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MATEMATUKA
MATHEMATICS

VIIK 517.95

2K.A. Bankuzos

Hnemumym npuraadnot mamemamury u asmomamusayuu Pedepasvrozo 2ocydapemeeriozo 61002cemmno20 HaywHo20
yupeotcdenus «Pedepasvhoili nayunnt yernmp <«Kabapduno-Baarkaperuti waywhowl yenmp Pocculickoli axademuu Hayks,
Hanavuux, Poccus
(E-mail: giraslan@yandez.Tu)

KpaeBaﬂ 3aJa4a OJId YpaBHEHHUA TPETbhbEro rnopadiakKka ¢ HeJIOKaJIbHbIM
yciaoBueM 110 BpeMeHN

B koHe4uHOIT TpsMOyTo/IbHOM 00J1aCTH PACCMOTPEHA OJHO3HAYTHAS PA3PENIUMOCTDh HEJIOKAJIHLHON KpaeBoil 3a-
Jadd JJI ypaBHEHUsI TPETHEro MOPdAAKa C KPATHBIMU XapaKTEPUCTUKAMH, C YCJIOBUAMH NEPUOIAUIHOCTUA
10 BpeMeHU. KInHCTBEHHOCTD PelleHns MCCIeIyeMOll 3aa4n TOKa3aHa C MCIOJb30BAHUEM METOA AIllph-
OPHBIX OIIEHOK. MeTo/0M pa3/esieHus IepeMeHHbIX /I 9aCTHOT'O CJIydasi UCCJIeLyeMOil 3a/[a4u ITOCTPOEHO
pemerne B Bue psiga Oypbe mo cobcTBeHHBIM DYHKIUIM 3a1a49u. VccmemoBana paBHOMEpHasI CXOIUMOCTh
MOJIyYE€HHOI'O PEIICHUdA U €ro NPOU3BOAHBIX IOPANKA, BXOAAINUX B ypaBHCHUE.

Kmouesvie crosa: HeTOKaIbHAasS KpaeBas 3a/ada, allpUOpHAs OIEHKa pereHnsi, meton Pypbe, 3amada Ha
coOCTBEHHBIE 3HAUYEHUSI, COOCTBEHHBIE 3HAYEHUS U (DYHKINH 33241, PABHOMEPHAs CXOJUMOCTD Psi/ia, HEeIIpe-
PBIBHOCTH (DYHKIIMH U €€ IIPOU3BO/HBIX.

Beedenue

B upsimoyrossroit obamactu D = {(z,y): 0<z <7, 0<y < h} eBKINIOBOI IJIOCKOCTU TOUeK 2z = (x,Y)
PACCMOTPHUM ypaBHEHHE

Lt = e (2) + 0(2) g (2) + @1 (2) o (2) + ba(2) 1y (2) + b1 (2) uy (2) + bo (=) u = —f(2), (1)

rae ai(z) = a;(z,y) (i=1,2), bj(2) = bj(z,y) (j=0,1,2), f(2) = f(x,y) — 3ananHble GYHKINUN U3 KIacca
ai(z) € CL (D), bj(z) € C} (D), f(z) e C(D),au(z) = u(x,y)— uckomas dyuxmys.

VYpasuenue (1), koropoe B monorpaduu [1; 132] HazBaHo ypaBHEHUEM TPETHETO IOPSJIKA ¢ KPATHBIMU XapaK-
TEPUCTUKAMM, OTHOCUTCS K ypaBHeHuto rnapabosmaeckoro tuna [2; 72]. Kak nokazauno B [3], suneitnoe nputiu-
JKEHHE PACIIPOCTPAHEHUS HEJMHEHHBIX 3BYKOBBIX BOJH B JKHJKOCTHU ITPH KABUTAIIAN OIHCHIBAETCS yPABHEHUEM
suga (1) mpu be(z) = 0. B paGorax [4-7] u3yueHbl JIOKAIbHASI, HEJOKAJIbHASI U OOIME KPAEBble 3aJa9M JJIsi
ypasaetrnus (1) B cayuae, korya koadduiment be(z) = 0.

B paborax [8-10] pazaugabiMu MeToaMU Oy YeHbl (DyHIAMEHTAIbHbIE PEIIEHUs MOJIEIBHOIO YPABHEHMsI
TPETBEro MOPAIKA ¢ KPATHBIMU XapaKTEePUCTHKAMI BHIA

Uzza(2) = Uyy(2) =0, (2)

a TaK¥Ke U3yYeHbl CBOUCTBA II0JIyYeHHBIX PENIeHUil U, B 9aCTHOCTH, [OJLyYEHbI OIEHKH [TOCTPOCHHBIX (DYHIaMEH-
TAJBLHBIX PEITIEHUH W X ITPOU3BOIHBIX.

Kpaesble 3aaun s ypasaenuit Busa (2) u (1) upu be (z, y) # 0 Kak B OrpaHUYEHHON, TAK U B HEOIDAHMU-
4yeHHO} 06acTaX u3ydensl B paborax [11-16].

8 Becruuk Kaparanmauickoro yHuBepcuTeTa



Kpaepas 3agaqa st ypaBHEHHST . . .

Iocmanosxa 3adavu

Perynsapubim B obsacru D perenvem ypashenus (1) nazosem dyskimio u (z) =wu (x, y) u3 Kiacca
C (D) NC2 (D), npu noacraHoBKe KOTOpoii ypasuenne (1) oGpaiaercs B TOXKIECTEO.

B manHoit pabore ucciemyeTcst cieLyomasi

3adawa A. Tpebyercss wuaiitu perynspuoe B obgacru D pemenue ypaBuenust (1) w3 kiacca
u(x,y) € Cj (DU{y =0} U{y=h})NC2(DU{x=r}), yioB1erBopsiomiee KPAeBbIM YCIOBHUIM

U(O, y) =0, ug (Oa y) =0, Uz (7“, y) - au(Ta y) =0, O<y< R (3)

u(z,0)=u(z, h), uy(z, 0)=uy(z, h), 0<z<r, (4)

r7Ie o = const — 3aJaHHOE JIefiCTBUTEIHLHOE YHCJIO.
Eoduncmesennocmy pewenus 3adavu A

O6o3HaunM
(w.vhy = [uo@)dedy, Jull = vy = [ () dedy.
D D
CrpaBenmBa CJIeIyomast

Teopema. ITycmob koapdpuyuenmu a;(x,y) (i =1,2), bj(z,y) (j =0, 1, 2) o marosvi, wmo obaadarom ceot-
cmeamu

as(z,y) >0, be(x,y) >0 V (z,y) € D; (5)
202 (2,Y) + bayy (2, y) — a1z (z, y) — biy(z,y) +2bo (2, y) <0 V (z,y) € D; (6)
ase (1, y) —ay (r,y) —2a >a3(r,y) VYV y€[0,h]; (7)
by (x, h) = by (x, 0), boy (z, h) — by (x,0) > by (2, h) — b1 (x,0) V x€]l0,r]. (8)
Torna ayia pemenus u(z) = u(x,y) 3a1a9u A uMeeT MECTO SHEPreTHIECKOEe HEPABEHCTBO
[u(2)llo < CNIF o> (9)

rie C' — HOJIOXKUTEIbHAS [IOCTOSIHHASL, HE 3aBUCSIIAsl OT UCKOMOl DyHKIWH u(z).
Joxasamesvemeo. O6o3naanm yepes D, = {(z, y) : e<z <r—e, e <y < h— €}, TJe € — IPOU3BOJILHOE,
JOCTATOYHO MaJIoe TOJIOKUTETbHOEe Jucyo. s ucxomaoro oneparopa Lu CipaBeIIuBO TOXKIECTBO

_9Q() _ oP(:)
dx dy

2u Lu + apo(2) u? — 2a(2) Ui — 2ba(2) ui, (10)

rue
P(z) = [bay(2) — b1(2)] u? — 2by(2) UUy;
Q(2) = [a1(2) — a2:(2)] ¥ + 2 U tyy + 2 a2(2)uuy, — u2;
ago(2) = Aogz(2) + bayy (2) — a14(2) — biy(2) + 2bo (2) .

Nurerpupys Toxaectso (10) o Bcnomorarebaoii obaactu D, a 3aTeM NPUMEHs K IOy Y€HHOMY PABEHCTBY
dopmyity I'puna, Oymem umeThb

2 /uLud;Udy:/P(:r,y)dm—f—@(x,y)dy"‘
D, e

—|—/ [a00(2)u® — 2as(2)u2 — 2b2(z)u§] dxdy = —2/u(z)f(z)dx dy, (11)
D. D.

rae I'. — rpanuiia BCroMoraTeabHoM obmactu D..
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Iepetinem B pasenctse (11) k npemeny npu € — 0. Jlerko 3ameruThb, 9T0 1IpU 3TOM 061acTh Dy HEPEXOIUT
B D. Torua, ¢ yueroMm rpanudnbix ycjaoBuit (3), (4), mosydnm

T

-2 (u, f)g=2 / [b2 (z,h) — b (x,0)] u (z,0) uy (z,0) dz+
0

T

+ / [bay (z,0) — by (z,h) + by (x,h) — by (z,0)]u? (z,0) dz+
0

T

+ / (20 + a1 (1, y) — ase (r,y)) u? (r,y) + 2a2 (r,y) u (r,y) ug (r,y) — u2 (r,y)] dy+
0

+/ [aoo(z)u2 — 2az (2) u2 — 2b2(z)uzﬂ dedy=1 — I, — Is — I. (12)
D
U3 ycooBusg (8) TeopeMbl cieyer, 9To

T

I :2/[b2 (z,h) — b2 (z,0)] u(z,0) uy (z,0) dz = 0.
0

Torna pasencrso (12) nepenuriercs B ciaeyiomeii dhopme:

/bgy (z,h) — bay (x,0) + by (z,0) — by (z, h)]u? (z,0) do+
0

—l—/ [ui (r,y) — 2as (ryy) u (r,y) ug (1,9) + (ase (r,y) — a1 (r,y) — 20) u? (7, y)} dy+

+/ [2a2(2)u + 2bs (2) up — ago(2)u’] d dy. (13)
D

B cuty ycnosuit (7) u (8) Teopembl ClpaBe jIuBbl HEPABEHCTBA

T

I, = / [bay (z,h) — bay (x,0) + b1 (z,0) — by (z, k)] u? (z,0) dz > 0;

(r,y) = 2a2 (r,y) u (r,y) ug (r,y) + (a0 (r,y) = a1 (r,y) = 20) w? (r,y)] dy > 0,

o\

a B cuity ycjaosuii (5) cnpaseniuso

Iy = / [2a2(2)ul + 2bs (2) ul — ago(2)u’] dw dy > —/aoo(z)uz(z)dxdy.

D D

C yueToM moJIyIeHHBIX Bbile HepaBeHCTB u3 (13) Haxomum

2 2, 1 2
mlullg <2 (u, £y < e llullg + o 1 £1lg s

rme m = min |ag(z)] = HllIl |@2gz (2) + bayy (2) — a12(2) — biy(2) +2bo (2)|; €1 — mocraTouno Masoe
(z,y)€D (z,y)€D
[TOJIOZKUATEIBHOE THCJIO.
Boibupas €1 = 5 U3 HOC/IeIHEr0 HEPABEHCTBA, IPUXOIUM K anpuopHoii onenke (9). Teopema gokazana.

U3 anpuopnoii onesku (9) BbITEKAET eIUHCTBEHHOCTh PErYJISIPHOIO PeIleHHs] UCCIIeyeMoil 3aa4au A.
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Cywecmeosanue pewerus 3adauy A

Jasee mepeiijieM K MCCIIEIOBAHUIO BOIIPOCA O CyIecTBOBaHun perterns 3aa4qu A. CyriecTBoBaHne pereHmst
sagaun (3), (4) mus ypasrenust (1) GyjaeM JOKa3bIBaTh C UCIOJB30BAHMEM METO/A DA3/IEJICHAs] IEPEMEHHBIX
(meToma @ypbe) J1s 9acTHOrO ciiydas ypasuenns (1), Korma

by (z,y) = A = const, by (z,y) =p=const, a1(z,y)=az(x,y)="0b (z,y) =0.
VenoBus (5)—(8) npu 9moM GYIyT BBIIOJHEHBI, €CIIH
A>0, <0, a<0. (14)

IIpu coenaHHBIX TPEIIOIOKEHNIX OTHOCUTEIbHO Koabdunuentos a;(z) = a;(z, y) (i =1, 2), b; (2) = b;(z, y)
(=0, 1, 2) sagaqa (1), (3), (4) nepexomutr K ciaeaylomeil 3a1ade:

Uggr + AUy + pu=—f(z,y), (x,y) € D; (15)
w(0,y) =0, uz(0,y) =0, ug(r,y)—au(r,y)=0, ye0,h); (16)
u(z,0)=u(z, h), uy(z,0) =uy(z, h), z€(0,7). (17)

Brauasie nosnoxum, aro f(x,y) = 0. Pemenne 3anaan (15)—(17) umem B BuIe

u(@,y) = X(2)Y (y) . (18)

Moncrasnss (18) B (15), ¢ yaerom ycsopuit (17), npuxoauM K Cieayomei 3aj1ade Ha cOOCTBEHHbIE 3HAYEHMUSI
OTHOCUTEBHO Y (Y):
Y7 (y) +0Y (y) =0; (19)

Y(0)=Y(h), Y'(0)=Y'(h). (20)

ITpn 6 < 0 3a7a4a (19), (20) mMeer TosbKO TpuBHAsbHOE pemenue Y (y) = 0.

Iycrs @ = 0. B srom ciayuae dbynknus Yy (y) = 4, rae Ag = const, sistercst cobeTBeHHOM (byHKImeit
zajadn (19), (20), coorBercrByOmIEil cobcTBeHHOMY 3HavYeHHIO 0y = 0.

U, nakowner, npu 6 > 0 cob6crBeHHble 3HaUeHns 3a1a4u (19), 20) GyayT umeTs B

o~ (277) . Lew
n — h, bl b

a cobCTBEHHBIMU (DYHKITUSIMUA, COOTBETCTBYIOIIUMU COOCTBEHHBIM 3HAYEeHUIM 0, OyIyT

2 2
Y, (y) = A, cos (?y) + B, sin <7}|’Ln y) .

2mn
h

y) ; sin (%T” y) }ZOZI 0o0pa3yeT MOJHYI0 OPTOrOHAJIBHYIO

Jlerko 3ameruTh, UTO crucreMa (OYHKIHIA {%, cos(
cucremy B L0, h).

ycrs reneps f(x,y) # 0. Pemenune neognopoanoro ypasuenus (15) 6yuem uckars B Buge paga @ypbe 1o
cobcTBeHHBIM byHKIuAM 3a1a4u (19), (20)

AOQ("’”) v g {An(x) cos (Ty) + By(2) sin (27;” y)} (21)

riue Ao(x), An(z), Bp(x) — 10Ka HemsBeCTHDBIE JTOCTATOYHO Tyiajkue MyHKIHUH.
Ipeamnosnoxum, uro mpasast 9actb f(x,y) ypabrenust (15) nomyckaer pasioxenue B psig @ypre mo cob-
crBennbiM bynknuam 3agauu (19), (20):

Flay) = 3 {Fn(x) cos (T;,) + @, () sin (27;" y)] (22)

n=1

u(w,y) =
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h h

rie Fo(z) = 2 [ f(z,y) cos (B2y) dy, @, (z) =2 [ f(z,y)sin(E2y) dy, n=0,1,2, ..
0
o

0
Ioxcrasmis (21) B ypasHenue (15), ¢ yuerom (22), IpuxoguM K PABEHCTBY

A/// e ) )
Z [A”’ cos 7;-Lny> + B! (x) sin (2” y)] —

-2 f: (%hn>2 _An(x) cos (27rhny> + B, () sin (27;” y) +
)_

= 2 2
+5 Ao(2) + 1 > | An() cos (Ty) + Bn() sin (Zny =
n=1 "
 Fa) 2rn . (27n \]
= 5 ; Fn(:c) cos (h y) + ®,(z) sin (h y)_.

U3 nocienuero paBeHcTsa, ¢ ydaeroM ycsosuil (16), npuxoquM K CJepyonuM 3a1a4aM OTHOCUTEIbHO HCKOMBIX

bynxmit AO(‘r)7 An(x)7 Bn<x)

A (@) + pAo(w) = —Fo (2); 0<z <7 (23)

Ao (0) =0, AH(0)=0, A (r)—ado(r) =0; (24)

AL (@) + 1 An() — A (27;“>2 An(@) = —Fu(2), neN, 0<z<r; (25)
A, (0) =0, A, (0)=0, Ay (r) —ad,(r)=0; (26)

B (z) + uBn(z) — A <22n)2 By(z) = —=®,(z), neN, 0<z<r; (27)
B, (0)=0, B,(0)=0, Bl (r)—aB,(r)=0. (28)

Pemenus 3amaa (23-28) BeinmuchiBaoTCst 10 hbopMyJIam

—/Gn(:c, t) &, (t) dt, neN,

rue G, (z, t) — dyuakuus 'puna oneparopa
Llg] = ¢" (z) — wy g(x)

C YCJIOBUSIMU
9(0)=0, ¢ (0)=0, ¢"(r)—ag(r)=0,

SABHBIIT BUJ] KOTOPO# ompeiesisieTcs: (hopMyIoit

[e“n® — 2¢~ "% sin (knz+F)] atn, 0<z <t

G (@, 1) = [en® — 2755 sin (kp 2+ %)] ain + 527 [e@) =2~ F @D sin (k, (- 1) + Z)],
t<xz<r.

BLLeCBwi:)\(%T")27u>O,Hn—‘f ;

(w2 — @) enr=D 4202 e= T cos (ky (r—t)) + 2ae” 27 cos (ky (r —t) — T)

3w [(W2 —a) ewn” +2w2e” "5 cos(knr) +2ae” "5 cos(kpr— %)

A1n = —
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Toncragasist 3Hagenust Ag(x), A, (x), Bn(z) B (21), HAX0MMM

u(z,y) = — /%@t% ZL/ nmﬁm%ﬁ%%
/ o

T

+ /Gn (z,t) @, (t) dt sin (27rhny> . (29)
0

C yuerom zuavenuii Fy(z), F,(x), @, (z) u3 (29) npuxoqum K CieAyiomeMy [PeICTABICHUIO PEIEHUs UCCIIe Y-
emoii 3amaun A:
h

_ %//Gxty_gfagﬂm (30)

0
rie

G (z, t;y—s)z%Go(x, t)—l—ZGn(m, t) cos(zzn (y—s)).

n=1

ITokazkem, 9T0 3HAMEHATEIH

wn T wn T T
A= (w2—a)e " +2wlie” = cos(k,T)+2ae” 2 cos (nnrf g)
koaddunuenrta ay, (t) He paBer Hyso. st 3TOro pacCMOTPUM OJHOPOIHYIO 331449y

Ligl=¢"(x)—wlg(x)=0, 0<az<r (31)

C YCIIOBHAME
g(0)=0, ¢ (0)=0, ¢"(r)—ag(r)=0. (32)

Ymuoxas ypasaerue (31) ckansipHo Ha dbyHkuio g(z), ¢ yuerom ycmosuii (32), Haxomum

0 0

Tax kak o < 0, a w> > 0, To MOC/IE/HEEe PABEHCTBO MOXKET UMETh MECTO B TOM U TOJBKO B TOM CJIydae, KOTJIa
g(x) =0, 1 e. ogHOpoaHAs 3ama9a (31), (32) nuMeeT TOIBKO HYJIEBOE PEINICHHE.
C npyroit croponsl, obiiee pelenue ypasHeHnst (31) MOXKHO IPEJICTABATH B CJIELYIONEM BUJIE:

g(z) = (Z’)—i—\l/g)w% {(2 evnT 4 (1 + \f) 5 cos (knx) + (1 — \/§> e sin(/@nx)) wlep +

wnT

+ (e“"$ —e 2 cos(knx) + (2 + \/5) e” % sin (nnx)) Wy C2+
+ (\/ge‘”"‘” —V3e 5 cos (knz) —3e % sin (/{nx)) 03} . (33)
Vaosnersopss (33) ycaosuam (32), HAXOQUM, 9TO

=0, co=0;

[(wi —a) e 4202 e E cos (k) +2ae” F cos (nnr - g)} c3 = 0. (34)

Ecin A = 0, To, kKak BunHo u3 (34), mocrosiHHas c¢3 OyjueT IPOU3BOJBHOI U 1oaToMy 3azada (31), (32) Gymer
UMeTh HeTPUBHAJILHOE PEIeHUe BHIA

1

" A

(e“’"“" — e 7% cos (kpx) —V3e F sin (nnx)) cs.
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OzHako BbINIE JIOKA3aHO, 9TO OmHOPOAHas 3ajgada (31), (32) mmeer ToabKO HyseBoe pemienue. llosrydeHnoe
MIPOTUBOPEYNE JTOKA3LIBAET, UTO

A= (wp —a) e 42wk e” F cos(knr) 4+ 20 TF cos (f@'ﬂ"—%) #0,

u, craJio 6biTh, npu yciaoBusx (14) cymecrByer exuncrsennas yukius 'puna Gy, (z, t) 3agaaun (31), (32).
Takum o6paszom, Gopmyra (30) gaeT npecTaBIeHne eIUHCTBEHHOTO pellleHnst 3aaadn A st ypasHerust (1)
B ciyuae, Korga koadduruentsl a; (x, y) = as(z,y) = b1(z,y) =0, a

—_

10

11

12

13

14

15

16

14

ba(z,y) = A=const >0, bo(z,y) =p=const <0, «a<0.
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YakpIT O0iibIHITIA OeiJIOKaJIAbI IITapTTaphbl 0ap YHIIHII PeTTi
TeHJIey YIIIiH INeTTIK ecemn

MakaJjiaga TiKOYPBIIITEI MEKTI 00JIBICTa YaKbIT OOMBIHIIA IEPUOATHI IIIAPTTHI, €Cesli CHIAaTTAayIIbLIaphl 0ap
VIIHIN peTTi TeHAey YIIH O6efIoKaIIbl MIEeTTIK ecenTin 6ipMOH/l MIEITiMIIr 1pJresieHreH. AnpropIis
OaraJiay 9/IiCiMeH 3epTTeJIi OTBIPFAH €CEIl IMIEINMIHIH XKAJFbI3AbIFbL JoJIe/eHTeH. bepinaren ecentiy mep-
Oec »Kargaibl YIIiH alfHBIMAJIbLIAP/IbI OOJIIKTEY 9/1iciMeH ecenTil, MeHIIIKTI pyHKIusIapbl boiibiaira Oypbe
KaTapsl TypiHze memiMi Tabburral. AJIBIHFAH IIENIIMHIH, CAJIGIHFAH MIENIyi MEH TEeHJIeyTe €HTi31IreH TybIH-
JBLIAPBIHLIH OiPKAJIBINTEL }KUHAKTBIIBIFE] JKaH-2KAKThI 3€PTTEJIIeH.

Kiam cesdep: GeilsToKaIIbI MIETTIK €CEI, MIEMIIMHIH ampuopJIbIK Oarajganybl, @ypbe ojici, MEHIIKTI MOH-
Jepre KOWBLIFAH ecell, eCenTiH MEHIIKTI MOHJIepI MeH MEHIIKTI (yHKIHUIAPhl, KATap/IblH 01 pKAJIBIITHI
JKUHAKTAJIYbI, (DYHKIUsT MEH OHBIH TYBIH/IBICHIHBIH OafIaHBICHL.

Zh.A. Balkizov

A boundary value problem for a third-order equation with a
nonlocal condition for the time

At the end of the rectangular area in the unique solvability of a nonlocal boundary value problem for a
third-order equation with multiple characteristics with the terms of the frequency with respect to time.
Uniqueness of the solution of the problem is proved by the method of a priori estimates. The method of
separation of variables for the particular case of the problem solution is constructed in the form of a Fourier
series in eigenfunctions of the problem. Studied uniform convergence of the solution and its derivatives of
order, included in the equation.

Keywords: nonlocal boundary value problem, a priori estimate of the solution, Fourier method, the problem
on their own values, their own values and tasks functions, uniform convergence of the series, the continuity
of the function and its derivatives.
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HpI/IMeHeHI/Ie MeEeTOoJ0B MaTeMAaTUYEeCKOII CTAaTUCTUKI AJIdA
OIITNMMMN3aln COCTaBa 3aIINTHBIX HOKprTI/Iﬁ

B crarpe meromom mMaTeMaTHdecKoOil CTATHUCTUKH OIPEJIEIEHO ONTUMAIbHOE COMIEPYKAHUE B MOJTUMEPHOM
KOMIIO3UTHOM Marepuajie MOJIUMUKATOPA, YIbBTPAJMCIEPCHOIO ajIMa3a U MEJIKO3EPHUCTOrO HAIIOJHUTEJIS
KapboHaTa JuTHSA I (POPMUPOBAHUS AJATE3UOHHOTO M (DYHKIIMOHAJBHOTO CJIOEB 3AIUTHOTO TOKPBITHUSI.
B mpomnecce skcnepuMenTa ObLIO M3y9IEHO BaMsHME TPeX (GakTopoB (comepkanue 06aBOK) Ha (PU3UKO-
MexaHudecKue (MOJy/Ib yIPYroCTH Ipu u3rube, yJapHas BA3KOCTb) U TelIodu3ndeckue (TerIocTORKOCTD
no MapreHcy, Tepmudecknil k03bOUIMEHT JIMHERHOTO paCIIMpeHUsi) CBOWCTBa KOMIIO3MTOB. JlokasaHa
aJIEKBATHOCTD ITOJTyYEHHBIX MOJIEJIEH U COTVIACOBAHHOCTH WX C PE3YJIbTATAMHU ONTUMHU3AINY [0 KPUTEPHUIO
JKeJIaTe/IbHOCTH.

Karouesvie crosa: mareMarudeckast MO/1eJIb, HOJ'II/IMeprIfI KOMIIO3UT, MaTpula, HallOJTHUTEJIb, MO,HI/ICbI/IKa-
TOP, 3al[UTHOE MOKPLITHUEC.

Beederue

DKCIEpUMEHTAIBHBIE UCCIIETOBAHNS, CBA3AHHBIE C ONTUMU3AIMEN COCTaBa 3AIUTHBIX IOKPBITUI, SIBJISTIOTCS,
KaK TPABIIO, MHOrO(MAKTOPHBIMU (ONTUMHU3AINS CBOWCTB KOMIIO3UTOB U COZIEPKAHMe HanosHuTesed). Merospt
MaTeMaTHYIECKOH CTATUCTUKY TO3BOJISAIOT aJeKBATHO OIEHUTh COJIeprKaHne HECKOJIBKAX KOMIIOHEHTOB Pa3/IuIHON
JIACIIEPCHOCTH € yY€TOM TEXHOJIOTHIECKUX (PAKTOPOB M KOMILIEKCa, (PU3NKO-MEXaHUIECKUX U TEILTOMDUIUICCKAX
cBoiicTs [1-3]. B pabGore MeTOIOM MaTEMATHIECKON CTATUCTUKY OIIPEIEJIsJIA OUTUMAJILHOE COIEPIKAHUE B IIOJIH-
mepHoM KommnosuTHoM Marepuasie (IIKM) monudukaropa (6enzen-1,3-1uaMuna), yIbTPagucIIePCHONO AJIMa3a U
MEJIKO3EPHICTOrO HAIIOJTHATEI KapboHaTa JuTus Jjisa (hopMUPOBaHHs aAre3UOHHOr0 U (byHKIIMOHAILHOTO CJIO-
€B 3allUTHOrO HOKPbITUs. 1lesb paboThl — METOJOM MaTeMaTHYeCKOH CTATHCTUKH OIpPEIe/INTh ONTUMAJIbHOE
coslepyKaHue B MOJUMEPHOM MOKPBITHU JIUCIIEPCHBIX HHIPEINEHTOR.

Mamepuansv, uccaedosamus

B Bume ocuoBbl futst cBasyiorero mpu dpopmupoBanuu [TKM ucmonb30Bain SMOKCUIHBIN TUAHOBBIN OJTUTO-
mep mapku D/I-20 (TOCT 10587-84), KOTOPBIl XapaKTepU3yeTcsi KOMILIEKCOM CBOICTB: BBICOKOH aire3MOHHOMN
MPOYHOCTHIO K METAJIMIECKONH OCHOBE, BO3MOYKHOCTHIO OTBEPXKICHUS IIPU HU3KUX TEMIIEPATypax, HE3HAUUTE b~
HOH yCaJKOil, OTCYTCTBHEM BBIJECJICHUS JIETYUINX BEIIeCTB IpU (DOPMUPOBAHUY B M3JEJINsI, TEXHOJOTUIHOCTHIO
[P HAHECEHUU Ha, IETAJIU CJIOXKHOTO IPOMUIIA.

B kauecrse momudukaropa uctoibzosanu Geusen-1,3-nmuamun (IB). Moxudukarop BBOAMWIN B CBA3YIO-
mee upu cogepxkanuun or 0,10 mo 2,00 macc.d. Ha 100 macc. 4. smokcugHOro oJsmmromepa J1-20. @opmyia
6enzen-1,3-muamuna nmeer Buy CgHgNo.

Jnst crimBaHUST SMOKCHJHBIX KOMIOBHUIMI HCIIOJIB30BAJIN OTBEpAUTENb nosudTusiernomamud  (II9ITA
(TY 6-05-241-202-78), 4TO 1O3BOJISET OTBEPXKIATH MATEPHUAJBLI 1P KOMHATHBIX Temieparypax. Orsepmiu-
tesib [IDITA aBasercs HUBKOMOJIEKYISPHBIM BEMECTBOM, KOTOPOE COCTOUT U3 B3aNMOCBI3aHHBIX KOMIIOHEHTOB
[-CHy—CHy— NH—|,. PasHble cTasmy CIIUBAHAST MOIETUPOBAIIA U UCCIIEIOBAIA IPU BBEJCHUN OTBEDATEIST
B KOMITO3UIMIO Ipu cojepxkanuu 10 macc. 4. Ha 100 macc.d. snokcuaHoro oauromepa J1-20 ¢ nesbio onpejeie-
HUSI OIITUMAJIBHOIO JIjIsi COOTBETCTBYIOIINX XapaKTEePUCTUK COOTHOIIEHUsI KOMIIOHEHTOB B CHCTEME <«CBsI3YIOIllee
— MoupUKaATOP>.

B Buie HAIIOHUTEIS UCIOIB30BAIN yIbTpaguciepcHbiii amvas (YIA), noaydeHHbii 1pu MOMOIIU JeTOHA-
IIMOHHOTO cuHTe3a. MeToa0M 3JIEKTPOHHON MIUKPOCKOIINH OIIPEJIETUIN PA3Mep JACTHI] aJIMa3a, KOTOPBI COCTaB-
aster d = 4...6 am. YJIA cocrout u3 yraepona (80 ... 88 %), KOTOpBIt B OCHOBHOM HAXOJIUTCS B aaMas3Hol dase.
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JIOTIOTHATEILHO B MaCTHIAX TPUCYTCTBYIOT Kucaopos (10 % u Gombme), Bomopos (0,5...1,5 %), azor (2...3 %) u
oruecrofikuii ocraTox (0,5...8,0 %), KOTOPbIi COCTOUT U3 OKCUIOB, KAPOUIOB U COJIEH PA3HBIX JIEMEHTOB, TAKUX
kak Fe, Ti, Cr, Cu, K, Ca, Si, Zn, Pb u T. 1.

B Buse HAmOJIHATEIIS TAKKE MCIOJIB30BAIM JacTuIlpl Kapbonara smrust (KJI) seprucroctsio 8 ... 10 MKM.
Kapb6onar jmtust — GesIblii MOPOIIOK, MaJIOPACTBOPSIEMBI B BOJE, MPAKTUIECKH HEPACTBOPSIEMBIN B CIUPTE.
Wcrop3ytoT ero npu mIpou3BOACTBE KEPAMUKY, 3AIUTHBIX OKPBITHII KAMED CrOPAHUsI U COIEJI PAKETHBIX J[BU-
raresen, amaJiel, KUCJIOTOCTOMKUX ITOKPLITUA U I'PYHTOBOK JJI QJIIOMUAHUS, JUCTOBOI cTaju, 4yryHa, CTeKJa ¢
MIOBBIMEHHON MTPOYHOCTHIO U CTOMKOCTHIO K aTMOC(hEPHOI KOPPO3UU.

Obcyoicdenue pe3yasbmamos UccAedo8anus,

Ha npenBapuresibHOM 3Tale SKCIEPUMEHTAIBHO UCCIEI0BAIN (DU3NKO-MEXAHUIECKUE U TeIIO(PU3NIECKUe
csoiicta ITKM, momudunuposanmnoro 6ensen-1,3-1naMiIHOM 1 HAIIOJHEHHOTO KAXKJIBIM U3 YKA3aHHBIX HAIOJI-
HUTEEeH PA3IUIHON 3ePHUCTOCTA W (PU3UIECKON MPUPO/bl. i mTpOrHO3UpPOBaHUsT CBOWCTB W ONTUMHU3AIII
cojiepKaHus Kaxktoro HamosauTe s B IIKM mpoBogui nxX cTaTUCTHIECKYH0 00pabOTKY C ITOMOIIBIO ITPUKJIIAJI-
noro makera STATGRAPHICS® Centurion XVI.

s onmcaHusi SKCIIEPUMEHTAIbHBIX JAHHBIX MCIIOJIb30BANA TPEX(AKTOPHBIN MEHTPAJIbHBI KOMIO3UITHOH-
HBII TJIaH POTATA0EIHHOTO THIIA.

B uporecce sKcrepumenTa ObII0 U3YUYEHO BIUsHUE Ha (DU3MKO-MeXaHudIecKue (MOJyJIb YUPYTOCTH [IPH U3-
rube, E, T'Tla; ynapus Bsaskoctb, W, kJI:x/2) n Terutodusuyaeckue (remnocroiikoets no Maprency, T, K; Tepyn-
vyecknii kKoaddunuenT auHeiHOro pacmmupenus, «, 1) csoiicta IIKM Tpex dakTopos: comepKanue Moxudu-
KaTopa OenseH-1,3-1uamMuHa, yJIBTPAIUCIEPCHOIO ajiMa3a U KapOOHATA JINTHSI.

Wcxommble maHHBIE M1 CTATHCTUYECKON 00pabOTKU pe3ysbraroB ucciaenoBanus cBoiicts [IKM mpuseme-
HbI B Tabauie 1.

Tabuuma 1

HNcxomanbie naHHble I CTAaTUCTHUYECKOM 0O0paboTKu
pe3yiabTaToB uccjgaemgoBaHuii cBoiicts ITKM

18

IIepemennbre pakTOpPhI
Yposenb Bappuposanus | Comepxxanue oensen-1,3- Coneprkanue Conepzkanne KapboHaTa
JMaMUHA, YIIBTPAUCIIEPCHOTO JINTHSI,
q1, Macc.d. ajaMasa, gs, Macc.d. q3, Macc.d.
Bepxmuunit 1,75 0,10 5,9
Huxmwmit 0,25 0,05 0,5

B Ttabmure 2 npuBemeHbl HCXOAHBIE JAHHBIE U PE3YIHTATHI PEATN3aIlil MATEMATHIECKON MOIEIIN 110 PEe3Yilb-
TaTraM ucciaenosannsg csoiicrs ITKM.

Tabnuma 2

Ucxonnubie JaHHBbIE U PE3YJILTATHI PEAJIN3AIAN MATEMATUYECKOU MOJEJIN 110 Pe3yJIbTaTam
9KCHEepPUMEHTAJIbHBIX MccijenoBanuii ceoiicts ITKM

DaKTOpHI OTKInKI

Ne onbira q1 (A)7 QQ(B)’ QS(C)v E, W, T, «,
macc.q. | macc.q. | macc.w. | ['la | x/Ix/m? | K | K1

1 2 3 4 5 6 7 8
1 0,1 0,075 10,0 2,8 4,8 352 | 4,3
2 0,25 0,1 17,0 4,1 9,2 360 | 2,7
3 0,25 0,05 17,0 4,2 8,3 358 | 3,0
4 0,25 0,05 3,0 3,8 11,8 364 | 3,0
5 0,25 0,1 3,0 3,8 11,3 364 | 2.8
6 1,0 0,075 10,0 3,6 7,0 358 | 3,4
7 1,0 0,075 22,0 4,0 7,3 354 | 34
8 1,0 0,117 10,0 3,5 6,6 356 | 3,2
9 1,0 0,033 10,0 3,5 6,6 357 | 3,8

Bectnuk Kaparanmauickoro yHuBepcuTeTa



[Tpumenenne MeTOIOB MATEMATUIECKOM ...

1 [ 2 [ 3 | 4 [5 ] 6 [7] 8 ]
10 15 0,075 10,0 | 48 12,9 [ 376 | 3,5
11 1,0 0,075 3,0 43 9,8 370 | 3.3
12 1,75 0,1 170 | 4,0 7.9 368 | 3,0
13 1,75 0,05 170 | 38 8,8 368 | 3.4
14 1,75 0,1 3,0 3,6 8,7 370 | 3,1
15 1,75 0,05 3,0 3,6 9,2 370 | 3,6
16 2,25 0,075 10,0 | 3,0 5,0 353 | 4,0

ITpumenvanue. A, B, C' — ob0o3HaveHre KOHIEHTpanuii q1, g2, g3 (cM. puc. 1).

Juia onpejenenusi 3Ha9MMOCTH (DAKTOPOB MCIIOJIb30BaM KapThl [lapero (puc. 1, a-r) u rpadbuku HOpMAasb-
HOI'O BEPOSITHOCTHOT'O pacipeesenus (puc. 2, a-r).

Anaymz nosrygennbix ¢ nomoripio npukiaaaoro makera STATGRAPHICS® Centurion XVI pesyibraros
CTATUCTUYECKON 0GPaBOTKM SKCIEPUMEHTANBHBIX UCHbITanni dhusnko-mexanndeckux (E, W) u remnobusnde-
ckux (T, «) cpoiicrs TIKM, monudunuposanroro 6eHsen-1,3-1MaMIHOM W HAIIOJHEHHOTO YaCTUIIAMU YJIBTDa-
JIICIEPCHOrO ajiMa3a U KapOoHAaTa JIMTHUS, OKA3bIBAET CJIEIYIONIEe.

Ha xaprax Ilapero (puc. 1, a-r) 1moka3aHo, 9T0 CTATUCTHYIECKH 3HAYUMBbIe 3(PMEKTHI UMEIOT Te (haKTOPbI
U UX covyeTaHus (COOTBETCTBYIONIME MM KOJOHKU Ha Kaprax Ilapero), mepecekarolye BEPTUKAIBHYIO JIMHUIO —
95 %-y10 JIOBEPUTEIBHYIO BEPOATHOCTD. TaKKe aHAJM3 MOJYYEHHBIX I'PAUKOB JTUATHOCTHKHA OMIMOOK IIPOrHO-
3a 3HaueHnit (puec. 2, a-T) MoOKasbiBaeT, uTO (bAKTOPhI U COYETAHUsl, KOTOPbIE CYIIECTBEHHO OTKJIOHSIFOTCSI OT
MPsIMOIl HOPMAJILHOTO PACIPEJIEIEHSI, SIBJISIIOTCS 3HAYMMBIMU B MATeMaTHIeCKOU MOIE/H, B OTJIUYNe OT JIPY-
rux (paKTOPOB, PACIOJOXKEHHBIX HEIIOCPEICTBEHHO BO3JIE MPSMON PACIPEIeeHUs. DTU PE3yJIbTAThI SIBJISIOTCS
MMOITBEPKACHIEM BBIBOJIOB O 3HAYMMOCTH (DAKTOPOB MATEMATHIECKON MOJENH, CAETAHHBIX C IIOMOIILIO KapPThI
ITapero (puc. 1, a-r).

HCK.HIO‘«II/IB HE3HAYUMbIE ¢)aKTOpr " coYeTaHUsd, ITOJIYINUJIN ITOBEPXHOCTU OTKJINKaA JIJIA CbI/ISI/IKO—l\leXaHI/ILIeC—
kux (T, @) u remnodusnyecknx (T, a) coiicts IIKM. Pesysbrarhl crarucTrdeckoii o6paboTKN IKCIEPUMeH-
TAJbHBIX JAHHBIX IPEJICTABICHBI OBEPXHOCTSMU OTKJMKA (pUC. 3, a-I'), a TakyKe KOHTYPHBbIMHU rpadukamu
(puc. 4, a-r).

Maremarudeckre MOJEIHN PACCMATPUBAEMBIX (DU3MKO-MEXAHUIECKUX U TEIIOMUINIECKIX CBOUCTB KOMIIO-
3UIHOHHOIO MaTepuaJia IpuBeensl B Tabiurne 3. OnruMasbHble 3HAMEHNs TOKa3aTes el (hU3NKO-MEXaHMIeCKIX
u rerstobusnueckux csoiicts I[TKM mpu coOTBETCTBYIONMX COAEpKaHUsIX HanoiHuTesell (Gensen-1,3-umaMun
— @1, YABTPAJUCIIEPCHBIN ajMa3 — ¢ U ¢3 — KapOOHAT JIMTHUS), COTJIACHO JAHHBIM CTATUCTUIECKON 06paboTKH,
[IPUBEJICHBI B TAOHUIE 3.

Tabauma 3

Maremarundeckne moiesm PU3NKO-MEXaHNUIECKNX U Temioduindeckux cBoiicts ITKM

Y TouHeHHBIN!
Kospdurment
03 e
Perpeccuonnast mojiesib nerepMuHaun R2, ﬂeTI;pM%I(};;?;H H];d.,
% a9
%
E =5,04—-0,0079 g3+ 0,304 - q% — 0,021 - q% 92,3 86,2
W =14,45—0,757-q; — 0,959 - g3 + 0, 108 - q§ 84,8 75,2
T=372,4416,09-q; — 5,434 - q% —3124,8 - q% 98,2 96,1
a=1,943+0,409 - q; +0,0943 - g3 — 162,5 - q% 99,8 98,7
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Tabauma 4

OnrumasibHble 3HAYEHUs MTOKa3aTeseil PU3NKO-MeXaHuIeCKNX
u Teniopusnvdeckux cpoiict ITKM

OHTI/IMa.HbeIe SHaAYCHUA COLLep)KaHI/Ie HaIlOJIHUTeJIei
g1, Macc.4. | g2, Macc.4. | g3 MaccC.4.
Eopt, ['la 5,07 2,26 0,100 0,60
Wopt, KK /M? 14,1 0,10 0,115 0,50
Topt, K 368,6 1,31 0,070 1,95
Qopty K71 2,80 2,26 0,062 5,08

Ipumenanue. q; — conepkanne benzen-1,3-muamuna B [IKM; g2 — comeprkanue yabTpaiiCIIEpCHOTO aIMa3a
B IIKM1; g3 — comepxkanue kapbonara jutus B [TKM.

C nomompio npukiagaoro nakera STATGRAPHICS® Centurion XVI (momysns Multiple Response Opti-
mization) IpOBeJIM ONTUMHUIAIMIO MOy YEHHBIX PE3YJIbTATOB CTATUCTHYECKON 00paboTku s TTKM.

Iocsie nosyYenust MOJIMHOMUAIBHBIX ypaBHenuii perpeccun (Tabii. 3), CBA3BIBAIOIIUX 3aBUCUMbBIC U HE3ABU-
CHMBIE TI€pEMEHHBIE, MATEMATUIECKYIO MOJIeJb ONTAMHASUPOBAIA C OJHOBPEMEHHBIM YYETOM BCEX OTKJIUKOB —
nokazaresieit pusnko-mexanndeckux (E, W) u reriodusuyaeckux (T, o) csoiicrs IIKM c nesbio onpeesiennst or-
TUMAJIBHOIO COJIePKaHUsT KOMIOTEHTOB. DYHKIMIO YKeJIaTeIbHOCTH ([IPEIIOYTUTELHOIO UCIOIb30BAHMS) Olle-
HUBAJIM BO BCEM JIMAIA30HE PACCMATPUBAEMON MoJe/n. Pe3ybraTsl ONTUMU3AIUE [IPUBEIEHBI HA PUCYHKE 5 U
B Tabaune 5. [lpu onTuMuzanum onpenensim KOMOMHAIIIO SKCIIEPUMEHTAIBHBIX (PaKTOPOB 0 BCEM 33 IaHHBIM
OTKJIMKAM IIyT€M MaKCUMH3AIMH KaxkJ0ro N3 HUX.

Tabauma 5
Pesynprarsl ontumusanuu aiis ITKM
OnHoBpeMeHHast KOMOMHaIs | JacTHbIE YKeJIaTeJbHOCTH JIJIst
O6061eHHAS
OTKJIMKOB [IJIsT OTIPEJIETEHUS COOTBETCTBYIOIIErO HAPAMETPA | oo o
Ne ZKeJTaTeIbHOCTH ONTUMUBAIAN
n/m Y; d;
E W T [0} d1 (E) d2(W) d3 (T) d4(0[)
[Ma | x/x/M> | K | K1 - — - - —
1 3,7 8,6 355 | 3,5 0,363 | 0,096 | 0,281 | 0,486 0,342
2 4,6 11,3 360 | 2,8 0,369 | 0,368 | 0,366 | 0,339 0,470
3 4.8 12,2 361 2,7 0,379 | 0,368 | 0,368 | 0,250 0,438
4 5,2 14,7 364 | 2,7 0,612 | 0,652 | 0,368 | 0,250 0,545
5 5,2 14,8 362 | 2,6 0,512 | 0,692 | 0,368 | 0,066 0,397
6 3,6 10,2 356 | 3,1 0,356 | 0,360 | 0,320 | 0,368 0,457
7 3,0 9,6 352 | 3.4 0,066 | 0,325 | 0,066 | 0,396 0,200
8 4,0 9,5 357 3 0,368 | 0,314 | 0,343 | 0,368 0,452
9 5,2 12,1 375 | 3,2 0,512 | 0,368 | 0,592 | 0,368 0,586
10 3,8 9,7 355 3 0,366 | 0,334 | 0,281 | 0,368 0,437
11 5,4 12,7 376 3 0,692 | 0,369 | 0,692 | 0,368 0,658
12 5,0 12,6 371 | 3,2 0,416 | 0,369 | 0,393 | 0,368 0,503
13 49 11,5 368 3 0,393 | 0,368 | 0,369 | 0,368 0,488
14 4,6 8,6 364 | 3,2 0,369 | 0,096 | 0,368 | 0,368 0,343
15 44 10,2 367 | 3,4 0,368 | 0,360 | 0,368 | 0,396 0,486
16 4,2 8,5 353 | 3.6 0,368 | 0,066 | 0,148 | 0,692 0,291
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Pucynok 5. IToBepxuocTb 2keiaresibHOCTH (a), KOHTYPHBIA rpaduk xkemareiabaocta (6) u

KoHTYpHBbIe rpaduku (B) 1 orkimkoB E, W, T u « upu ¢z = 0,5 macc.4.
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Bwisodvi

Takwum obpaszom, B pe3ysIbraTe MPOBEICHHON ONMTUMHUBAINN TIOJTY IHJIH MAKCUMAJIbHOE 3HadeHrne 0000IIeHHO
skesaTenbHOCTH Dop; = 0,658 (1o ImKase KeJaTelbHOCTH COOTBETCTBYET NOILyCTUMOMY U XOPOIIEMY YPOBHIO
Ka9deCcTBa), IPU KOTOPOM COJIEPIKAHNEe HATIOJHATEEH B KOMIO3UTE CJIe/IyIOIIee:

—qp = 0,25 macc.4. — comepxkanue 6ensen-1,3-auamMuna;

—q2 = 0,05 macc.q4. — comepKaHue yIbTPATUCIEPCHOTO AJIMa3a;

—q3 = 0,50 macc.1. — comepakanme KapbOHATA JTUTHUS.

IIpu yxazamuom comepxkannn HamosauTesnaeit B [IKM snadenns orkiaukos cocrasisoT: E = 4,82 I'lla —
MoLynb ynpyroctu npu nsrube; W = 13,46 xJIxx/M? — yaapnas BaskocTb; T = 359,5 K — remiocToiikocThb 10
Maprency; o = 2,75 K~ — TepMuueckuit ko3 DUIUEHT JTUHEHHOIO PACIINPEHHS.

IIpu cpaBHEHUU TOJIyIE€HHBIX B PE3yJIbTaTe ONTUMUBAINNA 3HAYEHUN C IKCIEPUMEHTAJIBHBIMU YCTAHOBJIEHO,
YTO OTHOCHTEBHAS TMOTPENIHOCTD CJEMyIOmAas: I MOy ynpyroctu npm usrube — 4,93 %; nias ynapHoit
Bsaskoctu — 4,54 %; myst rertocroiikoctu o Maprency — 2,47 %; muist TepMurdaeckoro kodgduimenTa TMHERHOTO
pacmmpenusa — 1,79 %. DTo roBopUT 0 JOCTATOYHON aJeKBATHOCTH MOJyIE€HHBIX MOJEIEH M COTJIACOBAHHOCTH
X C pe3y/IbTaTaMU ONTHMU3AIUU 110 KPUTEPUIO YKeJIaTeIbHOCTH.

Crmcok jurepaTypbl

1 Buketov A.V. Influence of the ultrasonic treatment on the mechanical and thermal properties of epoxy
nanocomposites / A.V. Buketov, O.0. Sapronov, M.V. Brailo, V.L. Aleksenko // Materials Science. —
2014. — Vol. 49. — No. 5. — P. 696-701.

2 Buketov A.V. Investigation of the physico-mechanical and thermophysical properties of epoxy composites
with a two-component bidisperse filler / A.V. Buketov, O.0. Sapronov, M.V. Brailo // Strength of
Materials. — 2014. — Vol. 46. — No. 5. — P. 717-723.

3 Buketov A. Investigation of thermophysical properties of epoxy nanocomposites / A. Buketov, P. Maru-
schak, O. Sapronov, M. Brailo, O. Leshchenko, L. Bencheikh, A. Menou // Molecular Crystals and Liquid
Crystals. — 2016. — Vol. 628:1. — P. 167-179.

A.B. Bykeros, A.B. Akumos, B./I. Huranaruit, H.B. Bpanio,
Aub-/IxaBaxepun A Angan Mancyp

KopraHpli »KadbIH KypaMbIH OHTAJIAHABIPY MaKCATBIHIA
MaTeMAaTUKAJIbIK CTATUCTUKA J/IICTEPiH KOJIIaHY

Makastazia MaTeMaTUKAJIBIK, CTATUCTAKA 9/IiCIMEH IOJIIMEDPJIi KOMIO3UIUSIBIK, MATEPUAJLIBI MOTUMDUKATOD-
JIbIH, YJIBTPAJUCIEPCHUSIIBI Tayhap/IbIH KoHEe KOPFAHBIC YKAOBIHILICHIHBIH, (DYHKITHOHAIIBI KAOATTaApPhl MEH
aJIre3USIIbIK, KAJIBIITACY/IAFbl YCAK, JIUTUH KapOOHATTHI TOJTHIPFBIIITHIH, TUIM/II KYPaMbl AHBIKTAJIFAH. JKC-
IepuMeHT GapbIChIHAA Y (PaKTOPABIH (KOCHAJIAPABIE KYPaMbl), oJap KOMIIO3UTTEPIH KacueTTepine du-
3MKAJIBIK, KOHE MEXAHUKAJBIK, (CEPIIHIITK MOy, COKKbI TYTKBIPJIBIFEI) YKoHe KbLTyblK (Maprenc 6oii-
BIHIIA YKBULY/IbIH TYPAKTBLIBIFBL, ChI3bIKTHIK KeHEHTY il Kbl1y Koadbduimenti) ocepi 3eprresi. AsbiHFan
MOJEbIEP/IiH COMKeCTIr »KoHe NaiibiM KpUTEPHUil GOMBIHINE OHTANIAHIBIPY HOTHUXKETEPIMEH KeJTiCiMIimir
JOJIeJIICHT€H.

Kiam ce3dep: MaTeMaTHUKAJBIK, MOJIEb, MOJAMEPJI KOMIIO3UIUs, MATPHUIIA, TOJITHIPFLIII, MOAN(PUKATOD,
KOPFaHBIII KaObIH.
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A.V. Buketov, A.V. Akimov, V.D.Nigalatii, N.V. Brailo,
Al-Dzhavakheri Ali Andan Mansur

Application of methods of mathematical statistics to optimize the
composition of protective coatings

In the method of mathematical statistics determined the optimal content of the polymer composite material
modifier, ultrafine diamond and fine lithium carbonate filler to form an adhesive and the functional layers of
the protective coating. During the experiment, we studied the effect of three factors (additive contents) on
the physical and mechanical (flexural modulus, impact strength) and thermal (heat resistance according to
Martens, the thermal coefficient of linear expansion) properties of the composites. We prove the adequacy of
the obtained models and their consistency with the results of the optimization by the criterion of desirability.

Keywords: mathematical model, the polymer composite matrix filler modifier, composition of protective.
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1
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O6 omHOpoaHOIT mapaboimdeckoii 3ajilade B O€CKOHEeYHOI
YTJIOBO# obGJiacTH

Paccmorpena omnoponnas 3amada CosonankoBa-PazaHo isi ypaBHEHUS MapabOJIMIeCKOTO THUIA B BbI-
pokiaroneiicss 6eCKOHEYHO yIJIOBOI 00JIACTU CO CIIEIUAJILHBIMUA MPAHUYHBIME YCJIOBUSIMU HA TIOABUXKHON
rpanunne. Vcnonp3ys TenIoBble IOTEHINAJIDI, JaHHAs 33/a9a CBeJIeHa K PENIeHHI0 0COO0ro NHTErPaJbLHOrO
ypaBueHusi BosibTeppa BTOPOro pojia, K KOTOPOMY HEIIPUMEHMM METOJ, MIOCIEIOBATEIbHBIX TPUOINKEHHIA.
Pemtenne muTerpasbHOrO ypaBHEHMsI HaliIEHO METOJOM HHTErPajbHBIX Npeobpasosanwuii. [lokazano, uro
B KJIacCe CyIEeCTBEHHO OTPAHUYEHHBIX (DYHKIWIA C 3aJaHHBIM BECOM OTHOpOIHAs 3ajada COJIOHHUKOBA-
PazaHo, TOMIMO TPUBHAJIBHOTO PEITICHHsI, UMEET HEHYJIEBOE PEIIEHNe C TOYHOCTHIO JI0 MOCTOSTHHOTO MHO-
JKUTEJIS.

Karouesvie crosa: KkpaeBast 3a7iada, ypaBHEeHIE 1apabOINIeCKOro TUIA, TEIJIOBbIE IIOTEHINAIIBI, NHTEIPAJIb-
HOe ypaBHeHHe Tuna Bosibreppa BTOporo pona, npeobpasosanue Jlamnsaca.

Beedenue

PaccmarpuBaercs ogHopo/iHas rpannydnast 3a/1a4a

du(z,t) o2 0?u(x,t)

ot o1 =0, {z,t}eG={z,t: 0<z<t, t >0} (1)
Qu(x,t), _ Oulz,t) dult)
T =0 =0 g et 5 =0, )

rie u(t) = u(t, t).

OrmernmM, uro 3azaua (1), (2) siBaseTcs OMHOPOJHBIM CIydaeM 33/1a49u, u3yueHHol B [1], npudem mist mpoc-
TOTHI KO DUIMEHTH U3 YKa3aHHOI PaOOThI MPUHSITHI paBHbIMU k = b = 1. DTu u3MeHeHUs He TPOTUBOPE-
4aT mocTaHoBKe 3a1a4un u3 [1]. Kak ormedeHo B [1], ciyuait HEOHOPOIHON IPAHUIHON 33/]a9H <... OKA3bIBAETCS
MTOJIE3HBIM TIPU U3y9YEeHUM HEKOTOPBIX 3a/a9 CO CBOOOJHBIMU IpaHmMiaMu». Hanpumep, mist omaodasHON 3a1a-
qn «... Credana npu CIIeAYIONMX IPEIIOJOKEHUSX: KuKast (asza ¢ HOJI0KHUTEIbHONH TeMueparypoil u(z,t)
3aHUMaeT orpe3ok 0 < x < s(t), nupm & = 0 3a7aeTcsl MOJIOKUTEJNBHBINA TOTOK TeIlia, a CBOOOJIHAS TPaHU-
na x = s(t) naunHaercss y TBepyoil creku x = 0, T.e. BoiosHsieTcs: yesosue s(0) = 0». B [1] ycranosiena
Teopema 00 OJHOZHATHON paspenmMOCTH PACCMATPUBAEMON TaM IPAHMYHON 3819 B BECOBBIX T'€/IbJIEPOBCKAX
MIPOCTPAHCTBAX.

B nmacrosimeit pabore, Hapsi/ly ¢ TPUBUAJBHBIM PEIIEHUEM, Mbl YCTAHABIUBAEM B KJIACCE CYIIECTBEHHO OTDa-
HUYEHHBIX (DYHKIUI C 33 JAHHBIM BECOM CyIIECTBOBAHAE HETPUBUAJILHOTO PEIIEHUS ¢ TOYHOCTHIO JI0 OCTOSHHOT'O
MHOKHUTEJIS U MIOCTOSHHOTO CJIAraeMOoro. BBeJeM 3TOT KJIACC CIIELYIONUM 06pa3oM:

(z+ %) u(z,t) € Loo(@), BI. u(x,t) € Loo(G; (z +t1/%)71). (3)

1 ITpeobpasosanue 3adavu (1), (2) u ceederue ee K UHMELPAALHOMY YPABSHEHUIO

ITpeo6pasyem 3agaqy (1), (2). Has sroro Beesem dyuKImo v(x,t) = %. Hanee, bopmanbao audde-
peHnupys 1o TepeMenHoit x ypasuenue (1), mosyuaem
ov(x,t 0%v(x,t

( )—a2 ( ):0,0<:c<t,t>0; (4)

ot 0x2
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ov(z,t) 2
v(x,t)|z=0 =0, < o + GQU(x,t) le=t = 0. (5)
Pemmenne 3anaan (4), (5) wmimeMm B BHJE CyMMBI IIOTEHIUAIOB JBOIHOIO M HPOCTOrO cjaos |[2; 476-479|:

2

v(x,t) 4a3f/ 3/2 p{—4a2(t_7_)}1/(7)d7'+

T / L e Yt ©)

rie dbyukuun v(t) u (1) SBISIOTCS HEM3BECTHBIME U IIOJIJIEXKAT OIIPEIEIICHHUIO.
YaosnersopuM perenue (6) nepomy u3 ycsosuit (5). Mmeem

7_2

vt 1 [ 1 -
2t + 2z | G o e =0 "
0

Orciona BeipasuM dysxnumio v(t) depes ¢(t)

V(2,t)|2=0 =

2

Ucnonnsys upencrasienue (6) u paBeHcTBO (8), IMOIYyUnM CJie/yIoliee BbIPAYKEHHUE JJisi PElIeHus 3a1a9u

(4), (5):

Jnst Toro 4robbl yI0BIETBOPUTH BTOPOMY I'DaHUIHOMY ycsosuio u3 (5), Haiinem u3 (9) ee MPOU3BOIHYIO 110

IepeMEeHHON X:
ov(x,t) x+T o (z+7)
Oz 4a3\f T)3/2 P 12 (t—r)

e {_4@(;_))” o(r)dr. (10)

CoruiacHO BropoMy IpaHUIHOMY ycsoBuio u3 (5) mmeem

(B2 e e s [ e

asf/ {—ZJ}W—

-

1 1 t—T
_ =0. 11
+a3ﬁ (RS exp{ 12 }(p(T)dT 0 (11)
0

Ucnonp3ys paBeHcTBa
t+r=2t—(t—71), (t+7)%=(t—1)%+4tr,
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u3 (11) mosyYnm MHTErpajbHOE ypaBHEHHEe OTHOCHTEJILHO Hen3BeCTHON dyHKImu o(t):

1 / 2t tr t—1
0+ 2ay/T / (t —7)3/2 P {aQ(t —7)  4a? } p(r)dr—
0

tT t—T1

_2a?/7? O/ @ flf)l/z exp {_a2(t RV } p(r)dr+

t—T1

t
3 1
+2aﬁ/(t—7)1/2 exp{—W}w(T)dT—O, t>0. (12)
0

Pemenne wnterpanbmoro ypasmemma (12) Mel Gygem mckath B Kiacce Vit ¢(t) € Loo(G), Te.
p(t) € Loo(G; V).

OTmeTnM, 9TO MOMOGHBIE UHTETPATbHBIE YPABHEHUsT BoIbTeppa BTOPOTO POJia HAMU OBLIN MCCIIEOBAHBI B
paborax [3-5].

2 Pewenue unmezpasorozo ypasrerus (12)

Ecnu BBecTn HOByIO HemsBecTHYIO (DYHKIUIO

To u3 (12) caenyer, uto

5 1 tr 3 / 1
“oavm | G exp{a2(t_7_)}<p1(7')d7’+ 2aﬁ/ (t_T)l/Q(,Dl(T)dT =0. (13)
0 0

B unrerpaibaom ypapaenun (13) npoussesieM 3aMeHy HE3aBUCUMON IIEPEMEHHOI U BBEJIEM HOBYIO HEU3BECT-
HYIO DYHKITHAIO:

1 1 1
t=— 7=— t) = —o(1/t1),
tla T 7_17 902( 1) \/E<)01< /1)

B pesyJibrare 3roro u3 (13) mosmydum

(h) + — 7 ! Ll rydn-
p2(l1 av/r ] (=t )2 exp a2(r — t1) p2(T1)am
t1

2a1\/%j - _1751)1/2 {5 exp {a2(7—11—tl)} - 3] %@2(7’1)6[7’1 =0. (14)

OTMeTnM, 9TO U3 PellleHus] THTErpaJbHOrO ypaBHeHus (14), BO3Bpamasch K NePBOHAYAILHOMY HE3aBUCHMO-
My [IEPEMEHHOMY U MCXO/IHON HEM3BECTHOM (DYHKITMH, MBI MOXKEM IOJIYYUTH PEIIEHNe UCXOJHOIO NHTErPaIbHOTO
ypasuenus (12).

s pernenust ypasuenus (14) 6ymem ucnosb3osars npeobpasosanue Jlamiaca. Mmeem

1o {-255)

@2(p) — 2a;_—p [5 exp {—z\/jp} - 3} 7@2(Q)dq =0. (15)
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3zech GBIIM UCHOMB30BAHEL coeLylomue GopMy/Isl npeobpasosanus Jlamraca [6; 472] u [7; 158]:

L U:O k(t, — 7'1)<,02(T1)d7'1:| = k(-p) - $2(p);

L]l - 7¢2<q>dq.

Iepetinem or unTerpaabaoro ypasuenus (15) Kk puddepennuagibHOoMy yPaBHEHUIO, BBOIsI HOBYIO HEU3BECT-
HyI0 QYHKIINIO-06pa3:

e. o (16)

nJI

di&(p) _ 5exp{—%\/?p} —3
i) 2ay=p[L+exp—Zv P (17)

Nurerpupys ypasaenue (17), nouaydum

, M o 5exp{—2,/—p} -3 _
: < C )‘ /Qa\/fp[uexp{_g\/fp}]dp_

2
s e

N
:_;_4/6[(11:;(” :—gz—élln(l—i-exp{—z}):
. Z:_z\/?p, :g\/jp+ln <1+exp{z\/jp})4]. (18)

N3 (18) 6yxem umers

&(p) =-C. exp {gﬁ} - C. €xXp {7%\/77]9} ) (19)
(1+exp {2v=p})" (1+exp{~2v=p})"

Ucnonbayst dbopmyay (16), u3 pasencrsa (19) HaxonuM peleHre MHTErPAJLHOrO ypasHeHus (15):

et
220 =575 (1+e><1;>{—%\/jf"})4Jr

I 3 G d e ) i J
(1+exp{-2y=p})° ay/=p

exp {—5v=p} {_‘Z <1+exp{—z¢?p}> +4exp{_z\/ij

ay/—p (1 +exp{~2y~p})°
LI By P J VD
sl e s (20

Cepusi «Maremaruka». Nel(85)/2017 31



M.T. JIxxenanues, C.A. Uckakos, M.M. Pamazanos

Jasiee jjig HAXOXKAECHWUsT OPUTHHAJA JIJIg (DYHKIUK Po(p) OyJeM MOJIB30BATHCSL CJICILYIONIAM PA3JIOKEHUEM:

1 = 2
A+2p D (—1)FARF, 2 =exp {a¢p} , 2l <1 (21)

k=0
e

A e Dkt 2)(k 4 3)(k +4)

b A1 '
OrMmernM, 9TO ecyin z = 1, TO BEPHO PAaBEHCTBO
1 1
(1+2)5|,_, 32

Ucnonb3ys paszmnoxenue (21) uz pasencrsa (20), nmoayduMm npejcrasienue yHKIUN Ho(p) B BUIE psija

1 o0

o= e el 142)29)-

3 3\ 2
_ N e+2)2,/=
\/—peXp{ < +2> a p}
Tak kak umeer mecro dbopmyia obpaiennus s obpasa Jlamaca [6; 497]

| [exp{-aya)] _ exp{—a?/(41)} .
L |: \/f] = , 0< ) < oo,

, s Vp € {p: Re{v/—p} > 0. (22)

\/ﬂ'tl

To u3 (22) nmeem HYHKIUIO-OPUTHHAI (o (t1) 1utst Beex 0 < ¢ < 00

5\ 1 3\? 1
56Xp{—<k—|—2> a2t1}—3exp{—<k‘+2> aztl}]

Jasiee, BO3BpaIasich K UCXOIHON He3aBucUMOil nepeMenHol 0 < ¢ < 00, MOIydIHM

i [@gl;)c wf;)c(f)] ; (23)

k=0

5Ay 5\?% ¢ ) _ 3AL 3\? ¢
2aﬁexp{—<k—|—2> a2}, tpl)k(t)—2a\/7?exp - k+§ (- (24)

Takum 06pa30M, HCKOMOE PElIeHre UCXOAHOI0 HHTErPAJbLHOro ypasaenus (12) onpempensierca 1o (opmyiie

kAk:

waltn) = 2a\/ﬁ Z

rje

1
Pi() =

i Vet - W], 0<t <o, (25)
k=0

e
1 1 t 2 2 t
A0 = ellwen{ - d0 = slmen {5} (26)
Pemenne (25) feiicTBuTe bHO NpuHAIEKUT Kiaacey Lo (G v/1).
3 Pewenue epanuunot 3adavu (1), (2)

Pemenne v(x,t) rparmanoit 3amauan (4), (5) onpenensiercst cormacuo dopmymnam (9) u (25), (26), a pernenne
HCXOHON rpanuyaHol 3ajaun (1), (2) Gyzer umeTsh B

xT

w(w,t) = O / W(€,8)dE + Cy = Caiifa, £) + C, (27)

0
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TaK Kak ee pellleHne HaXOIUTCsl ¢ TOYHOCTBIO JI0 TOCTOsTHHOTO MHOXKUTest Cy U nocrostHHOro ciaaraemoro Cy,
rie v(z, t) onpenensiercs coriacHo dbopmyie (9).

Jns ycTaHOBIIEHNST OMPaHIYEHHOCTH IOJIydeHHOro permenus u(z,t) (27) 3amaun (1), (2) HaAM HEOOXOANMO
u3yuuTh CcBoiicTBa permenus v(x,t) (9) samaum (4), (5). Tak xkax p(t) € Loo(Ry, v/t), To HAM HEoGXOMMMO
OLICHNTDH W [IOKa3aTh OrPaHUYEHHOCTD uHTerpasa I(x,t) mia scex {z,t} € G:

I(x, / x,t,T) exp {\f‘mz } dr, (28)
0

re )
Lz, t,7) :()/(t_lﬂl/2 {—exp{—M} +exp{—MH darr. (29

Beruncsmm uaTerpad (28). st 9T0ro mocse 3aMeHsl

H xET dzq
o

=— dz= ———
2a/t — T 2a+\/t — T

3 (29) nmeem

L(z,t,7) = ay/m [—erf (%) +erf (%)} . (30)

U nanee, nogcrasiss 3uadenue uarerpaia I1(z,t,7) (30) B (28), momyunm

w0t () () 2w

OTcro/ia, HEOCPEICTBEHHO BBITEKAET OIEHKa st nHTerpasa (31):

Vt/(2a) Vi
I(z,t) <4a / exp{—£2}d¢ = 2a\/7 exf (2&) . (32)

0

Takum 06pa30M, MbI yCTAHOBIJIN PABHOMEPHY O OTPAaHNYIEHHOCTH HHTerpasa (28) mo nepemenHbM {z,t} € G,
T.e. IOKa3aJH, 4To pemenue 4(x,t) (26) rpanumuanoii 3anaun (1), (2) npunagrexur kiaaccy Lo (G). 3amernm,
4T0 perenue U(z,t) ONpeIesseTcs ¢ TOIHOCTHIO JI0 HocTossHHOro MuOKHUTENsA Co, T.€e. dhopMya

u(z,t) = Cot(z,t) + C1, u(x,t) € Loo(G)

ompeesisier obiee penieHre rpaHndHoil 3agaun (1), (2). Ouenka (32) TakzKe HO3BOJISAET MOJYIUTh €€ TOPSIOK
MaJjiocTs 1pu Jiio0bIx {x,t} € G, T.e. IMeeT MeCTO BKIIOYCHHE

i(x,1) € Loo(G; (z +'/%)71),

DTO caejyeT U3 ACHMITOTUKE Jiyist hyHKImn erf (%) [P MaJIbIX 3HAYEHUsX [epeMeHHOil ¢ (uMeroineil MecTo

U JJIst MAJIBIX 3HAYEHWH x), a Jyist OOJbIINX 3HAYEHWIl epeMeHHbIX {,t} € G 3aBHCAT OT CBOHCTBA OrpaHU-
wennocTH permenns u(r,t) wa G u orpaHmIeHHOCTH BRIpaykenns (v + /1)1 d(x,t).
4 OcrosHbie pe3yabmamo

CdopmymupyeM OCHOBHBIE pe3yJIbTaThl PaOOTHI.
Teopema 1. Tpannanast 3amaua (1), (2) umeer HApsiLy ¢ TPUBUAJIBLHBIM PEIIEHAEM U HETPUBUAJIBHOE PEIeHIe

u(z,t) = Cyi(z,t) + Cy, tae u(x,t) € Loo(G, (x +vt)™1), u Oy, Cy = const.

Teopema 2. B knacce dyarmumit Ly (G; [w1te + t(HO‘)/z]*l) rpannunas 3aa4da (1), (2) uMeer ToIbKO TPH-
BuaJsibHoe pemtenue u(z,t) = 0.
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M.T. JIxxenanues, C.A. Nckakos, M.. Pamazanon

BypbimThiK 00JbICTaFbl Oip ITapaboJIaJIbIK, ecerl >KalbIH/Ia

MakaJsaga Ko3raMaJIbl IIeKapaia apHaibl IMIeKapaJIblK MapTTapbl 6ap MIEKCi3 OYPBIITHIK 00JIBICTA TYBIH-
ITAWTHIH Tapabosaibik TeHey rep yimiH 6iprekti ComonankoB-Pazano ecebi KapacThIpbLaabl. 2KbLTy TOTEH-
IUaJIIapbIH KOJITaHA OTBIPHII, OepiireH ecemn ekiniii TekTi Bosprep TuITi epekiie MHTErpaIablK TEHAEYIIH
memiMia Tabyra kesaTipingi. Myszait ecenrepre GipTingen »KybIKTay 9IiciH KOJIZaHy MYMKIiH emec. Bepin-
reH CAJIMarbl Oap eseyJii meKkTeareH pyHKiusap Kiaaceiaaa 6iprekti Comornrnkos-Pazano ecebinin HOMTIK
mrenriMineH 0acka, TYpakKThl KOOEHTKIIIKe JEeHiHT J9JIIKIIEH HOJIJIK eMec IIelliMiHiH 6ap 60J1aThbIH/IbIFbI
JIPJe0eHTeH.

Kiam cesdep: 1mekapaJibIK, ecel, mapaboJiablK, TUNTI TEHJEY, *KbLITY MOTEHINAJIbI, eKiHnm TekTi Boabrep
THUITI UHTETPAJIBIK TeHey, Jlamrac Typaesaipyi.

M.T. Jenaliyev, S.A. Iskakov, M.I. Ramazanov

On a parabolic problem in an infinite corner domain

The paper deals with homogeneous problem of Solonnikov-Fasano for parabolic equations in the degenerating
infinite angular domain with special boundary conditions on a moving boundary. Using heat potentials,
this problem is reduced to solving a special Volterra integral equation of the second kind, to which the
method of successive approximations is not applicable. The solution of the integral equation was found by
the method of integral transformations. It is shown that in the class of essentially bounded functions with
a given weight, the homogeneous problem of Solonnikov-Fasano, in addition to the trivial solution, has a
nontrivial solution, up to a constant factor.

Keywords: boundary value problem, parabolic equation, heat potentials, integral equation of Volterra type
of the second kind, Laplace transformation.
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The properties of central types with respect to enrichment by
Jonsson set

The main results of the article are for a new class of theories, namely existential prime strongly convex
Jonsson theories. This class is quite broad in terms of algebra, for example it includes the class of all Abelian
groups and groups. This article examines the issues relating to the following subjects. The language on
considered a signature adds a new predicate symbol which reflects the presence of the Jonsson set. The
concept of Jonsson sets in Jonsson theory is a generalization of the concept of the dimension of the linear
space. T.G. Mustafin in due time, introduced and proved the basic properties of the syntactic and semantic
similarity. In this paper, in the extended language we have similare to the results for the considered theories.
In this direction, the main results of the work are the following results: The coincidence of P—stability for
the prototype and its central-type center. The equivalence of syntactic similarity of existentially EPSCJ
compleate theories and syntactical similarity of their centers was consedered. From this it can be seen a lot
of useful facts. In particular semantic similarity. As well as a list of semantic properties, which are stored
at the semantic similarity. For example, the semantic properties that invariant properties of the first order
applies Morley rank of the central type.

Keywords: Jonsson theory, Jonsson set, fragment of Jonsson sets, Existentially Prime Strongy Convex
Jonsson theories.

This work is associated with the concepts of convex theory in the class of existentially prime Jonsson theories.
We denote such theories as Existentially PrimeStrongyConvexJonsson(EPSCJ).

In [1] was defined the class of A — P.J theories. Such theories are generalized the concept of Jonson’s theories.
In this paper we investigate the corresponding concept in which the notion of P — A-stable (in sense [2]) and the
notion of syntactical similar in sense [3] are replaced in some equivalent style in the class of 3-complete perfect
EPSCJ theories. Moreover we are considered some enrichment of signatures of such theories and we defined
and considered the concept of central types of ones. This generalization led us to different questions of note of
stability in enrich signature, for example like in [2]. And finally we can to conclude that it is appropriate to
consider and to investigate the EPSCJ — analogues of some properties and notions from classical model theory
in frames of EPSCJ — theories.

Let L be a countable first-order language.

Definition 1. The inductive theory T called existential prime, if:

1. It has a algebraicslly prime model and the class of all algebraically prime models it is denoted by APr.

2. The class (FEr) of model theory T has nonempty intersection with an AP class, ie, Tap N E7 # (.

It is well known [1] that if Jonsson Theories T is perfect, then the class of its existentially closed models
Er is elementary and coincides with the ModT™, where T* its center. Otherwise, i.e. if the theory T is not
perfect, instead of ModT we are working with the class Erp, ie, it is assumed that all the allegations relate only
existentially closed models. Also, we assume in the case of an imperfect, that besides the existential closure of
all these models is algebraically prime.

We say that all V3 — corollary of the arbitrary theory form a Jonsson fragment of this theory, if the deductive
closure of these V4 — corollary is Jonsson Theories. Obtained in this case Jonsson theories will be called Jonsson
fragment (further fragment). Accordingly, it is determined by the fragment of Jonsson set. In both cases, we
can carry out research Jonsson fragments on the connection with an initial theory that the new formulation of
the problem research is Jonsson’s theory.

Let X Jonsson set in the theory T and M is existentially closed submodel of semantic model C, considered
Jonsson theory T" where dcl(X) = M. Then let Thys(M) = Fr(X) , Fr(X) is Jonsson fragment of Johnson
sets X.

Definition 2. The theory T is called convex if for any model 4 and any family {2;|i € I'} of its substructures,
which are models of the theory 7', the intersection (1,.;B; is a model theory T'. It is assumed that this
intersection is not empty. If this intersection is never empty, then the theory is called the strongly convex.
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We give the necessary definitions related to Jonsson theories in the enriched signature.

Let T is an arbitrary Jonsson theory in the language of the first order signature o. Let C' is a semantic
model of theory T. Let A C C is a Jonsson set of theory T'. Let op(A) = o U {cla € A} UT, T' = {P}U{c}.

Let T§ = TUThy3(C,a)acaAU{P(ca)|a € A}U{P(c)}u{"P C"} where {" P C"} is an infinite set of sentences
expressing the fact that the interpretation of symbol P is existentially closed submodel in the language of the
signatures or(A) and this model is a definable closure of the set A. It is understood that the consideration the
set of sentences is Jonsson theory and this theory generally is not complete.

Let T* is the center of the Jonsson theory T¢ and T* = Th(C") where C" is a semantic model of the theory
TY. By restriction theory T{ to signatures or(A)\{c} the theory T{ becomes a complete type. This type we
call a central type of the theory T relatively the Jonsson set A and denoted by PE.

Let T is an arbitrary EPSCJ theory in first order signature o. Let C' is a semantic model of T. A C C.
The requirement of existential closeness for a submodel is essential in that sense, that it should not be finite .
The theory TE is not necessary complete. Through Slﬁl denote a set of all 3 — completions of theory T g. Let A
is an arbitrary cardinal.

The EPSCJ theory is J — P — A-stable, if | S |< A for any subset A of C, such that |A] < \.

Lemma. If Fr(X) = Fr(A) is perfect EPSCJ theory, then T is perfect EPSC.J theory.

Proof. First of all we need to note that adding the symbols of constants and one—placed predicate P does
not spoiled of EPSCJ-ness of T' and T™. The proof of this ones standart cheking of definition of EP.SC J-ness.
For proof of perfection of Tf it is enough to show, that Tf has the semantic model which will be saturated
in its power.It is follows by definition T{. As the given model we take semantic model C' of the theory T, and
in depending on a subset A and interpretation one-placed predicate P in C is the model D = (C, M, a)qca
,where M is existentially closed submodel of C'. It is easy to see that D will be saturated in its power, since C
is existentially closed model itself, as semantic model of T'.

Theorem 1. Let T be a 3-complete perfect EPSCJ theory Fr(A). Then the following conditions equivalent:

1) theory T{ is P — A-stable (in sense [2]);

2) theory T* is J — P — A-stable.

Proof. We can now show that from 1) to 2) the proof is trivial, since if it is no more all completions than A,
then in particularly 3-completions no more than A. Let’s prove from 2) in 1). Let the theory T* — J — P-stable.
It is equivalent to that, that T in the signature op(A) = 0 U {c4Ja € A} UT is equivalent correspondingly to
the positive Kaiser’s hull T° of the theory T. By perfection of theory T" we have that 70 = T* and hence Tf
will be perfect EPSC.J theory. Let the theory T° has no more, than A 3-completions. The centre of the theory
T in the new signature will be equaled Th(C,a)aea U {P(cs)la € A} U{"P ="} U{P(c)}.Clear that T* = TC.
We should be shown, that T has no more then A completions. That means that T will be P — X - stable. Let’s
understand due to what 7™ it is not complete in the new signature. Addition of constants gives only inessential
expansions that will not change quantity types of existentially closed submodels C. The essential role is played
the realizations of a predicate P. In this case realization of a predicate P will be some elementary submodel M
of the model C. As C is the semantic model of T, this one is existentially closed and by sense of a predicate
P in C(M < C) follows, that M € Er. Let’s consider any completion 7" theories T* in the new signature. By
definition T™* there exist such model M from Er , such that 7" = Th(C, M, a)4ca, where M — interpretation
of a predicate P in semantic model C. T" = Th(C, M, a)q.ca is EPSCJ theory. In this case T’ is it positive
model complete theory. And we have by positive model completeness T that any formula in is equivalent to
some positive existential formula in 7" . Then by 3-completeness of the theory T such completions by above
mentioned are no more than A. So, the statement is proved.

Let T is arbitrary EPSCJ theory, then E(T) = U, ., En(T) , where E,(T) is the lattice of positive
existential formulas with exactly n free variables.

Let T1 and T, are EPSCJ theories.

We shall say that , 71 and are EPSCJ syntactically similar, if and only if there exist a bijection f : E(T}) —
— E(T3) such that:

1) the restriction of f up E,(T}) is isomorphism of the E,(T1) and E,(Ts) , n < w;

2) f(Fvnt1) = Font1 f(9), ¢ € En(T), n < w;

3) f(’l}l = ’1)2) = (1)1 = '02).
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Theorem 2. Let T; and Tb are 3 — complete perfect EPSCJ theories. Then the following conditions
equivalent:

1) T} and T3 are J — syntactically similar in sense [4].

2) TF and TS are syntactical similar in sense [3].

Proof. We can now show from 1) to 2).We have that for any n < w E,,(11) is isomorphic to E, (T%). Let this
isomorphism is making by f1,. Under conditions of theorem and perfection for any n < w E,(T1) and E,(T»)
are Boolean algebras. But with perfection of 77 and T» we have that 77 and T3 are positive model complete
and so for any n < w, ¢(T) € F,(TY) there exist ¢(Z) from E,(T7) that in T} = ¢ > 1. And in power of
T is complete for positive existential sentences and F,,(T1) C E,(T5) (in power of T3 C T7), we have that
E,(T1) = E,(T7). With the same argument we have that E, (T2) = E,(T5).For any n < w, ¢(T) € F,(T7)
we are defining the following map between F,, (T} and F,(T5 by next way fon(01(Z)) = fin(¢1(T)), where in
TF E 1 < ¢, for ¥ € E,(T1) It is easy to note that under properties of f1,, and above mentioned fs,
is a bijection which giving to us isomorphism between F, (T}) and F,,(Ty). Hence, T} and T35 - syntactically
similar in sense [3]. But from previously theorem 1 under consideration of central types of EPSCJ theory, since
T* =T, we have that 1)=-2) of theorem 2 is proved.

2)=1). It is trivial , since F, (1}) is isomorphic to F,(T5) for any n < w,and in power of conditions of
theorem this isomorphism is be able to go on to all subalgebras.

The following definitions led us to other kind of similarity, this one weaker than syntactical similarity. All
definitions are taken from [3].

(1) By a pure triple we mean (A,I'; M), where M is not empty set, I' is a permutation group on A, and M
is a family of subsets of A such that M € M = g(M) € M. For every g € T.

(2) If (A1,T1, M) and (Ay, Ty, Ms) are pure triples, and ¢ : A; — A2 is a bijection, then ¢ is an
isomorphism, if:

(i) Dy = {ypgy~t : g e I )5

(ii) My = {¢(F) : E € M, }.

The pure triple {(|C|,G,N) is called the semantically triple of T (abbreviated s.t.), where |C| is the
universe of C, G = Aut(C) and N is the class of all subsets of |C| which are universes of suitable elementary
submodels of C' .

Complete theories T7 and T are semantically similar is and only if their semantic triples are isomorphic.

Very interesting one can to consider this result with the following:

Proposition 1 [3]. If Ty and Ty are syntactically similar, then T} and T5 are semantically similar.

A property (or a notion) of theories (or models, or elements of models) is called semantic if and if it is
invariant relative to semantic similarity.

It is turned out that a lot important notion from classical model theory belongs to next list.

Proposition 2 [3]. The following properties and notions are semantic:

1) type;

) forking;
) A-stability;

) Lascar rank;

) Strong type;

) Morley sequence;

) Orthogonality, regularity of types;

(8) I(Rq4,T) — the spectrum function.

By virtue of this notice we can say that all above mentioned properties and notions from Proposition 2
in the class of centers of 3-complete perfect EPSCJ theories are semantic. Moreover if we are consider above
mentioned enrichments of signatures of such theories and we will consider central types of ones we got that
the situation will not change. And finally it is appropriate to consider the EPSCJ analogues of the list of
semantic properties and notions from classical model theory. All unknown notions and results which we used in
this article one can find out in [1-6].

(
(2
(3
(4
(5
(6
(7
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A .P. Emkeen

oHCOHABIK >KMBIHHBIH, 0AbITHLIYbIHA KAThICTHI
OPTaJIbIK, TUINITEPIiH KacueTrTepi

Makasiaziarel Herisri HOTH2KeJIep KaHa TeOPHUsIApP KJAChl YIIIH KAPACTBIPBLUIIABI, SFHU SK3UCTEHI[MOHAIIIbI
Kail KaTThl HOHCOH/IBIK, JIOHEC TeopUsiap YIIiH 3eprresiai. bepiiren kiacc aaredbpa GONbIHIIA KETKIIIKTI
TypZe KeH 00Ja/ibl, MBICAJIbI, OFAH OApJIBbIK abefbIiK TpyNnmajap KoHe 2Kail ITpymnmajap KIachl yKaTabl.
KapacTbIpblll OTBIpFaH CUTHATYpAaHBIH TUTHE »KAaHA IIPETUKATTHIK CHMBOJI KOCBUIFAHIA, OJ HOHCOHJBIK
JKUBIHHBIH, 0ap OOJIybIH KepceTei. O3 Ke3eriHae MOJIesble OChIHAN YKUBIHHBIH 6ap OOJIyhI 9JIEMEHTTEp-
IiH eseMi, K03 UIMEHTTEP] KoHEe iIKI »KUBIHAAP YIIH Heri3 O0JIbII TabbLIaIbl, SFHA HOHCOHIBIK, T€O-
PUSHBIH, HOHCOHBIK, »KUBIHBI CBI3BIKTBIK, KEHICTIKTIH OJIIEM/IJIIK YFBIMBIHBIH KAJIIbLIAYbl OPBIH AJIaJIbl.
O3 yakpireiaga T.1F. Mycradun cHHTAKCUCTIK KOHE CEMAHTUKAJIBIK, YKCACTBIKTAP/IBIH HETI3Tr KaCHeTTepiH
eHTi3i XkoHe JpJesaedi. by Mmakaiaia KeHeHTIINeH Tij/ie KapacThIPBLILIIT OThIPFaH TEOPUSIAP YIIMiH YKCAC
HoTuKejep Gepinren. Ochl GarbITTa >KYMBICTBIH, HETI3T1 HOTHUXKEIEpi OOJIBIN KeJieciyiep TabbLiaabl. [leHTp-
JIi TUIT YKOHE OHBIH IEHTPI YIMH p-CTabUIbIIMKTIH ColKecTirl. DK3uCTeHnona bl kait kemen EPSC.J-
TEOPUSIAPIbIH, CHHTAKCUCTIK YKCACTBIFBI YKOHE OJIAPIBIH, OPTAJIBIKTAPBIHBIH, CHHTAKCUCTIK YKCACTBIFBI Oip-
Gipine mapa-map. OcCbIJaH KeINTereH MaHBI3IbI JIepeKTep i baiikayra OoJiabl, MoceseH, 1epbec Karmaiia
CEMaHTHUKAJBIK YKCACTHIK. COHBIMEH KaTap CEMAHTUKAJIBIK, YKCACTBIKTHI CAKTANTHIH CEMaHTUKAJIBIK, KACHET-
TepiH Ti3imi KeaTipisaren. Mbicasbl, ceMaHTUKAJIBIK, KACUETKE, SIFHU OIpiHIN peTTi MHBapUaHTThI KACHETKE,
OpTaJIbIK, TUIITEP/1iH, Mop/n paHriH »KaTKbI3yFa Heridi 6ap.

Kiam cesdep: HOHCOHIBIK TEOPHs, TEOPUSIAD KJIACHI, HOHCOHIBIK, [IOHEC TEOPUSIIAD, HOHCOHJIBIK, »KUbBIH,
CHHTAKCHUCTIK YKCACTBIK, OPTAJIBIK THITEP/IH KACHETTEDI.

A P. Emikeesn

CBoiicTBa EeHTPaJbHBIX THUIIOB OTHOCUTEJILHO O0OralieHus
MOHCOHOBCKUM MHOXKECTBOM

OCHOBHBIE Pe3y/IbTATHI JAHHOW PAabOTHI MIPUBEIEHBI JJIsi HOBOTO KJIACCA TEOPUi, a MMEHHO JJIs SK3UCTEH-
[MAJIBHO IPOCTBHIX CUJIBHO MOHCOHOBCKHX BBIYKJIBIX Teopuil. /JTaHHBIN KJIacC sABJISETCS JTOCTATOYHO IITHPO-
KUM C TOYKHW 3PEHUsi ajredpbl, K MPUMEPY, B HETO BXOJIUT KJIACC BCEX abesIeBBIX I'PYIIl M MPOCTO T'PYIIIL.
ABTOPOM PacCMOTPEHBI BOIPOCHI, KACAIOIIMECS CJIEJYIOMEH TeMaTUKU. B S3bIK paccMaTpuBaeMOil CUTHATY-
PBI J100aBJIsIeTCS HOBBIN MPEIUKATHBI CUMBOJI, KOTOPBIA OTparkaeT HaJIuIue HOHCOHOBCKOI'O MHOXKECTBA.
B cBoio ouepesp, HaauuMe TAKOrO MHOXKECTBA B MOJIEJIH JIA€T OCHOBAHUE JIJIsI PA3MEPHOCTHBIX COOTHOIIIE-
HUH 3JIEMEHTOB U NOOMHOXKECTB, TaK KaK IIOHATHE HOHCOHOBCKOI'O MHOXKECTBA B HTOHCOHOBCKOI TEOPHUHU €CThb
000011IeHIE TTIOHATHS pa3MepHOCTH B JimHeitHOM npocTpancTse. T.I. Mycradun B cBoe BpeMsi BBeJI U JI0KA3AJI
OCHOBHBIE CBOMCTBa CHHTAKCUYECKOTO M CEMAHTHUIECKOTO MMOI00ust. B craThe B paclimpeHHOM BUJIE TIPUBEIE-
HBI AaHAJIOTUYIHBIE PE3YJIBTATHI JJIsT PACCMATPUBAEMBIX Teopuii. B 9ToOM HaIpaBIeHNN OCHOBHBIMU SIBJISTIOTCST
CJIe/IyIole Pe3yJIbTAThl: COBIJIEHNE P-CTAOMIBHOCTU /ISl IPOTOTHUIIA IIEHTPAJIBHOIO TUIA U €ro IEHTPA,
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9KBUBAJIEHTHOCTh CHHTAKCHYECKOTO TO00MUsT IK3UCTEHITNAIBHO TOJHBIX coBepinenHbix FPSCJ-Teopuit u
CHHTAKCHYIECKOI'O MO00MsI UX IMEHTPOB. VI3 9TOro BBITEKaeT MHOTO MOJIE3HBIX (PAKTOB, B YACTHOCTH, CEMAH-
TH4yeckoe nonobue. Kpome Toro, aBTOpoM npuBeIeH CIIMCOK CEMaHTUYECKUX CBOMCTB, KOTOPBIE COXPAHSIIOT-
Csl IPU CEMAHTUIECKOM Toobun. Hampumep, K ceMaHTHIeCKUM CBOMCTBaM, T.€. MHBAPUAHTHBIM CBOMCTBAM
MIEPBOTO MOPSIAKA, OTHOCUTCHA U PAaHr MopJu meHTPAJIbHBIX TUIIOB.

Karouesvie crosa: HOHCOHOBCKAs TeOPUsl, TEOPUs KJIACCOB, HOHCOHOBCKUE BBIITYKJIbIE TEOPUU, HOHCOHOBCKOE
MHOYKECTBO, CHHTAKCUIECKOe TI0/1001e, CBOMCTBA IeHTPAIbHBIX TUIOB.
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Companions of the fragments in the Jonsson enrichment

In this article we consider the properties of central types for the existentially prime strongly convex Jonsson
theories in some extension. This class of theories is a subclass of a broad class of Jonsson theories. In
particular, the Jonsson theories include the class of all fields of a fixed characteristic. In the given work,
problems related to the classical problems of the general Model Theory concerning the following topics
were considered. First of all, we note the values of enrichment. Using the one-place predicate, the Jonsson
subset is singled out and the concepts of P -stability and various kinds of similarities are considered for
the Jonsson completion. The following results were obtained:Coincidence of P - stability for a prototype of
the central type and its center. Equivalence of syntactic similarity of companions of fragments of Jonsson
enrichment and syntactic similarity of their centers.The above notion of stability has an applied value for
studying the properties of the central types in this enrichment. In the second place, it is necessary to
note the significance of the concept of the central type in this enrichment.The very idea of a central type
presupposes an additional description of the properties of incomplete Jonsson theories by means of central
completion. The Jonsson subsets of the semantic model of the existentially prime convex Jonsson theory
have good theoretic-model properties. This concerns the Morley rank and it is preserved in the syntactic
and semantic similarity of the above theories.

Keywords: Jonsson theory, Jonsson set, fragment of Jonsson sets, Existentially Prime Strongy Convex
Jonsson theories.

One of the classic problem science is the study of the problems of classification of objects for some the general
featured. In the math role performing such objects play sets with determined on them relationships. With using
mathematical logic, these objects have been associated with some sets formula language calculus of predicate.
This relationship between the syntax and semantics of the fixing language itself is the essence of model theory.
Therefore, it is clear that finding syntax and semantics similarity signs can be useful in classification of the
object model theory. Our research related to the concepts of convexity of the theory in the class of existential
prime Jonsson theories. The main results obtained for the central types of fragments Jonsson subsets of semantic
models of some fixed Jonsson theory. Next, we enrich the signature of this Jonsson set in a single predicate.We
give the necessary definitions associated with new subclasses Jonsson theories and enriched signatures.

Let L be a countable first-order language.

Definition 1. The inductive theory T called existential-prime, if:

1. It has a prime algebraic model and the class of all algebraically prime models it is denoted by AP.

2. The class (E7) of model theory T has nonempty intersection with an AP class, ie, Tap N E7 # 0.

Definition 2. The theory T is called convex if for any model 4 and any family {8;|i € I} of its substructures,
which are models of the theory 7', the intersection (1,.;B; is a model theory T'. It is assumed that this
intersection is not empty. If this intersection is never empty, then the theory is called the strongly convex.

We give the necessary definitions related to Jonsson theories and enriched signatures.

Definition 3. We say that a set X — X-definable, if it is definable some existential formula.

Definition 4. The set X is said Jonsson in theory T if it satisfies the following properties:

1) X is a X-definable subset of C

2) dsl(X) is the carrier some existentially closed submodel C.

For more information on Jonsson sets can obtain in the works [1-3].

Let T is an arbitrary Jonsson theory in the language of the first order signature o. Let C' is a semantic
model of theory T. Let A C C' is a Jonsson set of theory T. Let or(A) = o U {cs|la € AYUT, T' = {P}U{c}.

Let T{ = TUThy3(C, a)acaAU{P(cq)|a € A}U{P(c)}U{"P C"} where {" P C"} is an infinite set of sentences
expressing the fact that the interpretation of symbol P is existentially closed submodel in the language of the
signatures or(A) and this model is a definable closure of the set A. It is understood that the consideration the
set of sentences is Jonsson theory and this theory generally is not complete.
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Let T* is the center of the Jonsson theory T¢ and T* = Th(C’) where C’ is a semantic model of the theory
TY. By restriction theory T to signatures or(A)\{c} the theory T{ becomes a complete type. This type we
call a central type of the theory T relatively the Jonsson set A and denoted by Pg.

We say that all V3 - corollary of the arbitrary theory form a Jonsson fragment of this theory, if the deductive
closure of these V3 - corollary is Jonsson Theories. Obtained in this case Jonsson theories will be called Jonsson
fragment (further fragment). Accordingly, it is determined by the fragment of Jonsson set. In both cases, we
can carry out research Jonsson fragments on the connection with an initial theory that the new formulation of
the problem research is Jonsson’s theory.

Let X Jonsson set in the theory T" and M is existentially closed submodel semantic model C, considered
Jonsson theory T where dcl(X) = M. Then let Thyg = Fr(X) , Fr(X) is Jonsson fragment of Johnson sets X.

On similarity in Jonsson theoties

T.G. Mustafin in his work [4] define a precise notion of syntactic [4; Def. 1] and semantic similarity [4; Def. 4]
complete theory That in the language this determination and the respective regulations of concepts (for example,
shell of theory [4; Def. 12], semantic property (theory, model, element) [4; Def. 8]), he proved that for an arbitrary
complete there is syntax similary for it some theory of polygons [4, Th. 4, Th. 5]. In the class Jonsson theory this
approach to classification the respective regulations of the objects correctly but requires certain changes in the
definition relevant similarity theory. This is connected, firstly, so that, in generally speaking, Jonsson Theory
is not complete, and, secondly, that in the class of models Jonsson theory is uniform and universal models,
generally speaking not saturated. This paragraph is connected with differences concepts similarity between
Jonsson theories. Through generalizations some definitions in the work [4] and the technique of work with
Jonsson theories received, that in the class of ideal 3-complete Jonsson theory the concepts entered similarities
Jonsson theories match with relevant completes in total theory of the meaning.

To give the following definition.

Let T is complete theory, then F/(T') = J,,.,, Fn(T), where F,,(T') is Boolean algebra of formula with n free
variables.

Definition 5. [4; Def. 1]. Let Ty and T3 are complete theory.

We will say, that 77 and T, are syntax similarity, if there is bijection f : F(T1) — F(T») such that

1) restriction f to F,,(T}) is isomorphism Boolean algebra F,,T1 and F,Ts, n < w;

2) f(Fvnt10) = Foni1f(9), ¢ € Fuy1(T), n < w;

3) fvr =v2) = (v1 = v2).

Definition 6 [4; Def. 2].

1) Pure triple is called (A, T', M) where A is nonempty, I' is group permutations A and M is family subset
A, such that M € M = g(M) € M for every g € I';

2) If (41,11, M1) and (As, 'y, Ms) are pure triple and ¢ : A1 — As is bijection, then v is isomorphism, if:

(i) Te = {vgy~' g e T1};

(11) My = {’lb(E) NS Ml}

Definition 7 [4; Def. 3]. Pure triple {|C|, G,N) is called semantic triple of complete theory T , where |C| is
carrier monster-model C' of theory T', G = Aut(C'), N is class all subset |C|, every of which carrier corresponding
elementary of submodel C'.

Definition 8 [4; Def. 4]. The complete theory T} and T5 are called semantic similarity, if their semantic triple
are isomorphic between itself.

The following definitions will be generalizations previous definitions.

Let T is an arbitrary Jonsson theory, then E(T) = UJ,,,, En(T) where E, (T) is lattice 3-formula with n
free variables, T* is center of Jonsson theory T', i.e. T* = Th(C), where C is semantic model of Jonsson theory
T in [5].

Definition 9. Let Ty and T, are Jonsson theory.

We will say, that 77 and T — J is syntactically similar, if there is bijection f : E(Th1) — E(T2) such that:

1) restriction f to F,(T}) is isomorphism lattice E, (T1) and E,(T»), n < w;

2) f(Bvnt19) = Fpnt1f(p)s ¢ € Ena(T), n < w;

3) f(vr = v2) = (v1 = v2).

Definition 10. Pure triple (C, AutC, SubC') is called J is semantical triple, where C is semantical model
T, AutC is group of automorphism C, SubC' is class all subset of carrier C', which there are carrier relevant
submodel C.
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Definition 11. Two Jonsson theories T and T, are called J is semantical similar, if their J is semantical
triple similar how pure triple.

It is clear that the definition 11 is a generalization [4; Def. 1], and definition 11 is a generalization of [4; Def. 4]
in the following sense:

a) in the definition 9 for each n < w instead of Boolean algebra F,,(T') considered lattice I-formula of F,,(T');

b) in the definition of 10 instead of the monster model complete theory T', considered semantic model of
Jonsson theory T and as N of the definition [4; Def. 3] considered SubC; is the class of all subsets of the carrier
C;, which are carriers of the relevant submodels SubC};, which the satisfies M of [4; Def. 2].

B due to the new definition of the semantic model of [1], we introduce the following definition.

Definition 12. Jonsson theory T is called perfect if each semantic model T is the saturated model of T™*.

The main results of of the work is the following result is associated with the above definitions.

Let A; and Ay are Jonsson subset of the semantic model the some of EPPCJ — theory. Where Fr(A;) and
Fr(Ay) are Jonsson sets of fragments A; and As. Then let Th = Fr(A;), To = Fr(As). Respectively Tgl and
Tj; are the enrichment of Jonsson sets A; and A, the corresponding fragments 77 and T5.

We have the following results.

Theorem. Let Ty and Ty are 3 — complete perfect Jonsson theory. Then following conditions are equivalent:

1) Ty and T, are J — syntactically similar;

2) Ty and Ty are syntactically similar, 7} and Ty respectively centers enrichment of fragments consideration
sets A; and As.

Proof. For the proof should be necessary in the following two facts.

Fact 1. For any Jonsson theory T the following conditions are equivalent:

1) T is perfect;

2) T* is model complete.

Proof follows from the fact that perfect Jonsson theory T' the equivalent, that 7™ is a model companion of
theory T' [6].

Fact 2. For any complete for 3 — sentences Jonsson theory T the following conditions are equivalent:

1) T* is model complete;

2) for each n < w, E,(T) is Boolean algebra, where E, (T) is a lattice 3 — formula with n free variables.

Proof. 1)=2) Let T* is the model complete = E,,(T*) is Boolean algebra, because T* is complete theory
(the elementary theory of the semantic model), but E,,(T') C E,,(T™*), because T C T*.

We have 2 cases:

1) T is complete, then T'=T* = T is model complete, = E,,(T") is Boolean algebra;

D UT CT < T =Th(C), where C is semantic model of T, then Vo € T = ¢ € T*; If T is complete
for 3 — sentences, then all 3 - sentences output from 7" belongs to 7. The others in 7™ is not 3 - sentences,
because E, (T*) is Boolean algebra, then it is additions for any ¢ — 3 — sentences. In generality case, this ¢
will be not 3 — sentences, because if ¢ € ¥, then - € II (X is a set of 3 — sentences, II is a set of V —
sentences), but T* is model complete < Vi € T,30 € T* : 1) = 0,0 € ¥. But we known that 6 e T* & 6 € T
= 1) 1,0 € E,(T); 2) p € E,(T) = ~p € E,(T); 3) Vo € E,(T) -~ = ¢ = E,(T) is Boolean algebra.

2)=1) E,(T) is Boolean algebra = T is model complete,but T' C T* = Th(C). Let A € ModT = A is
isomorphic introduce to C, because C is semantical model. Due to the fact, that T' is model complete = is
embedding elementary.

Let C is not saturated, then 3X C C, |X| < |C],3p € S1(X): is not true, that (C,z),ex = p, but pUT is
jointly, so Im ¢ C: m realize in p, then IM = T*, that m € M, M is the elementary extension of C that power
= 3 semantical model C’, which |M|* is saturated and the elementary extension of M power 2. But any
two semantical models are elementary equivalent between itself, in particular C = C’. We give a contradiction,
because C’ realize in p. Consequently, that C' is not saturated, is not true, = T is perfect, = T* is model
complete.

Now show directly to proof statement of the theorem.

We show 1)=-2). We have that for each n < w E,,(T1) is isomorphic E, (T%). Let this isomorphism carried out
by fin. By condition theorem and facts 1 and 2 for each n < w E,,(T1) and E,,(T3) are Boolean algebra. But by
condition perfectness 17 and T» = 17 and T35 are model complete due to the fact 1, because for each n < w, for
any formulae ¢(T) from F,(T7) there is a formula ¢ () from E, (T7) so that T} = ¢ <> ¢. Due to the that the
theory T4 is 3 - complete and F,,(T») C E,(T5) (as To C Ty), follows that E, (1) = E,(T%). For each n < w,
for each ¢1(T) from F,(T) we ask the following maps between F,(T}) and F,,(T5): fon(¢1(T)) = fin(e1(T)),
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where in T} | 1 < ¢1, ¢1 € E,(T1). Easily understood that by virtue if the properties fi, and the above
fan is bijection specifying isomorphism between F, (T5) and F,(Ty). Consequently, T} and Ty are syntactically
similar. We show 2)=-1) is trivial, because F,, (T} isomorphic F, (T5) for each n < w, and by condition theorem
and facts 1 and 2 this isomorphism extends to all subalgebras.

From we known the following results.

Proposition. If theory Ty and T, are syntactically similar, then T and T5 T; and T5 are semantically similar,
the reverse is not true.

In this regard can be formulated as follows:

Lemma 1. Any two cosemantic fragments J is semantically similar.

Proof follows from the definition.

Lemma 2. If two perfect 3 — complete Jonsson theories J syntactically similar, then they J semantically
similar.

Proof follows from the theorem 1 and proposition 1.

All are uncertain definitions and concepts related with Jonsson theories can be found in [5].
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A P. Emkeesn

Honconapik 0aibITHLITY (PparMeHTTEPIHiH KOMOAHbOHIAPDI

Maxkasana keitbip 6afbITy1aFbl SK3UCTEHIIMOHA BT YKall HOHCOHBIK, IOHEC TEOPHUIIAP YIIIH OPTAJIBIK, THTI-
TEPIiH KaCHeTTePi KapacThIpbLIFaH. ByJr Teopust Kaachkl KeH HOHCOHIBIK, TEOPUSIaAP/IbIH, KJIaCTaAPbIHBIH, iITKi
KJ1achl OosibIll TabbLIa bl Jlepbec karmaiia HOHCOHIBIK, Teopusiiapra 6apJIbIK, OEKITiIreH curarTaMa MeH
epicTep KJIACHIH XKaTKbI3yra 60/1abl. ABTOP KeJieCi TAKBIPBIITKA KATBICThI YKAJIIIBI MOJIE/IbIED TEOPUICHIHBIH
KJIACCUKAJIBIK TpobyieMaiapbIMeH OailyTaHbICTBI ecenTep/i KapacToIpabl. EH Oipinmii ke3ekTe OalbITY/IbIH
MarbIHACHI KOPCETLIIi. Bip OpbIHIbI TpeIMKATTHIH, KOMEriMeH HOHCOH/IBIK, iITTKi YKUBIHIAP YKOHEe HOHCOHIBIK,
TOJIBIKTBIPYJIAP YIMTH P-CTaOMIBIITIK YFBIMBI KOHE YKCACTBIKTHIH Op TYPJIi TYpJepi KapacThIPbLIIbI, SIFHN,
OPTAJILIK, THII YK9HE OHBIH IEHTPIHIH MPOTOTHIN YIIiH p-cTabmIbIimikTiH coiikectiri. CoHbIMEeH KaTap HOH-
COHJIBIK, OAfBITYIapAbIH (bparMeHTTEePiHiH KOMITAHBOHIAPBIHBIH CHUHTAKCUCTIK YKCACTBIFBI YKOHE OJIap/IbIH
[EHTPJIEPIHIH CHHTAKCUCTIK YKCACTBIFBI 9KBUBAJIEHTTLIIN KOpceTiared. bepiiren 6afibIThLIYAA IEHTPAIBIIK
TUIITEP/IIH, KACHETTEPIH OKY VIIIiH GepiireH cTabuJIbILIK YPBIMbI KOJIIaHOABI MarbiHa Oepei. Exinmmiaen,
Gepinren GafbITBLIYAA [MEHTPAJIBIIK TUIITIH YFBIMBIHBIH MafbIHACHIH aTall ©TKeH KoH. OpTasiblK, THUMTIH
O31H/IK MIEsICHI TOJIBIK, €MEC OPTAJIBIK, TOJBIKTHIPHLIY/IBIH KOMETIMEH aJIbIHFAH MOHCOHJIBIK, TEOPUSIIAP/IBIH
KaCUeTTEepiH KOCBIMINIA CHIATTAYbIH YCBIHAIbI. KapacThIpbIl OTBIpFAH K3WCTEHIIHOHAJAbI TYHBIK KATThI
JeHEeC HOHCOHJBIK TEOPUSJIapIbIH MOHCOHIBIK, iIIKi *KUBIHIAPBIHBIH, CEMaHTUKAJBIK MO/IEJIbIEPl MOIEIbTi-
TEOPETHUKAJIBIK, CUIIATTAMAIAFbl JKAKChI KacuerTepre ne. bys Mopsm panrize KaTbICTBI YKOHE OJ1 KOFaphIIa
KOPCETIJINEH TEOPUSJIAPAbIH CHHTAKCUCTIK »KOHE CEMaHTUKAJIBIK YKCACTBIKTAPBIHIA CAKTAJIAIbI.

Kiam cesdep: HOHCOHIBIK TeOpHsi, OANBITHLIY/IBIH (DPArMEHTTED], YKCACTBIKTBIH, KACHETTEP], KOMIAHBOH-
JIapJIblH CHHTAKCUCTIK YKCACTBIFbI, HHBADUAHTTHI KACHET.
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KoMnaHbOHBI (bpa.I‘MeHTOB MOHCOHOBCKOI'O O6OI‘aI_U;eHI/ISI

B craTbe paccMOTpeHBI CBOMCTBa IEHTPAJIBLHBIX THIOB JIJIS 9K3UCTEHIIUAIBHO IIPOCTBIX CUJIBHO HOHCOHOB-
CKUX BBIIYKJIBIX TEOPHUil B HEKOTOPOM PACHIUPEHUH. DTOT KJIACC TEOPUI SBJISETCS MOJIKIACCOM IITUPOKOTO
KJlacca HOHCOHOBCKHUX Teopuil. B yacTHOCTH, K IOHCOHOBCKHM TEOPHSM MOYKHO OTHECTH KJIACC BCEX IIOJIEi
bUKCHPOBAHHON XapaKTEPUCTUKHU. ABTOPOM DEIIEHbI 3a/a9K, CBA3aHHBIE C KJIACCUYECKUMU MpOobJIeMaMu
ob1reit TeOpHU MOJENIEl, KACAIOMMXCs CIeyIoeil TeMaTuku. B mepByio odepeib, OTMETUM 3HAYEHUST 000-
ramennsi. C IOMOIIBIO OJHOMECTHOIO IIPEJIUKATa BbIJIEJSIETCs] HOHCOHOBCKOE IIOJMHOXKECTBO W JIJIsi HOH-
COHOBCKUX TIOTIOJTHEHUN PACCMOTPEHBI MOHSITUSI P-CTAOMILHOCTHA W PA3/IMdHble BU bl mofobuit. [losryaensr
CJIeIyIOIre Pe3yJIbTAThI: COBIAJIEHNE P-CTAOMIBHOCTU /IS TPOTOTHUIIA IEHTPAIBLHOrO TUIA U €ro IEHTPA;
9KBHUBAJIEHTHOCTb CHHTAKCUYIECKOI0 ITO00MsI KOMIIAHBOHOB (DPArMeHTOB HIOHCOHOBCKOI'O OOOTAIIEHNS U CUH-
TaKCUYIECKOTO TOI00usT X MeHTpOoB. [loHsTHE CTAOMIBHOCTH WMeeT MPUKJIAIHOE 3HAUEHUE ISl U3y IEHUsT
CBOWCTB I€HTPAJbHBIX TUIOB B JIAHHOM oboraieHnn. Bo BTOpyIo odepe/ib HY?KHO OTMETUTh 3HAYUEHUE II0-
HSITHs [EHTPAJIBHOIO THIIA B JaHHOM oboramenun. Cama uiest eHTPaIbHOrO THIIA IPEIIOIaraeT JOIOTH-
TEJIBHOE OIMCAHNE CBOMCTB HEIOIHBIX HOHCOHOBCKIX TEOPHil ¢ IOMOIILIO IEHTPATHLHOTO TOMOHEH s, VoH-
COHOBCKHE TTOJMHOXKECTBa CEMAaHTHUYECKON MOJEIN pacCMaTpUBaeMoOil 9K3UCTEHIIMOHAJILHO IIPOCTOI CHJIBHO
BBIIYKJIOM HOHCOHOBCKOM T€OpUH 06JIaJaI0T XOPOIITUME CBORCTBAME TEOPETHKO-MOJIEIBHOIO XapaKTepa. JTO
KacaeTcs paHra Mop/jn M OH COXpaHSIETCsS TIPU CHHTAKCHYIECKOM M CEMAHTHIECKOM ITOJOOMSX yKa3aHHBIX
BBIIIIE TEOPUA.

Kmouesvie cro6a: HOHCOHOBCKasi Teopusi, pparMeHTbl OOOralleHusi, CBOMCTBA I0JI00UsI, CHHTAKCHUYIECKOe
o106¥e KOMIIAHBOHOB, CBOMCTBO MHBaAPUAHTHOCTH.
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Virtual University modules

In the article the questions of filling the modules of the virtual university with teaching methods are
considered. The main educational tools used in the content, as well as the types computer training
programs.The work with such programs is aimed at mental actions of the student, formation and consolidation
of professional skills. In the conditions of modern technologies, creative approach of teaching in professional
activity is necessary. The authors show how the functions of teachers, in comparison with the traditional
training system, are diversified.

Keywords: supertyutor, proftyutor, training, certification, module, unit, integration, telecommunications,
infrastructure, configuration, portal, environment.

In conditions of impetuous development of modern world topical meaning have application and introducti-
on of new information and pedagogic technologies to the education process. One of sucg forms of education is
virtual education. The definition «virtual education» fully considered in works of A.V. Hutorskiy. The virtual
education is a creation of virtual space where take place the process and interaction of subjects and objects of
education, specific of which these objects and subjects define. The modern distant technologies allow expanding
opportunities of full-time and part-time education. With using of such form of education there is an opportunity
of increase mutual availability of removed students, teachers, specialists, and also information massives and
virtual education objects what is important and specific.

Let’s consider the issues of filling by Virtual University program modules with teaching tools. Here are the
main teaching tools used in the content and also the types of computer training programs:

Work module tutorial (unit). Units are designed on each module, the average during one academic period.
Each student receives 25-27 unit and methodical recommendations on work with working modular textbook.

All units have the same structure, which allows to student to orient quickly in a new academic material
passing to the next module. Working modular textbook includes the course program, the didactic course plan,
the list of basic and additional literature, scientific or thematic review of training material, a glossary, tasks for
independent work, skills training, information to the test tasks.

The feature of the unit is the review nature of the presentation, which allows you to navigate in the basic
concepts and issues, to get the basic tendencies of science development.

Training didactic or methodical tools logically complement each other and enhance didactic functions of the
discipline. General view of the virtual university materials must be more than 2000 items of educational products.
Among them - the simulated movies, music videos, video lectures (review and modular), satellite TV lectures,
author’s lecture courses, slide lectures. The best doctors and professors from different cities, different countries,
professional directors should be invited to the reading and writing lectures. The Fund must be replenished
regularly. All these training products are in the same and digital records and promotr to increase the visibility
of the educational material content of the module or a specific part of it.

Computer training programs. The university (virtual) should have more than 300 computer-based training
programs for all academic disciplines. Work with such programs aimed at enhancing the student’s mental
activities, the formation and consolidation of professional skills. Types of computer training programs [1]:

e Supertutor (ST) — contains all the necessary information on the topics of the course, glossary, training,
testing;

e Proftutor (PT) — trains to work with professional small programs by methodological manuals;

e I-tutor (IT, imitation) — simulates a work with lengthy professional computer programs;

e G-tutor (RT, research) is a research program for the development of research skills on a specific issue;

e COMPLAY (computer game) is a game or role-playing program, immersion into the business atmosphere
and performance in some role;
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e Reward is a Digital linguistic program for non-linguists;

Using of computer-based training programs is based on clear algorithms, necessarily involving feedback.
Analyzing the training program A.T. Edrisov and M.A. Antonov classify them as follows [1]:

e a computer textbook is a program-methodical complex that combines the properties of usual textbooks,
reference books, book of problems and laboratory practical;

e object-oriented environment (microcosms, simulation programs, training packages) is a training program
package that allows you to operate with objects of a certain class, guiding by the methodological guidelines or
produces research; such simulation programs give the opportunity to «stays the head of the company, a bank,
offices;

e laboratory practice serving to conduct surveillance over objects, the study of various aspects of the use of
these objects in practice;

e a simulator is used for processing and securing the technical skills of problem solving;

e control programs are designed to certify the quality of knowledge;

e reference data base for educational purposes, for the storage and presentation of a variety of information;
they are characterized by a hierarchical organization of the material and a quick search of information on
different grounds or by the context.

Training programs represent one of the types of independent work of students on the stage when a certain
knowledge is already formed.

Collective training is a classroom group session aimed to updating and processing of professional skills
and allows students unleash his creativity in an interactive way. These classes are organized and conducted in
accordance with the designed scenarios. Development of the script is approved by the Scientific and Methodological
Council and recommended for publication and implementation in the learning process.

Guidelines for conducting collective training include the goals and objectives of the lesson, handouts,
guidelines for organizing and conducting. Depending on the specifics of a particular discipline and type of
lesson various types of collective training are used.

Student Appraisal System. Continuous control and assessment of assimilation quality of each module in
accordance with standard criteria is also the original difference of this technology. Certification system is divided
into a learning module, current and complete. Student is allowed to the current appraisal of the subject matter
only after included in complex of norms stages and learning outcomes (homework, tests on modules, coursework,
etc.) will be offset. Control over the passage of every student at all educational procedures is carried out by a
special computer program. The student is admitted to the final certification after full current certification of all
subjects in the curriculum is held. At the end of each module unit test is carried out.

Academic mobility of students is carried out through a variety of links between domestic and foreign
universities and educational centers. Under the contract, even students can present their thesis and receive
personal certificates and diplomas not only in the fixed educational structures, but also in other universities.

The high technology of the educational process dictates strict compliance with all of its elements, each of
which is well matched with the whole chain of educational process. In the context of continuous improvement of
learning technologies special measures for accelerating the teachers to adapt to the specifics of virtual learning
are required. Functions of teachers in comparison with the traditional system of education is diversified in terms
of modern technology a creative approach to teaching professional activity is required [2].

Summarizing the above, we note the characteristic features of virtual education.

Flexibility: students, listener receiving virtual education mostly do not attend regular classes and study at
a convenient time and in a convenient location [3].

Modularity: principle is laid in the basis of virtual education programs modular: every single course creates a
holistic view about a single subject area, which allows to form from the set of independent modules a curriculum
that meets the needs of the individual or group.

Parallelism: training is carried out simultaneously with the professional activities (or learning in a different
direction), i. e. on the job or other activity.

Large audience: the simultaneous appeal to many sources of training information, large number of students,
listeners, communication with the help of telecommunication relation of students between themselves and
trainees.

Effectiveness: the effective use of educational spaces and facilities, concentrated and unified view of informat-
ion, the use of computer simulation and development should lead to a reduction in training costs.

Workability: the use of new advances in information technologies that assist human entry into the global
information space.
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Social equality: equal access to education regardless of their place of residence, health status, social status.

Internationalization: opportunities to get education in educational institutions of foreign countries without
leaving the country, and to provide educational services for foreign citizens and compatriots living abroad.

The new role of the teacher: virtual education expands and updates the role of the teacher, makes him a
mentor and consultant, who must coordinate the learning process, to continually improve the courses he teaches,
enhance creativity and skills in line with the innovations and innovation. Positive impact on student (listener):
increasing of creative and intellectual potential of the person, who receives virtual education, at the expense of
self , the pursuit of knowledge, the use of modern information and telecommunication technologies, the ability
to make their own responsible decisions.

Quality: the quality of virtual education is not inferior to other forms of education because preparation for
teaching resources attract the best faculty and use of the most modern teaching materials; it provided the use of
a dedicated quality control of virtual education for its compliance with educational standards. The main tasks
of virtual education:

e Formation of legal, organizational , educational and methodical, information and telecommunication,
personnel, economic and financial security, the implementation and the development as virtual education as
distance learning for individual courses or course units;

e Organization and development of virtual education in any area of training specialists; humanitarian,
economic, legal, natural, military, agricultural etc;

e The introduction of virtual learning technologies at all levels (the higher, postgraduate)as well as training
for individual courses or course units;

e Provide training and psychological support with the help of virtual learning socially disadvantaged groups,
unemployed persons, persons with disabilities, prisoners, conscripts etc;

e Providing vocational guidance and self-determination for the future specialists;

e The use of virtual learning technologies for retraining and advanced training people in the field
of business, state and municipal management, customs and tax services, financial and banking system,
academics etc;

e Creation of the state electronic library of virtual courses (normative disciplines);

e Integration of virtual education system into the world of modern education.

e The organizational structure brings together all the components of the virtual education and based on
the following components:

e Organizational and management;

e Normative-legal;

e Educational and methodical;

e Information and telecommunications;

e Economic and financial.

It provides:

epreparation of legal documents of the virtual education projects;

e coordinate of development and implementation of virtual learning technology and curricula;

e development of virtual courses with international standards of virtual education;

e coordination of virtual education centers on the interaction with regional and regional telecommunications
centers;

e the development and implementation of the most effective information and educational software;

e creation of a distributed information structure of virtual education as well as administration system and
control of knowledge;

e the development of programs, providing training and retraining personnel for the virtual education;

e the development of a system of information and analytical support for virtual education, including market
research and promotional activities.

Regional centers of virtual education. They are created on the basis of the higher educational institutions, which
are the regional centers of the telecommunications network of science and education. Provide the ability to use
the telecommunications network. Take part in:

e In the improvement and development of telecommunications infrastructure for the implementation of
virtual education;

e In the preparation of legal documents of virtual education projects;

e In the development and implementation of virtual learning technology and curricula;

e In the development and implementation of the most effective information and educational software;
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e In the creation of distributed information structure of the virtual education;

e In the preparation of virtual education staff;

e In the establishment of the state library of virtual courses.

Regional centers may be basic centers in areas of vocational training.

Basic centers in areas of vocational training. They are created on the basis of higher educational institutions
with outstanding educational-methodical and scientific developments in one or more areas of professional
training; have a significant contribution to the development and implementation of the virtual learning technologies
and accordingly prepared cadre. They provide:

— The development of virtual courses on specific areas of the Coordination Council of vocational training;

— The introduction of virtual education in the relevant areas of vocational training.

— Participants:

— In the preparation of legal documents virtual education projects;

— In the development in areas of training specialists teaching methods;

— In making recommendations on the introduction of information technologies and virtual courses in the
various forms of education;

e The establishment of administration system and control of knowledge;

e The establishment of the state library of virtual courses.

Local centers of virtual learning. They are created on the basis of higher educational institutions with access
to telecommunications networks, modern computer facilities and trained personnel structure. Stages of creation
and development of virtual education. Creation of the basic foundations of virtual education system may be
implemented in the following stages.

First step:

e Establishment of the organizational structure of virtual education;

e The development of regulatory frameworks and virtual education standards;

e Monitoring study of the implementation conditions of virtual education and optimization of the process;

e Creation of the material - technical base of the regional local centers of virtual learning;

e Creation of a primary fund of virtual courses and ensure their experimental implementation;

e Development of Financing bases of virtual learning;

e The implementation of pilot implementation projects of virtual education.

Second step:

e Full-scale deployment and implementation of virtual education as a form of learning;

e The introduction of multi-channel system of financing businesses and individuals of virtual education;

e The introduction of a licensing system, certification and accreditation of virtual education institutions.

Consider approaches to the development of information and telecommunication resources and the results of
their implementation ensured the successful task solution of creating the foundations of a common information
space. Telecommunications basis providing interaction and remote access to information resources can be a
segment of the scientific and educational RunNet computer network having a gateway to all the commercial
networks and managed with the use of specially developed integrated network management system. This system
may include five interrelated subsystems to solve individual problems, which include:

— Configuration Management;

— Security management;

— Management failures;

— Accounting of the resources use;

— Performance Management.

The backbone core is a database complex containing complete information about all aspects of the network
functioning. It allows the administrator to obtain the necessary information at any time.

Within this network segment you can create information portal and web portal providing a total access to
the main information resources.

At the same time one of the most representative scientific and educational information resources available
online can be e-library (Automated Library Information System - ALIS), the Bible - graphic description of the
library collection?s documents and their full-text electronic copies can be accumulated in its databases.

The library is considered as one of the main elements of the virtual learning system providing it quick access
from remote locations to the necessary teaching materials. Overall ALIS provides with managing formation of
the library collection through the creation and use of images of the search documents: an analysis of the
composition of the fund; determining the presence of teaching materials necessary for the successful conduct of

Cepust «Maremarnkas. Ne1(85)/2017 49



B.H. Zhanbusinova, G.Sh. Iskakova et al.

training activities; implementation of selection of documents in accordance with the permanent and one-time
requests of the users in the modes of selective distribution of information and retrospective search; preparation
of various lists and literature indexes, the necessary forms of report documents: easy and convenient access
to information for different categories of users including from remote locations; interaction with other similar
systems by the Internet; the creation on its base of corporate ALIS city.

This system bases on the complex of automated workplaces (AWP) and electronic catalogs containing
bibliographic, factual and full-text databases formed on the basis of new acquisitions and the existing stock;
AWP for acquisition fund; AWP of the bibliographer; AWP of the reader; AWP of the librarian; AWP for the
interlibrary loan; System Administrator workstation.

Created within IntraNet ALIS bases on the use of opportunities database management system (DBMS)
Oracle8. Documents introduced in the system immediately after the entry is made available to users through a
Web-based workstations with a data-processing network and from remote workstations with access to telecom-
munications networks.

The choice of methods and tools of information systems development is carried out with the following
requirements to them:

e Multiplatform support;

e Regardless of the manufacturer;

e Commonality;

e Ability to create a reliable and quality software;

e The ability to support software developed during the entire lifetime;

e Ability to design using modern methods and approaches;

e The possibility of development and a simple modification of the developed system; A simple and effective
support for Web-technologies.

Creating information systems focuses on the complex means of interaction with the end user who performances
a «smart interface» role on modern level and enables interactive solution of information problems on a computer.
Note that for this purpose capabilities of the Web environment are widely used; this capabilities ensure the
provision of a user interface for working with one or more databases. Thus, it can be seen that the known
three-tier client-server architecture of the database is displayed naturally on the Web environment, where the
Web - browser plays a role of a «thin» client, a Web-server - the role of the application server. In such manner,
forming of virtual education space with all its flowing peculiarities, modules and means on the base of the
modern information achievements is one of the important tasks of education system of XXI century [3].
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b.X. ZKanbycunona, I".I1I. lckakosa, K.C. [Ilaykenosa,
B.K. [MTagxmerosa, A.K. Mykaresa

Bupryanabpl yHUBEpCUTETTIH, MOIYJIbJAEPi

MakaJstazia BUpPTYyaJsibl YHUBEPCUTETTIH MOJY/IbIAPbl Ma3MYHBI OKY-9/ICTEMEJIK 9ICTEPMEH TOJITHIPLLIY
Mocesiesiepi KapacThIpbliradn. KOHTeHTTe maiifalaHaThIH HEri3ri OKy o/icTepi, COHIail-ak KOMIIBIOTEPJIK
oKy Garjapsiamasiapbl TypJiepi kepcerinren. OcbiHmail 6armapiaMaiap CTYIEHTTIH 3epesi opeKeTiH GeJ-
ceHJIipyre, Kocibn JarabLIapbid OekiTyre GarbITTa rad. Kasipri TeXHOMOrusIIapbIHbIH, cabak, Oepy/IiH Kpea-
TuBTI TOCii GipiHIi Ke3eKTe eKeHiri Oerisienin, aBTOpIapMEH 971 OChLIAN YIPETY/IiH, IOCTYPJI XKyiteciMeH
CaJIBICTBIPFAH/Ia, OKBITYIIBLIAPIBIH KbISMETIH YKaHIAHbIPAIb JIeTe€H KOPBITBIHIBI KACAJIFAH.

Kiam ceadep: BUpTyasiibl yHUBEPCUTET, KOHTEHT, KOCiOM Iarabl, 3aMaHay! TEXHOJIOTHUIIAD, 3€P/eJll OPEKeT.

b.X. ZKanbycunona, I".I1I. lckakosa, K.C. [Ilaykenosa,
B.K. [ITasxmerona, A.K. Mykamiesa

Moynu BUPTYyaJIbHOT'O YyHUBEPCUTETA

B crarpe paccMoTpeHBI BOIIPOCHI HAIIOJIHEHUs yYe0HO-METOJUYECKIMI CPEJCTBAME MOYJIeil BUPTYyaIbHO-
ro yuusepcureTa. IIprBenensl OCHOBHBIE ydeOHBIE CPEICTBA, MUCIOJIb3yeMble B KOHTEHTE, & TaKKe BHJIbI
KOMIBIOTEPHBIX OOydaromux mnporpamm. Pabora ¢ TakuMu IporpaMMaMy HalpaBJIeHA HA aKTHBH3AIIUIO
YMCTBEHHBIX JeficTBUil cTyaeHTa, OPMUPOBaHUE U 3aKpelljieHne IpodeCCHOHAIBHBIX HABLIKOB. B yciaoBu-
SIX COBPEMEHHBIX TEXHOJIOIHMII HEOOXOAMM KPEATHBHBIM IIOJXOJ IPEIOJaBaHus B IPOQECCHOHAJIbLHON es-
TEJBHOCTH. ABTOpPaMH ITOKA3aHO, KaK (DYHKIMH IIPerojaBaTesieil, B CPAaBHEHNN C TPAJUIIMOHHON CHCTEMOIT
o0ydeHnst, TUBepCUMUIIPYIOTCS.

Kmouesvie ca06a: BUPTYaTbHBIN YHUBEPCUTET, KOHTEHT, TPOMECCUOHATBLHBIE HABBIKYM, COBPEMEHHBIE TEXHO-
JIOTUH, YMCTBEHHBIE CITOCOOHOCTH.
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O KoromMoJioruu MmpoOCThIX OrPaHUYEHHBIX MOLYJIeil JIJIst
ajJiredOpamvdecKnx rpynl

WccnenoBanbl mepBble W BTOPBIE TPYINBI KOTOMOJIOTUH ITPOCTBHIX OTPAHUYIEHHBIX MOJIYJIEH UTs ajrebpan-
YeCKUX I'PYIII C HEIPUBOIUMOI CHCTEMOI KOpHe HaJl ajrebpandecKu 3aMKHYTBIM IIOJIEM ITOJIOXKUTEJILHON
xXapakTepucTuku. J{okaszaHO, YTO rpyIimna KOrOMOJIOTHE IIPOCTOrO OTPAHUYEHHOTO MOJYJISA JIJTsl ajrebpan-
9eCKOI TPYHIbI U30MOP(MHA TPOCTPAHCTBY MOPGMU3MOB MEXKJY TPUBHUAJIBHBIM OJHOMEPHBIM MOJIYJIEM WU
COOTBETCTBYIOIIEH TIpynnoi Koromosiorun sapa Ppobenunyca gaHHON ajarebpanveckoil rpymmsl. B ciydae
BTOPOII KOTOMOJIOTHU Ha XapaKTEPUCTUKY P OCHOBHOT'O TIOJISI HAKJIAIBIBAETCsT Orpanudenue p > 3h — 3, rue
h — aucio Kokcrepa.

Kmouesvie crosa: anrebpanmdeckasi FPyNIa, IPOCTON OrPAHUIEHHBIN MO/IYJIb, KOTOMOJIOTHsI, aJaredpamyecKn
3aMKHYTO€ II0JIe, IIPOCTPAHCTBO MOPGMUIMOB.

1 Bsedenue

1.1. B mosoXuTeabHOIl XapaKTePUCTUKE I JAHHONW aaredpandecKoil TPYIIbl ¢ HEIIPUBOANMOI CHCTEMOiT
KOpHEit CyIEeCTBYIOT ceMeficTBa OECKOHEUHBIX MPOCTBIX KOHETHOMEPHBIX MOJYJEH ¢ HEeTPUBHUAJIBLHON KOTOMO-
siorueii. [lojiHBIE OmMCaHUSI TAKUX CEMENCTB IOJIyYeHbI TOJIBKO JIJIsi MaJjbIX ajrebpandecKux I'pyIil paxra 1, 2
U KOrOMOJIOrHYecKux rpymni creneneil 1, 2 u 3 [1-12]. Hekoropble nmpuMepsl ceMeiicTB GECKOHEUHBIX TPOCTHIX
KOHEYHOMEPHBIX MOJyJIeH ¢ HETPUBUAIBHON KOromosiorueil moaydensl B padborax [13, 14]. Koneunbie npumeps
MIPOCTBHIX KOHEYHOMEPHBIX MOJYJIEH MAJIbIX PA3MEPHOCTEN ¢ HETPUBHUAIBLHON KOTOMOJIOTHEN OIMCAHBI B PAOOTax
[15-19]. B kaTeropum orpaHUYEHHBIX MOYJIeil (MOYJIH ¢ OIPAHMYEHHBIM CTAPIIAM BECOM) CYIIECTBYET TOJIBKO
KOHEYHOE YHCJIO IIPOCTHIX KOHEYHOMEPHBIX MOJIyJIell C HETPUBHAJIBHON Koromosiorueii. Ilosromy mx msydeHue
HAMHOI'O IIpoIle, YeM B ofmeM ciaydae. B [20] oHH paccMOTPEHBI B CBsI3U € M3y9Y€HHEM HEOOXOJUMBIX U JI0C-
TATOYHBIX YCJIOBUII M30MOP(MHOCTH TEPBOI TPYIIIBI KOTOMOJOTHH AJre0parmvecKoil TPYIIbl ¢ HETPUBOIUMON
cuCTeMO KOpHe# HaJl aJredpandecKy 3aMKHYTHIM II0JIeM XapakTepucTuku p > (0 U COOTBETCTBYIOMIEN MEPBOit
IpYIIBI KoroMosiorun ee anrebpst Jlu ¢ koaddunmeHTaMn B MPOCTHIX MOJYJIX. AHAJIOIHYIHOE UCCJIE0BAHIE
IIPOBOJINTCS aBTOPOM IS CJIydasi BTOPOHl KOIOMOJIOIUU.

B nanHOit craThe pacCMOTPEHBI CBOMCTBA IEPBBIX U BTOPBIX I'PYIIT KOTOMOJIOTHH ajiredpandecKux TPYII ¢
HEIIPUBOIUMOI CUCTEMOM KOPHEN HaJT aJIredpanviecKu 3aMKHY ThIM TI0J1eM Xapakrepuctuku p > 0 ¢ Koaddummen-
TaMU B IIPOCTBIX OTPAHUIEHHBIX MOy 1siX. OCHOBHAS 11€JTb — MOJIY IATh HAanbosIee TPOCTyIo GOPMYJTy BBITUCICHUST
KOTOMOJIOTHH IIPOCTHIX OIPAHUIEHHBIX MOJIYJIEN /s ajaredpandecKux IPYIII ¢ HEIPUBOIAUMON CUCTEMOI KOpHEi
B TIOJIOXKHUTENBbHOI xapakTepuctuke. CorsacHo [21, A.10], mosyveHHBIH pe3yabTaT JJist KATETOPUH BCEX TIPOCTHIX
OrPAHUYEHHBIX MOJLYJIel OyIeT ClpaBeJIMBBIM U B KATEIOPUU BCEX MPOCTHIX KOHEYHOMEDPHBIX MOJLYJIEN.

1.2. Ilyctp G — anrebpaunteckast TpyIIna ¢ HEIIPUBOINMOI CHCTEMO#T KOpHE# HaT ajireOpanteckn 3aMKHY THIM
mosieMm k xapakrepucturu p > 0; T — makcumanbabiil Top B G5 B D T — noarpynmna Bopens rpynmnsr G, coor-
BETCTBYIONIAs OTPUIATE]bHBIM KOpHM. A npo mopdbusma Opobennyca, paccMaTpuBaeMoe Kak siipo MOpdu3Ma
IPYIIIOBBIX cxeM, obo3Hadaercs depes Gl

O6o3naunM 4epe3d R cucremy kopmeii rpynnsl G oraocutesbHo (G,T). MHOXKECTBO IOJIOKHUTEILHBIX U
OTPHUIIATEBLHBIX KOPHEl COOTBETCTBEHHO 0603Ha4nM deped R u R~ u mycTh S — MHOKECTBO HPOCTHIX KODHEI,
h — aucsio Kokcrepa. [Ijst cucremsbr KopHeit panra [ mycTb v, - - - , (yy — IPOCThIE KOPHUA U A1, - - - , \; — (DyHIaMeH-
TajbHble Beca. OG03HAYNM IEJIOYUCIEHHYIO PEIIETKY BECOB, MOPOXKIEHHYIO (DYHIAMEHTAJTLHBIMU BECAMU, Yepe3
X(T) (agmuruBHas rpynna xapakrepoB MakcuMaibHoro Topa T'), u mycrs X (7') — MHOXKeCTBO JOMUHAHTHBIX
BecoB; X1(7') — MHOXKeCTBO OrpAHMYEHHBIX BECOB.

[Iycrs V — panmonassubiii G-momyias. O6osuaunm depes V(") ckpyunsanme ®pobernyca V crenenn r. Bosee
TOrO, CYIIECTBYeT eIMHCTBEHHBIA r > 1, Taxoii uro V(=") ects G-Momyis, Ha koTopom G jeficTByeT HETpH-
BHAJIHHO.
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O xoromoJiorun IIPOCTHIX OI'PaHUYICHHBIX . ..

1.3. OCHOBHBIM pe3yJIBTATOM IAHHON PAbOTHI SIBJISIETCS CJIEILYIOIIAs

Teopema. Ilycrs G — anrebpamdeckas TPyIia ¢ HEIPUBOJAMMON CACTEMOI KOpHEW HaJ ajredpamdecku 3a-
MKHYTBIM 110J1eM k xapakrepuctuku p > 0 u V — npocroit orpanudennsiit G-momysib. Torma:

(a) HY(G,V) = Homg(k, H'(G*,V)=1);

(b) ectu p > 3h — 3, To H*(G,V) = Homg (k, H2(G',V)(=1).

3ameuanue. B pocraTouno Gosbimux xapakTepucTukax mnoss s H™(G, V) teopema BepHa u npu n > 2.
OyiHaKO JJIst HUX HUXKHsIsI TPAHUIA 3HAYEHUH XapaKTEePUCTUKH P elle He YCTAHOBJICHA.

JoKa3aTeIbeTBO TeOpEeMbl OCHOBAHO Ha U3YUEHHH CBOMCTBA CIEKTPAILHOI mocienoBaTebHocTd JINHIoHa-
Xoxmmabaa-Ceppa [21, 1.6.6.(3)]:

Ey™ = HY(G/G, H™(G',V)) = H" ™™ (G, V), (1)
JJIA KOpOTKOIU/I TOYHON II0CJIE1I0BATC/JIBHOCTU I'PYHIIIOBBIX CXEM
1-G'—-G—-G/Gt =1
u G-momynst V.

2 /loxazameavcmeo meopemoi

2.1. B NaHHOM TOJIIYHKTE YCTAHABJIMBAIOTCS HEOOXOJMMBIE Tl JOKA3ATEIbCTBA OCHOBHBIX DE3YJIBTATOB
cBoiicTBa CreKTpaabHOil nocieposarenasaoctu (1). Ilyers V' — npoctoit G-MOAy/Ib ¢ OrpaHMIEHHBIM CTAPIIHAM
secoMm. Cormacro [13, 1.1, ¢. 76§]

H™(G/G', H™(G',V)) = H™(G, H™(G*,V)().

CrenoBaresibHO,
Ey™ = HY(G, H™(GY,V)(7Y), (2)

Ecimn EX™ — crabmiibHOE 3HAUYEHNE TOYKH (N, M) CHEKTPAIbHOI mocenosarensHocta (1), To

H(G V)=  EZ (3)

n+m=j

Jemma 1. Ilycts p > 2 u V' — mpocroit G-MOJTIyJIb CO CTAPIIUM BECOM U3 ODJACTH OTPAHUYEHHBIX BECOB.
Torna ES’O =0.

Jokasameavemeo. Tlo dopmyne (2), ES’O =~ [? gG, HO(G',V)(=1). Tak xax V — orpaHm<eHHbIii mpocToii
g-Mozyin, To HO(GY, V)(=D = 0. Cienosaresuo, EQ’0 =0.

Jemma 2. Ilycrs p > 3h —3 u V — upocroit G-MOIy/ib CO CTAPIINM BECOM U3 00JIaCTH OIPDAHMYEHHBIX BECOB.
Torma By =0 u By = 0.

Joxazameavcmeso. Cormacro [1; 502|, ecomm p > 3h — 3, to HY(G',V)=Y — pnomme mpusomumbrit
G-Moynb u JI00OH ee TOMHHAHTHBIA BeC JIEXKUT B HIDKHEM (DYHIAMEHTAJbHOM ajibKoBe. ClieoBaTesbHO,
H™(G,H" (G*,V)"1) = 0 gzt Bcex n > 0. Torma no dbopuyie (2) Ey' =0u Ex' =0,

Jemma 3. Ilycrs p > 3h — 3 u V. — mpocroit G-MOyIb CO CTapiiuM BECOM U3 ODJIACTH OTPAHUICHHBIX
Becos. Torua:

(a) E%Q’O = B2,

(b) E%’l =Byl

(¢) By? = ES;

(d) H*(G,V) = E3° @ Ei' @ EY%.

Hoxazamenvcmeo.  Ilo  onpenenenmio E [ ™ sBisercs  KOroMosiorueit  HOC/IeJ0BATETBHOCTH
EPTomt g pPTS T Torma ouwesnano, wro B30 = E20, Eyt = ELY E)? = E%2. Cnenosa-
TEJIHHO,

2,0 _ 12,0 2,0 _ 12,0,
E2° = E20, ecm E2° = E2°, (4)
1,1 1,1 1,1 1,1,
EX' = EY ecm EY' = EbY (5)
0,2 _ 770,2 0,2 _ 10,2 _ 170,2
EY? = E%2 ecm E? = ES? = E92. (6)
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Tax kak E3""" siBiIsieTcst KoroMosiorneii mocJ/ie/10BaTeIbHOCTI

E;—2,m+1 N E;L,m N E;L+2,m—1

)

o Ey"™ = E3'™, ecom

By~ = prt? el — ) gascrpnit pas, korga ES™ # 0. (7)

Cormacao semmam 1 m 2, ycmosue (7) BBIIOJHsIETCSl  JIIsT  BCEX  IEJOYUCIEHHBIX  TOYEK
(n,m) = (2,0),(1,1), (0,2). Torna yreepxxaenust (a) u (b) caemyror coorsercreerHo u3 (4) u (5).
Ananornano, E5"" = E"™ | ecom

Ey =32 = prtSmT2 — () gancrpnit pas, korga By # 0. (8)

Mycrs (n,m) = (0,2). Torma mo dopmyre (2) E3’ = H3(G, HO(G',V)(~1) = 0. [osromy, cormacko
0,2 0,2
yeaosuio (8), E5° = E,»°. Takum obpa3soM, yrepxaenue (¢) caexyer u3 (6).
Haxkonen, yreepxaerne (d) caemyer us yreepxaernit (a) — (¢) u dopmyssr (3).
2.2. Jloxaszameavcmeo meopemot. (a) Ecmm n+m = 1, To 1715t BCex MEIOUMNCIEHHBIX TOYEK TIEPBOTO KBAIPAHTA
Ep™ = ELO gyt — prA2mel — o Toppa, nenonssys dbopmyity (3), momyumm

HYG,V)=Ey" @ EJ"'.

Cormacuo (2), Ey° =~ HYG,H(G",V)=V). Jlerko noxazars, wuro Ey®=0. Jlelicrureasno, eciu
V # k, 10 510 0ueBmmno. Ecmu V = k, to HO(GY, V)=V = k, rorpa Ey° =H' (G, k) = 0. Crexosarenso,
HY(G,V)= Eg’l. Hakoner, ucronssys (3), mosydnm

HY(G,V) = H(G, H'(G', V)™Y) = Homa(k, H' (G, V)7Y),

(b) Cormacuo memmanm 1 u 2, E3° = Ey' = 0. Torma no nemme 3 (d)

H*(G,V) = E$?. (9)

Haustee, cormacno (2), ES? = HO(G, H*(G',V)=Y) = Homg(k, H*(G*,V)=1). Torma, ucnomnsys (9),
oIy UM

H?(G,V) = Homg(k, H*(G, V)(=D).

Paboma evinoanena npu dunarcosott noddeporcke eparma 0828/T'D4 (pyx. A.C. cymaduavdaes) MOH
PK no meme «Aazebpo, b6ausxue x Jluesvim: xozomorozuu, moostcdecmaa u dedpopmaruus.

Crmcok JuTepaTyphb

1 Andersen H.H. Extensions of modules for algebraic groups // Amer. Journal Math. — 1984. — Vol. 106.
— P. 489-504.

2 Cline E. Ext! for SL, // Commun. Algebra. — 1979. — Vol. 7. — P. 107-111.

3 Yehia S.El. Extensions of simple modules for the universal Chevalley group and parabolic subgroup. PhD
thesis. — Warwik. — 1982.

4 Ye Jia-chen. Extensions of simple modules for the group Sp(4, K) // Journal London Math. Soc. — 1990.
— Vol. 2(41). — P. 51-62.

5 Liu Jia-chun, Ye Jia-chen. Extensions of simple modules for the algebraic group of type G5 // Commun.
Algebra. — 1993. — Vol. 21(6). — P. 1909-1946.

6 Hépaes III.III. TlepBble TPpyIIIBI KOTOMOJIOTHU IIPOCTHIX MOJyJIEH HaJ ajaredpandeckoil rpynmoii tumna Bs
B IIOJIOKUTEJIbHON Xapakrepuctuke // Mosomoit yuensiit. — 2011. — T. 2. — Ne 2(25). — C. 6-10.

7 Stewart D.I. The second cohomology of simple SLs-modules // Proc. Amer. Math. Soc. — 2010. —
Vol. 138. — P. 427-434.

54 Becrnuk Kaparanmauickoro yHuBepcuTera



O koromoJsiorun IIPOCTHIX OI'PaHUYICHHBIX . ..

10

11

12

13

14

15

16

17

18

19

20

21

Stewart D.I. The second cohomology of simple SLs-modules // Commun. Algebra. — 2012. — Vol. 40. —
No. 12. — P. 4702-4716.

Ibraev Sh.Sh. The second cohomology groups of simple modules over Spy(k) // Commun. Algebra. —
2012. — Vol. 40. — No. 3. — P. 1122-1130.

Ibraev Sh.Sh. The second cohomology groups of simple modules for G // Siberian Electronic Mathematical
Reports. — 2011. — Vol. 8. — P. 381-396.

Ho6paes III.I1I. Bropble rpyIiibl KOrOMOJIOIMH OPOCThIX Momysteil Hasu SOz (k) B HOJI0KUTEIHHON XapaKTe-
puctuke // Becrn. Kaparans. yu-ra. Cep. Maremarnka. — 2011. — Ne 2(63). — C. 16-21.

Hoépaes IIL1II. O TperbUx KOrOMOJIOTUAX IPOCTBIX S Lo-Momyieit // Becrn. Kaparany,. ya-ra. Cep. Mare-
maruka. — 2015. — Ne 1(77). — C. 41-47.

Sullivan J.B. Frobenius operations on Hochschild cohomology // Amer. Journal Math. — 1980. — Vol. 102.
— No. 4. — P. 765-780.

McNinch G.J. The second cohomology of small irredusible modules for simple algebraic groups // Pacific
J. Math. — 2002. — Vol. 204. — No. 2. — P. 459-472.

O’Halloran J. Weyl modules and the cohomology of Chevalley groups // Amer. Journal Math. — 1981.
— Vol. 103. — No. 2. — P. 399-410.

Cline E., Parshall B., Scott L. Cohomology of finite groups of Lie type. I // IHES Publ. Math. — 1975.
— Vol. 45. — P. 169-191.

Cline E., Parshall B., Scott L. Cohomology of finite groups of Lie type. IT // Journal Algebra. — 1977.
— Vol. 45. — P. 182-198.

University of Georgia VIGRE Algebra Group. First cohomology for finite groups of Lie type: Simple
modules with small dominant weights // Trans. Amer. Math. Soc. — 2013. — Vol. 365. — P. 1025-1050.
University of Georgia VIGRE Algebra Group. Second cohomology for finite groups of Lie type // Journal
Algebra. — 2012. — Vol. 360. — P. 21-52.

Hbpaes HIIII. O niepBoii KOrOMOJIOTUH aJirebpanvecKoil TPYIIbl U ee anredbpbl JIu B MOJIOKUTETHHOlM
xapakrepucruke // Marem. samerku. — 2014. — T. 96. — Ne 4. — C. 512-521.

Jantzen J.C. Representations of algebraic groups. Second edition. American Math. Soc. in Mathematical
Surveys and Monographs. — Vol. 107. — 2003.

[I.ITI. BbI6osipaes

AnreOpaJibIK rpynmaJjap YIIiH »Kail IMeKTeJITeH MOIYJIbAeP/IiH
KOI'OMOJIOTHSLJIAPHI Ty PaJibl

Cunarramacsl OH aJrebpaJiblK, TYHBIK, opicreri TybipJep »Kyiieci KeJripijiMereH ajarebpasiblk IpyInagap
VIIH Kail IIeKTeJreH MOJIYJIbJIEpP KOIOMOJIOIHsIJIAPBIHBIH OipiHIN »KoHEe eKiHIN rpynmnajgapbl 3€pTTesI.
AnrebpasiblK, TPYIIa VIMiH Kail MeKTereH MOIYJ/IbIIH KOTOMOJIOTUs TPYIIIACkl Oip ©JIImeM I MOLy/Ib MeH
Gepinren anrebpassik rpynna yinin @pobernyc MOphU3Mi sITPOCHIHBIH, COIKECTI KOTOMOJIOTHS TPYIIIACHI-
HBIH apachIHJIarbl MOPMU3MIEP KeHicTirine nu3oMopdThl eKeHi e e . EKiHmi KoroMoorust »Karai-
BIH/Ia, HETi3ri epicTiH p cunarrtamacbiHa p > 3h — 3 merTeMeci KoitbLabl, 6yir kepae h — Kokcrep casbr.

Kiam cosdep: anrebpaJsiblK TPYMIA, MIEKTEITEH KAl MOJTYJIb, KOTOMOJIOTHS, aJIre0pAJIBIK, TYWBIK Opic, MOp-
dusmaep KeHicriri.
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Sh.Sh. Ibraev

On the cohomology of simple restricted modules for algebraic groups

56

w

© 00 N O U

10
11
12
13
14
15
16
17
18
19
20
21

First and second cohomology groups of simple restricted modules for algebraic groups with irreducible
root system over an algebraically closed field of positive characteristic are investigated. We show that the
cohomology group of simple restricted module for algebraic group is isomorphic to the space of morphisms
between the trivial one-dimensional module and the corresponding cohomology group for the Frobenius
kernel of this algebraic group. In the second cohomology case assumed that p > 3h — 3, where h is the
Coxeter number.

Keywords: algebraic group, restricted simple module, cohomology, algebraically closed field, space of mor-
phisms.
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2 Qwmcekuti 2ocydapemeernod yrusepcumem um. D.M. Jocmoesckozo, Poccus
(E-mail: ErkeshanK@mail.ru)

O pa3penmmMocTu KOMMYTATOPHBIX ypaBHeHUi B ajireopax JIu

IokazaHo, 94TO J1060€ KOMMYTATOPHOE ypaBHeHHe pa3penuMo Has aaredpoit JIu leiizenbepra nam mpomns-
BOJIBHBIM II0JIeM B 60J1bIIel asirebpe JIu BepXHUX HUJIBTPEYTOJIbHBIX MATPHUIL HAJT STUM 2Ke 11osieM. ITokazano,
9TO JIFOOON UJIEH HUXKHErO IEHTPAJILHOIO psifia Kouiblia (aireOper) JIn BEpXHUX HUJIBTPEYTOJIBHBIX MATPHIL
SABJIAETCA 06PA30M KOMMYTATOPHON (DYHKIMU OT OMHOI MEPEMEHHOM, OIPEIIEHHON Ha 9TOM KOJIbIEe (aJ-
rebpe).

Karouesvie caosa: Konblo (amarebpa) JIlu, HUIBTPEYroIbHbIE MATPUILI, yPABHEHNE, DACIIEINMOE yPaBHEHNUE,
KOMMYTATOP, MPOCTOH KOMMYTATOP.

Beedenue

Hycrs L — xonbuo (anrebpa) Jlu Haj Mpou3BoJIbHBIM KOJLIOM (mojeM) Kodddunuentos K. YpasHenuem
OTHOCHUTEIHFHO L HA3BIBAETCS BBIPAKEHWE BHJIA

f(x1,...,zn, L) =0, (1)

rJie JieBasi 9acTh IOJyUYeHa U3 IIEPEMEHHBIX L1, ..., Ly U KOHCTAHT (3JeMeHTOB L) ¢ MOMOINIBIO JIMEBBIX Ollepa-
Uil CJIOXKEHUs], YMHOXKeHUsI (KOMMYTHPOBaHUsl) U yMHOXKEHUH Ha 3j1eMeHThl u3 F. Ypasuenue (1) HasbiBaercs
pacuermuMbiM, eciu f(x1, ..., xn, L) = g(x1,..., ) — a,a € L, rue g(x1, ..., L) HE CONEPKUT KOHCTAHT. B aTOM
CJIydae OHO 3aIMCBIBACTCA B BHJIE

g(x1, .y ) = a. (2)

ToBopsit, uro ypasHenue (1) (wm (2)) paspermumo B L, €Cin J1jIsi HEKOTOPBIX 9JIEMEHTOB by, ..., b, € L BbIIO-
ueno paserctso f(by,...,b,, L) = 0 B cayuae (1)(wmm g(by,...,b,) = a B caygae (2)). Habop snemenrtos by, ..., by,
HA3BIBAETCSl PEIIEHUEM COOTBETCTBYIOIIEro ypaBHeHus . [oBopsT, uro ypasHenue (1) (i (2)) paspemmmo HaT
L (B xnacce kouer (anre6p) JIu A), ecsin cymecrsyer kosbiio (anrebpa) M nax K (u3 xiacca A), comeprKaiiee
B KauecTBe MOJKOJIbIA (1107are6psl) L, B KOTOPOM COOTBETCTBYIOIIEe YpaBHEHNE UMeeT perieHne by, ..., b, € M.

O paspermmmocTu ypaBHeHUid Jjisi PA3IMIHbIX KJIaccoB KoJjel (airebp) JIu u3BecTHO CPABHUTEIHLHO MAJIO.
VeTaHoBIeHa aITOPUTMUYECKAss HEPA3PEIINMOCTh PACIIENMMbBIX YPABHEHNN B CBOOOMHBIX M CBOOOJHBIX HUJIb-
MOTEHTHBIX CTYIIEHN He MEHBIIE JIEBATH KOJbIAax JIu panra He MEHBINE JBYX HAJ KOJBIOM Henabrx wncesn Z [1].
Bbruuciena KOMMyTaTOpHAsI TIAPUHA Psifia CBOOOJHBIX M OTHOCUTEIHHO CBODOJIHBIX, B TOM UHCJIE€ CBOOOJIHBIX
HWIBIIOTEHTHBIX, aiare6p JIu KOHEUHOro paHra [2], T.e. Il COOTBETCTBYOIIEH aarebpel L onpeiesieHo HanMeHb-
mee 4ncito k Takoe, 94TO JJIA JIFOGOTO 3jeMeHTa a U3 Kpajpara L2 amre6pbr L ypasHenue (2) ¢ JeBOH 9acTbio
Buja [x1, x| + ... + [Xok—1, T2g] uMeer pemienue B L.

IIpocroii kommyTaTop Beca k > 3 OT HeM3BeCTHBIX U (ujm) 3j1eMeHToB aJjre6pel Jlu L onpejessercs uH-

MYKTHUBHO: [21, 22, ..., 2k] = [[21, 22, --+s 2Zk—1], 2k|. Boipaxenne [z,y; k] = [z,,y, ..., y| 03HaIaeT MpoCcTOil KOMMY-
—_—
k
TaTop ¢ k BXOXKJEHUAMU Y. YpaBHenue (2) HA3BIBAETCS KOMMYTATODHBIM, €CJIU €TO JieBas JacTh MMEET BUJL
[Tiys Tigs ey Tig )y 01, 02, ooy b € {1, .oy Tn }. B1eCh {T1, ..., Tp} — MHOXKECTBO BCEX HEM3BECTHBIX, YIACTBYIOIIUX B

3aIMCH ypABHEHUS.
B nanHOI pafoTe paccMaTPUBAETCS PA3PENTMMOCTh KOMMY TATOPHBIX yPaBHEHHI (2) OTHOCHTENBLHO (KOJIBIIA)
anre6por JIu N, (K) BepXHUX HUJIBTPEYTOJbHBIX MATPHIL Pa3Mepa 1 X 7. HaJl IPOU3BOJILHBIM aCCOIUATUBHBIM
KOJIBIOM ¢ euHuIedl (mosem) K.
Hoxkazanpl anasorun Teopem H.C. Baxra [3, 4], yrounenusix mepbiM aBropoM B [5, 6]. D1u reopembl 01-
HOCATCST K Pa3peNmMOCTH KOMMYTATOPHBIX ypaBHeHWi Buia (2) B rpynmax BEPXHUX YHUTPEYTOJIBHBIX MATDUIL
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UT, (K) pasmepa n X n HaJ, acCONUATUBHBIM KOJIbLIOM ¢ eauauneii (nojem) K. IIpu 3ToM, KOHEYHO, TPOCTO
KOMMYTaTOD JIeBOi 9acTu (2) IMOHUMAETCS B TEOPETUKO-IPYIIIIOBOM CMBICJIE.
IIpedaoorcenue 1. Kommyraroproe ypasaenue (2) Buia

[a:,y] =a

umeer perierne B N, (F') Torga u TOJBKO TOrja, Korja a € Nn(F)Q. IIpu sToM 3HaEHUE Yy MOYKHO BBHIOPATDH
dbuxcuposanubiM: y = ¢, g € N, (F), He 3aBucsamum or a.

Caedemeue 1. Kommyrant (kBagapat) N, (F)? konbia (anre6pnr) N, (F) asasgercs o6pazoM DyHKIIE OTHOG
nepemennoit N, (F) — N, (F)?, z — [z, g] npu HexoTopom dbuxcuposannom saemente g € Ny, (F).

DiieMeHT ¢ ¢ yKa3aHHBIM CBOCTBOM Ha3bIBAETCs YHusepcasvhvim. B [3, 4] npuseseno onucanue ynusep-
CaJIbHBIX 9JIEMEHTOB B I'PYIIIOBOM CJIyYae.

ITpednoscerue 2. Kommyraropaoe ypasaenue (2) Buia

[z, 9,y,...y] =a
—
k

mveet pemenne B N, (F) Torma u Tombko Toraa, korma a € N, (F)k1. TIpu sTom sHauenme y MOKHO BHIODAThH
dburcupoBanubiM: y = g, g € N, (F'), He 3aBucAIuM or a.

Caedecmeue 2. Crenenns N, (F)*+1 xombna (anre6per) Ju N, (F) apsercs o6pasoM DyHKIME OJHOI Tiepe-
mennoit N, (F) — N, (F)**1 2+ [z, g; k] npu HexoTopom cdbuxcnposannom snemente g € N, (F).

DJIeMEHT ¢ ¢ YKa3aHHBIM CBOMCTBOM HA3BIBAETCS YHUBEPCAALHDBIM, ITO COOTBETCTBYET YaCTHOMY CJIydaro
caegcrBug 2 coegcrsuio 1. Takue ajieMeHTBl B TPYIIIOBOM cilydae Takzxke onucanbl B [3, 4]. Hokazarenncrsa
IIPUBEJIEHHBIX TIpeIoxKeHnit 1 u 2 comepkarcd B pazjiese 2.

Ormernm paborer A. Bupa [7, 8], B KOTOPBIX yCTAHOBJIEHO, UTO BEPOAJbHBIE TTOATPYIIIBI IPYII YHATPEYTOIb-
HBIX MATPHIL HAJI [I0JIEM UCUEPILIBAIOTCS YJIEHAMY HUYKHETO IIEHTPAJILHOTO PSJIA, U JTOKA3AHO, 9TO KAXKIasl TaKasl
BepOaJibHasl TIOArPYIIIA COBIAIACT ¢ MHOXKECTBOM 3HAYEHUI IIPOCTOr0 KOMMYTATOPA OT PA3IMYHBIX [IEPEMEH-
HBIX cooTBercTBylomeii puHbl. B patore FO.B. Cocnosckoro [9] (anoHc B [10]) Jl0Ka3aHO, 9TO WIEHB! HIZKHETO
HMEHTPAJIBHOTO Psijia IPYIIIBI TPEYTONBHBIX MATPHIL HAJI, TPOU3BOJBHBIM MOJIEM SIBJISIOTCS MHOYKECTBAMU 3HAYE-
HUil TF060T0 BHEITHEKOMMYTATOPHOTO CJIOBA COOTBETCTBYOIIEH JIyInHBI. HaroMHNM, 4TO BHEIITHEKOMMY TATOPHBIM
CJIOBOM JIJIMHBI | HA3bIBAETCA JIIOOOE CJIOBO, HOJyIeHHOE U3 | Pa3/JIMYHBIX IIEPEMEHHBIX ¢ MOMOIILIO Oleparmii
KOMMYTHPOBaHHS.

Pazzen 3 moCBAIIEH JTOKA3aTENbCTBY OCHOBHOTO PE3YJILTATA CTATHH O PA3PENIMMOCTH IIPOU3BOJBLHOIO KOM-
MyTaropHoro ypasaenus (2) naz ainrebpoii Jlu N3 (F') HUIbTpeyroJbHbIX MATPHI, KOTOPOE HA3BIBAETCS 4260t
T'etizenbepea. 3necy F' 0603HAYACT TIPOM3BOJIHLHOE TOJIE.

Teopema 1. JTroboe KoMMyTaTOpHOE ypaBHeHHe (2) BuIa

[(Eil s Ligy eens l’ik] =a,a € Ng(F), il, iQ, ey Zk c {xl, . .’ﬂn}, il 7é iQ, (3)
umeer pertenue B ajrebpe Ny, (F) npu mocrarouno 6osbiiom m u ecrecrsentom Bioxkenuu N3(F) B Ny, (F).

Herayu, Kacaroruecsi (DUrypupyroIero B GpopMyJInpoOBKe TeopeMbl 1 BJIOYKEHMsI, CMOTPHUTE B pasjiesie 3.

2 IIpedcmasumocmod KOMMYMAHMA U YACHOE HUNCHE20 UEHMPAALHO20 Pada Koabua (anzebpwr) N, (K) xax
06pa3a KoMmymamophoti Gynkuuu 00not nepemertot

Paccmorpum muozkectBo N, (F') BepXHUX HUJILTPEYTOJLHBIX MATDHIL pasMepa n X n Haj mosem F', re.
MHOKECTBO BCeX MaTpull & = (&; j) pasMepa n X n, B KOTOPbIX &;; = 0 mpu ¢ > j. Jlerko npoBepsieTcst, IT0 it
Bcex & € N, (F) Bomonnsiercst pasercrso z” = 0. Bosiee Toro, Jyist 100X 9JIEMEHTOB X1, L2, ..., Ty € Ny (F)
BBITIOJIHEHO PaBEHCTBO T - X2 - ... - T, = 0. B To Ke Bpemsa mpouspenenue el,2 - eg3 - ... €p_1,, = €1, HE
pasuo 0. Takum 06pazom, MuoKecTBO Ny, (F') ¢ OOBIYHBIMYE MATPUYHBIMUA OIEPAIUSIMU CJIOKEHUST, YMHOKEHUS U
YMHOYKEHUST HA 3JIEMEHTBI 13 F' sIBJIsIeTCsl HUJIBIIOTEHTHON ACCOMUATHBHON areGpoit CTyeHr HIJIBIIOTEHTHOCTH
n. [Ipu 3amene nons F' Ha KOMMyTaTUBHOE accolaTHBHOE KOJblo K nosydaem acconuarusaoe Koublo Ny, (K),
KOTOPOE SIBJISIETCSI HUJIBIIOTEHTHBIM CTYIIEHU He 0OJIbIlle, YeM 1.

Hanee pacemarpusaem anre6per JIu N, (F) #HaJ 0pon3BoiabHBIM 1oj1eM F.

Omnpenennm Ha N, (F') omeparyio KOMMYyTHPOBaHUs, ojaras [x,y] = xy — y& JJIs JE0OOH Haphbl JIEMEHTOB
z,y € N, (F). Xopomo uzsecrno, uro (N, (F'),+,[]) asuserca anrebpoit Jlu, st KoTopoii Mbl coxpansieM 060-
snauenue N, (F). Anre6pa JIu N, (F') aunpnorentaa crynenu n. JefcTBUTENBHO, TOXKAECTBO (X1, T2, ..., Tn] = 0

58 Bectnuk Kaparanmauickoro yHuBepcuTera



O paszpemmmMocTi KOMMYTATOPHBIX . . .

cJIeyeT M3 COOTBETCTBYIOIIETO TOXKJIECTBA ACCOIMATUBHON ajreOphl, a HEIOCPEICTBEHHO IIPOBEPSiEMOE PaBEH-
CTBO [€1,2,€2,3,...;€n—1,n] = €1,, NMOKA3LIBAET, UTO CTYIEHb HIJIBIIOTEHTHOCTH IPH STOM He MEHBIIe, IeM .
JTobas nonanredpa anre6psl N, (F) TakKe sBIsieTcsl HUJIBIOTEHTHON ajireGpoil JIu crenenn HUILHOTEHTHOCTH
He OOJIBITIE, TeM 7.

Auire6psbr JIu cocTaBIIAIOT OJIMH M3 OCHOBHBIX KJIAaCcCOB ajredop. BazkHocTh ajrebp Jlu oObsicHsIeTCsI TeM, 9TO
OHH TECHO CBsI3aHbI ¢ rpymamu JIu, T.e. BaXKHEHIIIUM KJIaCCOM HEIIPEPBIBHBIX I'PYIII.

Marpuumsle e AUHUIEL €; ; IpU § < j 06pa3yioT 6a3y juneitnoro npocrpaucrsa V,, (F') anrebper N, (F). Torna

dim(Vi(F)) = 22— 1)

npu j # 1.
SameruM, uro mig anrebpst Jlu N, (F) u 066X «, 8 € F BepHbI COOTHONIEHMS

. Tabyuma yMHOKEeHHS JJIsl MATPHYHBIX €IUHUIL OOBIMHALA: €; 5 * €5k = €4k, €45 €1k = 0

afle; ,ecmm j = k;
[ae; i, Begi] = § —afer ;,ecan i =1;
0 B OCTAJILHBIX CJIyYasX.

Ounpenenum g m = 1,2, ...,n— 1 maoxecrso marpur N, (F)™, cocrosiiee u3 Bcex MaTpury ¢ m— 1 HyseBoii
JIMArOHAJIBIO BbIIIe TaBHOiL. 3BectHO, uTo N, (F)™ coBnamaer ¢ m-ii crenensio anre6psr Ny, (F).
ITpedaoscerue 1. Kommyraropaoe ypasaenue (2) Buia

[z,y] = a (4)

umeer perenne B N, (F) Toraa u Tobko Tora, korga a € N, (F)2.
Jokasameavemeo. Ciyaan n = 1,2, xorga [z,y] = 0, Tpusnasnbabl. B naspHeitimeM cantaem, 9o n > 3 .
ITycrb must Hekoroporo a € N, (F') ypasaenue (4) umeer perenne B N, (F), Torga qokaxeM, 1to a € N, (F)
Marpuupt z,y € N, (F) 0IHO3HAYHO 3aIMCHIBAIOTCS B BUJIE

r= E Tij€ij, Y= E Yij€iji TigsYij € F.

1<i<j<n 1<i<j<n

2

HeHOCpe,D;CTBeHHI)IM BBIYHUCJICHUEM II0JIyYIaeM, 9TO

Tr-y= E Ti,5Yj,kCi k-
i<j<k

BameruMm, 9To k — i > 2, T.€. UPU YMHOXKEHUU JIHOObIX ABYX Marpuil u3 N, (F) moydum MaTpuily ¢ HyJIaMu
Ha nepBoit mobounoit quaronanu. Torma [r,y] = x -y —y - x € N, (F)2. Takum obpaszom, a € N, (F)2.

Hoxkaxkem obparHoe yrepxkiaenue. [lycts a = joi>o Gij€ig, Gij € F. [Tokazkem pa3permmMocTs ypaBHe-
uus (4).

IIycts & — maTpura, y KOTOPOH Ha MEPBOM MOOOYTHON JTUATOHAJN CTOST €IMHUIIBI, & OCTAJBHBIE IJIEMEHTHI
HyJId, T.€. & = Z?:_ll ei,i+1. Torna ypasuenue (4) MOXKHO 3anucaTbh B BHIE

n—1 n—1
D et D Yig€ig— D €kl D Yig€ig = D i€ ()
=1 i=1

1<i<j<n 1<i<j<n j—i>2

Jlerko mpoBepsieTcs, UTO 3HAYEHHe BTOPON MOGOUHOI AmaroHamn (a1,3,G2.4,...,0n—2,) (IepBas HyleBas)
MATPHUIBI @ TOJHOCTBIO ONPEJIESIeTCs 3SHAYEHUSIME TIEPBOH TTOO0THO JMArOHAJN MATPUILL Y, & UMEHHO:

a1,3 = Y23 —Y1,2,02,4 = Y3,4 — Y2,3;
a35 = Ya,5 — Y3,4,846 = Y56 — Y4,5, -5
Up—2,n = Yn—1,n — Yn—2,n—1-

Ilonaraem, aro
Y12 =0a13,Y23 = 0,934 = a2.4;
Ya5 = Q24 T A35,Y56 = A24 + a3 5 + Q46,3
Yn—1n =024 +a35+ag6+ ... +apn_2n.
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ITpomomkaeM pemars ypasHeHue (5) OTHOCUTEIBHO HEU3BECTHLIX Y13, Y24, - s Yn—2,n'

a1.4 = Y2,4 — Y1,3;
a2 5 = Y35 — Y243
a3.6 = Y4,6 — Y3,5;

An—-3.n = Yn—2,n — Yn—3,n—1-

ITomarasg y2 4 = 0, onpeesdaeM 3HAYEHUSA IIEPEMEHHBIX Y1 3,Y3.5, Y46, -, Yn—2,n, T-€. BCE 3HAUCHHUA BTOPOI
MOOOYHOI JMaroHa/J M MaTpPUIbL Y, U T.J. SHAYEHUs] IPEIIOCIe Hel INaroHa i MATPUIbl Y OIPEIEIsieTCs U3
ypaBHEHUS

A1n =Y2,n — Yl,n—1-

Ionaras yi,,—1 = 0, onpenendaeM 3Ha4YeHUE Y2 ,. TaKuM 0Opa30M, MBI HOJIYYHIN BCEe 3HAYCHUS MATPHUIIBL Y.
[Ipenmoxxenne 1 mokaszaHo.
IIpedaoorcenue 2. KommyraToproe ypasrenue (2) Buia

[z, 9,9,y =a (6)
—
k

umeer permenne B N, (F) Torga u Tosbko Torma, Korga a € N, (F)* tnen >k + 1.

Joxazameavcmeo. Ilycrs mist nekoroporo a € N, (F) ypasuenue (6) umeer pemenue B N, (F'), Torma mo-
kazkeM, uto a € N, (F)**1. Ucnomssyem nmmyxumo no k. Ilpu k = 1 yTBep:k/ienne mpe;yioyKenuii JOKa3aHo B
npemioxkenun 1. Jomycrum, aTo npejgoxkenue 2 crnpaseymso npu k — 1, rae k > 2, T.e. M3BECTHO, UTO €CJIH
[z,9,Y, ...,y] = a mmeer pemenne B N,,(F), To a € N,,(F)*. Tlonanreépa Jlu N,,(F)* cocronr u3 Beex marpm,

—
k-1
umeromux k — 1 Hy/IeByI0 MOGOYHYIO JUaroHajb. Bo3bMeM IPOU3BOJIBHYIO MaTpUuly z € [x,Y, Yy, ..., y], Toraa mo
—
k—1
npenonoxennio z € N, (F)* | re.

z = E Zi,j€i 5, %ij € F. (7)
j—i>k

Hernocpe icTBeHHBIM BhraucTeHneM s moboro z € N, (F)* u y € N, (F) momyuamm, uro z -y € N, (F)**1. Torga
[2,9] =2 -y —y -2z €N, (F)*. Takum obpasom, a € N, (F)F+1,

JlokaxkeM obpaTHOe yTBepzKaenne. Bosbmer mpomssosbHyio MaTpuiy a € N, (F)**! mokaxem paspermm-
moctb ypasrenus (6). Vcnosbsyem umpykimio 1o k. Ilpu k — 1 yrBep:kieHre TeopeMbl JI0KA3aHO B IPEIJIOXKe-
wuu 1. Ilpu sTOM B KavecTBe Yy MOXKHO BBIOpATh MATPHILy, B KOTOPOH Ha MEPBOil MOGOYHOM JUATOHAIN CTOST
€JINHUIIbI, a OCTaJIbHbIC 3JIEMEHTBI — HYyJIA. ’HOHyCTI/IM, q9T0 IIpe,ZLJ'[O)KeHI/Ie 2 CIIpaBe)l.HI/IBO JIJISL ITON ManI/ILU)I IIpI/I
k —1, rue k > 2. Teneps joKazkeM, 9TO MATPHUIA a IPEJICTABUMA B BUIE a = [T,Y,Y, ..., y|. [0 nHIYKTUBHOMY

—
k

PE/IIOIOKEHIIO TS 9TOTO JOCTATOuHO Haiith Marpuiy z € N, (F)* taxyro, uro a = [z,y].

HeiicTBUTENIbHO, €ciii Mbl HAllIeM TaKyl0 MATPHILY Z, TO €€ MOXKHO MPEJCTaBUTh KAK Z = [T, Yy, Y, ..., Y|, 1

k—1
Torya a@ = [Z,Y,Y, ...,y
—
k
Bynem pemars ypapuenmne
a=[zy],

Ijle HemsBecTHof aBsieTcss Marpuna z € N, (F)*, rorma sty marpuiy moxem samcars B e (7).

Jlerxo nposepsiercs, uro 3uadenue (k4 1)—it mo6oIHOl qUaroHatn (a1 k42, G2 k+3; -, Gn—k—1,n) (BCE IPEIBI-
JIyIIHe HyJIeBble) MATPUIIL @ IOIHOCTLIO OIIPENEIITETCI SHATCHUIMIE (21 k41, 22,k+2; -+ Zn—k,n) k-1 TOOOUHOM mHa-
TOHAJIM MATPHILI z. A MMEHHO:

A1, k+2 = Z1,k+1 — 22,k+2, A2k+3 = 22,k4+2 — Z3,k+3)
A3 k+4 = 23,k+3 — 24,k+4 5y Opn—k—1n = Zn—k—1,n—1 — Zn—k,n-
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IMonaras zg g+ = 0, moxy4auM Bee 3Hadenus (k + 1)-it moGoIHON AHATOHATIN MATPHIBI 2, 8 UMCHHO:

21,k+1 = A1,k+2,23,k+3 = —A2,k+3, 24,k+4 = —A2,k+3 — (3 k+4,
25,k+5 = A2 k+3 — A3 k+4 — A4,k45, -y Zn—k,n — A2 k43 — A3 k44 — A4 k45 — - — Opn—k—1,n-

DJIeMEHTHI MATPHUIIBI 2 BBIIIE 3TON JIHATOHAJI CIUTAIOTCS IIPOM3BOJIbHBIMHU. 110 HHLyKTHBHOMY [IPEIOIOKE-
HHUIO MaTPUIA Z [IPEACTaBAMA B BUJE 2z = [Z,Y,Y, ..., y|. B majbHeiieM Mbl onpeiessieM 3HAUEHNsT MATPHIIBL 2,
—
k—1
crosimue Boie (k + 1)-it mobounoit quaronamu. 3uadenne (k + 2)—if JuaroHaaM OIpeNeIseTCs U3 CHCTEMBI
ypaBHEHUN BUJA
A1,k+3 = 21,k+2 — 22,k+3, 02, k+4 = 22,k+3 — 23,k+4; (8)
A3 k+5 = 23,k+4 — R4,k+55 -y An—k—2n = Zn—k—2n—1 — Zn—k—1,n-

IMonaras 2z jy+3 = 0, onpenenum Bee 3uadenus (k + 2)-if TOGOTHON NUATOHAIY 21 k42, 22 k+3 s Fn—k—1,n
MaTpuIpl z. Beraucanwm [z, y] u mogydnM cucreMy ypaBHeHUi, aHasorngHbix (8). IIpogoskast yKa3aHHBILH mpo-
1ecc, MbI TTOJIyYNM BCe 3HAYEHUs MATPHUIBI z. lIpemioxkenne q0Ka3aHo.

Samenarue. Auanoru npejiokenuit 1 u 2 crpaBeyIUBbI TaK:Ke B CIydae, eCIu PacCMaTPUBAETCS KOJIBIO
JIu N, (K), rue K — npousBo/ibHOE KOMMYTATHBHOE ACCONUATUBHOE KOJIBIO ¢ 1. JIoKa3aTe/ibcTBa aHAJIOITYHbI
MIPUBEIEHHBIM BBITITE.

3 Paspewumocmsd KoMmymamoprux ypasherutd nad anrzebpoti JIu Ns(K)

Iycrs F' — upoussosbaoe node. Anrebpa Jlu N3(F') nassiBaercs aazebpoti Ietizenbepea. Ona umeer pas-
JINYHBIE TIPUIOKEHHUST KAK B MaTEMATHKE, TAK U B TEOPETUYIECKO# dusnke. BHauase ycTaHOBAM BJIOKMMOCTD
anre6psr Jlu N3(F') B mocTaToqHO BBICOKYIO creneHb s — 1 anreGpsr Jlu Nog_ i (F).

Paccmorpum snneiinoe orobpazkenue ¢ : N3(F) — Ny (F),t = 2s — 1, 1o upasuiy

T =Xx12€12+ T1,3€1,3 + T2,3€23 —> T12€1s + 1,361+ + T2 3€Es¢,

re z;; € F. 9ro orobpaxkenue Oyaer usomopdusmom asrebpst JIu N3(F') u nmomanre6ps anrebpst JIn Ny(F'),
HOPOXKIEHHOMN 9JIEMEHTAMH €1 g, €1 ¢, €5.¢. JIPYTUMHI CJIOBAME, YKA3aHHOE OTOOparKeHne sABJISeTCS U30MOPQHBIM
BiioxkenueM ajre6pot Jlu N3(F) B anre6py Jlu Ny (F). IIpu stom o6pas ¢(N3(F)) nexxur B Ny (F)*~L.

JokakeM, 4T0 OTOOpakeHme ¢ — JeHCTBUTEIHLHO YKa3aHHbIH ndoMopdusM. OUeBUIHO, 9TO JIst JTIOOBIX
a,b € Fu x,y € F Bomoaneno paseHcTBo w(ax + by) = ap(x) + bp(y). o onpesenennto oTobpazkeHus ¢ mpo-
00pa30M HyJIEBOIO 3JIEMEHTA SIBJIAETCS TOJBKO HyJ1eBoi ssiement. Ocraercs J0Ka3aTh CBONCTBO roMOMOPGHOCTH
JIIST YMHOMKCHHSL.

IIycTs

T = 2x12€1,2 + 21,3613 +T23€23,Y = Y1,2€1,2 T Y1,3€1,3 + Y2,3€2 3.

Torna
() = w1 2€1,5 + T1,3€1,34+¢ + T2,3€5 341, 9(Y) = Y1,2€1,5 + Y1,3€1,3+¢ + Y2,3€5,3+¢-

HeHOCpe,ILCTBeHHbIM BbIYUCJICHHUEM HaXOIWM
[p(x), p(y)] = (21,202,3 — Y1,272,3)€1,3 11

C mpyroii cropoust, p([z,y]) = ¢((z1,2Y2,3 — Y1,2223)e1.3) = ((T1,2Y2,3 — Y1,222,3)€1,3+¢- SHAUUT, (0 SBIIACTCS
M30MOP(MOHBIM BJIOZKEHUEM.

Takum 06paszoM, s Jioboro uncia s > 3 anrebpa N3(F') Biroxuma B crenensb s — 1 anre6pst Ny (F) npu
t = 2s — 1. YkazanHoe BJIOzKeHHe OyjleM Ha3blBaTh ecmecmeenvLM. VIMEHHO Takoe oToOpaskeHue (purypupyer
B (DOPMY/IMPOBKE TEOpeMBI 1.

Jokasameavemeo meopemw, 1. Pacemorpum ypasaenne (3). O6oznaunm: & = x;,,y = 2;,. Eciau B 3amucu
ypaBHeHus (3) UMEIOTCsl IEPEMEHHbIE, OTJIUYHBIE OT T, i, 3aMEHUM UX Ha Y. I[0JlydnM KOMMYTATOPHOE ypaBHEHUE
or AByX nepemenubix. Ero paspemumocts na asire6poit N3 (F) B anrebpe JIu suga Ny (F') Biieder paspemmMocTsb
ucxonuoro ypasaenus (3) B aroii anrebpe. [Tosromy masee npennosaraeM, 4ro ypasuenue (3) 3aBUCHT TOJIBKO
OT JIByX HEU3BECTHBIX X U Y.
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,ZLHSI YIIpomeHund BBIYUCJICHUN paCcCMOTPpUM YypaBHCHUE BUJIa

[x) y7y7 ---’y, x, ...7,@] = Q.
—

(9)
k 1

Hokazkem, uro ms jmoboro a € N3(F') ypasuenne (9) paspemumo nax N3(F') B anrebpe Jlu N, (F') npu
JI0CTaTOUHO GostbiioM m. TouHoe 3HaUeHME M GyjleT TPUBEIEHO 110 OKOHYAHWUN JI0Ka3aTebcTBa. CuuraeM, 4To
o6paz N3(F) npu ecrecTBeHHOM BJIOKeHHH JiexKUT B N, (F)FHIF1

Ipu k = 1 uam | = 0 nosyuum ypasHenue Bujia (6), paspenMocTb KOTOPOro YCTAHOBJIEHA B IIPEJIOXKEHUH 2.
Pacemorpum caygan, korma k > 1,1 > 0. Anre6py N3(F') Brnoxum B anrebpy Nm(F)k'*'l"'1 10 TIPABUITY

a =aig2€1 2+ 013613+ a2,3€23 — A12€1 s + A1,3€1,m + A2,3€sm,

rmea;; CFnk+l+1<s<m-—k—1L

Torya penterneM ypasHeHust (9) sIBIsIeTCs] BBIPAYKEHUE BUJIA

T=T1+T3+7T3, Yy="Yy1+Y2 + 73, (10)
rjie

— 1 .
1= (_1) a1,2€1,a, + Cay,an +.o+ Cay,ait1s

Y1 = Carpr,anys T Cappa,anss T oo T Caypy s

T2 (_l)la1,3€1761 T+ €81, T €8BS

Y2 €B141,B142 + €B142.B81+3 +.+ €B14k,m>

T3 e'ka’Yk+1 + e’Yk+1,’Yk+2 +ot e'YkJrl»m;
% =

k
(=1)%a23€s4, + €y yn oo+ s -
IIpy 3TOM BBINOJHEHDI CIEAYIONINE HEPABEHCTBRA!

l<ap <ar<..<app < pP1<P2<.. <Bigk <MYv2 < oo < Vititl
n

Bi,vj#supui=1k+1, j=1k+1L

Hokaxewm, aro (10) sasasercsa pemenueM ypasaenns (9). s sroro moxcrasum suadenus (10) B (9) u
[IPOU3BEJIEM BBIUNCJIEHMUSI:

[!E,y] = Cay,arye T €618 — Cvi 1 veg1s
[QZ, Y, y} = €ay,aips T €681.8110s T Cyiovigrs
[z,9,9,y] = Conona T €BLBLa — Cre s visr)

k;7
[Ia Y, 7y] = Cay,aip, T €81,814k T (_1) 1671,%“;
k—1

[{L‘7 Yy Yy ooy y] = €ay,s + €8;,m + 42 3€s y1 115
—
k

[x7 y7 y7 ceey y7 x] = a’2,368,"/k+2 - eal_l,s - eﬁl_l,m;
—
k

[‘T7y7y7 ..,y,iC,.’E} = a2,365,'y;c+3 + eal_g,s - eﬂ;,_g,m;
——
k

[$, Y, Y, Y, 2,2, 733] = A23€5 ;4 + (71)l716a1,s + (*1)l71€ﬁ1,m;

k -1
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[x7y7ya Y, T, Ty ,l‘] = a23€sm + a1.2€1,s + a1,.3€1,m-
—— —
k l

B obmiem citygae Mbl paccMOTPUM ypaBHEHUE BUIA

[y, 21, oy Zt1-1] = @, (11)

r7le HEeM3BECTHBIE Z; COBIAJIAIOT JTUOO C T, Jinbo ¢ y. IlycTh Hem3BecTHAsT & BCTPEUAETCS B 3aIllUCA KOMMYTATOPA
posHo (I+1) pas, a y — posuO k pa3. HemocpecTBEHHO IPOBEPAETCsl, YTO MOy Y€HHbIE BBIIIE PEIICHUs] Y PDABHEHUS
(9) Takxke OyayT peneHnsiMu ypaprenust (11).

OcraeTcst OIEHNTh MUHUMAJIBHOE IIPU JAHHOM MeTo/ie 3HadeHne m. Vcrmoap3yeMbIX HHIEKCOB BUIA ¢ j, B
u 7, ; posuo 3(k +1). Ectb eme unmexcer 1,s. Bee onn menbime, weM m. 3HAYHT, MHHEMAJIBHO BO3MOXKHOE
suadenne m pasuo 3(k + 1) +3 = 3(k+ 1+ 1). Ono paBHO yTPOEHHOH JyIMHE KOMMYTATOPa M3 JIEBOH 4acTu
paccMaTpUBAEMOTO YPaBHEHUS.

Teopema jokazana.

Bamevanue. VI3 1oKa3are/ibcTBa BUIHO, YTO AHAJOIUIHBIE PACCYZKJIEHUsI ITPOXOIST, €CJIU BMECTO ajaredphl
JIu Teitzenbepra paccmarpusars Koubio Jlu Lefizentepra N3 (K) Has IPOU3BOJILHBIM ACCOIUATHUBHBIM KOJIBIIOM
c equauneit K.

4 O paspeuwumocmu KoMMYMAMOPHHLL YPASHEHUT HG0 NPOU3BOALHOT HUALNOMERMHOU anzebpot Jlu

IIycts N — mpounsBosibras HuabnorenTHas aaredbpa Jlu konewdnoit pazmepHocTu Has mosem F. 3BecTHO, 9TO
upu jroctaTodno 6osbmom 1 aarebpa N Biaoxuma B anrebpy Jlu N, (F).

Tunomesa. JIioboe KoMMyTaTOpHOE ypasHeHue (2) paspemmMo B KJacce HUJIbIOTEHTHbIX ajarebp Jlu maz
IPOU3BOJIBHON HUJIBIIOTEHTHON asireopoit JIu N.

B cBeTe IpUBEIEHHOrO BBIIIE BJIOXKEHU JOCTATOUHO [OATBEPIUTH JaHHY 0 runore3y s ciaydas N = N, (F),
npudeMm asredpy M, B KOTOPOHl HAXOMUTCH PEIIeHre PACCMATPHUBAEMOrO YPaBHEHUs, MOXKHO TAKXKE€ MCKATH B
suze N, (F). Ilpu n = 3 yTBepxK/eHue rumnoressl JaHO Teopemoii 1.

Hecenedosarue emopozo agmopa sunoaneno 3a cuem Poccutickozo nayunozo gonda (npoexm Nel6-11-10002).
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0.0. Konpipxanosa, B.A. Pomanbkon

JIm anredbpacbiHga KOMMYTaTOPJIBIK TeHEYyJIePIiH
MMM /ILTIT] Ty paJIbl

Kes kesireH KOMMyTaTOpIIBIK TeHJey [eitzenGepr JIn cakuHACHIHBIH (aare0pachiHbIH) CHIPTHIHIAFD YIIKEH
2KOFapFbl HAJTBYIIOYPBIMNTB MATPANATIAD CAKUHACHIHA (are6pachlHa) MISMMIl eKeHr 1916/ IeHTEH.
ZKoraprbl HUIBYIIOYPBINITHl MaTpUNAIapAbH JIn cakuHachbHbIH, (aareGpachblHbIE) TOMEHTT OPTAJIBbIK Ka-
TapbIHbIH Ke3 KeJIleH Mylleci ockl cakuHaja (asurebpasa) aHbIKTaaraH Oip alHBIMAJB KOMMYTATODPJIBIK,
GbYyHKIUSHBIH OefiHeci OOIaTBIHIBIFBI KOPCETIITEH.

Kiam cesdep: JIm caxmuachl (aareGpachl), HUIBYIIOYPBINITH MATPUNATIAD, TEHJEY, TEHJEY IMEeNTiMIiiri,
KOMMYTATOD, Kail KOMMYTaTOp.

A.A. Konyrkhanova, V.A. Roman’kov

On solvability of commutator equations in Lie algebras

We prove that every commutator equation is solvable over the Heisenberg Lie algebra in the case of arbitrary
field in a bigger Lie algebra of upper niltriangular matrices over the same field. It is shown that every member
of the descending central series of the Lie ring (algebra) of the upper niltriangular matrices is the image of
a commutator one-variable function defined on this Lie ring (algebra).

Keywords: Lie ring (algebra), niltriangular matrices, equation, split equation, commutator, simple com-
mutator.
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CJ102KHOCTH penteTok KBa3MMHOIoo0Opa3nii yHaApPHBIX aJaredop

Bompoc o ToM, 9TO cunTATH CI0XKHOCTBHIO PEIIETKY KBA3WMMHOT0OOPa3nil U KaKWe PEeIIeTKN KBAa3UMHOT000-
pa3uil ABJISIOTCS CJIOKHBIMU COTVIACHO TOW MJIM MHOW MEpE CJIOXKHOCTH, & KaKHe — HET, N3y4JaJjICsd MHOTHMHI
aBTOpaMu. B craThe paccMOTpeHbI iBe MePhI CJI0XKHOCTHU PeIIeToK KBasumHoroobpasuii. [Iposeneno ncciie-
JIOBaHUE CJIOKHOCTU CTPOEHUsI PEIIETOK KBA3NMHOr000pa3uit yHapHbBIX arebp. M3yueHa B3anMOCBSI3b MeXK-
JIy JIByMsi MEpPaMM CJIOXKHOCTH pemnteTok KBazumuoroobpasumii. M.B. Isunedcku u A. Bamoiicka-/Ixenno
OblLIa [TOCTABJIEHA CJIEJYIOIasl IpobyeMa: CyIecTByeT i He (Q-yHUBEPCAJIbHBIN KJIACC, [IJIsi KOTOPOrO MHO-
JKECTBO BCEX KOHEUYHBIX MTOJPEINEeTOK PEIIeTKN KBa3UMHOI00Opa3uit HEBLIYUCIUMO? ABTOPOM JIOKa3aHa BbI-
[IOJTHUMOCTb HETPUBHUAJILHOIO TOXK/IECTBA Ha PEIeTKaX KBa3UMHOroOOpa3uil YHAPHBIX ajredp, BCJIEICTBHE
YEero IOJIyYeH OIPEeJIJIEHHBIN Pe3yJIbTaT OTHOCUTEJILHO JIAHHON IIPOBJIeMBbI.

Karouesvie cr06a: HEBBIMUCINMOE MHOXKECTBO, PEIIETKH KBa3MMHOroobpasuii, Q-yHUBEpCaIbHOCTh, yHAP-
HBI DYHKITMOHAIBHBIN CHMBOJI, HUZKHSIS TTOJIypeIleTKa, yHapHast aaredpa, CJIOXKHOCTD PEIeTKH.

1 Bsedenue

B pabore npoBojuTCs MCCIeI0BAHNE CI0XKHOCTU PEIIETOK KBa3MMHOroodpas3uii yHapHbIX aireop. Paccmar-
PHUBAIOTCH JIBE XOPOIIIO U3BECTHBIE MEPBI CIIOZKHOCTH: HESLUUCAUMOCTD MHOKECTBA BCEX KOHEUHBIX HOPENIETOK
perieToK KBazuMHoroobpasuit u Q-yrusepcasvrocms. HamoMaum, 910 yHapHotl an2ebpoti HA3BIBAETCS aareod-
pa, curHATYpa KOTOPOI COCTOUT TOJBKO W3 OJTHOIO YHAPHOrO (BYHKIIMOHAJIBHOTO CUMBOJIA. KBasuMHOrooobpasust
yHapHBIX anre6p msyvaaucsk A.M. Hypakyrosbv B [1], em. Takske padorsr B.K. Kapramosa [2-4]. A.M. Hypa-
KyHOB IIOCTPOWJI KBa3uMHOTrooOpasue K yHapHBIX ajredp, Takoe YTO MHOXKECTBO BCEX KOHEUYHBIX IIOJ[peIle-
TOK peleTkn KBasuMmHorooGpasuii Lq(K) siisiercst negviuucaumoim [1], T.€. He CyIIeCTBYET ajJropurMa, I103-
BOJISIIONIETO JiJisl JAHHON KOHEYHON PelIeTKH OIPEJIEINTD, ABIIeTCs Ju OHa moaperneTkoil pemerku Lq(K) uan
wer. CyIecTBoBaHre KBA3UMHOTOOOPA3Uil ¢ TAKUM CBOMCTBOM CBHJIETEILCTBYET 00 UCKIIOUUTEHHON CII0KHOC-
TH CTPOEHHUSI PENETOK KBA3MMHOTOOOpAa3Wii, B CBSI3U C YeM M3BeCTHasi mpobsema Bupkroda-Mamnbnesa [5-7]
MOYKET OKA3aThCs CJIOKHEE, UeM OXKUJIAJIOCh: HAXOXKJIEHUE OIMCAHUS PEIIeTOK, M30MOPQHBIX pelreTkaM KBa-
3UMHOIr000pa3uil, 1arke JJisi OIPeIeJIEHHBIX KJIACCOB aJIreOpandecKuX CUCTEM, MOXKET ObITh BECbMa CJIOKHBIM.
Jlpyroit Mepoii CJIOKHOCTH CTPOEHUsI PEIIeTOK KBa3UMHOIooOpasuil spisieTcs @ -ynusepcasvrocmsb. CoryacHo
M.B. Canupy [8], kBazumuorootpasue K Oyner Q-yHusepcansvibim, ecian Iy J00ro KBasuMHOroobpasus R
KOHEYHOI curHaTypsbl pemnerka Lq(R) spiserca roMoMopdHbIM 06pa30M HEKOTOPOI HOAPENIeTKH B pelleTKe
Lq(K). B Hacrosiee BpeMsi H3BECTHO MHOTO PA3JIMIHBIX (J-YHUBEPCATBHBIX KBasuMHOroobpasuii (cm. [5, 8, 9]).
()-yHUBEPCAJIBHOCTD KBA3UMHOT000Opa3us yHAPHBIX aire0p Oplia mokasana B.A. TopbyHosbim B pabote [10], cu.
takke pabory A.B. Kpasuerko [11]. B [12] 6bu1a ycraHOBIEHA CBSA3b MEXK/LY JIByMsI MEPAMU CJIOKHOCTH, & NMEH-
HO OBLIO JIOKA3aHO, 4TO Kjaacc K 6cex CucTeM CUTHATYPBI 0 SABJISeTCs (J-YHUBEPCATLHBIM TOTIA U TOJIBKO TOTA,
KOTJ[a OH COJEPXKUT IOJKJIACC R, Takoii 4T0 MHOXKECTBO BCEX KOHEUHBIX MofpeInieTok pemierku Lq(R) HeBbramc-
sumMo. B 3ol ¢BA3M BO3HUKIIA ciemyromast mpobsema [9, 12]: BeprO sm, UTO SH0GOI (QQ-yHMBEPCANBHBIH Kirace
cucreM K (DUKCHUPOBaHHON CUTHATYPBI COAEPYKUT MOJKJIACC R, TAKO# YTO MHOXKECTBO BCEX KOHEUYHBIX IIOJ[pEIIe-
ok perrerku Lq(R) uvesbrauncaumo? U cymecrByer i Kiaace K, He gaBsiomuiics (Q-yHUBEPCAILHBIM, HO, TEM
HE MeHee, 0DJIQIAIoNuil YKa3aHHBIM BBIIIE CBORCTBOM? ABTODOM MTOKA3aHO, YTO PEIMIETKH KBA3ZUMHOIO0Opa3uii
YHAPHBIX aJrebp yIOBJIETBOPSIOT HETPUBHAILHOMY TOXKIECTBY. BCJeACTBHE Yero yCTaHOBJIEHO CYIECTBOBAHME
KOHTHHYYMa KBa3UMHOT0oOpasnit K yHapHBIX ajrebp, TaKUX UTO MHOYKECTBA BCEX KOHEUHBIX MOJPENIETOK pe-
meTok kBasuMmHoroobpasmuii Lq(K) HeBbIUUCIMMBI, HO, TEM He MeHee, He SIBJSIOTCs (Q-YHUBEPCAJBHBIMU, CM.
TEOpEeMBI 2 U 3.
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2 OcHosHble NOHAMUA

YacTudHo yHnopsiioueHHOoe MHOKECTBO S Ha3BIBACTCS HUMCHEN NoAYypeuwemKoli, ecii JIoObIe 1Ba dJIeMEHTa
2,y € S IMET TOIHYIO HIKHIOI rpab £AyY [5; 9]. JIBoiicTBeHHBIM 06PA30M OIIPeIesISIETCST BEPXHSSI TIOJTY DETIIET-
Ka. YacTUYHO yIOPsIIOYEHHOE MHOYKECTBO S HA3BIBAETCS pewemkotli, eCJIM OHO OJTHOBPEMEHHO sIBJISIETCsT BEPXHeH
u mkHell noaypenterkamu [5; 10]. Pemrerka S nasbiBaercss noanod, ecau yoboe nogmuoxkecrso A C S nmeer
TOYHYIO BEPXHIOIO U TOUHYIO HUKHIOW rpanu [5; 11]. dua mukueit noypermerku S = (S; A) 0603Ha4uM 1yepes
Sub(S) pemerky Bcex HIKHEX monosypemerok B S. s o6bix AByX moamnosypemerok Sy, S1 € Sub(S)
MHOKECTBO

So + 51 :{So/\81 | so € Sp, 1 651}

SIBJISIETCs] HAUMEHbITell HUzKHell Mooy pereTKoil B S, cofepskaeit S U S1, T. e. permeTounsiM 00beuHeHneM
So u S1 B Sub(S) [9].

Bce paccmarpuBaemble KacChl anre0pandecKuX CUCTEM SBJISIIOTCS abCMpPaKmMHbLMU, T. €. 3AMKHYTHIMHA, OT-
HOocuTebHO n3oMopdusmos [13; 207]. O6oznaunm wepes K (o) Kmace Becex cucTeM curHATYpPHI 0, aepe3 S(K) —
ksace Bcex cucreM u3 K (o), msomopdubix nogcucremam cucrem u3 K [5; 24]. Ilyers R C K C K (o). Torma R
HasbIBaeTCsl K -K6a3UIK6AUUOHANDHBIM, ECTTA

R = K NMod(X)

JIJIST HEKOTOPOI'O MHOXKECTBA, Y KBA3UTOXKJECTB CUrHATYDLL o [5; 117].

MuoxkecTBo Bcex K-KBa3mMIKBAIMOHAJIBHBIX MOJAK/IACCOB B K, yIOPAJOYEHHOE IO BKJIOYEHHUIO, 0Opa3yer
MIOJTHYIO DEIIeTKY, KOTopas Ha3bIBaeTcs pewemxol K-xeaszumrnoz006pasut, Wi peuwemrot omHOCUMeAbHbIT
K6a3UMHO2000pasull, Korga K Jlerko BocCTaHABJIMBAETCs U3 KOHTeKeTa u obosHavaercst Lq(K) [9]. Ecan kiace
K siBiisiercsi KBa3MMHOI00Opa3meM, T. €. KJIACCOM, OIPEIeJIEHHBIM HEKOTOPBIM MHOYKECTBOM KBa3UTOXKIECTB CHUT-
HaATypbl 0, TO K-KBa3WIKBAIMOHAJBHBIN MMOJK/IACC HA3BIBAIOT MOAKBasuMHOroobpasmem K. MHoxkecTBO BCcex
MMOIKBA3UMHOT000pasuit K, yIopsaoueHHoe 0 BKJIIOYEHUIO, 00pa3yeT IMOJHYIO PEIIeTKy, KOTOpas HA3bIBAETCs
pewemkotli k6azumnozoobpasuti K n obosnataercss Lq(K) [1]. Ormernm, 9To MOHATHS 3/1€Ch HEONPEIETICHHBIE,
cM. B [5; 13]. Takke HaM MOTPEOYIOTCS CIIEAYIONME yTBEPKAeHUs. IlycTh 2 0603HATAET JIBYXIJIEMEHTHYIO De-
MIETKY, & 3aIUCh

03HAYAEeT, 9TO cucrema A sBisieTcst nodnpamovim npoudsedenuem cemeiicrsa cucreM A,, n € N.
Teopema 1 [1, Teopema 2|. Ilycte M — GecKOHEUHOE MHOXKECTBO KOHEUHBIX HUXKHUX TIOJIYDEIIeTOK. Torma
CyIIleCTBYeT KBa3suMHOroobpasue K yHapHBIX ajredp, Takoe 4To

Lq(K) <, [[{Sub(£) | £ € M} x 2.

Jlemma 1 [14, yreepxuenue 5.2|. Ilycre L u F — MHOXKecTBa, MepBoe U3 KOTOPBIX BBIUUCINMO. Ecsm
MHOKeCTBO L N F' HEBBIYUCIUMO, TO MHOXKECTBO F' TaKKe HEBBIUUCIIUMO.

8 Ocnosnotl pesysvmam

Teopema 2. CyiecTByeT KBa3uMHOroobpasme K yHapHBIX ayrebp, TaKoe ITO MHOXKECTBO BCEX KOHEUHBIX
[OJIPENIeTOK pemerku KeasuMuoroodpasuit L(K) HeBBIYUCIMMO, HO HE (Q-YHUBEPCATIBHHOE.

Cxema dokazamenvcmaea meopemui 2. CHadaia, UCIOJIb3ys TeopeMy 1 u jemmy 1, HOKazKeM, 9TO CyIECTBYeT
KBasUMHOrooOpasue K yHapHBIX ainrebp Takoe, YTO MHOXKECTBO BCeX KOHEYHbIX nozpemnterok pemerku Lg(K)
HEBBIYUCJIAMO. DTO O3HAYAET, YTO HET AJTOPUTMAa, KOTOPBIA JjIs JAHHON KOHEYHON pEIeTKH OImpeessii Obl,
BJIOXKHMA JIM 9Ta DEIleTKa B pPaccMaTpUBaeMylo pelieTky KasuMmuoroobpasuii Lq(K) yHapHbix ajurebp wmwin
HeT. 3aTeM, UCIOJIB3Ysl JEeMMY 2, IMOKaXKeM, ITO 3TO KBazuMHOroobpasme K He sBiseTCs (Q-yHUBEPCAJIbHBIM,
[IOCKOJIbKY (J-yHUBEpCAJbHbIE DEIIeTKH KBAa3UMHOIOOOPa3uil HE Y/IOBJIETBOPAIOT HUKAKOMY HETPHUBHAJILHOMY
peleToYHoMy TOXKaecTBy [5; 273].

Aoxasamesvemeo meopemos 2. Ilycts muoxxecrso N C w\ {0, 1, 2} messranciaumoe u {K,, | n € N} — kiacc
KOHEUYHBIX HIZKHUX TOJIyPEIeTOK THIA «KOPOHa» (CM. puc.).
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Pucynok. Hmxkuss mosypererka IC,, TUla «KOpOHa»

CoruacHo Teopeme 1, mpumenenHoit k kiaccy {K, | n € N}, cymecryer kBasumHoroobpasue K yHapHBIX
asrebp, Takoe ITo
La(K) <. J] Sub(Kn) x 2.
neN
Coruacuo [1, temma 17], pererka Sub(/C,,) moaupsamo anepasznoxuma 1ist joboro n > 2. Corsacuo [1, temma 18],
perretka Sub(/C,,) Broxkuma B Sub(kC,,,) Torga u TonbKo Toraa, Korma n = m (s maobsx n,m > 2). Ilycts

L={Sub(K,,)|n>2} u M={Sub(K,)|neN}

Torma M = LN S(Lq(K)), nockombky pemrerka Sub(K,,) Broxuma [], .y Sub(K,) B Toumoctn Torna,
korga m € N, u, cienosarensHo, pemerka Sub(K,,) siaoxkuma B Lq(K) Torma u Tonpko torga, korma m € N,
T.e. Sub(K,,) € M. Takum o6pasom, pemerka Lq(K) TakoBa, 9T0 MHOXKECTBO BCEX €€ KOHEUHBIX IOJIPEIeTOK
HEBBIYUCJIIMO, COIJVIACHO JieMMe 1.

IIpex e wem moKa3aTh, 9TO MOCTPOEHHOE KBA3UMHOrooOpasue K yHapHBIX ajarebp He ABjsgercs (Q-yHuBep-
casbHBIM, moKaxkeM jgemmy 2. Toxkmectso H,, 6b110 paccmorpero B [15] n nmeer Buy

Un = \/ V;,n \ \/ Wi,na

0<i<n—1 0<i<n—2
[Jle PENETOIHBIE TEPMBI OT MEPEMEHHBIX X, L1, . . -, Ly, L], - -« , L)y OTMPEETEHBI CJELYIOIM 00pPa30M:

U, =Uppn

Upn =2n

Uin =2 A (Uit1,n V T341), 0<i<n-—1,

Vi = Vion, 0<i<n-—1,

Viin = (@ AN Uiy1n) V(2 A3y q), 0<i<n-—1,

Vigm =2j A Vijt1,n V Tji1)s 0<j<i<n-1,

Win = Wion, 0<i1<n—2,

)

Wiin =2i A2 Vi) A((Uigin A (2 VTio)) Vi), 0<i<n-—2

sy

Wi,j,n =T; A (Wi,j+1,n \/.T;-Jrl), 0< ji<i<n-— 2.

Torma Hs
Us = \/ ViazV \/ Wi 3,
0<i<2 0<i<1
nJjm

Us=VosVVigVVasz)V(WosVWis).

O6oznaunm Vi = (Vo3 V Vi3V Vas)V (Wys VWi s). Torna Hy npumer sun Us = Vs.

Jlemma 2. Pemerka [ |
HOMY TOXJecTBy Hs.

Jokasameavemeo aemmu, 2. CHagana nokaxkem, 9o pemerka Sub(K,,) myst moboro n € N yjoBieTBopsier
roxkectsy Hg. Cormacuo [15, temma 5.2|, ciejtyionue HepaBeHCTBa BBIIOJIHAIOTCS B KazK 1011 pemerke (n € Z1):

nen Sub(kC,,) ma moboro mmoxectsa N C w \ {0, 1,2} y/oBieTBOpsieT HeTPHBHAITDL-

‘/;,néUn7 Oélgn_la
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Wi,nSUnv OSZSTL—Q

Eciiz n = 3, To
Vis<Us3,0<i<2 mn W;3<U30<i<1

/ ! /
Torpa Vi < Us. Ocranock nokazars, uro Us < V3. Bee TepMsl xg, Z1, T2, £3, 2, T5, T4 HHTEPIPETUPYEM Kak
HOJIIOJIyPENIETKI «KOPOHBI» K, cooTBeTcTBEeHHO, X0, X1, X2, X3, X1, X}, X4.
IIycts mpomsBosIbHO B3ATHIM 3memenT ag € K, mexur B Us. Torma ag, ¢ ogHo#t cTOpOHBI, JIEKUT B X,
KOTOpas sBJISETCA MOMIONypeméTkoii B Ky, a ¢ apyroit — B Uy 3 + X{. Ecam snemenr ay € K, nexur B
Ur,s + X1, o HafinyTcs ssementsl a1 € Uy 3 u by € X1, Takue 410 ag = a1 A by. Ecim ag = a; wimm ag = by, 10

ap € (X() N U1,3) U (Xo N X{)

Taxum obpazom, ag € K, nexur B V) 3 U, cileoBaTebHO, IIPUHAIIEKAT V3.
Ecmn nepecedenne crporoe: ag = a1 A by, ap < a1, ag < by, To U3 yciaosus a; € U; 3 ciemyer, 9To 3;1eMEHT
@1, C OAHOI CTOPOMBI, JIeKUT B X1, KOTOPAs sIBJITETCS IIOAIOJLYPeméTKoil B IOy, & ¢ apyroit — B Us 3+ X5. Econ
asemenT ay exxut B Us g + X4, 10 HadigyTca smementsl as € Ua s m by € X5, Takne 4ro a; = az A ba. Ecom
a1 = ao Wik ai; = by, TO
a) € (Xl n U2,3) U (X1 n Xé)

Torma ecin ag € Xo 1 ag = a1 Aby, tme a1 € (X1 NUz3) U (X1 NX5) u b € X1, To amement ag € K,, 1exur B
Vi 3 1, cilenoBaTeIbHO, IPUHAIJICIKAT V.

Ecmm nepeceuenne BHOBB cTporoe: a1 = a2 A by, a1 < ag, a1 < by, To u3 ycnoBus ay € Us 3 ciemyer, 4To
JIEMEHT Qg, C OJHON CTOPOHBI, JIEXKUT B X2, KOTOpAsl SBJSETCS OOy PeéTKoit B Ky, a ¢ mpyroit — B X35+ X4,
Eciu anemenT ay jexut B X3 + X4, To Hafiayrest smeMeHTsl a3 € X3 u by € X}, takue 9410 as = a3 A bz. Ecim
ay = az WINA as = bz, TO

ag € (X2 n Xg) U (X2 N Xé)

Torna ecnu ag € Xog 1 ag = a1 A by, e by € X{, aa € X1 ua; =as Aby, niie as € (Xg n X3) @] (XQ n Xé),
by € X4, 1o snemenT ag € K, nexur B Vs 3 U, Cle0BATEIBHO, IPUHAIICKAT V.

Korma nepeceuenne crporoe: as = ag A bz, az < asz, az < bz, moayumm, aro a9 € Xg u ag = ai A by,
e by € X{,aa; € Xy ma; =axAby, tie bo € X5, a2 € Xo mag = azAbs, riie ag € X3 u by € Xj. Vmeem nens

apg — a1 —ag —as (a0<a1,a1 <CL2,G,2<CL3)

JIJIMHBL 3, 9€r0 He MOXKeT ObITh, IIOCKOJIbKY B «KOpoHe» [, JiMHa MakcuMaJibHOM enu pasHa 2. ITosyduennoe
[IPOTHBOPEYUE 3aBEPIIAeT JOKAa3aTesIbeTBO Toro dakra, uro Sub(k,,) mis awoboro n € N yI0BIeTBODSET TOXK-
nmectBy Hs. Torya, NOCKOJIBKY TOXKIECTBA MYJIBTHIINKATUBHO ycTofiumsbl [13; 189], permerka [ ] Sub(K,,)
TOXKe Oyzer yaoBieTBOpsiTh Hg.

Jemma 2 doxaszana.

Terneph MBI MOXKEM 3aBepPHIUTH JTOKa3aTeTbCTBO TeopeMbl. [lockombky ],y Sub(K,,) yaosrersopser Hg,
COIIACHO JIOKA3aHHOi Bhimie jJeMMe 2, 1o Hs Gyer BomosnsaTbes u Ha Lq(K), Tak Kak U3BECTHO, YTO TOXKIECTBA
YCTOWIMBBI OTHOCUTEJHHO Tlepexofia K nogcucremaM [13; 189]. Q-yHuBepcabHBIE DENETKH KBA3UMHOT00Opas3uii
He yJIOBJIETBOPSIIOT HUKAKOMY HETPUBHAIBHOMY PEIIETOYHOMY TOXKECTBY [5; 273], BCiiecTBIE Yero ImocTpOeHHOe
KBazuMHOTOOOpaszue K yHapoB He Oyier (J-yHUBEPCAIbHBIM.

Teopema 2 doxasana.

ITockobKyY 9IHCI0 HEBBIYUCIUMBIX IOAMHOYKECTB CIETHOTO MHOYKECTBA KOHTUHYAJIbHO, OyIIET CIPABEIIINBA
CJIEJTYIOIasl TEOPeMa.

Teopema 3. CyimecTByeT KOHTUHYYM KBa3suUMHOrooOpasuii K yHapHBIX ajrebp, TAKUX YTO MHOXKECTBA BCEX
KOHEUHBIX MOJPEIIETOK UX PEIIeToK KBazumuorootpasuii Lq(K) HeBBIYUCIUMDL, HO, TEM HE MeHee, He (J-yHUBEp-
CAJIBHBI.

3aMeTnM, 9TO Pe3yJIbTAT, AHAJOTUIHBIA TeopeMaM 2 U 3, CIpaBeJJINB ¥ JIJIsi KJIaCCOB YHAPHBIX ajredp, He
SIBJISTIOIIAXCST KBA3MMHOTOOOPA3UsIMU. JTOT PE3yJbTaT OyJer ciaenosath u3 |9, teopema 3.4|, [1, memma 3| u
JieMMbI 2. Bompoc o c/I0XKHOCTH perreTok KBa3MMHOI00Opaswii n3ydaJicss MHOIUMHU aBTopaMu. B jmmreparype
€cTh IPUMepPHI KJ1accoB K, TaKUX YTO MHOXKECTBA BCEX KOHEUHBIX MOJpeneToK pernteToK Lq(K) HeBBIUUCIMMBbI
[1, 9, 12, 14]. Tak:ke U3BECTHO OYEHb MHOI'O PA3JUYHBLIX (J-yHUBEPCATIBbHBIX KjaccoB [5; 274]. Ipeamonaranocn,
YTO UMEETCsl CB3b MEXKJLy TUMU MepaMu cjoxuoctu [9, 12]. Oxaako aBTopoM mokasaHo, 4o Kiacc K cucrem
(bUKCHPOBAHHON CUTHATYPBI, TAKON YTO MHOXKECTBO BCEX KOHEYHBIX IojperteToK penterku Lq(K') HeBbrancmmo,

neN
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CJI0?KHOCTB PEeIIeTOK KBa3UMHOI000pas3uii ...

MOXKeT ObITh 1 He (Q-yHuBepcabHbiM. Halijen KoHTuHYyM Ki1accoB (KBazumuorootpasuit) K yHapHbIX ajaredp,
JIJIS KOTOPBIX pereTku KBazumuorootpasuii Lq(K) corsiacHo oiHON Mepe SIBJISIOTCS CJOXKHBIME, 8 COIJIACHO
JIPyroil — HeT.
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C.M. Jlymak

YHapJblK ajiredpa KBa3uKeIOeitHe ToOpJIapbIHbIH, KYPAeaJIiri

Mbocesie KBa3ukenbeitHe TopJiap/IblH, KYPAE/JIir JIern HeHi caHay KepeK »KoHe KBA3HKOIIOeHHe TOPJIapIbIH
KalICBICBIH KYD/IeJsi HeMece OacKa eJIIIeMiHe coliKec KalllaH Kyp/esi O0oJbln TabbLIaasl, ajl KaiCblIapbl Kyp-
Hei 6oMaiIbl KOIITEreH aBTOpJIap KYMBICTaphIHa 3eprTenreH. Makasa a KBasukenbeitne Topaap Kyp-
memimiriniy exi esmemi KapacTHIPBLIALI. Y HAPJIBIK, aarebpa KBa3sukKenbelHe TopJap KYPbUIBICH KYPAeiTi-
i »KaH->KaKThl Tagganabl. KBa3ukenbeiine TopjapablH, KypAeIIiriHig, eKi eJmnemMi apacbiHIarbl Oailianbic
seprrenmi. Kesinge M.B. IlIsnnedckn xone A. 3amoiicka-/Ikerno ge 6y Mmocesrere Tokraaran. Q-ombedar
GOJIBI TAOBLIMANTBIH, Gipak MpPpPAIMOHAJIBI GOJIBII TaObLIATBHIH Kiace 6ap Ma? YHapJIbIK ajredbpasap
KBa3UKeINbeiiHe TOpJapblH/ia TPUBHUAJIbI €MeC Telle-TEeH I HIH OpPBIHIAJATBIHBIH JI9JIeJIe/l; COJI OPEKeT
apKbLILI OeJrijii 6ip HOTHKE aJIBIHIbI.

Kiam cesdep: opblHIAIMANTHIH YKUBIH, KBA3UKOOehne, Top, Q-oM6e0aNThUIbIK, YHAPIIbI (DYHKIIMOHAIIHI
CHMBOJI, TOPJIAPABIH KYP/IEJIiIiri.
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S.M. Lutsak

The complexity of quasivariety lattices of unary algebras

The question of what is considered as the complexity of the lattice of quasivarieties and what lattices of
quasivarieties are complex according to some degree of complexity, and which are not, has been studied
by many authors. The paper considers two measures of complexity of lattices of quasivarieties. A study
is made of the complexity of the lattice structure of quasivarieties of unary algebras. The relationship
between two measures of the complexity of lattices of quasivarieties is studied.M.V. Schwiedefsky and A.
Zamoyska-Jenio, the following problem was posed: is there a non-Q-universal class for which the set of all
finite sublattices of the lattice of quasivarieties is not computable? The author has proved the non-trivial
identity satisfying on the lattices of quasivarieties of unary algebras, as a result of which a certain result is
obtained with respect to this problem.

Keywords: noncomputable set, lattices of quasivarieties, Q-universality, unary function symbol, lower semi-
lattice, unary algebra, the complexity of the lattice.
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A boundary value problem for nonlinear differential equation with
arbitrary functions

This article describes a semi-batch nonlinear boundary value problem for differential equations with partial
derivatives. The equations containing arbitrary parameters were considered in Whitham G.B. Such equations
are encountered in some problems of chemical technology and chromatography. Replacing u = e* in
a nonlinear problem with arbitrary functions leads to a semi-batch linear boundary value problem for
hyperbolic equations. Introducing a new unknown function, semi-batch linear boundary value problem
for hyperbolic equations with mixed derivative reduced to the family of boundary value problems for
ordinary differential equations and functional relation. Using the method of parameterization to the family
of boundary value problems for ordinary differential equations, We find approximate solutions of equations

in this area. The proposed method is illustrated by an example.

Keywords: nonlinear equation, boundary value problem, differential equation in partial derivatives, hyperbo-
lic equation.

On Q = [0, X] x [0,Y] is considered for periodic boundary value problem nonlinear differential equations
with partial derivatives

ek E ) sy "
2(0,y) = ¥(y); @)
2(z,0) = z(z,T), 3)

where k = const, p(y) — given function depending on y, a(z,y), f(x,y) — arbitrary functions depending on x
and y. The paper G.B.Whitham [1] were considered equations containing arbitrary parameters. Such equations
are encountered in some problems of chemical technology and chromatography.

To solve the problem (1)—(3) u = €** we make the change, then we obtain a linear periodic boundary value
problem

2
g = ) 5o ke f(ag) - (@
u(0,y) = eF ). (5)
u(z,0) = z(z,Y); (6)
(e,9) = lnu(,y). 7)
We make a partition by 7 > 0,h > 0: M7= X, Nh =Y step
M N
0,X)=JIG—Drir), [0,Y)=JIG—Dhjh), M>2, N=>2
i=1 j=1

In this region Q is divided into M x N parts. By u;;(z,t), z;;(z, t) denote the restriction of u(x,t), z(z,t) in area
Q; =[( —1)r,ir) x [(j — D)h,jh), i=1,M, j=1,N[2].

To find a solution we insert a new unknown function v;;(z,t) = %ﬁf’t), i=1,M, j =1, N, we insert the
notation \;;(z) = v;(z, (j — 1)h) and make the change v;;(xz,t) = vi;(z,t) — A\jj(z), i=1,M,j=1,N. We
obtain the equivalent boundary value problem with unknown functions A;;(z):

85”'
dy

[t

= a($7y)aij + a(a:,y))\w(x) + kf(xvy)u’ij(zvy)v (I7t) S Qija 1= 17M7 j = 5N7 (8)
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By (r = 1)) = 0 ©)
Ai1(z) — Ainv () — y_l)igl_oﬁm(xa y) =0; (10)
Ais(x) + lir}rLl Oﬁis(x,y) —Ais+1(z) =0, s=1,N-1; (11)
y—sh—
uij(z,y) = eH*W 4 /[@j(f, y) + Aij (£)])dE; (12)
0
Zij (l’, y) = %lnuij(x, y) (13)

Task (8), (9) with fixed A;j(z),u;;(x,y) is the solution of the Cauchy problem and is equivalent to the
equation

Yy Yy Yy
B () = / ol )53 () + / a(e,m)dn - hij () + / k(e muy (@ ndn. (1)
(G—1h (j—-1)h (G=1)h

Passing on the right (14) to the limit y - Y — 0, y — sh — 0 substituting them into equation (10), (11) for
unknown functions A;;(z), we obtain a system of functional equations:

Y Y Y
Nr (&) — Aan (@) = Ao () / ol m)dn = / aa,)on (z, m)dy + & / f(nyusg (@, mdy; (1)
(NZ1)h (NZ1)h (NZ1)h

sh

Nis () + Aas () / al,)dn — Ny () =

(s—=1)h
sh sh
—— [ awwiatenin—k [ e, s=TNL (16)
(s—1)h (s—1)h

To find the system of three functions {\;;(x),v;;(x,y), wi; (2, v), z:5(z,y)}, ¢ =1,M, j=1,N, we have a
closed system comprised of equations (15), (16), (14),(12),(13).

For an initial approximation of the problem (8)—(9) we take 5%2)(;3, t) =0, ugg) (z,t) = W j =1 N, and
successive approximations based on the following algorithm:

Step 1. For '17(2) (z,t) =0, ug(;) (z,t) = ") from the equations (15) and (16) we find the Aij(x),j=1,N.
Using (14) and found A};(7), define v7;(z,t). Then, from the equation (12) get uj;(x,y). Next, using (13) find
Z;j (l‘, y)

~(0)

Step 2. For vy;

(x,t) =0, uég)(ac,t) = wign_oufj (z,t) from the equation (15) and (16) get A3;(z), j =1, N.
Using (14) and found A3;(z), define v3;(x,t). Then, from the equation (12), (13) get u3;(w, 1), z3;(x,t), j = 1, N.

Step M. For 55\2)‘(;5, t) =0, ug\(})‘(% t) = lim uhs_y i (x,t) from the equations (15) and (16) we find the
J J z—=(M—1)7—0 J
Aar;(®), 5 = 1,N. Using (14) and found A}/, (z), define 03,;(z,t). Then, from the equation (12), (13) get
uy;(@,t), 23p5(2,t), =1, N.
Ezample. On the Q = [0, 1] x [0, 1] is considered the boundary value problem k = 1, a(z,y) = —2zy.

0%z 0z 0z 0z 2
Gudy ~ 5 gy 2 gyt L o o
2(0,y) = 0; (18)
2(,0) = z(z,1). (19)
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A boundary value problem...

To solve the problem (17)—(19) u = e* we make the change, then we obtain a linear periodic boundary value
problem

0%u ou
=20y - — +(2y—1 2 xy) - u; 20
920y 5y +Qy—1+ay” —zy) (20)
u(0,y) = 1; (21)
u(z,0) = u(z,1); (22)
z(z,y) = Inu(z,y). (23)
1 1 Qugi(x,t
Let 7 = §7h = i’N = 2. To find a solution we insert a new unknown function v;;(x,t) = M,

1 1
ZT,% X %7% and make the
change v;;(x,t) = vi;(x,t) — Aij(2), 4,7 = 1,2. We obtain the equivalent boundary value problem with unknown
functions A;;(z):

i,j = 1,2, we insert the notation \;j(z) = vi(z,(j — 1)h), Qi =

565; = —2xyv;; — 2eyA;(z) + 2y — 1+ zy? — zy)uij(x,y), Uij(z,0) =0, (x,t) € Qij,4,5=1,2; (24)
)\il (JL‘) — /\ZQ(I) — hHl 51‘2(13,y) = 0; (25)
y—1-0
Ain(z) + lim Oail(xvy) — Ai2(z) = 0; (26)
Yy—3—
wj(o,9) = 1+ (6, + My (@) (27)
0
uzj(x,y) = xiiliﬂio uij(x,y) + /[52,1 (&) + Aoy (6)]dE; (28)

Task (24) with fixed A;;(z), wij(z, y) is the solution of the Cauchy problem and is equivalent to the equation

Vij(x,y) = =2 | anvy(z,n)dn — 2

.

“‘L\@
.

M‘L\@

Y
andn - Xij(x) + / (20 — L+ 2n® — an)uy(z,m)dn, 4,5 =1,2. (30)
Jj—=1
2

Passing on the right (30) to the limit li{noﬂn(x,y), lirln vi1(z,y),4 = 1,2, substituting them into
y—l- y—5—0

2
equation (25), (26), for unknown functions A;;(z),4,j = 1,2, we obtain a system of functional equations:

1 1 1
Nin(2) = Asa(2) + 2 / wia(z, ) + 2 / wndn - hia(x) — / (@0 — 1+ an? — en)up(e,n)dn =0;  (31)
1 1 1
2 2 2
1 1 1
2 2 2
Ain(z) — 2 / i () — 2 / wndn - M () + / (20— 1+ 2 — en)un (z.0)dy — Ma(x) = 0. (32)
0 0 0

For an initial approximation of the problem (24)—(29) we take Eg)(:c,y) = 0, ugg)(x,y) = 1,7 = 1,2, and

successive approximations based on the following algorithm:
Step 1. For 5%2)(36@) =0, ug(;) (x,y) = 1,57 = 1,2, from the equations (31) and (32) we find the \j;(z),
Afy(x). Then
12 + 4z — 622 11z — 22

A (z) = = TP 7 DT _ o
1) = g s e M0 = B e
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max A1p(z) =0.2834, max Aj2(z) = 0.1186.
z€[0,3) z€0,3)

Using (30) and results A\, (z), Af5(x), define 0, (x,y), Ui (z, y):
Yy Y
o1y (@,y) = =2+ Al (2) /xndn + /(2n — 14 an” —an)dn =
0 0
= 0.3333y(zy” + (3 — 2.35027)y — 3);

Yy Yy
U19(7,y) = =2+ Ai2() /wndn + /(2n —1+an” —zn)dn =
3 3
= 0.3333xy> — 0.6186xy> 4+ 0.11302 + > — y + 0.25;
max o1y (z,y) =y* —y, max iy(z,y) =y* —y+0.25.
z€0,3) z€0,3)

Further, from the equations (27) get uj;(x,y), uiy(z,y):
uly(z,y) = 14+ 2y® — 2y +0.2834z,  uly(z,y) = 1+ 2y* — xy + 0.36862.

Next, using (29) find 27, (x,y), 275(z, y).
Step 2. For B} (z,y) = 0, 153 (w,y) = 0,

ugp(x, y) = iu;n Oufl(x, y) = 0.5y* — 0.5y + 1.1417;
T—g—

u;g) (z,y) = _I:Iln OuTQ(x,y) =0.5y> — 0.5y + 1.1843
i

from the equations (31) and (32) we find the A}, (z), A5, (x).
Then

~0.3708(22 + 0.41462 — 0.069) ~0.1195(22 — 11.2266 — 0.2143)

AL (z) = AL (z) =
2(2) 5.3333 — 22 > Aaa(?) 53333 — 22 :

max Ag1(z) =0.1151, max Age(z) = —0.1405.

z€lL,1) z€[3,1)
Using (30) and results A%, (x), Ajo(x), define v3, (z,y), U35 (2, y) :
U531 (2, y) = y(y3(0.25 — 0.25x) 4+ y(1.3917 — 0.6859x) + 0.1zy* + (0.54722 — 0.5)y* — 1.1417);

Vso(z,y) = 0.1zy° — 0.25xy* + 0.5614zy> — 0.45162y° + 0.0552z+
+0.25y* — 0.5y + 1.4343y? — 1.1843y + 0.2804;

max @3, (2,y) = 0.1y° + 0.0472y° + 0.7058y” — 1.1417y;
16[571)

max Uso(z,y) = 0.1y 4 0.0614y> + 0.9827y* — 1.1843y + 0.3356.
z€[3,1

Further, from the equation (28) get u3; (x,y), u3s(z,y). Thus, to solve this problem

1 1

1 1
25y (2,y) = In(1 + 2y* — xy + 0.3686x), =€ [O, 2) , YE [2, 1) ;
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251 (w,y) = In(0.1471y 4 0.0708y + 1.0842 + 0.12° + 0.0472zy°+
+0.7058zy? — 1.1417xy + 0.1151z), =z € [; 1) Y € [07 ;) ;
Z3o(,y) = In(1.0165 + 0.3356x + 0.0126y — 1.1843xy + 0.0086y>+
+0.9827xy% — 0.0307y> + 0.0614zy> — 0.05y° + 0.1zy°), z € B 1) , Y€ B 1) .

Thus, a nonlinear semi-periodic boundary-value problem for hyperbolic equations with two independent
variables is solved.The solution method proposed by the authors can be used quite widely.

This publication is supported by the grant project 1164 / GF 4 from the Ministry of Education and Science
of the Republic of Kazakhstan.
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H.T. Opywmbaesa, I'. Caburbexona

Epkin dysknusiapbl 6ap ChI3bIKTBI eMec AndpepeHImaaablk TeHJaey
YIIiH KOMbLJIFaH Oip MIETTIK ecell TypaJbl

Makagana jiepbec TYbIHIBLIBI I OepeHITnAIIbIK TEHIeyIep VIIH KapThlIail MEPUOJTHI IIETTIK ecer Ka-
pacTeIpbLLIbl. Epkin napamerpsepi 6ap renueyinep G.B. Whitham »xymbicTapbinga KapacTbipblran 60-
sareia. MyHIa# TeHaeyIep XUMUSIIBIK, TEXHOJTOTUSIAPIBLIH XKoHe XpoMaTorpadusiHbIH Keibip ecenrepime
keszeceni. Epkin dbyHKuusnapsl 6ap ChI3BIKTBL €MEC €CelTe U = e** aybICTBIPYBIH €T3, MrUIep6oIaIbK
TeHJIeyJIep YIIiH YKapThLIall IIepUOIThI ChI3BIKTHI €CenTi asaTbiH 6omaMbr3. 2Kana 6esrici3 pyHKIUSIHBL €H-
rizim, apaJiac TYBIHIBI TUIEPOOJIATIBIK, TEHIEYIED VIMH KaPThLIAil TEPHOATHI CHI3BIKTHI €CEIITi KapamaibiM
nuddepeHnnalIbIK, TeHIEYIep YIIiH MeTTIK ecenTep yiipiHe »koHe (DYHKIMOHAJIBIK, TEHIEYTe KOIIeMis.
Kapanaitbiv nuddepeHnuaiiblK TeHaeyaep YIMiH MeTTIK ecenTep yilipiHe mapaMeTpJsiey 9/IiCiH KOJIIaHBbII,
KapaCTBIPBIN OTHIPFAH OOJIBICTA OEPIITEH €CenTiH KYBIK, IIENiMiH aJaMbl3. ¥ CBIHBLIBII OTBIPFAH OJIiC MbI-
CaJIMEH TOJIBIKTBIPBIJIFAH.

Kiam cesdep: CBIBBIKTBI eMeC TEeHJIEY, METTIK ecel, aepbec TYyBIHABLIB AudHepeHITuaAIbIK, TeHIEY, TUIEP-
0OJIAJIBIK, TEHJIEY.

H.T. Opymbaesa, I'. Caburbexona

O kpaeBoii 3ajiave J1Jisg HeJimHeltHoro nuddepeHnnajIbHOro
YPaBHEHUS C IMIPOU3BOJIbHBIMU (DYHKITUSIMU

B crarbe paccmoTpena HesimHeHasT OJyTIepUOIAYEcKas KpaeBas 3aja4a st auddepeHnuaibHbIX ypaB-
HEHWIi C YaCTHBIMU IIPOM3BOIHBIMIY. Y DPABHEHUsI, COJIEPKAIIEe TPOU3BOJIbHbBIE TAPAMETPHI, ObLITN U3y JIEeHBI B
paborax G.B. Whithama. Takoit Buz ypaBHeHUiT BCTpEIaeTCs B HEKOTOPBIX 33/Ia9aX IO XUMUIECKON TEXHO-
jorun u xpomarorpacun. 3aMena u = e° B HeJIMHENHHON 3a/1a9€ C IPOU3BOIBHBIMU (DYHKIUSIMIE HPABOIAT
K JIMHEIHOM MOJTyIepUOIMIeCcKOl KpaeBoii 3ajade JJisi TUIepOoIMIecCKX ypaBHeHM. BBoIsT HOBYIO Hems-
BECTHYIO (DYHKITUIO, IMHEHHYIO TOJIYIIEPUOANIECKYIO KPAEBYIO 33/1a4qy JIJIsI TUIEPOOTMIECKIX YPABHEHHI CO
CMEIIIaHHON IIPOU3BOJHON CBEJIEM K CEMEMCTBY KPAeBbIX 3aJ1a4 Il OOBIKHOBEHHBIX (D dEepEeHInaIbHbIX
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ypaBHEHUI 1 (DYyHKIIMOHAJIHLHOMY COOTHOIIEHHIO. VI CrIob3yst MeTO MapaMeTpU3aln K CeMefCTBY KPaeBbIX
3a7a4 A1 OOBIKHOBEHHBIX MM@DEPEHITNATBHBIX YPABHEHUN, HAXOIUM MPUOINKEHHbIE PEIeHUs TaHHOTO
ypaBHEHHUs B paccMarpuBaeMoii obsiactu. [IpeniokeHHBII MeTOT IPOUIIIOCTPHPOBAH IIPUMEPOM.

Kaoweswie caosa: HenwHelHOe ypaBHEHMe, KpaeBasl 3aJada, JuddepeHInalbHoe YpaBHEHNE B YaCTHBIX
MIPOM3BOIHBIX, TUIIEPOOINIECKOE YPABHEHHE.
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MEPEWTON NEJIEPI
HAIIIN FOBUJISPHI
OUR ANNIVERSARIES

okTopy (pmusmko-mareMaTndIecKnxX HaAYK,
npodeccopy M.T.IxkenanueBy — 70 jer

25 auBaps 2017 1. W3BECTHOMY CIEIHAJIUCTY B OOJACTU TEOPUH
nuddepeHnnaabHbIX  YPABHEHAN B YACTHBIX [POU3BOJHBIX U €€
[IPUJIOKEHUIT TJIABHOMY Hay4HOMY cOTpyAHUKY UHCTUTyTa MaTeMaTuku
U MaTeMaTHIeckoro MogenupoBanusi Komwurera naykm MuHucrepcrsa
obpazoBanmusi u Hayku Pecnybomumkn Kazaxcran [gokTopy du3NKO-
MaTeMaTH4IecKux HaykK, upodeccopy Mysamapxany Tanabaesuuay
J>)keHasmmeBy UCIOTHIIOCH 70 JIeT.

M.T./I:)xenanueB pPOAUICSI B CEMbE CEJIBCKUX TPYKECHUKOB B
Axkrobe (mpiHe x03sficrBo Tose-6u) Ilyckoro paiiona 2KamObLICKOi
obnacru. Oren, 2Kuenasmes Tanabaii, paboraj MHOrue roinpl 4abaHoM,
MaTh, 2Knenanuesa Tenre, momorasa My»Ky B 9TOM HEJETKOM 4abaHCKOM
Jiesie, BILIOTH 110 ero cMmepTu. Jlo yxoma Ha IEHCHIO OHA paboTaja Ha
PA3IUYHBIX PabOUNX JIOJKHOCTAX. Ts2KeJsblil TPy 4abaHa He SIBIISIICS
qyXKIBIM 1 i MyBammapxana — BO BpeMs JIETHIUX KAHUKYJI OH TIOMOTAJI

CBOUM DOJIUTEJISIM.

B 1953 r. MyBamapxan Jl>KeHa/meB MOCTyIaeT B CEMIJIETHIOID Ka3aXCKYIO IMKOIY ydacTka Axrobe, Tie
3aKaHIMBAET HEPBBIN KJIACC C HMOXBAJIBHON rpamoroil. B cBs3u ¢ mepee3zmom pomuresneil B moc. MuxailyioBka
(B mocsemytomem noc.YaTeipkysnb) B 1954 T. OH CHOBa MOCTYTIAET B MEPBBI KJIACC TENeph CeMUJIETHEN PYCCKOi
IIIKOJIbI, TaK KaK He BJIAJIEJ] PYCCKUM SI3BIKOM. 3a I'OJ OH YCIIEBAaeT OCBOUTH PYCCKHUI SI3BIK U IEPBBIN KJIacc
3aKaHIMBAET TAKKe C IMOXBAJIBHON rpamoroil. [Jabine on npomonKkaer obydeHne Ha PYCCKOM s3bIKe U B 1965 .
sakanunBaer 10-it kiacc cpejueit mkoss M. M.Topbkoro B cene Hosorpounkoe (Hbiae Tose-6u). Eme B 9-M
kJacce MyBamapxan yBJIEKCsS MaTeMATHKON Ojarofops csoemy yumrenio KyrysoBy Asexkcanmp SkosseBuuy.
B 1964-1965 rr. yuacTByeT B pecrnybJIMKAHCKAX OJUMIHAJIaxX MKOJbHUKOB B Asimarel. Ha 3-it Kazaxcranckoi
MaTeMaTHIECKON OJIMMIINAJIe OH YJIOCTAauBaETCs CIEINAIbHOIO IIPU3a U JUIJIOMa BTOPOI CTEEHN.

B 1965 r. M. /Ixenanues noctymaer B Kazaxckuit momunrexundeckuit nnctutyT uMm. B.U.Jlennna na daxyan-
TeT aBTOMATUKU W BBIYMCJIATEIbHON TexHUKU u B 1971 I. 3aKaHYMBaeT ero Io CIeNuaJbHOCTU «ABTOMAaTHKA
" TejeMexaHuKay ¢ kBajauduramnuein «Hxkenep-snexkTpuky. B 1971-1976 rr. paboTaerT MHXKEHEPOM, CTAPIITUM
WHXKEHEePOM W PYKOBOJWTeseM Ipymibl mpoekTupoBanus B Kazaxckom ornenennn ['IIN «IIpoekTMonTazkaBTO-
MaTuKay (AJIMATBI), 3aHUMAETCS BOIPOCAMU IIPOEKTUPOBAHKSI CUCTEM JIUCIIETIEPU3AINN J1Jist O0BEKTOB SHEPIO-
CHAD2KEHUsI C UCIIOJb30BAHIEM TeJIEMEXaHUIeCKUX yCTPOUCTB.

B 1976-1980 rr. — yueba B ounoii actmpantype B Kas['V mox nayansim pykoBoscTBoM mpodeccopa C.A.Aii-
carasueBa. B 1982 1. M.T./[>xeHa/meB 3amuinaer KaHAUIATCKYIO, a B 1994-M — JIOKTOPCKYIO JTUCCEPTAIINH,
B 1996 . eMy mpHCBOEHO yYeHOE 3BaHUE MPOodeccopa.

C 1980 r. M.T.:xenanues paboraer B Mucruryre maremaruku u Mexauuku AH KasCCP (ubine
MucTuryT MaTemaTuku u Martemarudeckoro wmogeiuposanns KH MOH PK). Mysamapxan TanabaeBud
IPOXOJUT BCE CTYIEHW JOJIKHOCTEHl aKaJIeMHUIeCKOrOo YJpPeXKJEHWs: MHC, CHC, BHC, THC, 3aBeJyOIIuii
srabopaTopueil ypaBHEHUI MATEeMAaTUIeCKON (DU3NKHU, 3aMECTUTEIb AUPEKTOpa MO HaydHOU pabore, ¢ 1 gHBaps
2007 r. — wucnosHsIOmMit 0bst3aHHOCTH, & ¢ aBrycra 2008 mo 2011 rr. — mupekrop Mucruryra MareMaTuku.
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Hayunste mocrmxkenust M. T. /[zxenasimeBa omybmmkoBaHb! B XKypHajax «uddepeHimaibabie ypaBHEHUST >,
«Cubupckuit MareMaTudeckuii xxypHaj», « Boundary value problemss, « Advances in difference equations», «Ma-
remaTudeckuii XKypHai» (Anamarsl), « Tpyast Uuncruryra maremaruku HAH Benapycb», «doknaast HAH PK»,
«Heknaccuueckue ypaBaenus mareMmarndeckoil pusukuy» (Mucruryr maremaruku um. C.JI.Cobonesa CO PAH),
«doxmager AMAH», «W3Bectus HAH PK. Cepus dusuko-maremarndeckasi» u Jp. llepeuncianm pe3yabTarsi
€ro HayYHBIX UCCJIeIOBAHUI:

— M.T./IxxenanueBbIM IOKa3aHa TEOPEMA O JOCTATOYHBIX YCJIOBUSX OINTHMAJBHOCTH W HA €€ OCHOBE pa3pa-
6oTaH aJropUTM TPUOJIMIKEHHOTO PEIeHNs 3aa9N OMTHMAJILHOIO YIPABJICHUS MTapabOJINIECKIM YPABHEHUEM.
DTOT pe3ynbTaT SBJSETCS pa3BUTHeM HpuHNmna ontumaiabaoctu B.®D.KporoBa mist ypaBHeHHit ¢ 4acTHBIMEU
[POU3BOHBIMY, YIUTHIBAIOIIErO UX PA3PENIUMOCTh B COOTBETCTBYIONUX COBOIEBCKUX KJIAaccax (B CMBICJIE WH-
TerpaJibHOrO TOXKJecTBa). HOBBIM 371€Ch SIBUJIOCH BBEJIEHHE BCIIOMOTATEIBHOrO (byHKIMOHANA W CIIENUAJbHBIX
KOHCTDPYKIIWiA, MO3BOJIMBIINX CHSITh OFPDAHWYEHUE O NpuBeieHnn A epeHInaJIbHbIX YPABHEHUI B YACTHBIX
MIPOU3BOIHBIX K HOPMAJILHO (hOpMe, ITO MO3BOJIMNIIO CBECTH UCXOTHYIO 33/1a9y Ha YCIOBHBIM SKCTPEMYM K 3a1a96
Ha 6e3yCJIOBHBII 9KCTPEMYM B (DYHKIMOHAJBHBIX pocTpaHcTBax CobosieBa. Pe3yibraThl JaHHBIX UCCICTOBAHNN
COCTABUJIN OCHOBY KauujaTckoi aucceprarnuu M.T.I>xenannesa.

— Jljis KpaeBbIX 3aJlad C IIPOU3BOIHBIMY 110 BPEMEHU Ha T'PaHUIIE JJIsi [1apabOJIMIecKOro U runepboJimie-
ckoro ypasaennii M.T./[>xenaimeBbiM oOHapy2KeH 3PPEKT «IIepeonpeie/IeHHOCTH» IPU 3aJaHUM HAaYaIbHBIX
YCJIOBHI B OBJIACTU U HA €e IPaHUle U3 KJIAcca KBaJIPATUIHO CyMMUPYEMbIX (DYHKIMH (KOTOPBIE HE COIJIACOBa-
HBI [I0 TEOPEME O CJIEJIAX ). YCTAHOBJIECHA PA3PEIIMMOCTh KPAEBbIX 3a/1a4 JJisl JIMHEHO-HATDY KEHHBIX YPaBHEHUH
¢ HeperyaapHbiMu Kodddunmnentamu. [locTpoeHbl cuMMeTpPU3yIONIN OMEPaATOP JJIsT HATPYKEHHOTO apabdoIu-
YeCKOI'0 ypaBHEHUsl, I'JIbOEPTOBO MIPOCTPAHCTBO TUIla npocrpancTBa K.@puipruxca U KBaJIpaTUIHbI (DYyHKIN-
OHAJI, ypaBHeHHUe Diljepa, JJjisi KOTOPOro UM JaHa 00OOINEeHHAs OCTAHOBKA MCXOJHOW rpaHmdHON 3ajaqn. 1lo
stuM pegysbraraM M.T./[zKeHaaneBbIM 3aIuIneHa JJOKTOPCKAs JINCCEPTAINS.

— B repMuHax (KOMILIEKCHOIO) CIIEKTPAJILHOTO HapaMeTpa, sBJILAIOIErocs KohbhUIMEHTOM HAIDYKEHHO-
o CjIaraeMoro, HaiiJIeHO OIMCAHWME DPE30JIbBEHTHOIO MHOYXKECTBA U CHEKTPA IS CIEKTPAJIHHO-HATDYKEHHOI'O
apaboJIMIECKOro OIEPATOPa, JIaHA XapaKTEPUCTUKA KPATHOCTH COOCTBEHHBIX (PYHKIINIT B IIPOCTPAHCTBE Orpa-
HUYEHHBIX U HENPEPBIBHBIX (DYHKIMH B 3aBUCHMOCTH OT 3HAYEHWs CIIEKTPAJIbHOTO Iapamerpa (COBMECTHO ¢
M.U.Pama3aHOBbIM).

B mocnennane rompr M.T. [IxkenanneB BMecTe ¢ COTPYIHUKAME BEMIET UCCJIEIOBAHUS IO OJHOPOIHBIM Kpae-
BBIM 33/[a9aM TEILIOMPOBOIHOCTH B BBIPOXKIAIONINXCS HEIMINHIPHIECKIX O0JIACTHAX. YCTAHOBJIEHO, YTO 3/1€CH,
Haps/Ly C TPUBUAJIBHBIM PEIIeHHEeM, CYIIECTBYIOT U HETPUBUAJIBHBIE.

M.T./I>xeHa/iieB aKTHBHO 3aHUMAETCsI IIOJI'OTOBKON HaydHBIX KaJpoB. 1o ero HaydYHBIM PyKOBOJICTBOM
3aImuIeHsl 3 ToKTopckue, 11 Kaumuaarckux aucceprauii u 2 nuccepranuu mo PhD. C 1980 r. ydensrit Takxke
9UTAET CHENKYPChl Ha MeXaHUKo-MareMaTudeckKoM dakynbrere KazsHY mm.anb-Dapabdu.

Mysamapxana Tanabaesunda /2xenanmmeBa OTIMIaiOT JeI0BO€, IPUHIMIIAAILHOE U TBOPYECKOE OTHOIIEHHE,
Tpypoobue, MPOodECCHOHAIN3M U BBICOKOE IYyBCTBO OTBETCTBEHHOCTH. OH MOJIb3yeTCsl 3aC/IyKEHHBIM yBasKe-
HHUEM B KOJIJIEKTHUBE HHCTI/ITyTa MaTeMaTHUKU 1 MaTeMaTUIeCKOIr'o MOJIe/IMPOBaHUA.

Penikosuterust HayqHOTO 2Ky pHaJIa cepaedHo rnosapasiisier Mysamapxana Tanabaesuda ¢ 70-jieTHIM 100UI€EM
7 YKeJIaeT eMy KPEIKOro 370POBbsl U TBOPYECKOTO JIOJITOJIETHUSI.
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