT'O COCTOSIHUSI B JIEMEHTAX yIPYTUX MeXaHu3MOB. Vcrosb3yemelit B paboTe MeTo ] KOHEIHBIX 9JIEMEHTOB
JaeT BO3MOXKHOCTB JIJIsi MHOIOBaPHAHTHLIX PACUYETOB HAIPS?KEHHO-Ie(DOPMUPOBAHHOTO COCTOSIHUSI MeXa-
HU3MOB, JIJIsI yCTAHOBJIEHHSI 3aKOHOMEPHOCTH pAacCIIpeJiesIeHNsl YIIPYTUX IIepeMeIeHnii, BHYyTPEHHUX YCUJIUIL,
HAIPsI?)KEHN B 3aBUCAMOCTH OT MHOIOYHCJICHHBIX (DAKTOPOB, T.€. YIPYTUX CBOMCTB, IapaMETPOB JBUKCHUS,
BHEIITHUX CTaTUYECKUX U IIePEeMEHHBIX BO BPEMEHH CHJIL.

Karouesvie caosa: MaHUIYJIATOPBI, METOJ] KOHEYHBIX JIEMEHTOB, JUHAMUKA, CHJIA, YIPYyIHe MEXaHU3MBI,
BHyTpPEeHHee HallpsKeHHe.

IIpu nccmenoBanny MJIOCKUX W MPOCTPAHCTBEHHBIX MEXAHIM3MOB aKTyaJIbHOCTh IPUOOPETAIOT MPODIEMBI UX
HanpsikeHHO-1edbopmuposanHoro cocrosaust (HJIIC) [1-3], mosTromy mposemeHne pacdeTa U MOJTHON ONEHKH JIu-
namuyeckoro H/IC mexaHM3MOB ¢ yIPYrUMU 3BEHbSIMU Ha OCHOBE UX KOHEYHO-3JIEMEHTHON Mojesn Tpebyer
JlaJIbHEHRIIero uccjaeI0BaHusd.

Vder yupyrocTu 3BeHbEB IJIOCKUX U IPOCTPAHCTBEHHBIX MEXAHU3MOB SIBJIETCS OJHON U3 HamboJiee CII0XK-
HBIX W TPeOYIONUX JaJibHeInero usydenust mpoosem. Mccse oBannio MeXaHU3MOB U MalllMH C YIIPyTro-iaedop-
MHPYEMBIMH [IPSIMOJIMHENHBIMA 1 KPHUBOJMHEHHBIMU 3BEHbSIMU [IOCBSIIIEHbI paboThl [4-6].

HeomroznaqHOCTh BHIOOpA MEXaHUKO-MaTeMaTHIecKol Mozean guaamuaeckoro H/IC mexanm3MoB ¢ mpucy-
IIMHU UM I€OMETPUYECKUMU U (DU3NIECKUMU XapPaKTEPUCTUKAMU IIPEICTABIIAETCH CYIECTBEHHBIM JJIsI TIOCTaB-
JIEHHO! 3aJ1a4u.

B npegaraemoit pabore cmomenuposana #Ha [I9BM 3aja9a quHAMUKE yIPYTUX MEXAHU3MOB C PA3JIMIHBIMEA
crereHsaMu cBo0OIbI. PazpaboTanbl eqiHbIe METOIMYECKHIE OCHOBBI, JITOPUTM, KOMILIEKC BBIUUCIUTEIBHBIX 00b-
€KTHO-OPUEHTUPOBAHHBIX IAKETOB IPUKJIAJHBIX ITPOIPAMM JIJIs UCCJIEIOBAHUS IUHAMUKH yIIPYTO-1epOpMUP-
YEMBIX MEXaHU3MOB IIpU JEHCTBUM PA3JIMIHBIX CHI.

Hnst pemenns 3amaqau guaammdeckoro HJIC ynpyrux MexaHn3MoB mpuMeHsiercst Meros, Heomapka [7]:

[S] {U}t+At = {Rs(t)}t-i-At ) (1)

rie {Rs(t)}nr = {Fél)(t)} + [M]{bn} + [C]{bm} + {FS(Z)(t)} + {F;(l)(t)} — sddexkTuBHAsS HATPY3KAa;
[S] = ag [M] + a1 [C] + [K] — sddexTnBHAS MATpPHIA KECTKOCTH; {F g)(t)} — BHEIIHUE JIHHAMHYIECKUE CHJIBL;

{ F(l)(t)} — Y3JI0BblE€ CHJIbI UHEPIINH; { F;(é) (t)} — JIONOJIHUTEIbHBIE y350Bble cuibl; [C] — BHyTpeHHee TpeHue

B Marepuase, onpeneasemoe mo Pesero; [K] — MaTpuma »KeCTKOCTH CHCTEMBI ¢ YI6TOM BHJAa KHHEMATHIECKIX
nap MexXaHH3MOB; KO3 (PUIUEHTHI ag, a1 3aBUCAT OT INara 110 BpeMeHH At M OIpeesIsioTCs M0 BBIYUCIUTEb-
HOMY SKCIEPUMEHTY IO ABYM 3HadeHHsAM Ko3(ppuimenTos JaeMrndpupoBaHus, OTHOCIIIUMCS K JBYM HU3IIHM
gacToraM KoJiebanuit mexanusmos; koabdurmentot {b,}, {b,,} asugiorca suneiinoit komOuHaIMEl BEKTOPOB
VOPYIUX ¥ KHHEMATHYECKIX IEPEMEIICHU, CKOPOCTel W yCKOPEHNUIA, MOJIYYeHHBIX B MPEILIAYINNX MIarax HH-
TerpupoBaHus. BeIOOp ONTHMAJLHOIrO IIara II0 BPEMEHHU IIPU BLIUUCJICHUM 3HAYeHHH YIPYruX IepeMeleHuil
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{Ut4At} y370B B MOMEHT BpeMeHH t 4+ At IPOU3BOAUTCS IIyTeM IUCJIEHHOTO IKCIEPUMEHTA U 00eCIIeYNBAeT yIeT
BCEX NUKOBBIX 9acTeil IIePeMEHHBIX HATPY30K U YCTOWYMBOCTD BBIYUCIUTEIBHOIO Iporecca [2,3,7].

s nposepku adpdekTusHOCTH MeToAa HbloMapka Bce MOJIydeHHbIe BbIe (bOPMYJIbl CHCTEMATU3NPOBAHDI
B TIOCJIEOBATEIBHBIN AJITOPATM, COCTABJICHBI TPUKJIAIHLIE TPOIPAMMBI U PEATM30BAHBI Ha MMEPCOHATBHBIX KOM-
[bIOTEpax Jyis MEXaHU3MOB IIOrpy3uuka (puc. 1), Mexanu3Ma pasrpy3ku KoHreiinepa (puc. 2) U MHOIOKOHTYD-
HOT'O HapaJIJIeIbHOIO MAHHILYJIATOPa CO MHOTUME CTEHEHSMHI CBOOOBI ¢ MOCTYHATEILHBIMA U BPAIIATEIHHBIMA
napamu (puc. 3); U3y9IeHbl U3MEHEHUs] MaKCUMAJbHBIX 3HAYEHUH YIPYTUX JUHAMUYECKUX YCUJIHH, IepeMere-
HUil, HAIIPSKEHUI B CEUEHUSAX 3JIEMEHTOB MAaHHUILYJIATOpPa NpHU JIEHCTBUNM Pa3IMYHBIX CHJI; IIPOHAJU3NPOBAHO
H/IC ucciemyeMoro MaHMIYISTOPa IPH TOJHOM €ro (pyHKIIMOHUPOBAHUU /IS APYTHX BAPUAHTOB HAIPY2KEHHS
1 KUHEMATHYECKIX HapaMeTPOB.

MexanusM morpysunka [8] — ycrpoiicTso, obecrednBaolnee IepuoiniecKoe Wil HelPpepbiBHOE JeficTBIe JIIs
MOTPY3KH, BBITPY3KH M TPAHCIIOPTUPOBAHUS TPY30B Ha HeGosbIme paccrosuusa. Ha pucynke 1 nmpusemen mexa-
HU3M [OIPY39HKa JJI IEPUOJANIECKOrO ePEMENeHus W TOBOPOTa KOBIIIA.

B cxeme 16) KOBII 3arpyzKaercst TIpU TIEPEMEIIeHnr Beell Mammnubl. Takas KHHEMATHIeCKas CBI3b 0becte-
YUBAET JBMXKEHUE KOBIIIA IO ONPEJIEEHHOMY 3aKOHY IIPHU TIOIbEME MU OIyCKAHWN CTPEebl. Ha onpeeeHHoi
BBICOTE KOBII HAKJIOHSIETCH BIIEPEJ M IIPOUCXOANT BBIIPY3KA.

16

14 15

-~
0)

Pucynok 1. IloBesienre ciMHOBON MATPHUITHI U ITOTEHITHAJIA,

MexaHu3M Morpy3dnka MOXKHO MOJIEJINPOBATH C IOMOIIBIO CTEPXKHEBBIX 3JIEMEHTOB C PA3JIUIHBIMU T'€OMET-
PUYECKUMU U YIPYTUME XapaKTEePUCTUKAMU.

Ilox meficTBUeM BHEMTHWX yCUJIMI KaxKjas TOYKA PACYETHOTO djeMeHTa Jedopmupyercs. B kaxmoi mpo-
U3BOJILHON TOYKE IMOMEPEYHOTO CEUYEHUs TPOCTPAHCTBEHHOIO PACYETHOIO CTEPIKHEBOIO JIEMEHTA, MOSIBJISIIOTCS
IIECTh COCTABJIAIONINX HIEPEMEIICHNUs: TPH COCTABIAIONINX JIMHEHHOrO IEPEMEIIEHUA Ug, Uy, W¢ B HAIIPABJICHUN
rIaBHBIX JOKaAJIBHBIX oceit O1&, O, O1( cucrembl KOOpAUHAT Olfné W TPU COCTABJSIONIUX YTJIa IOBOPOTA
©P¢, Pn, P¢ COOTBETCTBYIOIIEIO CEYEHUS BOKPYT TE€X Ke OCeil.

BoinuceiBaioTes Bce OCHOBHBIE YPABHEHUsI KJIACCHIECKON TEOpUU yIpPyTrOCTH [0 OTHOIIEHUIO K CTEPIKHIO.

Pacder MmexaHn3Ma MOrpy34mKa B I€JIOM IIPOU3BOUTCS M3BECTHBIMU TOYHBIMU WJIM ITPUOJIMZKEHHBIMU MaTe-
Marndeckumu Merogamu. Meros koneanbix saementos (MKD) [2,3,7], 6asupyromuiica Ha pacCMOTPEHUI TPAHC-
MMOPTHBIX KOHCTPYKIMIA B BUJE COBOKYITHOCTH OTJEIHHBIX KOHCTPYKTUBHBIX 3JIEMEHTOB, COEJIMHEHHBIX B KOHEY-
HOM YHCJIE Y3JIOBBIX TOYEK, SIBJISETCS Hanbosee 3(hDEKTUBHBIM UCIEHHBIM METOJIOM.

VIIOBJIETBODSIST YCJIOBUSIM PABHOBECHSI BO BCEX Y3JIOBBIX TOYKAX MEXAHM3MA TIOIPY3UUKA, MHOXKECTBO CHCTEM
YPaBHEHUIT JJTsl OTJEIBHBIX JIEMEHTOB MOXKET OBITH O0bEMHEHO B OJIHY IVIODAJBHYIO CHCTEMY YPABHEHUN Jijist
BCeil CUCTEMBl MeXaHU3Ma, MMOTPY3YMKa OTHOCHTEIBHO COCTABJISIIONINX MEPEMEIIeHHi Y3JI0B U YIVIOB IIOBOPOTA
BCEX Y3JIOB.

Jnst onmcaHust KOHETHO-3JIEMEHTHON MOJIEIN MeXaHW3Ma Morpysunka (puc. 1) pasbuBaeM WX Ha MPSIMO-
JINHEHHBbIE CTEPXKHEBbIE IJIEMEHTBI, COeJIMHEHHbIE B y3JlaX. Y3JIbl MEXaHH3Ma IOIPYy34rKa MMEHT HyMepallui
B roGasbuoit cucreme koopauuar (I'CK), koropast ciyxkut s ux ugeHTUDUKAIIN B IIEPEYHE y3JI0B. DJie-
MEHTBI UMEIOT CBOM HOMEpA: HAYAJIbHBIA U KOHEUHBINA, C MOMOIIBIO KOTOPBIX B CBOIO OYEpEh MPOU3BOJUTCS UX
UIEHTH(OUKAITHS.

Kaxmomy aemMenTy MexaHU3Ma MOrPYy3YndKa IIPUCBANBAETCS HAOOD YIPYTUX MOCTOSHHBIX MaTE€pPUAJIA, Xa-
pakTepuU3yIOMUX nX (PU3NIECKHe CBONCTBA: MOIY/Ib yupyrocru, kodddurument Ilyaccona, miroTHOoCTh MaTe-
puasa.
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Cunraercsi, 9TO 3B€HbsI MEXaHIU3MAa IOMPY3YMKa U3TOTOBJIEHBI U3 CTAJIBHBIX CTEPXKHEN ¢ IOMEepeTHbIM ceve-
HEeM. 3aJa0Tcsd (opMa U Pa3Mephl MOMEPETHOro cedeHnsi. PazMepamMu 1 KOHCTPYKIIAEH y3/I0B IIPEHEOPEratoT.

MexaHu3m MOrpy39YnKa COCTOUT U3 PA3JIMIHBIX KHWHEMATHIECKUX Map. DJIEMEHTHI U y3Jibl HyMepytoTcs. Ko-
opaunarel X, Y, Z yanoB pacdernoit mozesn omnpejenedbl B ['CK, »KecTKo coeMHEHHON HEMOBHKHBIM
3BEHOM.

MexaHnusMm pasrpy3ku KoHTeiiHepa [8] — ycTpoiicTBo, obecnevqnBaroliee 3axBat, epeMellleHne U OIPOKUbI-
BaHUe KOHTeiinepa.

Ha pucynke 2 nmokazan MexaHI3M pa3rpy3Ku KOHTEHHEpa, CMOHTHPOBAHHBIN Ha paMe aBTOMOOUJIS.

|
{

Pucynok 2. MexanusM pa3rpy3ku KOHTeitHepa

st onrcaHHON BhIle (DU3MIECKONW MOJETN UIAEAJbHO YIPYTOro Tejia B JOCTATOYHON CTEIEHU MPEenMyIIe-
CTBEHHO WCIIOJIB3YIOT CTaJIb, & TAKXKEe JIPYTHe METAJIIbl U UX CILJIABBI.

IIpu KoHEYHO-2JIEMEHTHOM MOeIupoBanun [2,3,7] HArPY3Ky ciieyeT 3aMEeHUTh CUCTEMOl CTATHYECKH YKBHU-
BaJIEHTHBIX CHJI, IPUJIOYKEHHBIX B y3J1aX.

CrepKHeBbIE 3JIEMEHTHI, SIBJISIONINECS COCTABHON YaCThI0O MEXaHM3Ma Pas3srPy3KU KOHTEWHepa, OMHUCHIBAIOT
nx HJIC, HaXo/1sCh B YCJIOBHUSIX CJIOYKHOTO COIPOTUBJIEHMUSI.

Pacuer mexanmama pa3rpysku KOHTeHepa B IIEJIOM, COCTOSIIIEN0 B OCHOBHOM M3 MHOYKECTBA MIPOCTPAHCTBEH-
HBIX CTEP’KHEBBIX JIEMEHTOB C PA3JIMIHBIMA [€OMETPUYECKAMH U YIPYTHMHU XaPAKTEPUCTUKAME, TPUBOIUT
K IPAKTUYECKON BO3MOXKHOCTH HMX DEIIEeHUs] M3BECTHBIMU TOYHBIMU WJIN HPHUOJNKEHHBIMI MAaTEMATAIECKUMU
MeronaMu: 00JIbIIoil 3(PDEKTUBHOCTHIO P aHAJIM3€ IIOBEJEHUS YIPYroro MeXaHU3Ma pPa3rPy3Ku KOHTeiHe-
pa obaamaer MK?3 [2,3,7]. Ocobble mpenMyIecTBa METO/A 3aKJII0UAIOTC B y100cTBe (DOPMUPOBAHUS CHCTEMBI
aJIredpanvIecKnxX ypaBHEHUIT BHICOKOIO MOPSIKA U BO3MOYKHOCTH IIPEJICTABJIEHUS] COBEPIIIEHHO HEPETYJISAPHBIX U
CJIOYKHBIX OOBEKTOB U YCJIOBUIT HATDYKEHUS.

[Ipu pacuere crarudecku HeonpeenMbix cucrem MK B dhopme mMeroma nepeMernennii HeM3BeCTHBIMU B~
sstiorest repeMertiennst y3y10B B 'CK, KOMIIOHEHTaAME KOTOPBIX SIBJISIIOTCSI IEPEMENIEHIsT BJIOIh KOOPIMHATHBIX
oceit OX, OY, OZ u yrjibl IOBOPOTa y3JI0BBIX CEYEHUIT BOKPYTD 9THX OCeli, OCTAJIbHbIE YK€ IapaMeTPhI, XapaK-
tepusytonue H/IC mexanmsma pas3rpy3ku KOHTEWHepa, ONMPEIEsISIOTCS depe3 HallleHHble 3HAYEHUS y3JI0BBIX
nepeMeIeHui.

s onpeesiennsi y370BBIX IIEPEMEIEHU MOIydaeM CUCTEMY JIMHEHHBIX YDABHEHUMN, JJIs PeIleHusi KOTO-
poit MOTyT GBITH IPUMEHEHBI PA3JIMIHBIE METOBI pertenust [2,3,7]. PemerneM cucTeMbl ONpeessiioTest y3I0Bble
nepeMeIneHnsl MeXaHn3Ma pasrpy3ku konreitHepa B ['CK u jjajee 110 HailJleHHOMY BEKTOPY IIE€pPEMEIeHUs] OlIpe-
JIEJISFOTCST HAIIPsi?KeHnsT U jiepopManuu B JIF000i TOYKe JIF0OOro 3JIeMeHTa.

Jlastee 110 HaiiIEHHOMY BEKTOPY Y3JIOBOTO IIEPEMEIIECHUS I IPOCTPAHCTBEHHOTO ITPU3MATIHIECKOTO CTEPIKHS
MeXaHn3Ma Pa3rpy3Kn KOHTeHHEepa B JIIOOOM CEUECHUU OMPEIE/ISIOTCH BHYTPEHHIE CHIOBbIe (DAKTOPHI M HAIIPs-
JKEHUS.

ITo paspaboraHHOMY AJIFOPUTMY peaju30BaHa TAaKXKe IIporpaMma sl ucciaeaopanus guHamudeckoro HJIC
JIJISL yIPYTOrO MAHUITYJISITOPA MAapaJsljIeIbHON CTPYKTYPHI.
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Pucynox 3. Manumnyaarop napasieibHON CTPYKTYPBI

MHOTOKOHTYPHOMY MAaHUILYJISITOPY IapaJlIeJIbHON CTPYKTYpPhl ILIAT(OPMEHHOIO THUIIA CO MHOIUMHU CTe-
HeHsIMU cBOGOABI (pUC. 3) COOTBETCTBYIOT I'eOMEeTPUYECKHE Da3Mepbl 3BeHbeB ly = Iy = lg = V2l <,
l; =lg = lg = 1.511/cos30° <. Iocrosinuble napaMerpsl JleHapura-XapTeHOepra IIO3BOJISIIOT 3alUCATE JIJIsi
KasKJIOM0 KOHTYPa B OTJAECJIBHOCTH CUMBOJINIECKOE YPABHEHUE MAHUITYJISITOPA JIJIsT JIEBITH KHHEMATUICCKUAX TIap.

s onmcaHus KOHEYHO-3JIEMEHTHON MOJEJN MaHUILY/ISTOpa pa30uBaeM ero Ha 3J€MEHTHI, COEINHEHHDLIE
B y3J1aX 4epe3 KUHeMaTudecKre Hapbl. st MaHUITYJISATOPA, COCTOSIINEr0, B OCHOBHOM, U3 OTJIEJIbHBIX CTEPXKHE-
BBIX 3BEHBEB, TAKOE PaCUjIeHEHHE SIBJISIETCS €CTECTBEHHBIM. Y3JIbl MaHUILyJIgTOpa nMeroT HyMmepamuio B ['CK,
3JIEMEHTBI UMEIOT CBOM HOMEPa: HAYAJIbHBLIA 1 KOHEeYHLIH.

Kaxkiomy ajieMeHTy MaHUITYJIATOPa MIPUCBAUBAETCS HADOP YIPYTUX MOCTOSIHHBIX MaTepuaJia; MOLY/b yIIPy-
roctu E, koaddunment Ilyaccona v; mrotHoCcTh p

E =2%10°0, p=17900 :3/ <, v=0,25. (2)

3BeHbsl MAHUILYJIITOPa HW3MOTOBJIEHBI M3 CTAJBHBIX CTEepXKHeil jpuamerpom morepednoro cevenust 0,006 M.
DopmMbl U pa3Mephbl CEYeHMs, YIIPYTHe CBONCTBA MATEpHUAJOB IMOCTOSHHBI. PasmMepaMu u KOHCTPYKIIHEH y3J10B
IpeHeOperaoT.

C nomorrpio MKD pazpaboranbl eiuHasi METOIUYIECKasT OCHOBA, aJTOPUTM U COCTABJIEH KOMIIJIEKC BBIUHC-
JINTEJIbHBIX 00'bEKTHO-OPUEHTHPOBAHHBIX TAKETOB IMPUKJIATHBIX [IPOrpaMM uccjeoBanust quaammaeckoro H/IC
YIpPYyTro-1edOopMUPYEMOr0 MEXaHI3Ma [TOTPY34YnKa, MEXaHU3Ma Pa3rpy3KH KOHTeHHEepa, MAHUIYJISITOPa IIapaJi-
JIEJIbHON CTPYKTYPHI ILJIAT(OPMEHHOTO THUIIA CO MHOTUMHU CTEIEHSIMU CBOOOJIBI IIPU JAEHCTBUN PA3JIUIHBIX CHJI.

Ha pucynke 4 noka3aHbl n3MEHEHUS MAKCUMAJIBHBIX TUHAMIYIECKUX YIPYTUX YCUJINA B CEUEHUSIX JIEMEHTOB
MaHUILYJISTOPA HAPAJUIEIbHON CTPYKTYDBI C JIEBATHIO 3jleMeHTaMu (pHUC. 3) OT JeHCTBUs JMHAMUYECKUX CHJI,
[IPUJIOKEHHBIX BEPTUKAJIBHO BHU3 B y37ax 3, 4, 7 IPH MOJTHOM ero pyHKIIMOHUPOBAHIH.

—f=e(7.2))
— fse(8.2,)
(
(

B

2 i £ 7 fse(9.2.)
T A A A NUA et
B T T T VT T )

\‘I/ /‘I \;L_l s %1 T { ﬁ' { L % N |[—fse3a)
2 35 s Yo 79 w7 41 1457% 198 247 G 268 289 | | o3
4 H\ } H\ ‘{ k } | h —fse 5,3,1.}

(

5 \W/ N T \\/f \ / \W \ | fseﬁf,j:ﬁ
U/ Wi (
(

fse
fze(8.3.))
10 fze(9.3.)

‘E

Pucynok 4. Buyrpennue ycuinst B y3/70BBIX CEUYEHUSIX SJIEMEHTOB
MaHUILYJIATOpa MapaJleIbHON CTPYKTYPBI
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JnHaMuaecKoe HaPszKeHHO-1ePOPMUPOBAHHOE. ..

Kpamxue 6v160001

IIpoBeena moapobHAast JeTAIM3AIMS BCEX ITAIOB BBIYUCICHUI Il TIOJIy YeHUS 3HAUCHU MCKOMBIX BEJTMIINH
IyTeM peaJM3alii pa3pabOTAHHBIX TPOIPAMMHBIX CPEICTB 0 mcciaenaoBannio auaammdeckoro HIC ma mpo-
dbeccronabHON Bepcuu s3bIKa IIPOrPAMMUPOBAHUS Ha, CIIEIUAIBHO OTOOPAHHBIX 3aa4ax (MeXaHU3M HOrPy39r-
K&, MEXaHN3M DPa3rPy3KM KOHTeHHEepa, MAHWILYJISITOp IapajuIeJbHON CTPYKTYpHhl). PaspaboTaHHble aqropuTMbl
¥ IIPOrPaMMBI IIO3BOJISIOT IIPOU3BECTU OJIHBINA KOJMYIECTBEHHBIN aHAJIN3 JUHAMIYECKUX YCUJIUN, HAPSKEHUH,
BBISIBUTH HanOOJIee HATPYKeHHbIE 3BeHbsl, HAMXY/IIINE [TOJI0KEHUsI B IPOCTPAHCTBE YIIPYTUX MEXaHU3MOB C Pa3-
JINYHBIMA T€OMETPUIECKAMH U (PUBUICCKUMHU XAPAKTEPUCTUKAMI.
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E. Apunos, C.2K. Kapunbaes, K.3. Capraes

Bip ceknusaabl MaHUILYJISTOPABIH, ANHAMUKAJIBIK,
KepHeyJTi- 1epopManusjaanran Kyiii

Ceprimai-medopManusiIaHFaH *Ka3blK, 2KoHe KeHICTIKTI MeXaHU3MIEPIiH JUHAMUKACHI MofeaeHred. CrIpT-
KbI, MHEPINS, KOCBIMIIA TYHIHII KYIITEPIHIH 9CEPIHEH 3JIEMEHTTED/IH WHEPIUIBIK, JTUCCUIIATABTI, KATAH-
IBIK, KACHETTEPIH Oe/risieiiTin MaTpHuIiaIapbl KypPbLIFaH. By xaraaiiga TobIK aybicyaap 1eOpMAIUsIIbIK,
JK9HEe KHHEMAaTHUKAJIBIK aybICyJIapMeH CUIATTa aabl. KyINTiH KOIMHYCKAJIBIK KOMIBIOTEPJIIK ecebiHil o1icTe-
MeJK Herisigge cepmimi 37eMEHTTEPIIH MeXaHU3MAEPiHAe JUHAMUKAJBIK KepHEYTi-TehOopMaIusiIaHFaH
KY# YIIiH >KoHe KypPbLIFaH aMaJIIap/IblH Heri3iHae Ko ianbasnl barapaaMaiapIbliH ecenTeyill makeTTepi,
aJITOPUTMI MEH KellleHi »kacajiraH. 2KyMbIcTa KOJIJIaHbLIFAH AKbIPJIbI 3JIEMEHTTED 9JIiCi MeXaHU3MIAEP/iH
KepHeyJTi-TedOopMaIisiIaHFaH KYHiHIH KOIMHYCKAYJIbIK eCernTeysepi, Kl KyIITep KoHe CEPIiMi aybICy-
JIAPJIBIH, YIECTIPY 3aHBIH aHBIKTAY VIIiH, KOrTereH pakTopJapra Toyes i KepHeyJIep/iiH, OHBIH iIIiHIe cep-
MMl KacHeTTepi, KO3Fajly MmapaMeTpJiepi, yaKbIT OOMBIHINA CTATUKAJBIK YKOHE alHBIMAJIBI KYIITEP VIIiH,
MYMKIHIIK TYFBI3a/IbI.

Kiam cesdep: MaHUIYISITOPJIAD, AKBIPJIBI 9JIEMEHTTED 9JIiCI, TUHAMUKA, KYIII, CEPIIM/II TeTIKTEp, MKl Kep-
HEY.
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E. Arinov, S.Zh. Karipbaev, K.Z. Sartayev

Dynamic stress-strain state of a single-section manipulator

The dynamics of elastically deformed plane and spatial mechanisms is modeled. Matrices are constructed
that describe the inertial, dissipative, and stiffness properties of elements under the action of external forces,
inertia forces, additional nodal forces. The total displacements are described by the sum of deformation and
kinematic displacements. An algorithm and a complex of a computational package of applied programs are
developed on the basis of the developed approaches, Methodical basis for multivariate computer calculations
of forces, dynamic stress-strain state in the elements of elastic mechanisms. The finite element method used
in the work makes it possible for multivariate calculations of the stress-strain state of the mechanisms, To
establish the regularity of the distribution of elastic displacements, internal forces, stresses, depending on
numerous factors: Elastic properties, motion parameters, external static and time-varying forces.

Keywords: manipulators, finite element method, dynamics, force, elastic mechanisms, internal stress.
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A.X. Arraes!, C.A. Uckakos?, M.J. Pamazanos?

! Hnemumym npuxaadnot mamemamusy u aemomamusayuu, Havwuk, Poccus;
2 - o
Kapazandunckut zocydapemeennod yrusepcumem um. E.A. Bykemosa, Kasaxcman
(E-mail: isagyndyk@mail.Tu)

I'panununas 3aga4da ajis0 ApoOHO-HAIPY2KEHHOI'O YPaBHEHUSs
JlaBpenTheBa-bunaazse

B crarne uccienoBana rpannynHasi 3ajada JJjisi JpOOHO-HArpy»KeHHoro ypasHenwusi JlaBpenrneBa-buia ze
B OPSIMOYTOJILHOM 006JIaCTH, C HEJTOKAJIbHBIMU TPAHUIHBIMHU yCaoBusiMu. [loo0HBIE T'DaHWYHBIE 3a0a9N
n3yvanuch B paborax [1-3]. Bamaua, ucciemyemast B 910l pabore, OTIMYAETC OT PACCMOTPEHHBIX DaHee
TeM, 9YTO, BO-TIEPBBIX, 00JIACTH B TUIEPOOTNIECKON JACTH sIBJISIETCS HE XapaKTEPUCTUIECKOM, & BO-BTOPBIX,
B YPaBHEHUU NMEIOTCSI IPOOHO-HATPYZKEHHBIE CJIaraeMble, YTO TO3BOJISIET BBISIBUTH HEKOTOPBIE OCOOEHHOCTH
paccMaTpuBaeMoi 3aJa4u.

Karouesvie crosa: rpaHnvdHast 3ajia4a, HArpyKeHHble ypaBHEHN, IpOOHAS IPOU3BOAHAS, METO/] PA3/I€JIEHU
IIePEMEHHBIX.

1 IHocmanoska 3adavu

HyCTLQl:{x,t|0<x<27r,0<t<T}, sz{x,t|0<:c<27r7 T <t <0}, Q@ =0Q1UQ2. B obuactu

() paccMaTpUBAeTCsl CIEYIONast TPAHNIHAS 3a/1a9a.

—DFuM (x,t) — (@, 8) + MDZuM (2, t1) = FD(2,8), (2,1) € Qs;
D?u(z)( t) — Dzu(2 (z,t) + Aou 2)(:10 to) = 1@ (m,t), (z,t) € Q2.
oPul (0,t)  OPuI(2m,t)

dxp Oxp '’
oPu (2, T) oPu® (z, —T)
Btp _Hp Btp vp_ovl'

To ecrp, npu (z,t) € Q1 Gynem umersb

_82u(1)(m, t)  9*uM (1)

DD (2, 1)) = fO (2, 0);

ot Ox?
uM(0,t) = uM (27, 1)
ou () _ ouM(@2mt) >
ox ox

u upu (z,t) € Q2
9*u?) (x, 1) B 0*u? (x,1)
ot? Ox2

{ u®(0,t) = u® (2, t)

+ agu® (z,ty) = f@(a,1),

ouP0t) _ ouP@rt) >
ox ox

TaK2Ke IIpe/liojiaraeM BbIIIOJTHEHNE yCJ'IOBI/II‘/JI

uM(z,T) = pou® (z, —T);
ouM(z,T) ou® (z,—T)
0 1 ot

)

1
rne D7 u® (z,t1) — npobuas npousBoiHas B cMbicie Pumana-JIyususuis nopsaka 1/2 wa jgunum ¢ = ¢y.
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Jlajee MoIoXKUM, ITO:

T < +00, f(l) c Ll(Q1)7 f(2) c LQ(QQ), Lo, U1 € C; (7)
a,ap €C, t1€(0,T), t2€(-T,0)

— 3aJaHHble QYHKIUH U YUCIIA.
3asanHoe ypasHeHue (1) siBasieTcss ypaBHEHHEM CMENIAHHOTO (3JUIHITHKO-MHIePOOINIecKoro) TUIa, a n3-3a

1
namans caaraemoro a DZuM (x,t)) ero nazeBaior apobHO-HArpyKeHHbIM. OCHOBHAS TE/Th JIAHHOTO HCCIEI0-
BaHUs — U3yYUTh BOIPOCHI Lo-CHIILHON Pa3pernuMOCTy IpaHuyHbIX 3aa4 (2)—(6) npu yciosusx (7).

2 Kpumeputi 00HO3HAUHO CUALHOT PA3PEULUMOCTIU

Hus perennst 3amaun (1) BBegeM ciejyromiee 0603HaYEHIE:

s€8={0,+1, +2, ..}

sin sTpuy shell ‘ST‘:*LlshST cos sT — pochsT - cossl=L ay - =T
A | cos ST — pychsT  s(—sin sT + poshsT) — O[g@ o - #
s o sin S(ZQ+T) g COS S(tQ + T) 11—y 1—coss§t2+T) 0 )
Ag Ay 0 Aga
rie
1 1 1
Ag =y - . ghsT — —— . 8(i=T) t — —— T daw/sty |
41 = 0 Ml(s\/ﬁss 2\/56 er f/stq \/Ee aw~/sty | ;
1
Ago = a1 - o (\/7?1 - chsT — % et L er £ /sty + :/[; cesT. daw\/sﬁ) :
1 1
Ay =1+ % [\/ﬁ + — - chsT — —% et Ler £ /sty + :/[; : eSTdaw\/stl} .
1 1
31ecn

x

2 xr
erf x = ﬁ /exp (ftz) dt, daw x = exp(fa:Q)/exp(tz)dt.
0 0

Teopema 1. ast mobbix f7, w,, o, ti, T, yrosrersopsionux Tpeopanusam (7), rpanuamble 3agaan (2)—(6)
AMEIOT €IMHCTBEHHOE Lo-CUIHHOE PEIeHne TOTJIa U TOJBKO TOT/I&, KOT/IA BBITIOJIHEHBI CJIEIYIONIIe YCIOBHS:

|Ag| #0; seb. (8)

Yenosue (8) B repmunax JaHHBIX (7) JaeT HOJIHOE ONMCAHAE KOPPEKTHBIX MPAHIYHBLIX 33129 Buja (2)—(6).

Caedcmsue. Ilycrs npu ycioBusx TeopeMbl 1 B ypasaenus (1) OTCYTCTBYIOT HAIPY2KEHHBIE CJIAracMble, T.e.
ag =0, k =1, 2. Torna mist Toro, 9Tobel rpaHnaHble 3aaa4n (2)—(6) nmesnn euHCTBEHHOE Lo-CHIIBHOE DellleHne,
HEeOOXOIMMO W JIOCTATOYHO BBINOJHEHUE yCJIOBNUil

sin sT+pyshsT o
— cos sT — pochsT £0; seS. )

cos sTS— pu1chsT  s(—sinsT + pgshsT)

Jokasamesvemeo meopemos 1. JJokazaTeabcTBO TeOpeMbl Gy/IeM IIPOBOJUTH METOJIOM Pa3/ICJICHUS! TIeEPEMEH-
HBIX, T.€. HIIEM peleHne 3a71a4 (2)—(6) B ciemyomeM Brje:

uM(z,t) = %ugl)(t) -exp{is-xz};
u® (z,t) = %ugz) (t) -exp{is-x}. (10)

YareM COOTBETCTBYIOIME PA3JIOXKEHNUsT JIJIsl IIPABLIX dacTeil ypaBHenuii (2), (4)
O (z,t) =3 fs(l)(t) exp {is-x};
@ . (11)
FP(t) = 5 12 (1) exp {is -2}

seS
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['paruunas 3amaqda qjs1 APOOHO-HATPYKEHHOTO. ..

Ipanuunbie 3amaun (2)—(6) MOXKHO CBECTH K U3yUEHHIO KPAEBBIX 3344 JJIf CUETHOH CHCTEMBbI HATDYKEHHBIX
OOBIKHOBEHHBIX A depeHnnaabHbIX yPABHEHMH

d2u(t) o ) (1) (4
— e+ 5% (8) + ar DEulD (t1) = FO () upn t € (05T); (12)
d2 (2)()
a8 2u (t) + aul? (t2) = fI2(t) mpm t € (=T70); (13)
uS(T) = poul? (=) 14
du(m) _  duP(=T) (14)
a M dt )

Beenem cucremsr uncer {vy, s € S}, {¢s, s € S}, moka BpeMeHHO HEM3BECTHBIE, C IIOMOIILIO KOTOPLIX BMECTO
zajad (12)—(14) Gyaem paccMaTpPUBATH CJIELYIONNE MPAHIIHbIE 3a/1a4N:

_ U0 2,0 1) 4 ey DD (1) = 1O(1), te (0;T), -
u (D
ul(T) = povs ddi(T) Pips, SES.
Pul®) 1 2D 1) + agu® (1) = 1Pt), te (=T;0),
2) dul® (=T) (16)
us (-T)=vy, —g——>=¢s, s€S.

Haiinem pemenne ypasuenusi (15). IlepeHeceM Harpy»KeHHOe cJlaraeMoe B IIPABYH0 CTOPOHY, OGO3HAYNM

S(l)(t) - alDt% ugl)(tl) = Fs(l)(t) u OyeM CYUTATDh Fs(l)(t) BPEMEHHO U3BECTHOM, Torja ypasuenue (15) Oymer
UMeTD CJIeLyIomuii Bu:
d2 S)
SO 2l = FO). (17)

Perntennie cooTBETCTBYIOIIETO OMHOPOIHOIO YPABHEHUS UMEET BH]]

Uo.0. = Cle_St + CQ@St = Clch st + CQSh st.

ILJISI MMOJIy9€eHNd 9aCTHOI'O pelleHnd HEOJHOPOJHOI'0 YPpaBHEHUA BOCIIOJIB3YyEMCA METOJI0M Kormmm:

K(t,7) = C1(7)chst + Ca(7)shst; (18)
K(t, T)| = C1(7)chst + Co(7)shst = 0;
{ K{( 77')T =Ci(r )shsr—!— Co(7)chst = %
A chst  shsT | _ LA = ? shst | _ _ShST’ L= chst 9 ’ _ chst
shst chst S chst s shst = s
Haitnem orcrona A ) A .
1 shst o chst
A e
IMoncrasum waiinennsie Cp, Co B coorHomenue (18), moayunm
K(t,7)= —% [shst - chsT — chst - shsT] = %shs(t - 7).
Takum obpa3zom, JacTHOE pernenHne 6yaeT NMeTh BH
T
uDap.(t) = / shit=7) - FN(1)dr.
J s
Teneps 3anuiiem obiiee penienne ypasaenus (17)
T
uglp), = Cichst+ Cysh st + / S}LS(S;T) - FO(r)dr =
i
T T
= Cichst+ Cash st + / MS_T) O (r)dr - / WmD%ugl)(tl)dT. (19)

t t
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Ipomemaem Toxke camoe ¢ ypasHenuem (16), mosydnm

Uo.o, = C1 cos st +Cosin st, oblree perenne KOToporo NMeeT BUL
t
= ~ sins(t — 71 ~
uEFI), = (1 cos st + Cysin st + / (7) . FS(Q)(T)dT = C} cos st+
S
-T

t t

Cysin st 4+ / st =7) ¢ (1yqr — / st =7) o u® (ty)dr.

s s s
7 7

Teneps naiinem Ci, Co u C’l, Cy us yeaosuit  (15)—(16) ()

u@(~T) = v, W2CED

dt
7 =, SES.

Torma
ugl)(T) = Cych sT 4 Cosh sT = pgvs,

() p
dusT() = sC1shsT + sCochsT = p1ps.

orciona Haxoaum C1, Co
C1 = pgvschsT — s shsT,
s

02 _ ,Uflcps
S

- chsT — pgvs - shsT
U U3 COOTHOIIEHUN

U(SQ)(fT) = C’l Ccos 5(*T) + 02 sin S(*T) = U,

dul? (~T - .
% —sCysins(—T) + sCq cos s(—T) = s
naxomm Cp, Cy
Cy = vscoss(=T) — ?5 sin s(=T),
s

Cy = % cos s(—T) + vgsins(—T).

JICHHS:
f hs(t
ugl)(t) = povschs(t —T) + %shs(t —T)+ / M . Fs(l)(T)dT
& s
t
f h
E t—
= povschs(t —T) + M2 o, s(t—T)+ / shs(t —7) D () dr—
S s
t
3oy, L—chs(t-=T)
—aDiug (t)———5——
s
u

t
5 . i t—
qu)(t) =vscoss(t+T)+ % sins(t+T) + / W . fs(2)
-T
t

_ / Sms(%ﬂagug) (t2)dr = v, cos s(t + T) + £ sins(t + 1)+
-~

t
N / sins(t —71) FO(P)dr — agu® (ts) - 1-coss(t+T)

s 52
“r

36

penieHue OJJHOPO/IHOT'O

o)
u(T) = povs, dug’ (T)

YPaBHEHUS

(20)

:/~‘L1<)DS7S€SH

Haitnennsie C, Co u Cy, Cy nogcrasiasgem B (19) u (20) cOOTBETCTBEHHO, MOIyIaeM CIEIYIONIUE [IPEICTAB-

(22)
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B sTux IpeaCTaBJICHUAX HECU3BECTHBIMU ABJIAIOTCHA

1
Vs, @Ps; althugl)(tl)v angQ)(t2)'

Jnst mX HAXOXK/JICHUS UCIOJIb3yeM IpecTaBienus (21) u (22). Buagase HaiijieM IpecTaBaeHus IS TPOU3-

BOJHBIX pemtenuit 3aja4d (15) u (16):

dulM ()
dt

T
= /fs(l)(T) ~chs(t —7)dT + p1ps - chs (t —T) +
t

1 hs(t—T
+uovs - s-shs(t—T)+ alDEugl)(tl)M.

¢
du$? (t
Udt( ) — /f§2)(7')'COSS(t*T)dTJrsDS'Coss(tJrT)f
7
i t+T
s esins (E4T) — anu® () ST
s

Jlastee, ICTIOMB3YS YCIOBUS COMPSZKEHUS

{ ut? (0+) = ul® (0-)

dulV(04) _ dul®(0-) >

dt dt

na juann t = 0 B obsactu () Oy IuM

T
s hs(— 1 1 —chs (=T
wovsch s (=T') + H1Ps o s (-T)+ / shs(=r). O (r)dr — ayD? u&”(tﬂ#
s s s
0
[ s 1 T
= vscos sT + P in sT + / sins(=7) @ (r)dr — apul®(ts) - L(Q)ss
s s s
T
u
T
1
/fs(l)(T) - chs (—=7) dr + p1ps - chs (=T) + povs - § - shs (=T) + a; DZulV (t;)
0
0 T
= / (1) - coss (=) dr 4 s - cos ST — v - s - sin sT — aluf)(tg)sms .
=T
Orcrona nmeem
i h 1 —chsT
povsch sT — Mbs b o — / shst -fél)(T)dT _ alDEugl)(tl)Lf =
s s s
0
r s 1 T
=vscossT + P sinsT — / ST O (1)dr — aoul? (ty) - L;)SS
s s s
=T
i
’ hsT
1
/fs(l)(T) - chstdr + p1@s - chsT — povs - s - shsT — a1 D} ugl)(tl)% =
0
0 o
= / (1) - cos sTdT + @5 - cos ST — vg - s - sin sT — ayul? (tg)bmss
=T
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B urore IIOJIYyIUM

sin T’ hsT 1 — cossT
(bms + p1 5ns ) s + (cos sT — pogchsT) - vs — Lo
s s

2 . OéQUSSZ) (t2)+
1-— T
+$ \DEuM(t)) = FY,
s
. sin ST (2)
(cos 8T — p1chsT) - ps + s (—sin sT + pgshsT) - vs — ~agul? (ta)+
s
hsT 1
—|—S i Oéll)té ’U,gl)(tl) = FSQ, (25)
rae
0 o T
= [T 0w [ O ar,
G S 0 S
0 T
FS2 = —/ COS ST - fS(Q) (T)dr +/ chsT - fs(l)(T)dT. (26)
-T 0

Tenepn mpoesbiBaeM ciefyionee: oT obenx dacreil pasencrsa (21) Gepem ApOOHbIE TPOU3BOAHBIE TTOPSIKA
1/2 u B mOJIyYeHHOM paBeHCTBe moJaraeM t = ty. Toma nMeeM

1. D} {Shs (’;_ )]

- shsT + —= -5 =T).

8T
- = 2\[ stq \/7 e daw+/stq.
% _ 1 f s(t1— \/g sT
2. D¢ [chs(t=T)],_,, = N ~chsT + ~— 5 ) erfy/st; — N daw/sty.
1 {1—chs(t—T) B ap [ 1 1 VS sti—m) Vs
3. {1—1—0[1 D; { 2 }]t:tl _1+s2 [\/ﬁ+\/ﬁ chsT 5 e erf\/stl—i—ﬁ
5T . daw\/stl] .
[ shs(t —7) 1od ’
1 shs(t — 7
3 Rrie) - - ° (1) -
4. D; / . fsdr T / ¢ /shs ) [ (r)dr| dE
t t=t, 0 £ t=1t
t
_ . (1) [ sh 5(5 - / () /m _ )
S\f a /f shol€ = e 4 [ fO()ar e = 0.
0 0 t=t,
V7 2 o )
. T-erf\/stl + 7~shst1-daw\/st1 + f ()[\/Ee T dawy/sty — /s-dawy/s(t; —T) +
s s
0
T
_i_\/;?s.es(tl*ﬂ (erf\/a—erf\/m> dr + /fﬁl)(T) [ Vs VT f (=7 erfy/sty — %Ch ST +
1
¢

++/5 - e - daw+/stq dT} )

B urore nmonyaaem

1 1 1
g | ——== - shsT — —— - e*t1=T). t T dawy/st; | -
(e 71 ul(s\/ﬁss 2\/56 er f+/sty \/ﬁe aw4/ sty pst+

. . _ V2 s(t=T) \/ N2 ST, \/ .
+aq u()(\/Tl chs1 5 e erf 8t1+\f e daw~/sty )

1 1
—|—<1—|-L/7rT N - chsT — \2[ s e f/sty+

—|—£ - e*T . daw+/st1| | - qut%ugl)(tl) =
N3
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= Oéls\l/E{fs(l)(tl) (ég . 67"f\/£+ % . ShStl . daw@) +

+/f§1)(7') {\/5 < T - dawy/sty — /s - dawy/s(ty — T)+

0

+@ cesti=T) (erf\/ﬂ— erf/s(t1 — 7'))} dr+

T
+/fs(1)(7') |:\/§.2\/E63(t17) cerf/st; — %ch ST+ /5 et daw\/ﬁ] dr p . (27)
1
t1

B upeacrasienun (22) nojaraem t = to, Torga OyJeM UMeThH

agcoss(te+T) - vs + @2 sins(te +T) - ps—
s

1— t T
L R N 23)
rie
to
st —
F'=_q, / W @ (r)dr. (29)

-T

1
y ia
Tenepsp u3 cucreMmbl ypasHenuii (25) u (28) olpemesnM HEU3BECTHBIE BEJHYUHBL @5, Vs, 01D} ul )(tl),

asul? (t2), Vs € St

A 1
a1 DZul (t1)

s |
= | - 5 O‘lugl)(tl) = ‘A

= A,

_ Ay
|As|

Ps y Vs ) a2ugz)(t2): (30)

rae marpunel A, A, A [OJTy9aroTCs U3 MaTpulbl Ay 3aMeHON COOTBETCTBYIOIIUX

1 A o
arD2ulV (1) T zus (t2)
cTonbros snementamu FL, F2 F3 F2

Hanee, mozpcrasistst (30) B (21) u (22), nosryyaeM OKOHYATEIBHOE TIPEJICTABIEHNE PEIEHUH IMPAHTIHBIX 38184

(15), (16):

T
A, A shs(t—T shs(t—T
)= 3 - chste -1y 1ol RO RS g
t
A 1
‘ DD ()| 1 —chs(t—T
_ 1TA| tof Z—¢ ::2( ) ses; (31)
¢
@) AL . b T Ay, | .Sins(t+T) /Sins(th) @) B
ug? (¢) Al coss(t+T)+ Al S + . £ (m)dr
T
_‘Aawgz)(b) . 1—coss(t+T) seS (32)

[A] 52 ’

Tenepsb obcyamm Borpoc 06 ycranoBieHnn Lo-onieHOK s pemenuit (31)-(33), paBHOMepHBIX 10 § € S, T.e.
OIIEHOK BUJI&
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rae nocrosunbie Cp, Co HE 3aBUCAT OT S.
st 9TOrO0 paccMOTpUM BHAUAJe CIydail OTCYTCTBHsI HADyZKeHHBIX ciaraeMbix. 3 (31), (32) momywaem
CJIeIYFOTIIE TIPEJICTABIIEeHHsI 1JIsl NICKOMBIX pertennii (s € S):

Ly(=T,0) —

12|

u(0)

Ly(—T,0) ’

T - -
hs(t — ’ " hs(t—T ‘Avs
o = [T 0 gar o L D sy 39)
/s A, s A,
. - -
ins(t — ’As ins(t+T ‘Aus
ug)(t) - / M . fS(Q)(T)dT + f; . sins(t + 1) + +— -coss(t+T), (36)
5 I
=T
rae u3 (21) umeem
‘A _ —Si“sST + 11 —ShssT cos ST — pochsT .
| 7| cossT — pichsT s (—sinsT + poshsT) |
= —1— pop1 + (po — p1) sin 8T - shsT + (po + p1) cos sT - chsT; (37)
0 2 T 1
J st fs( )(T)dT — [ sher. { )(T)dT cos sT — pgchsT
’A _|-T 0 _
Ps 0 2) T 1)
— [ cosst- A (r)dr + Jchst- fs(T)dr s (—sinsT + pgshsT)
=T 0
0
= / (1) [cos s(T +T) — po(cos sT - chsT — sin st - shsT)] dr+
=T
T
+ / FO(7) [pochs(t — T) — chst - cos sT + shst sin sT] dr; (38)
0
. 0 . T
smssT + I sthT f smss‘r . fs(2) (T)dT - f shsST . 5(1) (T)dT
5)- ! o :
" ° @) i )
cos 8T — pychsT — [ cossT- fs7(T)dT + [chsT - fs ' (T)dT
-7 0

0
1
= / 2 (1) [=sins(r 4 T) 4 py (sin s7 - chsT — shsT - cos s7)] dr+
T

T
1
—l—; /fs(l) (1) [urshs(T — 7) + shst - cos T + sin sT - chst] dr. (39)
0

Ioncrasnss (37)—(39) B (35), momyaem

1
A,

ulV () = @ (T){ulshs(t —T)-coss(t+T)— ppsins(r +T) - chs(t — T)+

s

S .
+popr [cos sT - chs(2T — t) — shst - cos sT] }d7'+

1

+ =
s-‘AS

T
. /fs(l)(T){uoulshs(t —7) + posin sT - chs(t — T)chst — uy cos sT - shs(t — T)chST}dT—i—
0
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T

1

+ ‘ - /fs(l)(r){—(l + popr)shs(t — ) + (po — pa) sin sT - shsT - sh(t — 1)+
5+ |Ag

t
+(po + p1) cos sT - chsT - shs(t — T)}dT. (40)

Dopmysbr must pemennit (36) u (40) mo3BOSIFOT TOMYIUTh Tpebyemble Lo-ONeHKHN Juist cammux (DyHKIHi

dugl)(t) dugz)(t) dngl)(t) d2u§2)(t)_

ugl)(t), ul? (t) m A1 UX TPOM3BOIHBIX

dt dt 2’ dt?
(1),5’ <C (1)t‘ (2)t‘ ) A1
[, om =N O], 0+ 12O o | (41)
(2>t’ <C <1>tH (2)t‘ . 42
20, o< |l700], o 1720, L (42)
(1) r
e salmol, .ol ) (13)
L2(0,T) L2 (—T,0)
L2(0,T) -
ul (1)
s < (D) H . £(2) ‘ : 44
R e [Hs o), s o], ok (44)
L2(0,T)
dul? (t)
s <C‘(1)t‘ ‘(Q)t‘ : 45
dt <G [0, o+ 12O, (15)
L2(0,7T)
2u? (¢)
a7us (1) < (1) H . £(2) ‘ . 4
o <Gl 100+ o 120, (16)
L2(0,T)

O6cymum, napumep, noiaydenue (41). s sroro 3anumem upexacrasienue (40) B Bue

0 T
ugl)(t) = /Ggs(t, T)- fégl)(T)dT—F/Gls(t,T) . fs(l)(T)dT, s€S.
T 0

Iyist oty gerust TpebyeMbIX OIEHOK JIOCTATOYHO MTOKA3aTh PABHOMEPHYIO 10 S OIpaHUYeHHOCTh (pyHKIui G,
GQS, T.C.

{G1s(t, I 1Gas(t, 7]} < K

JIIST JTIOOBIX JTIOIMYCTUMBIX t, 7.
Jljisi KOHEYHBIX S M3 YCJIOBHII TEOPEMBI 9TU HEPABEHCTBa ClpaBe yinBbl. OCTaeTcsi pacCMaTPUBATh CJLyYau:
s =0, s = +oo. [Iycrs s = 0. HepaBencrsa ciienyior uz Toro ¢akra, 9T0 B KaxkgaoM cjiaraemoM u3 Gig(t, 1),

sh sB sin sf3
Gas(t, T) IPUCYTCTBYIOT BBIPAYKEHUsI BUJIA , , KoTtopble orpanudensl npu § — 0. B ciygae
s s

s — oo orpannuenuocts {|Gis(t, 7)|, Gas(t, 7)|} caenyer usz-3a Hasudus B Hux runepbosmdeckux dyHKOmil
{sh, ch} xax B uncsurese, TaK U B 3HAMEHATEJE OIHOTO U TOTO YKe MOPSIJIKA.

AmnanornuHoe uMeeT MeCTO M JJIsi OCTAIBHBIX OIEeHOK (42)-(46).

Ouenku (41)-(42) ocratorces cupase/IUBBIME B 33ja4€ (1) U IPHU HAJIMYIMN HATPY?KEHHBIX CJlaraeMbix. st
3aBEpIIeHHs JOKA3aTEIbCTBA TEOPEMbI Tellephb J0CTATOYHO IIPUMEHHUTD jiemmy u3 [4; 118].
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Beamniekri-kykTearen JlaBpenTtbeB-Buriaaze tenjeyi
YIIIiH OIeKapaJIbIK ecell

Maxkasnaga TikTepTOYphIIITHE 00J1BICTa OouteKkTi-KyKTearen JlaBperntoes-burianze Texmeyi yimin mokanbmi
eMec 1meKkapatibik, ecebi seprresren. OcbiFaH yKCac MIeKapasblK ecentep [1-3] 2KyMbIcTapbIHIa KAPACTHIPHLII-
raH. Bys »KyMbICTa 3epTTeNeTiH €CENTiH, aJIIBIHFBI €CENTEP/IEH albIPMAIBLIBIFEI, OipiHIIigeH, TuIepboIa-
JIBIK, 60TIKTiH, OOJIBICHI CHITATTAMAJIBIK, €MeC, EKIHIMIeH, TeHAeyae OOJIIEKTi-?KYKTE/ITeH KOCHLIFBIIIITAP/IbIH
bap 00JIybl KApaCTBIPBLIBII OTBIPFAH €CENTiH KeHbOip epeKIneiKTepiH aHbIKTayFa MYMKIH/IK Oepe/i.

Kiam cosdep: meKapaJbIK, €Cell, XKYKTEJINeH TeHIeyJIep, OOJIIIEK TYBIHIbI, aiHBIMAJIbLIAPIbI OOy 9Iici.

A Kh. Attaev, S.A. Iskakov, M.I. Ramazanov

Boundary value problem for the fractional-loaded
Lavrent’ev-Bitsadze equation

In this paper we study the boundary value problem for a fractional-loaded Lavrent’ev-Bitsadze equation in
a rectangular domain with nonlocal boundary conditions. Similar boundary value problems were studied in
papers [1-3]. The problem studied in this paper differs from the problems considered earlier in that, firstly,
the domain in the hyperbolic part is not characteristic, and secondly, there are fractional-loaded terms in
the equation, which makes it possible to reveal certain features of the problem under consideration.

Keywords: boundary value problem, loaded equations, fractional derivative, method of separation of variables.
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On one algorithm for finding a solution to a two-point boundary
value problem for loaded differential equations with impulse effect

A linear two-point boundary value problem for a system of loaded differential equations with impulse effect
is investigated. The parameterization method is used to solve the problem. The essence of parameterization
method is that segment, where the loaded differential equation is considered, is divided into parts by loading
points, and the initial problem is reduced to the boundary value problem with a parameter. The solution
to boundary value problem with parameter is defined as a limit of systems sequence, consisting of the
pairs of parameter and function. Parameters are defined by a system of linear algebraic equations. System
of linear algebraic equations is determined by the matrices of boundary conditions, the system of loaded
differential equations, and the conditions of impulse effect. An algorithm for finding the solution to linear
two-point boundary value problem for the systems of loaded differential equations with impulse effect is
offered. The convergence conditions of the algorithm providing the existence and uniqueness of solution to
the considered problem are established. Sufficient conditions for unique solvability of the problem in the
terms of initial data are received.

Keywords: boundary value problem, parameterization method, loaded differential equation, impulse effect,
algorithm.

In recent years, the interest in studying the loaded differential equations steadily increases, and these
equations find numerous applications in practical problems. The intensive research of loaded differential equations
with various boundary conditions is observed. The «loaded equation» term has been used in the works of
A.M.Nakhushev [1, 2], where the most general definition of loaded equation is given, and various loaded equations
are classified in detail, for example, the loaded differential, integral, integro-differential, functional equations,
and numerous applications are described. A numerical method for solving the systems of loaded linear non-
autonomous ordinary differential equations with non-separated multipoint and integral conditions is offered
in [3]. Basic questions in the theory of boundary value problems for loaded differential equations are the same as
in the theory of boundary value problems for ordinary differential equations. However, the existence of loaded
operator does not always make it possible to apply directly the known theory of boundary value problems [4-6].

Mathematical modeling the evolution of real processes with short-term perturbations, the duration of which
can be neglected, leads to the necessity of investigating the differential equations with impulse effect. Various
problems for such equations, as well as the methods for their solving and other problems in the theory of
impulse systems are considered by many authors [7, §]. It is known that impulse existence essentially affects the
properties of solutions to ordinary differential equations.

Earlier in the works of D.S.Dzhumabaev [9], a parametrization method has been developed for the investi-
gating and solving the two-point boundary value problems for the systems of ordinary differential equations.
Parametrization method has allowed establishing the necessary and sufficient conditions for the unique solvability
of the problem in the terms of initial data. Based on this method, two-parametrical families of algorithms for
finding solutions to the two-point boundary value problems for the systems of ordinary differential equations
have been offered. The conditions of feasibility and convergence of those algorithms simultaneously ensure the
existence of a unique solution to the problem.

In work [10], the parameterization method is developed for the two-point boundary value problems for the
systems of ordinary differential equations with impulse effect, the effective solvability conditions are established,
and the constructive algorithms for finding a solution are constructed. Coeflicient signs of unique solvability for
a linear two-point boundary value problem for the systems of loaded differential equations are found in works
[11-15] on the basis of parametrization method, and the algorithms for finding a solution to this problem are
constructed.
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The parameterization method in this paper is developed for the linear two-point boundary value problem for
the system of loaded differential equations with impulse effect (1)—(3). According to the scheme of parameteriza-
tion method, the algorithms constructing the approximate solutions to the considered problem are offered.
Sufficient conditions for feasibility and convergence of the offered algorithms, as well as for the existence of a
unique solution to the two-point boundary value problem for the system of loaded differential equations with
impulse effect (1)—(3) are established. One of the basic conditions for the unique solvability of investigated
problem is the invertibility of a special matrix compiled from the data of problem.

Consider the linear two-point boundary value problem for the system of loaded differential equations with
impulse effect

dx
= :c—i—ZA hm LB+ f(@), L€ (0,1)\ {01,062, ... 0m}; (1)
Box( )+ Cox(T)=d, deR", x¢€R" (2)
B; t_1>19{§1_0w(t) - Citilerf}kox(t) =i, @i €R", i=1m, (3)

where the (n x n)-matrices A;(t), j = 0, m, and n—vector-function f(t) are piecewise continuous on [0, T] with
possible discontinuities of first kind at the points ¢t = 6;, i =1, m. Matrices B; and 0]7 j=0,m, are (n X n)

constant matrices, 0 =0y < 01 < ... <O, < Opy1 =T, |z|] = m?l|xi|, lA®)| = m?x Z la;; ()]
i=1n ng=1

Solution to problem (1) -(3) is a piecewise continuously differentiable on [0, T] vector function x(t), which
satisfies the system of loaded differential equations (1) on [0,T], except the points ¢t = 6;, i = 1,m, the
boundary condition (2) and the conditions of impulse effect at the fixed instants of time (3).

Denote by PC([0,T], 6;, R™) the space of piecewise continuous functions with the norm
[zl = max  sup [lz(t)]].

1=0,m t€[0;,0;41)
Definition. Problem (1)-(3) is called uniquely solvable, if for any function f(t) € PC([0,T],6;,R™) and

vectors d € R™, p; € R™, i=1,m, it has a unique solution.

Let us consider an example showing that impulse at loading points influences significantly to the property
of two-point boundary value problem investigated.

Consider the periodic boundary value problem for the loaded differential equation without impulse effect:

dz 1
=t +x(§), 2(0) = z(1), te0,1]. (4)
: : : £t 3 : : -
Obviously, problem (4) has a unique solution z(t) = — — = — —. Along with (4) we consider the periodic
boundary value problem for the loaded differential equation with impulse effect
dz 1 1
“=t+a(3) tel0ING} 2(0)=20); (5)
1 1
4x(§+0)—x(§—o) ~1. (6)
. : 1 2t 1 1
General solution to the equation on [O, 5) has the form: z(t) = 3 + 1 +2Ct + C, x(i — O) =1 + 2C.
1
From (6) we define x(§ + 0).
1 1 1 1 1 ) C
o(z+0) =7[1+=(z-0)] *1[”1*20} 16T

1 3
Then the solution on {2 1} takes the form: z(¢t) = 5 + 8t + Ct.

Now, to make solution satisfied the periodic boundary condition, we need to choose an arbitrary constant
7
C satisfying the equation C' = C'+ 3 Since there is no such number C, problem (5), (6) does not have a solution.

Let us now investigate boundary value problem (1)-(3) by the parametrization method. Divide the interval

m—+1
[0, T] into parts by the loading points: [0,7) = U [0-1,0:).
r=1
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Introduce C([0,T],6,, R*™+1) as a space of function systems x[t] = (z1(t),z2(t), ..., Zm41(t)), where
functions z,(t), r = 1,m+1, are continuous on [f,_1,6,) and have finite left-sided limits t_l>iem oxT(t)’
r =1,m+ 1, with the norm ||z[]||]s = max sup ||z

r=1,m+1 te(0r-1,0,)

Let z,(t) be the restriction of function z(t) to the r-th interval [0,_1,60,), r = 1,m + 1, i.e. z,.(t) = x(¢), for
t€[0,-1,0,), 7 =1,m+ 1. Introducing the additional parameters A\, = z,(0,_1), r = 1I,m + 1 and performing
the replacement w,.(t) = x.(t) — A, on each interval [0,_1,0,), r = 1,m + 1, we obtain the boundary value
problem with parameters

du, i
= Ao()ur (1) + 2] + S A ONp + F(1), tE[0o1,0,); (7)

j=1
ur(0,21) =0, r=1,m+1, (8)
Bo/\1 + CO)\m—&-l + Co lim um+1(t) = d; (9)

t—=T-0
B; lim uz(t) + B;\; — Ci>\i+1 =y;, t=1m. (10)
t—0;—

Solution to problem (7)-(10) is a pair (X, wft]) with elements X = (Ag,Az,...; Any1) € R,
ult] = (u1(t), ua(t), .. umH t)) € C([0,T),0,, R*™*1)) where the functions u,(t) are continuously differen-
tiable on [0,_1,6..), = 1,m + 1, and for \, = \} they satisfy the system of ordinary differential equations
(7) and conditions (8)7(10). }

Problem (1)-(3) 1is equivalent to problem (7)—(10). So, if the pair (A, @[t]) with elements
A= (A Ay s Ama1) € RG] = (g (t), Ga(t), ..., Gmei(t)) € C(0,T],6,, R*™+tD) is a solution
to problem (7)-(10), then the function Z(t) defined by the equalities &(t) = A, +,(t), t € [f_1, 6,),
r=T1m+1, #T) = Apy1 + tii%noﬁmﬂ(t) is a solution to the origin boundary value problem (1)—(3).
Conversely, if x(t) is a solution to problem (1)—(3), then the pair (A, u[t]) with elements \ =
= (x(00),x(01), ..., x(Om+1)), wlt] = (x(t) — x(00), x(t) — x(01), ..., x(t) — x(0my1)) is a solution to problem
(7)-(10).

The appearance of initial conditions wu,(6,_1) = 0, r = I,m+1, for fixed values of the parameters
A= (A, A2,y .oy A1) permits to find the functions u,(t), r = 1,m + 1, from the Volterra integral equations of
the second kind

t

() = /AO(T)[UT(T)MTMTJF / [ AN+ f@)]dr, te 00, r=TmFL (1)
0, _

97‘71 ]:1

In equation (11), replacing w.(7), r = 1,m + 1, by the corresponding right-hand side and then repeating
this process v(v = 1,2, ...) times, we obtain the representation of functions w,(t), r = 1I,m + 1, in the following
form:

m

up(t) = HY . (t)A + Z H) ()1 + Fur(t) + Gur(up,t), t€[0,-1,0,), r=Tm+1, (12)
j=1

¢ t Ty—2 Ty—1
t) = /Aj(71)d71+...+ / Ao(71) - / Ao(Ty—1) / Aj(r,)dry, ...dm, j=0,m
[ 0,_1 0,1 0.,
t

/le dT1+/A0 7'1 /fTQ drodm + ..

0r_1 0r—1

where

Ty —

‘ 2 oo
+ / Ao(m1) ... / Ao(n_l)er/l f(r)dry ...dr;

r—1 0r—1
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t Ty—2 Ty—1
G, t) = /Ao(n)... / Ao(ry 1) / Ao(r)un(r)dry - dr, 7 =TT,
0,1 0r_1 0,_1

By passing in the right-hand side of (12) to the limit as ¢t — 6, — 0, » = 1,m + 1, and substituting the
corresponding expressions into (9) and (10), we obtain the system of equations for the unknown parameters \,.,
r=1,m+1

B())\] + C()[I + HS,'n’H»l( m+1 + CO Z um+1 J+1 =

=d— COFV,erl( ) - COGV,m+1(um+1a T)7 (13)

Bl[I+H0 )\ + B ZH J+1 C )\1—0—1 B FV'L( 1) B le(ula l)a Z: 1ama (14)

where I is an identity matrix of dimension (n x n). Denote the matrix corresponding to the left-hand side of
system (13), (14) by Q,(#) and introduce the vectors

Fu(e) = (d - COFV,erl(T)a Y1 — BlFll,l(el)a Y2 — BZFV,2(92)7 ey Pm — BmFu,m(em))7
Gu(u7 9) = (COGV,m+1(um+17 T)u BlGu,l(ulu 91)7 B2Gu,2(u27 92)7 eeey BmGl/,m(um7 em))

Then we rewrite system (13), (14) in the form
Qu(ON=F,(0) — Gy(u,0), Xe R"mY, (15)

Thus, we have the closed system (11), (15) to find the unknown pair (A, u[t]), a solution to problem (7)—(10).

Applying the method of successive approximations, we find solution to boundary value problem (7)—(10)
and, correspondingly, to boundary value problem (1)—(3). That’s an essence of the parameterization method.

Pair (), u[t]), the solution to problem (7)-(10), is found as a limit of the sequence of pairs (A*), u(*¥)[t]),
k=0,1,2,..., defined by the following algorithm:

Step 0. ) We assume that for the chosen v € N matrix @, (0) is invertible and find initial approximation with
respect to the parameter \(?) (/\(0) /\(0),. ,)\igl_l) € R*m+1 from the systems of equations Q, (0)\ = F,(0),
i.e. A9 =[Q,(0)]7'F,(#). b) Using the components of vector A(*) € R"("+1) and solving the Cauchy problems
(7), (8) for A\, = MO = T,m + 1, on the intervals t € [0r-1,6-), T =1,m+ 1, we obtain the functions
usao)(t), r=1m+L

Step 1. ) Substituting the found wl? (t), r=1,m+ 1,into the right-hand side of system (15), we determine
AO = A A AN ) € R from QL (0)A = F,(0) — G, (u(9),6). b) Solving the Cauchy problems
(7), ( ) on the closed intervals ¢t € [0,-1,60,), r = 1,m + 1, for A\, = AY = T,m ¥ 1, we find the functions

ulM (t), r=1,m+1, and so on.

Proceeding in this manner, at step k we obtain a pair (A*), w(®)[t]), k = 0,1,2, ... Note that in part b),
for the fixed values of parameter A\., r =1,m + 1, the solution of the Cauchy problem is found separately on
each interval t € [0,_1,0,), r =1,m + 1.

Sufficient conditions for the convergence of algorithm, the existence of a unique solution to the linear two-
point boundary value problem for the system of loaded differential equations with impulse effect (1)-(3), are
provided by the following assertion:

Theorem. Suppose that for some v € N, the matrix Q,(0) : R*™*D — R(m+1 is invertible, and the
following inequalities are true:

I1Qu0) " < 7(6); (10
00(6) = 20 0) max{t, ma B [Coll e~ 3 O 15 e - (17)
v i=0 : j=1 i=0

where h = max (9 —0r—1), |A: ()| € i, i =0,m.
r=1,m+

Then the hnear two-point boundary value problem for the system of loaded differential equations with
impulse effect (1)—(3) has a unique solution.
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The proof of Theorem with minor changes is similar to the proof of Theorem 3.2 in [10].
To illustrate the Theorem, we consider the following example. On [0, 1] for the system of loaded differential

equations
p 0 1 1 0
ar _ 2 8 1 ) tefo, 1\ 41 18
dt E 0 T+ 0 i x 2 + fZ(t) ’ 6[7 ]\ 9 ) ( )
4 16
we consider the linear two-point boundary value problem with impulse effect
10 -1 0 o di Y.

1 0 . 2 1 . _ [ ¥
(0 Z)tilglox(t)_(l O>ti1?l()x(t)—(¢2). (20)

Divide the segment [0, 1] into two parts: [0,1) = [0,1/2)J[1/2,1). Introducing the additional parameters
A1 = 2(0), A2 = 22(1/2), we pass to the boundary value problem with parameters

1 1
du 0 3 g O fi(t)
LA 2 A 8 A ! =1,2,
i ' 5 [ur + A] + . t 2+<f2(t))’ r ,
4 16

10 1 0 1 0\ . (4
<0 1 )A“L( 0 -1 >A2+< 0 -1 )tllino“?(t)_ ( ds )
10 1 0 2 1 _ [ ¢
(o5 ) (o) tpmo- (5 5)e=(2)
For v = 1 matrix @1(6) has the next form:
1 0 —1.0625 —0.25
0 1 —0.09375 —1.02344
@) = 1 025 —1.9375 -1
0.0625 2 1 0.01563

Matrix @Q1(60) is invertible and

12.66431  0.95466 —1.64735 —0.27141
Q:(0) " = —-0.9913 —0.67168 0.94646  0.71753

1.83385 1.31109  —1.80699 —0.42967

—1.13659 —1.75349 1.09031 0.74046

Let us verify the implementation of the Theorem conditions:
I[Q1(0)) 7 < 5.53773;

q1(0) = 5.53773 - max[1, | By ||, ||Col|] - [e**® — 1 —0.25 4+ 0.125- 0.5 - (e*2° — 1)] = 0.57345 < 1.

Thus, all assumptions of Theorem are true, and problem (18)-(20) has a unique solution.
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9.A. Bakuposa, 2K.M. Kagupbaesa, A.B. Tneymecosa

NMnoyabeTik ocepi 6ap KyKrejreH nuddepeHnnaJIIbIK TeHaeyJiep

YIIIiH eKiHYKTeJIi MIeTTIiK eCenTiH MIenIiMiH Taby IbIH
AJTOPUTMIi TYyPaJIbl

WmmynscTik ocepi 6ap KykTenaren auddepeHnuaiiblK TeHIeyIep KYHeci YIIiH ChI3bIKTHI €KIHYKTeJI II1eT-
TiK ecen 3eprresai. KapacThIpBLIBIT OTBIPFAH €CENTI IIENTy VIMiH mapaMerpiey 9aici Koaganbpuiabl. [la-
paMeTpJiey 9MiCiHiH MaHBI3BI KYKTeJITreH nuddepeHInaIbIK, TeHIEYIED Kyiteci KapacThIPBIIbII OTBIPFaH
KeciHi KikTey HyKTesiepiMeH Geulikrepre GesiHesi »KoHe HGacTalKbl ecell mapaMerpi 6ap mapa map IeTTiK
ecenike Kesripinmi. [Tapamerpi 6ap merTik ecerrriy mrermiMi mapaMeTp KoHe (DYHKIIHAs KYITap XKyiieci Tis-
OeriHig, 1meri perinae aHbIKTa LI [lapaMerpiiep MIETTIK MAPT MIeH UMITYJILCTIK 9Cep MAapThl MATPUIIAJIAPbI
JKOHE JKYKTesreH IuddepeHInaIbK TeHIeyIep Kyiecl apKplIbl aHBIKTAJIATHIH ChI3BIKTHI AJIrebpasIblK
TeHeyIep XKylecineH TabbLIAbI. MIybCcTiK 9cepi 6ap KyKTeireH auddepeHtnaaabk, TeHIeYIep XKyieci
YIIH CBI3BIKTHI €KIHYKTEJ IeTTIK eCenTiH IemiMin Taby/IblH aJropuTMi YChIHBUIABL. 3ePTTEJIN OThIPFaH
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ecernTiy, memnriMinig, 6ap 60/Iybl MEH XKAJFBI3IBIFBIH KAMTAMACHI3 €TEeTIH YCHIHBLIFAH AJITOPUTMHIH YKUHAKTHI-
JIBIFBIHBIH, [IAPTTAPBI TaraiibiHgaral. Ecerrrin 6ipMoHIi meniiMIimirinia, >)KeTKHKTI maprrapbl 6acTankb
OepiimMJiep TEPMUHIHIE AJILIHFAH.

Kiam cesdep: enkenik MIHIET, mapaMeTp dici, KYKTeareH audpepeHnnaablK, TeHIeyaep, TMITYJIbCTIK
acepi, aJIrOPUTM.

9.A. Bakuposa, 2K.M. Kagupbaesa, A.B. Tneymecosa

OO0 o/HOM aJjiropuTMe HAXOXKJAEHUS penieHus JBYXTOYEeYHOUN KpaeBoii
3aJIa9M JIJId HArpy KeHHbIX AnddepeHImaIbHbIX ypaBHEHTIA
C UMIYJIbCHBIM BO3/eiiCTBIEM

HccnenoBana snnHelHAs AByXTO4YeYHAsI KpaeBas 3aJada JJIs CUCTEMbl HarPy2KeHHbIX AuddepeHnaabHbIX
YPpaBHEHUI C UMITYJIbCHBIM BO3/eiicTBreM. J[J1s1 pereHnst paccMaTpuBaeMoil 3aJauu ObIJI TPUMEHEH MeTO/T
napamerpusaiuu. CyTbh MeTO/a apaMeTPU3AIUU 3aKJ/II0UaeTCs B TOM, YTO OTPE30K, IJI€ PACCMaTpPUBAETCs
Harpy»keHHoe nuddepeHnnaabHOe ypaBHEHNEe, pa30UBaeTCs Ha YaCTU TOYKAMU HArPY?KEHHS, ¥ UCXOTHAs
3aJa4a CBOOUTCS K SKBUBAJICHTHOI KpaeBoOi 3a/1ade ¢ mapaMeTpoM. Pererne kpaeBoil 3a7a4u ¢ mapamMeTpoM
OIpeesIeTC s KaK Ipeies TOC/IeI0BATEeIbHOCTI CUCTEM ap napamerpa u yukuun. [lapamerpsr HaxX0asaT-
Csl U3 CHCTEMBI JIMHEIHBIX ajareOpandecKux ypaBHEHU, OIpeesisieMbIX 10 MaTPULIAM CUCTEMBI HArpy2KeH-
HBIX U depeHnnaabHbIX YPaBHEHN, KPAEBOTO YCJIOBUSI W YCJIOBUsI UMITYJILCHOTO BozmeiicTsust. [Ipemo-
2KEH aJITOPUTM HAXOXK/IEHUd PelleHUus JJUHEHHO! JIBYXTOYE€YHOU KPAaeBOU 3a/1a4u JIJI CUCTEM HaI'PYKEHHBIX
nuddepeHINAIBHBIX YPABHEHNN C UMILYJIbCHBIM BO3JEHCTBHEM. YCTAHOBJIEHBI YCJIOBUS CXOAUMOCTH IIPEJIJIO-
KEHHOTO aJITOPUTMAa, OOECIIEINBAOIINE CYIIECTBOBAHNE U €INHCTBEHHOCTDb PEIIEHUs MCCIeAyeMO 3aa4n.
Ilosygensr mocTaTo4YHbIE YCIOBUS OJHO3HAYHON PAa3PEIIMMOCTH 333891 B TEPMHUHAX MUCXOIHBIX JAHHBIX.

Kmouesvie crosa: KpaeBas 3aa9a, METOT TAPAMETPU3AIINH, HATPYKeHHOe TuddepeHnnaabHoe ypaBHeHHeE,
UMITYJIbCHBIN 9P ]DEKT, aaropuTm.
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About central types and the cosemanticness
of the A-PM fragment of the Jonsson set

This article is concerned with the enrichment of the signature. In own time, when studying the stability of
the theory and the concept of an elementary pair of models, Mustafin T.G. had noticed that these things
are related to each other and he introduced the concept T*-stability [1]. In fact, some enrichment of the
signature is considered. Generally speaking, the theories obtained in the extended language are incomplete,
therefore, the number of such completions of these theories is sought. This number also determines stability
in the sense of T*-stability. It was noted by E.A.Palyutin in [2] that the concept of T™-stability is not
invariant with respect to definability of type. But we know that in the classical sense of S.Sellach the
stability of the theory is invariant with respect to the definability of type. Therefore Palyutin E.A. had
introduced the concept E*-stability, which preserved the definability of type. Author of this article [3]
considered this formulation of the problem for the Jonsson theories. We call it in the class of Jonsson
theories or in positive Jonsson theories (A-PJ, A-PM, A-PR) enrichment of the signature is admissible
if the stability was obtained in the considering case is invariant with respect to the definability of type. In
this article, all considering enrichments are admissible. Let the enrichment be I' = {P} U {c}, where P is
unary predicate symbol with new constant symbol. In connection with admissible enrichments one of the
authors of this paper introduced the notion of the central type. Many theorems which obtained before the
enrichment of the signature are translated in the language of central types. In this article we will consider
similarly questions for central types of positive generalizations of Jonsson fragments.

Keywords: Jonsson theory, Jonsson set, fragment of Jonsson set, central type, cosemanticness, stability.

When studying the properties of forking for A-PM-theory considered an axiomatic approach. A similar one
was considered in [4, 5|, respectively, for the Jonsson theory and A-PM-theory. The main result is the following
theorem.

Theorem 1. Let T be a A-PM-Jonsson fragment, a-Jonsson, perfect, complete for 3,41 sentences. Then
following conditions are equivalent:

1) the relation PJNF satisfies axioms 1-7 [6] with respect to the theory T

2) T* is stable and for any p € P, A € A ((p,A) € PJNF < p does not forking over A in the sense of
Shelah).

The idea of a central type appears when we consider an enriched signature.

A-PM-theories were determined in [7]. Such theories are a positive generalization of the generalized-Jonsson
theories introduced in [§].

Let T be an arbitrary A-PM-Jonsson fragment in the language of the signature o. Let C be a semantic
model of the theory T. A C C. Let op(A) =0 U{c, |a € A} UT, where I' = {P} U {c}. Consider the following
theory TPM(A) = ThH+€A(C, a)aca U{P(c)} U{"P C"}, where {"P C"} is an infinite set of sentences, which
means that the interpreatation of the symbol P is a positively existentially closed submodel in the signature o.
We denote by SEM the set of all £} ;-completions of Jonsson fragment. T' is J-P-A-stable if |[SEM < A| for
any A such that |A4] < A.

Consider all the completions of the center T of Jonsson fragment 7" in the new signature or, where I' = {c}.
Due to the fact that Jonsson fragment 7™ is A-PM there is its center and we will denote it as T°. With the
restriction of T to the signature ¢ Jonsson fragment 7° becomes a complete type. We will call this type the
central type of Jonsson fragment 7'

In the frame of the above defined definitions the following theorem is obtained.

Theorem 2. Let T' be %, 1-complete, perfect, A-PM-Jonsson fragment. Then the following conditions are
equivalent:

1) Jonsson fragment T is P-A-stable in the sense of [9];

2) Jonsson fragment T is J-P-A-stable.
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Let we define axiomatically the concept of forking for the A-PM-Jonsson fragment, when it is a perfect
a-Jonsson fragment. We generalized the results of [4, 5].

We introduce the following definitions.

Definition 1. Let M be E: 41-saturated A-positively o 4 1-existentially closed model of cardinality x (k is
a sufficiently large cardinal) of A-PM-theory T (3} -saturation means saturation with respect to pIng L 1-types
in its power).

Let T be a Jonsson fragment, ST (X) is the set of all positive Zz | 1-complete n-types over X which joint
with T for every finite n.

Let A be a class of all subsets M, P is class of all EIH—types (not necessarily complete), let PJNF C Px A
be some binary relation. We impose on the PJNF' (positively Jonsson non-forking) following axioms:

Aziom 1. If (p, A) € PINF, f € Aut(M), f(A) = B, then (f(p),B) € PJNF.

Axiom 2. 1f (p,A) € PINF, q C p, then (¢,A) € PJNF.

Aziom 3. If AC BCC,pe SPM(C), then (p,A) € PJNF < (p,B) € PJNF and (p | B,A) € PJNF.

Aziom 4. If AC B, dom(p) C B, (p, A) € PJNF, then 3¢ € STM(B), (p C q and (q,A) € PJNF).

Aziom 5. There is a cardinal p such that if A C B C C, p € SPM(B), (p, A) € PJNF then | {qg € SPM(C) :
pCqand (¢,A) € PINF} |< p.

Aziom 6. There is a cardinal p such that Vp € P, VA € A, if (p, A) € PJNF, then 34; C A, (| 41 |< p)
and (p, A1) € PJNF.

Aziom 7. If p € SPM(A), then (p, A) € PJNF.

The next arrangement is important. In fact, we will talk about the semantic aspect of A-PM-Jonsson
fragment. If A-PM-Jonsson fragment T is a-Jonsson then with Mod T we work as with the class of models of
some Jonsson theory. If A-PM-Jonsson fragment T is not a-Jonsson then as with ModT we will consider the
class of its positively existentially closed models £, ;7. Such approach for class £, T of existentially closed
models of an arbitrary universal Jonsson fragment 7" was considered in [10]. Since two cases are possible with
respect to Jonsson fragments: perfect and imperfect, we will adhere to the following. It is well known from [6]
that if Jonsson theory is perfect then the class of its existentially closed models is elementary and coincides with
ModT*, where T* its center. Otherwise, i.e. if theory T is imperfect, we proceed similarly [10], only instead of
ModT we work with the class Zg yA that considered as an extension of the class Ep of existentially closed
models (both classes always exist), and depending on the perfectness and imperfectness of Jonsson fragment
T model-theoretic properties of the class ZI 1T is of special interest. In this article, for the considered A
considering A-PM-Jonsson fragments are A-PM-perfect, which is a natural generalization of perfectness in the
Jonsson sense.

Definition 2. We say that A-PM-Jonsson fragment T' is PM-\-stable if for any model A € E:HT, for any
subset X of the set A, | X| < X = |SPM(X)| < A\. A-PM-Jonsson fragment T is PM-stable if it is PM-\-stable
for some A.

Theorem 8. Let T be A-PM-Jonsson fragment, a-Jonsson, perfect, complete for 3,1 sentences. Then the
following conditions are equivalent:

1) the relation PJNF satisfies axioms 1-7 with respect to Jonsson fragment;

2) T is stable and for any p € P, A € A ((p,A) € PJINF < p does not forking over A in the sense of
Shelah).

Proof. 1=2. Let A = 2°ITI1 where X, p, i are cardinals, corresponding to axioms 1-7. Now we show that
T is PM-)-stable. Then, by theorem 2.1 from [11] we will have that T™* is A-stable. It’s obvious that AP = .
Let |A| = . If p € SPM(A), then by axiom 7 (p, A) € PJNF and by axiom 6 there exists A, C A such that
|A,| < pand (p,A,) € PJNF. Then by axiom 3 (p [ A,, A) € PJNF. We denote by p | A, through g(p). By
axiom 5 |{g € S”M(A) : g(q) = g(p)}| < p Consequently, |SFM(A)| < [{g(p) : p € STM(A)}|-p < |AP|- 2071y
AP A A= =\

Consequently, T is PM-A-stable. And we conclude that T* is A-stable by theorem 2 from [11].

Now let (p, A) € PJNF. We show that p is not forking over A. Let B = dom(p). Then by axiom 4 there
exists ¢ € SPM(B) such that p C ¢ and (¢, A) € PJNF. Let we prove that ¢ is not forking over A (then p is
not forking over A by axiom 2). Suppose the converse. Then in view of the perfect theory T and definitions 1, 2
there is a finite set of positive existential formulas X7 such that ¢ = U{p : ¢ € X7} and every formula ¢ € X7
divided over A. Let C = BU D, D be the set of constants entering at least in one of the formulas of X . By
axiom 4 there exists gy € STM(C) such that q € go and (go, A) € PJNF. It’s obvious that gy - U{p : ¢ € X'}
there is ¢(Z,a) € go N Y. Using theorem 1, the compactness theorem and divisibility ¢(Z,a) over A, we can
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show the existence of a sequence @g : o < u* and elementary monomorphisms f,,a < p+ identical to A so
that (@, : a < p™) and f,,a < p' is k-disjoint for some k < w.

Let E=CU{ay : a < u'}, go = falqo), 0 < a < p*. By axiom 1 (g, A) € PJNF,a < p*, by axiom
4 there exist q,a € SPM(E) such that q, C q/a and (q;,A) € PJNF. It’s clear that ¢(T,a,) € q;,a < ut.
We have |{q,, : & < p} = pt such that ¢(Z,aq) : @ < put is k-disjoint. We obtained the contradiction with
axiom 5. Consequently, ¢ is not forking over A. Thus, we have that if (p, A) € PJNF then p is not forking
over A. Prove in the opposite direction. Let P is not forking over A. Since Jonsson fragment T is perfect then
T* is model complete [11] and for us it is sufficient to work only with existential types and consider Eg 11"
saturated positive a4 1-existentially closed models of the theory T. We need to prove that (p, A) € PJNF. Let
M 2 A,M 2 dom(p),| M |>2°/T1* and M is £7 ,-saturated model of the theory T, t € STM(M),p C t,t is
not forking over A. By axiom 7 (¢ [ A, A) € PJNF and by axiom 5 there exists ¢ € ST/(M) such that g D ¢ [ A
and (¢, A) € PJNF. As shown above (¢, A) € PJNF implies that ¢ is not forking over A. By Lemma 1 there
exist automorphisms f of the model M identical to A such that y = f(g). Then by axiom 1 (¢,4) € PJNF
and by axiom 2 (p, A) € PJNF. Consequently, 1=2 is proved.

2=-1. Since the center of Jonsson fragment 7" namely 7™ is complete, then to it can be applied the properties
of forking in the sense of Shelah. The obtained results (analogues of axioms 1-7 for complete theories) can be
easily restricted to generalizations of the corresponding concepts in a-Jonsson sense.

At the moment we are ready to give a proof of the fact that the stability properties of central types as
stability in the usual sense for centers with a distinguished predicate coincide with stability with a distinguished
predicate in the PM-sense.

We introduce the following notation.

Let T be an arbitrary A-PM-Jonsson fragment in the language of the signature o. Let C' be semantical
model of Jonsson fragment T. A C C. Let or(A) = o U{c, | a € A} UT, where T' = {P} U {c}. Consider
following Jonsson fragment T (A) = ThH::Jr2 (Cra)qea U{P(c)} U{"P C"}, where {"P C"} is an infinite set
of sentences that says that the interpretation of the symbol P is a positively existentially closed submodel in
the signature ¢. This Jonsson fragment is not necessarily complete. Therefore it can have finite models.
Through S we denote the set of all £, -completions of Jonsson fragment T is J-P-A-stable if SEM < A
for any A such that | A |< A. We consider all the completions of the center T* of the Jonsson fragment T in the
new signature o, where I' = {c}. By virtue of the fact that Jonsson fragment T by condition A-PM-Jonsson
fragment then nothing will change in the enriched language. Further, due to the fact that the condition T is
perfect as a-Jonsson fragment then 7™ is A-PM-Jonsson fragment. Then there is its center and it is one of the
completions of the Jonsson fragment 7™ in an enriched language. This center we denote as T°. With restriction
T° to the signature o Jonsson fragment T becomes a complete type. We call this type the central type of the
Jonsson fragment 7'

In the frame of above definitions the following theorem is obtained.

Theorem 4. Let T be X,41-complete, perfect, A-PM-Jonsson fragment. Then following conditions are
equivalent:

1) the Jonsson fragment T° is P-\ stable in the sense [9];

2) the Jonsson fragment 7 is PM-A-stable.

Proof. From 1) to 2) the proof is trivial, since if the completions are not more than A then X, ;-completions
also not more than A. We prove this from 2) to 1). Suppose that Jonsson fragment T¢ is PM-A-stable. This is
equivalent to the fact that T (A) in the signature o,(A) = 04 U{P} equals the corresponding Kaiser shell 7°.
Because of the completeness of Jonsson fragment 7' we have that 70 = 7% and X} 1T = ModT™ (By virtue of
perfectness) and TEM (A) = T° will be a perfect Jonsson fragment. Suppose that the Jonsson fragment T° have
not more than A X}, |-completions. The center of Jonsson fragment 7" in the new signature o,(A) = 04 U {P}
will be equal to Th(C,a)aea U{P(c,) | a € A}{"P <"}. We need to show that T* have completions no more
than A. By that 7" will be P-A-stable (in the sense [9]). Let as clear why 7™ is not complete in the new
signature. The addition of constants give only non-essential extensions which does not change the number of
types of existentially closed submodels of C'. An essential role is played by realizations of the predicate P. In this
case, realization of the predicate P will be some elementary submodel M of the model C'. Since the semantic
model C of a-Jonsson fragment T is existentially closed [10] then by virtue of the predicate P in C(M < C)
follows that M € ¥ 1T Consider an arbitrary completion T' " in the new signature. By the definition T* there
is such a model M from E:HT such that T = Th(C,M,a)q.ca, where M is interpretation of the predicate P

in the semantic model C. We have that T = Th(C,M,a).c is Jonsson. In this case, by virtue of the model
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completeness of T’ any formula in T' is equivalent to some existential formula in 7". Then by X4 +1-completeness
of Jonsson fragment T such completions by condition (2) are not more than A. Thus the statement is proved.

We note that since Jonsson fragment which complete for existential sentences satisfies the joint embedding
property (JEP), but the converse is not true condition of ¥, 1-completeness in the theorem can not be removed.
Due to the fact that there is a continuum of not elementary equivalent among themselves existentially closed
groups and the groups theory is Jonsson, then we can conclude that in the hypothesis of the theorem one can
not be removed the requirement of perfectness.

Let T be an arbitrary A — PJ-Jonsson fragment in the first-order language of the signature o. Let C is
semantical model of Jonsson fragment 7. A C C. Let or(A) = ocU{c, |a € A}UT, TV (A) = Thys+(C,a)aca
U{P(cq) |a € A} U{P(c)} U{"P C"}, where {"P C"} is infinitely many sentences expressing the fact that the
interpretation of the symbol P is an existentially closed submodel in the language of the signature o. Consider
all completions of Jonsson fragment T for Jonsson fragment T in the language of the signature or, where
I’ = {c}. Since T* is A-PJ-Jonsson fragment has a center, we denote it by 7°. When the theory T is restricted
to a signature o the theory T° becomes a complete type. This type is called the central type of Jonsson fragment
T. Note that all semantic models are elementarily equivalent. Because of this and the perfectness of Jonsson
fragment the definition of the central type is correct. In this article there are no statements in the language of
central types for A-P.J-Jonsson fragment, but the central types will be considered for another class of Jonsson
fragments associated with the class A-PJ-Jonsson fragments. In order to see how these classes are related
definitions of the central type are given in both cases.

Definition 3. Let A be some infinite model of the signature o. A is called A-PM-model if the set of the
sentences TY'7(A) is A-P.J-Jonsson fragment in the enriched language.

The Jonsson fragment 7Y/ (A) will be denoted by V3T (A).

The following result generalizes proposition 1 from [12] and lemma 9 of [13].

Lemma 1. Let T be A-P.J-Jonsson fragment complete for existential sentences in enrichment I' = { P} U{c}.
Then any infinite model of Jonsson fragment of center of Jonsson fragment 7" is A-P.J-model.

Proof. If the fragment T is Jonsson then it follows from the fact that the positive Kaiser shell T° for T is
Jonsson, where T9 is Th§3 (C), C is semantical model of the theory T" and the interpretations of the symbols
P and ¢ do not influence on the Jonssonness because for the corresponding morphisms under consideration for
A-JEP and A-AP realizations of the symbols P and ¢ are transformed into the corresponding images, since
the role P is played by the existentially closed submodel and the constant becomes a constant. In the case
where the fragment T is not Jonsson then as a semantic model we consider the universal domain from [14, 15].
Reasoning about maximum of the positive Kaiser shell is transferred completely to the universal domain.

Definition 4. The models A and B are called A-PJ-equivalent if for any A-PJ-theory T AT < BT
and denoted by A =4 B.

Lemma 2. Let A and B models of the signature op(A) = cU{c, | a € A}UT. Then the following conditions
are equivalent:

1) A=5, B;

2) VIT(A) = V3T (B).

Proof. In the Jonsson case the proof follows from [12]. In the remaining cases with the help of lemma 1 it
is easy to obtain positive generalizations of this proof.

Definition 5. Two A-PJ-Jonsson fragments T7 and T3 are called A-PJ-cosemantic T; NJADJ T, if they have
a general semantic model, in the case when 77 and 75 are Jonsson fragments we have a general universal domain
in the case when they are not Jonsson.

Definition 6. Models A and B of the signature o are called A-PJ-cosemantic A M%J B if for any A-PJ-
Jonsson fragment 77 such that A = Ty, there is A-PJ-Jonsson fragment T5, A-PJ-cosemanticness with 77,
such that B = T,. And vice versa.

For any models the following implications are true:

A=B= A=5,B= A5, B.

The next arrangement is very important. In fact we will talk about the semantic aspect of the A-P.J-
Jonsson fragment. If the A-PJ-fragment is Jonsson then with ModT we work as with the class of models of
some Jonsson fragment. If the A-PJ-fragment is not Jonsson then as ModT we will consider the class of its
positively existentially closed models E}' . Such an approach for the class Ep of existentially closed models of
an arbitrary universal theory T was considered in [2]. Since two cases are possible with respect to the Jonsson
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fragments: perfect and imperfect, we will adhere to the following. It is well known from [3] that if Jonsson theory
T is perfect then the class of its existentially closed models Er is elementary and coincides with Mod T, where
T* is its center. Otherwise, i.e. if the theory T is imperfect, we proceed as in [13], i.e. instead of ModT we
work with the class E; . When an arbitrary A-PJ-fragment T is considered, then the class E;f is regarded as
an extension of the class Er (both classes always exist) and depending on the perfectness and imperfectness of
fragment T', the model-theoretic properties of the class Ez‘t are of particular interest.

Lemma 3. Let T1, and TQ' are centers of Jonsson fragments 77 and T3 and they are A-PJ-Jonsson fragments in
or(A) =0U{c, | a € A} UT. And C; is semantic model of T7, Cy is semantic model of T. If (17 )y+ = (T5)v+
then T} x5, Ty. Proof. In the Jonsson case from the fact that positive universal consequences Ty and T}
coincide it follows that they are model-joint.

Accordingly, the semantic model of T} is a model of T3 and the semantic model of T5 is a model of T;. Next
we apply a positive generalization of the proof in [7] with the help of lemmas 1, 2. In the case of the not Jonsson
case it suffices to note that if we consider universal domains as semantic models then it is easy to see that they
are positively existential models in the sense of [14], [15]. And since by virtue of the remark about the semantic
aspect of A-PJ-fragments we are working in the not Jonsson case with models of E:,Jf , and since all sentences
become immersions we can easily repeat the proof similarly to the Jonsson case.

Theorem 5. Let 17 and T3 as in the conditions of lemma 3 are A-PJ-fragments and C; is semantic model
of T, Cs is semantic model of T5. Then the following conditions are equivalent:

1) Cl l><lIA3J CQ;

2) Cl E%J CQ,

3) Ch =Ch.

Proof. Similarly by lemma 3 we consider two cases. In the Jonsson case we repeat the proof from [12] only
with the difference that A is closed with respect to positive Boolean combinations and is fixed as above. In
the not Jonsson case C is replaced by U; and C5 replaced by Us, where U; and U, are universal domains,
respectively, for 77 and T5. Then the above statement follows from that Uy € E;l and Us € E%LQ. And it remains
to apply the remark semantic aspect A-PJ-Jonsson fragments.

The following result generalizes theorem 4 of [12].

Theorem 6. Let A and B be the A-PJ-models of the signature or(A) = 0 U{c, | a € A} UT. Then the
following conditions are equivalent:

1) A5, B;

2) VIt (A) =5, ¥IH(B).

Proof. In the Jonsson case, as in the previous theorem, it suffices to consider a positive generalization of
the proof from [12] in the sense that A is closed with respect to positive Boolean combinations and is fixed as
above. In the not Jonsson case, by the conditions of the theorem, it follows that the set of sentences Thyg+(A)
and Thys+ (B) from TE7 (A) = Thys+ (Cya)aea U{P(c,) | a € AYU{P(c)} U{”P C"} in the enriched language
are A-PJ-Jonsson fragments. Then for them it is possible to apply a remark about the semantic aspect of the
A-PJ-Jonsson fragments.

In [13] a class of theories was introduced which in the intersection with the class of Jonsson fragments
generalizes it and also contains generalized Jonsson fragments introduced in [8]. It is interesting to further
transfer the results obtained to these fragments and also to see the connection with the central types in the
considering enrichment.

Consider all the completions of the center T* of Jonsson fragment 7" in the new signature or, where I' = {c}.
The following fact allows us to work with positive generalizations of Jonsson fragments in the enriched signature.
We note (*) (taken from [13]) that if the fragment T is A-PJ-Jonsson then in the enriched language with respect
to the conditions of the theorem the center 7 will be the same, i.e. Jonsson fragment. This is achieved as follows:
the constants will go into the constants images, realization of predicate into realization of image. The necessary
images are obtained by means of the corresponding mappings, which are provided by the conditions A-JEP
and A-AP from A-PM-Jonsson of the original fragment 7. Further, due to the fact that the condition T is
perfect as a-Jonsson fragment then T is A-PM-Jonsson fragment. Then there is its center and it is one of the
completions of the Jonsson fragment T* in the enriched language. This center we denote as T¢. With restriction
T° to the signature o the Jonsson fragment T becomes a complete type. We call this type the central type of
the theory T'.

Let us formulate the results on the cosemantic for the positive Mustafian fragments in the enriched signature.

Let m < w;or(A) =o0U{c, |a € A}UT.
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Theorem 7. Let T} and T35 be A-PM-Jonsson fragments, C; be semantic model of T3, Cs be semantic model

of T2.

Then the following conditions are equivalent:

1) C4 NIA;M CQ;

2) Cl EI%M CQ;

3) Ch = Ch.

Routine proof by induction on quantifiers with an induction length of even k, where k is the number of
quantifier changes. Even, because blocks V3 of length 2 are considered.

Theorem 8. Let A and B be A-PM-models of T¢ is the Jonsson fragment. Then the following conditions
are equivalent:

1) A3, B;

2) V31 (A) =3, V34 (B).

Proof. 1t follows from the above theorems 2 and 4.

All undefined definitions, concepts and results can be found in [6, 16, 17].
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About central types and the cosemanticness...

A .P. Emikeesn

MNonconabik >kubIHbIHBIH A-PM dparmeHnTiHiH eHTpaJabIiK
TUIITEPi MEH KOCEMaHTUKAJIBbIFbI >KalibIHIa

MakaJjiajga CUrHaTypaHbIH OAaMBITBLIYBl KapacThIpbLIraH. KesiHje TypaKTBUIBIK, TYpPaJbl TEOPHUSIAp MeH
MOJIEIBIEP/IIH, 3JIEMEHTAPJIBIK, »KynTapbl yrbiMaapbin T.F. Mycradun kapacTbipraH, OChI YFBIMIAD €3apa
GaityIaHbICTBI eKeHl GalKkasibi, o T -cTabuabaiiik yroIMbIH enri3ai. COHbIMEH KaTap CUTHATYDAHBIH Keii-
Oip 6aMBITBLIYBI 3epTTesal. 2Kasrbl afTKaHIa, OAWBITHIIFAH TUIAErT aJIbIHFAH TEOPHSIAP TOJBIK eMec,
COHJIBIKTaH OChI T€OPUSLIAP/IbI TOJIBIKTBIPATHIH cangap i3aeainai. Ocel can T -cTabUIbIIIIK MarbIHACHIHIA
CTaOMIBITIK YIBIMBIH aHbIKTaAbl. E.A. ITamorua T-cTabuibaiaiK yFBIMBI AHBIKTAJIFAH THIKE KATHICTHI
MHBAPUAHTTHI eMeC Jell KapacThipabl. bipak 6i3 C.11emmaxThiH KIaCCUKAJIBIK MaFbIHACHIHIA CTAOMIIbIIIIK
TEOPUSIChl aHBIKTAJIFAH THUIKE KATHICTHI MHBAPUAHTTHI GosiaThiHbIH Oiemiz. Congpikran E.A. ITamorun
THUITIH, AHBIKTAMACBIH CAKTANTBIH F ™ -cTabniabaiIiK yreIMBIH eHTisai. Ochl MaKaJIaHBIH aBTOPHI ©31HIH, XKy-
MBICTAPBIHIA OCHI €CENTI HOHCOHIBIK TEOPUsJIap YIIH KapaCThIPLIN 3epTTereH. Aran aiTKaH1a, HOHCOHIBIK,
Teopusiylap HeMece IIO3UTUBTI HOHCOHIBIK Teopusiap (A-PJ, A-PM, A-PR) curHaTypaHbIH GaibITbLIY bl
PYKCAT eTijireH, erep ajbIHFaH CTAOWJIbIIIIK KApPACTHIPBLIIFAH KAFIali/la TUNTIH AHBIKTAIybIHA KATBICTHI
MHBapUaHTHI Oojica. Makanaamsa GapJiblK KapacTBIPBLIBIIT OThIPFaH OaWBITYIap pykKcar eriiemi. AWTapiibik
Gaitbry kesteci I' = {P}U{c} Typae Goscein, MyHIa P — GIpOPBIH/BI IPEMKAT CUMBOJIBL, KaHa KOHCTAHTA
cuMBOJIBL. OChI GANBITHUIYMEH OAMTAHBICTHI MAKAJIa aBTOPBIMEH IEHTPAIbIIK THI YFBIMBI eHriziami. [lent-
PaJIbJIiK TUITEP/IiH TiJiH/e CATHATYPAHBIH OAWBITHIIYBIHA JIEHIHT aJIbIHFaH KOIITEreH TeOpEMAJIap AJIbIHIbI.
CoHBIMEH KaTap IEHTPAJIbIIK TUITED VIIH HOHCOHIBIK (hparMeHTTEPIIH MO3UTUBTI 6ANBITHLIYBIHBIH aHA~
JIOTUSITIBIK, CYPAKTAPBI YKAH-’KAKTBI KAPACTBIPBIIIFAH.

Kiam ce3dep: HOHCOHIBIK, T€OPHsI, HOHCOH/IBIK, >KUbIH, HOHCOH/IBIK, *KUBIHHBIH, (DPArMEHT1, IEHTPJIb/IIK THII,
KOCEMaHTHUKAJIBIK, TYPAKTHIIbIK,.

A P. Emkeesn

O meHTpaJIbHBIX TUIIAX 1 KoceManTudHoctu A-PM dparmenra
TOHCOHOBCKOTO MHO>KECTBA

Crarbsi cBsI3aHa € 0DOrallleHueM CUTHATYDbI. B cBOE BpeMsi Ipu M3y4eHUU CTAOMIILHOCTU TEOPUM W IIOHSI-
THus 37emMmeHTapHol napsl mogeseit T.I. MycraduabiM 6BLI0 3aMEUEHO, ITO ITU BEIU MEXKTy COOOI CBSI3aHBI,
u oH BBeJ nouarue T -crabunbnocru. Ha camMom sieite pu 3TOM pacCMaTpUBAJIOCh HEKOTOPOE oboraiienne
curarypbl. Boobie roBopsi, MOJIydeHHble TEOPUU B PACIINPEHHOM sI3bIKE HEIOJIHBI, IO9TOMY CTaparoT-
Csl HAMTHU YUCJIO0 TAKUX TOMOJHEHUN 3TuX Teopuil. BoT 9TO 4MC/IO U OMpenesisiyio CTabUIbHOCTh B CMBICIIE
T*-crabunbnoctu. E.A.ITajmornabiv 66110 3aMedeHo, 9To noHaTue 1" -cTabuiIbHOCTUH He MHBAPUAHTHO OT-
HOCHTEJIHHO OmpeaesnMocTu tuna. Ho Mbl 3HaeM, uro B KiaccudeckoM cmbicie C.Illennaxa crabuibHOCTh
TeOpUM MHBAPUAHTHA OTHOCUTEBLHO ompegeaumocTu tuna. 1losaromy E.A.IlagroruabiM 6BLIO BBEIEHO TO-
Hatre E”-cTabuiibHOCTH, KOTOPOE COXPAHSIIO OIPEJEIUMOCTh THIIA. ABTOPOM JaHHOW CTaTbU B paboTax
HEOJTHOKPATHO ObLJIa pACCMOTPEHA, JaHHAs IOCTAHOBKA 3aJ[a4u JJIsi HOHCOHOBCKUX Teopuii. HazoBém B Kitac-
ce HOHCOHOBCKMX TEOPHil MJIM B MO3UTUBHBIX HOHCOHOBCKMX Teopusax (A-PJ, A-PM, A-PR) oboramenue
CUTHATYPBI JOIYCTUMBIM, €CJIHU IOJIydaeMas CTabuIbHOCTD B pACCMaTPUBAEMOM CJIydae OyleT MHBAPUAHTHA
OTHOCHUTEJILHO OIPENIEeIMMOCTH THIla. B crarbe Bce paccMarpuBaeMble 00OTaIeHNs] SIBJISIIOTCS JOITYCTHMbI-
mu. Ilycrs oGoramenue Gymer caexyrommm I' = {P} U {c} , rge P — cUMBOJI OJJHOMECTHOIO IpPeJUKaTa,

CUMBOJI HOBOI KOHCTAHTBI. B CBA3M C JONYCTUMBIMU OOOTAIEHUSIMUA PaHee aBTOPOM ObLIO BBEIEHO IIOHSI-
THE IeHTPAJbHOrO Tuna. Ha si3blKe IeHTPaIbHBIX TUIIOB TPAHCIUPYIOTCS MHOIHME TEOPEMBI, MOJIyYeHHbIE
0 oboralneHusi CurHaTypbel. Kpome Toro, pacCMOTpeHbI aHAJOTUYHbBIE BOTPOCHI JIJIsI IEHTPAIbHBIX TUIIOB
IMO3UTHUBHBIX 000DIIEHUH HOHCOHOBCKMX (DpArMeHTOB.

Karouesvie crosa: HOHCOHOBCKAST Teopusd, MOHCOHOBCKOE MHO2KECTBO, (bpaI‘MeHT MOHCOHOBCKOI'O MHO2KeCTBa,
LLGHTp&J'II:HbeI THUII, KOCEMaHTUYIHOCTb, CTabUILHOCTb.
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LI H. Dymuanes amwmdazo, Bypasusa yammos yrusepcumemi, Acmana, Kazaxcman;
2 Cunvugan yrnusepcumemi, Ypimwi, Koimad;
3E.A.Bexemos amwvmdaews Kapaeandv, memaexemmi yrusepcumems, Kasaxeman
(E-mail: kordan.ospanov@gmail.com,)

Komniekc ko3 uiimeHTTi NIeKci3 ailbIpbIMABIK, TEeHAeYJIep
2KYIeCiHiH KOYPIUTUBTI MIENTiTy IapTTapbl

Byn 6aramaymap xyitere coiikec KeJeTiH MaTPHIAIBLIK, OLEPATOPABIH AHBIKTAJLY OOJIBICHIH TOJIBIK, CHITATTAM-
net. 2KyiteHin koaddunpmeHTTep MeHeaMereH TizbeKTep Kypanabl. AJl aJbIHFAH HOTUKEEP OCHI KO3 dhu-
nueHTTEep/iH Tepbericine Toyesiciz. CoHFbI haKT MIEKCi3 aflbIPBIMIBIK, KYHeIep/IiH TaOuFaThl, CHHIYIISPJIBL
muddepeHnraIIbIK TeHAeyIepre Kaparania, MYJIIeM o3relle eKeHiH m1pJresaeiii.

Kiam ceadep: KOSPIUTHUBTI MIEIILTY, IIIEKCI3 afbIPBIMIBIK, XKYife, memnriMal barasay, y3uriccis KafTapbiMIbl
oreparTop, TYHBIK omeparop, (UHUTTI Ti30eK.

1 Kipicne

h € (0,hg) (ho Gexirinren oH caH) caHbiH anbll, Zp = {Tn, Tp, =nh,n € Z} nen Gearineifik. Anmarst
YAKBITTa HAKTBI HE KOMILICKC M, = M jj, CAHBIHBIH OPHbIHA KBICKAIIA 11 Jel Kazambi3. Tememe

(Loy); = h 2 APy + b Ay + h s Ay y; + gy + 038, = .4 € Z, (1.1)

MEKCi3 albIPBIMIIBLIK, KYHeciH KapacThIpaThlH OostaMbls. MyHgarbl r; — OepiireH HakKTBI, al Sj, ¢, Pj,
f; — KomIIekc caHzap, §;— Y;-MiH KOMILTEKC TyiiHnaeci

Avyy = yirn =Y (Ary); = Wirn — 4;), APy = g0 — 295 + 40 (F € 2).

Erep
+oo
+o0 — — +oo +oo
v= () 5= ) Loy = {(Low); )P =)

r=diag{r;, jE€Z},s=diag{s;, j€Z},q=diag{ q;, j € Z},p=diag{p;, jE€Z},

o — (it +oo
Avy = {Avy} = Ay = {Ary o APy = {A(z)yj}j:_oo
Jent Gesriieysiep enriscek, onga (1.1) Tenzeyi Keseci Typie Kas3bliaaibl:
Loy =h APy + h™'rAyy+h™'sALy +qu+py = f. (1.2)

Ajiranbik, f € lo(h) 6oJChIH, MYHIAFbI

=

+o0
b(h) = Sy={y;} =% ot lllon = | D lylPh] <oo

j=—00

ZKywmpbicra (1.2) allbIpbIMIBIK, TEHJIEYIEPIiH eKci3 xyiecinin f € l3(h) KeHicTiringe KOSPIUTHBTI My MyM-
KiHgirin seprreiitin 6o1aMb1s. Erep r;, s; cangapsl HeJIre TeH HeMece oJ1ap IIeHeIreH TisbeKTep KypaThlH 60JIca,
onma (1.2) xyitecinig memntiny maprrapst 6esriai HITypy-JInyBuias alfbIpbIMIBIK, KyiieciHe yKcac o/IiCIIeH ajbl-
Hazp! [1]. Aut erep © MeH $ MaTpHIAIADPBIHBIH eH OGosiMaraHia Gipeyi meHesMereH Gosica, oHja (1.2) HYKCaH/BI
Kyite Gosibi Tabbuiapl. MyHzail Kyifesep TeK cMMMeTpUSIbL Karaiia rada iminapa seprrenren [2]. Au (1.2)
- CUMMETPHSJIbl eMeC JKoHe KOMIUIeKC Koadbdunmenrri xyie. s = p = 0, ¢ = ¢ uepbec xKarmaitbiaga o [3]
JKYMBICBIH/IA KAPACTHIPBIIBL. By Makamana [3] sKyMblcTarbl yKeac olic mafilamaHblica 18, COHFBIIAH eIoyip
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alibIpManIbLIBIKTaphl Oap. Aran aiftkanma, s = p = 0, ¢ = ¢ 6osraH kargaiina, Oi3/iH MaKaJIaMbI3IbIH HEri3ri
mormkeci [3] xymbicbingarer Teopema 3.1 mormkecimen Gerrecesi, 6ipak ocbl Teopema 3.1-meri koaddunuent
repbedicine Kolibuiran (3.2) mapThl aJbIHBII TacTajabl. Backaina aliTkaniua, [3]-Te ajblHFaH HOTUXKEJED KYPT
skakcapThuLasl. Exinmmigen, (1.2) xyitecine cofikec Marpuia [3]-Te KapacThIpBUTFAH Kyite MATPHUIA KYPBLIBIMBI-
Ha KaparaHJa KypJeJi.

(1.2) xyiiecin 3epTTey TEK TEOPUSIBIK, KbI3LIFYIILILIKTAH TyMaral. ByJI XKyiieHi cTOXaCTUKAJIBIK, [IPOIECTED
MEH CTOXaCTUKAJBIK qudhepeHnuaiblK TeHIeyJIep TeOPUsIChIHIa atiga 60aaThiH ecerrep aabin Keyei [4]. A
CTOXaCTUKAJIBIK, Juddepennnaaplk reaeyaepi anamurukaibik 3eprrey A.H. Konmoroposrsry, [5] Mmakaiace-
HaH OacTay ajaibl. bys 6arbITTarbl 3epTTeyIep ayKbIMbl OapraH caiiblH KeHelie Tycyme. MbIcasbl, 0OChl Mocesere
apHasras [6] monorpadusceama 900-meH aca oaebueTke cliTeMe KacaaraH.

[ nen GapJILIK, (PUHUTTI Ti30EKTEp >KUBIHBIH Oesrineiiik

= {{wj}jjioo . 3N, w; =0, Y : |3 zN}.

FEcxepmy. 2Korapbina eHPisim‘eH~6enriﬂeynepgin OapJIbIFBI MAKAJAHBIH asiFbIHA, JeHiH CaKTaJIa b
Awnwvigmama 1.1 Erep {z; };-:o<1> cl(j=1,2,..) rizberi TabbLIbII,

12 = Ylla, = 0, 1 Loz = fllz, = 00 — 00)

—+oo
=—00
Besrisi a3 6ysKpIHY TeOpeMachHbIH [7] 6ip Cjaﬂ)laprH KeaTipeifik.
Jemma 1.1 Lu = Au + Bu oneparops Gepiicin. Afitansik, A : la(h) — l2(h), D(A) C D(B) 6oncbH KoHe
MBIHA APTTAP OPBIHIAJICHIH:
1) A — TyiibIK KoHe y3lricci3 KallTapbIMJIbl OLepaTop;
2) |Bullyy, < a [|Aullyy, Vu € D(A), 0 <a < 1.
Conga L oneparopsl ja KaiirapeiMisl xxoue R(L) = lo(h).

KaTBICTAPbI OPBIHAATIATEIH 60JIca, OHIa Y = {y; € Iy (h) snementin (1.2) xyifeciniy menrimi mer aTaiis.

2 Bip wykcandovr ativipoimovik, mendeyiep scytiect yuiH Koapuumuemis 6azaiayiap

(loy),; = h*APy; + h™'rAvy; = f5.j € Z, (2.1)

+oo
Kyltecin Kapactoipambis. Mymnaret (loy); = (loy)z; (j € Z). Erep loy = {(loy)j} nen Genrizecek, OHma

Jj=—00
(2.1) renjeyi ObLTAN YKABBLIABI:
loy=h2A®y + b= rALy = f. (2.2)

Anvimama 2.1 Erep {z; ;r:o‘f C [ TizGeri TabbIIBIL,

sz - yHg,h — 0, [[loz; — f||27h —0(j = +00)

“+o0

im0 € I3 (h) snementin (2.1) Kyiiecinin menrimi gen araibr.

KATLICTAPBI OPBIHAATATEIH GoJica, oHa y = {y;

I, = {{wj Fo el w=0,j=-1,-2 }

+oo

Gosicoin.  Erep [8] :kymbichiHma Jsesgenred 2.1 jgemmachiHiga b, = i=n

Aib, =bpy1 — by, = —a,, GoFAHIBIKTAH, MBIHAJIAN TYXKBIPBIMFA KEJIEMi3.
Candap 2.1 Aviransik, 1 < p < 400 60siceia. CoHja

1 1
+o0 P +oo P
<Z |unbn|p> <C (Z unA+bn|p> Ak} € 1y (2.3)
n=0

n=0

a; Jlem ajcak, OHJa

TEHCI3/Iiri OPBIHIAIYDBI YIITH

1
o7

s % “+o0 N\ P
so= g (i) (Zer) <=
n=r

r=0,1,2,... n—0
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6OJTyBI KarKeTTi YKoHe KeTKLTKTI. MyHaarbt

p P
Conbiven 6ipre, erep C' (2.3) Garasaybl OPBIHAAJATHIHIAN eH Killll TypakThl 60JIca, OHIA

1 1
By < C < pr(p')¥ By.

— {{w] =R w; =0,7=0, 1, 2, } OO0JICBIH.

j=—o00

Jlemma 2.1 Aitranwpik, 1 < p < +oo 6omcbia. OHga

. 5 5 :
( > |unbn|”h) sé< 7 onAibf? h) Abehd o €1, (2.4)

n=—oo n=—oo

TEHCI3Iri OPBIHIATYBI YITH

p p

CoubiMeH bipre, erep C (2.4) opeiHmaTaTHIHA# €l Killi TypakThl 6oJca, OHIa
~ ~ 1, 0L =
B<C<pr(p)¥ B.

Byt teMma skorapbiaarsr 2.1 cannapsid maiagaHb, (8] xKyMBICHIHIAFET TeMMa 2.2 aJIbIHFAH OJICIIEH JOJIe-
JIeHEe]Ii.

Engi (2.2)-me 6epiiren HyKCaHIbI aflbIPBIMJIBIK, OLIEPATOP/IbI KAPACTBIPHILL, 0JI YIIIH AlPUOPJIBIK, Garaiayiap
aJIaMbI3.

Jemma 2.2 Afitansik, r;, > € > 0(j € Z) 6oncoin. Onna opbip y € [ yimin

A+y 1
V=1 Y (2.5)
H h 2,h NG 2,h
Garasiaybl OPBIH/IAJIA/IBL.
Honendey. y € | GOJICHIH.
Ay,
Tho
nen Genriteitik. Omma
A (Ayy) =A®y; =n1Az
Gosapl 1@, (2.1) MblHa TYpre Kesei:
(loZ) = ht (Zj — Zj_h) +rjz; = fj,j € Z.
J
CoHrbI XKYiieHiH eKi KarblH Zj = Zjp - K& KOOeHTil, HOTUKeCiH j-jlep OOMbIHIIA KOCHIHIbLIAHMbI3:
400 “+o0 +oo
WU (mn—zgoon) zin b Y minzn = Y finzin. (2.6)
j=—00 Jj=—00 Jj=—00

Byn epuekreri
+oo

A= 3" (2 — 2G-1n) 2

j=—c0

KOCBIHIIBICHI Tepic eMec ekeHin Oafikayra 6osaant. [Ibmbraga ga
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+oo —+oo —+oo +oo +oo
A= Z (Zjh - Z(j—l)h) Zjh = Z ZjhZjh — Z Z(j—1)h%jh = Z ZjhZjh — Z ZkhZ(k+1)h =
j=—o00 j=—o00 j=—o0 j=—00 k=—o0
—+o0 —+oo —+oo +oo
= > zinzn— Y Znrgeon=— O zn (2G+on —Zn) == > 2G-vh (Zin — 2G-1)n) =
j=—00 j=—o0 j=—o00 j=—o0
+oo —+oo
== Z (Z(j—l)h - Zjh) (Zjh - Z(j—l)h) - Z Zjh (Zjh - Z(j—l)h) )
j=—o00 j=—o00
HemMmece
+oo
2
24= " (zn—2G-vn)"-
j=—o0

Hemex, A > 0. Onga (2.6)-gan
+o00 +oo
Do g < Y finzine
Jj=—00 Jj=—00

JlemMa 1mapThiH 2XKoHe ['eibaep TeHci3airi naiigaaaHcaxk,

+oo +o00 f’h 2 +oo 5
S <[ YD <\/7J“Th) > (Wrmzn) |

j=—o00 j=—00 j=—o00

N

OCBIIaH

400 5 % +o00 th 2
o J /
j;oo (Vrjnzin) " h | < j;oo < Tjh) hl syel

ALy; . . . .
Conrbl Garanaysian z; = J;Lyj eKeHiH eckepil, (2.5)-ke kesemis. Jlemma e ieH/.

(2.5) mencizairi xoue 755 > € > 0(j € Z) mapreiHan

Ary
M

1 ~
< —=l fllap v €l; (2.7)
o \E 2,h

GaraJiaybl IIBIFAJIBI.
Keneci Typaeri 6enrineynepi enrizeiik:

n 2 (4o
2 _
app(n) = | DIl Yowr?| (n=0,1,2, ..);
j=0 j=n

[N

1
2

k

j=—oc0

-1
2
Bow(k) = || Y sl
=k
’ch,w—maX< sup  agpy(n),  sup ﬂsw(k))»
n=0,1,2,... k=—1,—-2,...

MYHIArEL ¢ = {@; }j:ioo (05 =z, )one 1 = {1); ;:ioo — Gepinren TizbexTep.

Jemma 2.8 Airansik, r = {rj};_:ioo Tizberi r; > ¢ > 0(j € Z) xome

F*= sup oy 5(n) <o, (2.8)
n=0,1,2,...
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F*™ = sup B (k) <o (2.9)
k=—1,-2,...

MapTTAPbIH KaHaraTTauIbipchiH. OHta y € | 3jieMeHTi yImiH

||y||2,h <Col lOy“z,h (2.10)

F* F**
Co :2,/%.

Jlemma (2.5) Garanaysiaan ykoue Casngap 2.1 men Jlemma 2.1-7eH mIbIFa bl
Erep (2.10) »xome (2.7) rencisaikrepin 6ipikripcek, onma

TeHCI3Iri opbiHgaIaabI. MyHIArbI

< Cu [ loylly,p, -y € D). (2.11)

Ary
Hy||2,h+ Vr——=
h 2.h

Mymntarst

1
Cr=—2 [2\/F* e
Aitranbik, A > 0 6osceia. Keneci
loxy == h2A@y £ B r + M)Ay = f,f €la(h), (2.12)

TEHJIEYiH KapacThIPANBIK.
Teopema 2.1 Erep {Tjh};:ioo Ti36eri 1, > € > 0 (j € Z), (2.8) xoHe (2.9) maprrapblH KaHaFaTTaHIBIPCA,
ouna (2.12) renneyiuep xyitecinin y € o memimi 6ap 2xoue o Kanrsr3. ConbiMen Gipre y memimi yurin

[p2a@y| 0 e+ DA, < a®) 1] (2.13)

Garajiaybl OPBIHIAJIAIBL.
Lonendey. Alitanbik,

gn-{-’m = (y—m+17 Y—m+2, -5 Y05 -5 Yn—1, yn)7 n,m & N’

3JIEMEHTI ~
lgner = fner (2.14)

TEHJINH KaHaraTTaHIbIPpChIH. MyHIarb!

Frtm = (Fomt1, Foma2s coos for woos frmts fn)-

Teopema mapTTapbl OPLIHAAIFAHAA MYHIAH Jptp, 7€MenTi Kaurbi3 rana. Hlbmbimga ga, (2.14) - (n+m) X
X (n —+ m) esmeMl ChI3BIKTHI aIre0paJIbIK, Tereysiep xkyiteci. Erep 19,1, = 0 Gouca, ouzga (2.10) rencizairinen
Untm = 0 60omarbiaen mbraabl. Ocbraan opbip f € ! yurin (2.13) renzeyinin menriMi 6ap KoHe YKAJIFbI3 eKeHIH
aJIaMBbI3.

Adiranbik, f € Iz (h), ax { f;} C [ oraH *KUHAKTAJATHIH Ti36€K GOJICHIH:

fs—fHQh—H),s—)oo.ng (seZ)
nen kemeci ly = f, »xyiiecinin memimin 6esrineiiik. OHga aHbIKTaMa GOMBIHIIA llgs — fll, = 0,s — oo, ax
(2.10)-nan

||?js||2,h <G ||5378||2,h
ekeHin ajgambi3. COHFBI TEHCI3IIKTEH

Hgk - gm”2,h § Cl ”lgk - l:gmHQ,h — 07 kam S Na

OpbIHIAJIATBIHGL IbIFa el Outaii 6oica, {g]s};;oioo — dyH1aMeHTaIb B! Ti30EK. 5 (h) 6GaHaX KeHICTIr 6OIFaHIBIK-

Taf, ||§s — Yll,,, — 0 (s — 00) opbmanaremail § € Iz smementi Tabbina b ConbiMen,

195 = Gllop = 0, [lgx = flla ), = 0,k = oo
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Jemek, 2.1 anbikramachl Goitbiama § — (2.12) Tengeynep kyiteciniyg memivi. Ennente op6ip f € Iy yiin (2.12)
rengeyiep Kyiiecinin menrimi 6ap. [lemivuin xanrpi3 exeni (2.10) TeHCI3AIriHEH MIBIFAIBI.
Eungi (2.12) rengeynep xyiteciniy y menrimi yiuid (2.13) 6arachl OpbIHIAIATHIHBIH KOPCETEHiK.

R lALy =2
zen Gesrineitik. Orma A = 0 xkargaiibiEga (2.12)

Loz=h'A_z+rz=f

“+o0

Typine xeneni. Myngars: rz = {r;z; }jzioo.

L,2=h'A_z+7rz(DL,)=1)

omepaTopbIHbI lo (h) Kemicriringeri Tyitbikramysm Lo Typimge 6enrineitik. Afita kerepairi, L omeparopsr Teo-
pema mapThl opbiHaarana lo (h)-ta aspikranran. Ce6ebi (2.11) Tencisairinen opbip z € [ ymiin

[2ll5,, < Crl|Lozll 2,
ekenid ajambi3. CraHaapTTol ojic GoiibiHIna 6y TeHci3aiK opbip 2z € D(L) yIuid jie OpbIHAAJATHIHBIH KOPEMi3.
Hemex, D(L) C .

Teopema maprrapbl opblHAaJFaHaa opOip A > 0 yiuin, korapbiia kepceriirenieit, L y = L +AE : ls (h) —
— I5 (h) oneparopsr Kaiitapsivabl. Mysgarsr E — 6ipuik oneparop. Exni z € D(L ) yuin xeseci

Hh_lAJFzHM +(r+Nzlly, <Ol L 2l
Haraiaybl OPBIHIAJIATBIHBIH KOpCeTeiK.
Lyz=h'A z+(r+Nz=Ff (2.15)
TeHJeyiH KapacTbIpaMbl3. MyHIarmI
r+A=diag{r;+ X\, jeZ}.

j:ioo el. (2.15) xyitecingeri j-mi TeHAeyAiH €Ki KAFBIH z; = 2z;jj,-Ka KeOeHTCeK, onma

Adraneik, {z;
h71 (Zj — ijh) zj + (Tj + )\) 232 = szjvj € Z.

Ocbl TenikTepIl j-siep GOMbIHINA KOCBIHIbLIaMBI3. CoHa

—+oo —+oo +oo
Bt Z (25 — zj—n) z; + Z (rj +X) zj2 = Z fiz;- (2.16)
j=—o0 j=—o0 j=—o00

ZKorapsigarst Jlemma 2.2-HiH 1p/1e/11eyiHeH aIaThbIHBIMbI3

) —+oo hil +oo 9
WY (an = zgoon) zn =5 30 (Bn = 2gon)” 20,
j=—00 j=—00
Onja (2.16)-gan
hil +oo 9 —+o0
5 (zin = 2G-on) h< D finzinh <
j=—oo j=—o0
1 1
+o0o 2 +oo 2
< Z finh Z Zph | = 1 llgn 12l - (2.17)
j=—00 j=—o00
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(2.7)-nen 6izain Genrineyimis Goitemma [|2(|, , < C1 || fll,, - Engeme (2.17)-nen
|n2a@y| < Callfly
2,h ’
reHci3airin anambi3. Onga (2.12) Tengirinen

A= (r 4+ ) Ay, = H_h_QA(Q)y + fHQ -

- Hh_gA(2>yH2 Ll < (Co+ D) [l n-

CoHfbI €Ki TeHCI3IIKTI HIpIKTIpceK, OHIA
[p2a@y| 4 [A7 ) Asyll,), < 2G4 1] Iy €l

Byt rencizaik (2.12) rerneyinin opbip y memimi yIriH e OpbIHAAJIATHIHBI OHAll Tekcepinesi. Teopema mopien-
JIeH /1. R
| apKbUIBI | XKUBIHBIHIA aHBIKTAIFAH

ly=h2A®y + b= (r+ ALy, A >0,
afBIPBIMABIK, OLlePATOPBIHBIH, [ (h) KeHicTirl HOpMaCBhIHAArbl TYABIKTAIYbIH Hesrieiiik.
3 Hezizei meopema ostcone onvir, daneadeymi

Teopema 8.1 Aftrambix, r = {r; };:ioo Tiz6eri (2.8) xkoHe (2.9) ImAPTTAPBIH KAaHAFATTAH/(BIPCHIH.
5= {sj}j:ioo Tizberi ymin r; > als;|+6,0 >0 (j € Z), 341(h) < a < 4A;(h) (myrnarst A;(h)- (2.13)-Teri
TYPaKThl) IAPTTAPLI OPBIHIAJICHIH. ¢ YKoHe p TizbekTepi yimin

Vg < 003 (3.1)

Vp,r < OO (3.2)
maprraps! opbigaiace. Ouga (1.1) rengeyiep xkyiiecinin y € Iy (h) memimi 6ap koue o1 kaurbr3. CoHbiMeH
Gipre ocbl y merTiMi yIImin

[p2a@y||+ [0t acy]l, + [n By, + laylls + 1Pl < C 1oyl (3.3)

GaraJiaybl OPBIHIATIAIBI.
Monendey. h =kt (k> 0,k — TYpaKTbI) a.HMaCTprybIH xacacak, (1.2) mbiaa Typre Kesesi:
Loy =71~ QA(Z G+ kr VAL + kT SSA LG+ K2GG+ KPPy =K f, f € la(7),

MYH/IAFBI
?j = { ]T}J—_OO = y(kT) = dzag {r]T7 JE€ Z j=—00 T(kT);
=diag{ G-, j € Z}]__OO =q(k7),5 =diag{ 5, j € Z}]_ o = 8(kT);
00 r3 oo
p=diag { iz, € 2V =p(hr). [ = {Fir} = 1(k).
Hewmece

G+ kr SALG+ K Gi+ K pi =k f,
myHzarst [ = (1)
I(r)y =720 g + kv~ A g (§ € D(I)) —

TEH/ITIMeH aHBIKTAJFaH TYHBIK OIepaTop.
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7= {,FjT};_ioo Tiz6eri 2.1 TeOpEeMAaCHIHBIH IMAPTTAPBIH KAHAFATTAHBIPAJIbI, COHILIKTAH | OllepaTophl KaiiTa-
PbIMJIBI KoHe Kepi [~ omepaTopsl yaimiceis. An (2.13) Temciziri 6oitbimmma opbip 3 € D(1) yurin keseci 6aramay
OPBIHIAIAIbL:
—2A(2) 5 “1paA - i ~
|r2a@g) + e kA, <A@ 1l (3.4)

Keneci TenikTep OpBIHILL:
1 1
Vo = P Ve V4 = e

Ibmblaga jga, erep a7, Op7 KoHe g7, (B repHekTepinge §; = k~2q;, p; = k™ ?p; xone 7; = k~'r; gen

ayBICTBIPYJIAP E€HIi3CeK, aJaThIHBIMbI3:
1

Nl=

n 2 +oo 2 n 5 2 —+oo 5
_ ~2 ~—2 _ -2, . —-1,.\" _
Qp,i = E :pj § :Tj = E :(k pa) E :(k TJ) =
Jj=0 Jj=n Jj=0 Jj=n
1 1
1 n 2 —+o0 2 1
= [ Sor? | = caps
- Lk pj j - L DT
§=0 j=n

1 1 1 1
2 k 2 1 2 k 2

j=—o0 =k j=—oc
1 1
-1 2 k 2
1 9 9 1
- % E pj § Tj - Eﬁp,r-
=k j=—0c0
A TR =k iKTepi Ouait 6
JT OCBLIAD CUAKTBI (g 7 = 1 Qg KOHE 7 = 1[4 TeraixTepi opbmmamaapr. Omait 6oca,
1 1
V5,7 = Max sup apF, sup Py | = max z sup  apr, Sup  fBpr | = E’ypm;
n=0,1,2,... k=—1,-2,... n=0,1,2,... k=—1,-2,...

1
Sup - Qq,r, sup ﬂq,r = E’Yq,r'
n=0,1,2,... k=—1,-2,...

T =

Yg,7 = MmMax sup Qg 7, sup G,/ | = Max
n=0,1,2,... k=—1,-2,...

(2.3), (2.4) Tencizaikrepin xkone(3.1), (3.2) maprrapbH nailalaHcak,

=

+o0 5 2 —1 9 2 —+o00 )
Yo R Bal | = X IKBal ] + (D IKBal) <
j=—o0 j=—00 7=0
1 1
i 1 2 oo 2
<UPB [ D HAL G| +26By | DAL <
j=—00 7=0
1
+oo 2
~ ~ 2 ~ ~
< 2255 Z |17 A+ g5 = 2K 95,5 IFA 4 Gl 5
j=—00
1 1 1
+oo ) 2 —1 5 2 o0 9 2
Yo Faal | = X el | + | XKl <
j=—o0 Jj=—00 Jj=0
1 1
_1 2 +oo 2
<UPB [ D 1HALG | +2KBo | DAL <
Jj=—0o0 j=0
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+oo
< 2k%v47 Z 17584 G117 | = 262 yq.7 IFAL gy,
j=—0o0
HemMece
1K253|l,,, < 2krvps [T 7L G|, o [K2d3,, < 2kmyer [k FAL g, - (3.5)

— 1z A7 |« 1. —1x. ~ 1 1 1
Exinmiznen, Teopema mapThbIHAH |kT SJTAer]T} < Sk |Aygjr| xome pr ) <5< 35 () MYHJArbI

¢1(1) — (3.4) rencizairingeri Typakrsl. Conmpikran (3.4) GoltbHia
= 1 len - 1,
HkT SA+y‘|2’T < 3751 HkT T'A+y”2’7_ < g ||ly||2,7' . (36)

Erep

. { 1 1 }
k = min —, p
67”7;37;-01 67”)/5,7261
zenn yitrapcak, onja (3.4) TeHcizairinen
2~ Lo

K283l < 5 1l (3.7

ait (3.5) reHcizmirinen
- 1,

K2l < 5 Wl (3.9
mbraaet. (3.6), (3.7) xone (3.8) rencizuikrepinen Jlemma 1.1 Goitbiama (1.2) renueyinin mentimi Gap Kome
JKAJIFBbI3 €eKEeHIHE KO3 XKEeTKi3eMis.

Ajiranbik, § (1.2) rergeyinin memmimi 6oce. Conga (3.4), (3.7), (3.8) xone (3.6) TeHcizaikrepinen ana-

TBIHBIMBI3: 7

|r28@g| + e kA, + e kB, + 8233, + 8255, , <
2 -
< (2+a4m) 11l (3.9)
(3.6) »xome (3.7) GoitbimIa
113l = || 15+ 77 k3ALG + K53, + |7~ k384G + K*pj| <
~ 17~ A= 2~ = 2 ~
< H ly+T kSA-'ry_'—k pyH2,T+§H ly||2,7'7

OCBIJIaH
11l <31 Lodlls,, - (3.10)
(3.9) skone (3.10)-nan

|28 @g| .+ |lr kA, + | k5B, + K23, + 8255, , <

< (24 3ei () [ Lodll, -

Ocwiman 7 = % aJaMacThIpybIH 2Kacail, (3.3) Tencizzirine kenemis. Teopema fpiiesaeni.

Bya maxana Kasaxeman Pecnybaukacomviry Biaim orcone evinvim munucmpaieiniv, 0085 /T D-14 maxcam-
mui bazdapaamacv, orcore 5132/ DY eparmuik; orcobach, ecebinen MUiHaPa KapoHcoaaHObpoLadbL.
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K.H. Ocnanos, T.H. Bekxkan, /I.P. Beiicenosa

YcioBus KOSpI.[PITPIBHOfI Pa3pemnmMoOCT OEeCKOHEYHOI1 CCTEMBI
Pa3HOCTHDBIX ypaBHeHI/Iﬁ C KOMIIJIEKCHBbIMMUA KOS(b(bI/IIJ;I/IeHTaMI/I

OTHU OLIEHKU MOJIHOCTBIO OIMCHIBAIOT 00JIACTH OMPEIE/IEHNs] MATPUIHOIO OIIEPATOPA, KOTOPBI COOTBETCTBY-
er cucreme. KosdpdunmenTsl cucreMbl COCTABIISIIOT HEOIDAHUYEHHBIE II0CJIEI0BATEILHOCTH, & [I0JIy YeHHbIe
pe3yJIbTaThl HEe 3aBUCAT OT KoJiebaHust 3Tux Kodddunmentos. [locnienunit pakT mO0Ka3bIBAET, 9TO MPUPOIA
GECKOHEYHO PA3HOCTHBIX CUCTEM COBCEM MHAs, YeM y CUHTYJISPHBIX auddepeHnraabHbIX yPABHEHUIA.

Kmouesvie ca06a: KOIPIIUTUBHBIE PEIIeHNUsT, DECKOHETHAsT PA3HUIA CUCTEM, OIEHKA PEITEHNUsT, HETPEPBIBHBII
BO3BpaT ollepaTopa, 3aMKHYTBII ollepaTop, JUHEHHas 1elb.

K.N.Ospanov, T.N.Bekjan, D.R.Beisenova

Coercive solvability conditions of an infinite system of difference
equations with complex coefficients

These estimates completely describe definition range of the matrix operator which corresponds to system.
Coefficients of system make the unlimited sequences. And the received results do not depend on fluctuation
of these coefficients. The last fact shows that the nature of infinitely difference systems absolutely other
than singular differential equations.

Keywords: coercive solution, infinite difference system, solution estimation, continuous return operator,
closed operator, linear phinite.
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Characterizations for the family of functions classes {B;’q’ v} and
their connection with Besov’s spaces

In this paper we define families of classes of functions related to best approximations in harmonic intervals.
These families of function classes characterize the order of approximation of functions by trigonometric
polynomials with a spectrum from harmonic intervals. The article contains an investigation of various
characterizations of the indicated families of function classes, introduces imbedding theorems, and shows
the connection between the introduced families of functions classes and the classical Besov spaces. The
article is intended for researchers specializing in the theory of approximation and functional analysis, and
all those whose interests lie in these areas.

Keywords: classes of functions, harmonic intervals, best approximation of a function, theorem of embedding.

Definition 1. Let 1 < p,q < oo, r > 0, f € L,[0; 2m). Family of function classes {B;’q’N}N is defined by
the following expression

pan = {f 1Sy, <oo} NEN,

where )
N q
1l = (Z pet (B (f),,)q>
k=1

Definition 2. Let two families of function classes are {AN}N and {BN}N, {AN}N N {BN}N =0, NeN.
We assume that

[ llan ~ [l s

if there exist the parameters C;, Cy such that for any f € AV the following expression correct

Cillfllpy <Nfllav < Callfllp

moreover the parameters C, C5 are independent of f and N.
In this case we assume that the families of function classes {AN } N and {BN } N coincide.

{AN}N = {BN}N'

Different characterizations of families of function classes {B;’Q’QW }  are shown in the theorems 1 and 2.
EN (f)p is the best approximation of the function f € L,[0;27), 1 < p < oo, in the harmonic intervals I}¥

[1] by trigonometrical polynomials with order less than or equal to & [2].

Theorem 1. Let f € By , om, m €N, then for 1 <p, ¢ < oo, r >0 we have the relation of the form

q

1fllsy o~ (Z 2k (B3 <f>,,)q>
k=1

Proof. Using the definition

2m q
Wl = (Z Wt (B (f),,)q) -

k=1
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m 2F—1 a

SO set(Em,) et (B (),) b (M)

k=1 s=2k—1

We use one of the properties of best approximation in harmonic intervals
Ey  <Ej ,<.<E} . <EL. 1<k<m. (2)
Besides we have the following estimation

k_
(2k—1)”1—1 Lokl < 221 st < (2k . 1)“1—1 . 2k—1;

s=2k—1

2k 1
2qu—rq < Z Srq—l < 2qu. (3)

s=2k—1

Considering (2), (3), we get from (1)

2k_q

a0 (B (),) < X0 s (B2 ,) < 2 (B (),)

§=2k—1

m  2F—1

2—’“‘15:2"(1’“( B (0),) <30 3 s (B (),) +
k=1

k=1 s=92k—1

Ly om(ra=1) (EQZ ) ) zm: qu< . )p)q+2"1m (Ezm ! 1(f)p)‘1;

=

<Z2rkq (EQk X )p)q>
< {Emiﬂ (B30 ),) 2o (B8 <f>p)q} ;

k=1

Q=

(Z?”‘“(EQH ),,)q> <Wfllpr . <

Q=

IN

< {mzl ora(k+1) (Egi"_l (f)p)q 4 gram (E2m L) )q}

k=0

m—1 q é
& m
< <21+rq Z orq (Egk_l (f)p) ) .
k=0
As a result, we obtain the required inequality
1
q

9" (izm’f (EQk () )q> <

k=1

m—1 q
14, r m q
. <2at < E orak (Egk_1 (f)p) ) )

k=0

The theorem is proved.
Theorem 2. Let f € By, , om, m € N, then the following relation holds for 1 <p, ¢ < oo, 7>0

o~ (i grak (6;3’” (f)p)q> ' ,

k=1
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where
2k 1

B, = |5 T arkean s

SE€EZ 1=2k_—-1
p

Proof. According to the boundedness of the partial sum over the harmonic interval [1] and Theorem 1, we

have
2m_1

TN, <O Y ar+s-2m U L BT (f),,

SEZ 7=2k_1
T p

therefore, using Theorem 1, we obtain

(i 2k (27 (f),) Q>q <C (f: 2 (B3 (), q) ~Clflsr .
k=1

k=1

Q=

Let us prove the reverse inequality. As

m

m m
Eey (f <§ 5

then by Theorem 1, the Holder inequality for numerical sequences the following inequality holds

<c <§: orak . (Eg;"_l (f)p) q> a -
k=1

m m q % m m K é
o(Ere (Em)) e[ (Been) )
k=1 =k k=1 T=k
m m m % ! %
<c ZQM (ZQ Arq ) (Z 2,\752m )p)q> =
k=1 =k 7=k
m m / i/ m % s 4 %
k=1 T=k =k A=k

1
q

—C { i orar (53 ) i (r— )\)qk}
A=1 k=1
c { i 2 (82 (f),)" 2“-”‘”} En:j 2 (52" <f>p)q}q 7

= ||fHB;_q_2m (Z 2rak (5im (f)p) Q> .

k=1

1
q

So the theorem is proved.
Note that in the Theorems 1 and 2 consecutive constants are independent of f and m.

Definition 3. Let two function classes AN and BY dependent on the parameter N are given. We say that
a class of functions AN is embedded in a class of functions BY and denote A™ B, if the following conditions
hold:

1) AN ¢ BY;

2) there exists the parameter C such for any f € A" the relation holds

Ifllpx < C Ul an
and the parameter C' is independent of f and .
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Theorem 3. Let N € N, 1 <p,q,q1 < o0, 7 > 0, then the following embedding holds for g < ¢1

Proof. Applying Theorem 2, we obtain

q
[log, N] a

HquB;qlN <C Z orak (5k (f)p)ql 7

k=1

where the parameter C' is independent of f and N.

q
Since I <1 and orak . (6k (f)p> ' > 0, then, taking into account [3], that

n g n
() <30
k=m

for0<d<1,a;>0,0<m<k<n<oo, we get

log, N|

[
. ; 2 (8,(£),) <l

11

q
r .
Bp,q,N

Thus, the theorem is proved.
Theorem 4. Let N € N, 1 < p,q,q1 < 00, r > 0, then for any € > 0 the following embedding holds

T
Bpﬁq,N B

Proof. 1t suffices to show that

Let f € B, y- Using Theorem 1, we obtain

llogs N1 S
Hf”B;_qEN = Z o(r—e)aik (Eé\lic,1 (f)p) <
i k=1
[logy N] ﬁ
< sup 2%-ER L (f),- 2708 ) < fllg: -Clae).
1<k<[log, N] 2=1Mp kZ:l By o

T rT—E&
= Bp,oo,N - Bp,ql,N'

On the other hand,
Bpgn = Bpoon

for any ¢ such that 1 < ¢ < co. The theorem is proved.
Definition 4. Let r > 0,1 < p < oo, 1 <6 < oo. Suppose that B} ,[0;27) = B} , (B;_’OO = H;) . We say
that a function f € L, [0;2 7) belongs to the Besov space By .if the norm is finite

£, = 1f1, + (Z 207 . By (f);ﬂ) .

s=0

1
Here the expression (Z:io 2997 . [, (f)f)) * for 6 = oo is understood as sup 2°7 - Fos (f), [4]-
s>0

The following statement shows the relationship of families of functions classes {B;q, N} N and classical
Besov spaces.
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Theorem 5. Let N € N, 1 < p,q,< oo, r > 0, then we have the following relation

o0

T _ T
ﬂ Bp,q,N - Bp-,q‘
N-1

Proof. By definition, we have

f = sup ||fllpr
Wl 4= 20 W,

N

Since the following inequality
||f||prq1N <C- Hf”B;ﬂ

holds for any N € N, then relation

swp [flg, =] <17l

o Br
1<N<oo N N Byan P
- - N=1

holds. From which it immediately follows that

oo
B;,q - ﬂ B;,q,N'
N=1
On the other hand, for a partial sum Som (f), where m € N, we have

IS2m (D, = 182m (Dllsy . < Cwar)-Ifllgy . <

2m

Sc(p7Q7T) Sup ||f||B7 N :C(paQ7r)||fH
1<N<oo P.q,

NQI B; N '
From the last relation by the Banach-Steinhaus theorem [4] we obtain the required inequality

< . oo
75y, < Co.an)- Il = .

P,q, N
i.e.
o0
r r
ﬂ Bzxq,N Bp7q'
N=1

As a result, the theorem is proved.
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I"'A. Ecenbaena, /I.H. Ecbaesa

{B; . N} dyHukIusa Kiaactapbl YilipiHiH cMmmaTTaMachl >K9HE OJIapPJIbIH,
BecoB KeHicTiKTepiMeH OaiilaHbICHI

Makasaa rapMOHMKAJIBIK, WHTEPBAJIIAD OOWBIHINA €H 2KAKChl *KYBIKTayJIapMeH OailIaHBICThI (DYHKITHS
KJIACTapPBIHBIH, Yilipi aHbIkTaraH. PyHKINUA KJIACTApPBIHBIH YHipl fgepekTepi DyHKIUAHBIH IapMOHUKAJIBIK
WHTEpBaJIApIa CIEKTPl 6ap TPUrOHOMETPHUSIJILIK, KOIIMYIIETIKTEPMEH KybIKTay PETiH cunarTaiasl. ABTOp-
JIapMeH KOPCETLIreH YHKIMS KJIacTapbl YHipiHIH TypJi cHmaTTamMaapblHBIH 3epTTeMesepl OasiHaaaraH,
€HTi3y TeopusiChl OEPIJIreH »KoHe eHri31l/IreH PYyHKIMS KJIacTapbIHbIH YHipl MeH KJIaCCUKAJIbIK, BecoB KeHicTiK-
Tepi apachiHIArbl 6ail/laHbIC KOPCETITEH.

Kiam cesdep: dyHKIUS KIacTapbl, TApDMOHUKAJIBIK, HHTEPBAJIIAD, (DYHKIIUSIHBIH €H KAKChl YKYBIKTATYbI,
€HTi3y TeopeMachl.

I''A. Ecenbaena, /I.H. Ecbaesa

XapakTepu3anuu ceMeiicTBa KJIaccoB PyHKITUIA {B; ¢ N} U UX CBA3b
c mpocTpaHcTBaMu BecoBa

B crarbe onpejesiensr cemeiicTBa KaaccoB YHKIMM, CBSI3aHHBIE C HAWIYYIIMMYI IPUOJIMKEHUSIMY 110 Tap-
MOHHYECKNM HHTepBasaM. Jlannbie cemeiicTBa KJ1acCOB (DYHKIMIT XapaKTePU3YIOT MOPSIKNA IPUOJINIKEHN
byHKIMIT TPUTOHOMETPUYECKIME ITOJIMHOMAMHU CO CIIEKTPOM U3 FapMOHMYECKHX MHTEPBAJIOB. B craTbe u3-
JIO’KEHO WCCJIEOBaHUe DPA3JINIHBIX XapaKTEePU3AINil YKAa3aHHBIX CEMEICTB KJIAacCOB (PYHKIWI, TaHbI TEO-
PEMBI BJIOYKEHUSI U ITOKa3aHa CBSI3b BBEJEHHBIX CEMEHCTB KJIACCOB (DYHKINN U KJIACCUIECKHUX IPOCTPAHCTB
Becora.

Karoueswie caosa: Knacchl QyHKIW, rApDMOHIYECKUE HHTEPBAJIbI, HAUIydlliee pubJirkere OyHKIUN, TEO-
peMa BJIOXKEHUS.
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Analytical and graphical methods for the solution
of one problem of transport logistics

This article shows the way to solve a specific problem of transport logistics using the potential method.
The first support plan is constructed by the method of the north-western corner. The article also shows a
graphical method for solving the problem. The article shows the optimal method for solving the problem
of transport logistics using the example of the real economy of the Kostanay region (Arkalyk).

Keywords: Logistics, transport task, potencial, northwest corner, count, bipartite count, value, volume.

Logistics transportation — a system for organizing the movement of goods, with the choice of the optimal
route, reducing the time and costs money.

Cargo transportation takes over the entire range of organizational issues in the field of transport logistics
related to the transportation and safety products [1].

Logistics — the science of the movement of goods, controlled by a material flow and information [2].

Transport logistics — all steps from planning to organization and control of cargo transportation from
getting to the final place of delivery of the item and from the source to consumer [3].

transport logistics tasks consist of:

— choosing the type and mode of transport;

— planning of transport processes;

— ensuring the unity of the whole process;

— preparation of optimal transportation routes.

To determine the total cost of transportation (S), it is necessary to know:

1) Fuel consumption for 1 liter;

2) The salary of the driver;

3) Amortization.

In this paper, we solve the problem of logistics below these farms, Kostanay region, Arkalyk city. Name of
farms, the volume of the harvest and transportation, and storage in the following table (Table 1, 2). It also
indicated the distance between farms and granaries (Table 3). Fuel consumption depends on the distance and
type (load) technology.

Table 1
Volumes of goods at the points of departure
Title grain farms Square crop | Collected Productivity Number
(sown) (ha) | wheat (T) | per hectare (c) | of flights
Aiman A 800 400 5 17
Sharipa As 500 250 5 11
Lina As 100 50 5 2
Kakim Ay 208 100 5 4
Table 2
Capacity elevators (silos)
Elevators Capacity (t)
I B 250
II Bs 250
ITT Bs 300
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Table 3

Distance from the point of departure to a point on the matter

Distance Fuel The point of The cost of Total transportation
(there and consumption (L) departure A; and | fuel for 1 flight costs for 1
destination B; (yr 115) tg flight 1)+2)+3)
56 22,4 A3 By 2587 7191 =~ 72
60 24 A1B; and AyB3 2760 7374 =~ 74
62 24,8 AuBq and A3B3 2842 7456 =~ 75
66 26,4 AlBg and AgBQ 3036 7650 ~ 77
68 27,2 AsBs 3128 7742 ~ T7
70 28 A1B3 and A;Bs 3225 7839 =~ 78
72 28,8 Ay B 3312 7926 =~ 79
74 29,4 AyBs 3404 8018 ~ 80
|AlBl| =30 km, |A2.Bl‘ =36 km,
(A) = |A1.BQ| =33 km7 (S) = |A2B2‘ =34 km7
|AlBg| = 35 km. |AQB3‘ = 35 km.
|AgBl‘ =28 km, |A4B1| =28 km,
(L) = |A3B2‘ =33 k:m, (K) = |A4BQ| =37 km,
|A333‘ =32 km. |A4Bg| =30 km.
Transportation cost:
74 T7T 78
79 77 78
C=1 7 m 7w
75 80 74

Volume of cargo at points of departure.

For transportation of used Kamaz trailer with a load capacity of 12 + 12 = 24 m.

This kind of transport for 1 km consumes 0.4 liters of fuel.

The cost (price) of fuel (kerosene) per 1 liter 115 tenge.

Depreciation and driver’s salary for one flight (round trip) is 4614 tenge.

There is fuel consumption table depending on the distance from the A; to B; to and from B, to A; (back
and forth) and determination the cost of transportation for one flight (Table 4).

Table 4
The first reference transportation plan by building a north-west corner
, Consumers (granary) )
Suppliers Toan B 1Tl 5 Fs Stock
Aiman 4, 105 p. 6.5p.
ity 74 77 78 400
250 i 150
Sharipa A4, 4 p. 6.5p
s 79 77 78 250
100 | 150
Lina 45 2p.
g 72 77 78 50
50
Kakim A, - 4p. 100
s 75 80 74
100
Needs 250 250 300 +— 300
Cepust «Maremarnkas. Ne 3(87)/2017 7
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Total cost of transportation:
4.3
>
i=1,5=1

x5 =10,5-7446,5-774+4-77+6,5-7842-78+4-74 = 7774500, 5+ 3084507+ 156 + 296 = 2544, 5(254450 tg).

We verify the plan for optimality. To determine the true value of potential we have to decide the following
uncertain system.

oy + B = T4;
ay+ P2 =TT;
az + P2 = TT;
az + f3 = 78;
as + B3 = T8;
oy + B3 = T74.

ar=0; B =74

ap=0; P2 =TT

az;=0; [3=78;
oy = —4.

Defining the potential indirect value.
0/13:Oé1+63:78:782613 +

= on+ B =TA<T9=cy +

0131:043+51:74>72:031 _

0;22034-[32:77:77:@32 +
Cp=outPi=—A+TT=T0<Th=cy +

C:l2:a4+ﬁ3:_4+77:73<80:C42 +

This plan is not optimal, because the cell (A3B) indirect value potential cgl greater than the true value
Cc31. (Cél > 631)

Building optimal plan transport method of potentials [1].

Building the cycle.

L31L33L23L22L12211L31

o+

Defining element:

x = min{xss, T2z, 11 } = min{50, 100,250} = 50.

Then,

Ty = 31+ = 0+ 50 = 50.

Tgs = 233 — x = 50 — 50 = 0.

Ty = Tog + x = 150 + 50 = 200.

Loy = g9 — & = 100 — 50 = 50.

L1y = T12 + 2 = 150 + 50 = 200.

2y, = x11 — @ = 250 — 50 = 200.

The new transportation plan Table 5 is as follows:
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Transportation plan
Suppliers Consumers (granary) Stock
T A T B, T B
Aiman 4, 8 p. 8.5 p.
&y 74 77 78 400
200 200
Sharipa A4, 2p. 2.5p.
s 79 77 78 250
50 200
Lina  Aq R
o L, oF 77 78 50
Kakim 4, 4p.
oy 75 80 74 100
100
Needs 250 250 300 <+— 300
Verify the plan for optimality.
o+ 1= T4
ar+ P2 =TT;
as + Py =T7,;
g + P = T8;
ag + B3 = 18;
oy + f3 = T4.

We verify the plan for optimality and define the potential indirect value.

Cp=autfi=—A4+TT=T0<Th=cu -+

Cp=asi+ By = —A+TT=T3<80=cim +

a; =0; B =74
ay=0; B2 =177,
a3 =0; [B3=78

Qg = —4.

Cla=01+PB3=T8=T8=c15 +

Cop=ar+ P =TA<TI=coy +

0;1:Q3+51:74>72:Cgl —

Cog =03+ Po=TT=TT=css +

In all unoccupied cells indirect value potential greater than the true value, c;j < ¢ .

Total cost of transportation.

Table 5

S=8-T4+8,5-T7T+2-7T7+2,5-78+2-72+4-74 =592+ 654, 5 + 154 + 195 + 144 + 296 = 2035, 5(203550 tg).

Potential method improved the original plan, and the total cost of transportation decreased by
254450-203550 = 50900 tg. Comment.
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The volume of cargo at points of departure are A; and capacity of elevators, we used to build Tables (1 and
2) distribution transportation. To determine the total cost of transportation have used the number of flights

from A; in B; and transportation cost.
3,4

S = Z cij + kij,
i=1,j=1
where k;; — the number of flights from A; B B; (roundtrip); ¢;; — cost per flight (roundtrip) Graphic illustration
of this problem can be given with the help of graphs. Then the method of «bypassing Count» can be used to
solve this problem. (Tarry algorithm). (Fig. 1-3).

(4) 4,

(Sh) 4,

(L) 45

(K) 4,

Figure 1. Count the total distribution of transportation, where A;, As, A3, A4 - the points
of departure (grain farms), By, Bs, B3- Destinations (granary)
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Figure 2. The graph corresponding to the first reference plane
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Figure 3. The graph corresponding to the second (optimal) distribution plan
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Analytical and graphical methods for...

These graphs are determined by the composition of graphs K4 and Kj.
Ky K3 =G.

As a result, we obtain a bipartite graph with weights.

The vertices K4 - Ay, Ag, A3, A4y — manufacturers.

The vertices — manufacturers.

The vertices K3 - By, B2, B3 — consumers.

The vertices — consumers.

Count G = K, - K3 is also a weighted graph, where the weights are the elements of S.
Each arc A;B; directed graph G corresponds to the weight ¢;5 € Co
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K. 2Kermicos, H.I'. Kapbenosa

TpaHCIOPTTHIK JIOTUCTUKAHBIH, Oip mpobJjieMachiH eIty TiH
AHAJUTUKAJIBIK >KoHe IpaduKTIiK d/1icTepi

Maxkasiajia HAKTBI TPAHCIOPTTHIK, JIOTUCTUKA €CeOIH MOTEHITHAIIAD OICIMEH IIENTYIiH KOJIbl KOPCETLITeH.
Autrammkpl TIpeK KOCIapbl COJITYCTIK-6aThIC OYpBINIbl dficiMen Kypbuirad. COHBIMEH KATAp €CENTiK rpa-
dukrepaiy Kemeriven memnty oxici ge Gepinren. Asropsapmen Kocranait o6ibichl (APKAJIBIK K.) IIapya
KOYKAJIBIFBI MBICAJIBIHIA KOIKTIK JOTUCTHKA €CeOIHIH OHTAN/IBI MIeliMi KOPCETiJIreH.

Kiam cesdep: nmorucTtuka, KOMKTIK TAICBIPMa, MOTEHITUAJ, COJTYCTIK-0ATBIC OYPBIIIBI, CaHAY, €Ki YKAKTHI
caHay, KYHJIBIJIBIK, KOJEM.

K. ZKernucos, H.I'. Kapbenosa

Anamutndeckuii u rpadpudecKnii MeTOAbl pelleHnusT OHOI
MpOoOJIeMbI TPAHCHOPTHOM JIOTUCTUKUA

B crarbe nmokasan criocob pelreHnsi KOHKPETHON 3a/1a4i TPAHCIOPTHON JIOTUCTUKHM METOIOM HOTEHIHATIOB.
IlepBbIil ONOPHEBI IIJIAH IIOCTPOEH METOJOM CeBepo-3alajHoro yria. Kpome toro, mokasan rpaduyeckuii
crocob perreHns 3a7a4u. ABTOpaMM JaH ONTHMAJIbHBII METOJl PellleHus 3a1ad1 TPAHCIOPTHON JIOTHCTUKA
Ha [puMepe peajibHOro xossiitcrea Kocranaiickoit obsactu (r. ApKaJIbik).

Karouesvie ca06a: JIOTUCTUKA, TPAHCIOPTHAs 3aJa4a, IMOTCHIMAJBHDBIN, CEBEPO-3alaIHBINA YTrOJI, MOJCYET,
JBYXCTOPOHHUI CYET, CTOUMOCTD, 0ObEM.
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[II.I11. N6paeB

Vhusepcumem <«Boaawaks, Kwvaviiopda, Kaszaxcman;
HUrnemumym mamemamuru u mamemamueckozo modeauposarus KH MOH PK, Aamamu, Kazaxcman
(E-mail: ibrayevsh@mail.ru)

O kxoromousiornu aJjredops! /I>kekobcona-Burra

N3ydenne xkoromosornu KJIACCHYECKUX MOIYJISAPHBIX aared6p JIu ¢ mOMOIBIO METONOB TEOPUU IIPE/ICTaB-
JIEHWII COOTBETCTBYIOIINX AJIreOpPandecKux TPYII MO3BOJISIET MOJYYINTh MHOTO WHTEPECHBIX PE3YJIbTATOB.
B mociieinee BpeMsi Takyio TEHIEHIINIO MOYKHO HAOJIIOIATH B WCC/IEIOBAHUSIX KOTOMOJIOTHH MPOCTBIX AJi-
re6p JIu KapTaHOBCKUX THIIOB, B KOTOPBIX PE3YJIHLTATHI IPUBOAAT K U3YUYEHHIO KOromoJioruu ajredp Jlu
HEKOTOPBIX PEIYKTUBHBIX ajiredpandeckux rpymi. B pabore JaHO MOJTHOE OMUCAHNE KOTOMOJIOIUHU aJreGphbl
Jxxexobcona—Burra Ws(1) mag anrebpamdeckn 3aMKHYTBIM TOJIeM K XapaKTEePUCTHKU p > 3 ¢ koadbdn-
IeHTaMu B ajarebpe paszenensbix creneneit Oz(1) ¢ MOMONIBIO BBIYUCIEHUS KOTOMOJIOIMU KJIACCHYIECKON

anreGpst JIu sl3 (k).

Kmoueswie caosa: anrebpa >xekobcona—Burra, anrebpa JIu, aaredbpa JIlu KapTaHOBCKOI'O THIIA, KOTOMOJIO-
IUsl, YCJIOBUST KOIMKJITUNIHOCTH.

1 Bsedenue

1.1 Obobwernasn anrzebpa ocexobcona-Bumma. Ilycrs k — ajrebpandyecku 3aMKHYTOE I10JI€ XapaKTEPUCTHU-
Kk p > 0.

IIycrs &; = (1, ,0in), TOe 0;; — cumBoa Kporekepa, my,--- ,m, — IeJble IOJOKHUTEIbHbIE HYHCIIA.
AunreGpa pasnenennsix creneneii Oy, (m) BBICOTBL I = Y .| M;€; OIPEIEIACTCS TAK:

Op(m) = <$(a) — Hx(ai) : a € Typ(m), 2(@)(8) — Hcg:+/3ix(a+,8)>k;
i=1

i=1

n
I'y(m) = {Zam s €20, 05 ap <p™yi=1,---,n},
i=1
riae Zg — MHOXKECTBO HEOTPUIATENIBHDBIX IIEIbIX TUCE.
Hust oo = (g, ) € Ty (m) myers | o |= D00 .
Ounpenennm muddepennupoanus D;, ¢ =1, -+, n, aarebpsr O, (m) no dbopmyie

D@ = gla—ei),
Torma mpocTpaHCTBO

W = Wn(m) = {Zaij Daj e On(m), 1= 17 ,n}
j=1

C yMHO)KeHI/Iel\/I
> a;D;, > biDil =" (a;Dj(bi) — bjD;(a;))Di
j=1 j=1 i=1 j=1

apysiercs asurebpoit Jlu um HazbpBaercs obmieit anredpoit JIu KapTaHOBCKOrO THIA WJIN OOOOIIEHHONH Aaaredpoit
Izxexobcona—Burra. OHa siBisiercst asnrebpoit JIu cnermanbabix quddepennuposanuii O, (m), u 8 O, (m) ecre-
CTBEHHBIM 06pa30M MOYKHO BBeCTH CTPYKTYPY W, (m)-Mozysst ¢ momorpio hopMyItbl

(Z a; D)z = Zaij(x(o‘)) = Zajx(‘kej), Zaij € W,(m), 2% € 0, (m).
j=1 j=1 j=1 j=1
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Homaras W; = (z(®D; :| a |=i+1, j =1,--- ,n)k, nodyaaem ecrecTsennyio rpaayuposky W = @, |, W;
ryounsl 1. Asrebpa Jlu W gaBssiercs nmpocTbiM, KpoMme ciiydasi, Korga n = 1 u p = 2. Jluneiitnoe orobpakenue
&) Dy E,; oupenenser nzomopdusM Mexay nomanarebpoit Jlu Wy u obmeit nuneiinoit anrebpoit Jlu gl,, (k),
rie F; j — KBaJpaTHas MATPHUIA N-T'O HOPSJIKA C SJIEMEHTAMH € q = 04104.

1.2 @opmyauposka ochosrux peayavmamos. Pacemorpum 06001menHy 0 anre6py Ixekobcona—Burra W, (m).
Eciu m = (1,---,1), ro W,,(m) — orpanuuennas asrebpa Jlu. Ee HaspiBator anrebpoii Ixxekobcona—Burra n
obozravaroT wepes W, (1). B mammoit pabore ucenenyiores koromosiornn Ws(1) ¢ xoadpdurmentamm B O3(1).
CrpaBenimBa CJIeIyOIIast

Teopema 1. Hyemv L = W3(1) — aneebpa Jorcexobcona—Bumma nad aszebpauvecku 3amkrymovim noiem k
zapaxmepucmuku p > 3 u'V = O3(1) — L-modyav. Toeda H™(L, V') = 0, 3a uckatouenuem caelyiouus cAY1aes:
)

HY(L, V)= HZ*(L,V)=k, H (L,V) = H'Y(L,V) = k', H*(L,V) = H'O(L,V) = k°,
H3(L,V)= HYL,V)= H3L,V) = H(L,V) = k®, H*(L, V)= H (L, V) = k", HS(L,V) = k5.

Cornacuo Teopeme 1,

dim H*(W3(1),05(1)) = dim Y H™(W3(1),05(1)) =2-1+2:4+2-6+4-5+2-7+8 = 64.

m>0

Koromostornun are6p JIu KapTaHOBCKUX THIOB H3ydaiuch B paborax [1-5|, rje pesyibraThl MOJydeHbI ¢
HOMOIIBIO BBIYUCJICHUsT KOTOMOJIOTUU are6p JIu HEeKOTOPHIX peJlyKTHBHBIX ajrebpamdeckux rpymi. Koromo-
norust HY(Wi(m), O1(m)) serauciena B [6], a koromosorus H?(Wa(m), O2(m)) — B paGore 7).

2 Jlokazameavbcmeo pe3yabmamos

2.1. Kozomonozuu gl, (k). B nanHoM myHKTe JOKa3bIBAETCs, ITO BbrYmucseHuss koromosorun gl, (k) ¢ Ko-
sabdunnenTaMu B TpUBHAIBHOM OHOMePHOM gls(k)-MOsystie k MOXKHO NPUBECTH K BBIYHUCJIEHUIO KOTOMOJIOTHM
kytaccuaeckoit anre6per Jlu sl (k). Takoii pesysbrar panee 6bl1 moiydeH B [5, npejgoxenne 1.2]. Ilpumene-
HUE Pe3yJIbTaTa, oIy Y€HHOI0 aBTOPAMHU 9TO# paboThl, TPeOyeT JONOJHUTEIHHBIX BhIuuciaenuili. Mol jaeM 6osee
pOCTyI0 HOPMYILY.

IIpedaoorcenue 2. ITycmo gl,, (k) — obwasn aunetnan arzebpa Jlu cmenenu n Had aa2efpausieckt 3aMKEHYMbLM
noaem k xapaxmepucmuru p > 0. Tozda

H™ (g, (k), k) 2= H™ (sl (k), k) & H™ (sl (k) k). (1)

Joxasameavcmeo. 3amernm, aro gl, (k) = s, (k) @ k. Paccmarpusas k xak umean anrebpet Jlu gl, (k) un
kax gl, (k)-MOIyITb, MBI MOYKeM HCIOIb30BATh CIEKTPANIBHYIO TIocienoBaTenbaocts Ceppa-Xoxmmabma { EY}.
B uacruocru, qst H™(gl,, (k), k) mosny4aaem

EY = H'(gl,, (k) /k, H(k, k)) = H'(sL,(k), H(k, k)).

Ouesnno, uto HO(k, k) = H(k, k) = ku H(k, k) = 0, ecom ¢ > 2. [TosTomy Eéq =0, ecim ¢ > 2. Tak Kak
l+q=m, 1o EJ° = H™(sl,,(k), k), By " = H™ (sl (k), k) u EY = 0 B ApyIHX LeIOYHCICHHBIX TOUKAX
nepsoro kpagpanTa. ClleqoBaTeILHO,

H™(gl, (k), k) = By @ By "' = H™ (s, (k), k) & H™ (sl (k). k).

[Ipenmoxkenne 2 moka3aHo.

Takum o6pasoM, ebrancienue koromonorun  H™(gl,(k),k) npuBeneHO K BBIYHUCIEHUSIM KOIOMOJIOTHU
H™ (s, (k), k) w H™ L(sl,,(k), k).

2.2. Kozomonoeuu sl3(k) u gly(k). Pacemorpum anrebpy Jlu sl3(k) man monem k xapakrepucruku p > 0.
Bribepewm B sl3(k) 6asuc HleBasuie {e1, eq, €3, h, ha, f1, f2, f3}, e €; = €q,, fi = €—q,, 3 = ag + ag,i = 1,2, 3,
u nonoxuM hs = hy + he. Torma [e;, fi] = hi, [hi,e;] = 2eq, [hi, fi] = —2f; nas i = 1,2, 3. HerpusnanbHble
YMHOXKEHUsI 33AI0TCsI CJIEIYIONUMU PABEHCTBAME:

le1, ea] = e3; [e3, f1] = —ea; [es, fa] = e1; [f1, fo] = —f3;

le1, f3] = —fa; lea, f3] = fi-
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O KOroMoJioruu aJiredphi. ..

Pasnoxkum npocrpasncTsa Koreneit C*(sl3(k), V), rne V' — sl3(k)-Momynb, Ha IPSIMYI0 CYMMY BECOBBIX IO/
[IPOCTPAHCTB OTHOCUTEJILHO MakcuMaibHoro Topa T rpynusl G = SLz(k):

C*(sls(k), V)= P C;(sls(k),V).

neX(T)

ycrs P(M) — muO)KecTBO Becos npocrpancrsa M ornocurensuo T. Torma

HB = @ V)
pEP(H™ (sl3(k),V))

B conpsizkenHom npoctpanctse sl3(k)* BbiGepem conpsizkeHubiil 6asuc {ef, es, €5, hi, hi, 1, f3, f3} u oTox-
necreum nipocrpanctsa C™ (sl3(k), V) ¢ npocrpancreom A" g* @ V.

Xopormo uzsectHo, uro P(H™ (5[3&]2, V) CpX(T)NP(N\" sl3(k)* @ V). Torma Mbl MOXkKeM paboTaTh TOJb-
KO ¢ asementamu noanpocrpanctsa C (slz(k), V) C C™(sl3(k), V), Bec KOTOPOro NPUHAJIEKUT MHOKECTBY
pX(T) N P(A\" sl3(k)* ® V). CoorsercTByiomiue TOIIPOCTPAHCTBA KOIUKJIOB M KOTOMOJIOTHH 0GO3HAYAIOTCS
aepes Z (sls(k),V) u H' (sly(k), V). Ouesmmno, uro H™ (sl3(k),V) = H ' (sl3(k), V). Cremyromme bopmysr

XOpOoHIO U3BECTHDBI:
dim H™ (sl3(k), V) = dim Z" (sl3(k), V) + dim Z™ " (sl3(k), V) — dim O (sl(k), V); (2)
dim H™ (sls(k), V) = dim H@™sBs®E=m(515(k), V*). (3)

Becosnie IIOJIIPOCTPaHCTBa NUHBaAPUAHTHBI OTHOCUTEJIBHO ,HGIU/ICTBI/IH KOI'PaHUYIHOI'O oliepaTopa, II09TOMY (bOp-
MYJIa BBIIOJIHACTCA U JIJIsd BECOBBIX HNOANIPOCTPAHCTB:

dim H}}*(sl3(k); V) = dim Z]]"(sl3(k),V) + dim Z;"'(sl3(k), V) — dim C}'~ " (sl5(k), V). (4)

Ipedaootcenue 3. Umerom mecmo caedyrousue ymeeprcoenus:
(a) ecaup >3, mo H™(sl3(k), k) = 0, xpome caedyrowux cayuaes:

HO(sl3(k), k) = H3(sl3(k), k) = H(slz(k), k) = H3(sl3(k), k) = k;
(b) ecau p =3, mo H™(sl3(k), k) = 0, xpome caedyrouurs cayyaes:
HO(sl3(k), k) = H?(sl3(k), k) = HS(sl3(k), k) = HS(sl3(k), k) = k, H>(sl3(k), k) = H5(sl3(k), k) = k7;
(c) ecau p =2, mo H™(sl3(k), k) = 0, xpome caedyrowux cayuaes:

HO(sl3(k), k) = H8(sl3(k), k) = k, H3(sl3(k), k) = H(sl3(k), k) = k°.

Joxasameavcmeo. (a) Wzomopdusm  HO(sl3(k), k) = k oueBumen. A Takye XOpONIO H3BECTHO, HUTO
H'(sl3(k), k) = H2(sl3(k), k) = 0 [8, 9.
Tenepn jmokaxkem, aro H3(sl3(k), k) = k. IlommpocTpancTso 63(5[3(k),k) BOCBMHUMEPHO U HOPOXKIAETCSI
BEKTOpaMI
BEACLA L RN A F RS A A S, B Ach A F:

hi Nez A fs, hy Nes A fs, es NfIA S5, ef Nes A fs.

[IpeamonoskuM, 9TO JauHEHHasT KOMOWHAIIAST 9THX BEKTOPOB ¢ Koaddumumentamu b;, ¢ = 1, --- , 8, aBisgercsa
3-xorukioM. Torma w3 yCaoBUsT KOMUKIAIHOCTH CIEIYET, ITO

b1 + b + b5 + by — bg = 0;

b + b3 — by + bg = 0;

bs + by + b + b7 — bg = 0; (5)
2by + 2b7 — 2bg = 0;

2bs + 2bg + 2b7 — 2bg = 0.
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IIpocTpaHcTBO perenunit 9Toit TUHEHHON ccTeMbl OTHOCUTENBHO b;, i = 1,--- , 8, 3-mepuo. CiietoBaTe/IbHO,
dim Z3(sl3(k), k) = 3.

—2
Toxnpocrparcrso C (sl3(k), k) 4-mepHO 1 nopoxkaercst Bekropamu hi AhS, ex A ff, es A f5, e5 A f5. Ecan

=2
arhy A hd + azel A fY 4 ages A 5 + aqel A f5 € Z7 (sl3(k), k), TO, CONTIACHO YCIOBHIO KOIMKJIMIHOCTH,

{ozy ©)

a4 = ag + as.

CurenoBaresnno, dim Vi (sl3(k),V) = 2.
Takum obpasom, 1o dopmyiie (2)

dim H3(sl3(k), k) = dim Z°(sl3(k), k) + dim Z (sl3(k), k) — dim O (sls(k), k) =3 +2 — 4 = 1.

BBINOIHEE aHAJIOTHYHOe BBIYHCICHHE, JIeTKO mokazaTh, aro H*(sl3(k),k) = 0. amee, ncnombsys dbop-
myaty (3), mosmyuaem

dim HO(sl3(k), k) = dim H®(sl3(k), k) = 1u dim H' (sl3(k), k) = dim H(sl3(k), k) = 0.

Haxkomuer, 3amernm, yto H™(sl3(k), k) = 0, xorga m > 8 = dim sl3(k). Takum o6pasom, JoKa3aHo yTBEp-
xkJierne (@) IpeIozKeHust 3.
(b) Cornacno mpemioskenuto 6.2 paborer [8] H(sl(3,k), k) = 0 u npeayoxenuto 4.1 paborsr [9]

H%(sl(3,k), k) = k.
Tokaxem, uto dim H3(sl3(k), k) = 7. BBIIOIHUB COOTBETCTBYIONINE BLIMUCICHUS, TIOTYTHM

P(C° (sl3(k), k) = {0, £3A1, £3(—A1 + Aa), £3)2).

JovuaanTHbIME sBasgoTca 0, 3A1, 3Ag. BeIuncauM pasMepHOCTH COOTBETCTBYIOIINX BECOBBLIX IIOIINPOCTPAHCTE
3-KOTOMOJIOTHH.
Han mosieM XapakTepucTUKM p = 3 pa3MEPHOCTH IPOCTPAHCTB pertenuit cucrem (5) u (6) coBmamaroT

—3
C COOTBETCTBYIONMME Pa3MepHOCTSME ciaydas p > 3. [Tosromy H(sl3(k), k) = 1.

BecoBble MOAIPOCTPAHCTBA égh(s[g,(k’),k), 62/\2 (sl5(k), k) IBYMEpHBI U HOPOXKIAIOTCSI COOTBETCTBEHHO
¢ 3-xonensamu: hi A fiAf3, hSAfEAf3, m hi A SN 3, h5A f5 A f5. BBIIOIHEB COOTBETCTBYIOMIE BBIYUCICHHS,
nomyamy dim Zs, (sls(k), k) = dim Zs,, (sls(k), k) = 1.

Tax xak dimk = 1, dim H%(\) = dim H°(\;) = 3, To dim H3(sl3(k),k) =1+3+3=T.

Haxkomser, paccyk/iasi KaKk B IPEJBIIYIIEM ClIydae, yOeuMcs B CIIPABEIMBOCTH OCTAIBHBIX yTBEPIKICHUIH
cayuvast (b).

(¢) JlokazaTeabeTBo BCeX yTBep:KIeHuil anaorudano ciydaio (a), kpome nsomopdusma H3(sl3(k), k) = k°.

B srom ciayuae P(C (sl3(k), k)) = {0, £2(A1 + A2), £2(2A1 — A2), £2(—A1 + 2X2)}. JoMuHAHTHBIM SABJIsIETCSH
0, 2(A1 + A2). BolumcsuM pasMepHOCTH COOTBETCTBYIOMMX BECOBBIX MOAIPOCTPAHCTB 3-KOIOMOJIOI UYL

Kak u B IpejpynieM ciaydae, HaJl [OJE€M XapaKTEPUCTUKH P = 2 pasMepHOCTh IPOCTPAHCTBA PeIleHui
cucrembl (6) COBIAJ@AET € COOTBETCTBYIONMME Da3MEPHOCTAMU ciydas p > 3. B xapakrepucruke p = 2 mpo-

cTpaHcTBO pernenuii cucreMms! (5) pasuo 5. ITostomy cormacuo (2) dim Fg(ﬁlg(k'), kE)=5+2—-4=3.
Bce ocTasbHbBIE BECOBBIE TIOIIPOCTPAHCTBA 6;1 (sls(k), k), ue P (63 (sl3(k), k))\{0}, ommOMEDHBI, U cOOTBET-

—2
crByomue Becosbie nomupocrpancrsa C,(sl3(k), k) — mynessie nognpocrpancrsa 8 C?(sl3(k), k). Kpome roro,
COLVIACHO YCJIOBUIO KOLWKJIMYHOCTH, JIFOOOI HEHYJIEBON JIEMEHT KAaXK[OIO U3 9THX BECOBBLIX IHOJIPOCTPAHCTB

62(5[3(147), V) aBnsierca 3-xonukiiom. CiegoBarernbro, dim 6i(5[3(k), k) =1, ecm p € P(ég(ﬁlg(k), k) \ {0}.
Torma dim H?(sl3(k),k) =3 +6 = 9.

JlokazaTeabCTBO MPEIJIOXKEHNS 3 3aBEPIICHO.

Teneps pacemorpum asre6py Jlu gls (k).

IIpednoorcerue 4. ITycmo gls(k) — obwan aunetinas arzebpa JTu cmenernu 3 1ad a42e6DaUECKY 3AMEHYMbIM
noaem k xapaxmepucmuru p > 3. Toeda H™(gls(k), k) =2 k, ecau m < 9 um # 2,7. B 0cmasvivx cayuasx

kozomonozuu H™(gl;(k), k) mpusuasvroL.
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Jokasamesvemeo. CoryacHo npeyioXKeHuo 2 Buruncserne koromoaorun H™(gls(k), k) npusomnTcs K Bbl-
qucsienusm koromosioruu H™ (sl (k), k) u H™ 1 (sl,,(k), k). Onu Berauciens: B npesyioxkennn 3. Coryiacto mpe/i-
noxennio 3, H™(sl,(k), k) =2 k, ecmu m = 0, 3,5,8. B ocransubix ciydasx koromonorun H™ (sl (k), k) Tpusn-
anbubl. Torma yreeprkienue npejyioxkenns 4 ciaexyer u3s (1).

2.2 Jloxazameavcmeo meopemovs 1. Cormacao teopeme 0.2 pa6orsl [5], mus moboro m € Zg, H™(W3(1),
O5(1)) 2 D2, (AN' (k) Q, H™ “(gl5(k), k)). Vcnonbssys mpeoxkenns 2 qst Koromostornu anreopst Jln gls (k),
HOJTy IUM

H™(W3(1),05(1)) = @72 (A (F) @, (H™ " (sls (k), k) @ H™ '~ (sl (k). k))).

Torma yrTBepKeHus TeopeMbl 1 cielyiorT u3 mocieaHeil hbopMysbl U U3 yTBepKieHus (a) NpeIozKeHus 3.
JlokazaTeabCTBO TEOPEMbI 1 3aBEPIIIEHO.
Samevwanue. Coenacro npedaosiceruro 2, npedvdywas Gopmysa epra U 6 00ULEM CAYUGE

H™(Wa (1), 00(1)) = @[ (' (k) @y (H™ (sl (k), k) @ H™ '~ (s1, (k). k)))-

Paboma ewnoanena npu Purarcosoli moddeporcke  epanma  0828/I'D4 Munucmepemea 06pa3osaHus
u nayku Pecnybauxu Kazaxcman no meme «Aazebpu, 6ausxue x Jlueswvim: xozomonrozuu, mootcdecmea u de-
Ppopmayu».
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[I.ITI. bIosipaen

JI>kekobcoH-ButTt ajiredpachbIHbIH KOTOMOJIOTHSICHI TYPaJIbl

Knaccukaneix, momynsp Jlu anrebpamapbliHBIH, KOTOMOJIOTHSIIAPBIH COMKECTi aaredpaJsiblk, TPYyIIaIap/IblH
KOpiHicTep TepusiChl dIiCcTEePIMEH 3epTTey KONTEreH KbI3bIKThI HOTHXKEJEp ajlyFa MyMKiHik 6epeji. CoHrbl
Ke37iepi OoCbIHIail GeTabICThI, HOTUXKEEepl KAChIOIp peIyKTUBTI aiarebpasblk, IPyIIagiapiblH, KOTOMOJIO-
TUsJIAPBIH 3€PTTEyre OKeJIeTiH, KapTaH TypiHjeri kait JIu amrebpasiapbIHbIH, KOTOMOJIOTHSLIAPBIH 3€PTTEY-
Jepze ze Gaiikayra 6osapl. Makanana sls (k) knaccukanbik JIu anrebpacbiHbIH KOTOMOJIOIHSIIAPBIH €CerTey
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apKBLIbI CHIIATTAMACHL p > 3 anreOpasblk, Tyiblk k epicingeri Wi (1) Jlxeko6con-BurTt anre6pachlHbIH
koaddurmentrepi, O3(1) GesikTeHren Joperkesi aareGpacblHa THICTI GOJATHIH KOIOMOJIOTUSIAPHI TOJIBIK,
CHTIATTAJIIBI.

Kiam cosdep: Ixxekobcon-Burt anrebpacst, JIu anrebpacel, kKapran Typingeri Jlu anrebpachl, KOrOMOJIOTHs,
KOIMKJIJIJIK IIapTTaphI.

Sh.Sh. Ibraev

On the cohomology of the Jacobson—Witt algebra

The investigating cohomology of the classical modular Lie algebras by using the methods of representation
theory of algebraic groups allows to get a lot of interesting results. Now this trend observed in the studying
cohomology of the Lie algebras of Cartan type in which results lead to study the cohomology of certain
reductive groups. In this paper we give a complete description the cohomology of the Jacobson-Witt algebra
W3(1) over an algebraical closed field k of characteristic p > 3 with coefficients in the divided power algebra
Os3(1) by calculating the cohomology of the classical Lie algebra sl3(k).

Keywords: Jacobson-Witt algebra, Lie algebra, Lie algebra of Cartan type, cohomology, cocyclic conditions.
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AJTropuTM YMCJIEHHOTO pelleHrusi MHOTOMEPHO# oOpaTHOM
3a/1a9” JIEKTPOANHAMUKN

B crarbe paccmorpena obparHasi KoahbduIeHTHAs 3aJa49a JJIi MHOIPOMEPHOTO YPAaBHEHUS 3JIEKTPO/IH-
HaMUKHU B JIMHEHHOM npubsrkennn. /s pemenus KoapduimeHTHON 00paTHON 3aa4U 110 OIIPeIeIeHIIO
MIPOBOJMIMOCTHY CPEIbI, 3aBUCSIIEH OT ABYX IEPEMEHHBIX, HCIOIb30BAH OITUMHU3AIMOHHEIH MeTox. [lomytena
dopmysta jyist Beraucaenns rpajguenTta dyHknuonaaa. ChopMyInpoBaHbl COOTBETCTBYIOIINE COIPSI?KEHHBIE
3a1a4u.

Kmouesvie caosa: obpaTHast 3a1a4a, ypaBHEHUE SJIEKTPOINHAMUKHI, COMPsIyKEHHAs 3a[a9a, OMTHMHU3AIMOH-
HBIII MEeTOJ, TPOBOJUMOCTD CPEJIbI, JUJIEKTPUUIECKAs IIPOHUIIAEMOCTh, MAarHUTHASA IIPOHUIIAEMOCTD, ypaB-
Henue MakcBesia, JIMTHEAPU3AIUS.

1 Jlunetinoe npubausicenue obpamoti 3ada4u
PacnpocTpaneHne 3jeKTPOMATHUTHBIX BOJIH OIMCHIBAETCs CUCTEMON ypasHeHnit Makcsesuia [1]

—
s%frotﬁ+aﬁ+jcm:0, x3 £ 0,x € R, (1)
9 4ot B =0, t > 0
w5 +rotE =0,t > 0.
3nech E = (El,EQ,Eg)T,ﬁ = (Hy,Hy, H3)T — BeKTOpbl HANPSKEHHOCTH 3JIEKTPUYECKOTO W MATHHT-
HOTO nmoJieit;  €,pt — JWAJIEKTPUYeCcKass W MATHUTHAS TMPOHUIAEMOCTH  CPeIbl; O — IPOBOJUMOCTH CPEBI;
J

M — MJIOTHOCTH CTOPOHHUX TOKOB.

SajaauM HadaIbHbBIE YCJIOBUS

(E,H)

—0. e =o 2)

t<0 t<0

TaHFeHIH/IOHHI:Ie KOMIIOHEHTBI BEKTOPOB ﬁ, ? YVAOBJIETBOPAIOT YCJIOBUAM HEIIPEPHLIBHOCTHU

(Ej|a:3:70 = Ej|x3:+0; Hj|x3:70 = Hj|:c3:+0’ ‘7 = ]" 2. (3)
Hua onpenenenust koadbdunuenrta o (1, ) 3a4a10M JOIOJHUTEIbHY IO UHDOPMANUIO (OTKIUK CPEJIb)
Ej‘x3=0 ZXj(Z‘l,.TQ,t); Hj|:c3=0 :nj(xl,xg,t); ] = 1,2. (4)

IIycts K03 UIIEHT MPOBOIUMOCTH CPEJIbI IPEJICTABUM B BHUJIE
O-(x171'2) :00($3)+01(£L’1,ZL’3). (5)

Ipemosnoxum, uro koabdurmenTst o1 (21, £3) MAJIbl OTHOCUTEIBHO KO3 duimenTa o (23 ), TOrIa BOZMOXK-
HO HCIIOJIb30BATh METOJ JInHeapu3anuu [2].
IIpeacTaBuM BEKTOPBI JIEKTPUIECKON 1 MATHUTHOW HAIPSIKEHHOCTEN B BUIE

F—E'+E', H=H+H (6)

rie (E°, H°) — pemtenue sagaun (7). 37ech U B JadbHeHIIIeM CIATAEM, HTO ﬁo = E9; ﬁo = HY; El =FE;
Y=H'; jm = jm; torma
60%E0 —rotH® + 0o E° + j°™ = 0;
p2HO + rotE° = 0; (7)
(Eo, Ho)jt<o = 0.
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I[Ipenebperas Bemmaunoit oy B, momyanm aoa (EY, HY), ciemyrontyio 3amady:

6%E1 —rotH' + 0gE' = —0, EY;
p2H' + rotE' = 0; (8)
(El?H1)|t<O = 0.

Ha mockoctn z3 = 0 TanTeHImMambHbIe KoMIoHeHTH BekTopos (EC, HY), (E, H') ynosiersopsior ycio-
BUSM
[E?}Eszo = [H]O]CMZO =0; [Eyl]zzzo = [H]l]13:0 = 0. (9)

Hononaurenbuas undopmanus (4) mpuMer BUj

(EY),

= X}(Ev t); (Hl) ;

J‘z3:0

=n; (T, 1), j=1,2, X=(x;,%2). (10)

1'3:0

3mech

1 _ 0 r_ . 0 .
Xj=X;— Bl o m=n—H|, ., i=12 (11)

Iycrs dyukuuu og(23), 01(T1,23) YIOBIETBOPSIOT YCIOBUIM:
1. 09 € 02(%)
2. Cymecrsyior My,Ms,M3 € R Takue, uro upu Bcex x3 € R MMeeT MeCTO HEPABEHCTBA

0 <M <oo(xs) < Ma, |loollzpy < Ms.
3. Oyukuus o1 (1, 23) OTIMIHA OT HyJIs B obacti (21,x3) € (0,h) x K(D1),

K(D1) ={z1 € ®;|zj| < D1,j =1,3},

rae h, Dy € R — ukcupoBaHHbIE YUCIIA.
2 _ 2

4. 01(%11’3)6 C ((0, h) * K(Dl)), o = ||0'1|| C ((0, h) * K(Dl)) § Ml.

Ha ocHoBaHMU 9TUX yCJIOBHI U NPEANOJIOKeHus (5) MUHUMAJIbHOE BPEMS, 38 KOTOPOE BO3MYIIEHHE JOCTUIHET
riiy6unbl h npu Becex 1 € R u Bepuercs Ha nosepxsocrs s = 0, pasuo Ty, = 2h/(M; — «).

B cuty 9TOr0 mMeer MeCTo CJIEYIOIIee IPAHNIHOE YCIIOBHE:

0 _
Ej |1-1:iD1 =0. (12)

B cBasu ¢ Tem, uro koabdurnment oo(rs) 3aBUCHT OT OJHON IIEPEMEHHON I3, JOCTATOYHO 3aJaTh OJHY

TFOPU3OHTAJBHYIO KOMIIOHEHTY

E8|I3:0 = f(l)(xlat) (13)

Boimmumem yestosue jyist kommonentbl HY. Jlas atoro, momaras ycsosus (13) Kak rpaHWYHBIC YCIOBUS B
obnactu 3 < 0, tie 0 =0, a e =1, p = 1, u pemus cucremy (7), oupesesuM BEKTOP HO, rem cambiM Gyner
MU3BECTHO YCJIOBUE

0,0 = ey (21, 0). (14)

Takum obpazom, oOIIMiT aaropuT™M perreHust 06paTHON 33189 B JTUHEIHOM TPUOJIMAKEHUU COCTOUT U3 CJIe-
JIYIOIINX TIArO0B:

1. B wiockocru 23 < 0 (B Bo3ayxe), B KoTopoM u3Becthbl 0 = 0, € = 1, 4 = 1, pemus 3auady (1), Haxoqum
(E, H). Ucnonssyem npu sToM gpomosmuresbiyio niadopmarmo (10), (13), (14) npuMensioTcs Kak TpaHUYHBIE
YCJIOBUSL.

2. Jlastee BBIYHUCIISIEM TPAHUYHBIE YCJIOBUSI

Hil,,—o = fa(21,1);

HY 1o =m (@05 j=1,2 (15)
(H(])’)\wgzo ) ] = 17 2.

323:0

3. B wiockocru x5 > 0 pemaem obparnyio 3auadqy o6 oupesenenun og(xs), [lomaraem, aro E(z3) B 23 > 0
W3BECTHEL, a (= 1.
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SaﬂaﬂI/IM I'PaHN9IHOE YCJIOBHE

1 OF, 0
(/_j, (9],‘3)’ - = afg(fﬂl,t). (16)

4. OnpejiesisieM TIpaByio YacTh cucteMbl (8), T.e. Beraucaum o EP.

5. OupejensieM jonosHuTeNbHYI0 HHbOpManuio (10).

6. Vcmonp3yeM MeTo/] HAMCKODEHIIero CIycKa st oupejeseHns koaddurmenta oy (x1, T3) Kak pelieHne
cucremsl (8).

2 Asneopumm pewerus obpamnoti 3adavu 06 onpedesenuu o1(x1, x3)

ITycrb p(T) — upubizKeHHOe pellleHre 06paTHOM 3a1a4u, rjie 0603HAUYEHO Z = (1,3).
Beenem dynkimonan

- fOT <z§_1 [E;(f,o,t;p) - X!, t)rdt> +
+f0 < J= 1[ (x’ovtap)_n}(xvt)}th>'

Dopmyity Jjisi BblYUCIeHUs rpaauenTa PyHKunonana (17) noayduM 1o aHaJoruu ¢ u3J0xKeHHoi B [3]:

T Do
_ / / (E°) (T, w2, £)daadt, (18)
0 —Ds

TJIe ¢, 1) — PEIeHnsi COOTBETCTBYIONINX 3a,1a.

IMokaxkem 3To, 3ajaauMm npupamienue p(T) + Op(T), Torma 6 E' = EY(T,23,t;p + 6p) — EX(T,23, t;p);
SH! = HY(T, 23, t; p + dp) — H' (T, 23, t; p). [Ipenebperast wieHOM BTOPOTO HOPSAJIKA, TOJYIUM CJIIYIONLYIO CH-
cTeMy:

{ 58t5E1 —rotdH' 4+ 096 E' = —poE° — ECap,; (19)

,uat(SHl +rotéE' = 0.

O6e gactu cucrembl (19) yMHOXKHUM CKAJIAPHO HA BEKTOD ) = (11, o, 13). <“0t5H1’ V) + (rot §E!,¢) = 0.
PacnuiiieM OKOMIIOHEHTHO BTOPYIO mojicucremy cucrembl (19):

pgs0HL U1 + (3% 0E) — 52-0E3 ) ¢y = 0;
nr0H3 ¥n + (55 0E) — 550K} ) 2 = 0; (20)
pZ0HY s + (52-0BS — 52-0E} ) b3 = 0.

PacnuiieM MOKOMIIOHEHTHO IIEpBYIO mojicucremy cucrembl (19):

5at5E1¢1 (3% 0H3 — 52-0H3)1h1 + 00 B}y = —pd E{tpy — SpEDyn;
€ gr0 B30 ~ (%é — G GHD W + 008 B = —pdEty — OpEYy; (21)
e25E3); — (%5 — 315 13 + 000 E3tps = —pdESihs — opES1)s.

IIpounrerpupyem obe yacru Kaxkjuoro ypasuenus cucrembl (20) B obuactu ¢ € (0,7,),T € I'D, orciona

nmMeeM
0 0
1)7 -~ o 1 —
/ /D[ (0t ) n-t (08 = 50EL ) v | amae
.
/ / / / o 5E3¢1d$2d$3dﬁ1 / / / 8 5E2¢1d$3d {ITQd "E1‘| dt = (22)
Dz 2 Dz 3
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T Dy D3 D Do 8
=J; +/ / / (5E§’¢1 72 —/ 5E:1))7¢1d332 dxsdxy| dt—
0 -Dy J—-Dy 2 —D» 0z
T Dy Do D D3 a
—/ / / 5E%¢1 73D —/ 5E%7’¢1d$3 dl‘gdl‘l dt.
0 —Dy J—D, 3 Dy Ors

Ob6oznaunm nepBblit maTErpast yepes Ji. [lpemgnomoxum, aro

¢1($17$27$3aT) 207 (23)

¢1($1, X2, T3, t)|12:iD2 = O?
wl (Jj17 X2, T3, t)|w3:j:D3 =0. (24)

Ipanuynoe u HaYa bHOE YCIOBUA Jjig cucreMbl (19) umeror Bu

JE! ‘m:FD =0; (25)

(6E', sHY),_, =0. (26)

[t=0

Tne I'D — rpanuna obaactu D = Dig X Dig X Dys. Hasee, ¢ yuerom ycaosuii (25), (26) u npuHaThIX
yenosnit (23), (26), B coornomtenun (22), s J1 ocramyTes

T 5 5 )
1_ e el (D o
J —/O /IGD { oHy (“8#}1) 0E; (8;621/)1) + 0E; <81‘3¢1>} dzdt=0. (27)

IIpouHTErprpOBaB 110 YaCTIM BTOPOE U Tperbe ypasHenus cucrembl (20) ¢ ycaosuamu (25), (26) u upeo-
Jlarast, ITo
wj(l'h T2,T3, T) = 07] = 27 37

V@1, w2, 3, 8)|, _p =0, =2,31k=1,2,3; (28)
nMeeM
J? = /T/ {—5}1% <u3¢2> + 0E3 (a%) — 6E] (awﬂ dzdt = 0; (29)
o Jzep ot 3\ ox Y\ O3 ’
J? = /T/ —0H3 ﬂﬁqp — 0E} (aw ) + 0E} <a¢ ) dzdt = 0. (30)
o Jren ot 3 2\ 0z, ° oz, °

W13 coornomtenuit (27), (29), (30) nmeem

0 0 0
—5H% (Mat%) - 5H% <Mat¢2> - 5H§ (Math) +

0 0 0 0 0 0
1 _ _sml | 1 _ _
+0E; [83:11/}2 B9 77211] 0E, [ 8x3¢1 taa 1/13} + 0E; {8332% 63:3%} 0. (31)
U3 (31) BBITEKAET, UTO
1 9 1
— <5H ,uat¢> + <5E ,T0t¢> =0; (32)
0
Y+ roty = 0. (33)

i

o

ITo amasorum mpoBeseM aHAJOTMYHBIE BBIKJIAJIKKM C [IEPBBIM yDABHEHHEM CHCTEMBI (22), T.e. pAaCCMOTPUM
COOTHOIIIEHUEe

<s§t§E1,w> — <7’0t5H1’¢> + (005E1,¢> - _ <PEO71/J> _ <§pEO,1/1>7 (34)

rae ¢ = (¢17 1/)27 1/]3) .
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Kak u B OpeabLaAyIeM cjiydae, oIy YuM
0
- <5E11€8tw> - <50H177”0t1/)> + <50E1701/)> = - <E1,p7ﬁ> - <6pE07¢> . (35)

O6benuuuB pasencrsa (32), (35), OKOHYATEIBHO MOJIyYUM IOCTAHOBKHU COIPSI?KEHHBIX 33,104

— 2+ rotp = pe; (36)
—E5;p —roly + opp = —01E%
d}j(xlaxQ,waT) = 07 j = 2737
wj(xlva»xBat)uk + Dy, _Oa ]:2737k:172737 (37)
¢j(1’1,1‘2,$3, )*O j—2,3,
¢j(1’1,$2,$3,t)|wk:ka —0, j—2,3;]€:1,2,3;
(wﬂ 933\913 0 = 22 fE 0 t p) njl (fv t)] )
j=1
2
(0;) 23]e5=0 22 (7,0,t,p) — xj1 (T, 1)] - (38)
j=1

Taxum 06pa30M, MbI IIOJIy YU AJTOPUTM PeIleHust 00paTHOIl 3a1a41u 06 oupezeneHun o1(x1, r3). Auropurm
OIIPEJIEJIEHNUS] TUIIEKTPUIECKOH TPOHUIIAEMOCTH OITUMHU3AIIMOHHBIM METOJIOM il 3aaunu (1) B ImHeapu30BaH-
HOIl [IOCTAHOBKe U3JI0KEH B pabore [4].

Paboma noddeporcarna eparnmom MOH PK no dozosopy Ne 266 om 09.03.2017 e.
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DJIeKTPAMHAMUKAHBIH, KOIIOJIIIEM/Ii Kepi ecebin
CaH/BIK IMEINy aJropuTMi

MaxkaJsiafa ChI3BIKTBIK, YKYBIKTAY/IaFbl SJIEKTPAMHAMIKAHBIH KOIOJIIIEM/Il TeHIEY VIIiH Kepi KoadduimenT-
TiK ecell KapacThIPbLIIbl. EKi aifHbIMAJIbIFA TOYEJI/II OPTa OTKI3TIIMITINH aHBIKTAY OOMBIHIIA Kepi Koadduim-
EHTTIK €CeITi MIeNTy YIITiH OHTAMIAHIBIPY 9/IiCi KOJIIaHbLIIbI. PYHKIIMOHAJ TPAIUEHTIH ecenreyre hpopMyia
asbiapl. ColikeciHine Ty#iHec ecentep TYKbIPbIMIAJIbL.

Kiam cesdep: kepi ecenrep, 3JIeKTpAUHAMUKA TEHJEY1, TYHiH/EC ecenTep, THIMII 9J1iC, OpTa ©TKI3riITiri,
JUAJIEKTPJIK OTIMAIIK, MATHUTTIK ©TiMIiIiK, MaKkcBe1 TeHaeyi, JuHeapu3alusiay.

Cepust «Maremarnkas. Ne 3(87)/2017 93



K.T. Uckakos, A.T. Kycaunosa, 3.T. XaceHopa

K.T. Iskakov, A.T. Kussainova, Z.T. Khassenova

Algorithm of the numerical solution of the multidimensional inverse
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problem of electrodynamics

In this article, we consider the inverse coefficient problem for the multidimensional equation of electro-
dynamics in the linear approximation. To solve the coefficient inverse problem for determining the conduc-
tivity of a medium that depends on two variables, an optimization method is used. A formula is obtained
for calculating the gradient of the functional. The corresponding conjugate problems are formulated.

Keywords: Inverse problem, electrodynamic equation, conjugate problem, optimization method, medium
conductivity, dielectric constant, magnetic permeability, Maxwell equation, linearization.
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HcciaenoBanue orpaHMYeHHOI 3aa41 TpeX TeJl B CIIeInaJIbHOI
HeMHePpInaJbHO MeHTpaJJbHOIl cucTeMe KOOPANHAT

B craTpe anamuTuydecku mccieloBaHa IMPOCTPAHCTBEHHAS KJIACCUYECKasl OrpAHMYEHHAs 3a/ia4a TPeX TeJl.
Beenena HOBas cnenmasibHas HeMHEPIHMAJIbHAs IIEHTPaJIbHasl cHUCTeMa KoopauHar. Hadasio BBegeHHON cu-
CTeMBbI KOODJIMHAT COBIA IAET C IEHTPOM CHJI UcciaeayeMoit 3amaqdn. [lomydensr HoBbie 6a30BbIe nuddepen-
UaJIbHble YDaBHEHUs JIBUXKEHUSI OIPAHUYEHHOH 3aJa4u TpeX TeJl B CIEelHaJbHON HeMHepIMaJIbHOU IIeH-
TPaJbHOM cUCTeMe KOOpAuHAT. B HOBOIl cucreMe KOOpDJWHAT HAMAECHO aHAJUTUYIECKOE BBIPAXKEHHUE MHBAPU-
aHTa IEHTpa Cuj. Bo BBEIEHHON cucTeMe KOOpAWHAT OrpaHMYEHHAs 3ajlada TPeX TeJl pasjiejieHa Ha JIBe
OTJIeJIbHBIE 33/1a4M U IIOJIyYEeHbI Pa3jindHble 0a30Bble JuddepeHnuaj bHble YPaBHEHUS TUX JIBYX 3aJ1ad.
KoppekTHOCTh Takoro pasjesieHust UCCaelyeMoil 3aa9u Ha JIBa B CIENUAJIHLHON HEMHEPIMAJILHON CUCTEME
KOOPJIMHAT 00eCIIeYnBAETCA WHBAPUAHTOM I[EHTPa CUJI, HallJIeCHHBIM B 9TOM »Ke cucreMe KoopauHar. Ilep-
Basl — TPeyrojibHas OrpPaHUYEHHAs 3aJada TPeX TeJ, KOTJa TPHU Teja BO BCe BpPeMs JIBUXKEHHSI 00pa3yroT
TpeyroJbHUK. BTopass — KoJutmHeapHas OTPAHUYEHHAs 3aJ1a4a TpeX TeJ, KOrjla TPU Teja BO BCE BpeMs
JIBUKEHUsI JIe’KAT Ha OIHON U TOM Ke npsimoii. OTaenbHo BbiBeleHbl Jud depeHualbible YPABHEHUs JIBU-
JKeHHUsd TPeyroJIbHOI OrpaHMYeHHOH 3a/Jady Tpex TeJs BO BpAallalolleiicsd CclelUuaJbHOIl HenHepIHUaJIbHOM
[IEHTPAJILHOM CHCTEME KOOPJUHAT B IYJILCHPYIONNX MEPEMEHHBIX. TakKe MoTydeHbl quddepeHuaIbHbe
YPaBHEHUA KOJIJIMHEAPHONH OIPaHUYEHHON 33Ja4i TpeX TeJl B HEMHEPIMAJIbHON IMEeHTPAaJIbHOI cucTreMe KO-
opaunar. [losyyennbie HOBble (HOpPMBI JuddEPEHINATBLHBIX YPABHEHUI OI'PDAHUYEHHON 3aJa4d TPEX TeJl
B CHENUAaJbHON HEWMHEPIINAJIBbHOHN CHCTEME KOODAWHAT OTKPBIBAIOT HOBBIE IEPCHEKTHUBBI B HCCJIEJOBAHUU
9TOUN 3aJa4U.

Kmouesvie caro6a: orpaHUYIeHHAs 33/1a9a TPEX TeJsl, HeMHepIlnaJbHas CUCTeMa KOOPINHAT, MHBAPUAHTHI I[€H-
Tpa CUJI, pABHOOEJIPEHHBIE PEIEeHNsI, TOYKN JIMOPAIIH.

Besederue

JIBmkeHne MaJioro eCTeCTBEHHOI'O WJINM MCKYCCTBEHHOT'O HEOECHOTO TeJia B IOJIe TSITOTEHUsT JABYX OOJIBITNAX
HeOeCHBIX TeJl (Jjajlee OCHOBHBIE TeJjIa) XOPOIIO ONMCBIBAETCH MATEMATHIECKON MOJEJIBIO B IINPOKO M3BECTHOM
orpaHMveHHON 3ajade Tpex Teit [1-6]. IIpy npon3BOJIBHBIX 3HAUEHUSX MACC OCHOBHBIX TeJI 33/[aua MMeeT ISTh
TOUYEK JUOpaIuy — TOYHbIE YACTHBIE perneHus. /[Ba m3 Hux — pemenus Jlarpanxka, Korja Tpu Tejia BO BCe
BpeMs JIBUKEHNsT 00pa3yioT PaBHOCTOPOHHUN mpeyzosvhuk. Tpu Koasuneaprvr perrennsa Jitaepa, KOTma TPHU
TeJia BO BCE BPEMsl JBUKEHUsT PACIIOJOKEHBI Ha OTHOM W TOM ke mpsiMoit. V3BecTHbl Tak:ke pemrenus B (op-
Me PaBHOOEIPEHHOI0 TPEYTOJbHUKA MPU YCJIOBUM, UTO MACCHI OCHOBHBIX TeJ, PACIIOJIOXKEHHBIE Yy OCHOBAHUS
PaBHOOE/IPEHHOIO TPEyroJIbHUKA, PABHBI MeXK/y coboil [7—9]. B c¢Bsi3u ¢ orcyTcrBueM o0IIero aHaJIUTHIECKOTO
pellleHns B KOHEYHOM BUJE MHOTHE ACIEKTHl 3aJa9d M3YYEeHBbI PA3JIMIHBIMUA KAYeCTBEHHBIMU W YUCJIEHHBIMU
meronamu [1-9]. ITouck HOBBIX TOYHBIX YACTHBIX AHAJIMTUUYECKUX DPENIeHUIl IIPEICTABIIeTCd aKTyaJ bHbIM.

B nmacrosimeit paboTe aHAIUTHIECKU HCCIIEIYeTCs TPOCTPAHCTBEHHASI OTPAHIMYEHHAS 33/aa TpeX Tea B HO-
BOII CrienuaIbHON HenHEePIUAJIbHON IEHTPAJIbHOM CHCTeMe KOODANHAT ¢ HAuaJloM B 1ieHTpe cui [7]. CriernasabHast
HEWHEPIHAJIbHAs [EHTPAJIbHAS CUCTEMa KOOPIUHAT 0000IIaeT NHEPIHAIBHY 0 OAPUIIEHTPUIECKYTO TPSIMOYTOJIb-
HYIO JIEKAPTOBYIO CUCTEMY KOODJAWHAT B HEMHEPIIMAJILHYIO CUCTEMY KOODIUHAT.

B matuase BBesena HOBas creruajbHasi HEMHEPIIHAIbHAS IEHTPAJbHAS CHUCTEMa KOOPIUHAT U BBIBEJICHO HO-
BOe OCHOBHOE JinddepeHImaIbHoe ypaBHEHNE JIBUKEHIST paccMaTpuBaeMoii 3a1aau. Vcxos n3 cBoficTB HemHED-
[UAJIBHON MEHTPAJTBHON CHCTEMBI KOOPJIUHAT, TIOJIYIEHBI UHBAPUAHMbL UEHMPA CUA OTPAHUIEHHON 33JI1a9U TPEX
TeJI B 9TOH Ke CUcTeMe KoopamHAT. V3/okeHa CyTh MPEeIJIoKEeHHOIO MeTO/Ia UCCieIoBanns npobembl. Mcce-
JIOBAHA MPey20abHaA OTPAHMIEHHAS 3a1a9a TpexX Tes. BoiBemennl auddepeHImaabable YPaBHEHNsT IBUKEHUST
TPEeyTroJbHOI OIpaHUYeHHOI 3a/a4d TpeX Tes BO BPAIIAIOUIEHCs CIIeIUAJIbHON HEMHEPIUAJIbHOU IIEHTPAJIbHON

Cepust «Maremarnkas. Ne 3(87)/2017 95



M.JIx. Munriubaes, T.M. 2Kymabek, ["M. Maemeposa

cucTeMe KOOPJIMHAT B IYJILCUPYIONINX IIePEMEHHBIX. BrIiesieHa 1 OTAEIBHO UCCIETYETCS KOAAUHEGPHAA OTPAHU-
qeHHas 3a7a49a Tpex te. [lomydensr quddepenimaibHble ypaBHEHNS [BUKEHUS KOJIMHEAPHON OrpaHUIeHHON
3a/layn TpexX TeJ B CIENUaJIbHONH HeMHEePIHaJIbHON IeHTPaJIbHOI cucTeMe KOODJAWHAT C y4eTOM HHBapHaHTa
IIeHTPa CUJIL.

1 Pasaunmnie ypagHerus 08UNCEHUA 02PAHUMEHHOT 36004U MPET MEA U UHBAPUGHMBL UYEHMPA CUN

1.1 Kaaccuveckue ypashenus 06udiCenus o2panudertoll 3a0a4u mpex men
6 abcoaommotll cucmeme Koopouram

PaccMOTpUM JIBIZKEHHE MAJIOTO TeJIa ¢ MCIe3alonIell MaJioii Maccoil my (faee 6e3MaccoBoe Teo) B MoJie
TATOTECHUA JIBYX OCHOBHBIX Te€JI C IMOCTOAHHBIMU MacCCaMW 1M1 U M3. HpI/I 9TOM TeJla pacCMaTpUBaCTCA KaK
MarepuaabHble TOYKU. MareMarndeckue ycIoBrs OrpAaHUYEHHOM IIOCTAHOBKHU 3a1a4u Tpex Tedl [1-4] MoryT 6bTh
HalliCaHbl B BHUJIE

mo << my, Mo <<mg, mo=D0. (1)

Huddepennmranbabie ypaBHEHUS IBUKEHUS ITUX TPEX TeJ B abcotoTHON cucreme Koopaunar O XY Z nme-
10T U3BECTHDLIA BU

D% D%
R — B3

D% D%
Rs — Ry Ry — Ry
*3

R31

*3 ’
R13

Ry = Fy = fms Ry=F; = fmy (2)
R: — R R — R;
* + ms3 * )
f€2:13 RQ%

Ry =F5 = f|m 3)

rae RY — pamuyc-BeKTopsl Tei, Ry (i # j) — paccrosinust Mexkiy Tesiamu. TOUKOl B 9TUX ypaBHEHHUAX U Jlajiee
oboznavaercs auddeperimposanue 110 Bpemenn t. I3 cucrembl quddepeHnnaIbHbIX ypaBHeHnit (2) mosyanm
MU3BECTHOE COOTHOIICHNE

miR] + mgR; = d*t+b*; d* =const, b* = const. 4)
OTcroa Oy InM XOPOIIO M3BECTHOE AHAJUTHIECKOE BHIpAYKeHWE pajmyc-BeKTopa Toukn Gy — GapumenTtpa
JIBYX OCHOBHBIX T€JI B aBCOJIIOTHOM CHCTEME KOODJIMHAT
~ mi R} + maRj a* b*

R} = = t . 5
Go mi + ms mi + ms +m1—|—m3 ()

o ;'* _
Cucrema auddepennmanbabx ypasHennit (2) onmcbBaer 3anaay apyx ren. Uz (5) caemyer Rg, =0, o ecTn
bGapulleHTpUIeCKasi CHCTEMa KOODP/INHAT WHepPIHaIbHasI.
YpasHeHust JBUKeHUs (3) OLNHUCHIBAIOT JIBUXKEHNE GE3MACCOBOIO TeJla B HbIOTOHOBCKOM IOJIE TSTOTEHHsI JBYX
OCHOBHBIX TEJI M1, M3 — KIACCUIECKYI0 OTPDAHMYEHHYIO 33J[ady TPEX TeJI.

1.2 Cneyuaavhas HEUREPUUAALHAA cucema Koopdurnam. uddeperyuarvroie YpasHEHUSA 02PAHUYEHHOT
30064U MPET Mea 6 CNEeUUAALHOT, HEUHEPUUAALHOUT UEHMPANLHOT cUCTEME KOOPIUHAM,

Yacto orpanndeHHas 3a7a4a TPeX TeJ U3ydaeTcss B OAPUIEHTPUIECKON CHCTeMe KOOPJIMHAT C HAYAJIOM B
GapuIleHTpe JIBYX OCHOBHBIX Test my u m3 [1-4]. EcrecTBenno, uTo GapuiieHTp HAXOAUTCST BCe BPeMs Ha MPAMOIi,
COEJIMHSAIONIEH JBa OCHOBHBIX TeJIa M1 U Mg, IPHU ITOM IOJOKEHUEe HAPUIIEHTPA HAa MPSIMON TOYHO OIIPEJIEIEHO.
Kaxk 6b110 0TMeUeHO paHee, GapHUIEHTPpUIecKas CHUCTeMa KOOPJIMHAT, COrIacHo (5), nHepIuaibHasl.

O060061ast HHEPIUAIBHY IO OAPUIIEHTPUIECKYIO CUCTEMY KOODIUHAT, MbI IIEPEXOIUM Ha HOBYIO CIEIHAJIBHYIO
HEMHEPIHAJIBHYIO CHCTeMY KoopamHaT ¢ HadajoM B Touke G. Touky G onpenesum ciemyromnum obpazom. JIuuust
JIeHCTBUST CyMMAPHON CUJIBI IPUTSIZKEHUST JIBYX OCHOBHBIX TeJT 132* epecekaeT NpsamMylo Ri; (coenunsioniyio asa
Tesla My U M3) TOJLKO B ONHON TOUKe. DTy TOUKy o0Oo3HauUmM 4epe3 (G. B aroit Touke juHuMM neiicTBust Tpex
cut ﬁl*, I*:z*, ﬁg BCe BpeMsl IlepeceKatoTcsl. 1109TOMy 9Ty TOUKY Ha3bIBAIOT yermpom cua [7]. B obmem ciyuae
9Ta TOYKA MOJBU2KHASI, 00JIaJA€T YCKOPEHUEM, He PABHBIM HYJIIO, U €€ JIBUYKEHIE HEHM3BECTHO.

Takum 06pa3oM, HOBasl CIIENUATBLHAST CHCTEMa KOOPJIUHAT HeUHEPUUAAbHAA, B ITON CHCTEME KOOPIUHAT CHUJIa
132* UEHMPAAbHASA, TO €CTh HAIIPABJIEHHAS K HAYAJY CUCTEMbI KOOpJMHAT. Pajimyc-BeKTop 6e3MaccoBOro Teja B
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HOBOI1 cucTeMe KOOPJWHAT U CHAJIa F;* JIeYKaT Ha OJTHOH M TOM 2Ke IIPsIMOii, HO HaIIPpaBJIEHbI B IIPOTUBOIIOJJIOKHBIE
CTOPOHBI.

B wacraOoM ciydae, Korma HaYaI0 HOBOH CHCTEMBI KOODJIMHAT COBIIAIAET ¢ OAPUIEHTPOM JBYX TeJ, IMEeM
G = Gy u noIyYaeM MHEPIUAIBHYIO OAPUIIEHTPUIECKYIO CUCTEMY KOODIMHAT.

YauTbiBas CBONCTBA BBEJIECHHON CHUCTEMBI KOODJMHAT, HOBYIO CUCTEMY KOODJMHAT HA30BEM CNEUUAAbHOTL
HEUHEPUUAALHOT UeHMPAAbHOT, CUCTEMOII KOODIUHAT.

ITepexoauM B HOBYIO CIEIUAJIBHYIO HEMHEPIMAIBHYIO IIEHTPAJIBHYIO CUCTEMY KOODIUHAT 110 (DOPMYyJIaM

R =Re+7, i=1,23, (6)

rae Rg — paauyc-BekTop ueHTpa cuil G B abCOJIIOTHON CHCTeMe KOOPIUHAT, 7; — PaJNyC-BEeKTOPBL TeJI B Clie-
IMAJbHOMN cucreMe KoopamHat. ITycTh ocu HOBOM cucTeMbl KoOpauHAT Gryz NapaJiiesbHbl COOTBETCTBYOIIIM
ocsiM abcoTIOTHOM cucTeMbl Koopauaar OX*Y™*Z* (cMm. puc.).

L

z

Pucynok. IIpocTpancTBeHHas orpaHmdeHHas 3a7a49a TPEX Te
B HEMHEPIUAJBHON CHCTEMe KOOPJMHAT C Ha4ajOM B IIEHTPE CHJI

ITpeobpazoBanmble ypaBHeHnus gBukennst (2) u (3) uMeoT Bu

— —

= - = = T3 —1T1 . L

Rg+m=F, F=fmg—5—, 73=73-711, (7)
T13

N n—T3 L

Rg +73=F;3, F;= fmlirz; ,  T31=T1— T3, (8)

31

a1 = [(ws — 1) + (ys — y1)* + (23 — 21)°]"/2 =113,

EG + 7%2 = ﬁ?v (9)
= 71— T2 T3 — 772
F=f (ml + mg > ) (10)
A3, A3,

rie Alj — paCCTOHHI/IH I\/Ie?K,Hy 6e31\4&CCOBbH\/I 1 OCHOBHBIM TeJIaMHN
2 2 211/2 )
Agy = [(m2 —21)? + (y2 — 1)% + (20 — 21)2)V% = Ay,

A23 = [(332 - 333)2 + (yQ - y3)2 + (22 — 2’3)2}1/2 = A32.

Cootrnomtenust (4) npeobpa3yoTcst K BULY

(m1 +ms) Rg +mafi +mas = @t + b, (11)
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FQ—FQZF;;—FQ,.

7.:.' Zﬁ —‘y—(Fl—ﬁl),

U3 ypasuenuii (7), (8) u (9) noayaum
A B =ty —F, m—Fy=r—F,
O4eBUIHO, 9TO U3 ITUX TPEX yPABHEHUIl HE3aBUCHMBbIE TOJILKO JBa. VI3 9TUX ypaBHEHuil ciemyer
(13)
(14)

-, mg+mg
T31 = —f——5—"T31.
31

VYpasuenus (14) ecTh XOPOIIO U3BECTHBIE YPABHEHUS KJIACCUIECKON 3a/1a491 ABYX TEJI B CIIEIUAILHON HEMHED-

UAaIbHOM IEHTPAIbHON cucTeMe Koopauuat. V3 maTerpasa
’f‘},l X 7731 = 531 = const

cJjreryeT, 9To Op6I/ITa ILUIOCKast, 6e3 norepu O6H.[HOCTI/I MO2KHO CHUTaTb, YTO Op6I/ITa JIE2KUT Ha OCHOBHOM IIJIOCKOCTHU

Takum obpazom, dudepenyuarvroe YpasHeHUA J8UNCEHUSA 02PAHUMEHHOT 3a0a4YU MPET MEA 6 CREUUANb-
(15)
(16)

Gzy.
)
HOT HEUNEPUUAALHOT UEHMPAALHOT cucmeme KoopIuHam MOTYT ObITh HAIIMCAHBI B BHJIE
Ty = Fo + W;
W =+ — F;.

Ipu sTom Boipazkenue (16) HaxomuTcsa U3 perneHuil 3a7a9u AByX OCHOBHBIX Tejt (14), onmcannoil B creru-

aJbHOI HEMHEPIUAJILHON IIEHTPAJIbHON CUCTeMe KOOD/UHAT
1.8 Unsapuanm uenmpa cun 6 Cneyuasvorot HeuHepuuaibhol 4eHmpasvHhot cucmeme Koopounam

CorsiacHo BBIOOPY HOBOI CHCTeMbl KOOpAWHAT, cuja Fo Bce BpeMsl HallpaBjieHa K IeHTPy cuiibl, G — K
HaYaJly HOBOH cucTeMbl KoopamHaT. [losTomy Bcerjia B cnenuaabHON HEMHEPIMAJIBHON IEHTPAIBHON CHUCTEME
(17)

KOODJMHAT MMeeT MeCTO (CM. puc.)
FQ X FQ =0.
B packpbitom Bujie pasencTso (17) umeer Bug
ms3 N my N
AT (F3 X ) + Az (7 x ) =0.
23 21
ITocremee paBeHCTBO IEPENUIIeM B BUIE
m3 — — —
r3 + 1 | X 19 =0. 18
(Az A3 ) (18)
IMomyaernoe coorHomenne (18) HA30BEM UHBAPUAHMOM UEHMPA CUA OTPAHWYIEHHON 3a/aveil Tpex Tel B
clIenuaIbHOM HemHepIUaIbHOI IeHTPaIbHOM cucTeMe KOOpAuHAT 6 eexmoproti popme. danee, yauTbiBas cooT-
HomeHust (cM. puc.)
- . . I T &
T3 =r3€3 =713(—€1), €1 =—, €3=-—", (19)
1 3
(20)

MOZKHO HepeﬁTH K CKaJIAPDHOMY PaBEHCTBY

ms .
rosina = 0,

r3 — ™
A3 A3
IJle (@ eCTh yroJl MexKjy BekTopamu 71 u 7o (puc. 1). Coornomenue (20) HA30BEM UHBAPUAHMOM UEHMPA CUA

OI'PaHUYICHHOM 331291 TPEX TeJI B CHeHHaJ’IbHOﬁ HEHHEPIINAJIbHOU IMEHTPAJIbHOU CUCTEME KOOpAUHAT 8 CKAAAPHOU

dopme.
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Pasenctso (20) hopMabHO-MATEMATHIECKH BBIIOJIHUMO B JIBYX CJLydasiX:

%rg — ZQ ry =0, rosina #£0; (21)
23 21
. ms3 my
rosina =0, <A§3T3 . Aglﬁ) # 0. (22)

B nepsom cityuae (21) Bo Bee BpeMsl JIBUKEHUS] TPH TeJsia 00pa3yioT TpeyroabHuK. PasMepsr, hopma 1 opues-
Talys TPEyTrOJLHUKA CO BPEMEHEM MeHsIoTCa. Takum 00pa3oM, coorHommenue (21) umeer MecTo B mpeyeoavhot
OTPAHUYIEHHON 3a/1a9€e TPEX TeJl. DTOT CIydail pacCMOTPEH BO BTOPOIl 4acTu PabOTHI.

Bo Bropom ciayuae (22) Tpu Tesa BO BCe BpeMsl JIBUXKEHUsI HAXOMATCS HA OIHON M TON Ke HPIAMOMH, TO
€CTh UMEEM KOAAUHEAPHYI0 OIPDAHUYEHHYIO 3a/1a4y Tpex Tes. KosmHeapHas orpanudeHHas 3a/a4a TPeX TeJs
paccMOTpeHa B TpeTbeil 9acTh HACTOSIIEH paboThI.

ITepBoe paseHcTBO yeaoBust (21) mepenuieM B Buje

r3 My < Ag3 ) °
s _ (e8] (23)
r1 mz \ Qg

TaxuMm 06pa3oM, B CIICIMHUAILHON HeMHEPIUAJIbLHON IeHTPAJLHOM CHCTeMe KOOPAUHAT, HE3aBUCHMO OT 3Hade-
HUsI MACC OCHOBHBIX T€JI U CBOHCTBA TPEYTOJBHUKA, 0GPA3OBAHHOTO TPEMS TEJIAMH, PABEHCTEBO (23) MMeeT MecTo
BO BCe BpeMs JIBUKEHHUS B TPEyroJbHOI OrpaHMYeHHOl 3a/1a49e Tpex TeJl.

Coorrormenue (23) HAZOBEM UNGAPUAHIMOM UEHMPA CUA TPEYTONBHOH OIPAHHYCHHON 3329l TPEX Tesl B
cKaJisipHOil (hopme. B BeKTOPHOIT hopMe UHEaAPUAHIM UeHMPa CUA TPEYTOIbHOI OrPAHITIEHHOI 38,191 TPEX TeJI
MO>KHO HaIlCaThb B BUJIE

m1 A3+ maAS 7 = 0. (24)

1.4 Onpedeaerue HauaAa CNEYUAGADHOT HEUHEPUUAALHOT UEHTMPANOHOT CUCTIEMBL KOOPOUHGM,

O603HaUNM BarkKHBIIl Oe3pa3MepHbBIi TapaMeTp 3aJa9u

Bk =k(t) > 0. (25)
1

JLJ1s1 OJITHO3HAYHOTO OIPeIeJIeHNsT HAYAJIa, CIIEIUATbHON HEeMHEPIMAIHLHON CHCTEMbI KOOPINHAT HY>KHO 3HATH
GespasmepHyto Beqmunny k. Ecin ussectso k, Torma ¢ yuerom (19) nomyuanm

7?31 = T_"l — Fg = 7?1 — T3 (751) = 7_"1 — (]{37"1) (751) = 7?1 + kFl = (1 + k) ’Fi.
CJIG,JOB&TGJH)HO7 MO2KHO HallCaTb

b
14k

__k
1+k

—

1=

— —

r31; T3 =

31 (26)
Iosromy u3 ypasaenuit (11) MOXKHO OUpPeAENUTH HAYAJIO CIENUAILHON HEMHEPIUAIbHON II€HTPAJILHOM CH-
cTeMbl KOODJAUHAT

mi —k‘mg_,

(m1 + m3) EG =a't+ I_;* — (m1F1 + m3F3) =a't+ g* — Tk 37. (27)

Takum obpaszom, ompesesieHre Hadaaa CIEIUAJILHON HEMHEPIIHAJILHON IEHTPAIbLHON CHCTEMBI KOODIUHAT

CBOZIUTCS K OIIpeJiesieHuto rnapamverpa k. Eciau sror nmapamerp onpeseseH, Torja MHBAPHAHT I[EHTPA CHUJI TPe-
YTOJIBHOI OrpaHUYeHHOM 3a/1a49u Tpex Tesl (23) MOXKHO HAaIlNCaTh B BUJE

A23)3 m3
Aoy \" _ ma 2%
(AZI my (28)

1.5 Ilpeobpaszosarue W ¢ ucnoavaosaruem peweruti 3a0a4u 08YT 0CHOBHVLT Men

Pemenne nuddepeHnnanbHOro ypaBHeHUsl JBUXKEHWs 33]a9d JIByX OCHOBHBIX Tes (14) B crnenuasbHOM
HEMHEPIMAIBHON IEeHTPAIBHON cucTeMe KoopanHaT 3anmmmeM B suje [10, 11]
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T3 =1 = H_;ﬁ, 720 = c31 = ¢ = const £ 0; (29)
p=a(l—¢), =, p=fim+ms); (30)
r31 =rcosf, ys3 =rsinf, 233 =0, T§1 =72 (31)

B caygae ¢33 = ¢ = 0 umeem IpaMOJMHERHYIO OrPAHUYEHHYIO 33149y TPEX TEeJI, U TOT YACTHBIA CJIydail
OymeT nccieoBaH B OTAEIbHOM pabore. B HacTosIeit paboTe uccaeqoBalH HanboJiee NHTEPECHBIN CTydait

C31 7£ 0. (32)

Hasee, ucrosb3yst mepBoe PaBeHCTBO U3 cooTHoIIeHus (26), npeobpadyeM aHaguTHYecKoe Bbipaxkenue (16)
st W

Y . L d P . 1 . . B .
W= —F = F:—[(* By ) = By = (1+ k)F
1= dtQ( k) =10 731 + F31 31— (1+k)F)
+— + 7 k + L
oF 731 | —
1+ o AT R (11 k)2
qu/ITbIBaH COOTHOIII€EHU A
-, = = my+ms3 = T3 — T 7 T
P+ By =0, Py = f—g—iy, By = fmy—gt = fmy—> = —fmz—;
31 T13 i r31

OKOHYAaTE/JIbHO IIOJIYYINM

=g (m1 - km:;) Fgl AN d 1 N d2 1
W=—ft 2 o = (—— ) i [ —— . 33
| w3, T A \1 1k Tar \1+k (33)
1.6 Jlugdepenvyuanvroe ypasrenue 02panusentots 3a0a4u MpPex mes ¢ Y4emom onpedesetus Hauana
CNEYUANLHOT HEUHEPUUANOHOT UEHMPAALHOT CUCTEMDL KOOPOUHAIM

YunreiBag Boipazkenus (10) u (33), nuddepenrmaibHoe ypaBHeHne OrpaHUYeHHOl 3aga4un Tpex Tes (13)
HAIIAIIEM B CJIELYIOIIEM BHIE:

Py — Fy =W, (34)
Ty — T T3 — T
+ ms N (35)
=1 (g ety
- (mq — kms) 751 5 d 1 L d? 1
_— st 4o
W= g () e (T (36)

IMosnyuennoe quddepennnanbHoe ypapHeHne nsrzkeHust (34) OTKpbIBA€T HOBblE BO3MOXKHOCTU B HCCJIEJI0-
BaHUM OIPAHUYEHHON 3aja4u Tpex Tej. YpasHenue (34) HA30BeM 0CHOGHbIM JuPBHePeHuuasvrbvLm YpasHeH -
eM 02paruYenHoti 3a0a%u MPexr Mea 6 CREYUAAbHOT HEUHEPUUAALHOU UEHMPAALHOT CUCMEME KOOPOUHAM C
HAUAAOM 8 Uenmpe cua. VI3 9TOro ypaBHEHHs JIBU2KEHUS MOXKHO IIOJYYUTHh PA3JIMIHbIE OPUTHHAJIHHBIE BUIBI
YPaBHEHHI1 JBUXKEHUS IS UCCJIE/IOBAHNS PA3/IMIHBIX JaCTHBIX CJIyUaeB OIDAHUYIEHHON 3aJ1aUu TPeX Tell.

2 Tpeyeoavhasn 02paHuteHHas 360040 MPET MEA

2.1 Basosas gpopma duddepenuuaivnns ypasrenutl 08uitcerus mpeyzoivHoti 02paHueHHoT
3a0a4U MPET MeA 6 CNEYUANLHOT, HEUHEPUUAALHOT UEHMPAALHOT CUCTMEME KOOPIUHAM,

Vcnonb3yst mHEBapuaHT MeHTpa cui (28) u cooTHomenue (25), mpeobpasyeM aHAIUTHYIECKOe BhIparkeHue (35)
st Fy:

i n ) A
e e (R e I

= r3 _ r173 + 371
g e (2) A e (2) 8- e (2
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CorunacHo coornorenusiv (19) umeem (puc. 1)
7'1?3 + T'37?1 = 7"1?"3(751) —+ T'3?"1€1 = (77"17’3 + rgrl)é’l = 0
TaKI/Il\l 061321301\17 OKOHYAaTeJIbHO ITOJIyYIUM

- mz (1+k)

F2 = _f A%g 2. (37)

IMosromy muddepernpanbHOe ypaBHEHNE JIBUXKEHUsI TPEYTOJIbHON orpaHndeHHOl 3a1aun Tpex re (34) B ce-
[UAJIbHON HEMHEPIMAJILHON IEeHTPAJIBHON cucTeMe KOODIMHAT ¢ yIeTOM IIPeo0pasoBaHHOrO BbipaxKkeHus (37)
MOXKET OBITH HAIIMCAHO B BUIE

Pyt f3 () 4 k) = W (38)

Hanee, ucnionnsys teopemy Crioaprta [12], Berpasum A3, wepes 12, 731, My, ms, k. AHaauTnveckoe BbIpa-
skerne Teopembl CTioapra B Hamux o6o3HaveHnsAX (puc. 1) nmeer Buj

r r

2_ A2 T3 2 T

rs = A5 — + Ass— — 1371, (39)
731 r31

VuBapuaHT [eHTpa CHJI TPEYIOJIbHON OrpaHUYIeHHO 3ajaun Tpex Tei (28) mepenurireM B Buje

NSVE:
Aoy = <1> Ags. (40)

m3k

13 dopmyn (26) ciaesyioT MOAYIU pajuyc-BEKTOPOB

1 k
= = . 41
M= Tse Ts = T (41)
IMoncrasnss (40), (41) B npassle gacTu paseHcrsa (39), moaydnm
AZ, k

my\ 2/
2 _ 1/3 2
rs = || — k/° 4+ 1 — 751,
’ Kms> Ltk (14k)
Orcrosa ciieryer
3/2
k 2

k+1)%?
( ) - 373 r% + ﬁrm . (42)
(1 + (ma/m3)*/? k1/3) (k+1)

C yuerom mocsienHero Boipaykenus (42) ypaBHeHUs! JBHKeHUs (38) OKOHYATENHHO UMEIOT BH/L

3 _
Azs =

i K2 . 2
o+ ————————75 =W, (43)
(r§ + o3r3)™”
(mg/za +m§/3k1/3)3/2 ; L
p2 = f (1+k)1/2 y O2 = m (44)

VYpasuenust (40), (43)-(44) u (36), rae HeT HUKAKUX OrPAHUYEHU OTHOCUTENHHO NapaMerpa k BHIOPAHHOTO,
corsacHo (25), HazoBeM 6430600 Popmoli nudbepeHIUAILHBIX YPABHEHUN IBUKEHUS MPEY20AbHOT 02PAHUEH-
HOU 3adavu mper mes B CIEIUAILHON HEMHEPHUAJIHHON NEHTPaJIbHON cucreMe Koopauuar. [Ipudem u3 (31)
crenyer, aro W = W (W, Wy, 0).

ITosrydenuble ypaBHEHNsI JIBUXKEHUsSI TPEYTOJLHON OrpaHUYeHHON 3a/1a491 TPexX TeJ OTIMYAIOTCS OT U3BEeCT-
HbIX (POPM ypaBHEHMil JIBUKEHUSI OIPAHMYEHHON 3aJa4M TPeX TeJl U MOIYT ObITh HCCJIEJOBAHBI PA3JIAIHLIME
U3BECTHBIMU METOJAMU. DTHU ypaBHEeHUs HOJIydeHbl 6e3 orpanndenus npu pemenun (29)-(31) quddepennuan-
HOI'O ypaBHEHUsl 3a/1a491 JBYyX OCHOBHBIX Teit (14). IToaroMmy oHu MOryT GbITH UCIOIL30BAHBI [P UCCJIEOBAHIN
JLUTUITUIECKOI, TapabOIMIecKoil U THIepdboInIecKol OrpaHNIeHHON 3a/1a9 TpeX TeJ.
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B ckangapuoit dpopme 6azoBbie puddepeHnuanbuble ypaBHEHUS JIBUKEHUS UMEIOT BUJT
H2 . Y2 . 22
—3/21‘2=va Yo+ po————— =75 =Wy, 2t pe 5 =0; (45)
(r3 +o3r3;) (0513, +73) (0373, +73)

(m1 — kmg) I31 d 1 d2 1
W, = g Eme) rs oy (1
It o, g i) T e

T2 +

(my — kms) y d 1 d> 1 (46)
W, = — b m M) I8y g O
v =T g, T g i) T Tk
Nusapuant nenrpa cui (40) nepenuiieM B Buje
EEEER S SRS S S
T2 1+k3331 Y2 1+ky:al 2y =
2/3 2 2
maq k k 2
_ . 47
(km3> <$2+1+k ) * <y2+1+ky‘“) T2 7)

Cucrema ypasrennii (45)-(46) u (47) comepKuT UeThIpe HEM3BECTHBIE CKAJSPHBIE BEJIWINHBI Ta, Y2, 22, K,
[IO3TOMY 9THU YeThIPe CKAJIsIDHBIE YPABHEHUSI [IPEJICTABJISIOT COOOI 3aMKHYTYIO CHCTEMY ypaBHEHMIA.

2.2 upppepernyuanrvrvie YpasHeRUus 08UNCEHUS MPEY2OALHOT, 02PaHUYERHOT 36004
mpex mea 60 6PAUAIOULETCA CNEYUUANLHOT HEUHEPUUANLHOT YeHmParorod
cucmeme Koopduram 6 NYAbCUPYOULUT NEPEMEHHBLT

B obmiem ciyuae 7y = 7o (T2, Yo, 22). PaccMOTpUM ypaBHEHUs JBUKEHHs TPEYTOJIHHONW OIPAHUYEHHON 3a-
nagau tpex ten (45)-(47) B crienuasbHON HEMHEPIUAJIBHON IIEHTPAJILHOM CHCTeMe KOOPAUHAT B OOIIEM CJIydae,
KOrJIa

k =k (t) # const. (48)

2.2.1 Vpasnerus dsuscenus 60 epauaowetics cneyuasvHotl
HEUHEPUUANDHOT YEHMPAALHOT CUCTIEME KOOPIUHAM,

d 1 d2 1 m1—km3
D2_2dt(1+k)’ E2_dt?(1+k)’ Be=—t=7— (49)

Ob6o3HaunM

U3 (46) caeayer
W, = B2t 3 Lt Dozt + Eowar;
31 (50)
W, = BQ L 4 Doy + Eays.
5

C yuerom sTux obo3HaueHuit n3 auddepeHIaabHbIX ypaBHeHnit apurKenust (45) nosyanm

. 122 .. H2y2 Y31 .
x2+—(T2+02T31)3/2 *BQ +D2£€31 +Esx31, y2+—(7’2+02r31)3/2 *BQngDwm +Eays1; (51)
5y 4 — 1222 = 0. (52)

CREENEE

OTu ypaBHEHWsl, COIJIACHO DENIeHUI0 3a1aun aByX Ted (29)—(31) OmMCHIBAIOT 3JUTMOTHYECKYIO (B IaCTHOCTH,
KDPYTOBYIO), TUIEPOOINIECKYIO, TTapaboInIecKy0 TPEYTOJbHY 0 OIPAHIYEHHYTO 387181y TPeX TeJl.

Iepexonnm k Bpamaromeiics cucTeme KOopauHAT GEgpNeplep- Ilepexon K Bpamalommeiicss cucremMe KOOpANHAT
ompegesserca gopmyaamu [1, 2, 9|

Tg =Egp o8 — Ngpsing, Yo = Egpsind + nepcosd, 22 = (op; (53)

2 _ 2 2 2 _ 2
g = 6p+776p+<6p_p8p7
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rie 6 = 0 (t) oupenensiercst perieHreM 3a1a4au aAByx tedt (29)-(31). Buruuncssis, moayanm
Fo = (gsp - 29.,,:]617 - 92£6p — énep) cosf — (7'7'8,, + 295610 - 92n6p + 55610) sin 6;

:ij2 = (ﬁsp + 2éésp - é2nsp + éfsp) cos 0 + (ésp - 2éﬁsp - 0.256]0 - énep) sin 07

Zy = <6p~

ITycts HOBast ocb GE€gp, BCE BpEMsl IPOXOJUT UePe3 TOUKM C MACCAMU M U M3.
B pesynbrare mosmyunM ypaBHEHUs JBUYKEHUsI TPEYTOJBHON OMPDAHUYEHHON 33JIa9U TPEX TEJ 60 8PaUalo-
WeTCA CNeYUANbHOT HEUHEPUUANLHOT YEHMPANEHOT cUCTEME KOOPOUHAM B BUJIE

Eup — Wiy — 67Ep — 11y + %5@ = 22 4 Dyii + Bor
Pt (54
Tlap + 2086p — 02776]7 + Onep + 5 5 2\3/2 Nep = Darb;
(P2 +r203)
“ H2
Cep + —?,/QCSP - 0. (55)

(pgp + 7”203)

Nusapuant nenrpa cui (47) upeobpasyercst K BUILY

1 2 my 2/3 k 2
_ 2 2 _ 2 2
(fep 1+ kT) e e (km3> [(561) - 1+ kr) e e

2.2.2 Vpasrenus 08ustcenus mpeyzosvholi 02paHuerHot 3a0a4u MPex men 6 0e3PasMEPHBLT NYALCUPYIOULUL
NEPEMEHHBLT 80 BPAULAIOWETCA CNEUUAALHOT HEUHEPUUAAGHOT UEHMPAALHOTL CUCTIEME KOOPOUHATT

(56)

TTepexouM K IyJIbCUPYIONIM KoopauHaTaM &, 1), ¢ ¢ HOBOM He3aBucuMoii nepementoit 6 no dopmynam [1, 2, 9]

€:£ﬂ7 7]:@’ C:ﬁ, daZ%dt, (57)
T r r r

Pop =120 PP =+ +
rae r =1 (t) u 6 = 0 (t) onpenesnsirorcst perenreM 3a1a4uu aAByx Teu (29)—(31). Beraucasist, mosryaum
bop=00'E+7E), Euy=0(8(E+7E) +0 ("¢ + 20 7€) 5
Hep = 0 (' +11),  iiep = 0 (0" (r'n+rn') + 0 (r'"n+ 2r'y + rn”)) :

Cop =0 (8 G7C+7¢) +0(7C +27¢ +1¢")).

B stux aHammTHUeCKUX BBIPAXKEHUSIX U JaJiee MITPUXoM obo3HadaeTca qudbepeHrimpoBanme Mo IepeMeHHoit 6.
VYauThIBasg COOTHONIEHUS

20 +0r=0, 0 +071 —br= —57
p

MOJIy9IrM TIpeoOpa3oBaHHbIe JuPPepeHyuarvHble YPASHEHUA OBUNCEHUA MPEY20ALHOT 02PAHUYERHOT 3a0a4U
MPeT mea 6 NYAbCUPYIOULUT NEPEMEHHDIT 60 SPAULAIOULLTICA CNEUYUAALHOT HEUHEPUUAALHOT UeHMmpParbrot cu-
cmeme Koopounam

1 A 1
" _op! _ 1— _ B . 58
¢ K 1+ecos€< (p2+05)3/2>£ Tecosf 00 (58)
1 A
"o 1— _ =2 '; 59
A 1+ecos9< (p2+0§)3/2> = (59)
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" 1 o A —
C +m €C050+m C—O, (60)

e 0003HaYeHbI Oe3pa3MepPHbIE BeJIMIMHBI

82 2\ 3/2
A L2 m§/3 + m?/iﬂ]gl/s} [1 + y2/3/€1/3] 3/2 (51/3 +2/3 (1- 8)1/3>
S N - > 0; 61
po (L+k)Y2(my+ms) (1+Ek)Y2(14v) o (61)
B:@: km3z —my _ k—v _1-s(1+4v) .
po (k+1)(mi+m3) (k+1)(1+v) T+
1
= ToE Vg =eomst >0, od =55 (63)

MuBapuaHT HEHTPA CUJI TPEYIOJIbHON OrpaHuYeHHON 3a1auu Tpex Te (56) B My/IbCUPYIOMUX IePEeMEHHbIX
&, 1, ¢, ¢ yaeroMm obo3nadenus (63), MOXKHO HAIMCATH B BHJIE

Vs
1—s

(€= &)+ + = < )2/3 (6= &)+ + 2] (64)

& =s#const, & = —(1—s) # const.

Iouyyennas bopma nHBAPUAHTA EHTPA CUJI TPEYTOJbHOI OrpaHnYeHHO 3312491 Tpex Tel (64), 3anucannas
B IyJIbCUPYIOIIUX [IEPEMEHHBIX, VI00HA JIJIsT KAYECTBEHHBIX MCCJIEJ0OBAHUI TPEYTOIbHON OrpaHuIeHHOM 3a1aum
Tpex TeJl.

Ormerum, 9To BbiBeJenube Tpu auddepenimanbibie ypasueaus (58)—(60) u omuo anrebpamdeckoe ypas-
uenne (64) MOIyT cozlepKaTh YeThipe HepeMeHHbie &, 1), ( U S, II09TOMY CUCTEMA 3aMKHYTasl.

Houyuenusie auddepenimanbupie ypaBaenus apuzkenus (58)—(60) TpeyrosbHON OrpaHUYeHHON 3aja4u
Tpex Tejl, CooTBeTCTBYIoNIMe apamerpy k = k (t) # const, B crenuabHOIl HEMHEPIUAIBHON [IEHTPAIBHON CHCTe-
Me KOODJIMHAT B IIYJIbCUPYIOIINX IlepeMeHHbIX (57) u anreGpandeckoe ypaBHenue (64) y0GHBI [J1s1 yCTAHOBJIEHMsI
TOYHBIX YaCTHBIX perieHuii. B 3Tu ypaBHeHUs BXOJAUT MACCOBBII IapaMeTp v, coracHo oboznadenuio (63).

Kaxk nokaseiBaer anauu3 ypasaenunit (27), (45)—(47), Juist nccyie1oBaHust MOy YeHHBIX 6a30BbIX TuddepeH-
AJIbHBIX YPABHEHUN JBUKEHUA TPEYTOJAbHONR OrpaHNYEHHON 3a1a9l TPeX Tesl B HOBOH CIlena/IbHON HemHepIin-
AJIbHOII IIEHTPAJILHOl crucTeMe KOOPIUHAT YI00HO pa3iudars ciydan k = mq/ms = const, k = const # my/ms

u k = k(t).
3 Koarumeapnas 02panuriennas 3a0aua mper mea

3.1 Basosoe duddeperyuanrvroe ypasrerue d8UHCEHUA KOAMUHEGDHOT 02PAHUMEHHOT 300014
Mpex mea 8 CneyuuarbHOT HEUHEPUUANLHOT UEHMPAALHOTL cucmeme KoopouHam

Paccmorpum cirydait (22)
. m3
rosina = 0, <,r3 r1> #0. (65)
NS

W3 mepBoro paBeHCTBa CJIEAYeT, 9TO B 9TOM C/Iydae TPH Teja BCe BPEMs JIBUKEHUS JIEZKAT HA OIHOU U TO
JKe TPSIMOif. DTa IpsiMasi BCe BPeMsI JIBIXKEHIS HAXOUTCS Ha (PUKCUPOBAHHON IJIOCKOCTHU JIBUYKEHHST OCHOBHBIX
nByx Ted (31). Tloaromy z2 = 0, TO €CTh KOAAUHEAPHAA 02PAHUNEHHAA 3a0a%a MPET MeA NAOCKaA. B ciaydae

o = 0 (66)
6e3MacCOBOE TEJIO JIEXKHUT B HAYAJE CUCTEMbI KOOpIuHAT. Eciu
ro #0, sina =0, (67)
TO BO3MOYKHO TPU KOMOWHAIINH PACTIOJIOZKEHHsT TPeX TesT Ha OfHOi mpsaMoit. Vicmomb3ays cooTHomenust (26)

} 1 } k
7 ; T
Ty

<
=

rdla
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npeobpasyeM aHaauTUIecKoe Bhipazkenue (35) mia Fo. B pesynabrare noayaum

ms3 mi N km3 my .
Fym (M M) p B |
’ f(A%+A%>w f(a+@A% (1+MA%>“1 (68)

Takum o6pasom, guddepeHimaibable YpaBHEHUS IBUKEHUS OTpaHMYeHHol 3amadn tpex ren (34)-(36) B
CIEIUAIbHON HEMHEPIAIBHON IIEHTPAIBHON CHCTEME KOODAMHAT B CIIYUIAE KOAAUHEAPHOT 02PAHUYEHHOT 30064
mpex mea UMeeT BUJ,

. kmg my I
s (3 ag) e (g - weiag ) = o)
- my — kmsg) 7 2 k . 1 k k2 .
W gl k) 2 (R . (70)

-2
k+1 3 14+k\1+k I+k\1+k “(1+k)?

Iouyuennoe nuddepennuanbuoe ypapaenue apuxkenue (69) nazoseM 6a306vim duddepernyuaivhoim ypasHe-
Huem JIBUKEHU KOJIJIMHEAPHOI OIrpaHUYCHHON 3a/1a49M TpeX TeJl B CIIeIUAJIbHON HeMHEePIUAJIbHON IIeHTPAJIbHOI
crucTeMe KOOPJIUHAT.

3axarouenue

B macrosmeit paboTe aHAJIHTHYECKN KCCIEIOBaHa IPOCTPAHCTBEHHAs OrpAaHMYEHHAs 3aJada TPeX Tel B
HOBO}i CITennaJIbHOM HEMHEPIMAIBHON IIEHTPAIbHOM CHCTeMe KOODJIMHAT C HAYAJIOM B IeHTpe cuil. Ilosrydens
HOBBIE PE3yJILTATHL:

1. BoiBeseno HoBoe ocHOBHOE nuddepeHIuaIbHoe YPABHEHNE JBIZKEHUs OIPAHNIEHHON 3184l TPEX TeJl.
B HOBOI1 cucreme KOOPJIMHAT HafiJIEHO AHAJINTHYIECKOE BBIDAYKEHNE NHBAPUAHTA [EHTPA CHLIL.

2. Ucxoast u3 cBOWCTBA MHBApHAHTA IIEHTPA CHJI OPAHWYEHHON 3a7ladi TpexX Tej, B HOBOH cHCTeMe KOOp-
JIMHAT Ha ypoBHe judddepeHuanbHbIX yPABHEHU JIBUKEHUS 3a/1a9a Pa3/ie/leHa Ha JIBe OTJIEJIbHBIE 33 Jadi:
MPEY20ALHAA OTPAHUUEHHAS 3a]a49a TPEX TelI U KOAAUHEAPHGA OTPaHWYeHHAs 3aJada Tpex Tes. [loydeHs
passuunble 6a30Bble auddepeHIuaIbabe yPABHEHU ABUKEHUS ITUX JBYX 3aa4.

3. Beisesiennl mudpdepeHianbable ypaBHEHNsI JBUYKEHUsT TPEYTOJIBbHON OrPAHNIEHHO 331491 TPEX TeJ BO
BpAIIAOIIEHics ClenuaIbHOH HeNHEPIMAJIBHON IEHTPAIBHOMN CHCTEeMEe KOODJMHAT B ILy/IbCUPYIONIUX II€PEMEHHBIX.

4. BriBesiennl auddepeHIaibable yPABHEHNST KOAAUHEAPHOT OTPAHNYEHHOM 3a/1a91 TPeX TeJl B HeHMHepIn-
AJIBHOI IIEHTPAJIBHOI CHCTeMe KOOPJMHAT ¢ HCIOJIb30BAHIEM MHBAPUAHTA [IEHTPA CHIL.

IMosnyuennsie HOBBIE MuddepeHINATbHbIE yPABHEHUs J(BHKEHHsI OUPAHUYEHHON 3a/1a9M TPEX TelI B CIe-
[UAJIbHON HEeHMHEePIUAJbHON [EeHTPaJbHON cHcTeMe KOODAUHAT MOIYT OBITh 9hQMEKTHBHO HCIOIB30BAHBI DU
UCCIIEIOBAHNUHA STON 381891 U OTKPHIBAIOT HOBBIE NIEPCIIEKTUBHI.

ITpeioKeHHBIH MEeTOJ] MOXKET ObITh MOAMMUIMPOBAH IS MCCIE0BAHUS HEOIDAHMYEHHON U OrpaHMYeH-
Hoit 3azaqau n (n > 3) resr. IloaydeHHBIE PE3yIbTaTHl TAKXKe MOTYT OBITH HCIOJIB30BAHBI B TOMOrpaduIecKoi
nuHaMuke [4].

B nepcrekTuBe IIaHUPYIOTCS eTalbHbBIH AHAJINS [OJIY YeHHBIX HOBBIX Jud depeHuanibHbX ypaBHEHH 1BI-
JKEHNsI OPAHWYIEHHON 3a/1a4i TPeX TeJl U YCTAHOBJIEHHE HOBBIX TOUHBIX YACTHBIX pereHnii 1o 3amaun. Oc-
HOBHAasl HJiesi HACTOsIIel paBoThl U IIPeBApUTEIIbHBIE PE3YJIbTaThl ObLIN M3JI02KeHbl B paborax [13-17].

Crmcok ureparypbl

1 Cebexeit B. Teopus opbur. Orpanudennas 3auada tpex res / B.Cebexeit. — M.: Hayka, 1982. — 656 c.

2 Mapxkees A.II. Touku smbparuu B HebecHoii Mexannke u kocmogunamuke / A.IT.Mapkees. — M.: Hayka,
1978. — 312 c.

3 Dvorak R. Celestial Dynamics. Chaoticity and Dynamics of Celestial Systems / R.Dvorak, Ch.Lhotka. —
Germany: Wiley-VCH Verlag GmbH and Co. KGaA, 2013. — 309 p.

4 Tpebenuxos E.A. Maremarudeckue npobiembr romorpaduueckoii gunavuku / E.A.I'pebennkos. — M.:
MAKC Ipecc, 2010. — 256 c.

5 Mop6umesun A. CoBpemennasi Hebecnas Mexanuka. Acnekrol qunamuku Costnednoii cucrembr / A.Mop6u-
gennu. — M.-Mxesck: THCTUTYT KOMILTEKCHBIX nccaenoBanmit, 2014. — 432 c.

Cepust «Maremarnkas. Ne 3(87)/2017 105



M.JIx. Munriubaes, T.M. 2Kymabek, ["M. Maemeposa

6

Bprono A.JI. Orpanmuennas 3amada tpex ten. Ilnockue mepmommdaeckue opbutsr / A.Jl.Bproro. — M.:
Hayxka, 1990. — 295 c.

Yunrhep A. Anajuruueckue ocHOBbI HeGecHOl Mexanuku / A.Yunraep. — M.: Hayka, 1967. — 524 c.

8 Hy6ommun I"H. Hebecnast mexanuka. Anajurtudeckue u Kadecrsenubie meronsl / [H./y6ommu. — 2-e

10

11

12

13

14

15

16

17

106

n3a. — M.: Hayka, 1978. — 456 c.

Mapman K. 3agada rpex ren / K.Mapmain. — M.-Ixesck: THCTUTYT KOMILIEKCHBIX uccaenoBanuii, 2004.
— 640 c.

Jykpsanos JI.T. Jlekiun 1o nebecuoit mexanuke / JI.I.JIykpanos, [.ML.IMupmun. — Anmarsr: Dsepo, 2009.
— 277 c.

Xonmesnukos K.B. 3agaua nsyx ren / K.B.Xommesnukos, B.B.Turos. — CII6.: Uzx-Bo CII6. yu-Ta,
2007. — 180 c.

Aranacau JI.C. Teomerpus / JI.C.Aranacan, B.® Byryzos, }0.A.T'nazkos. — 5-e. uzn. — M.: Bura-IIpecc,
2005. — 176 c.

Munriubaes M.Jx. K paBuoGenpennoii orpanmdenuoii sagade tpex tea / M.k Munriaubaes,
T.M.2Kymabek // Ussectuss HAH PK. Cepus dus.-mar. — 2016. — Ne 6(310). — C. 67-73.

Kymabek T.M. O6 omHOM 9acTHOM ciiydae IUIOCKON orpaxudenHoil 3aga4uu tpex tes / T.M.2Kymabexk,
M. k. Munrimbaes // Maremarndeckuil xkKypHast. VHCTUTYT MareMaTHKU U MATEMATUIECKOIO MOJEJIH-
posanus. — 2016. — T. 16, Ne 4(62). — C. 99-120.

Munrimbaes M.J/I>x. HoBble TouHBIE YaCTHBIE PeIlleHUsT OrpaHUIeHHON 3a1a4uu Tpex Ten / M. JIx. Munriu-
6aes, T.M.ZKymabek // AkTyanabHble NPOOIEMBl MATEMATUKY 1 HHGMOPMATUKHI: TE3UCHI JOKJI. MexKyHap.
Hayd. KOH®., nocssil. 80-jmeruio co maus poxkaenus akajemuka HAH PK K.A. Kaceimosa. — Ajmmarsr,
2015. — C. 86-88.

Munriubaes M. /Ix. HoBble ypaBHeHUST JBUKEHUS OTPAaHUIEHHON 38291 TPEX TeJI B CIIEIUAJBHON HEMHED-
nuasbHoi cucreme koopauuar / M. . Munraubaes, T.M.2Kymabek // Becru. KasHITY um.Abasn. Cepus
dus.-mar. mayku. — 2015. — Ne 1(49). — C. 62-68.

Munrimubaes M. /Ix. HoBble ypaBHeHUST ABUKEHNS HEOTPAHMIEHHON 1 OTPAHUIEHHO 331291 TPEX TeJ U UX
rounble permennst / M. Txx.Munriubaes, T.M.2Kymabek // AxkryanbHble IpOGIeMbl MATEMATUKU U MaTe-
MaTUIeCKOr0 MOJIEJIMPOBAHUS: T€3UCH JOKJI. MexyHap. Hayd. koHd. — Anmarsr, 2015. — C. 347-349.

M.ZK. Munrnubaes, T.M. 2Kymabek, I.M. Maemeposa

ApHaitbl mHepIAJAABI eMec IeHTPJIK KOOpJAnHaTa XKyiieciHae
ITEeKTeJITeH YIII JeHe MICeJIeCiH 3epTTey

MakaJraia KeHiCTIKTe KJIaCCUKAJIBIK, IIIEKTEJITeH YIII JIeHe MOCeJIeCi aHaJIuTUKAJIBIK TYype 3epTTresired. 2Kana
apHailbl MHEPIUAJIJIbI eMeC IIEHTPJIK KOOp/IMHAaTa ¥Kyiieci enrizinren. Bys koopnnara »xyiieciniy 6ac HyKTe-
Cl 3epTTeJIII 2KATKAH MOCEJICHIH, KYIII IIeHTPIMEeH Coiikec Kesemi. ApHailbl MHepIUaIIbl eMeC IEHTPJIIK KOOp-
IUHATA XKYHeCiH/Ie TeKTereH VI IeHe MOCeIeCiHiH KaHa 0a3asblk, auddepeHITnanablK, TeHAeyaepi aabiH-
npl. 2KaHa KoopauHaTa »KyieciHjie KyIl IeHTPI HHBAPUAHTHIHBIH aHAJUTUKAJBIK 6pHeri Tabblbl. EHrisii-
PeH KOODIMHATA YKYHECIHIe IeKTe/reH VIII JeHe Maceseci ekl Oesiek Mocelie peTiHjie KapaCThIPbLIFaH YKoHe
ocCBI eKi MocesieHiH, 6a3abik quddepeHInaiIbIK TeHIeyIepl aJIblHIb. ApPHANRbI MHEPIUAJIBI €MeC EHTPJIK
KOOP/IMHATA YKYHeCiHIe KApaCThIPBLIBII XKAaTKAaH MaceseHi Oysiail ekire 06Ty IiH JyPBICTBIFBI OChI KOOPIMHA~
Ta JKyiheciHae TabblLIFaH Ky IEHTPIHIH MHBAPUAHTBIMEH JpJIesIeHe 1i. Bipinmiici — yIr JieHe KO3FaJIbICThIH,
0apJIbIK Ke3iH/e YIIOYPBIII »KAaCalThIH YIIOYPBINITEI IIEKTEJreH YII AeHe Moceseci. Exinmrici — yir mene
KO3FaJIBICTBIH, OapJIbIK Me3eTiHje Oip Ty3y/iH OOHbIH/IA *KaTaThIHIAN KOJIJIMHEAPJIbI IIeKTeJreH YII JIeHe
Moceseci. AffHaMabl apHafibl HHEPIUAJILI €MeC MEHTPJIK KOOPAUHATA KYHeCiHIe myIbcarusaiaynbl aji-
HBIMAJIbLIAP/Ia YIIOYPBIIITHI IIIEKTEJITeH YII JeHe Moceseciniy auddepeHuaIablK KO3FaablC TeHIeyIepi
anbiaabl. CoHlall MHEPIMAJIBI eMeC IEHTPJIK KOOpAMHATA XKYHECiH/e KOJIJIUHEAPJIbl IeKTE/ITeH VIl JIeHe
Mocesecinin nuddepeHnnaiIbK TeHaeyIepl TabbLIIbl. ApPHARBl HHEPIUAJIbI €MeC IEHTPJIK KOOPIMHATA
Ky#ieciHjie aJIbIHFaH IIEKTe/reH VI JIeHe MacesIeciHil, quddepeHnnaliIbK, TeHIeyIepIiH XKaHa TypJaepi Oy
MOCeJIeHI 3epTTey/ie KaHa MYMKIHIIKTED Allla Ibl.

Kiam cesdep: mekTenren yi nene ecebi, MHEPIIUAIILI eMeC KOOPAMHATA YKYyHeci, KyIrep IeHTpiHiH nHBa-
puaHTTapbI, T€H OYHipJIi menrimiaep, JUOpalys HyKTeaepi.
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Wccmenoparme orpaHnIeHHON 3a,1a4M. .

M.Zh. Minglibayev, T.M. Zhumabek, G.M. Mayemerova

Investigation of the restricted three-body problem in a special
non-inertial central coordinate system

In this work we analytically investigated the spatial classical restricted three-body problem. A new special
non-inertial central coordinate system has been introduced. The origin of the introduced coordinate system
coincides with center of forces of the investigated problem. In the special non-inertial central coordinate
system are obtained new basic differential equations of motions of the restricted three-body problem. In
the new coordinate system is found the analytic expression for the invariant of the center of forces. In the
introduced coordinate system the restricted three-body problem is divided into two separate problems, and
various basic differential equations of these two problems are obtained . The correctness of such division
of the investigated problem into two is provided by the invariant of the center of force finding in the same
coordinate system. The first is a triangular restricted three-body problem when three bodies form a triangle
at all time of motion. The second is a collinear restricted three-body problem when three bodies lie on the
same line at all time of motion. The differential equations of motion of the triangular restricted three-body
problem in the rotational special non-inertial central coordinate system in pulsating variables are derived
separately. Also the differential equations of the collinear restricted three-body problem in the non-inertial
central coordinate system are obtained separately. The new obtained forms of differential equations of the
restricted three-body problem in the special non-inertial coordinate system open the new perspectives in
the investigation of this problem.

Keywords: restricted three-body problem, non-inertial coordinate system, invariant of the center of forces,
isosceles solutions, libration points.
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Equations of vibration of a two-dimensionally layered plate strictly
based on the decision of various boundary-value problems

In this paper, the theory of oscillation of laminated plates of building structures is developed, which is
rigorously grounded in the formulation of various boundary-value oscillation problems. When studying the
oscillation of plates, the exact three-dimensional problem is replaced by a simpler, two-dimensional problem
for the points of the middle plane of the plate, which imposes restrictions on the external conditions. These
limitations boil down to the fact that external forces can not be high-frequency. Since the general equations
of plate oscillation, the resulting wound contain derivatives of any order in terms of coordinates z, y and
time t, are structured and therefore not suitable for solving applied problems and performing engineering
calculations. For this, it is necessary to formulate approximate boundary-value oscillation problems.

Keywords: vibrations, a plate, a deformable medium, an elastic and viscoelastic medium.

Introduction. Materials used in building structures have elastic and viscoelastic properties, are anisotro-
pic, multilayered and with other mechanical characteristics. Flat elements are components of many designs.
The construction of general and approximate equations of oscillation of various types of flat elements presents
an actual problem in the development of the theoretical foundations for calculating building structures and
construction in general. Such problems include the problems of improving the models of the nonstationary
nature of structures and their elements, the materials of which exhibit complex mechanical, rheological properties
inherent in various building structures under the influence of various external factors.

In this paper, the theory of oscillation of laminated plates of building structures is developed, which is
rigorously grounded in the formulation of various boundary-value oscillation problems.

Main part. Suppose that an infinite plate in thickness 2h; is under the surface of a semi-infinite medium
at depth (hg — hq) . Plane XY will be placed in the middle plane of the plate at z = 0 . The axis OZ is
directed toward the outer surface of the outer layer. Denote the parameters of the layer by the index «1» , the
upper layer [—oo < (z,y) < 0o;hy < z < (hg — h1)] will be denoted by the index «2», and the lower half-space
[—o0 < (z,y) < 00; —hy < 2z < 0] by the index «3».

We assume that the materials of the upper layer, plates and bases are homogeneous, isotropic, exhibit
viscous properties.

We introduce the potentials @) and U of longitudinal transverse waves in accordance with the well-known
formulas

" = grad®® + roteW, (1)

where @) — vectors of displacement of points in a layer, plates and bases.
In the potentials ®¢) and ¥ | the equations of motion of the layer, the plate and the base take the form:

Rt S R4

N(AdW) = p=e, My(ATWD)) = gy 2
i ) =P Ml ) =P (2)
where the operator IV; is:
N; = L; + 2M;.
A-three-dimensional Laplace operator
02 0? 02
A=—+—=+—

L;, M; — viscoelastic operators.
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By the Helmholtz theorem, in the absence of internal sources, the vector potential U of transverse waves
must satisfy the condition:
divs® = 0, (3)
which is the closing equation for finding four unknown potentials ®(), \I/(ll), \Ilg), \I/gl).
The displacements u, v, w, deformations €;; and stresses in Cartesian coordinates through the potentials
® and ¥ of longitudinal and transverse waves are determined from known formulas.

In [1] it is shown that the boundary problem oscillation plate located beneath the surface, reduces to a
solution of integro-differential equations (2) at the boundary and initial conditions: the outer surface (z = hg)

0@ = [ (z,y,t); o) = fE @,y 0); (4)

Jz

at the contact boundary, the top layer-plate (z = hy)

zz

R T B O A 5)
at the plate boundary, the base (z = —hq)

o) = ol + 13 (a,y.1);
o) =0 o) + D@yt =0

w® =w® 4 (@, y,t) (=) (6)

In addition, the damping conditions at infinity must be satisfied, i.e. z = —o00  ®®) = 0;
3 3 3
v = ol =0l 0. (7)
The initial conditions are zero, i.e.

oo 9Tl

W) — Z 3
ot ot

=¥=0, (1=13), t=0 (j=123). (8)

The problem of oscillation of a plate in a differentiable medium is reduced to the study of equation (2),
which satisfies the boundary conditions (4), (5), (6) and the initial conditions (8).

When studying the oscillation of plates, the exact three-dimensional problem is replaced by a simpler, two-
dimensional problem for the points of the middle plane of the plate, which imposes restrictions on the external
conditions. These limitations boil down to the fact that external forces can not be high-frequency.

The problem formulated above is solved by applying Fourier transforms in X and Y and Laplace transforms
in t.

The general solution formulated by the three-dimensional problem with zero initial conditions was found
in [1], and general expressions for displacements and stresses were obtained.

o 2 ) 2
W _ (n) 9"\ o 9 (v w\] =
u Z{KA? +01Q1”ax2>U +01Q1”ax( oy V) @it

n=0

- (n) o _ ENEa Oy 2
e 0 2n
W) _ (n) 0) 9 (U w2
v nz_o{[( +C1Qun s o )V +C1Qin- 3 ( o W i)t
& & o (oU®  wow)] 2
+ Z { [( D1Q1n ) v 1Q1n < 5 T Ay Wy e

o0

0 av(l) 2n+1
o — (n) M\ @ w (oU 2
w E_O:{[(AQ F QA )W QA < 5 oy ﬂ (2n+1)!}+
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M,
Dy=1--*
1 N1 )
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2
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’ n=0

22n+1
* 2n 1 1)

y aUl(l) 8‘/1@)
Ox Jdy

)+/\(1 A +2D1Quaa] WiV

00 32 n av(l) n 2w

n=0
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- IR o 2N\
X(2n)'+2{|:)\1 +D1Q1n ()\2 —ax2+8y2>:| ay +

n=0
0 2 2n+1
w_ 97 PN, w| I nPW ]
+ {Dlan </\2 ox2  Oy? + A ox 2D1Q1” 0x0y (2n + 1)!
o) =My li { [Cl [2)\§1)Q1 +)\§n)} o + [QClQl )\(1) il +
—~ 0xdy 0x?
. " oww
£ [(1 —C) N - O } v 4 [(1+02)A‘ +2C1Q1nA 1’} o }X

0>
' a2
2n+1 e 92 52 n
S RO [CIF R = RSN
’ n=0

62‘/(1) n 8w(1) ZQn
—2D1Gn axéy N [Dlan ()\él) B A) N )\g )} 8; (2n)!] ;

o= [S{[c [0 ] S0+ rciaualt 2

oy 0xdy Oy?
N 92 w1 OW M
287 | (1= AP = O | VO + 20100 + (14 Co) AP S x
Oz ox
2n+1 e 2 82

w_ 97 1 _

<G|+ oA (4 - 7~ ) P A 0

v, (W ] O | 2

where the unknowns UM, V(1) W(l) are the tangents and normal displacements of the points of the plane z =0

and the points of the middle plane of the plate, U (1), Vl(l), W) — the values of the derivatives along Z the
transverse displacement or the values of the strain type (the deformation at Z = 0).

In this case, the operators )\52), )\gl) are two-dimensional integro-differential, describing the propagation of
longitudinal and transverse waves in the plane z = 0.

To find the unknowns UM, V(1) VVl(l)7 Ul(l)7 Vl(l), WM we have the boundary conditions (4)—(6).

Using expressions (9) and (11) for stresses and displacements, substituting these expressions into the
boundary conditions (4)—(6), equations are obtained for determining the unknown functions that are general
solutions of the formulated problem and describing the vibrations of the three-dimensional medium.

To study the oscillations of rectangular plates in the plan, it is necessary to formulate boundary value
problems.

Under the boundary-value problems of oscillation of a bounded plate in a plane located below the surface,
we mean the derivation of the oscillation equation for the plates; the formulation of the boundary conditions
along the edges of the plate and the initial conditions for the functions.

Since the general equations of plate oscillations obtained by the author [2] contain derivatives of any order in
coordinates x, y and time ¢, are structured and therefore not suitable for solving applied problems and performing
engineering calculations. For this, it is necessary to formulate approximate boundary-value oscillation problems.

In [3] an approximate equation of the transverse vibration of the plate was obtained for the transverse
displacement Wl(l) of the middle plane of the plate in the form

92W. (1) AW (1) 92W. (1) ) ) )
A = | T A2 | a— | T As | & =5 | T 48P W) + PWVY) = (2, ), (12)

where A;, P, ®(x,y,t) are equal

Ay = pitM ™ hy + paNy (ko — hy);
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e B3 _ 1 (ho — y)? W2 (ho —h
Ay = pRMTH(NT 4 3MTY) T+ ooy [pgNQI( " 0wy Fathe Zhy) 5 1)};

(ho — h1)® h?(ho—hl)] hi
2

— (2M N7 Y 3

Az = [(3 — 4MyNy ) paNg b —2p(3M " — 2N 1)
h3

— -1 -1 -1 (ho - hl)g,
Ay =4(1 — M N; )? —4(1 — MyNy Y (MyNy ) =

6 b
S o k2 _ AL ) _ N
P= 5lel {(% + 31 [pl(Ml Lysnh (aﬁ)) —4 ((%) A} + 2(MiN; Y (pa Ny Y <8t3) hy(ho — hl)} :

LR AN
@(x,y,t) = 1—(3—2M1N1 )? A+(p1M1 ) w 7 X

w4219 [n N ) o) (2 (o~ homa | (13
{ | (i) ta =}

The reaction of the base P, is determined by the formula (13), contains both the velocity of the transverse
displacements of the plane z = 0 and the odd time derivatives.

Thus, the law of resistance P(Wl(l)) (13) explicitly contains the parameters of the plate, the base and the
upper layer.

Despite the fact that equation (12) is approximate, it is rather complicated. The operators (13) contain all
the parameters and operators that characterize both the mechanical and rheological properties of the materials
of the plates, the layers and the base and their thickness.

We derive the boundary conditions along the edges of the rectangular plate. For simplicity, let us consider
a plane boundary x = const, for boundary conditions y = const, it is easy to write from the conditions for
x = const, and for an arbitrary curvilinear boundary, using known formulas, through the boundary conditions
at x = const, y = const.

The boundary conditions will be derived from the theory of thick plates or plates. Based on their boundary

conditions on the surface of the plate z = h or z = —h obtain the dependence of the quantities ugl), Vl(l) on the
transverse displacement Wl(l).
(1) 1)
W _ oWy v _ oW 14
Uy or ’ 1 ay . ( )

Hard edge fixing £ = const. As is known from the theory of thick plates, there are two possible types of
such fixation

ugl) = vgl) = wgl) =0 (15)
or
ugl) = w%l) = cra(cly) =0. (16)
Hingelessly supported edge x = const.
There are also two types of fastening for this fastening.
u(ll) = wgl) =) =0 (17)
or
wgl) =ol) = Ug(cz) =0. (18)

A stress-free edge.
For a free edge, the strict conditions have the form

og(c;) = O'g(tlz) = cr%) = 0. (19)

The rigid and hinged fastening is fairly simple and, using approximate expressions (13) and (15), for
transverse displacement we obtain the boundary conditions:
for rigid fixing
ow

1
Wl(): ox

=0, (20)
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for articulation

= 0. (21)

Consider a free edge. Using the first two conditions (19) and approximate expressions for the displacements
u, v, w and the stresses 0;; obtained in [6], we obtain

2177(1) 2177 (1) 2177 (1)
@+30) 0 1 (14 D) [23 v (3 it )]0

Ox? Oy ot?

0 o (2wl
% [mwl —pM~1 ( at; =0. (22)

Substituting the second derivative of Wl(l) with respect to time from the first expression (22) to the second,
we obtain

2177(1) 2177(1) 211-(1)
Wl 1 -1 9 Wl —_0-
(2+3D1)W+(1+D1)T/2 p(1+ D1)M < o2 =0;
Pw
4 =0. (23)

The third of the conditions (19) gives 83;;/ gfl) = F(t) , that is, in the first approximation avgi” does not
depend on y and is determined after solving a particular problem.

The first term in (23) differs from the classical one, and the second term coincides. The first condition (23)
takes into account the deformability of the edge over time and is analogous to the d’Alembert principle for the
dynamics of a material point.

The general initial conditions for a plate as a three-dimensional body have the form:

1 1 1

. = . 24
ot ot ot P (¢=0) (24)
Using the relations (14) for displacements, we have
ow 0 23
1y "1 D 7Aw(1)7.
b ox © * 'z L6’
ow 0 2
 _ _ 1 D ZAwDZ . 25
v R el s (25)
27 (D] L2
w® — w4 2D, — 1)AW® 4 (1 - Dy)pr—12 ;;/21 =

In the beginning, we consider the initial conditions from (24) for the displacements themselves. Then from
expressions (25) we obtain

owl 0

—_0- LA Z .
oz 0 Oz " 0
(1)
81/;/; = 0; %Awf”: ; (26)
82w(1)
w =o; 5 =0 (27)

Differentiating (25) with respect to u, using the second triple of initial conditions (24), we similarly obtain

ow”  gpwl)
o o

~0. (28)
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The initial conditions (26) and (27) give the necessary number of initial conditions for the transverse
displacement Wl(l) of the fourth-order coordinate and time satisfying the hyperbolic equation.

Conclusions. The derivation of the boundary and initial conditions for the plate under the surface completely
coincides with the analogous boundary initial conditions for the free plate, obtained in [2].

Thus, in formulating boundary value problems, the boundary conditions do not depend on the presence of

the upper layer and the lower base.
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A.ZK. Ceiitmyparos, B.M. Hypmanosa, H.K. Meneybaes

OPTYPJIl HIETTIK ecenTepaiH KONbLIBIMbIMEH KATaH Heri3elireH eKi
eJIIIeM/al KaTIapJibl IJIACTUHKAHBIH, TepOeJjic TeHaeyJsiepi

Maxkasaza Tep6esticTis 9pTYpJIi IETTIK eCenTepiHil, KONBIIBIMBIMEH KATaH HETI3/1e/ITeH KYPBLIbIC KOHCTPYK-
USIIAPBIHIAFBl KATIIAPJIbI IJIACTUHKAJIAP/IBIH, TepOesIic TeOpHUsiChl KapacThIpbLIAbl. [lnacTura Tepbesicin
3epTTereH/Ie J19J1 YIII OJIIEM/Il eCell IJIACTUHKAHBIH OPTa YKA3bIKTHIFBIHBIH HYKTEJIEP] YIIIH CHIPTKBI 9cepJiep-
re MIeKTeyJIep KOSITHIH aca KapalaibIM, €Ki OJIIIeM/Ii eCellKe aJIMacThIPBLIIbI. ByJT meKTeyaep CbIpTKbI dcep-
JIEPIIiH, >KOFaPbI >KALTIKTe 6018 aJIMaiTHIHABIFEIHA KeaTipiieni. AIabHIa aJbHFaH IIACTHHA TepOeiciHin
2KaJIIbl TEeHJIEYJIEPIHIH T, Y KOOpAUHATAJIAPBI KoHe ¢ yaKbIT OOMBIHINA Ke3 KeJINeH PETTi TYbIHJIbLIAph 6ap
OOJIFAHIBIKTaH, KYPBLIBIMbBI OOMBIHINIA KYPesi 6ok TabbLiaabl. COHABIKTAH KOMIaHOAIBI €CENTEP/Ii IMIbl-
Fapy KoHE MHXKEHEPJIK ecenTeysep Kypridy yimiH onap Kaxker emec. Our yimiH TepOesicTiH, XKybIK, MeTTIK
€CcenTepid TY>KbIPBIMJIAY KEePeK.

Kiam cesdep: Korapbl KALTIK, KOJAAHOAIBI €CEIl, ©3T€PIiCKe VITBIPAUTHIH, CEPIIM/II OpTa, TepOeic Teopusi-
CBI.

A.ZK. Ceitrmyparos, B.M. Hypmanosa, H.K. Meneybaen

YpaBHeHnd KOJeOaHUA AByMEPHOI CJIOUCTOI MJIACTUHKHN, CTPOTO
000CHOBaHHBIE TOCTAHOBKOM Pa3JIMYHBIX KPAeBbIX 33aJ1a4

B craTbe pazsuTa Teopus KogebaHUs CIOUCTHIX IVIACTUHOK CTPOUTEIBHBIX KOHCTPYKIUL, CTPOro 060CHOBA-
Hasl TIOCTAHOBKOMN Pa3/IMYHBIX KPaeBbIX 3a]a4 Kosebanusi. [Ipu ncciiemoBannm KojebaHusl MIACTHH TOTHAST
TpexMepHas 33/1a9a 3aMeHsIeTCsi 0ojIiee MPOCTOM, IBYMEPHOM [IJIsT TOYEK CPEIMHHON IIJIOCKOCTHU IIJIACTUHKH,
YTO HAKJIAJIBIBAET OIPDAHMYEHUs] HA BHEIIHHWE YCJIOBUsl. DTU OTPDAHMYEHUs CBOJATCA K TOMY, YTO BHEIIHHE
YCHUJIUsI HE MOTYT OBITh BHICOKOYACTOTHBIMU. TakK Kak obIue ypaBHeHMsT KOJIeOaHUs TIJIACTUH, IOy YeHHbBIE
pamee, CoZlepKaT MPOU3BOIHBIE JTIOOOTO TOPSIIKA 110 KOOPAMHATAM T, Y U BPEMEHU t , CJIOXKHBI TIO CTPYKTYpe
¥ IIOTOMY He IPUTOJHBI JJIsl PEIleHNs IPUKJIIAJHBIX 3834 U IPOBEJIEHNs NHKEHEPHBIX pacdeTos. s sToro
HeO6X0MMMO CPOPMYTUPOBATEH MPUOINKEHHBIE KPAaeBble 3a/1a4r KOJIEOAHS.

Kmoueswie caosa: Bubpanuu, miIacTUHbL, JJepopMUpyeMast Cpejia, Teoprsl KoJiebaH!s CJIOUCTBIX IIJIACTHHOK.

Cepust «Maremarnkas. Ne 3(87)/2017 115



A.Zh. Seytmuratov, B.M. Nurlanova, N.K. Medeubaev

References

1 Filippov, I.G. & Filippov, S.I. (1995). Dinamicheskaia teoriia ustoichivosti sterzhnei [The dynamic stability
theory of rods|. Teoreticheskie osnovy stroitelstva — Theoretical fundamentals of construction, 63-69.
Warsaw [in Russian].

2 Brunelle, E.J. (1977). Buskling of transversely isotopic Mindlen plates. ATAA, Vol. 9, 6, 1018-1022.

3 Seytmuratov, A.Zh. (2010). Opredelenie chastoty sobstvennykh kolebanii plastinki [Determination of
the natural frequency of the plate]. Vestnik Kazakhskoho natsionalnoho universiteta. Seriia matematika,

mekhanika, informatika — Bulletin of the Kazakh National University. Series mathematics, mechanics,
computer science, 4(67) [in Russian].

116 Becrnuk Kaparanauickoro yHuBepcuTeTa



UDC 512.552

U. Turusbekova, G. Azieva

Kazakh University of Economics, Finance and International Trade, Astana, Kazakhstan
(E-mail: umut.t@mail.ru)

The automorphism group of Poisson algebras on k [z, y]

Poisson algebras play a key role in the Hamiltonian mechanics, symplectic geometry and also are central in
the study of quantum groups. At present, Poisson algebras are investigated by the many mathematicians of
Russia, France, the USA, Brazil, Argentina, Bulgaria etc. The purpose of the present paper is to describe
the automorphism groups of polynomial algebras endowed with additional structure, namely, with Poisson
brackets. For any f € k[z,y] one can transform associative-commutative algebra k [z,y] into a Poisson
algebra Py by defining a Poisson bracket by the rule {z,y} = f. Obviously, a structure of the automorphism
group G of Poisson algebra Py depends on the element f. A complete description of group Gy is given for
the polynomial f of rank less or equals to 1. In present paper all algebras are considered over any field k
of characteristic 0.

Keywords: Poisson algebras, polynomial algebras, automorphisms, additional structure.

Introduction

It is known [1—4] that the automorphisms of polynomial algebras k [z, y] and free associative algebras k (x, y)
in two variables are products of affine automorphisms

v = (a1 + a1y + P, c12x + a2y + P2) , ouj, B € k,

and triangular automorphisms

Y= (a1z+ f(y),y+P2),ar,a0 €k, f(y) €kly]l,B2 €k

i.e are tame.
In work [5] is proved that the automorphisms of two-generated free Poisson algebras k {z,y} over a field k
of characteristic 0 are time. Moreover [1, 4, 5], the automorphism groups of algebras k [x,y], k (z,y), k{z,y}
are isomorphic, i.e.
Aut k[zq, 22] 2 Autk < xq1, 29 > Aut k{1, 22}

The purpose of the present paper is to describe the automorphism groups of polynomial algebras endowed
with additional structure, namely, with Poisson brackets. For any f € k[z,y] one can transform associative-
commutative algebra k [z, y] into a Poisson algebra Py by defining a Poisson bracket by the rule {z,y} = f.
Obviously, a structure of the automorphism group Gy of Poisson algebra Py depends on the element f. A
complete description of group G is given for the polynomial f of rank less or equals to 1.

In section 2 we introduce the basic definitions, examples of Poisson algebras and collect the informations
necessary for the further work. In section 3 we study the automorphism group of Poisson algebra Py.

In present paper all algebras are considered over any field k£ of characteristic 0.

Poisson brackets on k [z, y]

Recall that a vector space P over a field K endowed with two bilinear operations x - y (a multiplication)
and {z,y} (a Poisson bracket) is called a Poisson algebra if P is a commutative associative algebra under x - y,
P is a Lie algebra under {z,y}, and P satisfies the following identity

{z,y -z} ={z,y} -2 +y {2}

There are two important classes of Poisson algebras.
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1. Symplectic algebras S,,. For each n the algebra S,, is a polynomial algebra k[z1,y1,...,Zn, Yn), endowed
with the Poisson bracket defined by {z;,y;} = 8i;, {zi.z;} =0, {w.,y;} = 0, where §;; is the Kronecker
symbol and 1 <14,5 < n.

2. Symmetric Poisson algebras PS(L). Let L be a Lie algebra with a linear basis ey, es,..., €k, .... Then
PS(L) is the usual polynomial algebra Kleq,es,...,ex,...] endowed with the Poisson bracket defined by
{ei,e;} = [ei, ;] for all ¢, j, where [z, y] is the multiplication of the Lie algebra L.

Let’s consider the algebra k [z, y]. Let f € k[z,y]. For any a,b € k[z,y] we put

O0a 0b  0b Oa
{a,b} = (89363/_81'83/> : (1)

Lemma 1. The bracket {-,-} sets up the structure of Poisson algebra on polynomial algebra k [x,y].
Proof. For any a,b, ¢ € k|[z,y] it’s enough to verify the Leibniz identity and Jacobi identity:

{a-b,c} ={a,c}b+a{b,c},

Ha, b}, c} +{{b,c},a} + {{c,a},b} =0.

Initially we verify the implementation of the Leibniz identity. Using a formula (1) we have

(Do 0coWn)\,_((Ba,, b\ o e (9a, . 9\Y,_
fa b,c}< Ox Oy Ox Oy f= aa:bJra@x oy Ox abera@y =

da Oc 0b 0c  Oc Oa Oc Ob

N <8x8y +a(’?ac(’?y Jzx Oy a@x@y)f
da dc  Oc Oa ob 0c  Oc Ob

Now we verify the implementation of the Jacobi identity. If @ € k then the equation is obvious. If a = =
then using a formula (1) we get

(ot ek ab + (leod ) = { b+ { (Frg - o) Fo) -
Aaet- Gt mar - {ame e
CARTRITRRISIR (T
(- (805 £(E)8) - Aaae a5

0, OfOb0c, 00, 0050, 0% dc ,
- 0z0y Oy dx Oy Oy Oz 0y? Jx dy Jy dxdy Oy

P, Ifdc,  Pbdc , 9 Pc ,  bIf de

_0boc ., OLOJOC 2, 9b 2, 0bOJoOC .,
amagﬂf 8x8y8yf+8y2 Bxf +8y8x8yf +8y8y8mf

0%c Ob 5 Of Oc Ob 0%¢ Ob 5 Of Oc Ob B
“owoyay’ owoyoy’ o on’ Toyogort

Suppose that deg (a) > 2. Then can be considered that a = a' - z, deg (a,) < deg (a). We have
{{a/ ~:E,b} 70} + {{b,c},a/ x} + {{07(1/ x} 7b} = {{a/,b}x—i—a/ {:U,b},c} +
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+{{b,c},a'}x+a'{{b,c},x}+{{c,a'}x+a'{c,x},b}={{a',b}x,c}+

+{a (w0} e} +{{bet.a' fora ({hch o+ {{ea fa o} + {a {e.n} b} =
={{a" o} cha+ {a' b fm et + {o e} {o.bh + 0 ({0} e+ {{b, e} o fot
o (et at+ {{ed }ovba+{ea P b+ {0} {en}+a {{e ) b} =

= ({oopep+{a s {{edfoo})or
+d ({{z, b}, c} + {{b,c}, 2} + {{c,2},b}) = 0. O

Poisson algebra on k [z, y] given by the Poisson bracket (1) we denote by Py. Note that
{z,y} = 1. (2)
The automorphism group

The element g of polynomial algebra k [z1, 2, ...
if the next two conditions are implemented:

1) there exists the automorphism ¢ of the algebra k [z1, 23, ..., ] such that ¢ (g) € k [x1,z2, ...

2) v (g) ¢ k[x1,z2,...,2,—1] not for any automorphism ¢ of the algebra k [z1, x2, ..., T,].

The rank of the element g we denote by rank (g). If f € k [z, y] then rank (f) might receive the values 0, 1,
2. The rank of the algebra Py is called the number rank (f).

Note that rank (f) = 0 if and only if f € k. 2 cases are possible:

1) f=0;2) f#0.

If f = 0 then Poisson bracket is zero. Therefore

, %] has the rank r (see the definition, for example in [6])

7557‘]5

Auti Py & Autik [z, y] .
If 0 # f = a € k then having exchanged the variables # = o'z, y =y can be considered that
{z,y} =1,

i.e. P, = P;. Note that P; is symplectic algebra, i.e. isomorphic to the algebra S;.
If ¢ — automorphism of algebra k [z, y| then

{e@), 0 W)} =J(p) {z,y},

where
8<g(r) &g(z)
J(@) =1 oply) ooly)
ox Jy
— Jacobian ¢.
Therefore ¢ € Auty Py if and only if
J(p) =1

Thus Auty P, consists subgroup Autik [x,y] with Jacobian 1. It is known [7] that such group isomorphic to
the automorphism group of Weyl algebra Wi, i.e.

AutkPl = Autkwl.
Recall that Weyl algebra W is associative algebra (with unit 1) with generators x,y and defining relation
[,y] = 1.

Suppose that rank (f) = 1. Then, by the rank definition, there exists the automorphism ¢ of the algebra
k[x,y] such that ¢ (f) = g (x) ¢ k. Let’s denote x = ! (z), y = ¢! (y). Therefore

(e} =707 @t = @) =19 g@) =79 (07 (@) =79 (« ) =9 (<)
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/

Thus {x/,y/} =g (a:/) . Having exchanged the variables z = z, y =y,
{z.y}==[(x) ¢k

Further we fix the polynomial f € k[z], n = deg (f) > 1.

Lemma 2. The map

r—ar+p

g .
Wy oy

can be considered that

is automorphism of the algebra Py if and only if the next conditions are implemented:

) a€k*, vy=a1
2) the set of roots of the polynomial f () is invariant concerning the affine map

z—f

tzey ——
Pa,p o

of the space k, where k — algebraic closure of the field k.

Proof. The map o, g, sets up the automorphism of algebra Py if and only if 04 s, is the automorphism of

polynomial algebra k [z, y] and 04 g, retains the unique relation (2), i.e.

{0087 (@),00,8 (W)} =0ap~(f).
Thus the map 0,5~ is the automorphism if and only if o,y € k* and
avf(z) = f(az+p).

Let
f(@) =ao+ a1z + .. +anz", an, #0.

Using the ratio (3) we get

ay(ag+ a1z + ... + apz™) = ag + a1 (ax + B) + ... + a, (ax + B)".

Comparing the leading coefficients, from here we get ava,, = a,a”, i.e. vy = " L.
Let

f@=a,(z—a1)(@—a2) .- (z— ),

where a1, as, ..., ,, € k — the roots of polynomial f (z).
Then from the equation (3) follows that

and” (x —oq) (x —ag) - .- (x —ay) =
=ap(az+f—a)(az+B—az) .- (ax+ 5 —a,) =

7 n( all?)( azﬂ) < oanﬂ)
=a, | x — —— r———|-...-|x— .
a o a

Therefore the affine map

z—p
Pa,p P 2 T
of the space k leaves the set of roots of the polynomial f (z) is invariant. OJ

Corollary 1. If the map o4, from the formulation of Lemma 2 is the automo
then B,v are uniquely determined by o € k*.

rphism of the algebra Py

Proof. Lemma 2 gives v = o"~!. Comparing the coefficients at 2”1 from the equation (3) we get

a1 = " an_1 +na"" Bay,,

i.e.
5= (a—l)an,l. 0

nay,
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Since the automorphism o, 5, from Lemma 2 is uniquely determined by a then this automorphism further
we denote by o,. By H we denote a subgroup of the group G, which consists all automorphisms o, where
o€ k.

Lemma 3.

a) If the polynomial f (x) has at least two different roots then the group H is finite.

b) If the polynomial f (x) has a unique root then H = k*.

Proof. By Lemma 2 the mapping ¢, g commutes the roots of polynomial f (z). Since f (z) has no more than
n different roots then there exists m such that m < n and ¢’ 5 leaves all roots of polynomial f (z) immobile.
Direct calculations give

z2—B(l+a+..+am?!
w%(Z)Z ( am )

If the polynomial f (z) has at least two different roots then from here follows ¢n g = id. Therefore o™ = 1.
Thus « might receive a finite set of values, i.e. the group H is finite.
Suppose that the polynomial f (z) has a unique root a;. Then

f(@)=a,(z—a)"

By Viete formula we have
Ap—1
Qnp

noy = —

Since the field k£ has a characteristic 0 then we get a; € k.
Show that
ack* —vo,€H

is isomorphism. It is sufficient to show that the equality o, = 040,/ is implemented. Considering Corollary 1

we have
’
, (aa — 1) Ap—1

Ouo' () =aa xz+

)

nar,
’ (O/ - 1) an—1 ’ o (al - 1) An—1 o — 1 a
0a0, () =0q [z + —F—— | =z + —|—( ) nol o
nan, nar, nan,
, (aa/ — 1) Ap—1
—avx+ —2L——
na,
ie. o, () =040, (z). Also
T oo (y) — ( ,)n—l Y= an—la/n—1y7

ie. o, (y) =0ao, (y). O
Let’s consider the map

T =T
y—=y+h(z), hiz)e€klx].

The map 7 is the automorphism of algebra Py, since 7 retains the unique relation (2), i.e.
{r(@),7 ()} =7(f).

We have
{r.y+h(@)}=f(z),

{Qf,y} = f(m)

By T we denote a subgroup of the group G, which consists all automorphisms 7.
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Theorem 1. The automorphism group Gy of Poisson algebra Py, where f = f (x) — a polynomial of rank 1,
s a semi-direct product of H and T, i.e.

Gy~ HAKT.

Proof. Initially we show that the group G is generated by automorphisms o, € H and 7 € T'. Let’s consider
«commutator» ideal C' (Py) of algebra Ps. Note that C' (P¢) = f () - Py. The ideal C (Py) is characteristic, i.e.
is invariant concerning all endomorphisms. Therefore for any ¢ € G ¢ we have

o (f(x)=f(2)-blz,y), o' (f(2) = f(z) c(zy).
Then

=f(z)-clz,y) o " (b(z,y)).
From here ¢ (2,y) - o= (b(2,9)) = 1, i.e. ¢ (2,y),b(x,y) € k*. Therefore
e (f(@)=Af(z), Aek™
Thus f (¢ (z)) = Af (z). From here we get deg(p(z)) = 1, i.e.
o(@)=az+B, ack’, Bek.

Let
e W)= g (&) =g0(x)+ Y _ v'gi(x).

i>0 i>1

Using the ratio {¢ (),¢ (y)} = ¢ (f (x)) = f (¢ (¥)) we get

az+B,90 (@) + Y _y'gi(x) p =Y a{zy'}gi (@) = f(ax+B).

i>1 i>1

We have ' 4
{2y} =if @)y~
Therefore

Ziaf )y 'gi(x) = f (az +B),

i>1

ie.iaf(x)gi(x)=0ati>1and af (z)g: (z) = f (ax+ 5).
From here we get g; (z) = 0 at ¢ > 1. Therefore

¢ (y) = g0 (x) + 7y,
where v = g1 (z) € k*. Thus we have

r— ax+f
y—=yy+g(x), gx)eklz].

From here it is easy to derive that ¢ is represented in the form ¢ = 0,7, where 0, € H and 7 € T
Now for any 0, € Gy and 7 € T we have

0'@7'0';1 (x) = oaT (x — ﬂ) = 0q (a:—ﬁ) =z eT,;
o o

Gatot (y) = OuT <:) - (fi +h @)) —y+h (z) €Ty

i.e. T'— a normal subgroup of the group Gy.
Obviously H NT = id. Thus G is a semi-direct product of the groups H and 7. [

122 Bectouk KaparanauHckoro yHuBepcuTeTa



The automorphism group...

References

1 Czerniakiewicz A.G. Automorphisms of a free associative algebra of rank 2 / A.G.Czerniakiewicz; I, 11,

Trans. Amer. Math. Soc. — 1971. — 160. — P. 393-401; 1972. — 171. —P. 309-315.

Jung H-W.E. Uber ganze birationale Transformationen der Ebene / H-W.E.Jung // J. reine angew. Math.

— 1942, — 184. — P. 161-174.

3 Van der Kulk W. On polynomial rings in two variables, Nieuw Archief voor Wiskunde / W.Van der Kulk.
— 1953. — No. (3)1. — P. 33-41.

4 Makap-Jlumanos JI.I. O6 aBromopdusmax cBoGoiHON asure6pbl ¢ aByms obpasyrommmu / JIL.I " Makap-
JIlumanos // @yHkuuoHabHBIA aHadu3 u ero npuioxkenus. — 1970. — T. 4, Ne 3. — C. 107, 108; English
translation: in Functional. Anal. Appl. — 1970. Vol. 4. — P. 262, 263.

5 Makar-Limanov L., Turusbekova U., Umirbaev U. Automorphisms and derivations of free Poisson algebras
in two variables / L.Makar-Limanov, U.Turusbekova, U.Umirbaev // Journal of Algebra. — 2009. —
No. 322. — P. 3318-3330.

6 Makar-Limanov L. Equivalence of polynomials under automorphisms of k[z,y] / L.Makar-Limanov,
V.Shpilrain, J—T.Yu. // J. Pure Appl. Algebra. — 2007. — Vol. 209, No. 1. — P. 71-78.

7 Makar-Limanov L. On automorphisms of Weyl algebra / L.Makar-Limanov // Bulletin de la SMF. —
1984. — Vol. 112. — P. 359-363.

[\V]

Y. Typricbekosa, . A3uesa

k[x,y] kenmyesikTep anrebpacbingarbt [Iyaccon
aJiredOpaJiapblHBIH, aBTOMOPMU3MIEP TOOBI

IIyaccon anrebpasnapst 'aMubTon MexaHUKACHIH A, CAMIIJIEKTHKAJIBIK, [€OMETPHUSIIA, COHBIMEH KATap KBAHT-
TBIK, TOIITAP/IbI 3ePTTEYIe MAHBI3IbI poJt aTkapaabl. Kazipri yakerrra [lyaccon anrebpamapoia Peceit, @pan-
uwmst, AKIII, Bpasunus, Aprearuna, Bosrapus »kone Tarel 6acKa eJIepIiH KOITEreH MaTeMaTUuKTepi 3epT-
reyse. MakaslaHblH, MakCaThl KOCBIMIIA KypPBUIBIM/IBL, sFHU IlyaccoH kakmacel Gepliren k[z,y] xemmy-
mesikTep anrebpaceiny apromopdusmzaepi TobbiH, 3eprTey 6ot Tabbuiaael. Kes kearen f € k [z, y] ymin
k [x,y] acconmarupri-KOMMyTaTUBTI anrebpaceH, {z,y} = f epexeci apkpuibl [[yaccoH »KAKIIACHIH aHbIK-
tait oreipei, Py Ilyaccon asnrebpachiHa aitHassipyra 6omanpl. Py Ilyaccon anrebpaceiabiy Gy aBTOMOp-
dusmMaepi TOOBIHBIH, KYPBIIBIMBIH f-Ke ToyesAIrin 3eprreiiMi3. G5 TOOBIHBIH TOJIBIK CAIATTAMACHI PAHTi
1-men kimi Hemece TeH, f KONMYIIEIr YITiH KeATiplireH. Byt xKyMbicTa 6apJiblK aaredbpaaap CUIAaTTay IIbI-
col 0 GoIaTBIH Ke3 KeJreH k opiciHzie KapacTbIPBLIIbL.

Kiam cesdep: Ilyaccon anrebpasapbl, KOIMYIIETKTED aarebpagapbl, aBTOMOPOUIMIED, KOCHIMINA KYPbI-
JIBIM.

Y. Typycoekona, ['.Azuena

I'pynmna aBromopdusmos anredpsr Ilyaccona Ha k|x, y|

Aure6per Ilyaccona mrpaior KJIIOYEBYIO POJIb B TAMUJIBTOHOBOW MEXAHUKE, CUMILIEKTUYIECKON IeOMEeTpUn
U TakXKe sBJISIOTC [EHTPAJIbHBIMU B M3yYeHWM KBAHTOBBIX Irpynn. B Hacrosiiee Bpemsi anrebpsr Ilyac-
COHAa UCCJEAYIOTCs MHOrUMEU MartemaTukamu Poccun, @pannuu, CIITA, Bpasunuu, Aprenrunsl, Boarapun
u 1.7. llenpio HacTosmer paboThI SBJISIETCS WCCJIEIOBAHNE TPYIIIBI aBTOMODPMU3MOB aaredpbl MHOTOUIIE-
HOB k[x,y] ¢ JONOIHUTENBHON CTPYKTYPOii, co ckobkoii Ilyaccona. s moboro f € k [x,y] acconpaTuBHO-
KOMMYTaTHBHYIO ajirebpy k [z, y] MoxkHO npesparuts B anrebpy Ilyaccona Py, onpesedsist ckoOky Ilyaccona
npasusioM {z,y} = f. Mbl usyunsu crpoenue rpymnst asromopdusmos Gy anrebpst Ilyaccona Py B 3aBu-
cumoctu ot f. ITosHoe ommcanne rpynnsl Gy IPUBENEHO JJIsi MHOTOYIeHa f paHra MeHbIle MM PpaBHO 1.
Bce asrebpnr B nanHoil paboTe pacCMOTPEHBI HaJ[ IIPOM3BOJIbHBIM IoJieM k xapakrepuctuku 0.

Kmouesvie caosa: amnrebpsr [lyaccona, aarebpbl MHOTOUIEHOB, aBTOMOP(MU3MBI, TOMOJHUTEIbHAST CTPYK-
Typa.

Cepust «Maremarnkas. Ne 3(87)/2017 123



U. Turusbekova, G. Azieva

124

References

Czerniakiewicz, A.G. (1971). Automorphisms of a free associative algebra of rank 2, I, 11, Trans. Amer.
Math. Soc., 160, 393-401; 1972, 171, 309-315.

Jung, HW.E. (1942). Uber ganze birationale Transformationen der Ebene. Journal fur die reine und
angewandte Mathematik, 184, 161-174.

Van der Kulk, W. (1953). On polynomial rings in two variables, Nieuw Archief voor Wiskunde, (3)1,
33-41.

Makar-Limanov, L.G. (1970). Ob avtomorfizmakh svobodnoi alhebry s dvumia obrazuiushchimi [On
automorphisms of a free algebra with two generators|. Funktsionalnyi analiz i ego prilozheniia — Functional
analysis and its applications, Vol. 4, 3,107, 108 [in Russian].

Makar-Limanov, L., Turusbekova, U. & Umirbaev, U. (2009). Automorphisms and derivations of free
Poisson algebras in two variables. Journal of Algebra, 322, 3318-3330.

Makar-Limanov, L., Shpilrain, V. & Yu, J.—T. (2007). Equivalence of polynomials under automorphisms
of k[z,y]. J. Pure Appl. Algebra, Vol. 209, 1, 71-78.

Makar-Limanov, L. (1984). On automorphisms of Weyl algebra. Bulletin de la SMF, Vol. 112, 359-363.

Becrnuk Kaparanmauickoro yHuBepcuTeTa



ABTOPJIAP TYPAJIBI MOJIIMETTEP
CBEJIEHINA OB ABTOPAX
INFORMATION ABOUT AUTHORS

Aitenova, M.S. — Candidate of physical and mathematical sciences, Associate Professor of the Higher Mathe-
matics Department, Karaganda Economical University of Kazpotrebsoyuz, Kazakhstan.

Akishev, G. — Doctor of physical and mathematical science, Ye.A.Buketov Karaganda State University,
Kazakhstan; Institute of Mathematics and mathematical modeling SC MES RK, Almaty, Kazakhstan.

Arinov, E. — Candidate of physical and mathematical sciences, Doctor of physical and mathematical sciences,
Professor of «Nature Science» Department, O.A.Baikonurov Zhezkazgan University, Kazakhstan.

Attaev, A.Kh. — Candidate of physical and mathematical sciences, Head of department computer-aided
design mixed systems and control, Scientific research institute of applied mathematics and automation,
Kabardino-Balkar scientific centre of the Russian academy of sciences, Nal’chik, Russia.

Azieva, G. — Master, Senior teacher of Department «Informatics and applied Economics», Kazakh University
of Economics, Finance and International Trade, Astana, Kazakhstan.

Bakirova, E.A. — Candidate of physical and mathematical sciences, Leading Researcher, Associate Professor,
Institute of Mathematics and Mathematical Modeling SC MES RK, Almaty; Kazakh State Women’s
Teacher Training University, Almaty, Kazakhstan.

Beisenova, D.R. — Doctoral student, Faculty of Mechanics and Mathematics, L.N.Gumilyov Eurasian Natio-
nal University, Astana; Ye.A.Buketov Karaganda State University, Kazakhstan.

Bekjan, T.N. — Professor, Xinjiang University, Urumchi, China.
Fazylov, K.K. — PhD, Regional Cultural and Educational Center, Morden, Canada.

Ibraev, Sh.Sh. — Candidate of physical and mathematical science, Head of the department of Mathematics,
Computer science, Information Systems and Design, «Bolashaks University, Kyzylorda, Kazakhstan;
Institute of Mathematics and Mathematical Modeling of the SC MES RK, Almaty, Kazakhstan.

Iskakov, K.T. — Doctor of physical and mathematical sciences, Professor, L.N.Gumilyov Eurasian National
University, Astana, Kazakhstan.

Iskakov, S.A. — PhD students of the 1st year of study, Ye.A.Buketov Karaganda State University, Kazakhstan.

Iskakova, G.Sh. — Candidate of physical and mathematical sciences, Associate Professor of the Depart-
ment «Mathematical Analysis and Differential Equations», Ye.A.Buketov Karaganda State University,
Kazakhstan.

Kadirbayeva, Zh.M. — Candidate of physical and mathematical sciences, Associate Professor, Leading Rese-
archer, Senior teaching, Institute of Mathematics and Mathematical Modeling SC MES RK, Almaty,
Kazakh State Women’s Teacher Training University, Almaty, Kazakhstan.

Karbenova, N.G. — Undergraduate, L.N.Gumilyov Eurasian National University, Astana, Kazakhstan.

Karipbaev, S.Zh. — PhD, Academy of Civil Aviation, Head of the Department, Aviation Technology and
Technology, Almaty, Kazakhstan.

Khassenova, Z.T. — Doctoral student, L.N.Gumilyov Eurasian National University, Astana, Kazakhstan.
Kussainova, A.T. — Doctoral student, L.N.Gumilyov Eurasian National University, Astana, Kazakhstan.

Mayemerova, G.M. — PhD, Senior teacher, Al-Farabi Kazakh National University, Almaty, Kazakhstan.

Cepust «Maremarnkas. Ne 3(87)/2017 125



Medeubaev, N.K. — Master of mathematics, Senior lecturer of the Chair of Professor T.G.Mustafin algebra,
mathematical logic and geometry, Ye.A.Buketov Karaganda State University, Kazakhstan.

Minglibayev, M.Zh. — Doctor of physical and mathematical sciences, Professor, Al-Farabi Kazakh National
University, Almaty; V.G.Fessenkov Astrophysical Institute, Almaty, Kazakhstan.

Nurlanova, B.M. — Master of engineering and technology, Senior lecturer of the Chair of Professor
T.G.Mustafin algebra, mathematical logic and geometry, Ye.A.Buketov Karaganda State University,
Kazakhstan.

Ospanov, K.IN. — Doctor of physical and mathematical sciences, Professor of the department of fundamental

mathematics, L.N.Gumilyov Eurasian National University, Astana, Kazakhstan.

Ramazanov, M.I. — Doctor of physical and mathematical sciences, Professor, Ye.A.Buketov Karaganda State
University, Kazakhstan.

Sartayev, K.Z. — Higher Doctorate Technical sciences, Professor in the Department «Transport», K.I.Satpa-
yev Ekibastuz engineering-technical institute, Kazakhstan.

Seytmuratov, A.Zh. — Doctor of physical and mathematical sciences, Professor, Dean of the Pedagogical
Faculty, Korkyt Ata Kyzylorda State University, Kazakhstan.

Tleulesova, A.B. — Candidate of physical and mathematical sciences, Senior teaching, Associate Professor,
L.N.Gumilyov Eurasian National University, Astana, Kazakhstan.

Turusbekova, U. — PhD, Senior teacher of Department «Informatics and applied Economics», Kazakh
University of Economics, Finance and International Trade, Astana, Kazakhstan.

Yesbayeva, D.N. — Research assistant and translator for business development management, «Shanghai
Factory-Amigo EC Technology» Co., Ltd, China.

Yeshkeyev, A.R. — Doctor of physical and mathematical science, Ye.A.Buketov Karaganda State University,
Kazakhstan.

Yessenbayeva, G.A. — Candidate of physical and mathematical sciences, Associate Professor of the Chair
of Professor T.G.Mustafin algebra, mathematical logic and geometry, Ye.A.Buketov Karaganda State
University, Kazakhstan.

Zhetpisov, K. — Candidate of physical and mathematical sciences, Associate Professor of Information Systems,
L.N.Gumilyov Eurasian National University, Astana, Kazakhstan.

Zhumabek, T.M. — Master student of the second course, Al-Farabi Kazakh National University, Almaty,
Kazakhstan.

126 Bectnuk Kaparanmauickoro yHuBepcuTeTa





