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YK 517.75, 517.927, 517.956.3

9.A. Bakuposa!, H.B. Nckaxosa?

1
Hnemumym mamemamuru u mamemamuseckozo modeauposanus KH MOH PK, Aamamu.;
2 Kasazcxutl nayuonarsrsd nedazozuveckutl yrusepcumem um. A6as, Aamamo:
(E-mail: bakiroval974@mail.Tu)

O6 omHOM MOAXO/Ee K BHIOOPY HAYAJILHOTO ITPUOJJIMMKEHUS perieHns
HEeJINHENHOI KpaeBoil 3a/Jia4u J1Jisi HAarpy KeHHbIX
anddepeHImaJIbHbIX YpaBHEHT

Ha ocnoBe MeTona nmapaMerpusanuu uccielyeTcs HeJIMHEHAs ABYXTOYeYHAas KpaeBasd 33/1a4a JJIs CUCTEM
Harpy»keHHbIX quddepeHuaabubix ypasHeruii. CyTh MeToJa mapaMeTpU3alny 3aKJ/II09aeTCs B TOM, 9TO
paccmaTpuBaeMast 3a/1a49a pa3bueHneM 3a/IaHHOTO WHTEPBAJIa TOYKAMU HATPYKEHUsI U BBEIEHHEM JIOIOJI-
HUTEJIbHBIX IapaMeTPOB CBOJMUTCA K 9KBUBAJICHTHON HEJIWHEHHONU JIBYXTO4YEeYHON KpaeBOW 3ajiade ¢ mapa-
MeTpaMHu. BBeneHue IONOTHUTENIBHBIX IAPAaMETPOB IIO3BOJAET IOJIYYUTh HadaJbHBbIE YCIOBHUSA IS HEHU3-
BEeCTHBIX (DyHKIMII Ha HOAbIHTepBasax. IIpu HUKCHPOBAHHBIX 3HAYEHUAX MAPAMETPOB PEIIAeTCs 33/a4a
Kommm myis1 cucrem 06b1kHOBEHHBIX JudbdepeHImanbabix ypapuenuii. [loncrasisis npeicraBienne pereHnst
3amaan Kommn B KpaeBble yCJIOBHSI W YCJIOBHSI HEIPEPBHIBHOCTU DEIIEHHUS BO BHYTPEHHUX TOUKax pa3dme-
HUSI WHTEPBAJIA, MOCTPOEHA CHCTEMA HEJIMHEMHBIX aJIredpandecKux ypaBHEHHUN OTHOCHUTEIHHO BBEJIEHHBIX
napameTpoB. IlocTpoeHHBIE cuCTEMBI HEJIMHEHHBIX ajrebpamdecKux YpPaBHEHMI sIBJISIIOTCSI OCHOBOH aJjiro-
PHATMOB MeTOZa apaMeTPU3aIUU U IO3BOJISIOT HANTH «XOPOIINe» HadasIbHbIEe IPHUOJINKEHNS K PEIIeHUIO
HEJIMHEMHOM JIBYXTOYEIHOW KPAEBOM 3aJ1a4u JJjIsi CUCTEM HArpy>KeHHBIX JUM@EPEeHINATbHBIX YPABHEHHUI.
IIperozken o/inH 13 crocoboB K BBEIOOPY «XOPOIIEro» HAYAIbLHOIO IPUOJINKEHUS JIJIsT HAXOXKIEHUsI PEIIeHUsT
HeJINHEeHHOI KpaeBoit 3azatu. [loydens! ycioBust CyIeCTBOBAHUS N30JIMPOBAHHOIO PEIICHUsT HeJIMHEHHON
ABYXTOYEIHON KPAEBON 3aJa4uu NJisi HArPYKEHHBIX AuddepeHnaIbHbIX YPABHEHNN IPH JOCTATOYHO Ma-
JIBIX IIarax pa3OueHus.

Kmouesvie crosa: HeMHEHAST KpaeBas 3a/lada, HArpyKeHHoe qudHepeHIna bHoe ypaBHEHNE, THUCIeHHBII
MeTO[I, aJITOPUTM.

Harpyxenubie guddepennpaibibie ypaBHEHUsT YACTO BO3HUKAIOT B MPUJIOKEHUIX KAK MaTeMaTHIeCKasi
MOJIEJTb TIPOIECCOB, TJIe COCTOSIHUS B OIPE/IeJIeHHbIE MOMEHTHI BPEMEHH OKA3BIBAIOT CYIIECTBEHHOE BJIUSHUE Ha
CBOWCTBA OIMKMCHIBAEMOTO MIPOIECCA B TEJIOM.

Boripockl paszpemmMocTd U MOCTPOEHUsT MPUOJINKEHHOI'O PeIlleHrs] KPaeBbIX 3aJlad JIJIsi 9THX ypPaBHEHUI
Pa3IMYHBIMA METOIAME MCCJIeJ0BAHbl MHOTUMHU aBropaMu [1-3].

B paBorax [4-6] npemioKeH YUCIEHHBIH METOJ[ PeNIeHHsl CHUCTEM JIMHEHHBIX HEABTOHOMHBIX OOBIKHO-
BEHHBIX HATPYKEHHBIX (D DEepEeHITNATBHBIX YPABHEHUN ¢ HEPA3eIEHHBIMA MHOIOTOYEIHBIMYA HHTETPAJTHHBIMA
YCJIOBUSIMH.

B paGore [7] Ha ocroBe Meroma mapamerpusanuu [8] mosydenbl Ko3bOUINEHTHBIE TPU3HAKKA OJHO3HAY-
HOI pa3penmMOCT JIMHEHHON JIBYXTOYEYHOM KPAEBOIl 3aa4n JIjisi CUCTEM HArPY2KEHHBIX JnddepeHIma bHbIX
YPaABHEHUIl U TOCTPOEHBI aJIrOPUTMbI HAXOXK/IEHUs PEIEHUsI ITON 3aa4n.

B macrosmeit pabore paccMaTpuBaeTcs HeJIUHENHAs KpaeBas 3aada JJisi HAarPyKeHHbIX auddepeHnnaib-
HBIX ypaBHEHUI

8 Bectauk Kaparanmuackoro yuusepcurera
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%:ﬂmW%%x@%wﬂ%»teﬁﬂvxemv (1)

g[$(0)7 l‘(T)] =0, (2)

rue f:]0,7] x R® — R™,g : R™ x R — R™ — neupepbiBHble (DYHKIIUH.
Yepes C ([0, T], R™) 0603HAUNM TIPOCTPAHCTBO HempepbiBHBIX dyHKIuit 2 : [0,7] — R™ ¢ HOpMOii

Joll, = max 20
Bamaua (1), (2) uceremyerca MeTonoM napamerpusanun [5).

Bosbmem Toukn 6y = 0 < 0; < ... < 0, < 0,11 = T, u pasbuenne unreppana [0,7) wa m + 1
nogpaTepsaos [0,1) = U:,njll [0r—1,0,) obosnaunm uepe3 A,1. Cyxenune dbynkuun x(t) Ha r-blii HHTEPBAT
[6:—1,0,) obosHaummM wepes x,(t). Samaua (1), (2) sKBuBaJIEeHTHA HeJIMHEHHON MHOTOTOYETHON KpaeBoil 3a1a-
e % = f(t,zr,21(00), 22(61),.. s Zmi1(0m)), t € [0r-1,0-), r = I,m+1, g[ml(O),tiiqrp_Ome(t)] =0,
tﬁliomioxs(t) = x511(0s), s = 1, m, rue nocsejHee PaAaBEHCTBO ABJISETCS YCJIOBUEM CKJIEUBAHUS DEIIeHUs B TOU-
Kax HArpy?KCHHsL.

Beenst mapamerpsl A, = Z,(0y_1) 1 Ha KaxXJOM r-OM HHTepBaJjie HpOu3Bels 3aMeHy GbyHKIuH u,(t) =
= z,(t) — A\, HOJYYINM HEJWHEIHYIO KPAEBYIO 33/1ady C IIAPAMETDAMHU:

du,
;‘t = F(ttr + A A Ay Am)s EE [0r21,6,) (3)
ur(ar—l) :Oa T:17m+17 (4)
g A1 + thlou””“(t)] =0; (5)
As + lim ug(t) — Asy1 =0, s=1,m. (6)
t—0s—0

Bagauu (1), (2) u (3)—(6) sxusanentusl. Ecim 2(t) — pemenne kpaesoit 3amaun (1), (2), To mapa (A, ult]),
rae A = (21(0), 22(01), ..., Tmy1(0m)), ult] = (21(t) —21(0), 22 (t) —22(601), .. ., Ty 1(t) = Tiy1(0m)), aBIACTCS
permenuem 3agaun (3)-(6). U naobopot, ecimm (A, a[t]) — pemrenme sama«m (3)—(6), To dynkmma (t), ompe-
JessteMasi papeHcTBaMu I (t) = Ay + Ur(t),t € (0p—1,0,),7r = I,m+ 1, Z(T) = A\py1 + , li%n Oﬂm+1(t), 6yzer

ST

pemienueM 3ajga4u (1),(2).
ITpu dbukcupoBaHHBIX 3HaYEHUsIX napaMeTpoB A, 3amada Komm (3),(4) skBuBageHTHA HEJMHEHHOMY HHTE-
rpajbHOMY ypaBHEHHIO Bosbreppa BTOporo pona

t
uT(t):/ F(m A +upn(T), A, Aay ooy Ag)dr,  t€[0p-1,0,), r=1,m+1. (7)
97‘—1

B ypasuennu (7) mojcrasisisi BMECTO U, (T) COOTBETCTBYIOIIYIO IPABYIO YaCTh U IIOBTOPUB TOT IIPOIECC U
(v=1,2,...) pa3, HOJYyIUM IpeJCTaBIeHNE QYHKIWH Uy (t):

t 1
wwz/ ﬂm&+/ [ —
0r_1 0r_1
Tv—1

+/ f(TlM )\T + uT<TIJ)7 )\l) )‘27 ey )\m+1)d7—l/7 . ) dTQ;
6

r—1
AL, A2y e, )\m+1) dry;
t€0p-1,0.), r=1,m+1.
Orcrona, oupenenu  lim  u,-(t), r = 1,m + 1, u noacrasus ux B (5), (6), MOIyIUM CUCTEMY HEJMHENHHBIX

t—60,—0
YPaBHEHUI OTHOCUTEJIBLHO A, € R™:

Cepust «Maremarukas. Ne 4(84)/2016 9
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T T1 Ty—1
g[)\17)\m+1 +/ f(7-17)\m+1 +/ f(7—27)\m+1 ++/ f(TV7)\m+1+
9’777/ 0’771 9

m

FUm+1 (TV), )\1, ey )\m+1)d7',/, .. .)dTQ, )\1, RN )\m+1)d7'1] =0; (8)

0 1 Ty—1
As+/ f(Tl,/\s+/ f(Tz,As+...+/ (T At
Os_1 Os_1

0s—1

+u3(7',,),)\1,.. .,)\m+1)d7',,, .. .)dTQ, A, .. .,)\m+1)d7’1 — )\S+1 =0, s=1,m. (9)

Cucremy (8), (9) sanmmmem B Bue
Qu(Amy1; \u) =0, e R+, (10)

Takum obpasoM, i HaxoxKeHus perneHus (A, ult]) umeem 3aMKHYTYIO cucreMmy ypasHenuii (8), (9).
Yepez C([0,T], Apy1, RPN 1)) ofosmaumm mpocrpancrso cucreM  dbynkmuit ult] = (u1(t), ua(t), ...,

Um+1(t)), Toe dysrIN Uy @ [0r-1,60,) — R"™ HenpepbIBHBI M MMEIOT KOHEUYHbIe JIEBOCTODOHHHUE IIPEJIesIbl
lim w,(t) upu Beex r = 1,m + 1 ¢ HOpM™MOIt
t—0,.—0
[ul]ll; = max  sup [lu ().

r=1,m+1te[0,_1,0,)

Yeaosue A. Cymecrsyer pasbuenne A, 1 TAKOe, ITO CUCTEMA HEJIMHERHbIX ypasHeHuit @, (A,,11;A,0) =0

mveer pemenne A = (MY A9, .. A0, 11) € R+ “sanana Komm (3), (4) mpu A, = A2, 7 =T,m + 1, umeer

pemenue ul(t), u cucrema byHKIHit

Wl = (@ (0, w0, 1 (1) € (0,7, A, RO,
o mape (A9, 4°[t]) ompememm kycouno-menpepsBayio ma (0,T) dyrkmuo z°(t) paBemcrsan

te 0r_1,0,); 2O®) =20 1+ 40 );

=Tm+1; 0T = % + 1im 2 @)
T 7m+ ) z ( ) m+1+t4>1¥170um+1()

Bribepem uncna py > 0, p, >0, p; > 0 u cocraBuM MOXKeCTBa:
SN, py) = {)\ = (Atse- - Angr) € RMFD =00 < p,\};
SO, pu) = { ult] € 01, g, BOHD) [lu— ]| < pu}
SO, po) = { 2(t) € TR [z —a® < .}

GO py) = { (t, 2,01, 9, . Umi1) : £ € [0,T],

z— A0 u@(t)H < pes t€[0r1,0,):

r=1m+1,

0 . 0 0 0
=t 2] < e P

< Pz

‘varl - )\ESZAH < Pm} ;

GY(px, pe) = { (v,w) € R*™ : Hv - /\§°)H < pa, Hw - )\521_1 - t—1>izm—o

ugr?l—l(t)H < pw} .

Yeaosue B. @yukiuu f(t, x,v1,02, ..., Umi1), g(v,w) coorBerctierno GY(p.), GY(px,pr) HENPEPLIBHBI,
IMEIOT HelTpepHLIBHBIE TacTHEIE TPOM3BOHEIE:

fé(tax;vlvv2a-~wvm+1)v fq/;i(tvxavlav%"';vqul») 1= 17m+ 17 gi}(vvw)a g;u(U,U))

10 Bectauk Kaparanmuackoro yHuBepcurera
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U1 BBIIIOJIHAIOTCA HEPpaBEHCTBa

||f;(t,a:,v1,v2, . Um—&-l)H < L ||fv7 t T vl;UQ»“-;Um—&-l)H < L<t)72 = ]"m+17

gy (v, W)l < La, [|goy (v, w)]| < Lo,
e L(t) € C([0,T], R™), L1, Ls — const.

Teopema 1. Ilycrb npu 3aganubix Ay, v(v = 1,2,...), px > 0, py > 0, p, > 0 BBIIOJHAIOTCS YCJIOBUS
A, B, (n(m+1) x n(m + 1)) — marpuna Axobn W obparuma Jyisi Beex

(Avu[t]) € S(A(O)apk) X Sh(u(O) [t]vpu)

u UMEIT MeCTO HepaBeHCTBa

0, v 0, i
@ (Apm+1) = v (Apt1) max (Lohy,41,1) max exp (/ L(7) dT) - l' </ L(7) dT) +
97«71 er—l

= 1.
r=1,m+1 i—0

0, v—1 1 0, P\ m41
0r—1 i=0 0r—1
Vv (Am+1) H (0) 4,0 H
PN l/ m A <
T— g0 (A1) Q. ( +15 PX;
Vo (Ami1) H (0) 4, (0) H
—|Q.(A A
1 - QV(A771+1 Q mh )
6T v 1 67‘ ‘
max < exp / L(r)dr | — Z = / L(r)dr | +
r=1,m+1 0,1 i—0 (3 0r—1

+ exp(/@fr1 ) 1;2111'</,1L(T )i mH/ B;(t) < Pu-

Torya 3agaqa (3)-(6) B S(A®, py) x Sy, (u®[t], p,) uMeeT uz0IMpOBaHHOE peIeHEe U CIIPABEITHBA ONCHKA:

’ Yv (A7n+1

—1- QV(Am+1
OpHOIl U3 OCHOBHBIX IIPOOJIEM IIPU PEIIEeHUN HEJUHEHHBIX KPAaeBbIX 3a/1ad SBJISETC BBIOOD HAYAJIBHOIO
npubnnxkenns. B qannoit pabore mpesiaraeTcs O/INH 13 MOIX0I0B K BRIOOPY HAYAIBHOIO IIPUOJINYKEHIS PEIIeHUsT
zagaun (1), (2), ocHOBaHHBI Ha PEIIEHUH CUCTEMbl HeJMHEHHBIX ajrebpandeckux ypasaenuii (10) upu u = 0,
T.€. CUCTE€MBbl ypaBHEHUI

0] < Bl 5,40,

Qu(Amyi13A,0) =0, e RMmFY, (11)

Hpeamomoxnm, 970 Tpu 3aMaHHbIX Apyyg BV (v = 1,2,...) cucrema Q,(Apy1;A,0) = 0 mmeer permenwe
A= (AL A2, Apgr) € R,

Bazas toukm 0y = 0 < 621 < b1 <% <L <Oy <
pasbuenune yepe3 Aoy, 1o, PACCMOTPUM yPABHEHHE

0 0
%ﬂ” < Opmy1 = T u 0603HAYUB TOJTYIEHHOE
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Qu(Domia;X,0) =0, e R+, (12)

Yrobbr pemurs ypasuenue (12), Bocosb3yemcs Teopemoii 1 u3 [9]. 3a HayasnbHoe npubimKeHue pereHust

ypasuerns (12) Bosbmem BekTop A0 = (S\go)’ A, S\gm“) € R¥(m+1) e
o "
~ ~ ~ ~ 2 ~ ~
A=A, Agm:m/ f(7'1,)\1+/ Flra A+ .+
0 0
Tv—1 ~ - ~ ~ ~ " ~
+/ FO A A - Ama1)dT, - )dT2, A - Amagr )dr, A = 2y,
0
(0 B 01 N 1 B
)\EL)ZAQ—F o f(Th)\g—i-/el f(TQ,AQ—f—...—f—
= =

+/ f(Ty,;\Q,S\l, .. .,5\m+1)d7'1,, .. .)dTQ,S\l, .. .,)\7,L+1)dT1,

0o+61

T1

A0 = X, 5\510)2)\3—&-—1-/ Flr, As + fr A+ +
91 01

+/ f(Ty,;\;g,S\l, .. .,5\m+1)d7'1,, .. .)dTQ,S\l, .. .,5\7n+1)d7'1,
6

T
)\é(:I)L-‘rl = /\m+1’ AéOTBL-‘rQ = /\m+1 +/9 f(Tla )\m+1+

m+11+0m
2

T1 -
+/} flro, A1 + ...+

m4+1+0m
2

+[9 f(TV,S\m+1,5\17 ceey 5\m+1)dﬂ,, .. .)dTQ, 5\17 . .,)\m+1)d’7'1.

m+41+0m
2

B kauecTBe miutrocTparun npuseem npumep. Ha orpeske [0, 1] paccMoTpuM HeJMHEHHYTO KPAeBYIO 3a1atTy
JI7IsI HArPY2KEHHBIX TudPepeHITualbHbIX YPABHEHTIT:

dr [ 22 +t-21(0) +t2 - 23(0) + f1(2),
dr { 23+ (t = 1) 22(t) + 2 - 23(0) + fo(t), (13)
z(0) = z(1), (14)

rie
) =t3(t—2)+2.25t —1, fot)=—t, 6=05.

TounbiM pemterneM 3agaqn (13), (14) sasusiercst x(t) = ( b (tl_ 1) ) .

A
Toukoit Harpy»enusi § = 0.5 npoussejiem pasbuenne unrepsaia [0,1). Beejsa napamerps ( /Jl ) = z(0),

< 22 > = z(f) u upousBend 3aMeny (DyHKIUM:
2

ur1(t) = x1(t) — A1, wiz(t) = 22(t) — pa, t €10,0.5),
Ugl(t) = l’l(t) — )\2, UQQ(t) = l‘g(t) — M2, te [05, 1),
HOJIyYUM HEJMHEHHYIO KPaeByIo 3aJady C IlapaMeTpaMu:

duyq
dt

= (u11 + M)? +t- Ao+ 67 i + f1(t),u11(0) = 0,¢ € [0,0.5); (15)

12 Bectauk Kaparanmuackoro yuuBepcurera
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du12

ek (w12 + p1)* + (¢ = D)(urz2 + p1) + % - A\ + fa(t),u12(0) = 0,¢ € [0,0.5); (16)
dusy _ M)t Ay 12 2 t 0) = 0,t € [0.5,1); 17
dt —(’LL21+ 2) +1- A2+ 'Nl"’fl()vu?l()_ P E[. 5 )a ( )

du
df = (ugz 4 p2)? + (t — 1) (uga + p2) + 2 - A2 + fo(t), uge(0) = 0, € [0.5,1); (18)
)\1 = )\2 + t_l}{IlO’LQl(t); (19)
pr = p2+ lim u2a(t); (20)
Al + tJ%%,Qull(t) = Ag; (21)
B+ t_}%rg_oulg(t) = po. (22)

Bagaun Kormn (15)—(18) sKBUBAJIEHTHBI COOTBETCTBEHHO HEJIMHEHHBIM MHTEIPAIBHBIM ypaBHeHusM Boub-
Teppa BTOPOI'O Poja:

ui(t) = /0 [(ur1(7) + M2 +7- Ao+ 72 pd + fi(7)]dr, t€]0,0.5);
u2(t) = /0 [(u12(7) + p1)? + (7 = D) (u12(7) + 1) + 7% - A} + fo(7)]d7, ¢ €[0,0.5);

t
us (t) = /05[(1121(7') + )27 X+ 72w+ fi(n)]dr, t€0.5,1);

t

) = [ (uaar) + pa)? + (7 = Dualr) + pa) + 72 X+ fold ), 1€ 035,1).
0.5

B unrerpanbHbIX ypaBHeHHAX BMeCTO U11(T), u12(T), u21(T), u2(T) mOmCTABIISIS COOTBETCTBYIOIINE IIPa-

BbIE YACTH W MOBTOPUB 3TOT Tpornecc v (v = 1,2,...) pa3, uMeem upejcrasienns byHkuumit uip(t), ui2(t),

uo1(t), wu22(t). Onupenenus IH1(1)&)17()1111(1?), tﬁl(l)%lioulg(t), tll{rio uo1(t), til{rio ug22(t) n noncrasus ux B (19)—

(22), mosryuum cucreMy HeJIMHEHHBIX YPABHEHUN OTHOCUTEIHHO BBEJIEHHBIX [APAMETPOB:

QV(AQ; Aau) = O7>‘ = ()‘17,LL17)‘27M2)' (23)

Bri60p Ha9aIbHOrO IpUO/IIKEHNS pelteHns 3a1a4n (15)—(22) ocHOBBIBaeTCA Ha PEIIeHNN CUCTeMBI (23) npu
u = 0, T. e. cucreMbl
48071 — 660X2 — 24073 — 140p3 — 17 = 0;
241 — 21pg — 123 — TA2 — 9 = 0;
480X; — 4205 + 24002 + 2042 — 133 = 0;
1501 — 24ps + 12u2 + 22 — 3 = 0.

Iycrs npu 3aganubix Ay u v = 1 cucrema Q1(Az; A,0) = 0 umeer perenue A= (5\1,;11,;\2,;12) € R
Bosbmem Touky
0 1496
t0:O<t1:§<t2:9<t3:T<t4:1.

4
Pasbuenne [0,1) = U [tr—1,tr) 06o3HauNM depe3 Ay. ITo cxeme MeTOIa TApAMETPU3AIMN CUCTEMA HEJIMHEHHBIX
r=1
aJrebpanyecKuxX ypaBHEHUI OTHOCHTEIBHO HEU3BECTHBIX [APAMETPOB UMeeT BUJL

Q1(Ag; A\ u) =0,A = (A, p1, .- Aa, p1a) € RS (24)

Jnst HaxoXK7ieHnst peneHnst cucreMbl (24) ucnosb3yercst Teopema 1 u3 [6], rae 3a HauaabHOE TPHOJIIKEHNE

pemenus 6epercst Bekrop A0 = ()\go),,ugo), )\éo), uéo), /\go),ug, Aflo),uflo)) € R®. 3nech

_ R B ty -
AD =5, A0 :/\1+/ M7 A+ 77 i+ fu()]drs

to

Cepust «Maremarukas. Ne 4(84)/2016 13
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t1 B
%®=ﬂhﬂ9:#h+/‘W?HT—UM+T”A?+hUWh

to

. ~ . B t3 ~
A = e, AP =% +/ N+ 7 A+ 7% i} + fa(7)]dr

~(0 ~
N“i(’;):/i%

ta

t3
e+ [ lp
ta

i

(1= Djg+ 7% A + fo(r)]dr.

Takum 06paz3oM, IIpeI0KEeHHbIN B HACTOAIIE PADOTE MOIX0 K BHIOOPY HAYAJIHHOTO TPUOIUKEHUST PEIIICHIST
sazaun (15)—(22) ocHOBaH Ha PEIEHNN CHCTEMBI HEJIMHEHHBIX aJrebpandecKux ypaBHEHMUIl IIPH COOTBETCTBYIO-
meM pa3buenun u npu u = 0, T.e. CHCTeMbl ypaBHEHMIA

QV(AQIC;)HO) = Oa>‘ = ()‘1;#17"'3)‘2’“7#2"‘)7 k= 1,2,....

(25)

B rabimunax 1 n 2 npuBelieHbl BBIYUCICHAA 3HAYCHUN BBEJIEHHBIX JOIOTHATEIBHBIX IapaMeTPOB U TOYHOI'O
pellieHns: HeJlmHeHHOH kpaesoii 3agaun (13), (14) npu v=1 1 ¥=2 COOTBETCTBEHHO.

Tabuuma 1
3HaveHUs NOIOJIHUTEIbHBIX IapAMETPOB U TOYHOT'O PEIIeHUs
HeJINHEIHOU KpaeBoil 3a1aum npu v = 1
ncno pasbuennit, Agr, kEN [t A xi(t) 1 | a5(t) |

Ay 0.0 0.0229099 0 0.9999052 1
0.5 - 0.242574 -0.25 0.9998678 1

Ay 0.00 0.0122464 0 0.9999749 1
0.25 | -0.1785389 -0.1875 0.9999686 1

0.50 | -0.2459039 -0.25 0.9999633 1

0.75 | -0.1808678 -0.1875 0.9999632 1

Ag 0.000 | 0.0065145 0 0.9999931 1
0.125 | -0.1033719 | -0.109375 | 0.9999922 1

0.250 | -0.1830214 -0.1875 0.9999913 1

0.375 | -0.2313403 | -0.234375 | 0.9999903 1

0.500 | -0.2476398 -0.25 0.9999896 1

0.625 | -0.2316768 | -0.234375 | 0.9999893 1

0.750 | -0.1836136 -0.1875 0.9999895 1

0.875 | -0.1039513 | -0.109375 | 0.9999907 1

ANTS 0.0000 | 0.0033501 0 0.9999982 1
0.0625 | -0.0553144 | -0.0585938 | 0.9999981 1

0.1250 | -0.1063583 | -0.109375 | 0.999998 1

0.1875 | -0.1496983 | -0.1523438 | 0.9999978 1

0.2500 | -0.1852618 -0.1875 0.9999977 1

0.3125 | -0.2129881 | -0.2148438 | 0.9999976 1

0.3750 | -0.2328306 | -0.234375 | 0.9999974 1

0.4375 | -0.2447568 | -0.2460938 | 0.9999973 1

0.5000 | -0.2487481 -0.25 0.9999973 1

0.5625 | -0.2447988 | -0.2460938 | 0.9999972 1

0.6250 | -0.2329156 | -0.234375 | 0.9999972 1

0.6875 | -0.2131159 | -0.2148438 | 0.9999972 1

0.7500 | -0.1854271 -0.1875 0.9999972 1

0.8125 | -0.1498858 | -0.1523438 | 0.9999973 1

0.8750 | -0.1065376 | -0.109375 | 0.9999975 1

0.9375 | -0.0554374 | -0.0585938 | 0.9999978 1
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Tabnauma 2
3HavueHUs JOMOJIHUTEIbHBIX NAPAMETPOB U TOYHOTO PEIIeHUs
HeJINHeHOo! KpaeBoii 3a/lauu npu v = 2
Yucno pazbuennii, Agr, k € N \ t \ A \ x5 (t) \ I \ x5(t) ‘

Ag 0.0 -0.010804 0 0.999981 1
0.5 -0.258672 -0.25 0.999971 1

Ay 0.00 -0.001675 0 0.9999996 1
0.25 -0.189051 -0.1875 0.9999994 1

Ag 0.50 -0.251296 -0.25 0.9999993 1
0.75 -0.188913 -0.1875 0.9999993 1

0.000 | -0.0000265 0 1 1

0.125 | -0.109635 | -0.109375 1 1

0.250 | -0.187735 -0.1875 1 1

0.375 | -0.234579 | -0.234375 1 1

0.500 | -0.250187 -0.25 1 1

0.625 | -0.234569 | -0.234375 1 1

0.750 | -0.187717 -0.1875 1 1

0.875 | -0.109619 | -0.109375 1 1

Asg 0.0000 | -0.000053 0 1 1
0.0625 | -0.058646 | -0.0585938 1 1

0.1250 | -0.109425 | -0.109375 1 1

0.1875 | -0.152392 | -0.1523438 1 1

0.2500 | -0.187544 -0.1875 1 1

0.3125 | -0.214885 | -0.2148438 1 1

0.3750 | -0.234413 | -0.234375 1 1

0.4375 | -0.246129 | -0.2460938 1 1

0.5000 | -0.250034 -0.25 1 1

0.5625 | -0.246129 | -0.2460938 1 1

0.6250 | -0.234412 -0.234375 1 1

0.6875 | -0.214883 | -0.2148438 1 1

0.7500 | -0.187543 -0.1875 1 1

0.8125 | -0.152389 | -0.1523438 1 1

0.8750 | -0.109424 | -0.109375 1 1

0.9375 | -0.058645 | -0.0585938 1 1

IIpu BBIYHECIEHNN 3HAYEHUIT TADAMETPOB HCHOJIb30BaMN MaTeMarndeckuil naker Mathcad (tabu. 3).

Or1ieHKa pa3HOCTU TOYHOTO PelIeHus HeJINHENHOMH
KPaeBoil 3a/lauM U HAYaJIbHOI'O HPUGINKEHUS

Tabauma 3

v=1 v=2
| 10 i | O I O N I A O
A,y 3-102 1-107% 1-1072 3-10°°
Ay 1-1072 4.107° 2.10°3 71077
Ag 6-10~3 1-107° 3-10~1 2.1078
A 3.10°3 3.10°F 5.107° 5.10-10

Takum 06pa3om, B paboTe MPEJJIOYKEH OJUH U3 CIIOCOOOB BBHIOOPA HAYAJIHLHOTO TPUOIUKEHUS JJIsT HAXO0XKJIe-
HUsT HeJIMHEIHON KPaeBoil 3a1adu JIjisi HArPYKEHHBIX T (EPEHIINATBHBIX YPABHEHMIA.
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Kykrenren nuddepeHImaaablK, TeHeyJiep YIMiH ChI3bIKTBI eMecC

IIEeTTIK eCcenTiH IMenriMiHiH 6acTallKbl >KYBIKTAybIH TaHJIaydbIH Oip

TOCiJII TypaJbl

Makasaa napamerpJey o/ici Herisinze kikrenred nuddepeHnnaiablK TeHIeyIep YIIH ChI3bIKTBI €MeC €Ki
HYKTesl meTTik ecen 3eprrenai. [lapamerpiey oficinin MoHi, 6epifreH apayibIKThI XKYKTETY HYKTeJIepiMeH
OeJ1y 2KoHe KOCBIMIIIA [TapaMeTPJIep €Hri3y apKbIIbl KAPACTHIPBUIBIIT OThIPFAH €Cell Iapa-ap mapaMerprepi
6ap CBI3BIKTHI €MeC €Ki HyKTeJi MeTTik ecenke Kearipinai. Koceimima mapamerpiiep enrisy imki apajbikrap-
na Genrici3 dyHKImsAIap yimiH 6acTankbl MapTTapAbl axyFa MyMKIHIIK 6epai. [Tapamerpiepain GekiTinren
MoH/IepiH/Ie Kail quddepeHnuaIbIK Teraeyaep xkyieci yiria Ko ecebi merriai. Ko ecebiniy mermim-
inin KeflinTeMesepiH MIETTIK ImapTTapra >KoHE apaJjbIKThl OeJieTiH imKi HykTesaepingeri memiMHig y3iic-
ci3mik mapTTapblHa KOsl OTBIPBIN, €HTI31IreH mapameTrpJiepre KapacThbl CBHI3BIKTBHI eMec aarebpasibIK, TEH-
neyJiep XKyieci Kypbuiasl. KypbliIFaH ChI3BIKTBI €MeC aJIreOpaJIbIK TEHIEYIIED Kyleci mapaMeTpJiey d/IiCiHiH
aJIrOPUTM/IEPiHiH Herisi 60JIbII TabbIIAIbI YXKOHE KYKTEIreH TnuddepeHInaIblK, TeHIeyep Kyiieaepi yiiin
CBIBBIKTHI €MeC EKIHYKTEJII MMEeTTIK €CENTiH IMentiMiHe «XKaKChl» AJFAIlKbl XKYBIKTayIap/Ibl TabyFa MyMKiH-
miK Gepesi. ChI3BIKTBI €MeC IMEeTTIK eCeNTiH IIemiMiH TabyFa apHAJFaH <«XKAKChI» aJFAIlKbl KYBIKTAYIbI
TaHJAIl aJIyAbIH Oip TOCil YCBIHBLIFAH. Bys Kamamaap »KeTKLTIKTI Typje a3 GosiFaH a >KIKTeareH aud-
depeHIaIIbIK, TEHAEY/IEP YIMiH CBI3BIKTHI eMeC €Ki HYKTeJIl MIeTTIK €CeNTiH OKIIayIaHFaH IenmiMinia 6ap
OOJIYBIHBIH IIAPTTAPHI AJIBIHFAH.
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E.A. Bakirova, N.B. Iskakova

An approach to the choice of the initial approximation of the solution
of nonlinear boundary value problem for loaded differential equations

On the basis of the parameterization method is investigated nonlinear two-point boundary value problem
for systems loaded differential equations. The essence of the parameterization is that the problem of the
partition of the interval specified points of loading and introduction of additional parameters is reduced to
the equivalent nonlinear two-point boundary value problem with parameter. The introduction of additional
parameters allows to get the initial conditions for the unknown functions in the sub-intervals. For fixed values
of the parameters solved the Cauchy problem for systems of ordinary differential equations. Substituting
the representation of the solution of the Cauchy problem in the boundary condition and the conditions
of continuity of the solution was bult for the entered parameters. Built a system of nonlinear algebraic
equations are the basis of the method of parameterization algorithms and allow us to find a good initial
approximation to the solution of a nonlinear two-point boundary value problem for loaded differential
equations. A one way to choosing a good initial approximation was offered for finding solutions of nonlinear
boundary problem .The conditions of existence of isolated solution of the nonlinear two-point boundary
value problem for loaded differential equations for sufficiently small steps partition.
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O gocTaTOYHOM yCJIOBUU MPEJIKOMIIAKTHOCT MHOXKECTB B
0000IIIeHHbIX ITpocTpaHcTBax Moppu

B craThe npuBeseHbl 10CTaATOYHBIE YCIOBHS IPEIKOMIIAKTHOCTH MHOYXKECTB B OOOOIIEHHBIX [IPOCTPAHCTBAX
Moppu My (R™). U3 poxasannoii reopemsr B ciyuae w(r) = r~,0 < A < T BBITEKAET M3BECTHEL
pe3ysbTaT Jjisi mpocTpaHcTBa Moppu MS (R™), a B ciiywae A = 0 — xopomo u3BecTHas Teopema Pperre-
Koamoroposa. IIpenBapuresibHO JI0Ka3aHbI HECKOJIBKO JIEMM 00 OIllEHKe CpeHUX (DYHKINA B 0OOOIIEHHOM
npocrpascTBe Moppu. DTu JeMMBbI PEJCTABIAIOT CaMOCTOATENbHBIN nHTEepec. Ob6cyxKmaeTcss HEOOXOaM-
MOCTD TIOJIyYeHHBIX yCJIOBUIA.

Kmoueswie crosa: mpocrpancrsa Moppu, 060061eHHbIE ITpOoCcTpaHcTBa MoppH, MpeIKOMIAKTHOCTD.

ycrs 1 < p < 00, w — u3MepuMas Heorpunarebuas Gynknus Ha (0,00), He skBUBajIeHTHAsS Hy0. O600-

mennoe npoctpanctso Moppu M, O = M, (')(R") OTIPEJIETIAETCA KAK MHOXKECTBO BCeX PyHKIMHA f € LLOC(R”)
C KOHEYHOI KBa3MHOPMOI
Il = sup (w0 1, 3oy
upo) = swp Ly(B@r) )
rae B(xz,7) — OTKPBITHIN mIap ¢ IeHTpoM B Touke - € R™ paauyca r > 0.
IIpocrpancreo M, O cobnamaer ¢ xaccmaeckimM npocrpasctsoM  Moppu MI;\ upu w(r) =r~*, e

0 < \< %, KOTOpOE, B CBOIO odependb, mpu A = 0 cosmagaer ¢ mpocrpancrsoM L,(R™), a mpum A = % —
¢ pocTpaHCTBOM Lo (R™).

B coorsercrBuu ¢ [1, 2] obo3matuM depes (1,0, MHOXKECTBO BCeX (DYHKIM, KOTOPLIE SBJIAIOTCS HEOTPHUIA-
TesbHbIMU, u3MepuMbiMa Ha (0, 00), He SKBUBaJeHTHbIMA () U TAaKMMU, 9TO Jjid HeKoToporo t > 0 (a 3HauuT, u
JUIs JIEOOBIX ¢ > 0)

Jo()r3 o) < 00 Nw() L 00y < 00

[Ipocrpancreo M, 0 HETPUBUAJIBHO, T.€. COCTOUT HE TOJBKO M3 (PYHKIUH, skBuBajeHTHBHIX 0 Ha R™, Torma
1 TOJILKO TOTZA, Korga w € Qpoe (M. [3, 4]).

Iycrs x(A) — xapakrepucruieckasa dyukiusa Mmuoxecrsa A C R™ u €A — nonosnenue A.

Teopema. Ilyctb 1 < p < 00 u w € Qpoo. lpenmonoxum, aro muoxecrso S C M, O VAOBJIETBOPSIET

C.HG,D;yIOHLHM yCﬂOBI/Iﬂl\l:
sup || |l wer < 00 (1)
fes P

lim sup [ f(- +u) = ()l ) = 0; (2)
u—0 fES P

Jn sup {1/ Xe 5.

|M;;,(.) = 0 (3)

w(-
Torma S sBisieTcst MPEIKOMIIAKTHBIM MHOYKECTBOM B Mp(). B caydae npocrpanctsa Moppu Mz;\(O <
<AL %) sTa Teopema OblIa JoKasaHa B pabore [5], a B caygae A = 0 — 9T0 XOpOIIO M3BECTHAs TeOpeMa

Dpeme-Konmoroposa [6].
s moKa3aTeberBa TeopeMbl HaM HOHAA00ATCs CIle/lyIOoNIe BCIOMOIaTe/IbHbIE Y TBEPIK ICHUSL.
Ina f € LP(R™) u r > 0 obozHaumm

1
(M) (z) = e, / f(v)dy,

x,r)
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rue | A | obosnagaer mepy JleGera muOKecTBa A C R™.
)

Jlemma 1. ITycts 1 < p < 00, w € po. Torma ams Beex f € M;,”(' u r >0 uMeeT MeCTO OIEHKA,

M. f = fllywey < sup [[f(-+u) = FO 00 -
IV = Tl € sup G+ = FOlg

Loxasameavcmso. Ilycts z € R™ u p > 0. Torna, corstacno HepasencTBy lenbaepa,

P »
1
IMef = fll,Beep)) = / B / fdy — f(z)| do| =
B(z,p) ’ B(z,r)
P ¥
1
= / 1Bl / (f(y) = f(x)dy| dv | <
B(z,p) B(z,r)
1
< / m / |f(y) — f(z)[Pdy | d=
B(z;p) B(z,r)

Jasiee, nCIOIb3y s 3aMEHY IIEPEMEHHBIX iy = T + U U MEHSIS MECTAMU ITOPsAIOK MHTETPUPOBAHUS, IIOJTy Ia€M:

My f = FllL,Bep)) < / Wlﬂ’” / |f(x+u)— f(z)|Pdu | dz | =

B(z,p) B(0,r)

1 ) i
~ |\ BOL / / f(x+u) = f@)Pde | du | =
B(0,r) \B(z,p)

1
~ | B0, / G+ w) = FONL, Bz, du
B(0,r)

Craenosare IbHO,
lur,} J w() — sup wip 1”1”7 J <
H ”M s ( ) H ”L,,(B(z,p))

T =

1
< sup w _ / 4u)— fFOP du <
J o (p) ‘B(O’T”B(O ) 1 )= f( )||LP(B(z,p))

1
P

; /
< | = sup || f(-+uw) = fOIL g ndu| =
B0 ) e T IO, 5 )
B(0,r)
1

|B(0,7)] weB(0,r)
B(0,r)

[ M0 = FO o du | < s G = Oy

Jlemma 1 moxazamna.
Jemma 2. Iyers 1 < p < 00, w € Qpoo. Torma jist Beex f € M, O 4 ¢ > 0 umeer mecto HEPABEHCTBO

HMTf”]u;“(') < ||f||M;)“() .

(®)
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Loxazameavcmeo. CornacHo HepaBeHCTBY lesbiepa

P 1
1
IMifllL, By = 1B(z.7)| fydy| dz | <
B(z,p) B(z,r)
v
< [ vy |d
= To N1 Yy Y x =
|B(z, )|
B(z,p) B(z,r)
1
| |\ sam [ Harord|d
= —_— X u u xXr =
|B(0,7)]
B(z,p) B(0,r)

=

_ |B(01r)|/ /\f(:c+u)|pdx du| =

B(0,r) \B(2:p)

- \B(é,m / / |f(0)[F dv | du

B(0r) \B(=ru.p)

1

— p
=\ B | e
B(0,r)

Hautee,

M, wiy < su <w M, . )g
My f 1|y o P IMrfll 1, (B2

=

1 p
< su — (w )du <
zeRn,pp>0 |B(0,r)] / (p)”f”Lp(B(2+u,p))
B(0,r)
1
1 p i
< sup  w i )du _
s | (e, v
B(0,r)
1 / ( P
= ——— sup  w(p)||f . )du = £l we -
B0 S el QN PRETE) £l

Jlemma 2 jtokazana.

Jlemma 3. Ilycrs 1 < p < 00, w € Qpoo. Torma cymecrnyer 19 > 0 1 s mobbix 0 < r < rg cylecTByeT
C, > 0, 3aBucsinee TOJIbKO OT T, 1, P, W, TAKOE, 94TO:

1) s mobeix f € M;,U(')

1My fllony < Crllfllppmer s (6)
2) nuist 1r06BIX § > 0
sup [[Mf(- +u) = My fllo@n) < Cr sup [If(- +u) = fO)ll w0 - (7)
u€B(0,6) u€B(0,6) P
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O mocTaToOYHOM YCJIOBUH . . .

Hoxazamesvcmeo 1. Tak Kax dyHKIMA W € (oo He 3KBUBaTeHTHA 0, TO cymecTByeT 1o > 0 Taxkoe, 4TO

sup  w(p) > 0. ycrs 0 < r < 1. Coracuo HepasencTBy Lesbnepa mis ao6bix © € R™
ro<p<oo

1

|Mf ()] < ——— Ifll L, (B2 -
(@,r)[”
CireroBaTelIbHO,
1
My f@) | w(p) € —— (w(p) 1)1, (B ) -
V)P

rje v, — 00beM eJIuHUIHOTrO Iapa B R™ u

1
M@ sup wlp) < —— (s w(p) 1l o000 <(1)< sup (o) 1511, 500 ) <
V™) P

1
r<p<oo (’Un’l“")” r<p<oo r<p<oo

1
s (5200060 111, 00 )
n

[MosTomy mtst smr00bIX € R™

(M f(2)] < Cr [ fll e s (8)

e Gy = (( sup w(p))(vm%)_l.

r<p<oo
2. Nagee, jyist moObIX x1, 2 € B(0,7)

(M, ) (1) — (M) (2)| = — / f(y)dy — / f(y)dy| =

UpT™
(z1,7) B(za2,r)

— @) | [ ferenas- [ fer e <

(0,7) B(0,r)

< (@) [ 1St 0) = £t aa) dz =

B(0,r)

= (0! / F(s 21— 22) — f(s)] ds <
B(xz2,r)

< (ur™) " F IS+ 21— 22) = FOL Banr) -

[MosTOMY, aHAJIOTUYIHO TIEPBOMY HIAr'Y JOKA3ATEIbCTBA, IIOJIyYuM BMeCTO (8) HEPaBEHCTBO

(M, f) (1) = (M f) (22)] < Cr | (- + 210 = 22) = FO)ll e -

CieoBaTe/ibHO,
sup [(Myf) (1) — (M, f) (22)] < C sup 1f(+ 21— 22) = fO)llppuer =
z1,22€ER", |x1—22|<8 z1,22€R", |z1—22|<8 P
=Cp sup [[f(-+u) = fO)llme -
u€B(0,6) P

Jlemma 3 jtokazana.
Jlemma 4. Ilycrs 1 < p < 0o, w € Qpoo. Torma cymecrsyer C' > 0, 3aBucdIiee TOILKO OT 7, P, W, TAKOE, YTO

Jutst J1o6eIx 7, R > 0 u mobwix f,g € M, ©) yveer mecto OIIEHKA,

IMf = Mygll s < € (14 BE) Mo f = Megllo ooy +
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+ sup [[f(+uw) = fOllyeo + sup g+ u) = gO)llme +
u€eB(0,r) P ue€B(0,r) P

+fo

¢BO.R) || pre ) + HgXCBw,m ‘M,;“’“ '

Zloxaszameavcmeo. JleiicTBuTebHO,

IV = Magllygoir < ||(Mof = Mog) X, o ¥ |@tr = 2eg)x o =Dt I
Haunee,
Ii = sup (w(P) M, f — MTgHLP(B(z,p)ﬂB(O,R))) <
z€R™, p>0
< sup (wp M, f— Mg 1. )+
e S ()|l ”LP(B( ,0)NB(0,R))
+  sup (w(P) | M, f — MTgHLP(B(z,p)ﬂB(O,R))) <
zeR", 1<p<oco
1 .t
<My f = Mgl o mom) - ( sup w(p) (vap")? + sup w(p) (v, R )P) <
0<p<1 1<p<oo
<C (14 RP) IMf = Mgl o5,
rie
l n
C=v} ( sup w(p)p? + sup w(p)) < o0,
0<p<1 1<p<oo
TaK KaK W € Qpoo.
Kpowme Toro, cornacuo jiemme 1
B S IS = fllagr | = 90| + 1M = gy <
< sup IfCHu) = FOlmo + sup (- +u) — gl we +
uw€B(0,r) P u€B(0,r) P
+ focBm,R) e + ngcB(o)R) O
OTKY/Ia W CJIEJyeT NCKOMOE HEPABEHCTBO.
Jlemma 4 moxazana.
Jlemma 5. Ilycts 1 < p < 00, w € po. Torma ama moberx 7, R >0mn f, g € M;;U(‘)
1f = gl < C (14 RE) 1M f = Myglle o, +
+2 sup [[f(+uw) = fO)llaw +2 sup g +u) = g()ll e +
uw€B(0,r) P u€B(0,r) P
+ focBm,R) Iy + ngcB(o)R) My 9)

rae C' > 0 Takoe ke, Kak 1 B jemme 4.
Zloxazamenvcmeo. JloctaroaHo 3aMETUTH, YTO

1 = gllywo < NMrf = fllywer + 1M f = Meglyoer + [1Mrg = gl ypwer s

U BOCIOJIb30BATHCA jleMMaMu 1 u 4.

oxaszamesvcmeo meopemot. Ilycrs S C M;,U(‘) u BoIosiHeHb! yeaosus (1)—(3).

Ilae 1. Ilycrs 0 < 7 < 19, rze ro oupejeseHo B jgemme 3, u R > 0 dukcuposanbl. B cuiy Hepasencrsa (6)
u ycsosus (1) creyer, 9To Sup peg ”M’“f”C(M) < 00.

Kpowme toro, B cuiy mepasencrsa (7) u ycjiosus (2), cieiyer, 9ro
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lim sup M f (- +w) = M f )l o Bomy) =0

CueioBaresbho, o reopeme Ackosn-Apunesa muoxkecrso S, = {M,.f : f € S} upeakomuakruo 8 C(B(0, R)),
WJIM, 9TO TO YK€ CaMOe, MHOXKECTBO S, BIIOJHE OrPAHUYEHO, T.e. JId JoObix € > 0 cymectBylor m € N,
fis-es fm € S (3aBucamue or €, u R) rakue, uro s mobeix f € S

in M, f =M. fillc@om) <E

Iaz 2. Ilyctb {1, ..., ©m } — IPOU3BOJIBHOE KOHEYHOE MOJAMHOKeCTBO S. B cuity nepasencrsa (9) jyist 061X
f €S nmobrix j =1,....m

1f = @illagy < CQ+RY) 1Mo f = Mojllomm) +

+2 sup I+ u) = FO)llywe +2 sup floi(- 4+ u) — i)l mo +
u€B(0,r) P u€B(0,r) P

+ HfXCBm,R) HM;;J(') + |‘<10jXCB(0)R) HM;;’('> =

< C(L+R?)||Mrf — Mrgsll o pamy +4 Sup sup o + ) = g0)llagy +25up lox- 5o [l -

CireroBaTelIbHO,
min
j=1,...

)

F =il < CARE) min IM,f = My o ) +

)

+4 sup sup|lg(- +u) — g()llype + 25up ||9XeB0,R) || 10 - (10)
ueB(0,r) g€S P ges P

IITaz 3. TIycrs € > 0. Bo-mepBrIx, ucmoab3yst yeaosue (3), Mbl HaxoauM Ttakoe R(e) > 0, uto
sup HQXCB(O R(a))” w < =
ges ’ Mg 6

Hausee, ucronb3yst ycaosue (2), MbI HAXOUM Takoe 7(€), 9To

3
sup  sup|[g(- +u) — g()[lpe < 1
u€B(0,r(g)) g€S P

U, makomern, B CHJIy IPeIKOMIAKTHOCTH MHOXKecTBa Sy B C(B(0, R(¢))) cymecrsyior Takue m(c) € N u
fier s fm(e),e € S, aT0 1A mobwIx f € S

€
< .
@) 7 3C(1+4 R(e)7)

j=1,...

migl(a) [ Moy f — Mr(s)fj,sHC(B(o,R

CrenmoBarennio, B cumry mepasenctsa (10) ¢ ¢; = fj.,j =1,...,m(e), maa mobsx f € S

| <S+i4i-=¢
My ~3°'3"'3 7

min |[f = fj.
seeemn(e)
OTO 03HAYAET, YTO MHOKECTBO S BIOJIHE OrpaHmIenHo B M,’, Wim, 9To TO e camoe, MHOXKECTBO S MPeKOM-
HakTHO B M}, 9TO M 3aBepIIaeT JOKa3aTelbCTBO TEOPEMBI.

3amenanue. Yenosue (1) B Teopeme ABJISETCH HEOOXOIUMbIM, TAK KaK JIOOOE HPEIKOMIIAKTHOE MHOXKECTBO
B HOPMHMPOBAHHOM IIPOCTPAHCTBE SIBJISIETCA OTPAHUIEHHBIM.

Yro kacaercs yciaosuii (2) u (3), TO OHU He SBIISIOTCA HEOOXOIUMBIMHU, BO BCIKOM CJydae Ipu n = 1

— o A—1

ww(r) =r* 0< A< I mak xak MHOXKecTBO S, cocTogliee TONBKO W3 ofHoil byHKIMH |T|*TF € Mz;\’
[IPEJKOMIIAKTHO, HO ycaoBus (2) 1 (3) He BBIIOJIHAIOTCA. DTO CJIeyer U3 IPUBOJUMOIO HUXKE IIPUMEPA.
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Taxum 06pa30M, BOIIPOC O HaXO2KJICHUU HeO6XO,QI/IMbIX 1 J0CTaTOYHBIX yc.HOBHfI IPpEeJIKOMITAKTHOCTHU MHOXKe-

crBa S C M;,"(') OCTAETCHA OTKPBITHIM.
Ipumep. Tpu n =1 w(r) =r=*, 1 < p < oo, 0<)\<%,

(Mol - P79)) (@)  Jo*5 (11)

B M) npur — 0F;
o+ u* "7 - [z (12)

B Mé\ upu u — 0;
27rx, ()0 (13)

B Mé\ npu r — +00.
HeitcrBurenpro, gt ¢ > 0un 0 <r <z

1 )
M- [*77)(z) 5 | vy
1 1 .
_ _ L D e R e S &
= ()\ , + 1) 5 ((x-i—r) (x—1) )

-1 x—14 _1 _1
1 > A—L41 =141 1
:<)\—+1> x[(HT) -(1-3) —2(A—+1>’"]
P 2r T T P T

*
Bocnonbzosasmmcs HEPpaBEHCTBOM

(1) = (=g oy > PEZIE 20

cupaBeyBbIM 1t Jo0biX 0 < p < 1w 0 < y < 1, mojmy4mm, mosjaras (f = A\ — % +1luny=2=

=, 9TO Jyist
HEKOTOPOTO ¢ > (), 3aBUCSIIEr0 TOJBKO OT A\ U P, JJIist JitoObix 0 < 7 < T

2
My(|- P7F) (@) 75 2 0?5 (2
xr

CrenoBaresibHO,

_1 _1
= sup 7M1 ) @) — [

M,? z€R, r>0
2
1/T
()
x

*
HeticrBuresnsHO, corsacHo popmyste Teiitopa, cymecrByior takue £, 0, 90l —x <n<1<&é<1l+4+zm

>
Ly(z—r,z+T)

- >

Ly (2r,4r)

>cr

_ _1 _1
> M1 P8 ) (@) — o

L, (2r4r)

pp—1) > u(u—l)(u—Q)stru(u—l)(u—2)(u—3)§uf4x4f

A+t —Q-y¥ —2ur =1+ px+ 5 22+ : -
- (1 — pz + “(“2_ D2 o= 1é(“ k) P 1)(/;4- 2)(n —3) nu74x4) e —
_ e — lg(u —2) 5 pu- 1)(u24— 2)(n —3) (4 )t > ng-

24 Bectauk Kaparanmuackoro yHuBepcurera



O mocTaToOYHOM YCJIOBUH . . .

Q=

2
1
>c ’I“_)\(4T‘))\7% (4) (2r)r =¢ 257225 >0,

orkyza cremyer (11). U3 (11), cormacuo gemme 1, crenyer (12). Hakomnern,

A—1L A1
[ x, (@) = sup TPy, () >
B(0,r) M) Z€R", p>0 B(O,r) Ly (z—p,z+p)
1
p P
_1 _ _
zsuppf)‘H|x|’\ » =supp m}n/x)‘p Ydz | >
p>r Ly, ((0,p)N(r,00)) p>r

T

1 1
nuv P nv P

> -2 n Ap—1 _ Ap—1 d _ n
> lim p (/\p (b r ) da )

otkya ciemyer (13).

Hannasn paboma svinoanena npu noddepoicke Locydapemeennozo npoekma 0085/PTSF-14, epanwma Munu-
cmepemea obpazosarus u wayku (npoexkm 2709/I'®4) u Poccutickozo naywnozo gonda (npoexm 14-11-00443).

Ommemum, wmo pesyavmamov. 9moli pabomos paree 6e3 dokaszamesvemea bviau onybaurosarv 6 [7].

Crmcok uTeparypbl

1 Burenkov V. I. Recent progress in studying the bounded ness of classical operators of real analysis in
general Morrey-type spaces. I. // Eurasian Mathematical Journal. — 2012. — Vol. 3. — No. 3. — P. 11-32.

2 Burenkov V.I. Recent progress in studying the boundedness of classical operators of real analysis in general

Morrey-type spaces. II. // Eurasian Mathematical Journal. — 2013. — Vol. 4. — No. 1. — P. 21-45.

3 Burenkov V.1I., Guliyev H.V. Necessary and sufficient conditions for boundedness of the maximal operator

in the local Morrey-type spaces // Studia Mathematical. — 2004. — Vol. 163. — No. 2. — P. 157-176.

4 Burenkov V.I., Jain P., Tararykova T.V. On boundedness of the Hardy operator in local Morrey-type

spaces // Eurasian Mathematical Journal. — 2011. — Vol. 2. — No. 1. — P. 52-80.

5 Chen Y., Ding Y., Wang X. Compactness of Commutators for singular integrals on Morrey spaces //

Canad. J. Math. — 2012. — Vol. 64(2). — P. 257-281.
6 Yosida K. Functional Analysis. Springer-Verlag. — Berlin, 1978.

7 Bokayev N.A., Burenkov V.I., Matin D.T. On the pre-compactness of a set in the generalized Morrey
spaces // AIP Conference Proceedings. — 2016. — Vol. 1759. — P. 020108-01-03.doi: 10.1063/1.4959722.

— [ERJ]. Access mode: http://dx.doi.org/10.1063/1.4959722

H.A. Bokaes, B.I1. Bypenkos, /I.T. Marun

2Kannetaapran Moppu KeHICTIriHAeri »KUbIHIAPABIH, XKTHAKbI
OOJIyBIHBIH, XKETKIJIIKTI MIapThl Ty PaJibl

Maxkadmaza M, ;“(') JKaJrblIanran Moppu KeHiCTIriHIer] »KUbIHIap/IbIH, >KIMHAKBI 00Ty bIHBIH, >KETKIJIIKTI I1apT-
Tapel Kearipiaai. lanengenren teopemagan w(r) = r~* GosraH xarmaiina sz Moppu kesicririne Gesrisi
HOTHMXKE HMIbIFa b, all A = 0 karmaiina 6yi »xaxcel 6enriai @perte-Kosmoropos Teopemacet. Asiibiven, op-
TaJIAaHFAH (DYHKIUIIAP/IbIH YKaJblIanrad Moppu KeHicTiriaiae barajaHybl TypaJibl OipHEIe JeMMa JI9J1e)I-
JieHTeH. Bys meMMaiap/IbiH O3iHIIK MaHbI3bI Oap. AJIBIHFAH MAPTTAPIbIH, KAXKETTLIIrN TaJIKbIIAH/IbI.
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N.A. Bokayev, V.I. Burenkov, D.T. Matin

Sufficient conditions for pre-compactness of sets in the
generalized Morrey spaces

In this paper, we present sufficient conditions for pre-compactness of sets in the generalized Morrey spaces
M;;U('), From this theorem for the case of w(r) = r~> follows the well-known result for the Morrey space
Mﬁ and in the case of A = 0 this is the well-known Frechet-Kolmogorov theorem. Pre proved some lemmas
on the estimation of the average in the generalized Morrey space. These lemmas gives independent interest.
It is discussed the necessity of the obtained conditions.

26 Bectauk Kaparanmuackoro yuuBepcurera



[Ipornosuposanune paspyurenus oOpa3Ios . . .

VIIK 681.5

A.B. Byxkeros, JI.B. Kpasmnosa, A.Il. Borman

Xepconckasa 20cydapcmeennas Mopekas axademus, YKpauna
(E-mail: arundo.p@mail.ru)

IIporuosupoBaHue pa3pynieHus oo0pa3oB KOMIIO3UTHBIX MAaTepUaJIOB
o/, feficTBueM MOBTOPHO-IIEPEMEHHBIX HArpyKeHUit

B craTbe npecTaBieHbl pe3yIbTaThl 9KCIEPUMEHTATBHOTO UCCIIETOBAHUS TIOJTMMEDHBIX KOMIIOZUTHBIX MaTe-
PHAJIOB IIPU BO3EACTBAU IOBTOPHO-IIEPEMEHHBIX Harpyzkenuii. Ha OCHOBe 3KCIEPUMEHTAJILHBIX JaHHBIX
MOJIyY€HBbI TAPAMETPhl  AHAJUTUYECKON B3AUMOCBSA3U CUJIbI IIOBTOPHO-TIEPEMEHHBIX HATPYKEHHH H CO-
OTBETCTBYOMIEH Jlebopmaruu 06pasIos, a TAKXKe JIaH MPOrHO3 WX Pa3pyIIeHus! ¢ y9eTOM OCTATOYHON se-
dopmanuu.

Kmouesvie cao6a: TPOrHO3UPOBAHNE CBOWCTB, TTOBTOPHO-IIEPEMEHHBIE HATDYKEHUs, nedopMarinst, KOMIIO-
3UTHBIE MATEPHUAJIBI.

Kommnosurabie matepuassl (KM), Kak nmpaBusio, UCHOJIB3YIOT B arPECCUBHBIX CPEJIAX UM IIPH U3IOTOBJIEHAN
KOHCTPYKIIU, KOTOPBIE TIOBEPIalOTCsl TIOBBIIIEHHBIM MEXaHUIeCKuM Bozaelictsuam [1]. Muorue nerann manmn
BO BpeMs 3KCILIyaTalllil MHOT'OKPATHO IIOABEPTalOTCA AEHCTBUIO IEPUOJNYECKN U3MEHAIONNXCA BO BDEMEHH Ha-
rpy30k. B obmieM cirydae Harpysku (HanpsizKeHWs) MOIYT U3MEHSIThCS BO BDEMEHHU 110 3aKOHAM, AaHAJIUTHYECKOe
OIHCaHUE KOTOPBIX IIPEJICTABIISET OIIPE/IeJIEHHbIE TPYAHOCTH. IlepeMeHHble HAPS2KEHUST MOTYT UMETh yCTaHO-
BUBIIUIICSI M HEYCTAHOBUBINUNCS pexkuMbl. OJTHAKO TIPU IIPOBEJIEHUN UCCJIE0BAHUN 110 BO3JIEHCTBUIO HATDY3KHU
Ha MaTepuaJ/l MOXKHO YCTAHOBUTH 3aKOHOMEDHOCTHU U3MEHEHUs 1eOpMaIiuu MaTepraJia B 3aBUCUIMOCTH OT CHJIBI
narpyxenus. CireroBaTeibHO, U3ydasi MOBEIEHNE 0OPA3IOB IO JEHCTBUEM TOBTOPHO-IIEPEMEHHBIX HATDY30K
HCCIIEyEMBIX MATEPUAJIOB, MOXKHO O0ODIINTE PE3y/IbTATHI HA CIydail IOBEeIeHns AeTaJIell U3 ITUX MATEPUAJIOB
B peaIbHBIX KOHCTPYKIIAAX.

Kaxk ussectHO [2], o/iHOI 13 riaBHBIX ocobeHHOCTElH nedOpMUPOBaHUsT KOMIIO3UTOB SIBJISIETCS TO, YTO yIKe
Ha PAHHUX STANAX [IPOIECCa HArPY KeHUs (KBA3UCTATUIECKOrO WU IUKJINIECKOrO) CBOHCTBA KOMIIO3UIIMOHHOTO
MaTepraJa CyIeCTBEHHO 3aBUCIT OT HAKOIJICHUS MOBPEXKIEHNI B CTPYKType Kommo3uTa. OMHIM U3 OCHOBHBIX
GbaKkTOPOB, BIAUSIONINX HA J0JTOBEIHOCTD MOJTUMEPHBIX KOMIIO3UTOB U KOHCTPYKITUI U3 HUX, SIBJIAIOTCH SKCILLYa-
TaruoHHbIe HArPY3KH. 110/ neficTBueM 3TUX HArPY30K MAaTEPUAJ B TE€YEHNE BPEMEHU IIOJIyIaeT TaK Ha3bIBAEMbIE
YCTaJIOCTHBIE MUKPOTPEIIMHBI, KOTOPble MOI'YT OBITH IPUYUHOI ero paspymenus. O6pa30BaHUI0 MUKPOTPENUH
CII0CcOOCTBYET pPa3pbiB CBsI3€ii, BHI3BAHHBIN OJIHOBPEMEHHBIM Pa3BUTHEM JehOopMalnii CXKaThUsl U PACTAKEHUS
MOJTUMEPHOTO KOMIIO3uTa. Keiin JIoKaIbHbIe HAIPSI2KEeHUsI B 00JIACTA CKOILIEHUS JIUCJIOKAINI TPEBBICAT MIPEIeT
TEKy49eCTd KOMITO3UTA, TO BOZHUKAIOT MUKPOCKOIMIeCcKrne TperuHbl. [losToMy HEOOXOIUMBI IIPOCTHIE M HAJIEK-
HBIE METO/IBI OIIPeIeIeHIs TeKyIero cocrosinnst KM kKak mcxomHoro Marepuadia i JeTajeil KOHCTPYKIIMOHHOIO
Ha3Ha4YEHU.

Anaauz nocaednux uccaedosaruti nybAUKaUU

Kaxk nokasbiBaeT mpakTuKa, MOBTOPHO-TIEPEMEHHBIE HATPY3KHU, UKJINIECKN U3MEHSONINECs BO BDEMEHH! Be-
JINYWHE WIN 110 BeJIMYUHE U 3HAKY, MOIYT IIPUBECTU K PA3PYIIEHUIO KOHCTPYKIUY IIPU HAIPSIKEHUSIX, CYIIEC-
TBEHHO MEHBIINX, UeM NPEeJIeN TeKyuecTH (MM Mpejiesl IPOIHOCTH). UeM Tiiy6ike U3ydeHbl 3aKOHOMEPHOCTH,
OIMCHIBAOIINE TIPOIECCHl U3MEHEHUsI CBONCTB U COCTOSIHME MaTePUAJIOB, TeM JOCTOBEpHEE MOXKHO IIPEJICKA3ATh
MIOBEJICHUE M3JIEJIAsl B YCJIOBUAX SKCILUIYATAIIMN U O00ECIIEINTh COXPaHEHUE IOKa3aTe/ell HaJeKHOCTH B Tpedye-
MbIX npejenax. B paborax [3—6] aBropamu 1poaHa M3UPOBAHBI U UCCJIEIOBAHBI BOIIPOCHI 3aBUCUMOCTHU abCOJIOT-
Hoit medpopmaru obpasma KM oT mpomo/KuTeIbHOCTH BO3EHCTBIS CTATHIECKON HATPY3KH, IIPE/IJIOKEH METOS
OIIpE/IeJIEHUs] BEPOSITHOCTH BOCCTAHOBJIEHHUST 00PA3IIA [TOC/IE CHATHUSI CTATUYIECKON HAIPY3KH, UTO, B CBOIO OU€pe/Ib,
00eCIIednT HaJIE?KHOCTD KCILIYATAIIMH TEXHOJOTUIECKOIO 00OPY/IOBAHNS B PA3JIMIHBIX OTPAC/ISIX IIPOMBIIILIEH-
voctu. amuasi paboTa siBJISeTCsT JOTUIECKUM IIPOJOJIKEeHneM ucciienoBanmii. [leib paboTsl — mporao3upoBanme
paspytenus 06pa3nos KM, moBepKeHHBIX JIeHCTBUIO TOBTOPHO-TIEPEMEHHBIX HATPY30K C YI€TOM OCTATOYHOMN
nedopmarun.
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Pesy/tbmamm UCCACIOBAHUA

Orpeiesienne peajibHbIX (PU3MYECKUX COOTHOIIEHMIT MeXK Iy HalpsizKeHustMu u jgedopmanusavu KM B 3aBu-
CUMOCTH OT BO3MOYKHOI'O WX M3MEHEHUs] B HAIPsI)KeHHO-1e(DOPMUPOBAHHOM COCTOSIHUU B IIPOIIECCE IKCILIyaTa-
W7, IUC/Ia UKJIOB HAI'DY2KEHUs, YCJIOBUN pabOThl KOHCTPYKIUA B BBICIIEH CTEIIEHN BaXKHO, ITOOBI JIOCTOBEPHO
MIPOTHO3UPOBATH PAOOTOCIIOCOOHOCTD, HAJEKHOCTD U JIOJITOBEIHOCTH KOHCTPYKIUH, H3TOTOBJIEHHON C MCIIOIB30-
BanneM KM.

Jl1st 9KCIIepuMEeHTAIbHBIX UCCAETOBAHUN OBLIN M3rOTOBJEHBI JiBe cepun obpas3noB KM. Ilepsas cepus 06-
pa3sloB XpaHWJAaCh B TeYeHHE TPEX MECSIEB B HOPMAJIbHBIX TEeMIEePaTypPHO-BJIAYKHOCTHBIX YCJIOBHAX, 00pas3-
1Bl BTOPOI cepuu OBLIM BBIIEPXKAHBI B IIPECHOI BOJE Tak:Ke B TedeHHe Tpex Mecsien. [lamee obpasibr obonx
cepuil ucnbIiThiBasn Ha deTbipéxTodednbrit m3rub mo 'OCTy 9550-81 MHOrOKpaTHO MPUIOKEHHOHN MTOBTOPHO-
nepeMenHoit Harpyskoii. [lapamerpsr obpasmos: miuaa [ = 120 + 2 MM, mupuna b = 15 + 0,5 MM, BbICOTA
h=104+0,5 mm.

Wsmepsiin cuity Bo3ueiicTBust Ha obpaser] B MoMeHTHI jedopmanuu or 0 g0 3,00 MM ¢ marom 0,05 M.
[Ipu sToM a1s 0O6pa3NOB, BBIIEPKAHHBIX B TEUYEHHE JJINTEJIHHOIO BPEMEHM B HOPMAJIBHBIX TEMIIEpaTypPHO-
BJIQ’KHOCTHBIX YCJIOBUSIX, HAOJIIOAAINA B CPEIHEM JEBSITh ITAIOB I[TOCJIEIOBATEILHOTO HATPYXKEHUS C IIOCTETY-
IOIUM CHSITHEM HAUPY3KH, & JIJisi 00Pa3I0B, BhIIEPKAHHBIX B BOJe, — 16 9TAIoB.

s onpejiesieHns B3aUMOCBSI3M MEXK/Iy CHUJION BO3ZeiicTBUs Ha obpaser u ero gedopmariueil alnmpoKCuMu-
POBaJIM 3aBUCUMOCTb, TIOJIyYEHHYIO B PE3yJIbTaTe IKCIepUMeHTa B TaOJIMYIHON (hopMe, cieaytorei ¢pyHKIueii:

Y = f(2,0) + €4, (1)

rae y; — 3HavdeHue aeOpMAINN; Ty — CPEIHsSAS CHJIa BO3IEHCTBUS HA KaXKIOM drtare Aedopmanun obpasia;
€¢ — CJydJailHble OmuOKN MOJEsH; b — mapaMerpsl, HOJIeXKAIINe OIPEIEIEHAI0 1 MUHUMUSUPYIOIINE CJIydaii-
HbIe ONIMOKM MOJIeu £, . B KadecTBe MeTo/1a allIPOKCUMAIIMN HCIOJB30BAIN METOJ HAUMEHBIINX KBaJIPaTOB,
CYIITHOCTb KOTOPOT'O MOYKET OBITH BBIPAXKEHA CJIEYIONUM 0Opa30M:

ng = (yi — fi(wi,b))* = min, (2)

%

(cymMa KBaJIpaToOB OTKJIOHEHUH TAGIMIHBIX W AINPOKCUMUDPYIOIIUX 3HAUEHUH (QYHKIMU JT0JKHA OBITH MUHH-
MasIbHOI ). Kom4aecTBo mo/jIesKaImx onpeIe/IeHUI0 IapaMeTpoB b 3aBUCHT OT BUJIA AIIIPOKCUMUDYIOIeH GhyHK-
1IN,

Kak m3BecTHO, 3KCTpeMyM (DYHKIHMH HECKOJbKUX MEPEMEHHBIX OIPEIESISIIOT U3 YCJIOBHUS PABEHCTBA HYJIIO
YACTHBIX TPOU3BOJHBIX M0 KAXKJIOMY U3 [IapaMEeTPOB. DTO IMPUBOJAUT K CUCTEME yDPaBHEHMI

St ety 2D Q

t=1

PElIMB KOTOPYIO, HAXOJAUM 3HAYEHUS [IAPAMETPOB AIIPOKCUMAIUK (1 — KOJUYECTBO y3JI0B (TOYEK U3MEPEHNs ).

ITo ucxomHBIM JAHHBIM, PEICTABJISIIONTUM TabJIAIIBI COOTBETCTBHUS JedopManun obpasiia Crujie Harpy KeHust
(Bo3meiicTBus Ha 00paselr), ObLIO pacCYUTAHO IpHUpalleHue HArpy3ku Ha kaxiapie 0,05 mm medopmanuu. s
HavaJIbHBIX 3aMepoB oT 0,15 MM npupartenne cocrasuio 10 ... 12 H. s nagansubix 3amepos ot 0,6 MM mpupa-
mienne cocraBusio 14 ... 15 H na xaxasie 0,05 mMm gedopmarun. s KaxK0ro stana HarpykKeHUsl PacCIUTaHA
cpejiHss Harpy3Ka Ha 1 MM JrlebopManum ¢ yueToM ocTaTOuHON JedOpMAIluu IPU MOJHOM CHSITHH HATPY3KH C
obpasra.

UccemoBannst mpoBoauan [yt 0OpPA3IOB, BBIIEPKAHHBIX B TEUYEHHE TPEX MECSAIEB KAK B HOPMAJIBHBIX
TeMIIePaTyPHO-BJIa2KHOCTHBIX YCJIOBUSX, TaK U B Boje. B KaxK10il cepun (cojieprkaHue B HOPMAJIbHBIX YCIOBHUAX
U B BOJIe) UCIBITHIBAJIN TI0 JIEBIThH 06pa3nos. O6paboTKa CrpyIIUPOBAHHBIX PE3YJILTATOB UCIIBITAHUN TOKA3aIIA,
ITO JIOCTATOYHO PACCMOTPETH 110 JiBa 00pasiia, NMEIONINX TUIIOBbIE [TOKA3aTeN, KaxK /[0 CEepuu.

Cuavajia pacCMOTPHUM DPE3YJILTATHl PACUETOB Ui JIBYX 00Pa3IOB, BBLIEPXKAHHBIX B HOPMAJBHBIX TeMIIepa-
TYPHO-BJIAKHOCTHBIX ycsoBugx (rabi. 1).
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Tabuuma 1

3HadyeHUsl cpeAHell Harpy3kKu npu gedopmarnuu Ha 1 MM OJ1s cepuM Harpy2KeHuit

Ha 06pa3u1:1, BblAEep>KaHHbIE€ B .naﬁopaToprIx ycijaoBudgax

ﬂ;‘l"’pwum’ 0,20 | 0,35 | 0,50 | 0,70 | 0,80 | 1,00 | 1,10 | 1,25 | 1,40 | 1,55 | 1,70 | 1,85

Cpemnss

HATPY3Ka TIPH [pu mocneayromem

JedopMaIHK 300 | 276 | 265 | 241 | 238 | 221 | 236 | 223 HATPYKCHHH 00paselr

A =1 MM, paspynmics

MEPBBIH 06paz eIl

Sfljﬁﬁ i IlepBonauamphoe

nedopMaLuu HATPYMSHHE 0 | 318 | 200 | 283 | 279 | 265 | 256 | 221 | 244 | 237
JedopManum

A =1 MM, 0.70

BTOpOi 06paszen A

Anayim3 cpesHeKBaIpATHIECKON MMOTPEITHOCTH JIJIst ONpEJIeJIeHIsT BUJIa 3aBUCUMOCTH, MUHUMHU3UDYIOMIEH
cJIydaiiHble OIMMOKYU MOJEJIH, IT0Ka3aJsl, YTO ONTHMAJIHHON SBJISIETCS IIOJIMHOMUAIBHAS 3aBUCUMOCTD Y€TBEPTOIO

TIOPSTKA

y = b4I4 + b3£C3 + b2I2 + blx + bo.

(4)

Takum 06pa30M, OLPEEJICHUIO OJIeXKAT IapaMeTpsl bo, by, ba, b3, by. TloncraBum (4) B (2) u upupasHsem
YACTHBIE TPOU3BO/IHBIE B CUCTEMe ypaBHeHwuit (3) K HyI1o (yCI0BIe MUHIMU3AINHT OIMUOKY Moziesn ). IloryaeHHy o
JIMHEHHYIO CUCTEMY ISTH YPABHEHUI C IATHIO HEM3BECTHBIMH DPEIIAeM JIIOOBIM yJIOOHBIM MeTOoIoM. B Hamem
CJIydae UCIOJIb30BaM MATPUYHBIA METOJ PEIIeHUs] CUCTEM, B PE3YJIbTaTe Yero HAILIU ONTHUMAJILHBIC 3HATCHUS
IapaMeTPOB AHAJIMTHIECKON 3aBUCHMOCTH.

Juis 06pasioB, BHLIEPKAHHBIX B HOPMAJIbHBIX TEMIEPATYPHO-BJIAKHOCTHBIX YCJIOBUSX, HOJLy 9€HbBI CIIEIYIO-
e 3aBucuMocTu (cM. puc. 1)

y = 415,292% — 1989, 62 4 3459, 522 — 2660, 12 + 1056, 1 (mepsorii oGpaser);

y = —432, 1z* — 120323 4 1042, 42? — 215, 1z + 288, 44 (BTOpOIt 06pazerr).

800

600 -

400 -

200

Cuna Bo3aeicTenA Ha obpasel, H

¥Y1:415,29x%- 1989,6x + 3459,5x2- 2660,1x+ 1056,1
N R?=0,921

Y2=-432,1x* + 1203x%- 1042,4x%+ 215,1x + 288,4
R?=0,9796

== CpeaHAA Harpy3Ka Ha 1cm. ,

nepsblii oBpasey, Y1

== cpeHAA Harpyska Ha lcm.,
BTOpOiA oOpasey Y2

; " "
edopmauua 06pasua, mm
o5 1 g \.D.¢p Ly o6pasLy

A\

-400

Pucynox 1. I'pacduku 3aBucumoctu gedpopmaruu 06pasia OT HArPYKeHHs JJisi 00pa3IoB, BbIIEPKAHHBIX B

HOPMAJIBHBIX TeMIEePaTYPHO-BJIa>KHOCTHBIX yCJIOBUAX

Cpe,ILHeB?;BeHIeHHbIe SHAYCHUA KOBCbeI/ILLI/IeHTOB aHAJIMTUYIECKOIl 3aBUCHUMOCTA OpUBOAAT K YPaBHEHUIO

(cM. puc. 2)

y = —8,5z* — 39323 + 1208, 5z? — 1222, 5 + 672.
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1200
| y 1= 415x 2 - 1989x> + 3459x - 2660x + 1056
1000 )
\ yep = -8,5x%-393x > - 1208 5x2 - 1222,5x + 672
800

) y2 = -432x% + 1203x" - 104252 + 215x + 288

600
—@- nepesiit obpazey (yl)
—.__ eBTopoi oBpazey (y2)
400
\\Q—*-‘._t!ig:%__. e
2Ha4eHue
200 ’H

0,2 0,4 0,6 0,8 1 12 1,4 1,6 [fedopmaymna obpazya, mm

Cuna eozgeiicTena Ha obpazey  H

Pucynok 2. ['paduku aHauTHIeCKOi U TaOJIMIHBIX 3aBUCUMOCTEN jiepOpMaIii OT HAIPYKEHUs IIEPBOTO
¥ BTOPOTO 06pastia it 00pas3IoB, BbIAEPKAHHBIX B HOPMAJIbHBIX TEMIIEPATYPHO-BIAYKHOCTHBIX YCJIOBUSIX

IMony4enue napaMeTPOB aHAJIUTIYECKOH 3aBICHMOCTH TIO3BOJISIET OIEHUBATH 3aBUCHMOCTD 1eDOPMAITIH 00-
paSLLa oT H&pr)KeHI/IH KaK B MG)KyB.HOBbIX TOYKaX BHyTpI/I Ta.6.HI/H_U)I7 TaK WU BHE Ta6JII/IHbI (IIpOFHOSI/IpOBaHI/Ie
HoBe/IeHNst 06pa3Ia).

Tabauma 2

3aBucumocTs aedopmanuu odpasia OT HArpyKeHUsd

Hedopmanust, mm | Cpennee narpyxke- | Cpennee marpyzxke- | IIporaosuposanune
HUe Ha TepBbIit 00- | HUe Ha BTOPOIl 00- | 3HAYEHUs HArPY-
pazer, H pazer, H 2KEHUS HA €JIMHUILY

nedopmarun, H

0 1056 88 672
0,1 822,6425 300,2398 561,442
0,2 647,112 298,2598 472,6824
0,3 518,9685 287,7018 403,3352
0,4 428,768 273,2128 350,9904
0,5 368,0625 258,375 313,2188
0,6 3294 245,7408 287,5704
0,7 306,3245 236,8258 271,5752
0,8 293,376 232,1088 262,7424
0,9 286,0905 231,0318 258,5612
1,0 281 232 256,5
1,1 275,6325 232,3818 254,0072
1,2 268,512 228,5088 248,5104
1,3 259,1585 215,6758 237,4172
1,4 248,088 188,1408 218,1144
1,5 236,8125 139,125 187,9688
1,6 227,84 60,8128 144,3264
1,7 224,6745 -55,6482 84,51315
1,8 231,816 -220,147 5,8344

IIporuos paszpymienusi oOpasia C yIeTOM OCTATOYHON JehopManuy MOKA3bIBAET, UTO MaKCUMAaJIbHAS Jie-
dopmanus s 00pasiia, BHIIEP:KAHHOTO B HOPMAJBHBIX TEMIIEPATYPHO-BJIAYKHOCTHBIX YCJIOBUSAX, COCTABIISAET
1,6 MM, pu 3TOM CpedHsIA CUJIa BO3AEHCTBUAA HA eIuHUIly AedopMaluu 00pasia MpU MOCIeIHEM HATDYKEHUN
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cocrasjsier 144 H. U3 tabymnpr 2 Tak:ke BUIHO, 9TO Aedopmaruio 1,7 MM BBIAEPXKHUBAIOT He BCe 00Pa3IIbI
(obpazen Ne2 pazpyrien).
st 06pasioB, BbIIEPKAHHBIX B BOJIE, IIOJIyUEHBI CJIE/LYIONINe AHAJIUTUIECKUE 3aBUCUMOCTH (CM. puc. 3)

y = 6,435z — 54, 11523 + 155, 6322 — 218, 162 + 375,97 (mepssrit 06paserr);
y = —29,26z* + 203,632 — 517, 7922 + 540, 14z + 48,074 (Bropoii o6paserr).

400 Y1 =29262%3 ¥203,63% 3 T51779%> F540, 14X F 46,074
z 350 RZ=0.971
g 300 Y2 = 6,4349,% . 54.115x3 + 155 63x° - 218 16x + 375,97
g e RZ= 0971
9 250 = —
T ﬁ%ﬂ_
I 200 =
3
£ 150
3
& 100
[*]
[7]

50
g
S o
0 05 1 1,5 2 Dedopmayma obpazya, mm

—+ MMepebiid obpazey Y1 58— Bropoii o6pazey Y2

Pucynok 3. I'paduku 3aBucumoctu nedopmarmu odpasia OT HArPyKeHus JJjis 00pas3Ios,
BbLIEP2KaHHbIX B BO/IE

CpeiHeB3BeeHnble 3HaYenust KO3 (PUIMEHTOB aHATUTHICCKONH 3aBUCMMOCTH B 9TOM CJIydYae NMPUBOJAT K
ypaBreHuto (cM. puc. 4)

y = —11,43z% 4+ 74,762 — 181, 12 + 161z + 211, 1. (6)

400 YT=-29,262%% ¥203,63%

3 517,79%2 ¥ 540,14 ¥ 46,074

W W
[=T ]
o o

y2 = 6,4349x% . 54 115x3 + 155 A3x

250

R2=0.971-

2. 218 16 + 375,97
RZ=0,9711

Cvna sozpeiictems Ha obpasey, 1
~
=]
=]

150 - YCp=-TT43%" ¥74,755% - T8T,04X 2+ T60,99X 211,04
100 Ri=1
50
0 ; T : . . :
0 0.5 1 1,5 2 BAedopmauymna obpasuya, mm

——y1. -8— ¥2 —=— Vcp (annpokecumanms) )

Pucynok 4. I'pacdukn aHamTH9ecKoil 1 TabJIMIHBIX 3aBUCUMOCTEN 1edOpMallui OT HATPYKEeHUs [IEPBOTO U
BTOPOro 0OpasIfa Iyt 00pa3IoB, BEIIEPXKAHHBIX B BOJIE

CoOTBETCTBEHHO, MPOTHO3 pa3pyIieHus obpasiia MpeJcTaBieH B Tabuie 3.
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Tabanuma 3

IIporuo3 pa3pyiienus odpa3sa ¢ y4eToM OCTATOYHOI nedopManum

Hedopmanusi, cm | Cpemnee narpyzxke- | Cpennee narpyxe- | [IporaosupoBanue
HUe Ha MEepPBLIil 00- | Hue Ha BTOPOil 00- | 3HAYEHUsT HArpPYy-
pazert, H pazern, H JKEHUsT Ha, €TNHUATLY

nedopmaruu, H

0 356 47 201,5

0,2 327,7155 134,6994 231,2074
0,4 305,8894 192,4618 249,1756
0,6 289,1689 227,2242 258,1965
0,8 276,3425 245,0442 260,6933
1 266,34 251,1 258,72

1,2 258,2324 249.6906 253,9615
1,4 251,2323 244,2354 247,7338
1,6 244,6932 237,2746 240,9839
1,8 238,1104 230,469 234,2897
2 231,12 2246 227,86

2,2 223,4998 219,5698 221,5348
2.4 215,1688 214,401 214,7849
2,6 206,1872 207,237 206,7121
2,8 196,7566 195,3418 196,0492
3 187,22 175.1 181,16

3,2 178,0616 142,017 160,0393
3.4 169,9068 90,71856 130,3127
3,6 163,5227 14,95136 89,23702
3,7 161,2728 -34,3027 63,48508

[Iporuos paszpymienusi 0Opasia € yIeTOM OCTATOYHON JehopMaIuy MOKA3bIBAET, UTO MaKCUMAJbHAS Jie-
dopmanus st 06pasia, BBIIEPKAHHOTO B BOME, cOCTaBigeT 3,6 MM, MPU 9TOM CPEIHssS CUJIa BO3NEHCTBUS
Ha eauHUIly Aedopmaruu obpasna mnpu mnociuenneM Harpyxxennn cocrasiser 90 H. Uz tabmunpsr 3 BugHO, 9TO
obpazerr Ne2 pazpymiaercs upu gedopMarii 3,7 MM.

Kosddumnuent koppensamun nedopmanuu odpasna U cpeiHell Harpy3ku Ha 1 MM s II€pBOro o0Opasna,
BBIJICP?KAHHOTO B HOPMAJIbHBIX TEMIIEPATYPHO-BJIAXKHOCTHBIX YCJIOBUSIX, BRIMUCICHHBIN 110 opMmyIte

cov(A, f) E[Af]—EA-Ef
p(A, f) = = > = = =, (7)
VDIA]-DIf]  (BIAY] - (BA)?) - (B[f?] - (Ef)?)
rae cov obo3HadyaeT KoBapuaimio; D — jaucnepcust; F — MareMarundueckoe oxujanue; A — medopMalius;

f — neiicrBytormast Ha obpasel; Harpys3Ka.

Hnst nepsoro obpasua p(A, f) = 0, 916; must Broporo obpasna p(A, f) = 0,912. D10 CBUIETENBCTBYET O CHIIb-
HOI1 3aBucuMocTH fedopmariun oT Harpy3ku. Ocoboe BHIMaHIE CTOUT 0OPATUTH HA KOI(DDUIMEHT KOPPEJIIIIUT
p(f1, f2) mexay obpasnamu, koropsiii cocrasui p(f1, f2) = 0,822, yro roopur 06 ycTORYUBON TeHIEHIMN
pa3pyIleHusi, T.e. MAKCUMAJIbHOE KOJTMIECTBO ITAIIOB HATPYKEHUST PABHO 9.

AHaJjioru4Hble pacyeThl POBEIEHbI /I 00pa3IioB, BblJIEp:KAaHHBIX B Boje. Koadduiment Koppesinuu jie-
dopmanu obpasia u cpejHell Harpy3ku Ha 1 MM JijIsi I€pBOro 0o0pasiia, BBIIEPXKAHHOI'O B BOJE, COCTABUJI
p(A, f) = 0,981, gya sroporo — p(A, f) = 0,979. Kosdbdunuenr koppesnsiiuu  p(f1, f2) mexkay obpasiamu,
BbLIEPKAHHBIME B Bozie, cocrasuit p(f1, f2) = 0,983, uro ropopur 06 yCTORIMBON TEHICHIMN PA3PYIICHHUS, T.€.
MAaKCUMAJIbLHOE KOJIMIECTBO ITANIOB HAIPYKEHUsI JI0 MOMEHTa pa3pylieHus: paBHo 17.

C 1eJ1h10 IPOBEPKH TPABUIIBHOCTY BBIOPAHHOTO ITOJIX0/1A K TIOCTPOCHHIO AHAJIUTHIECKOI B3aNMOCBSI3U HATPY-
KeHusl U gedopMaiuu odpasia MMoJIyYeHHbIe PE3YJIbTAThl ObLIN IIPOBEPEHBI HA BCEX JEBITH 00pasiax KaXK ol
cepuu.
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Bwisodvi

Ha ocHose skcriepuMeHTAIbHBIX JAHHBIX YCTAHOBICHBI TTAPAMETPhI AHAJIUTHIECCKON B3ANMOCBA3U CHUJIBI TTOB-
TOPHO-IIEPEMEHHBIX HAIPYKEHUII U COOTBETCTBYOIIEH Hedopmariun 06pasnos. CHIKEHNE IIPOYHOCTH 00Pa3IoB
KM nmpu noBTOpHO-IEpEMEHHOM BO3JAEHCTBUN HATPY30K ITPOUCXOJIUT TOPA3]0 NHTEHCUBHEE, YeM IO BO31eiICTBU-
€M CTATHIECKON HATPY3KHU. ITO OODbICHAETCS TEM, UTO IIPU TAKOM CHJIOBOM BO3IEHCTBUU ITPOUCXOIAT HAKOILIE-
HIE OCTATOYHBIX JedopManuii 1 MAKPOPA3PYIIeHn, BhI3BAHHBIX €CTECTBEHHON HEOIHOPOIHOCTHIO MATEPHUATIA,
9TO HIPUBOJUT K CHUXKEHUIO IIPOYHOCTH HamboJsiee cyiabbIX YaCTHUIl, & 3HAYUT, K Pa3PYIIEHUIO BCETO 0Opa3Ia.
PesynbraThl pacteroB mokazaJju, 9To 00pa3Ibl KOMIO3UTHBIX MATEPUAJIOB, BBIJIEPKAHHBIE B TEUEHUE ITPOJIOJ-
JKUTEJIHLHOTO BPEMEHU B Bofe, OoJjiee yCTONYUBBI K JIepOPMAIMK, YeM aHAJOTHMIHBIE [0 CTPYKTYpe 00pasIibl,
BblJIep2KaHHbIE B HOPMAJIbHBIX YCJIOBULAX.
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Kaiita-aybicnajibl 2)KYKTeMe dCepPiHeH KOMIIO3UTTIK MaTepHuaJIIap
VJITLJIEPiHIH, KUpayblH 00/I2Kay

MakaJsrama KaiiTa afHBIMAJIBI KYKTEMEHIH 9CEpiHEeH IOJUMEPJIK KOMITO3UIMSIIBIK, MaTepUaIIapablH To-
XKipubeJiik 3epTTey HoTHXKesepi kopceriired. Toxipubeeri Heri3ri jgepekTepii eckepe OThIPbII, KaiiTa aii-
HBIMAJIBI YKYKTEMEHIH, Killll KoHe ColiKeCc KeJIeTiH JedOpMallisiHbIH Y/TICIHIH aHATUTHKAJIBIK TapaMeTpMeH
e3apa OalIaHbICHI, COHAAN-aK OJAPILIH CHIHFAH KAJIIBIK, 1ePOPMAIUICHIHBIH, O0I?KAMBI AJIBIHIbI.

A. V. Buketov, L.V. Kravtsova, A.P. Bogdan

Prediction of fracture samples of composite materials under
the influence of cyclic loading

The article presents the results of an experimental study of polymer composite materials when exposed to
cyclic loading. On the basis of experimental data obtained by the analytical parameters of the relationship
strength cyclic loading and corresponding deformation of the samples, as well as forecast their destruction
taking into account the residual strain.
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Bounder solution on a strip to a system of nonlinear hyperbolic
equations with mixed derivatives

The system of nonlinear hyperbolic equations with mixed derivatives is considered on the strip. Time
variable of the unknown function changes on the whole axis, and the spatial variable belongs to a finite
interval. A function, the partial derivative with respect to the spatial variable, is denoted as unknown
function, and problem of finding a bounded on the strip solution to the origin system is reduced to the
problem of finding a bounded on the strip solution to a system of integro - partial differential equations.
The whole axes is divided into parts, and additional functional parameters are introduced as the values
of unknown function on the initial lines of sub-domains. For the fixed values of functional parameters,
the new unknown functions in the sub-domains are defined as the solutions to the Cauchy problems for
integro-partial differential equations of the first order. Using the continuity conditions of the solution on
the partition lines, the two-sided infinite system of nonlinear Volterra integral equations of the second kind
with respect to introduced functional parameters is obtained. Algorithms for finding solutions of problem
with functional parameters are proposed. Conditions for the convergence of algorithms, and existence of
bounded on the strip solution of the system of nonlinear hyperbolic equations with mixed derivatives are
obtained.

Key words: bounded on the strip solution, the system of nonlinear hyperbolic equations, functional parameters,
algorithm.

We consider the system of nonlinear hyperbolic equations

0%y
0x0t

0

= f(a:,hu, 8—u), (z,t) € Q =1[0,w] xR, u € R™; (1)
x

where f: Q x R” x R" — R"” is a bounded function, continuous by z € [0, w] uniformly with respect to t € R

and continuous by ¢t € R at the fixed = € [0,w], ||u|| = max ;.

Denote by C*(2,R™) is a space of bounded functions u : Q@ — R™, continuous by x € [0, w] uniformly with
respect to t € R and continuous by ¢ € R at the fixed z € [0,w] with the norm [|ul|. = sup ||lu(z,?)]|.

(z,t)€
Bounded on the strip solutions to the system of hyperbolic equations with mixed derivatives are considered
in [1-5].
The paper is devoted to the solutions of system (1) satisfying the conditions

w(0,t) =0, teR; (2)
Ou(x,t)
’ C*(Q.R™). 3
LD ¢ o (0,m7) ®)
A solution to problem (1)-(3) is a function w*(z,t) € C*(Q2,R™), which has the partial derivatives

2
gu*(x,t) € C*(Q,R™), a—atu*(x,t) € C*(Q,R"), satisfying the system of differential equations (1) for all
x x
(z,t) € Q and condition (2).
4
We set v(z,t) = %, (z,t) € Q and reduce the problem (1)-(3) to the following problem for the system
x

of integro-partial differential equations

% _ f(:c,t,/jv(f,t)dé,v), (a,1) € O, (4)
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v(z,t) € C*(Q,R"™). (5)
ou*(z,t)

ot
problem (4), (5). Conversely, if v(x,t) is a solution to problem (4), (5), then the function

If a function w*(x,t) is a solution to problem (1)-(3), then the function v*(x,t) = is a solution to

(o, 1) = /0 “e e, (n1) e

is a solution to problem (1)-(3).
Take h > 0 and divide 2 on sub-domains

Q= {J Q. Q=[0wx[r-1hrh), rei

r=—00

Let v,-(z,t) be the restriction of function v(z,t) on sub-domain §,., r € Z.

Introduced the following spaces:
my, is a space of bounded two sided infinite sequences pu = (..., by, tir41,...) of vectors p, € R™, r € Z, with
the norm

el = 11C oo gty - )l lm,, = sup [ e [;
re’z

C*([0,w],m,) 1is a space of uniforml; bounded and equicontinuous two sided infinite sequences A(z) =
= (..., A (2), A\rg1(2x),...) of continuous functions A, : [0,w] — R™, r € Z, with the norm

Ay = max [[A(@)lm, = max [[(...; Ar(2), Arg2(2), - )l[m, = max sup [[A(z)|];
z€[0,w] z€[0,w] z€[0,w] rez

C*(R, h,R™) is a space of uniformly bounded two sided infinite sequences u[t] = (..., ur(t), ury1(t),...) of
continuous functions w, : [(r — 1)h,rh) — R", r € Z, with the norm

lullz =sup sup lur(@)];
r€Z te[(r—1)h,rh)

L(X) isa space of linear bounded operators A:X — X with induced norm, where X is a Banach space;
C*([0,w],C*(R, h,R™)) is aspace of bounded two sided infinite sequences of functions v(z,[t]) = s(..., v,
(z,t),vp11(x,t),...) with the norm

[lv]|]s = max sup sup [lvr (2, 2)]],
z€[0,w] reZ te[(r—1)h,rh)

where v, : . = R™ is continuous and has finite limit as ¢ — rh — 0, r € Z, uniform on z € [0,w].
All spaces are complete.
Introduce functional parameters

Ar(z) == vp(z, (r — 1)h), x € [0,w], re’

and functions
zr(z, 1) == vp(z,t) — A\ (), (z,t) € Qp, r € 7.

Now, problem (4), (5) converts to the problem with functional parameters

T =t [ aoder [Caenden@ ) @, rez (©
zr(z, (r—1)h) =0, ze[0,w], 7€ (7)

M)+ lm (o t) = Aa(@) =0, zeu], rez 8)

(@), 20, []) € O*(0, ) m0) x C*([0,], € (R, b, ™). )

Here (8) are the continuity conditions on the lines ¢t = (r — 1)h, r € Z.
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A solution to problem (6)-(9) is a pair (\*(z), z*(x, [t])) with elements
A (x) = ( o Am(@), A (), - ) € C*([0,w], my),

and
(@, [t]) = (..., 25 (=@, t), 751 (2, 8), ... ) € C*([0,w], C*(R, h,R™)).

If a function v*(z,t) is a solution to problem (4), (5), then the pair (A*(z), z*(z, [t]) with elements
MN(@)= (oA @), A (@), L), 2 ) = (L2 (), 25 (2, 8), L),

where A\:(z) = v*(z, (r — Dh), z5(x,t) = v*(x,t) — v*(x, (r — 1)h), (z,t) € Q, r € Z, is a solution to problem

(6)-(9)-

And, vice versa, if a pair (A\*(x), z*(z, [t]) with elements
M) = (- A0 @), Ay (@), ... ) € C*([0,w], my);
2z 1) = (... 20 (@, t), 20 (3,), ... ) € CF([0,w], C* (R, h,R™)),
is a solution to problem (7)-(10), then the function v*(x,t) defined on Q by the equalities
v*(z,t) = Ni(z) + 27 (x, 1), (z,t) € Q., reELZ,

is a solution to problem (4), (5).
At the given A\.(z), z € [0,w], the Cauchy problem for integro-partial differential equation (6), (7) is
equivalent to the system of integral equations

2z (z,t) = /(:1)h f(a:,T, /01 Ar(€)dE + /OI 2 (&, 7)dE M\ () + z,«(m,r)>d7', (10)

(z,t) € Q,, r € Z. Substituting the corresponding expressions from (10) into (8), we obtain the two-sided
infinite system of nonlinear integral equations with respect to functional parameters

o+ [ g [P [ s @ 4o )i - =0 an

z € [0,w], r € Z.

Write down system (11) in the form
Qui (e, /Ox/\(g)dg,)\(x),z) =0,  zelw),  A@) eC(0,w],m).
Condition A. There exists h > 0 such that the implicit system of nonlinear Volterra integral equations
Q. /Omx(g)dg,A(x),o) —0,  welul,

has a solution A (z) = (..., A0 (x), )‘5?21(3”% ...) € C*(]0,w], my), and the Cauchy problems for integro-partial
differential equations

0z,
ot

= ot [ A0@de+ [ ae0dAO@ ). @He. re

zr(z, (r —1)h) =0, ze|0,w], reZ,

has a solution 2 (z, [t]) € C*([0,w], C*(R, h, R™)).
Under condition A, we define the functions

v(o)(x,t) = )\ﬁ,o) (z) + zﬁo)(x,t), (x,t) €Q,, T7EZ
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and "
et = [ 0O 0 (@ p e
0
Take numbers py > 0, p, > 0, p, > 0, p, > 0 and determine the sets:
SO (), pa) = {AMx) € C*([0,w],mn) : ||A = AD[]y < pr};
S (O (2, 1), p2) = {2(w, []) € C([0,0], C* (R, b, R™)) : ||z — 2O ||y < p.};
S(v(o)(x,t)7pv) = {v(z,t) € C*(QR") : ||v — v(0)||* < pu};
S(u(o)(m,t),pu) = {u(z,t) € C*(Q,R") : |Ju — u(O)H* < pul;
GO, t, pus po) = {(,t,u,0) € QX R : (2,) € Q [Ju— uO(2,1)|| < pu, v — v (2, 1)]| < pu}-

Of (z,t,u,v) Of(x,t,u,v)

Condition B. The function f(x,t,u,v) has uniformly continuous partial derivatives

ou ’ v
on GY(x,t, pu, py) and the inequalities

H@f(x t,u,v H <1,

H@f(x,t,u,v)
v

‘SL%

where L1, Ly are constants, hold.

Take the pair (A (z), 2% (, [t])), and construct the sequence of pairs (A*)(x), 2F)(z, [t])), k € N, by the
following algorithm.

Step 1. a) Solving the implicit system of nonlinear Volterra integral equations of the second kind

th /)\ )de, \(z), 2 ) 0, z€l0ul,

we find AV (2) = (..., AN (@), A, (2),...) € C*([0,w], mn).
b) Solving the Cauchy problems for integro-partial differential equation (6), (7) with A.(z) = Agl)(x), x €
€ [0,w], 7 € Z, we find the function system M (z, [t]) = (.. 2 )(z t), ﬁﬁl(x,t), ...) € C*([0,w], C*(R, h,R™)).
Step 2. a) Solving the implicit system of nonlinear Volterra integral equations of the second kind

Q1n (:E,/Ox )\(f)df,)\(x),z(l)) =0, z¢€][0,w],

we find X2 () = (..., A% (2), A7), (2),...) € C*((0,w],m,).

b) Solving the Cauchy problems for integro-partial differential equation (6), (7) with A\.(z) = A2 )( ), x €
€ [0,w], 7 € Z, wefind the functionsystem 23 (z,[t]) = (..., (2)(37 t), 7(3_)1(.1‘ t),...) € C*([0,w], C*(R, h,R™)).
And so on.

Sufficient conditions of feasibility and convergence of the algorithm are established by the next statement.

Theorem. Suppose there are h > 0, px > 0, p, > 0, p, > 0, p, > 0, such that conditions A, B are valid,

the two-sided infinite Jacob matrix aTQUL(x,wl,wg, z) : C*([0,w], my) — C*([0,w], my,), is invertible for all
2

(z, w1, we, z) € [0,w] x S(/ AO©)de, wpy) x SAO (), pr) x S (2D (x, [t]), p-) and the following inequalities
0

are true:

1) ||< Ql n(z, w1, we, 2 ))71|‘L(mn) < m(h,z) < y10(h);

2) ql,o(h) = 'yl’o(h)e'h,o(h)hlqw<€(L1w+L2)h = (Lw + L2)h) <1

71.0(h) (h)hL /w (0) (0) (0)
Do’ ATE)dE, A , i < PA;
)T o) s [Qun(z. | NOOdEN (@), 20) o, < o1
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(Liw+L2)h _ . ’71,0(h) Y1,0(h)hLiw ’ (0) (0) (0) .
4) (e ) e x max Qi (e | AV (©de X @)=, < p;

5) px + pz < pu, w(pa + pz) < pu-

Then the sequence of pairs (A®)(x), 2% (2, [t])), k& € N, belongs to S\ (z), px) x Sp(2(z,[t]), p2),
converges to (\*(z), 2*(x, [t])), the solution to the problem with functional parameters (6)-(9), and the estimates

h)h r
H)\* _ )\(0) | |1 < 71,0( ) e"/1,0(h)hL1weh(L1w+L2) sup sup ||f($(}, t, / )\7(A0) (g)d& )\5‘0)(1.)) ||7 (12)
1- qLO(h) reZ (z,t)EQ, 0
12 = 2@ < (eretEat — 1) |3 = XO|y (13)

hold.
Proof. For any pair (\(z), 2(z, [])) € S\ (x), pr) x Sp(20(x, [t]), p-), the inequalities

1A (@) = A (@) + 2o (@, 8) = 20 (@, )] < (1A = AP+ Iz = 2Vlls < pa + ps < poy

(z,t) € Qp, T €Z, (14)

I / A (€)de / O (€)de + / (6, 1)de / e, t)de]| <

x x
g/ \|)\—>\(0)||1d§+/ ||z — 29|3d¢ < wlpr + p2) < pus (x,1) €Q, 1 EZ, (15)
0 0

are true.
In view of (14), (15) and inequality 5) of Theorem the fours

T x
(2.t [ M@+ [ aleden +a(n), @oen, rez
0 0
belong to the set G9(, pu, pv). Take the pair (A9 (x), 2% (z, [t])) from Condition A.

Since the components of two-sided infinite sequences of functions z(®)(z, [t]) are the solutions of Cauchy
problem for integro-partial differential equations (6), (7) with A.(x) = Aﬁf’) (x), the estimate

t x x
0@ [ f(mm [ MO©d+ [ A€ e A @) + 20 (1) )ar-
(r=1)h 0 0
t T t T
[ e [ A0©@deAO@)arll 411 [ e [ AD@de O @)drll (10)
(r—=1)h 0 (r—=1)h 0
holds. Condition B and inequality (16) imply
t x
max 1500 < max [ (I (o [ AD(©dg A0 @) aretrer 0 eon )
z€[0,w] z€[0,w] (r—1)h 0

(x,t) €., rel.

Find the solution AV (z) = (..., A" (2), )\521(33), ...) of the equation

Q1. (x,/om )\(f)df,)\(m),z(o)) =0, Ax)e C([0,w],my,).

Consider the system of equations

Qui (o [ A A@).20) =0, Ae) € O (0.6 m). (18)
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In accordance with the conditions of Theorem, operator Q1 (m,/ A(&)dE, M(x), z(o)) at the fixed z € [0,w]
0
satisfies the conditions of Theorem 1 [6; 39] in S(A(?)(z), py). Take a number £y > 0, satisfying the inequalities

go1,0(h)er oMl < 1;

,}/1 O(h)e'yl’o(h)hLlw
’ a
1-— 807170(h)671v0(h)hl’1w IIEH[O,)EJ]

1Qua(e. [ XN ), 2, < s
0
Using uniform continuity of Jacobi’s matrix

0
%Ql,h(l’,wl, wa, Z)

we find &g € (0,0.5p,] such that
@i (o [ ANO©deA@).2) = 2 Qua (s [ NV A@).)lzgmy <
8w2 s ) 0 9 ’ 811}2 s ) 0 ) 9 (my)

for all A(x), M(z) € S(A\O)(x), py) satisfying ||\ — A||1 < do.
Choose

Q> qp = max {1,
0 z€[0,w]

%(h)e%,o(h)hhw s HQl,h(ﬂ?»/ A(o)(g)d&)\(o)(x)’z(o))||mn}
0

and construct iterative processes: A(110) () = A0 (z);

1,0 ¢ -1
A“*l’m*”(x):A“W(z)fa(a—wcyl,h(x, / AL ()dg, A1 (), 20 ) ) x
0

xQun (. / AL ()dg AV (@), 20), m = 01,2, (19)
0

By Theorem 1 [6; 39] the iterative processes (19) converges to A(1:1)(z), isolated solution of equation (18) at
each z € [0,w], and the inequality

XD (@) = A @), < (0, 2)|Qun (2 / XO(€)dg, A0 (@), 2 [, < pa (20)
0
holds. "
Taking into account that @1 p, (x,/ A0 (&)dg, A (z), 0) =0, we have
0

1Qua (. [ XA @), =), =

—11Qua ([ AV A @).9) = Qua(, [ XO(E)dE A ).0) <

Inequalities (20) and (21) imply the estimate
A (@) = A (@)}, < (R 2)h(Laz + Lo)||2|]s.

Find the solution of system

Qui (o, [ ATD(©deA@).20) =0, Aa) € O (0.6 ), (22)
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by the iterative processes A(120) (z) = ALY (),

1,0 v -1
(L,2m+1) () — \(L2m) () _ 1 (1,2,m) (1,2,m) (0)
A2 () = M2 ) = 2 (SQua(a. [ AR (e A2 @), 20))
XQl,h (CE, / ,\(LZ,m)(f)d{,/\(1,2,m)(x),z(0))) m=20,1,2,... (23)
0

The iterative processes (23) converges to A2 (z) € S(A(Z), py), isolated solution of equation (22) at z = Z,
Z € [0,w] and the estimate

T

IA2@) = XD @), < (0, 2)[Qu (3, [ AT (€ XD @), 20 [,
0

is valid. It easily seen

Qe (3. [ A0 (€1 AD@).20) = Qui (5. [ A (€ae N (@), 20, <

< hLyz sup A (n) = AO ()],
n€(0,7]

Therefore, the following inequality is true

sup [N () = XD (), < (b, 2)ALaz sup []AD () = A ()], -
n€lo0,z] n€l0,z]

Find the solution A3 (z) of the system of equations
Qua(z, / XD ()dg, A(w), 20) =0, Alw) € C*([0, ], mn). (24)
0

For this construct the iterative processes A(1:3:0) (z) = \(1:2) (z);

1,0 o ) -1
NS (@) = XU () = (S Qu (o, [ AT (€)1 (0), 20))
0

xQu (2, / A ()dg, A4 (@), 20), m = 0,1,2,... (25)
0

Iterative processes (25) converges to A3 (z) € S(A(©) (), py), isolated solution of equation (24) at fixed = €
€ [0,w] and the estimate

X () = ACD (@), < 1.0 (0)]|Qun (2 /0 A2 ()dg, X1 (), 20) |,

holds. It easily seen

||Q1,h($7/0x )\(172)(5)(157>\(1,2)(x),z(0)> — O (x’ /l AL (6)de, A1) (x)7z(°))||mn <

0

rh T T
<swp [ f(om [ A0+ [ A0 DdEAID @) + 202, 7) )
(r=1)h 0 0

TEZL

[ i [ [0 e )+ 00| <

r—1)h

m, d€dT <
reZ (7‘7

rh x
< sup / R / N2 () — A@D(g)|
1 0

rh 3
< sup / Ly / sup [[A2(&) = XD (E) |y, dédr <
(

r€Z J(r—1)h 0 £€[0,z]

Cepust «Maremaruka». Ne 4(84)/2016 41



D.S. Dzhumabaev, S.M. Temesheva

rh T
< sup / L / o(MALLE sup (XD (E) = XO(€)]|, dédr <
(r—1)h 0

reZ J(r— £€[0,2]

hLir)?
<o) B qup 2006 - XO (@),
: £€(0,]

Therefore, the following inequalities are true

(71,0
[N (@) = A2 ()|, < sup [[]ATY (@) = X (@) |, ;

2! z€[0,w]

A (@) = AO@)[|m,, < AT (@) = AT (@), + (A2 (@) = AED (@)1, +

Hmn

h)hLix)?
+||)\(1’1)(x) _ A(O)(QT)Hm” < (W +0(h)hLix + 1) H)\(l,l)(w) — )\(0)(;16)| mn, <
< eroMhLiz| N1 2y — AO) (||,
Continuing the process, we find A1) (z), 2 € [0,w], and establish the inequalities:
1
A (@) = A0 (@), < (0 (WALaz) A (@) = X (@) |,
‘ 1 _
N @) = XO @), < 3 oL A (@) = A0 (@), <
Jj= 0
< efylyo(h)hleH/\(l,l)(x) _ /\(0)(%)”7””_ (26)

The sequence {\(1:¥) ()} converges to the solution of equation (18). In (26) tending to the limit as £ — oo, we
establish the estimate

XDz = XO@)llm,, < 0(R)e™ 0 WME7]|Qy (=, / A0 (€)dg, A (), 20, (27)
0

Hence, based on the inequalities (21), (17), we get

A (@) = X (@)[m, <

< 7170(h)he”v”(h)hleeh(Ll“’+L2)sup sup Hf(x,t,/ )\go)(f)df,)\go)(x))H.
r€ZL (z,t)EQ, 0

In view of the Condition B and inequality 2) of Theorem the Cauchy problem for integro-partial differential
equation (6), (7) with \.(z) = )\(rl)(x), x € [0,w], r € Z, has the unique solution zﬁl)(x,t), (x,t) € Qp, 1 € Z.
For any % € [0, w], the inequality
120 (2, 1) = 29 (2, 6)]| =

_H/( ™ 337'/ AD (¢ d£+/ D (€, 7)de AV (&) + 20 (&, 7) ) dr -

- /(M)hf(m /0 0 (€)de + /0 "0, e A0 (@) + 20z, 7) T)dTH
<[ (50 [ D0 A0 [T - e

+ LI @)~ N @) + Lall= (@,7) — 202, 7)) dr

holds, and for every n € [0, Z] it is valid the relation

1289 (n, 1) = 20 (0, )| <
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t z z
Mgy = 2O (1) _ 0
<[ [ 0@ - NO@lde 1 [ 10 ) 20 e

+Ly sup AV () = AV ()] + Lo sup 128 (g, 7) = 29 (1, T)||)dT
n€l0,x] n€lo,z

Then

sup |2V (n,t) — 29 (n, 1)|| <
n€l0,z]

t
<[ s L) sup N =A@+ sup (120 7) - 20 (0,71 )
(r—=1)h n€[0,z] n€[0,z]

and using the Gronwall-Bellman inequality, we obtain

sup 120 (m,0) = 20, )] < (ETHEDECTN 1) qup [AD () = A0 ().
n€l0,7] n€l0,z]

For the components of system of functions z(V (z, [t]) = (... (1)(30 t), 7(,+)1 (z,t),...) the inequality
120 = 205 < (eEretEal 1) - O]y

are valid. It easily established that

1Qua (. [ AV @A @), =), =

— 12D, [ AD©de, ) - Qua(a, [ AV (e AV(@), =), <

<sup (Pt 1 — (Lyz + Lo)h) sup AN () = A ()]l
reZ n€el0,z]

Mo(h)e oM max |Qu (v /A &)dg, AV (@), 2 [, < aro@IND = Al (28)

z€[0,w]

If A(z) € S\V(z), p1 + &), where

pr = r0(R)e W max |[Q (= / AD(€)dg, A (@), 2D llm,
0

z€[0,w]
then, in view of inequalities 3), 4) Theorem and inequalities (27), (28), the estimate

[IA = X < A= AD I = AP < pr 4+ 8 A = 24O <

h)
< B+ 1A — 2O < 100 oL
(a10(h) + ) b < e ’

< max [[Qu (o, [ AD(dg XO@), 20, < o1
0

z€[0,w]

holds, i.e. S(AM(2), p1) € S(AO(2), pa)-
Continuing the process, in similar way, on kth step of algorithm, we find the pair (A (z), () (x, [t])) and

establish the estimates
[IAE) = AF=D < gy o(R)[AFTD = AE=2)|; (29)

209 = 2Dy < (BB — 1) [0 — XD, (30)

Inequalities (29), (30) and condition 2) of Theorem imply that the sequence of pairs (A (z), (%) (x, [t]))
converges to (A*(x),z*(z, [t])), the solution of problem (6)-(9), as k — oo. Based on inequalities 4) and 5)
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of Theorem the pairs (A¥)(z), 28 (z, [t])), k € N, and (A\*(z), 2*(x, [t])) belongs to S(A©)(z), px) x Sy (2
(z,[t]), p2)- In the inequalities

1
AEP) O« =
|| ||1 1_q1,0<h)

|20+2) — O] < (e(L1w+L2)h _ 1>H)\(k+p) YOI

IAD = A@;;

passing to limit as p — oo, we obtain estimates (12), (13).
Theorem is proved.
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J1.C. 2Kymabaes, C.M. TemerreBa

ChI3BBIKTBIK, €MeC apaJac TYbIHABLIbI TUIIEPOOJIAJBIK, TEeHIeYyJIep
2KYIieciHIH »KOJIaKTa IMeKTeJreH Imenrimi

MakaJjtazia ChIBBIKTBIK €MeC apaJjiaC TYBIHIBLIbI TUIepOOoJIaIbIK, TeHIEYIep *KYeciHiH »KoJtakTa MeKTeIreH
mrernmiMi KapacThIPBLIALI. Besricis (hbyHKIUSHBIH yaKbIT OOWBIHINA alfHBIMAJIBICHI OYKIJ OChTE ©3repei, aJl
KEHICTIKTIK affHBIMAJIBI aKbIPJIBI apaJIbIKKA Treciai. OyHKInsa — KeHICTIKTIK aifHbIMaJIbl OoiibIHIIIa Jepbec
TYBIH/IBI, Oesrici3 dyHKIus peringe OesrijieHe i KoHe 6acTanKbl KYWEHIH »KOJIaKTa IIeKTe/reH MIeniMin
Taby ecebi gepbec TyBIHIBLIBI HHTErPAJIBIK- (O OEPEHINAIIBIK TeHIEYIep Ky HeCiHIH KOJAKTa IIEKTE/NeH
mrermimin Taby ecebine kesripinai. Bykin ock GesikTepre GestiHeni KoHe KOCBIMINTA (DYHKITMOHAJIBIK, Tapa-
MeTpJep besriciz GyHKIUTHBIH iMTKi 00/IbICTapAbIH 0ACTAITKBI CHI3BIKTAPBIHIAFBI MOHJIEP] PeTiH/Ie eHri3iIi.
DyHKIIMOHAJIBIK, TTApaMeTpJiep GEKITIITeH MoHAEpPiHIe iMKi obJbICTApIAaFhl XKaHa Oesricis yHKIusIap
Gipiumi perTi mepbec TYBIHABLIBI WHTErPAJIbIK-AuddepeHnaaabk, Teaaeyiaep yuria Komm ecenrepinin
mrenrimiepi perinie aHbIKTaIAbI. BesikTeymiH imKi ChI3BIKTapBbIHAAFBI IIENIIMHIH Yy31Iicci3aik mapTrapbia
maiiiajaHa OTBIPBIN E€HTI3LIreH (DYHKIIMOHAILIK TapaMeTpjepre KaTbICThI CHI3BIKTHI eMec Bosibreppa nH-
TerpaJiIbIK TEHIEY/IEPIHIH €Ki 2KaKThI 1meKci3 xkyiteci anpiaran. CoHmai-ak GyHKIIMOHAIIBIK, TapaMeTpIepi
Gap ecenTiH IennMaepin Taby ajJropuTMJIepl YChIHBLIFAH. AJTOPUTMIED/IIH YKUHAKTBIIBIFBI MEH ChI3BIK-
TBHIK, eMeC apaJjiaCc TYBIHIBLIBI THIEPOOIANBIK, TEHAEYIEp KYHECiHIH KOaKTa IMEKTe/INeH MeNnMiHiE 6ap
OOJIYBIHBIH IIAPTTAPHI AJTBIHFAH.
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Bounded solution on the strip ...

J.C. JIxxymabaes, C.M. Temerera

OrpaHmdyeHHOE Ha MOJIOCE PeIlleHne CUCTEMbI HeJIMHENHBIX
rurepooInYecKnX ypaBHEHHNI CO CMEIaHHbIMHU ITPON3BOIHBIMU

B crarhe paccMoTpena cucTeMa HEJMHEHHBIX TUIEPOOTINIECKAX YPABHEHUI CO CMENTaHHBIMU TPOU3BOIHBI-
MH Ha noJsioce. Bpemennast nepeMeHHast HEM3BECTHON (DYHKIIMN MEHSETCS HA BCEH OCH, & IPOCTPAHCTBEH-
Hasl IepeMeHHasl TPUHAJIEXKUT KOHEeYHOMY nHTepBasty. OyHKIMA — YacTHAsl MPOU3BOIHAS OTHOCUTEIHHO
MIPOCTPAHCTBEHHOM MEPEMEHHONI — 0003HAYAETCsT KAK HEM3BECTHAsT (DYHKITN, U 3a7[a9a HAXOXKICHUS Or'pa-
HUYEHHOI'0 Ha II0JIOCE PEIIeHHs] MCXOJHONH CHCTEMBI CBOJMTCS K 3aJ/iade HAXOXKJIEHUs OIPDAHUYEHHOI'O Ha
MOJIOCE PEIEeHUs] CUCTEMBI MHTErpo-audDepeHInaIbHBIX YPABHEHUNH B YaCTHBIX MPOU3BOMHBIX. Best och
JEeJUTCS Ha 9aCTU, U JIONOJHUTEIbHbIE (DYHKIMOHAIbHBIE TTAPAMETPhI BBOJSTCS KaK 3HAYCHUS HEU3BECT-
HOIl (DYHKIMN Ha HadaJbHBIX JHHUAX Honobsacreit. [[ns UKCHPOBAHHBIX 3HAYEHUI (DYHKIIMOHAJIBHBIX
mapaMeTpOB HOBbIE HEM3BECTHBIE (DYHKIINU B MOMOOIACTSIX OMPENENSIOTCS KaK pertenus 3agad Ko mist
nHTErpo-auddpepeHnnaIbHbIX YPABHEHNI B YACTHBIX TPOM3BOIHBIX MIEPBOTO nopsiaka. Mcmons3ys ycmoBust
HEIIPEPBIBHOCTH PENIEeHNs HA BHYTPEHHUX JIMHUSX pa30MeHus, IoJIydeHa JIByCTOPOHHE-OECKOHEYHAsI CUCTe-
Ma HEJIMHEWHBIX MHTErPAJbLHBIX ypaBHEHU BosbTeppa BTOpPOro poja OTHOCHUTEHHO BBEIEHHBIX (DYHKIIN-
OHAJIBHBIX MapaMeTpoB. lIpemokeHbl aqropuTMbl HAXOXKIEHUST PEIIeHni 331a9u ¢ QYHKIIHOHAILHBIMA
napamerpamu. [losydeHbl yCIOBHS CXOJUMOCTH AJrOPUTMOB M CYIIECTBOBAHUA OI'DAHUYEHHOIO HA II0JIOCE
pellleHust CUCTEMBI HEJTUHEHHBIX TUIEPOOTMIECKUX YPABHEHUN CO CMENIaHHBIMU TPOU3BOIHBIMU.
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HccnepgoBanne nHIEKCOB JieddEKTa JBYYJIEHHOIO MIHUMAJIbLHOTO
anddepeHIIaIbHOro ollepaTopa 4eTBePTOro MOPSAIKa C
HeperyJadapHbIMI KO3duIiimeHTaMmn

B crarbe nccsenoBanbl HHAEKCH JedeKTa MUHIMAIBLHOTO TIOJyOrPAHUYEHHOTO CUHTYJIIPHOIO CUMMEeTpUYe-
cKoro apywieHHoro auddepeHimansHoro oneparopa Lo, TOpoxKeHHoro B La[xo, 00), xo > 0, nuddepen-
mmasbabM Bepazkennem ly = —y™® + (q(z) + h(z))y, = € [z0;00), Tae ¢(x) yaoBIETBOPSIET ClIeIyIOMUM
ycsosusaM: dbyHKIus ¢(x) ABIseTca IBax bl HenpepbisHo-muddepentupyemoit, dyukmmu ¢ (z) u ¢’ (z) ne
MEHSIIOT 3HaK IIPHU J0CTATOYHO GosbimioM R > 0 mist ¢ > R, a Takxke Bbnosssiercs |g(z)| — +o0o0, z — 400,
ld'(z)| = o(|¢°(x)]) mpu @ € [z0,00, tie 0 < { < 2. B cOBOKYINHOCTH TaKWe ycJIOBH: HPHHATO HA3BIBATD
ycaoBusamu Turumapiua-Jlesurana, a h(x) — 6bICTPO OCHUIUINPYIOLNIEE BOSMYIIEHHE. XOPOIIO U3BECTHO, YTO
ecn koapdunmentsr ¢(x) u h(r) UMEIOT peryssipHOE MOBEJCHWE NMPU T — +00, TO ypaBHeHmE ly = Ay
YJIA€TCST CBOJIUTH K CUCTEME JIMHEHHBIX U hepeHmaabHbIX YPABHEHUH C TIOUTH JJUATOHAJIBHONW MaTPHIIEH,
a 3aTeM C MOMOIIBI0 M3BECTHOH Teopembl JIEBUHCOHA CTPOWTH ACUMITOTHKY pelleHnil. B cBoo odepesp,
ACUMIITOTHYECKHE (DOPMYJIBI JJIsT (DYHIAMEHTAJIBLHON CHCTEMBI DeIeHuil ypaBHeHUs ly = Ay comepzKar
BaxKHyI0 mHbopManmio 06 uHIekcax gedekrta omeparopa Lo, 0 KAYECTBEHHBIX CIEKTPAJbHBIX CBONCTBAX
CaMOCOIIPSI?KEHHBIX paciumpennii oneparopa Lo. B pa6ore [1] 6b1m nosryuensl acumuroTndeckue hopMyIibl
st (pyHIaMEHTAJBHON CUCTEMBI pEIlleHni ypaBHEHUs [y = Ay ¢ KOd(DPUIMEeHTAMU, OTIMIHBIMUA OT PEry-
JIApHBIX. B 9T0i paboTre /s nCCIeIOBAHNS MHIEKCOB JIedeKTa oneparopa Lo MCIONIB3YIOTCS MOJIyY€HHbIE
B pabore [1] acumnroruueckue popmMysIbL.

Kmouesvie caosa: muddepeHnnaabHbIi oMepaTop, WHAEKCH dedekTa, MyHIaMeHTAJIbHAS CHCTEMa, pelle-
HUR.

Pacemorpum nBy“teHHBIT MUHEUMATBHBIN muddepennmanbhbiii onepatop Lo, mopoxkaenHsbiit B Lo|zg, 00)
b depeHInaIbHBIM BhIPAsKEHUEM

ly =~y + (q(z) + h(z))y, @ € [z;00), w9 >0, (1)
e ¢(z) € CPxg; +00) — byukuus, yaosrersopsiomas yeaopusm Turamapra-Jlesuramna;
a) |g(x)| = +oo upu x — +00;
b) ¢'(z), ¢"(x) ne mensor 3uaK upu gocrarodno Gosnpmom R > 0 yis x| > R;

¢) |¢'(x)| = o (|¢°(x)]) mpu @ € [z0;00), e 0 < ¢ < §.

h(x) — OGBICTPO OCHMILIUPYIOIIAs BEIECTBEHHAST (DYHKIIUI.
B [1] 6buiu mosyuensl acumnrorudeckue GbopMysibl s QyHIAMEHTAJIbHONR CUCTEMbl PElIeHHs] YPABHEHUsI
ly=Xy,tne A€ CuImA #0, upu z — oo

e )

—
Q
—
8
~—
[
o0l

rie
n:/ﬂ<t’)‘)dta (3)

w(z,X) = V/q(x) — A, j=1,2,3,4, ac; — KOpDHI T€TBEPTOIl CTEIEHN U3 €IUHHUIIBL.
IIpu sTom arg i BeIOUpaeTCcs TaK, 9TOOBI OH ObLI HEIPEPHIBHONW QPYHKIHEN OT & U

lim  ar 0, ecmu g(x) > 0;
ortoo TBH = T, ecmm g(z) <O0.
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WccnenoBanme nHIEKCOB TedeEKTa, . . .

B cBoro ouepenn, 51r acuMIToTHIECKIE (DOPMYIIBI IO3BOJIAIOT IOJIYIUTh BaXKHbIE CBEJIEHUsI 00 MHIEKCAX J1e-
dexra MuHNMAIBHOTO Aud depeHnaIbLHOr0 oneparopa L, MOPOXKIEHHOTO MruddepeHITnaIbHBIM BEIPAKEHIEM
(1). Jua uccoepoBanus uHIEKCOB JedeKTa MUHUMAIBLHOIO JuddepeHnuanbHoro oneparopa Ly MbI HOCTYIHM

TaK ke, Kak u B [2; 336].
Jlanee OymeM CIUTATH BBIMOJTHEHHBIM YC/IOBUE

lg(z)] > cxst >0, §>0, ze€ [xg,00), o > 0. (4)

9

Pacemorpum cravasa ciaydaii, korga ¢(z) = |¢(z)| > 0 upu mocrarodno 6ouabmoM xg. Ilomoxkum A = i1, riae
7 — BelecTBeHHOe uncio. Torga npu & — +00

) = VR (1~ gy +0 (Gr5) ) -+ ) ®)

rze o1(1) — BerecrBenHo.
IIpu €1 = 1 u3 (3) crenyet, aro e1pu(z, A) = /|g(z)|(1 4+ o(1)) upu & — +o00. Beibepem o B (3) HACTOIBKO

GoarbIM, ITOOBI TIpH & > X 66110 |0(1)| < &, rme 0 < & < 1. Torya
erp(z, ) > Vla(@)|(1 —¢),

U IOTOMY
T

Re(e1n) = Re / ut, Ndt | > (1 =) / TNt

Y]

Orcroma mpu x > xg
xr

il > la@)| Fexpd (1=2) [ Yla@lat (1~ o). ()

Zo

B cuny ycaosus c¢) Turumapma-Jlesurana

lq(t)]37

[lattae > [laltd e = 25—
xo xo

=clq(x)|*77 + e,

Zo

!
rJie ¢, €1, Co — HEKOTOPbIE MTOCTOSHHBIE U ¢, ¢1 > 0. I[TosTomy u3 (6) 3aKJII04aeM, 4TO
_3 5_
1l > (1= )la(@)| " exp {(1 = &) [ealg(@)| 7 + ea] | = +00

npu & — +o00. CiejioBarenbHo, GYHKIMS ¢y He OyIeT ¢ MHTErPUPYEMbIM KBaJPATOM B HHTEPBAJIE [Tg, +00).
Teneps paccMoTpuM ciaydaii ipu €9 = i. [lpumenss cuosa ¢opmyiy (5), Haxomum

Re(eap) = Re(ip) = /|q(z)| (1+0(1)) = clg(@)| "% (1 +o(1)),

Alq ()|

rjae ¢ = 7.
IIycts 7 > 0, cremoBarensHO, ¢ > 0. Boibepem zg B (3) HACTONBKO GOJBIINM, ITOOBI U T > T( OBLIO

lo(1)] < &, rme 0 < & < 1. Torma u3 (2), (5) u u3 ycaosust (4) nomyuaem

lya|? < |q(x)|_%exp 2/Re(€2,u(t,)\))dt (14+¢)<

xo

< |g(z)| "7 exp 2c(1+a)/|q(t)|-%dt (14¢) <

Zo
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<cx % exp 2c(1+¢) /t_l_%dt (1+4¢) =
o
38

—cx-% exp {2c(1 +e)t 4 |;0} (14+¢) < clx_l_%, T — +00,

rie ¢ > 0, ¢c; > 0 — HeKoTopble TTocTosinubIe. [loaToMy MHTErpaJt

oo
/|y2|2d$
o

cxomures. lpu €4 = —1¢
, 219 [ la()] " ar s
lyal” <lq(z)|"3e w0 <ert T,
TaK 4TO U B ITOM ciydae Yy € Lof[xg,00). Urak, upu Re(es) = Re(ey) = 0 obe dyHkumu yo, ys OymyT ¢
CYMMUPYEMBIMU KBAPATaAMU COIVIACHO YCIOBHIO (4).
IIpoBepum cayuaii upu €3 = —1, 1e. Re(es) < 0. IloBropsis Te Ke pacCyKieHusl, YTO ¥ [PH BBIBOJE

HepaBeHCTBa (6), HalizleM, 9TO B 9TOM Ciydae

< (14 e Fexp -2 -2) [la(oltar p <
o

< (1+9)|g(t)| "% exp —2(1—€>/|q(t)l‘%dt

CiieoBaTe/ibHO,

3

T 1+€ x
2 _3
dt < ——— —2(1— t dt
[l < = e =2 6) [lato)
xo Zo

Zo

D10 BBIparkeHHe B JIIOOOM Cilydae MMeeT KOHEUHbIH mpenes npu ¢ — +o0o. Takum obpasom, npu Re(es) < 0
dbyuxms y3 npuHamexut Lolxg, 00).

Takum 006pa3oM, MBI IOy UMM TPU JTUHEHHO HE3aBUCUMBIX DEIeHNs YPaBHEHUsI [y = Ay, IPUHAJIEKAIITE
Lalxg,00). Orciona JiesiaeM BBIBOJ, 4TO MHIEKCHI jiedpekTa oneparopa Lo ectb (3,3) B ciayvae, korma q(x) =
= |q(z)| > 0 mpm 1OCTATOIHO GOJIBIIOM (.

Teneps paccmorpuM ciydaii, kKorga ¢(z) = —|g(x)| < 0 upu gocrarouno 6osbinom . Torma, nosaras, 4To
A= —ir, v=¢€'t,
Haiiem
T 1
w(z,A) = +Vlg@)|-v|1+ =——+0 ()] (14 01(1)).
( 4Ol [ S O\ P (

Honoxum € = vej, j=1,2,3,4, u obosmaunm uncna €%, j = 1,4, rakum obpasom, 410
Re (}) = Re () > Re (¢}) = Re (g)),
TOIVIA TIOJIYyYUM

2 2 2 2
5/1:£+Z§, Eézg_i, 532_7‘*‘277 52:—7—17

i
2
Paccmorpum ciryuaii, korga Ree) = Reel = @ >0.Ilpn j=1,2

Re()u(x. ) = Re <E;W.y [1+ T_ L0 (q%)ﬂ (1+01(1))> _

8lq ()l
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- (*f ]+ " o) ><1+o<1>>=
= (e V/la@)] + ezlg(@)|~F) (1+ o(1)),

rie ¢q > 0, cg — TOCTOAHHBIE.
Beibepem xo B (3) HACTONIBKO GobIIMM, 9TO0BI IpK & > o ObIO0 |0(1)| < £, rue 0 < & < 1. Torma us (2),
(5) u u3 yeaosug (4) nomydaem

xT

P > la@)|F exp {2 [ Re(elu(t )dr f (1-2) >

Zo

> |q(x)] T exp 2(1 —¢) /(cl\/7+02|q Z) (1—-¢)>

xo
x

> ca” "% exp 2(1 - 5)/ (clt%rg + CQt_l_%) dt 3 (1—¢) =
xo

—cz "% exp {2(1 —¢) (cﬁ%"‘% |io ot % }i())} (1—¢), z— +oo,

rae ¢ > 0, ¢; > 0, co — HEKOTOpDIE MOCTOsIHHBIE. B 1ocienneM BhIPparXKEHNN TOKA3ATEIb SKCIIOHEHTHI CTPEMUATCS
K IUTIOC OECKOHETHOCTH NPHU & — o0. IlosToMy mHTErpaut

o0
/|yj|2dx
zo

pacxomurca. Cienoarensno, npu Ree) = Reel, = ‘[ > 0 dyuxuus y; (j = 1,2) me npunagizexur Lo|xg, 00).
ITposepum cay4aii, korma Reel = Ree) = —% <0.Ilpn j=3,4

Re(eu(x ) = Re <e;. Sla@)] v [1 + 8|;(Tx)‘ +0 (qgix)ﬂ (1+ 01(1))> _

- (—“fv )]+ T;@m(x)ri) (1+0(1)) =
= (~er Vi@ + cala@)] ) (14 0(1)),

rie ¢ > 0, cg — MOCTOAHHBIE.
Beibepem xo B (3) HACTONBKO GobImM, 9TO0BI IpH & > o ObIO0 |0(1)| < &, rue 0 < & < 1. Torma us (2),
(5) u u3 yenosug (4) nosmydaem

T

P < la@)| Fexp {2 [ Re(eju(t )dr f (1+2) <

Zo

<la@)l Fexp {21 +) [ (~er /g + calatt)] F) e p (142 >

Zo
_1-38 148 _1-38
>crT T exp 2(1+e) (—clts T4 cotm T d ) dt p (14¢) =

Zo
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= cx 7% exp {2(1 +e) (—clt§+i io oot T ’io)} (14+¢), z— +4oo,

rae ¢ > 0, ¢; > 0, cg — HEKOTOpPbIe MOCTOAHHDBIE. B mocseineM BbIpaXKeHUN MEPBOE CJIAraeMoe CTEITeHH YKCITO-
HEHTBI CTPEMUTCST K MUHYC OECKOHEYIHOCTH, a BTOPOE CjlaraeMoe — K HYJII0 nmpu & — o0. [losroMmy mHTErpaJt

o0
/ ly, e
zo

cxonures. CrenoBarenbHo, pu Reeh = Ree) = 7@ < 0 dynkuus y;(j = 3,4) opunammexxur Lo[zg, 00).

Takum 06pa3oM, MBI TIOJIYIHJIN CJICIYIONMNA pe3yJabTaT: HHACKCH JedekTa orneparopa Lg, MOPOXKIEHHOTO
nuddepenuaababiM BbipazkerueM (1), ecTb:

a) (3,3), ecim g(x) > 0 upu x — +00;

b) (2,2), ecin q(z) < 0 mpu  — +00.

Aemop swvipasicaem npusnamesvrocmov npogeccopy . T. Cyamanaesy 3G YeHHbLE 3AMELAHUA NPU 0OCYdHC-
denun, pabomol, Yyuem KOmopur cnocobCMEO8aL YAYHWUWEHUIO JGHHOT CMAMbU.
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9. Eckepmecyiibr

Perynspabik emec KoaddurimenTrepi 6ap TOPTIHII peTTi eKi Mymniesi
MUHUMAJLIBI TP epeHnTnaJIIbIK OTIepaTOPAbIH aKAay WHIEKCIH 3epTTey

Makanama Le[zo, 00)-1e, o > 0 ly = —yY + (¢(x) + h(z))y, = € [x0; 00), muddepennmanabk epreriven
TYBIHJAFAH MUHUMAJIJIbI 2KAPTHLIA IIeHeJIMEereH CUHTYJISPJIbIK CAMMETPUSIIBIK, eKimytesi Lo puddepen-
I(MaJIIbIK ONEPATOPBIHBIH aKay UHAEKCTEPl 3epTTesal, MyHIAFsl — ¢ () Keslecl mapTTap/Ibl KAHAFaTTaHIbIPpA-
met: g(z) exi per ysimicciz auddepennmanmanarom byukmus; ¢ (x) xone ¢ (v) bynkmEsiapbr MetinTme
yiked R > 0 ymin x > R Gosranja TaHOGAJIapbIH ©3repTieiiai, corsiMer Karap |¢(x)| — +oo, = — 400,
I’ ()] = o(|¢*(z)]), = € [0, 00, Mynmars 0 < ¢ < 5. maprrape! opbiHIaNab. By maprrapapr 6ipryTac
kyiiiame Turamapm-JleBuran maprTaps! fen aray KaObuimanran, aa h(x) — KburmaM TepbesieTiH KO3bIp-
reiL. Erep  — 400 Gonranna q(z) xone h(z) dyHKuusmapbl KaJabIThl e3repicre 6osca, onga ly = Ay
TeHJEYIH JepJIiK JUArOHAJIBII MATPULAILl auddepeHIMaIIbIK TeHIeyIep XKyHeciHe KeaTipin, COHAH COH
Genrini JIeBUHCOH TeopeMacChIHBIH, KOMETIMEH IIEITiM/IEPiHIH, ACHMITOTUKACHIH KYPyFa OOJATHIHBI OYPBIH-
HaH KaKChl TaHbIC. O3 Ke3erinje, ly = Ay renaeyinin dyHIaMeHTAIBIK IEIiMIep Kyiiec YIIiH KypbLIFaH
ACUMIITOTHKAJIBIK, (hOpMyJiajap OlepaTOpbIHbIH, aKay WHAEKCTEpl TypaJbl, Lo ONepaTopbIHbIH, 63iHe TYy#HiH-
J1eC KEHEATYJIePiHiH camabl CIEKTPAJIIBIK, KACUETTEP] Ty PAJIbl MAHBI3bI AKIIapaT KUHAHIbI. JlerenMeH ochl
YaKBITKA JIefiH peryispiblKTad e3reire Koddduiuenrrepi 6ap, aCUMITOTUKAJIBIK, (DOPMYyJIajaphbl aJIbIHFAH
nuddepeHIaIIBIK OIePATOPIIAP/AbIH, KeH TaparaH KjacTapbl aHbIKTaJIMaraH efi. [1] »KyMmbIcbiHIA pery-
JISPJIBIKTAH e3reine Koaddurmentrepi 6ap ly = \y TeHaeyiniH OyHIAMEHTAIIBIK, MEMTMIep Kyiieci yimiu
ACHUMIITOTHKAJIBIK (hOpMyJIaiap aablHAbL. Bismiy 6yi1 »KyMBICBIMBI3Ia aKay MHIEKCTEPIH 3eprTey yuiH [1]
JKYMBICTA, aJIbIHFAH aCUMIITOTUKAJIBIK, (POPMyJIaiap KOJIIAHBLIAIbI.
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WccnenoBanme nHIEKCOB TedeEKTa, . . .

A Yeskermessuly

Investigation of the deficiency indices of the minimum two-term
fourth-order differential operator with irregular coefficients

This paper investigates the deficiency indices of symmetric singular Nonsemibounded minimum two-term
differential operator Lo generated in La[zo,00),zo > 0, differential expression ly = —y@ 4 (q(z) + h(z))y,
x € [zo;00), which g(z) is satisfies the following conditions: the function g¢(x) is twice continuously
differentiable function; ¢’(x) and ¢”(z) do not change the sign for R > 0 a sufficiently large z > R, as
well as performed |q(z)| — +00, x — 400, |¢'(z)| = o(|g*(z)|) for = € [z, 00, where 0 < ¢ < 2. Taken
together, these conditions are called the terms of the Titchmarsh-Levitan and h(z) is a fast oscillatory
perturbation. It is well known that if the coefficients ¢(z) and h(x) have a regular behavior when x — +oo
then the equation ly = Ay can be reduced to a system of linear differential equations with almost a
diagonal matrix, and then by using the well known Levinson theorem to construct the asymptotic behavior
of solutions. In turn, the asymptotic formulas for the fundamental system of solutions of the equation
ly = Ay contain important information about the defect indices of the operator Lo and on the quality
of the spectral properties of self-adjoint extensions of the operator Lo. In [1] we obtained the asymptotic
formulas for fundamental system of solutions of equations ly = Ay with coefficients different from regular
ones. In this work we used the asymptotic formulas obtained in [1] for investigating defect indices of the
operator Lg.
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The property of independence for Jonsson sets

The studies carried out in this article are connected with the description of model-theoretic properties of
some, generally speaking, incomplete classes of theories that make a subclass of inductive theories. These
theories are well studied both in algebra and in the theory of models. They are called Jonsson’s theories.
To study these theories there is introduced a new research approach, namely: on the submultitudes of a
semantic model of Jonsson’s theory there are separated special multitudes that are, firstly, realizations
of some existential formula, secondly, the closing of the set gives us the basic set of some existentially
closed submodel of the semantic model. Besides, there is developed a technique of studying the central
orbital types. It is well known that the perfect Jonsson theory enough comfortable for model-theoretic
researches. Practically, in the perfect case, we can say that with the help of semantic method, we can give
a specific description of these objects (Jonsson theory and class its existentially closed models). In this
article we will give the notion of forking for fragment of fixing Jonsson theory. The nonforking extensions
will be the «Mfree» ones. Also we considered for the notion of independence many desirable properties like
monotonicity, transitivity, finite basis and symmetry.

Key words: Jonsson’s set, forking, algebraic closure, definable closure, central type, orbital type, independence.

Our research interests are connected with the description of model-theoretic properties of some, generally
speaking, incomplete classes of theories that make a subclass of inductive theories. These theories are well
studied both in algebra and in the theory of models.

As well, we are always dealing with two objects:

1) Jonsson theory [1] and 2) class of its existentially closed models.

It is well known that the perfect Jonsson theory enough comfortable for model-theoretic researches. Practi-
cally, in the perfect case, we can say that with the help of semantic method, we can give a specific description
of these objects (Jonsson theory and class its existentially closed models).

This allows us to assume that it would be interesting to learn how to allocate in an arbitrary theory its
fragment which will Jonsson theory. This approach is not trivial, if only from the fact that any theory set its
universal existential consequences, not necessarily Jonsson theories.

On the other hand, for any theory in some special enrichments can always be achieved firstly Jonsson and
then its perfect. At least this holds for operations such as skulemization and morlization. In both cases, the class
of existentially closed models received Jonsson theories coincides with the class of models of initial theories.

Morlization and skolemization action is applied to the theory under consideration.

This article is invited to the idea of considering a new approach to a a subset of some model, which allows
firstly to expand the semantic aspect, and secondly to try to transfer many of the ideas out of technique the of
complete theories for Jonsson fragments, which in itself generalizes the considered problems.

We make the following agreements:

1. In this project, we consider only perfect Jonsson theory, complete of existential sentences.

2. In this project, we consider only classes existentially closed models of the theories.

3. In case of the structure, it is assumed that the model of some signature.

Naturally, when we speak of arbitrary signature (language) without the theory, item 1) of the above
arrangements is not important.

Let T is Jonsson perfect theory of complete of existential sentences in the language L. We fix its semantic
model C, saturated in a very high power x (in particular x is much greater than the power of language). We
agree that in the future all the considered models M, N, ... of theory T will be existentially closed substructures
high model C power less than «. All considered subsets A, B, C, ... will be subsets of C' power less than «.

Note one more useful fact, if f is the automorphism of structure C', leaving in place all the elements of the
set A, f € Auta(C), then f it obviously transfer to itself each A is definability subset and therefore transforms
to itself and all complete types over A, due to saturation of the semantic model C. Conversely, if ¢,d € C™ then
tp(¢/A) = tp(d/A) if and only if there exists f € Aut4(C) such that f(¢) = d.
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The saturated model complete n-types over A exactly correspond to orbits n elements under automorphisms
fixing A element by element. Since the theory is complete for the existential sentences of language L, it is true
for existential types.

Let L is a language, which from that moment supposed countable. Next, let T" is Jonsson perfect theory of
complete of existential sentences in the language L and its semantic model C'. There remains an agreement sets
and model of theory T are strictly less power than C.

Let A C C. We fix some n > 1 and consider the family Def} of all A — definable subsets power over C™.
We identify this definable subset of C™ and defining its formula ¢(Z, @), where Z,a, @ — tuple elements of A
(two different formulas may define a subset of, but we consider the formula with an accuracy to equivalence in
C' the obvious sense).

The following approach to the definition of a relational structure of some signature, is well known. It allows
to consider only the predicate signatures. For example, in the case of moralization.

Let’s start with a definition of the relational structure of the signature of a Jonsson theory. Defining family
of definable subsets of the structure, we follow the terminology and notation of [2, 1], but in [1], all definitions
are given for complete theories, we will to work with Jonsson theories and their positive generalizations.

The relational structure M = (M, (B;);cr) consists of a (non-empty) set M and subsets (B;)ics of J,,; M™
and each B; is a subset of some M™ n; > 1. Add an additional condition that one of the sets B; is the diagonal
of the set M.

All B; are called atomic subsets M.

Let M = (M, (B;)ic1) — relational structure. We introduce the concept of a family of definable subsets of
structures M, denoted Def(M). It is the least of the family subsets of | J, _, M™ with the following properties.

For each ¢ € I the inclusion B; € Def(M).

The set Def(M) is closed relatively to finite Boolean combinations, i.e. of inclusions A, B C M", A, B €
€ Def(M) C M™, follow that AU B € Def(M),ANB € Def(M) and M™\ A € Def(M). The set Def(M)
is closed relatively Cartesian product, i.e. of inclusions A, B € Def(M) follow that A x B € Def(M). The
set Def(M) is closed relatively to the projection, i.e. if A C M™t™ A € Def(M) m,(A) € Def(M), m,
the projection of the set A on M™, m,(A) € Def(M). The set Def(M) is closed relatively to specialization, i.e.
if A€ Def(M), AC M"* and m € M™ then A(m) = {b € M*(m,b) € A} € Def(M). The set Def(M) is
closed relatively to permutation of coordinates, i.e. if A € Def(M), o — a permutation of the set 1,...,n then
o(A) = {(agq), - @on)) | (a1,...,a,) € A} € Def(A). We now say that S C M™ is the atomic subset if

n>1

S =A{(a1,...,an) € M" | M = p(a1, ..., an, b1, ..., ) }

for some atomic formula ¢(z1, ..., Tn, Tnt1, -, Tntm) and some b € M™. We say that a subset S defined with
parameters b or defined above b.

We now say that D C M™ is definable subset L-structure of M, where there are b € M™ (here b may be
empty) and a formula ©(21, ..., Tn, Tngi1, oy Tntm) such that

D ={(a1,...,an) € M" | M |= p(a1, ..., Qn, b1, ..., by ) }.

If b C B, then we say that D is definable with the parameters of B (or above B) or that D is defined
formula with the parameters of B. Clearly definable sets in this sense — not that other, as Def(M) a relational
structure (M, (A;);cr), which A; taken as a whole all nuclear definable set.

The family Def}} is a Boolean algebra with relative to the usual operations of intersection, union and
complement. Full n-type over A the same ultrafilter in this Boolean algebra. The space above the full n-types,
denoted S,,(A) is the Stone space corresponding to the Boolean algebra Def’. We introduce in S,(A) the
(normal) topology in which the open base of the set (¢(T,a)) = {p € S,(A4) | ¢(T,a) € p}.

We say that the set X — X-defined, if it is definitely some existential formula.

a) The set X is called Jonsson in the theory T if it satisfies the following properties:

X is a — ¥ definability subset of C;

dcl(X) is the universe of some existentially-closed submodels of C

b) The set X is called algebraic Jonsson in the theory T, if it satisfies the following properties:

X is a — definability subset of C;

acl(X) is the universe some existentially-closed submodels of C.
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We consider countable language L and Jonsson perfect theory of complete of existential sentences in language
L and their semantic models C, in this language and other models (classes existentially closed models of the
theories).

If M is model theory of T" and ¢ — a formula language L, then we will use the following notation:

p(M) ={m e M" | M |= p(m)}.

The set S will call 0-definability if it ¢-definability (definable without parameters).

The set of all complete types over A the denoted by S(A), i.e. S(A) =,,>; Sn(A).

Saturated models of Jonsson theory (x — saturation models power k) are uniquely determined by their
power. But they can not exist without a certain set-theoretic assumptions, such as the generalized continuum
hypothesis. On the other hand, there are different ways to avoid set-theoretic problems of this sort. For example,
assume stable or weaken the concept of the semantic model as in [2]. Therefore, we assume that we got rid of
all the issues of the existence of the semantic model.

Further, it is convenient to work within the semantic model C' of Jonsson theory, containing all others.

In the future, any set of parameters A considered in the subset C'. Model M is a subset of C' which is the
universe of existentially closed substructure. This means that any L(M) — existential formula ¢(z), true in C
and performed on some element of M. Formula parameters in the future always belongs to C' and if we write
= le) if C E ¢(0).

Lemma 1. Definable set of D is definable over set A, if and only if it is invariant relatively to all automorphisms
of the model C, leaving in place each element of A. (Let’s call them over automorphisms over A).

It follows that the definable closure dcl(A) of the set A, e.a. the set of all elements of the definable over A,
coincides with the set of elements that are invariant relatively to all automorphisms over A.

The element b contained in the finite A is definability set, called algebraic over A. It follows that the element
b algebraic over A if and only if it has only a finite number of adjoint over A.

The set acl(A) consisting of all elements algebraic over A, will be called the algebraic closure of the set A.

Forking. We give an axiomatic reference forking.

Let M 3 — saturated existentially closed model power k (k enough big cardinal) of Jonsson theory T' ( 3 —
saturation means the saturation relative to existential types). Let A — the class of all subsets M, P — the class
of all 3-types (not necessarily complete), let JNF C P x A — a binary relation. We impose JNF' the following
axiom:

Aziom 1. If (p, A) € JNF, f: A — B — automorphism M, then (f(p), f(A)) € JNF.

Aziom 2. 1f (p, A) € JNF,q Cp, then (¢,A) € JNF.

Agziom 3. 1f AC B C C,pe SY(C), then (p, A) € INF < (p,B) € JNF and (p |~ B,A) € JNF.

Aziom 4. If A C B,dom(p) C B, (p, A) € JNF, then 3¢ € S7(B), p C q and (¢,a) € JNF

Aziom 5. There is a cardinal & such that if AC BCC, pe€ S9(C), (p,A) € JNF then
| {g€S7(C):pC qand (q,a) € INF} |< k.

Aziom 6. There is a cardinal p such that if Vp € P,VA € A, if (p,A) € JNF, then JA; C A,

(] A1 |< p) and p, Ay € JNF.

Aziom 7. If p € S7(A), then (p, A) € JNF.

The classical notion of forking belongs Shelah.

A set of formulas {p(Z,a;) : ¢ < k} are called k — inconsistent for some positive integer k, if every finite
subset p of power k is inconsistent, ie. = —Z(¢(T,a;, A ... A (T, a;,)) for each i1 < ... <ip <k .

Partial type p divided over a set of relative to k € w if there is a formula (7, @) and a sequence (a; : i € w)
such that

1) pF (T, a);

2) tp(a/A) = tp(a;/A) for all i;

3) o{(z,a) : i € w}, k — not jointly.

It is also p divided over A if p divided over A relative to some k. In addition, p fork over A to T, if there
are formulas ¢4 (T, ag), ..., &n (T, @) such that:

OpE Vogign @i (T, @);

(ii) ¢i(T,a;) divided over A for any i.

The following result makes it possible to use all features of forking for complete theories in the class above
in this report Jonsson theories.
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Theorem 1. Let T perfect Jonsson theory of complete for 3 — sentences. Then the following conditions are
equivalent:

e the relation JINF satisfies the axioms 1-7 relative to the theory T7;

e T stable and for allp e P, A€ A ((p,A) € JNF < p not fork over A).

Let T is Jonsson theory, S7(X) is the set of all full n-types over X, joint with T, for all finite n.

We say that Jonsson theory T'is J — A - stable, if for any T existentially closed of model A, for any subset
A of the set A, | X| >\ =| S7(X) |[< A

Theorem 2. Let T'— complete for existential sentences is perfect Jonsson theory, A > w . Then the following
conditions are equivalent:

T — J — A-stably;

T — J — A-stably, where T is center of theory 7.

Definition 1. Suppose that ACB, p € S,,(4), ¢ € Sp(B), and pCq. If RM(q) < RM(p), we say that q is a
forking extension of p and that q forks over A. If RM(q) = RM(p), we say that q is a nonforking extension of p.

Our first goal is to show that nonforking extensions exist.

Theorem 3. (Existence of nonforking extensions) Suppose that p € S,,(A) and ACB.

i) There is ¢ € S, (B) a nonforking extension of p.

ii) There are at most degas(p) nonforking extensions of p in S, (B) and if M is an 3 — Ry — saturated
model with ACM, there are exactly degs(p) nonforking extensions of p in S ,,(M). iii) There is at most one
q € Sp(B), a nonforking extension of p with degy(p) = degar(q). In particular, if degps(p)=1, then p has a
unique nonforking extension in S, (B).

Independence. The nonforking extensions will be the «free» ones.

Forking as in Theorem 1 can be used to give a notion of independence in J — w-stable theories.

Definition 2. We say that @ is independent from B over A if tp(a/A) does not fork over A U B. We write a
a1l B.

This notion of independence has many desirable properties.

Lemma 2 (Monotonicity). If aa 1L 4 B and CCB, thenaa L4 C.

Lemma 8 (Transitivity). a @ 1 4 b,¢ if and only if a@ L4 b and @ Lage

Lemma 4 (Finite Basis). aa L4 B if and only if a@ 1 4 By for all finite B C By.

Lemma 5 (Symmetry). If a@ L 4 b, then b 1 4 @.

Corollary 1. @,b L4 C ifand only ifa L4 C and b Laz C.

Symmetry also gives an easy proof that no type forks when it is extended to the algebraic closure.

Corollary 2. For any @,a L 4 acl(A).
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A .P. Emmkeen

NoHcoHaBIK >KUBIHAAP YIIH TOYyeJICI3OiK KacHheTi

MakaJjiaga »KyprisijireH 3epTrey/iep UHIYKTUBTI TEOPUSHBIH iITKi KJIachl OOJIATHIH, »KAJIIbl aliTKAHIA, TO-
JIBIK, €MeC KJIacTap TEeOPHUsICHIHBIH MOJEJIb/Ii-TeOPETUKAJIBIK KACHEeTTEPiH curarTayMeH OailylaHbICTBI. Byir
Teopusiiap aarebpaja KoHe MOJIEbJIED TEOPUsICHIHIA Ja KEHIHEeH KapacTwIpburraH. MyHmait Teopusiiap
WOHCOHIBIK, e arananbl. Ockl TeOpuUsiIapAbl 3epTTEY VIIIH KaHa 9/IiC-ToClIgep eHriziarex. I/“IOHCOH,JI)IK
TEOPUSTHBIH, CEMaHTHUKAJIBIK MOJIE/IbIEP YKUBIHBIH/IA AWPBIKIIA *KUBIHAAP KapaCcThIPbLIILI, OJiap, OipiHIiIi-
JIeH, KeHOIp 9K3UCTEHITHAIBIK, (DOPMY/IATIAPIBI YKYy3€ere acbly OOJIBIN TaOBLIAIbBI, EKIHITIIEH, KUBIHIAD/IBIH,
TYABIKTAJIYbI 0i3re CeMaHTHUKAJIBIK, MOJIE/IbIH SK3UCTEHIIMAJIbI TYWBIKTAIYBIHBIH, iIITKi MOJIEJIHIH Herisri
KUBIHBIH Oepesii. COHbIMEH KATap OPTaJIbIK OPOUTAJIBIK, TUITEP/Il 36pTTEY VIIIiH TeXHUKa JaMuIbl. Keme
MOHCOH/IBIK, TEOPUSIIAD MOJEJbIi-TEOPETUKAIBIK, 3ePTTEY VIIMH KOJAMIbl eKeHi Kakchl Oesrim. IIpakTn-
Ka JKY3iHJ/Ie KeMeJIIUTIK KaraaiblH/Ia CEMAHTUKAJIBIK, TOCLJI KOMETiMeH YKOFaphl/ia aflThIIFAH HBICAHIAPIbIH

Cepust «Maremaruka». Ne 4(84)/2016 55



A R. Yeshkeev

aHBIKTAMAJIAPBIH Oepe ajaMbI3. IFHM, oslap HOHCOHIBIK TEOPUSIIAP YKOHE OHBIH IK3UCTEHITNOHAJIBI-TYHBIK
MOJEb/Iep KJachl. Bi3aiH FHIIBIMU KBI3BIFYIIBIIBIFBIMBI3, KAINbI AWTKAHA, WHIYKTUBTI TEOPUSIAD/IbIH
imKi KyracTapbl OOJIATBIH TEOPUSIAPIBIH TOJIBIK eMeC KJIaCTapbIH Kefbip MOesIb/ 1i-TeOPETUKAJIBIK, KACUET-
TepMeH CUIaTTayFa OailIaHbICThI. By Teopusitap aarebpajia KoHe MOJEbIIEp TEOPUSICHIHIA KEHIHEH 3ePT-
Tesai. MakaJiaga HOHCOHIBIK, TEOPUSHBIH, (DparMeHTi YIIH (DOPKUHT YFBIMBIH KeTipai. PopkuHr Gosimaca,
OoHJIa KeHelTysiep 60c 6osaapl. CoHbIMEH KaTap 613 TOyeJICI3MiK YFBIMBI VIIIiH TPAH3UTUBTLIIK, MOHOTOHIbI-
JIBIK, Y31TiCCI3/IiK KoHE CUMMETPUSI CUSKTHI KOIITEreH MAaHbI3Abl KACUETTEP/l KaPACTBIP/IbIK.

A .P. Emmkeen

CBoiicTBO HE3aBHCHUMOCTH JJisI MTOHCOHOBCKNX MHOXKECTB

WccnenoBanusi, mpoBeIeHHBIE B CTaThE, CBS3aHBI C OMMCAHUEM TEOPETUKO-MOJETbHBIX CBOMCTB HEKOTOPBIX,
BOODIIIE MOBOPSI, HEIOJIHBIX KJIACCOB TEOPUi, KOTOPBIE SIBJISIIOTCS IIOJKJIACCOM UHJYKTHBHBIX TEOPHUil. DTH
TeOpUH, XOPOIIIO M3ydaeMble U B ajarebpe, U B TEOPUU MOJIEJIEH, HA3BIBAIOTCS MWOHCOHOBCKUMU. JIjist m3y-
YEHUsl ITUX TEOPUN BBOAMTCS HOBBIN IOIXOJ UCCJIEIOBAHUS. A UMEHHO, HA TOAMHOMXKECTBAX CEMAHTUYE-
CKOI1 MOJIe/I IOHCOHOBCKO TEOPHHU BBIJIEJISIOTCA 0COOble MHOXKECTBA, KOTOPBIE SIBJISIOTCS, BO-IIEPBBIX, Pe-
aTU3aIUSIMA HEKOTOPON 3K3UCTEHITUATLHON (POPMYJIbI, BO-BTOPBIX, 3aMbIKAHUE TUX MHOYKECTB JAeT HAM
OCHOBHOE MHOYKECTBO HEKOTOPOH SK3UCTEHIMAIBHO 3aMKHYTON IMOIMOIEIN CEMAaHTHIeCcKoi mojenn. [lo-
MEMO 3TOT'O Pa3BUBAETCA TEXHUKA JJIs M3YUEeHUs IEHTPAJbHBIX OPOMTAIBHBIX THUIIOB. XOPOIIO HU3BECTHO,
9TO COBEpIINEHHbIE HOHCOHOBCKUE TEOPUM JOCTATOYHO YAOOHBI JIJIsi TEOPETUKO-MOJIETBHBIX HUCC/IEIOBAHUIA.
IIpakTuaeckn, B ciaydae COBEPITEHHOCTH, MBI MOYKEM YTBEDK/IATh, YTO C IIOMOIIHIO CEMAHTUIECKOTO Me-
TOJIA JAeTCsl OIPEIEIEHHOE OIMCAHME YKA3AHHBIX BBIIIE OOBEKTOB (HOHCOHOBCKOM TEOPHH M KJIACCOM ee
9K3UCTEHINAIBHO-3aMKHY ThIX Mo/leJeil). B aroit crarbe paccmorpens! nonsiTust hbopKuHra st bparMenTa
bukcupyeMoit TOHCOHOBCKOI TE€OpUM MW HE3aBUCHMOCTH, a TAKXK€ MHOTHE TOJIE3HBbIE CBOWMCTBA, TAKWE KaK
TPaH3UTUBHOCTb, MOHOTOHHOCTb, HEIIPEPBIBHOCTb M CUMMETPHU.
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Some properties of Morly rank over Jonsson sets

This article introduced and discussed the concepts of minimal Jonsson sets and respectively strongly
minimal Jonsson sets. On this basis, it introduces the concept of the independence of special subsets
of existentially closed submodel of the semantic model. The notion of independence leads to the concept
of basis and then we have an analogue of the Jonsson theorem on uncountable categorical. The concept of
strongly minimal, as for sets and so for theories played a decisive role in obtaining results on the description
of uncountable - categorical theories. It is well known that Jonsson Theories are a natural subclass of
the broad class of theories, as a class of inductive theories. As is known, the basic examples theories of
algebra are examples of inductive theories, and they tend to represent an example of incomplete theories.
This modern apparatus of Model Theory developed mainly for complete theories, so nowadays technique
studying incomplete theories noticeable poorer than for complete theories. Thus, all of the above says that
the study of model-theoretic properties Jonsson theories is an actual problem. This article describes the
basic properties of the Morley rank over Jonsson subsets of semantic model for some Jonsson theory.

Key words: Jonsson theory, Jonsson set, fragment of Jonsson sets, lattice existential formulas of Jonsson
theory.

This article is devoted to the study of the concept Jonsson sets and its application. The concept of Jonsson
sets defined in [1] and further results were obtained, which were presented in [2—4].

The concept of strongly minimal, as for sets and so for theories played a decisive role in obtaining results
on the description of uncountable — categorical theories in [5].

It is well known that Jonsson Theories are a natural subclass of the broad class of theories, as a class of
inductive theories. As is known, the basic examples theories of algebra are examples of inductive theories, and
they tend to represent an example of incomplete theories. This modern apparatus of Model Theory developed
mainly for complete theories, so nowadays technique studying incomplete theories noticeable poorer than for
complete theories.

On the one hand Jonsson conditions — a natural algebraic demands that emerge in the study of a broad
class of algebras.

On the other hand natural examples Jonsson theories enough, for example, the theory of Boolean algebras,
Abelian groups, fields of fixed characteristics, polygons, and so on. These examples are important, as in algebra,
and in different areas of mathematics. As can be seen from the following is a list of the scope of the technique
developed for studying Jonsson theories can be quite broad.

Thus, all of the above says that the study of model-theoretic properties Jonsson theories is an actual problem.

From the experience of the study of inductive theory [6], it follows that Jonsson theory, as a subclass of
inductive theories are such a part in which there are certain methods of investigation incomplete theories, namely
the properties of the transfer method of the first order center of Jonsson theories itself Jonsson theories. This
method, and on research in the study Jonsson theories and unrelated to the material in this article, we refer
the reader to the following sources [7-10].

As noted above, the basic technique associated with more subtle methods of researches of behavior elements
of the model, refers to the prerogative of technology study complete theories. Therefore, even just trying to
find a generalization of the standard terms of arsenal full of theories, we may come across either a tautology
or a concept, which is technically not justified. Therefore, it was proposed and Jonsson set. Recall the basic
definitions of [1], which are connected with these sets.

Let there be given an arbitary language L.

The theory T is called Jonsson if it satisfies the following conditions:

1) Theory T has an infinite models;

2) Theory T is inductive;

3) Theory T admits JEP;
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4) Theory T admits AP.

Jonsson theory T is called a perfect theory, if the semantic model is saturated.

Let T' — Jonsson perfect theory is full for existential sentences in the language L and its semantic model is .

We say that the set X — 3-defined, if it is definitely some existential formula.

a) The set X is called Jonsson in the theory T if it satisfies the following properties:

e X is a — Y definability subset of C;

e dcl(X) is the universe of some existentially-closed submodels of C;

b) The set X is called algebraic Jonsson in the theory T, if it satisfies the following properties:

e X is a — definability subset of C;

e acl(X) is the universe of some existentially-closed submodels of C.

The definition sets Jonsson can see that they are arranged very simply in the sense of Morley rank [1].
It turns out that the elements of the set-theoretic difference (wells) closing and the set have rank 0; they are
algebraic. So, this is a case where we can work with the elements even in the case of incomplete.

The second useful moment of this definition of Jonsson set is that we are closing this set just get some
existentially closed model. This in turn gives us firstly to identify Jonsson fragment in the set under consideration
and in principle any theory.

At the moment, well enough studied are the perfect Jonsson theories. For them, was proved the criterion of
perfectly [7] that allowed to obtain many model-theoretic facts about Jonsson theory and its center. There is a
full description of how these theories center and classes of models.

If the case study of complete theories we are mainly dealing with two objects, it herself theory of its models
in the case study of Jonsson theory we as models consider the class of existentially closed models of the theory,
as well as an additional condition is a certain completeness of this theory in a logical sense.

At least, this theory must be existentially complete.

We give a definition Jonsson fragment. We say that all the V3 — investigation of any theory create Jonsson
fragment of this theory, if the deductive closure of these V3 — consequences are Jonsson theories.

Due to the fact that this is not always true, it would be interesting to be able to allocate in an arbitrary
theory a part that will Jonsson theory. This problem takes place if only because of the fact that any theory
morlization us it provides, moreover, the resulting theory is perfect [6].

Another way is the use of the fact that any countable model of inductive theory necessarily isomorphic to
invest in some existentially closed model of the theory [6]. Then we consider all V3 — sentences true in this
model.

Then in the case Jonsson theory is well known fact that V3 — sentences are true in the existentially
closed model form the Jonsson theories. Otherwise, at the moment apart from enriching the signature (in
case skolemization morlezation and [6]), we have no way to reach Jonsson theory.

To study the behavior of elements in case wells Jonsson sets, we can always see V3 - sentences is true in
the above closures Jonsson set. In By the above, in this case, that consideration of the set of suggestions will
Jonsson theory.

Obtained in this case will be called a theory Jonsson fragment corresponding Jonsson set. It is clear that we
can carry out research Jonsson fragments about the connection to the original theory that the new formulation
of the problem is the study of Jonsson’s theory.

The main objective of this article is the following problem:

Recall that Jonsson theory T has a semantic model of high power enough. If this model is saturated, this
Jonsson theory is called perfect. Semantic models of perfect Jonsson theory uniquely determined by their power.

Furthermore, since we are dealing with a perfect Jonsson theories, it is convenient for us to work within
a large semantic existentially closed model containing all other existentially closed model considered perfect
Jonsson theory. We call this model of universal existential area.

It can also be characterized by the following conditions.

1. Each model of this theory is isomorphic to put in €.

2. Every isomorphism between the two submodels extends to an automorphism of model €.

We will not consider all the subsets, and only a subset of the Jonsson.

For any ¥ — definable subsets of semantic model we have, the following result.

Lemma 1. ¥ — definable subset of the semantic model is definable over a set of parameters A semantic model
if and only if it is invariant under all automorphisms of the model €, leaving in place each element of A.

It follows that the definable closure dcl(A) of Jonsson sets A, i.e, the set of all elements, definable over A,
coincide with the set elements that are invariant relatively all automorphisms over A.

58 Bectnuk Kaparanmurckoro yuusepcurera



Some properties of Morly rank ...

From Lemma 1 it follows that the element b is algebraic over A if and only if it has only a finite number of
conjugates over A.

We define the rank of Morley for existentially definable subsets of the semantic model.

We want to assign to each ¥ — is definable subset D of the semantic model ordinal number (or, perhaps, -1
or o0) — its rank Morley, denoted by M R.

First, we define relation M R(ID) > « by recursion on the ordinal «.

Let T is perfect Jonsson theory, C-its semantic model. D is a definable subset of C.

Definition 1:

~MR(D) > 0 if and only if D is empty;

~-MR(D) > X if and only if MR(D) > « for all a < A ( A- the limiting ordinal);

~MR(D) > X if and only if D exists an infinite family (ID;) disjoint ¥ definable subsets, such that

MR[(D);] > A for all s.

Then Morley rank of class D is M R(D) = sup{a|MR(D) > a}.

Moreover, we assume that M R(0) = —1 and M R(D) = oo if 48 / for all « (in the latter case we say that D
has not rank).

Note that 3 — definable class has rank -1 if it is empty; rank 0 if it is finite; rank 1 if it is infinite, but does
not contain an infinite family of disjoint infinite ¥ — definable classes.

Lemma 2. The relation M R(D; UDs) = max(MR(D;), M R(Ds) is true.

Definition 2. The degree of Morley Md(ID) Jonsson subset D of semantic nodel having Morley rank « is the
maximum length d of its decomposition D = D; U ... UDy into disjoint existentially definable subsets of rank «.

In the case of rank 0 degree existentially definable subset D is a simply a number of its elements. If
existentially definable subset has not rank, it is not determined the degree of Morley.

Consider Jonsson minimal sets. Then under the structure of the model refers to the signature of model or
of the language L under consideration Jonsson theory.

Let M is the structure, and let D C M™ the infinite ¥ - defining subset. We say that D is minimal in M if
any for the 3 - defining Y C D either Y is finite or D/Y is finite. If ¢(7,@) is a formula that determines the D,
then we can also say that ¢(7,a) is minimal.

We say that D and ¢ are Jonsson strongly minimal, if ¢ is minimal any existentially closed extensions N of
M.

We say that theory T is Jonsson strongly minimal if VM € Er ; M is Jonsson strongly minimal. Consider
the example of the algebraic closure of a few Jonsson strongly minimal theories.

If K is an algebraically closed field and A C K , then acl(A) is algebraically closed subfield generated.

The following properties of the algebraic closure true for any algebraically Jonsson set D

If A C B, then acl(A) C acl(B).

If a € acl(A) then a € acl(Ap) for some finite Ay C A.

A more subtle property is true if D is Jonsson strongly minimal.

Lemma about a replacement. Suppose that D is a subset of the semantic model of the theory and it Jonsson
strongly minimal A C D and a,b € D. If a € acl(AU {b}) \ acl(A), then b € acl(AU{a}).

Remark. Jonsson strongly minimal set is existentially definable subset of the semantic model of the theory
of rank 1 and degree 1 in the sense of Morley.

Definition 3:

1. Jonsson Theories T is Jonsson totally transcendence, if every existentially definable subset of its semantic
model has Morley rank.

2. Theory T is Jonsson w-stable if the number of existential types is countable for every countable subset A
of semantic model.

Theorem. Jonsson theory T' is Jonsson totally transcendence, if and only if it is Jonsson w - stably.

Lemma 3. Let a and b are an arbitary elements of the semantic model. If the element b algebraically over A
and a, where A is existentially definable subset of the semantic model, then MR(b/A) < MR(a/A).

Corollary 1. Let M — some w-saturated existentially closed submodel semantic model, ¢ some L(M) —
formula rank « and degree d in Morley. Then we can expand ¢ on L(M) — formulae ¢, ..., o, of rank a and
degree 1.

Anyway Jonsson strongly minimal set, we can define the concept of independence, which generalizes linear
independence in vector spaces and algebraic independence of algebraically closed fields.
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We fix M and D is Jonsson strongly minimal set in M existentally closed under the model semantic model
of Jonsson theory T

Definition 4. We say that A C D independently if o ¢ acl(A{a}) for alla € A . If C C D we say that A
independently over C, if a ¢ acl(C U A{a}) for all a € A.

We show that the endless independent sets are sets of indistinguishable elements.

Lemma 4. Suppose T is Jonsson strongly minimal theory and ¢(v) is Jonsson strongly minimal formula
with parameters from A, where either A # ) or A C My where My E Er,.Mgp <1 M and My <1 N. If
a,...,a, € ¢(M) independent over A and by, ...,b, € ¢(IN) are independent over A, then complete existential
types tpM(@/A), tp™ (b/A) are equal.

Corollary 2. f M,N =T , and ¢(v) as indicated above, B is an infinite subset ¢(M) independent over A
and C is an infinite subset ¢(N') independent over A, then B and C are indistinguishable infinite sets of the
same type over A.

Therefore, power is the only way to distinguish independent subset D.

Definition 5. We say that A is the basis for Y C D if A C Y independent and when acl(A) = acl(Y).

It is obvious that any maximal independent subset of Y is a basis for Y. Just as in the vector spaces and
algebraically closed fields, any two bases have the same capacity.
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A .P. Emikeesn

ToHCOHABIK, >KUBIHAAPAbIH imingeri Mopim panriniy keil6ip
KacuerTepi

Maxkasiajia HOHCOHIBIK, *KUBIHIAP YFBIMbBI €HTI3IIreH KoHe KapacThipblLiraH. OChl HEri3le CeMaHTUKAJIBIK,
MO/IEJIB/IiH, SK3UCTEHIMOHAIIbI TYUDIK, iK1 MOJIEJIIHIH ToyeJICi3 apHAMbI 1IIKi »KUBIHIAPBI YFBIMBI €HT131/111.
ToyeJicizaik yreIMbI 6a3UC YFBIMBIHA AJIBII KeJIel YKoHe opi Kapaii 613 caHaJbIMCBI3 Y31/ i-Keciareniri Ty-
paJibl TEOPEMAHBIH MOHCOHJIBIK, aHAJOTIH KapacThIPABLIK. KaTTbhl MUHUMAJIIBl YFBIMbI CAHAJIBIMCHI3-Y31/11i-
KeCUITeHIIr TeopUusaIapAblH CUIATTAYBIHBIH HOTHXKECIH ajIy VIIH TeopusaIap CUAKTBI KUBIHJIAD YIIIH Jie
VIIKEH POJI ATKAPAbL. VIOHCOHIBIK TEOPUAIAp NHIYKTUBTI TEOPUAIAP KJIACH CUSAKTHI TEOPHSHBIH KEH Kila-
cbl OOJIATBIH KOiMri ki KyracThl kepcereTini Gesrisi. Bisre asrebpa TeOpHsICHIHBIE HETi3ri MbBICAJIAPHI
6enrini. Osap MHAYKTUBTI TeOpUsTAPILIH, MBICAIIAPHI 1a O0JTa ajIa bl XKOHE eperke OOMBIHINA 0JIAp TOJIBIK,
eMecC TeopusiIapablH, Mbicaaaapbl. COHBIMEH KaTap MOJIE/bIEP TEOPHUSICHIHBIH, Ka3ipri 3epTTey ammapaThbl
TOJIBIK, TEOPUsLJIap VIIiH JaMbIFaH, COHJIBIKTAH OYTIHI TaHIa TOJIBIK TeOpHUsiIapFa KaparaH/a, TOJIBIK eMec
TeopusIapAbl 3epPTTEY TEXHUKACHI AHAFYPJIBIM KeM JaMbIFaH. SIFHU, *KOFaphbl alTKaHIApAaH HOHCOHIIBIK
TEOPUSIHBIH, MOJIEJIb/Ii-TEOPETUKAJIBIK KACHETTEPIH OKY ©3eKTi Mocese OoJbIn TabbLIaabl. Makajaaga Kei-
Oip MOHCOHJIBIK TEOPUsIAP YIIH HOHCOHJIBIK IIMIKi >KUBIHIAP/IBIH CEMAaHTUKAJIBIK, MOETbaepi MeH Mopiun
PaHTiHIH Heri3ri KacueTTepi CUMATTAJIbI.

A .P. Emikeesn

HexkoTopsblie cBoiicTBa panra MopJu HaJd HTOHCOHOBCKUMU
MHOYKeCTBaMU

B craTbe BBeseHBI M pacCMOTPEHBI MOHATHS «HOHCOHOBCKHE MHOXKECTBA» U, COTBETCTBEHHO <«CHJIBHO MHU-
HUMaJIbHbIE HOHCOHOBCKHME MHOXKECTBa». Ha 3TOl OCHOBE BBEJEHO IOHSTHE HE3ABUCUMOCTU CIICIMAJIbLHBIX
IMOJIMHOYKECTB 9K3UCTEHITUAILHO 3aMKHYTOHN IOJMOJIEN ceMaHTu4IYecKoil moenu. [lonsarue HezaBucumMocTn
MPUBOJIAT K MOHATHUIO 6a3uca, U Jlajiee Mbl IMEEM HOHCOHOBCKUI aHAJIOI TEOPEMBI O HECUETHOMN KATErOpUU-
voctu. [loHATHE CHIBLHON MUHMMAJIHLHOCTH, KaK JIJIsSi MHOXKECTB, TaK U JJis TEOPHUil, CHIPAJIO PEIIAOILyI0
pOJIb TIpU TIOJIYYEHUU Pe3yJIbTaTa 00 ONMMCAHWHU HECYETHO-KATErOPUIHBIX TeOphil. XOPOIIO U3BECTHO, |UTO
HOHCOHOBCKHE TEOPUH TIPECTABJISIIOT COOOI €CTeCTBEHHBIN MOIKIACC TAKOTO MIUPOKOr0 KJIaCCa TEOPUil, Kak
KJIaCC MHIYKTUBHBIX Teopuil. Kak m3BEeCTHO, OCHOBHBIE MPUMEPHI TEOPHUil ajaredp SIBISIOTCS TPUMEpPAMU
WHIyKTUBHBIX TEOPHUil, U OHU, KaK IPABUJIO, IIPEJCTABJIAIOT IPUMED HENOJIHbIX Teopuit. IIpu sTom coBpe-
MEHHBIU alllapaT TeOPUU MoZeJsiell pa3BUBAJICS B OCHOBHOM JIJId IIOJIHBIX T€OPHUU, IO9TOMY Ha CErONHSIITHUN
JIeHb TEXHUKA, U3yJI€HUsI HETIOJTHBIX TeOpuil 3aMeTHO Oe/iHee, YeM [Tl OJTHBIX Teopuit. Takum o6pa3om, BCE
CKa3aHHOE BBIIIIe TOBOPUT O TOM, UTO U3yUYeHNE TeOPETUKO-MO/IEJIbHBIX CBOMCTB HOHCOHOBCKUX TEOPUil ABJIs-
eTCsl aKTyaJIbHOU 3a/iadeil. DTa CTaThbsl OMUCHIBAET OCHOBHBIE CBOMCTBa paHra Mop/u HaJ HOHCOHOBCKUMU
OOJIMHOX>KECTBAMU CEMAaHTUYECKOU MOJIEJIN JJisi HEKOTOPBIX MOHCOHOBCKUX TEOPUM.
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Hpe,ZLCTaB.TIeHI/Iﬂ n CIljieTeHu:A 1mM-rpyIiiibl

m-I'pynna ecrs napa (G, «), rme G — pemeTodHo ynopsiiodeHHas rpynna (f-rpymnma) 1 . ecTb yObiBa-
ommit apromopdusm 2-ro nopsigka G. B craTbe mosyueHo onmcaHme m-TPAH3UTUBHBIX MTPEICTABICHUN
NPOU3BOJIbHOM M-rpymnbl. Halijenbl HeoOXouMble U JOCTATOYHBbIE YCJIOBHUS TOTO, YTO M-TPYIIA JOILyC-
KaeT TOYHOE M-TPaH3UTUBHOE IIpeJicTaByieHne. V3ydeHo cTpoeHue peleTky KOHIPYIHIH [IPOU3BOJILHOIO
M-TPAH3UTUBHOTO IPEJICTABJIEHUS, BBEJIEHBI TTOHSITHUS 1M-2-TPAH3UTUBHOTO W M-IIPUMUTUBHOTO TIPEJICTaB-
stennii. [Tosty4yeHo onucanue m-TpaH3UTUBHBIX TPUMUTHUBHBIX IIPEJICTABICHUI B TEDMUHAX CTAOUIN3aTOPOB.
VKazaHbl HEOOXOMMBIE U JJOCTATOYHBIE YCJIOBUS M-2-TPAH3UTUBHOCTH U M3yY€Hbl HEKOTOPBIE CBONCTBA, Ta-
KHX TIpejicTaBiieHnii. Kpome TOTro, BBEIEHO MOHSITHE CILIETEHUsS M-TPYMII MOJCTAHOBOK W JIOKA3aHO, UTO
M-TPAH3UTUBHAS TPYIIA MOJACTAHOBOK BJIOXKMMA B CIUIETEHHE IOJAXOISAIIUX M-TPAH3UTUBHBIX 1M-TPYIII
mosicTaHOBOK. Kak cjiecrBue, yCTaHOBJIEHO, YTO IPOU3BOJIBHAS M-TPAH3UTUBHAS IPYIIa U3 IIPOU3BEIe-
HUSI JIBYX MHOTOOOpa3nii M-TPYyIIl BJIOXKUMA B CIIETEHHE TOIXOISIINX M-TPAH3UTUBHBIX T'PYII U3 ITUX
MHOT00Opa3Hii.

Karouesvie caosa: m-rpylia, npecTaBieHne, KOHIPY9HIMs, CIJIeTeHHe.
Besederue

HamomHuIM OCHOBHBIE TIOHATHS TEOPUM PEIIETOYHO YIOPSAIOYEHHBIX I'PYII U IPYIII MOHOTOHHBIX IIOZCTa-
HOBOK. PereTouHo yrnopsijouenHas rpynmna (f-rpymma) — 910 anrebpandeckasi cucreMa (G CUTHATYDBL.
Janee msydaroTcss TOMHKO (TOYHBIE) M-TPaH3UTHBHbLIC MpejcTasienns [ =< -, ! e V,A >, coBMmemiaiomue
B cebe CTPYKTYPBI IPYIILI U PEIIETKH, CBI3aHHbIE €CTECTBEHHBIMUA COOTHOIIEHUSIMU

z(uVo)y =zuy Vavy; z(uAv)y = zuy A xvy.

CornacHo [1] M-TPYIIION HA3bIBAETCS ajredpamdeckas cucrema (G CUTHATYDPBI m =< -,’1, e,V,\, « >
Takas, 1ro < G, -, _1, e, V, N > sBisercs (-TpymIoii, a OJHOMECTHAas OIepaIys , 33aJaeT aBTOMODPMU3M
rpynnsl < G, -, _1, e > nopsyyika 2 u aarTuapromopdusm pemerku < G, V, A >, T.e. , B3aUMHO OJHO3HAYHO

orobpazkaer (G Ha cebst, IpUIEM BBITOJTHSIOTCS COOTHOIIECHUS
(@y)e =2y, (@) =2, @VY) =T AYs, (@AY =T Vs

B pmaabHeleM , Ha3bIBaeM PeBEPCUBHBIM aBTOMOPGU3MOM {-rpynmubl G BTOPOro Iopaaka u m-rpymiry G
¢ PUKCHPOBAHHBIM PEBEPCUBHBIM aBTOMOD(MU3MOM . 3ammchbiBaeM Kak napy (G, ). Kmace M Bcex m-rpymn
obpaszyer MHOrooGpasue CUrHaTyphl m. MHOKecTBO Becex MHOroobpasuii m-rpyun M sBjsgeTcs 9acTUIHO yIOPs-
JIOYEHHBIM MHO?KECTBOM OTHOCHTEJIHHO TEOPETUKO-MHOKECTBEHHOTO BKJIIOUeHns. Bosee Toro, M ecTh pemerka
OTHOCHTEIBHO €CTECTBEHHO OIPEIEe/ICHHBIX ONepalyil IepecedeHus W OObeIUHEHUs MHOTOOODPA3Hil M-I'PYIIL
Kak n B ciiydae pemerodHo yIopsaI09eHHBIX IPYII, TEOPH IPEJCTABJICHAN W CIIETEHUH TPy MOHOTOHHBIX
MOJICTAHOBOK OKa3bIBAETCst 9O (DEKTUBHLIM HHCTPYMEHTOM M3ydeHus pemerku M.

IIycrhb £ — HEeKOTOPOEe JIMHEHHO YHOPAJ0YeHHOe MHOXKECTEO U @ — PEBEePCUBHBIN aBTOMOP(U3M 2-T0 MOpsiJI-
Ka €, T. e. 151 TIOOBIX w, w’ € O BepHO ((w)a)a =wnw < W' & (w)a > (W')a. Yepes Aut(§) o6o3HaMM rpyIILY
(oTHOCUTEIBHO CYIEPIIO3UIIUN) BCEX HOPAAKOBBIX 110ACTaHoBOK (2. I'pynma Aut(2) moxker GbITH IpeBpalieHa B
M-TPYIILY, €CJIU OIlEPAIUs , 3aAETCs IPU IIOMOIIM PABEHCTBA ¢, = aga 1 Besdkoro g € Aut(Q)). Crangapt-
HO, npedcmasaeruem m-zpynnovs (G, ) TOPAIKOBBIMY MOJACTAHOBKAMHE JINHEHHO YIIOPSIOYEHHOIO MHOXKeCTBa, )
stBsisiercst m-romomMopdusM v : G — Aut(Q). Dror daxr sanucsBaem B Buje ((G)v, Q,a). Ecan v ecth nsoMop-
dbusm, TO npejcTaBIeHNe HA3bIBaeTC Moukbim 1 Torga mmmeM (G, 2, a). OrmernM [2], uro Beskas m-rpyiia
JIOIYCKAET TOYHOE IIPEJICTABJICHAE ITOPSAIKOBLIMA HOJCTAHOBKAMHE MOAXOISIIErO JUHEHHO YIOPSTOYeHHOTO MHO-
JKECTBA.

Cepust «Maremarukas. Ne 4(84)/2016 63



A .B. 3enkos

Ipexncrapienne ((G)v, 2, a) HA30BEM M-MPAH3UMUBHbIM, €CITU JJI BCeX w,w’ € (), OBITh MOXKET 3a UCKJIIO-
YeHMeM TOYKH 0, cyiectByer takoil € G, = gr.((G)v,a), uro (w)x = w'( 31ech 0 — TouKa (), HEMOABUKHAS
OTHOCUTEBHO neiicTus a). Ppasa «ObITH MOKET 34 UCKJIIOYEHNEM TOUKH 0» O3HAYAET, ITO O MCKJIIOIAETC U3
paccMoTpeHust, ecau ee crabuiuzarop Stg(o) = G.

Jannag paGora gBJsteTcss 0630pOM PE3YJILTATOB, IIOJYYEHHBIX [IPH U3yICHUU 1M-TPAH3UTUBHBIX IIPEJICTAB-
JIeHU# ¥ CBA3aHHBIX C 3TUM BOIIPOCOM CILUICTEHHUl W MHOT006pasuil m-rpyiil.

Kak obwrano, [z,y] = 27ty oy, |z|=2xVz~!, x> y o3Hauaer, 4TO 3J€MEHTHI T,y APXUMEIOBO HESKBHBA-
JIEHTHBIL, T.€. |z| > |y|™ myst mo6oro HATYpaIBHOTO YUCIa N. BRIpaskenne T ~ ¢ UCTOIB3YeM, €CITH 3JIEMEHTHI T, Y
apXnMeI0BO SKBUBAJEHTHBI. Beioay B pabore N, Z 0003HATAIOT MHOXKECTBA HATYPAJILHBIX W IIEJIBIX UHUCETT CO-
OTBETCTBEHHO; R — €CTeCTBEHHO JIMHEWHO YIOPSIOUEHHOE MHOYKECTBO JIEHCTBUTENBHBIX Ynces. depes vary, (K)
0603HAMaeM MHOI006pa3ue m-Ipyiil, HOPoXKIeHHOe KaaccoM m-rpym K.

Bce HeoOXOmUMbIe CBeIeHUs II0 TeOPHU TPYIII U PEIeTOYHO YIOPAIOYCHHBIX TPy MOXKHO HAHTH B KHUTAX
[3, 4] coorBercTBeHHO.

§1 Ilpedcmasaenus u KoH2PYIHUUL

ycrs (G,. ) — npoussBosbHas m-rpyuma u V — ee BbliyKias (-noarpynna. Kak o6brano, gyepes R(G : V)
0003HAYMM MHOYXKECTBO IIPABBIX CMEXKHBIX KJ1accoB {-rpynnbl G 10 ee BBIMYKJIOH (-momrpye V' ¢ mopsakoM:
Va < Vy Torma m ToabKo TOTma, Korma va < ¥y Jjs Hekoroporo v € V. Eciu maHublil MOPSIOK JUHEEH, TO
V maseBaercst cnpamasowet. Cremyromasi Teopema, JoKas3aHHasi B [5], JaeT HEOOXOIUMBIE U JTOCTATOTHBIE
YCJIOBHUS CYIECTBOBAHUS M-TPAHZUTUBHOIO IIPEJCTABJICHUS] B TEPMUHAX CHPAMJISIONIAX [TOAIPYIILL.

Teopema 1.1. Ilycrs (G4 ) — m-rpymna u V — ee cupsmisiionias {-noarpymma. Torga cymecTByeT JuHEHHO
YIOPAZ09IEHHOE MHOXKECTBO, onpedeasemoe V, TaKoe, 9TO TPYIIA JOMYCKAET M-TPAH3UTUBHOE MPEICTABIEHUE
[IOJICTAHOBKAMHU 9TOr0 MHOXKecTBa. OOpaTHO: JIsi BCAKOrO m-TpaH3uTuBHOro npexacrasienus ((G)v,€Q, a) naii-
JIeTCsl CIpsMIIAomas f-roarpynna V, onpenesstomast ).

OrMeruM, 9TO JOKA3aTEJbCTBO STOW TEOPEMBI YKa3bIBAET CIIOCOOBI IMOCTPOEHUS M-TPAH3UTUBHBIX IIPE/I-
crapyienuii. PaccMoTpuM Tenepb BOIPOC O CYNIECTBOBAHUE TOYHBIX 1M-TPAH3UTUBHBLIX IIPEJICTABICHUN. BhImyk-
gag (-noarpyuma V' m-rpymust (G, ) HasbiBaeTcs npedcmagastouiet, ecaun V. — CHpsIMIISIONAg U HE COIEPKUT
HEEIMHUIHBIX 1M-UJIEAJI0B.

Teopema 1.2. Ilpoussosbaas m-rpynna (G,, ) JOIyCKaeT TOUYHOE M-TPAH3UTUBHOE [IPEJICTABJIEHNE TOTA U
TOJIBKO TOTJIA, KOl OHA COJEPIKUT MPEJICTABIISAIONLYIO {-TIOAIPYIIILY.

Kak o6brano, neenuauanag m-rpynna (G, ) Ha3bIBAETCA NOONPAMO M -HEPASAOHCUMOT, €CIIU IEPECeICHIEe
BCEX €€ HeeIUHWIHBIX 1M-UIEaJ0B OTIMIHO OT €UHUIBL.

Caedemeue 1.3. Iopnpsivo uepaszioxumas m-rpynna (G, ) JIOMyCKaeT TOIHOE M-TPAH3UTUBHOE IPEICTaB-
JIEHUE.

Caedcmesue 1.4. Beskoe mHoroobpasme m-rpyrin HOPOXKIAETCS M-TPYHIAMH, JTOIYCKAIOIMUMA TOYHOE M-
TPaH3UTUBHOE [IPEJICTABJICHUE.

Hasee usyuaiorcss TOJBKO (TOYHBIE) M-TPaH3UTUBHBIE mpeicrasienud. Pacemorpum (G, Q,a). Ilycrs
L={weQ| (wa>w},R={{)a|l € L} uo— Henoasuzxkuasi, OTHOCUTEJILHO a, TOYKa (). OTMeTHM, YTO
CYIIECTBYIOT NPEJICTABIEHNUS, KAK COJEPKAIie HEMOABIKHYIO TOUYKY, TaK U HE COJEpXKAIIue TakoBoi. MHoxke-
cro ) mpencrasumo B Buge ) = L{J{o}*UR, e € = 1, ecsin HemojiBuKHasl TOYKa CyliecTByeT, n € = 0 B
nporuBHOM ciry4dae. CTaHIapTHO, OTHOIIIEHNE SKBUBaIeHTHOCTH O, ompenesienHoe Ha {2, OyjeM HA3bIBaATh OTHO-
IIIEHAEM M -IKEUBAACHIMHOCTNY (M-KOHZDYIHIMHOCIMY ), €CTIH OHO SIBJISETCS BRIIYKIBIM 1 wOw' < (w)zO(w')x
st moboro © € G,. MHoxkecTBo K BCeX mM-3KBUBAJEHTHOCTE, ONPENIETIEHHBIX Ha ), OUEBUIHO, HEIyCTO, W
6osiee Toro, Ha K MOXKHO BBECTH OTHOIIEHHE YaCTUIHOrO IOPAAKa =, nojarad ©1 < 0, & wOw' = wOsw'.

IIycte ©® € K u A = (O — KJilacC SKBUBAJIEHTHOCTH, COJEPXKAIINII TPOU3BOJIBHYIO, HO (DUKCHPOBaHHYIO
touky £ € L. Muoxkectso A siBiserca m-6okomM, T.e. (A)x N A = (), mubo (A)x = A prs moboro x € G,.
O6parno: eciiu A — m-6J10K, TO orHOIeHue ©, onpenesennoe Ha §) o npasuwiy w = w' aubo w,w’ € (A)x s
nojxosmero © € G, OyJeT OTHOIIEHUEM 1M-9KBUBAJEHTHOCTH.

Eciu A =00, to Stg(A) — Beinykias (-nioarpyuma, cogepxamas Sta(€). Obparno, eciu H — BblyKiias
(-oprpymma, copepxkamast St (¢), To BhiTyKI0e 3aMbikanne A B 2 opburst (£)H ects m-6i0K [6].

Takum 06pa3oM, CyIIECTBYET COOTBETCTBHE MeXK 1y K 1 MHOXKECTBOM H BCEX BBIIMYKJILIX {-IIOAIPYIII, COIEp-
kamux Stg(£). Caemyomuii IpuMep MOKA3bIBAET, YTO OHO HE SIBJISIETCS B3AUMHO OJHO3HAYHBIM.

Ipumep. PaccmoTpum rpymmy

Sz = (a1, a2,b| [a1, a2] = eaal{ = amé = a1).
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Ecm g € S, TO g TpejCTaBUM, TIPHYEM eJIMHCTBEHHBIM CIOCO6oM, B Bue g = af*ajbt, k,m,n € Z.
OTHOCHTENIFHO JIEKCUKOIPAMDUIECKOTO MOPsAIKa, T.e. ¢ > e < k > 0 wm k = 0,m > 0,n > 0, So sBisiercs
{-rpymmoit. Onpenesinm orobpazkenue @ : So — So MO MpaBmILy

Y

(9)p =ay™ay"b™".

Torma (Ss, @) 6yaer m-rpymmnoii. Ilycts A; = {a1), A2 = (az). DTU BBITYKIIbIE {-TIOATPYIIIIBI ABJISIOTC CIPSIM-
JISTFOIIMMH, T.e. MHOXKECTBA IIPABBIX CMEXKHBIX KiaccoB X = R(Sy : A1),Y = R(Ss : Ay) nuHeitHo ynopsiaoue-
HBI OTHOCUTEJHHO €CTECTBEHHO BBOJMMOTO YIOPAI0YeHUsT MHOXKECTBA IPABBbIX CMEXKHBIX KJIACCOB. PaccMoTpuM
Al = {Alag}, AQ = {Agaaﬂ} TOI‘,D;& X = UAlbk,Y = UAQbk

ITocTpouM HOBOE JIMHEHHO YIIOpsiIodeHHOe MHOXKecTBO €, mosaras A1bF < AgbF A bF 1. Ouesmano, uaro
MHOXKECTBO {) COXpaHdeT JMHEHHBbIe NOPAJKH HCXOAHBIX MHOXKecTB. Omnpemenum orobpaskenue a : §) — €
no mpasmy (Ajaibf)a = Asa] "0 F u (AgaTb¥)a = Aja; ™b'F. U3 ompenenenms ciemyer, uTo a — pe-
BepcuBHbI aBromMopdusM 2-ro nopszaka 2. I[Ipasoe perynsipuoe upezcrasienue (Sz,p) HOPSIKOBBIMEU IO
CTAaHOBKaMU ) SIBJISIETCSI TOYHBIM U M-TPAH3UTUBHBIM, HO He TPAH3UTUBHBIM. SICHO, 9TO OHO HE COJIEPIKUT
HETOBIKHON Toukm. VITak, MOKHO paccMoTpeTs npejcrasiienue (S, (), a). VI3 CKa3aHHOTO BBIIIE CJIEYeT, UITO
VvV~ = AlﬁAg, Ny, VT = AQGAl, b — m-60Kku U, 6osree Toro, Sta,(Se) = Sty+(S2) = Sty-(S2) = A1 X As.
[TosToMy JaHHBIH CTAOUIM3ATOP ONPEIENACT TPU KOHTPYSHITHH.

Ipeacrasienue (G, €, a) GyaeM Ha3bIBATH COBCTBEHHBIM, eC/iu Jyist Jiioboro g € G Bepuo (L)g = L. Heciiox-
HO JOKAa3aTh, YTO TAKHE IPEIACTABICHUS JAIOT IPUMEpH, Korma H € H ompemenser aBe KOHIPYIHIIH.

Urak, B citydae m-IpyIil BO3MOXKHBI CJIEAYIONe CUTyanun: 1) coorBercTBre Mexay K u H B3aUMHO OZHO-
3HAYHO; 2) cymectByer H € H, onpeneisonias 1se KOHIpysHIuy; 3) cymecrsyer H € H, onpezessiiomast Tpu
KOHTpy3HIHA. MHOXKeCTBO H ABISIETCA JTMHEHHO yIPOPSIOYeHHBIM OTHOCUTEIEHO TEOPETHKO MHOXKECTBEHHOTO
BKJIFOYEHUS, M BCE IPYIIIILI 9TOr0 MHOKECTBa crpsaMisiomue. OrMerum, 4ro curyanus 1) nabaogaercs B ciiydae,
KOTJIa TIPEJICTABJICHIE TPAH3UTUBHO.

Hna xaxmoit H, € H uepes @V,Q;r ,© 0003HAYMM KOHIDYSHIIMH, COOTBETCTBEHHO OIpEJIeNIfeMble 1m-

Grokamm: A, = convg((()H,), VI = A,Y(U(A,y)at, vy = (A,y)at(UA,y. Ouesnmo, ©, = 07 N O .
Nmeer mecto

Teopema 1.5. Ilycrs (G, €2, a) — npou3BoJbHOE M-TPAH3UTUBHOE LpeicTaBieHue u K — MHOXKECTBO BCex
M-3KBUBAJIEHTHOCTEH, onpeesieHHbIx Ha (). Torma K ecTh JIMHEHHO yIOPSIOYEHHOE MHOYKECTBO OTHOCHUTEIBHO
paHee BBeJeHHOro mopsiika (curyanuu 1), 2) subo cymecrByer u exuHcTBeHHast H, € H  Takas, 41O
B4 2 01,0, <0441 u K mmuneiino ynopsgoueno npu Hz C Hy, u Ho11 C Hp.

Culestyroriue m 5KBUABAJIEHTHOCTH HA30BEM MPUBUAALHMU: A) 9KBUBAJIEHTHOCTb, KOIJIA BCE KJIACCHI 9K~
BUBAJIEHTHOCTU OJIHOJIEMEHTHBI; B) 9KBUBAJIEHTHOCTb, KOIJa BCE KJIACCHI KBUBAJIEHTHOCTH JBYX3JIEMEHTHBI;
C) sKBUBaJIEHTHOCTH, uMerommast Tpu (ambo nBa) Kiaacca sxeusasentHoctu L, {o}, R (L, R); D) skBuBajeHT-
HOCTB, UMEIOIIAsl eIMHCTBEHHBI Kiace sxkuBasienTHOCTH . [Ipeacrasnenne (G, 2, a) m-npumumuero, €Ciu OHO
HE JIOMYCKAeT HETPUBHMAJBHOI m-sKBuBaaeHTHOCTH. Cleyomas TeopeMa TaeT KPUTEPUil m-TpUMATHBHOCTH
B TEPMHUHAX CTAOMJIU3ATOPOB TOYEK. - -

Teopema 1.6. TIpounssosbHOe m-TpansuTusHoe npezactasaenue (G, Q, a), rue Q = L{J{o}*J R, m-upumurus-
HO TOTJIa U TOJILKO TOTJIA, KOTJIA JIJIst JIIOOOH TOUKM w € ), 6BITh MOYKET 38 UCKJIIOYEHUEM TOUYKHU 0, CTAaOUIH3ATOD
Stg(w) ecTb MakcuMaabHad BbITyKJas (-moarpynmna G.

Crenyiommee yTBep2KJICHUE BBISICHSET CTPOEHNE COOCTBEHHBIX TPEICTABICHIH.

IIpedaoorcenue 1.7. Besikoe m-rpansurusHoe npejcrasienue (G, ), a) coOBCTBEHHO M-TPAH3UTUBHO TOLJA U
TOJIBKO TOr1a, Korja G usomopdHa npsimomy npoussenenuio G, X G 1Jist HOIXOsIIell TPAH3UTHBHON {-IDyIIIIbI

OJICTaHOBOK (G, TIOJIXOISIIEro JmHeHo yrnopsizouenaoro muoxkectsa L u Q = L{J{o}*® UL*.

Caedemeue 1.8. Besikast m-rpynna (G,.), Jonyckamommasi COGCTBEHHO M-TPAH3UTUBHOE PEJICTABJIEHHE
(G x G3,9Q,a), He ABIAETCS YIOPSIOTECHHOMN.

Caedemeue 1.9. CoberBenno m-TpansuTuBHOe npejcrasienne (Gp x G5,Q,a) mM-IPUMUTHBHO TOrja U
TOJIBKO TOT/IA, KOT/Ia TPAH3UTUBHOE Tpeacrasienne (G, L) mpuMuTuBHO.

Byaem rosopurs, yro upejcrasienue (G, Q,a) m-2-mpansumueno, eciau i ao0bix {1 < ly < 0 < 13 <
< 14 € €), OBITH MOXKET 3a MCKJIIOUeHHeM TOYKH o0, cylnecTByeT g € (G, 4ro:

1) (¢1)g =13, (b2)g = 14 16O

2) (b1)ag = r4, (€3)ag = 3. “ .

Ipeacrasiaenne (G,2,a), toe Q= L{J{o}*|JR, Haz0oBeM mM-noAympaH3umueHsim, €CJIu Ijis BCEX
01 < ly < <t € L cymecrsyer g € Stg({), aro (¢1)g = l2. Vimeer mecro
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Teopema 1.10. ITpedcmasaerue (G, 2, a) m-2-mpansumusro mozda u moavko moada, K020a 0HO M-MPAH-
BUMUBHO U M-NOAYMPEHIUUBHO.

Caedemeue 1.11. Ecan upencrasienue (G, €, a) m-2-TpaH3UTUBHO, TO OHO 2-TPAH3UTHUBHO JUOO COOCTBEHHO
M-IIPAUMUTUBHO.

HanomunM, MHOrooGpasue Bcex HOPMAJIbHOZHAYHBLIX m-rpynn N 3a1aeTcs TOXKIeCTBOM

lzllyl Ayl = [2]ly].

OT0 MHOroo0pasye 3aMedYaTebHO TeM, YTO OHO SBJISETC HAMOOJIbIINM HETPHBUAJBHBIM MHOroOOpasneM
m-rpynn [7]. Crenyomas TeopemMa JaeT OMUCAHNE TPUMUTUBHBIX MPEJICTABIEHUN HOPMAJIbHO3HAYHBIX IPYTIIL.

Teopema 1.12. Ilycers (G, ), a) — m-IPUMUTUBHOE IPEJCTABICHHE HOPMAJbHOZHAYHON m-rpynnbl (G, ).
Torna:

1) (G,Q,a) — npaBoe peryisipHOe IIPeJICTABJIEHHE IIOJAIPYIIIbl aJAUTUBHON I'pynnbl R JefcTBUTEIbHBIX
quces. Bosiee Toro, ecsim 310 UpeCcTaBIEHNE JOIYCKAET SKBUBAJEHTHOCTH B), TO 9Ta IOJArpyIia IUKInIecKas,
b0

2) mpejicraBiienne sBasercs cobcrBeHHbIM U G = G, X G juis nojgxoxsimieit noarpynmnst Gy, aJuTHBHON
rpynnsl R 1eificTBUTENIBHBIX YUCET.

§2 Cnaemenusa u MH02000pa3UA

Iycrs (G,Q,a), (H,T,b) — upencrasnenust m-rpynu (G, @) u (H,v) coorBercrBenno u ) = Llﬁ{ol}elg
URl, T = LQU{OQ}EZ URQ. Paccmorpum crangapraoe (B cMbicste {-rpymm) ciuterernne GWrH. Besakuit sre-
mentr f € GWrH wumeer sun f = ({g9-},h), tne g € G,7 € T,h € H. B [1] na GWrH 6bur onpejeien
pesepcuBHbIi apToMopdu3M Broporo nopsaaka @Wry no npasury (f)eWry = ({(9)¢)s}, (h)1), npesparma-
ot GWrH B m-rpynmy. Ilycrs »=0o%T. Ormpenesium Ha, Y. oTobparkeHue d IO TIPABUILY
(w,7)d = ((w)a, (1)b). fcuo, uro d — peepcuBHBIl aBroMopdU3M BTOPOro mopaaka X u (01,02)d = (01, 02).
Omupenientum Temeps JelicTue aaeMenToR Tpynnbl GWrH Ha Y ciieyiomum o6pa3om:

(w,t)({g-}, h) = ((w)g(eyp, (H)R)-

$leno, uTo TaK OnpejeIeHHOE JEHCTBHE ABJISETCI TOYHBIM U HOPsAKoBbiM, T.e GWrH C Aut(X). IIpose-
puM, uro (f)eWry = dfd. Heitcrsurensno, (w,t)dfd = ((w)a, (£)b)fd = ((w)ag:, tbh)d = ((w)ag.a, tbhb) =
= (w,t)(f)eWry. Takum obpasom, umeem upeacrasierne (GWrH, X, d) rpyunsl (GWrH, oWri), xoropoe
Gy/ieM Ha3bIBaTh CnAemeruem m-rpyi nojacradosok (G,Q,a), (H,T,b).

Iycrs mano npencrasienue (G, ), a) u na Q onpeenena m-kourpysunusa O. Kak u Bbime, A — m-6J10k, co-
JepxKainuit Hekotopyio TouKy £ € L. Torjga MOKHO pacCMOTPETh €CTeCTBEHHO JIMHEHHO yIOpstoueHHoe (hakTop-
MHOKeCTBO §)/0, Ha KoropoM jeficTByeT npaBbiM yMHOKeHHeM (. Hepe3 Lg 0603HAYNM «JIEHUBYIO» [OATPYIIILY
G, r.e. 970 Bce dbyHKIMY, ocTapJsromue Bee Toukny §2/O na mecre. HecoxkHO 3amMeTnThb, uro Lo ecTh m-ueasn n
HO3TOMY MOZKHO pacemorperh daxtop-rpynny G = G/Le, aeiictsyiomyto na /6. MuoxecTso /\ onpe/iesier
HOBOE JINHEIHO YIIOPsiIOYEHHOE MHOXKECTBO V U JAefICTBYIOILYIO Ha HEM 1M-TPAH3UTUBHO TPYIIILY é(vy Ormernm,
4TO cTpoeHue V 3aBUCUT OT CBOMCTB MCXOAHOrO npejcranienus. Ciemyomas reopeMa, JoKa3anHas B [8], ectb
anaJsior TeopeMmbl Kasrykunua-KpacHepa 771t I0JICTAHOBOYHBIX CIJIETEHUI M-TPYIIIL.

Teopema 2.1. Ilycrs npescrasnenue (G, §), a) m-TpaHsuTuBHO U Ha ) onpejiesieHa m-KoHrpy3HImst ©. Torma
(G, Q, a) nzomopdno Broxuma B cierenne (GgyWrG, S, d), rae rpymust G gy n G 1efiCTBYIOT m-TPaH3UTHBHO
Ha MHOXKecTBaxX V 1 §1/© COOTBETCTBEHHO.

DTa Teopema MO03BOJISET UCIOJIH30BATh TEXHUKY CIIETEHUI MPU M3y9YeHUH MHOI000Opa3uii m-TpyTIil.

Hamomuum , aro l-oprpynmna H (-rpynnbl G Ha3bIBaeTCsl 3aMKHYTOM, eCJid Jjisi JTFOOOTO IOAMHOYXKECTBA
sstemeHTOB H, y KoToporo B (G CyIIecTByeT TOYHAs BepXHss rpaHb, ona npuHasiexxutr H. m-Tlogrpynmy H
m-rpynnbl G 6y/ieM Ha3bIBATh 3aMKHYTOM, €C/ii OHA 3aMKHYTa Kak (-moarpymma. OTMernmM, 9To

(\/ hi)« = /\(hz)*a h; € H.

el i€l

Ipedaoorcerue 2.2. lycrs (G, Q, a) — m-rpynna nogcranoBok u H — 3amkuyTeiil ugeas. Torga cymecrByer
Takas m-KOHrpys3Huims O, uro Lg = H.
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IIycts U,V — mpousBo/ibHBIE MHOrOOOpa3usd m-rpynn. Toraa cTaHIAPTHO ONPEIEISeTCI UX MIPOU3BEICHIE
U -V Kkak MHOXKeCTBO Beex Takux m-rpyui (G, ), 9ro B Hux cymecrsyer m-ugean H e U u G/H € V.

Teopema 2.8. Mycrs (G, ), a) — m-TpaH3uTuBHAA IPYIIA HOJACTAHOBOK U3 npoussejuenus U - )V MHOroo6-
pasuit m-rpyun U, V. Torga (G, 2, a) n3oMopdHO BIOKHMMA B CIUIETEHUE MOAXOSIIUX M-TPAH3UTUBHBIX I'PYIIL
[IOJICTAHOBOK M3 MHOrob6pasmit m-pymnmn U, V.

ITorATHE MUMUKPUPOBAHUS TIO3BOJIAET IIPUMEHNTDL IPEILIIYIyI0 TeOpeMy B TeopuHu MHorooOpaswmii. MTak,
pacemorpuMm npezcrasienust (G,Q,a) u (H,A,b). Pukcupyem HEKOTOPOE KOHEYHOE, HO MPOU3BOJILHOE MHO-
xectBo ® = {w,(Z,7%) || p = 1,..., N} Ci0B CHrHATYPBI M OT IEpEMEHHBIX T = (X1,T2,...&Ty). Jdamee
pacemorpuM TiponsBosbHBIt b = (hi,ha,...h,) € H™ u mpomssombhyo mapy Todek A, (A\)b € A. Ilycts
Ag = {(Nw,(h, h)} U{((N)b)w,(h, h.)}. Slcno, uto Ag mumeitro ynopsaouero. Byaem rosoputs, uro (G, €2, a)
mumukpupyer (H, A,b), ecin Haiinyres a, (a)a € Qu G = (91,92,.--9n) € G™ Takme, UTO JMHEHHO yHOpPsi-
nmouennoe MuokecTBO Qg = {()wy(7,9x)} U {((0)a)wy(7,9x)} «coxpamser ctpykrypy» Ag, T. e. ((a)a®)w, <
< ((@)a ) wy < (A)b)w, < (Wb )wy, tie e,6’ =0 mmbo 1.

Ipeacrasienue (G, Q, a) mumukpupyer m-rpyiry (H,, ), €c/iu OHO MUMUKPUDPYET €€ BCAKOE IIPEJICTABICHHE.
Hakorer, npezacrasienue (G, €, a) mumukpupyer muoroobpasue V, eciu (G,s ) € V u (G, ), a) Mumukpupyer
Bece rpymubl u3 V. OgeBugno, eciu (G, (2, a) mumukpupyer V, o (G,. ) nopoxkaaer V. Bepua

Teopema 2.4. Ilycts mHOrOOOpasme m-rpynn U mopoxkipaercs KiaccomM m-rpynn U u MHOrooodpasue
m-rpyni V MuMuKpupyercs KiaaccoM m-rpyn V. Torna U -V = var,, (W), tne W = {(UWrV,bWre)}; (U,b) €

U, (V,T,c) € V.

Uepes 7 0003HAMHM MHOTOOOpa3;me mM-IPYII, OHpeeldeMoe TOXKIECTBOM I, = x L.  Ompememmm
Inv : Z — Z no upasuiy (z)Inv = —z. Torga napa (Z, Inv) ecrs m-rpynma. PaccMoTpuM 1paBoe peryssipHoe
upegcrasienne (Z,Z, Inv), rue (z) Inv = —z.

Teopema 2.5. Ilpencrasnenue (Z,Z, Inv) mumukpupyer Z.

Caedemeue 2.6. T = vary,((Z, Inv).

Yepes Z* 0603HAYUM aJIUTUBHYIO PYIILY HEJIBIX YUCEJ, HOIYIEHHYIO U3 Z IyTeM OOpalleHus HOpPsijKa.
OTHOCHTEIFHO KOOPIMHATHOTO MOPSIIKA MIPsiMOe TTpou3Besienne Z X Z* saBisiercs {-rpymnmoit. Ompegesnm oTodpa-
xkeuue Fxch : 7 X Z* — Z x Z* no upasuiy (z,y)Exch = (y,x), rue (z,y) € Z x Z*. Torna napa (Z x Z*, Exch)
Gyzer m-rpynmoii. Pacemorpum smHeiiHO ynopsimouertoe MHO)ecTBo A = ZU {0} UZ*. Yepes (2)1((2)2) 0bo-
3HAYMM 3JeMeHT A, cTporo MeHbInnii (Goabmmii) o, u onpenennm Fxch : A — A no npasuny (2); Exch = (2)a,
(2)2 Exch = (2)1 u (0) Exch = o. CinenoBaresibHO, MOXKHO paccMOTpeTh npeacrasienue (Z x Z*, A, EA=).

Teopema 2.7. llpencrasaenne (Z x Z*, A, Exch) mumukpupyer A.

Credemeue 2.8. A = vary, ((Z x Z*, Exch).

IMycte I'=Z u I" = (" 'T upu n >2. Amajmormuno ompenenserca A". Yepes Wr™(Z,Inv),
Wr™(Z x Z*, Exch) obosnaunm crutererne n Kot m-rpynn (Z, Inv) u (Z x Z*, Exch) cOOTBETCTBEHHO.

Caedemeue 2.9. 1) T = var,(Wr™(Z,Inv)), 2) A" = var,(Wr™(Z x Z*, Exch)).

Ormermm, aro mMuoroobpasus \/ ", \/ A" pazmmamsl, cofep:karcs B MEOro06pasun N HOPMATbHOZHATHBIX
n n

M-TPYTIN U ABJSIOTCS UAeMIoTenTamu. Ilpasna, nemssectro, copnagaot au \/ A" u N7
n

B pabore [9] mocTpoeH mpuMmep, MOKA3BIBAIONIMI, UTO B PeIIeTKe MHOT00Opasuii m-TPyIIl He BCEryia Bbl-

n
noauerno V(N U;) = \V(VU;) na GeckonedHoro MHOXKeCTBA MHIEKCOB. Bosiee Touno. Ilyers 8, = 1
/ . n
1

3
neiicreurensroe ducsto (n € N). O6oznaunm depes Bg, = (f,,) 6ECKOHEUHYIO INUKIMIECKYIO TOAIPYIILY MYyJIb-
THUIUIMKATHBHON I'PYIIIBI MOJOXKUTEIBHBIX ACHCTBATENLHBIX YUCEN, HOPOXKICHHYI0 9uCJoM 3. Paccmorpum
MHOKECTBO

Tﬁn = {(7“, a)l re Bﬁm a € R}’

C omepanueil yMHOXKeHU
(r,a)(r',a’) = (rr',r'a +d’).

Cunraewm, uto (r,a) > e Tp,,ecrmr =3 u k>0 wm k=0 u a >0 B R. Herocpe/icTeennas mposepka

nokasbiBaeT, 410 1, — JuHEdHO ynopsgodeHHas rpymnma. Ilycrs M, = vary, ((Ts, % Tgn,Exch)) BEpHA.
Teopema 2.10. Nmeer mecto A( \/ M,,) £ \/ (AM,,).
neN neN

Ormernm [10], uro nmeeT mMecTo

UV V Vo) =UV VUVs.
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M-rpynmna epimaepi men 6episyi

m-I'pynna nperenimiz — 6yn (G, ) KyObl, MyHzarsl G — TODABI DETTeNreH (-Ipylna >KoHe . 2-perTi
keMimeni G aBromopdusmi. M-TpaH3UTHBTI KOPIHICTIH M-TpyHNasbl €pKiH CHIATTAMACHI AJBIHFAH. M-
rpyImmna JI9J1 M-TPaH3UTUBTI KOPIHICTI aHBIKTAWTHIH KAXKETTi »KOHE YKETKIJIKTI ImapTTap aJibiHFaH. Apbl
Kapail m-TPaH3UTUBTI KOPIHICTIH €pKiH KOHIDYSHIUACH! TOPBIHBIH KYPBUIBIMBI 3€PTTEJITEH, M-KapalailbiM
KepiHici MeH m-2-TpaH3uTUBTI yFbIMAapsl eHrisiniren. CrabuimsaTopsap TEPTUHIHIE M-TPAH3UTUBTI Ka-
panaiiblM KOpiHICiIHIH CHUIIATTAMACHl aJIBIHFAH. M-2-TPAH3UTUBTIIIKTIH KasKeTTi »KOHe YKETKIJIIKTI IapTrap
KOPCETIJITeH »KoHe OCBIHIAi KepiHicrepain keiibip kacmerrtepi 3eprresreH. Makasama m-Ipynnagapiabiy
aJIMACTBIPBII OPLJIy YFBIMBI €HTI31ITeH XKoHEe aJIMACTBIPY/IbIH, M-TPAH3UTUBTI I'PYNIACHI M-TPAH3UTUBTI M-
rpyIajgap/blH, aJIMaCThIPY OpiMiHe CAJIbIMIBLILIFGL fpJiesieHred. Casiapbl peTinje m-rpynnajiapibly eki
KemoeiHe ik TepiHiy KOOeHTIHAICIHIH M-TPaH3UTUBT]I IpyIIackl OCbl KONOEHHETIKTEpIeH aJbIHFAH COHKeC
M-TPAH3UTUBTI ©PIMre CaIbIM/IBLIBIFBI TAOBLIFAH.

A.V. Zenkov

Views and plexus m-group

Recall that an m-group is a pair (G, ), where G is an ¢-group and . is a decreasing order two automorphism
of G. We obtain a description of the m-transitive representations of an arbitrary m-group. Some necessary
and sufficient conditions are given for an m-group to admit a faithful m-transitive representation. We
study the lattice of congruences of an arbitrary m-transitive representation, introduce the notions of m-2-
transitive and m-primitive representations, and describe the m-transitive primitive representations in terms
of stabilizers. Also we give necessary and sufficient conditions for m-2-transitivity and study some properties
of these representations. We introduce the concept of wreath product of the m-groups of permutations and
prove that an m-transitive group of permutations with an m-congruence is embeddable into the wreath
product of the suitable m-transitive m-groups of permutations. As a consequence, we establish that an
arbitrary m-transitive group in the product of two varieties of m-groups embeds into the wreath product
of the suitable m-transitive groups of these varieties.
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Methods of creation of intellectual knowledge evaluation system,
students in natural language

This article provides a framework for the design and development of intelligent information system of
knowledge evaluation using an open form tasks, the «open» (without variants of answers) test tasks are
considered as effective. Student’s answer entered in a free form gives an opportunity to present student’s
views on the subject more accurately. And we evaluate his knowledge, and not based on a guessed answer
to the question, which proves the effectiveness of the proposed method. This article presents an approach
for text analysis in natural language and organization of query in the knowledge based on the ontology.

Key words: intelligent system, ontology, text analysis, assessment of knowledge, test systems.

Introduction

Currently, a large number of organizations (both commercial companies and public educational institutions)
develop, acquire and implement a variety of computer-based training. With the develop-ment of computer-based
training systems, systems of knowledge monitoring also were developing. Thus, within the framework of distance
learning, there are separate subsystems deployed and created which are designed to solve this task. Multimedia
technologies developed very strong today, offer a wide range of development tools and a visual representation of
tasks intended for students. They also give the student a considerable choice of means of answering questions
and fulfilling tasks. Today it is not just a choice of one or more text responses from the options, but the choice
of the graphics area in the figure, the correlation, the construction of the expression (for example, an algebraic
expression or chemical formula) and even free response [1].

Analysis of the answer given by the student to some question, and comparing his answer with the correct
answer stored in the database, gives the degree of truth of the student’ s answer. The degree of the answer
truth, as a rule, has two values: the correct answer or wrong answer, however there are possibly intermediate
values between these extreme degrees (e.g., partially correct answer). By degrees of the answers truth to the
question, the student’ s level of training is determined and rating is made [2].

Currently, there are many testing systems in various fields of knowledge, for example OLAT (Open Source
LMS) [3], Moodle (Moodle Trust, Moodle.org) [4], Sakai (Sakai Foundation, Sakai Project) [5], AuthorWare
(Adobe Systems Incorporated) [6]. Most of these tools provide the ability to create multimedia tests, testing for
traditional learning and e-learning, saving and transfer of results to the teacher for administration of users and
educational groups.

1 Research conducted in the field of computer-aided control of knowledge

Acquiring and representing a domain knowledge model is a difficult problem that has been the subject
of numerous Artificial Intelligence research projects since research in this field began [7-9]. Knowledge-based
systems and expert systems, in particular, must explicitly represent the knowledge and inferences associated
with the expertise in this domain.

For many countries, the e-learning theory emphasizes the importance of the specified cognitive process and
personalized learning [10]. Knowledge monitoring and evaluation is an intellectual challenge, requiring the high-
quality solutions, which will help to get to a new level in the teaching procedure, as it could allow implementing
the concept of the individual approach to learning on a massive scale. Nowadays the automated knowledge test
has become very popular, firstly, as it saves the teacher’s working hours, relieves him from the routine work and
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ensures an objective evaluation of knowledge, the results of which do not depend on the subjective opinions of
different teachers.

The paper [11] presents newly developed computerized system of constructive multiple-choice testing. The
system combines short answer (SA) and multiple-choice (MC) formats by asking examinees to respond to the
same question twice, first in the SA format, and then in the MC format.

The papers [12, 13] describe methods of implementation of a control mechanism of student knowledge
with the help of fuzzy set theory combined with neural network technology. The papers apply some serious
improvements in the logic of evaluation of knowledge, and methodologies of data interpretation of student
responses. The presented architecture has typical configuration of hardware and software in an intranet envi-
ronment of educational institutions.

The article [14] considered content of compute-aided assembled examination in natural science disciplines,
stated requirements to «assembled examination» in general, and addressed some types of tasks on such exami-
nations.

Analysis of the aforementioned work shows that ordinary linear tests with simple forms of the answer
do not quite meet the requirements of comprehensive control of students’ knowledge. First of all it refers to
natural and mathematical sciences, which peculiarity lies in the close relationship of concepts, themes and
sections of the course; as the main criterion for learning is the ability to solve tasks of different nature and level
of complexity. Therefore development of the adaptive, nonlinear, and intellectual testing methods with more
various types of tasks and answers’ forms is needed. At the same time, new testing systems should incorporate
all the achievements of previous generations of the knowledge control tools.

2 Ontology and Ontology Engineering

Before going into further detail, it is important to define the notion of ontology. Very briefly, ontology is
a formal specification of a conceptualization (in this case, a domain) and it includes the definition of classes,
objects, properties, relationships and axioms. Ontologies are expressed using a formal language such as RDF or
OWL and support automatic inference. Generally, ontologies involve a kind of consensus within a community,
meaning that they formalize concepts that are generally accepted within this community. There are many kinds
of ontologies such as upper-level ontologies, task ontologies and domain ontologies. We are interested here in
domain ontologies.

As previously pointed out, the concept of a domain ontology as envisioned by the eLearning community is
relatively new in the field of ITS. However, domain ontology engineering is a growing research area that has
received much attention in other fields and it is the corner stone of the Semantic Web. Ontology engineering is
a field that explores the methods and tools for handling the ontology lifecycle.

It requires a general and domain-independent methodology that provides guidance for ontology building,
refinement and evaluation [15]. The ontology life-cycle can be schematized in four main stages: the specification
stage, the formalization stage, the maintenance stage, and the evaluation stage.

— the specification stage identifies the purpose and scope of the ontology. Generally, this relies a lot on
domain experts and needs to define the competency questions that the ontology has to to answer. It is also
dependent on the application that is going to be used by the ontology;

— the formalization stage produces a conceptual and formal model that meets the requirements of the
specification stage;

— the maintenance stage keeps track of the ontology’s updates and evolution, and checks its consistency;

— finally, the evaluation stage analyzes the resulting ontology and checks if it meets the initial needs and
has the desired features.

At this point, we are interested in the formalization stage and how it can benefit from automated methods
for knowledge acquisition. In fact, the most common and successful techniques for domain engineering are
generally manual, and the best ITS authoring tools can help the expert formalize his knowledge but these tools
are generally far from being part of an automated procedure. It is therefore worthwhile to explicitly state the
steps that can be automated to alleviate the task of human experts and the burden of knowledge acquisition.
Ountology learning techniques have been adopted to achieve this goal [16]. These learning techniques can vary
according to the degree of automation (semi-automatic, fully automatic), the ontological knowledge that has
to be extracted (concepts, taxonomy, conceptual relationships, attributes, instances, axioms), the knowledge
sources (texts, databases, xml documents, etc.) and finally the purpose (creating ontologies from scratch and/or
updating existing ontologies).
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In order to build ontology of Geometry, it is beneficial to understand the need of ontology and some works
concerned of the ontology-based text mining. Ontology is an explicit formal specification of the terms in explicit
specification the domain and relations among them [17]. Ontologies are useful as means to support sharing and
reutilization of knowledge [18]. This reusability approach is based on the assumption that if a modeling scheme,
i.e., ontology, is explicitly specified and mutually agreed upon by the parties involved, and then it is possible
to share, reutilize and extend knowledge. Many disciplines now develop standardized ontologies that domain
experts can use to share and annotate information in their fields. Problem-solving methods, domain-independent
applications, and software agents use ontologies and knowledge bases built on ontologies as data [19].

Reusing existing ontologies may be a requirement if our system needs to interact with other applications
that have already committed to particular ontologies or controlled vocabularies [20]. There are libraries of
reusable ontologies on the Web and in the literature, for example, the Ontolingua ontology library [21] or the
DAML ontology library [22]. The need of ontologies is connected with the inability of the existing methods
to adequately automatically process native-language texts. For high-quality word processing, you must have
a detailed description of the problem area with a lot of logical links that show the relationships between the
terms field. The use of ontologies can provide a native language text in such a way that when it becomes
available-for-automatic processing [23].

Within the OSTIS project (The Open Semantic Technologies for Designing the Intelligent Systems) the
«Variational Geometric Solver» help system has been generated. On the basis of the Geometry domain ontology.
The system operation is organized so, as to answer the questions asked by a user and to give him answers to the
questions, as well as to complete the geometric tasks. In the work «The Semantic Technology for the Component
Design of the Intelligent Task Solvers» the authors [24] have presented the features of the help system of the
intelligent geometric solver.

8 Geometry ontology

An ontology is a formal explicit description of concepts in a domain of discourse (classes (sometimes called
concepts)), properties of each concept describing various features and attributes of the concept (slots (sometimes
called roles or properties)), and restrictions on slots (facets (sometimes called role restrictions)) [19]. Ontology
together with a set of individual instances of classes constitutes a knowledge base.

Development of ontology includes [19]:

— defining classes in the ontology;

— arranging the classes in a taxonomic (subclass — superclass) hierarchy;

— defining slots and describing allowed values for these slots;

— filling in the values for slots for instances.

Our ontology consists of the several levels. The first level contains the classes, instances of which cannot
be received from the other classes. The Right Class Shape represents all the entities of the outline shapes. The
Specific Right Shapes are the instances of this class.

The front levels are generated by the reasoning process, i.e. using the ontology reasoning block or by various
modules, opened by the Reasoning Manager. The higher the level is, the more detailed the information is; for
example, on the third level a figure is classified as a two-dimensional one, and in turn, it is classified as a
polygon, the polygon — as a convex polygon, the convex polygon — as a quadrilateral, the quadrilateral — as
a parallelogram, the parallelogram — as a rectangle or a diamond, the rectangle or the diamond — as a square
respectively (Fig. 1).

We arrange classes in a hierarchical taxonomy with a question if, when being an instance of one class, the
entity is always (that is, by definition) an instance of another class. If the A class is a superclass of the B class,
then every instance of the B class is also the instance of the A superclass.
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Figure 1. Ontology fragment geometry
4 Data analysis on the natural language based on the ontology

As compared with the traditional forms of learning, the distance learning has several advantages: adjustment
to the students’ individual peculiarities, a free choice of time, a place and an education level, the use of the new
training methods, the modern means of communication and the information transmition between the students
and teachers. Nevertheless, knowledge monitoring is particularly important due to the absence of the direct
contact of students and professors.

Managing the knowledge monitoring is closely related to the issue of selecting the questions type, the method
of generating the test path and the answer validation method.

For the purpose of solving these problems, we offer the concept of the intelligent test system based on the
Geometry domain ontology.

The following types of questions for the knowledge quality supervision are suggested:

— the closed-ended test questions, i.e. when the multiple choice questions are suggested, and one of the
answers to the question is right and should be chosen;

— the open-ended test questions, i.e. the questions without the proposed alternate answers (these questions
are useful for evaluating the knowledge of terms, definitions, concepts, etc.);

— the situation tests, i.e. a set of the test tasks designed for solving the problematic situations (the geometric
tasks).

One of the artificial intelligence methods for representing knowledge in a natural language is the semantic
network. A semantic network is the domain information model, that has the form of the directed graph, which
nodes correspond to the domain entities, and the arcs (edges) set the relationship between them. Concepts,
events, properties, processes could be the entities. Thus, the semantic networks are one of the ways to represent
knowledge in a natural language. Over the last years in the works of many scientists the special graphdynamic
models — the semantic models of representing and processing the knowledge based on the semantic networks
[25], have been suggested to use as a formal framework for the designed intelligent systems, the abstract logical
semantic models of the intelligent systems.

In his work [26] Golenkov suggested to generate the formal tools for describing the semantics of different
knowledge types, as well as the formal tools for describing knowledge processing on the semantic level. A system
of the intelligent evaluation of the students’ knowledge in the case of the Geometry domain could be developed
upon the proposed principles.

The text analysis in a natural language is suggested for analyzing and examining the students’ answers to
the open-ended test questions. The knowledge description in the Geometry domain was presented as ontology
[27].

Let’s give a brief description of the proposed method of checking the geometric task solution based on the
ontologies. The texts of the geometric task are a set of the coherent sentences. They include simple and complex
sentences, incomplete sentences (with anaphora and ellipses). Formal understanding of the geometric tasks’
text is their representation in the knowledge language in the domain of Geometry ontology. This representation
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should be connected and extended by filling the slot value for the cases, which describe the situation presented
by the text.

Reviewing the whole process of analyzing the geometric tasks seems to be impossible in this article.
Therefore, let us consider the structure of the situation, which should be resulted from the ontology based
on the linguistic analysis for a geometric task.

The Task. A rectangular quadrilateral, which sides are 8 cm and 18 cm, is given. The areas of the rectangular
quadrilateral and the square are equal. Find the square side.

Linguistic analysis of the task’s text

Our task consists of three sentences. These sentences pass morphological analysis in turn. That is the roots
of words is determined and they will be stored in the base of morphemes.

From the first sentence it finds a word rectangular quadrangle — noun, and on ontology is rectangle. Side —
noun, on ontology is edge, length is also a noun, on ontology is length, 8 — numeral, 18 — numeral. But there is no
length of sides of a rectangular quadrangle in the global ontology, but we added them to the local ontology. Here,
the global ontology refers to the ontology of geometry, and the local ontology is constructed from conditions of
the task.

From the second sentence it finds a word square — noun, and on ontology is area, rectangular quadrangle —
noun, and on ontology is rectangle, quadrate — noun, and on ontology square, equal — adjective indicates that
the area of a rectangular quadrangle and quadrate are equal.

rectanghe — adge

select Tsubject Tpredicate Trange Thype whaere | {Tsubject a geomeorectangle. Trange a geomosdge. Tsubject Tpredicate Trange . Tsubject a Ttype. FILTER (?type i=
owtamedindradual) .} URION {7subject a geomorectangle. Frange a geomirectangle. Tsubject Fpredicate Trange . ¥subjpect a Tiype. FILTER (Yiype 1=
owtHamedindradual) .} URION {7subject a geom:edge. 7range & geom:edge. ?subject ?predicate Trange. Psubject a Type. FILTER (#ype = owtNamedindridual) .} }

B paraBelTo DA
AR paraBefTo CO

rectangle edge — length

select Tsubject Tpredecaw rrangd Thype whede | [Tsubjec! a geomoedge. Frange a geomdength. Tsubject Tpredicate Trange . Fsubjéct a Ttype. FILTER (?type i=
owtliamedindrridual) .} UNION [7subject a geomeedge. Trange a geom:edge. Fsubject Tpredicate Trange . Tsubject a Tiype. FILTER (Ptype = owtNamedindridual) .}
UBBON {7subject a geomalengih. Frange a geomdengih. Psubjeci Fpredscate Frange. Tsubject a #iype. FILTER (Fiype != owtNamedindividual] .} }

D haslength d

CDhasLength ¢

BC hasLength b

AB hasLength a

DA paraBelTo BC

CD paralelTa AB

BC paraBeiTo DA

AB paraBelTo CD

bisEquald

¢ isEqual &

disEqualb

aisEqual ¢

SOuUATe — area

select Tsubject Fpredicaie Frange Tiype where { { Fsubjeci a geom:square, Trange a geom:area. Tsubject fpredicaie Frange . Teubject a Tiype. FILTER [Fype =
owtHamaSINdNIdual) .) UNION (75ubcl & geom:Square. Trange a geomcsquarnt. Tsubject 7predicale Trange . 7subct a Ttype. FILTER (Ptype =
owtHamedindridual) ) UNION {Zsubject 8 geom:area, Trange 8 geomiares. Tsubject Tpredicate Frange. Tsubject 3 Ttype. FILTER (Mype != owitNamedindividual) .} }
ABCD hasArea 5

reclamjhe — area

sebecl Tsubject Fpredicate Trange Thpe where | (Tsubjec! a geomireclangle. Trange a geomeares. Tsubject Tpredicate Trange . Tsubject a Type. FILTER (?type =
owtHamedindradual) .} UNION {Fsubject a geom:rectangle. *range a geom:neclangle, Tsubject Tpredicale Frange . Tsubpct a Tiype. FILTER [ Type =
owtHamedindridual) .} UNKON | subject a geom:area. Trangs a geom:area. Tsubject *predicate Trange. Tsubject a Pype. FILTER [Ttype != owtHamedindridual) .} }
ABCD hashArea §

Square — ieddge

select Tsubect Tpredscale Trange Fiypo where { (TSUbieCt 8 GEOMISqUAne. Frange a geciniedge. TSUlHEC! TRrodicate Trange . Tsubiect & Pype. FILTER (Fype =
owtHamedindividual) .) UNION (7subject a geom:squane. Trange a geomcsquare. Tsubject Tpredicale Trange . Tsubject a fiype. FILTER [ Fiype =
owtHamadindiidual) ) UNION [75ubicl & geom:eage. Trangs & geomaeane. 7suljec] Tpredicale 7range, 7subiect 8 Tiype. FILTER {TType i~ owtNamedindividual) .} )
ABCD has Side DA

ABCD hasSida CD

ABCD has Side BC

ABCD hasSide AB

Dk paraBaiTo BC

CD paralelTo AB

BC paraBeiTo DA

AR paraBelTo CD

Figure 2. SPARQL query to the knowledge base
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Now, the third sentence is analyzed. Hence, the word find — verb, length — noun, on ontology is length, side
— noun, on ontology is edge, quadrate — noun, and on ontology is square.

After all the words have been morphologically analyzed, the following questions are asked: To find what? —
Side. Of what? — Of Quadrate.

After linguistic analysis of the task’s text, a query is made to ontology in the language of query SPARQL
[28]. Having made a query, we find that there is an individual of rectangular quadrangle ABCD. ABCD has sides,
sides are parallel to each other, sides have lengths and sides are equal to each other. Rectangular quadrangle
has an area. Quadrate has an area. SPARQL queries to the knowledge base shown in figure 2.

The table listing all relationships between the properties of the individual rectangular quadrangle is formed
according to the results of query to the ontology. Local ontology describes the properties of the class elements
that will be needed for this task solution. To solve the task you need to determine the sides of the rectangular
quadrangle, lengths of the sides, and the numerical designation of lengths. Determine that the sides are equal
and parallel. Quadrangle has an area and is equal to the quadrate area.

We use description logic [29]. With description logic we determine classes and draw the geometry upon the
global ontology and fill them with data from the task. Figure 3 shows a table of the relationship between the
classes and properties of individuals.

rectangle_rectangle_ABCD hasSide rectangle_edge_DA
rectangle_rectangle ABCD hasSide rectangle_edge CD
rectangle_rectangle_ABCD hasSide rectangle_edge_BC
rectangle_rectangle ABCD hasSide rectangle_edge AB

rectangle_edge_DA parallelTo rectangle_edge_BC
rectangle_edge_CD parallelTo rectangle_edge_AB
rectangle_edge_ BC parallelTo rectangle_edge_ DA
rectangle edge AB parallelTo rectangle edge CD
rectangle edge DA hasLength rectangle length_d
rectangle_edge_CD hasLength rectangle_length_c
rectangle_edge_BC hasLength rectangle_length_b
rectangle_edge_AB hasLength rectangle_length_a
rectangle_edge_DA parallelTo rectangle_length_BC
rectangle_edge_CD paralleiTo rectangle_length_AB
rectangle_edge_BC paralleiTo rectangle_length_DA
rectangle_edge_AB parallelTo rectangle_length_CD
rectangle_length_b isEqual rectangle_length_d
rectangle_length_c isEqual rectangle_length_a
rectangle_length_d isEqual rectangle_length_b
rectangle_length_a isEqual rectangle_length_c
rectangle_length_b isEqual rectangle_MNumber_ 8
rectangle_length_d istqual  rectangle_Number_8
rectangle_length_c isEqual rectangle_Number_18
rectangle_length_a isEqual rectangle_Number_18
square_square_ABCD hasArea square_area_5

rectangle_rectangle_ABCD hasArea rectangle_area_$S

Figure 3. Derivation of relationships and properties using description logic
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As the table shows, all the data and relationships between them necessary for solving the task are established.
The next step according to the formula calculates the area of rectangular quadrangle, and so on. For this purpose
the markup language of mathematical formulas MathML is used. Input and storage of formulas required for the
task solution will be made in the markup language of mathematical formulas MathML. Intelligent system of
knowledge evaluation has support for editing, viewing, and solution of mathematical expressions in the markup
language of mathematical formulas MathML.

5 Conclusions and succeeding activity

This article presents an approach based on ontology, which solves the problem of the text analysis in natural
language. We have proposed a method to use Geometry domain ontology to automatically check responses to
«open» questions (without variants).

Our concept of creating a computer-aided testing system uses results of intelligent evaluation of the user
level and provides a set of tests that are adapted to the student’s training level. Knowledge control system
distributes the questions in complexity, based on data obtained during testing. This enables the construction of
adaptive tests that do not require correction at the user level.

Mathematical models and algorithms created using artificial intelligence methods and languages for knowledge
representation will create real smart human-machine system, because they will interact in natural language,
which certainly affect the development of smart technologies in our country.

Further research in the framework of the methodological aspects of the automated control of knowledge will
concern evaluation of students’ knowledge and the development of databases of test questions of different types
and different levels of complexity.
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1. Kabenos, P. Myparxan, B. ['onenkon

Binxim anymplaapabiH, 6iiMiH Taduru TijIjge OaraJjiayabIH 3epaesi

2KylieciH »kacay oicTepi

Maxkasmama 6imimai 6akbLIAYIBIH 3ep/Iesii aKmapaTThIK, XKyHeciH kobajiay MeH YKaCay/IblH, HETi31 YChIHBLIIHL.
Bya 6laimai Menrepy yimiH <«allbIK» (Kayan yJriiepi »KOK) TeCT TallCBIPMAJIAPBIHBIH HOTHKENLIr aca
30p. Bi3 KoitraH cypakka »KayalnTbl TAHIAI aJyblH eMeC, ajl OKYIIbIHBIH OLTIMIH 6araiafiTeiH 6OJTaAMBI3, 63
Ke31H/I€ 0J1 YChIHBLIBII OThIPFaH dJICTIH THIMILIIrH qosengeiai. Asropsiap 6i1iM asmynibiHbH Taburb Tigmeri
JKayalTapblH aBTOMaTThI Typ/e OaraJry YIIiH OHTOJIOTHSFa HEri3/iesireH MOTIHJI Taaay OJIiCiH YChIHIbI.
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1. Kabenos, P. Myparxan, B. ['onenkon

MeTO,Z[bI CO3JaHNnAd I/IHTeJIJIEKTyaJIbHOﬁ CuCTeMbl OonleHKuN 3HaHUI
06y‘IaIOH_II/IXC$I Ha eCTeCTBECHHOM A3bIKE

B crarbe mpesokeHa oCHOBa /111 MPOEKTUPOBAHUsST M pa3pabOTKU MHTE/IEKTYATbHON CHCTEMBI KOHTPOJIST
¥ OIEHKM 3HAHWI C UCIOJIL30BAHMEM OTBETa Ha €CTECTBEHHOM s3bike. JIjIs ympaBjeHusi 9THUM 3HAHUEM
«OTKpBITbIe» (63 BapHaHTOB OTBETA) TECTOBLIE 3aJaHUs SIBJIAIOTCs Oostee sddexkruBHbMUu. OreHuBaeM
3HAHWS, a HE OTTaIbIBAHUE OTBETa Ha 3aJJAHHBINA BOIIPOC, YTO JOKA3bIBAET 3P(PEKTUBHOCTD IIPEIaraeMoro
MeToAa. B ¢BsI3M ¢ 9TUM aBTOpaMU IPEJIOXKEH HOBBIN T0JIX0/I aHAJIM3a TEKCTa, OCHOBAHHOI'O HA OHTOJIOI'UH,
JIJTsl aBTOMATUYECKOU OIEHKHM OTBETOB 00ydYaeMbIX HA €CTECTBEHHOM SI3bIKE.
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O HeeIMHCTBEHHOCTH peIleHNsl OJHOPOAHOI KpaeBoil 3aaauu JJisd
ypaBHEHUs TEIJIOIMPOBOJHOCTHA B YTJIOBOI1 obJiacTm

B crarpe paccmorpena omHOpOHAS KpaeBas 3a/1a49a /I yPABHEHUS TEIJIONPOBOJHOCTH B BBIPOXK JAOIIIET-
cs yrioBoit obnactu. C OMONIBIO TIOTEHIUAJIOB [IPOCTOrO CJIOsI ITOCTABJIEHHAS 33Jla9a CBEJEeHa K IICEBJIO-
BOJIBTEPPOBOMY MHTErPAJILHOMY yPAaBHEHUIO BTOPOro poja. [losiydeHHOE MHTEerpaabHOE ypaBHEHUE PEIIaeT-
¢ MetosioM perysipusaruu. C 9TOH 1eJIbI0 BBIZIETIEHA XaPAKTEPUCTUIECKAs YaCTh HHTEIPAJTLHOTO YpaBHe-
Husi. OBOCHOBaHA HEIIPUMEHUMOCTDH METO/IA IIOCJIEI0BATE/ILHBIX TPUOJINKEeHnA JJisd ero perenus. Jlokazana
JIEMMa O CBEJIEHUM TIOJIYIYEHHOTO MHTETPAJBHOIO YPABHEHUsI K YyPABHEHUIO C PA3HOCTHBIM SIIPOM, U IIPE]I-
CTaBJIEHO €ro perenne. [IpuBeneHb! OleHKA st PE30JIbBEHTHI YPABHEHNUS C PA3HOCTHBIM SIPOM U YCJIOBHUST
JIJIsI OPPAHUYEHHOCTH €T'0 pellleHust. IBHOe IpeicTaBIeHre PellleHrs] YPABHEHNsI C PA3HOCTHBIM $IJIPOM IIPHU-
BOJUT [I€PBOHAYAIBLHOE MHTEIPAJIbHOE ypaBHEHME K ypaBHEHHIO BosibTeppa BTOpPOro poja co cjaaboit oco-
OEHHOCTBIO, KOTOPOE MMEET eIMHCTBEHHOE perenne. Perrenne 3anncano B oreparopHoii ¢popme. ITokazano,
YTO HOCTaBJIEHHAsI OJIHOPOHAS KpaeBas 3aJ/ada MMeeT HEHYJIEBOe PEIlleHHe C TOYHOCTBIO JI0 IIOCTOSTHHOTO
MHOYKUTEJISI B KJIACCe CYIIECTBEHHO OrPAHUYEHHBIX (DYHKIIMIA C ONpeie/IeHHBIM BecoM. OmpeieieHbl KIacChl
€/IMHCTBEHHOCTHU PEIEHNs JIJIsI TOCTABJICHHOM KPAaeBOil 3aa4u.

Karouesvie crosa: Kpaepas 3a/iada, ypaBHEHUE TEIJIONPOBOJHOCTH, NHTEI'PAJIbHOE ypaBHeHMe Tuia Bosb-
Teppa BTOPOr'O POJa, XapaKTEPUCTUIECKOE yPaBHEHUE, METO/, PEryJIPU3aIIn.

1 Ilocmanoska 3adavu

PaccmarpuBaercs nepBast KpaeBast 33/[a4a TEIJIOIPOBOJHOCTH B BBIPOK Iatolieiics yriaosoil obiacru (obiia-
CTH C IIOABUKHOM FpaHI/IueI‘/’I)

ou  ,0%u

E—a @—0,0<x<mt,t6(O,T), (1)
ou ou
= =0 =— u(t) = 2
5l G| i) =0 2)

rae a(t) = u(x,t)|,_,,, = u(mt,t), k u m 3anansr.

2 Csedenue kpaesoli 3a0a4u K UHMEPANLHOMY YPABHEHUIO
Pemrenne ypaBHeHUs! TEIIONPOBOJIHOCTH MOKET OBITH IIPEJICTABIEHO B BIJIE CYMMbI TEIUIOBBIX [OTEHIINAIOB
mpocToro cJiost [1]

22

T 4aZ(t—1) V( d7— +

(z—m7)2

u(z,t) e 12— o(T)dT, (3)

o e [

rue dyukuus (3) yuosierBopsier ypasaenuio (1) ayist jobbix v(t), ¢(t), 1y KOTOPBIX CYIIECTBYIOT WHTEIPAJIbI

B (3).

Jnst Toro, 9ro6bl yIOBIETBOPUTH MPAHUIHBIM YCIOBUSM (2), Hafimem %:

du 1 ! x - r—mr _-mn?
— = — 4a2(t—7) d 1a2(t—7) d 4
Oz 2aﬁ/o t—7)pr° v(r)dr - 2af/ t—r)32° p(r)dr, )
TOrJIA TPAHUYHbBIE YCJIOBUS IPUMYT Bug [1]
1 mr __(mn)?
t 2a%(t=7) dr = 0; 5
v+ 2aﬁ/0 (t— " plr)dr =0; (5)
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(mt)? _ m2(t—1)2

o(t) — QCLﬁ/o i 771)3/2 e w0 y(r)dr — 2a1/7?/0 \/ﬁe 2.2 (7)dT = —ku(t). (6)

Taxkum obpasoM, ecan Haiinem byakunn v(t), ¢(t) u3 cucremsr (5)—(6), To, noacrasisisa ux B (3), momryanM
pemenue 3anaun (1)—(2).

U3 ypasuenus (5) umeem

(m7)2

1 mT - g
0= 5oz || e e o

IMoncrasiss (7) B (6), moiydum

1 fomt B T omm __(mr?
t) — 4a?(t—7) 7Y o 4aZ(r—1y) d dr—
0 (2ay/m)? /0 (t—7)32° {/O (r—m)32¢ Dp(m) 71} T

—KWp] = —ka(t), (8)
e

1 / _'VILQ(t;‘r)2 ( )d
e 1a T)dT.
QQﬁ 0 \/t — T g

MeHsist HOPSIOK MHTErPUPOBaHUsl B paBeHCTBe (8), BBIUMCINM BHYTPEHHUI WHTErpaJl

KM (] =

I L m et Vi =ay
t,’r: e 4a%(t—7) 4a2(r—71) T = =z t— 7 = 2T — T
0= | e ” :
t 2 2
t—1=22(r—m);T= —Zj:zl,t—T—(t T1) 2Z+1,
1 zdz
7'—712(15—71)722 1;d7’—2(7'1 t)(2+12H
/0 tTl(l + 22)3/2(1 + 22)3/2 _;nztz((lt+22)) nl ;1(£1+z:) 22(7—1 — t)d
p— e a“z /77'1 a T Z —
oo 23t —T1)3/2(t — 71)3/2 (1+22)2

22
4a2(t—71) 4aZ(t— 7'1)4a2(t 7'1) dz =

oo 2 2,2 2,2 m?+3 m?r?
_ 2t (1 + 2 )674(1%1”)%27 m2t
22(t — 1)
0 1

2 2,2 2.2
Sy [0 2tm NPT B R ok S B e
—e 4a?(t—771) 1+7 e 4a®(t—71) 2 4a?(t— 7—1) —e daZ(t—711) X
o P\

o m2¢2 1 m2r? 2 © m2t2 1 m2r¢ 2
X A6_4a2(t771)z7_4a2(t o= dz + ﬂie_llaz(t—-rl)27_4a2(t771)2 dz| .
o (t—m71)? o (t—m1)%22

Ucnonbsyst dopmyssr u3 [2; 321(3.325); 355(3.472(3))], momyanm

m m272 metT
i) - m2 - ] 2try 1 7T2a,/t—71 N 2tm 1 W2a\/t—ﬁ 67%2(2;_ L
’ 2 2 2
(2a+/T) (t—71)22 mmy (t—m7)22 mt

m2

2GR
m? 2a+/T

" da?r m(t — 1)3/2

e ;1:2’")2“‘““1 2at\/T N 2atTi\/T
a®(t—7q1 =
m(t —711)32  m(t —7)3/2

~ m2ttr?

(t+71)e 22— = m(t +7)

2a/7(t — 11)3/2 ¢

m? (t47)?
4a?(t—71) |

Takum obpasom, ypaBaerue (8) npumer Buj

t+ 7 m2(t+7)2

t 4a2(t—7) dTr—
p(t) — Qa\/jﬂ_/ t_7_3/2 o(r)dr
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_ m,2(t—r)2

_Qaﬁ/o T () dr ki) = 0.

9)
Teneps Haiigem 4(t) u3 npejacrasiaenus (3):
i(t) = u(mt, t) R (r)d /t LS = ()d} (10)
u uim e 4aCt-m)py(1T)dT + e 4a(t—7 dr 5.
\/t—T o Vi-T 4

TloncraBum BMecTO l/(t) €I'0 3HaYeHue (7) U HalijileM IIepBoe cjlaracMoe, KOTopoe 0003HAYNM BPEMEHHO 4Yepes
dl (t):

- ~ e [T oy —_(mr)?

no= ﬁ/o vieeo { /0 CEraE “‘*”@(ﬁ)dﬁ} dr =
L t mn —t i N

~2r J, wlr)dn /7'1 (7-_7-1)3/2\/ﬁ6 @27 "8Gm0 dr = ||1e ke samensi(*) ||

1! Y (14 22)3/20/1 4 22 _Ziffttf) ";a;lfltz ) 22(1 — t)
= <p(7'1)d7'1 T N e (t—=1) ) A1
7T — T z —T1

(14 22)2
m2¢2 m?272 * o9mr m2e2 2 m?2+252
7/ 7-1 e 4a2(1 1) 4a2(7'77'1)d7-1/ e
0

dz =

4a2(z 71) T 4aZ(t— ) dz =
t—Tl

77L2t2

SD( )6 4a2(t—7) 4J£’L(tT 2mr 1 IQG‘ -7 72
27T 0

2a«/71 = Tavi=s dr =
t—72 mT

a t 1 _ m2(t47)2
— 7/ @(7—) e 4aZ(t—T) |
ﬁ 0 \/t — T

7m22(t+ﬂ')2 7m22(t—7')2 i
- e 4a%(t-m) 4 ¢ 4aZ(t-7) VdT.
Vi o VT o)

ITpeoGpasyem pasencTso (11), UCIO/IB3YsT COOTHOLIECHKE

OKkoHYATEILHO UMeeM

m2(t + )2 B m2(t —1)2 +4m*tr m2(t - 1) m2tr .
4a(t —7) 4a?(t —7) 4a? a2(t — 1)’
i 1 _7n22((t+7))2 _m22(277))2 (r)d a /t 1 |: _71L2(t;7') o fr)
u [e— e 4a“(t—r _|_e 4a“(t—r T T = — e 4a aZ(t—7) _|_
\/7Tr o Vt—T 7 ﬁ 0 t—T

 m2-n)?
+e 4a2(t—7) 7— dr =

2(1 T) m2tr
Taaz e oFe-n) + 1| o(7)dT.
Takum 06paszom, ypaBHeHue (8) 3alUIIETCA B BUJIE

t + 7 m2tr m2(t—7)

t a2(t—r)_ 4a2
Plt) - Zanﬂ/ t—T3/2

_m2(t—7)

1 m
plr)dr =5 = /0 T T elndrt

ka t 1 m?2(t—7) m2tr
+= TTaaZ e a2m 41 dr = 0. 12
V7 by VT g Jetr -

t
Ymuoxas o6e gactu ypasaenus (12) Ha e preai BBOJISI HOBYIO (DYHKITUIO

e o(t) = p1(1), (13)
TIOJIy IUM

® / t+r1 gf”) (1)d / m (r)dr+
a“(t—T1 T T — T T
a Qa\f (t—1) 3/2°¢ 71 2a/7 J NETak
ki 1 |: m2tr

a2(t-m) + 1 dr = 0.
e v [ e
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I/ICHOJIBSYH COOTHONICHHE
t+7 A —t+T 2t 1

(t—7)32  (t—7)32  (t—7)32 (t—71)1/2

OymeM MMeTh

m2tr

m t 2t — m 1 _
t) — a(t—7) d a2 (t—7) dr—
#1(f) 2aﬁ/0 (t—rp° or{rdr + 2aﬁ/0 (t—m72° prlrdr

m2tr

m2,7'
(r)dr + F4 ka 1 [ ¢

N e (-7 4 1] p1(r)dT =0,
0 -

e1(t) — K (t) =0,

m
_2a\/7?/0 Vi— =

WJIN 2Ke TOoCJIe yUPOMEHNA TTOJIY INM

e

t 2 t 2
m 2t __m2tr m ka 1 __m2tr
Koy = aZ(t—7) dr — | ——— + — a2(i—7) dr—
o1 2aﬁ/0 t—pr© p(r)dr <2aﬁ + \/%)/0 N p(r)dr

ka / 1 ()d
- - T < = — T T,
Jr 2aym) )y Viert
ﬂﬂﬂ nccJie 10BaHu A ypaBHeHI/ISI (14) BbILJICJIMM €r'o XapaKTepI/ICTI/I'{eCKyIO 9acCThb:
e1(t) — Knp1(t) = Ko (1),
rie

m2tr

e @2G-7 py(1)dT;

Knp(t)

2a\f/ t—T3/2

m2tr

Kopr(t) = 1t) = - (2«;77\1/7? + \/%) : \/%e_mwl(r)df—

ka m / 1 (7)d
-\ —=—= ——p1(7)dT
V7 2aya) )y Vit
VMHOKEM 06e JaCTH STOr0 ypaBHEHHs HA \/f I BBEJEM HOBYIO (DYHKIIIO
Viei(t) = ea(t),
TOTJIA TIOJTY IUM
t
- [ Kt estryar = fate),
0
rie
m t3/2 __mZ¢r

Kit.7) = m e 0 R = ViR,

Ormerum cirepyiomiee cBoiicTBo sanpa KC(t,7) XapaKTepucTUIecKoro ypaBHeHHUsL:

/Ot K(t,7)dr =

JeHCTBUTEJIBHO,
t3/2 m2ir mt mtdr
K(t,7)dr = Ea—ndr = ||ln = —/——, =
/ 2af NGRS 3/2° I ayt—7 K 2a(t — 7)3/2
242 2
t 2 m2t 9 5 m-t
T:t— enea2d’r}:”0 :7’]—7&2;

e I T e
a2772 CL2772 ﬁ m\/f/a 7727@
a2

20d0 = 2ndnH = %/0 e do = 1.

Do, KCTATH, O3HAYAET, YTO K ypaBHEeHHUO (18) HEIPUMEHNM METOJI IIOCJIEI0BATELHBIX TPUOIINKEHIH.
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3 Pewenue unmezpasbro2o ypasHenus
Cunrast BpeMEHHO [IPaBYIO 9acTh ypaBHeHus (15) U3BeCTHOI, HAllIEM ero pelleHne, T.e. PelleHre XapaKTepu-

CTHYECKOro ypaBHenus. Anajiornuno [3; 174] unrerpasnbuoe ypasaenue (17) cBelieM K ypaBHEHUIO ¢ PAZHOCTHBIM
AapoM. st 3TOro mpomsBesieM B HEM 3aMEHDI:

a\21 a\21 a \2dn
om/) t T om/) m T 2m/ 73 (20)
U BBEIEM HOBYIO (DYHKIIIIO
a\21
S(t) = ) -, 21
p3(t1) = p2 [(Qm t1:| (21)

IOJIy IUM

( : )2 . - * a’2my/m 2’ Tf/Qti/Q 2 m* 1 122m?2 1ty X
i v ex B
7 \am t1 ay'm Ji, 2m3t§’/2a a® (1 —t1)3/? P

o[ () L ) = () h]

Yuporas, TOJIyIaM
2 [ 1 S
(pg(tl) — ﬁ me Alri—t1) 903(7'1)617'1 = f3(t1)7 (22)
t1

rie

f3(t) = f2 [( - )2 1} . (23)

om/)

Takum ob6pa3om, JoKa3zaHa
Jlemma. Marerpanbroe ypasuenue (15) 95KBUBAJEHTHO CBOAUTCS K yPABHEHUIO (22) ¢ PA3BHOCTHBIM JIPOM.
Ob1riee pereHre HHTErPAJILHOrO ypasHeHnst (22):

paltn) = faltr) + [ k(s = 1) fa(r)dr + €, (24)

t1

rze r(0) onpenensercs o dbopmysie

r(9) = .0eR_.

1 oo
—_— ne

DD
2y/m(—0) —
Hast Toro, 9Tobbl pererne s(t1), onpezessiemoe dbopmyiioii (24), GBLIO JIOCTATOYHO OTPAHUUEHHBIM, ITOOBI

o]

WHTErpaJ ftl r(t; — 71)dm 6buI Obl orpanudeH fyis JOObIX £1 € Ry, Tak kak dbyukiua f3(t) + C asisierca
orpaHmvueHHON (DyHKIMEN mepeMeHHoN ¢ Jyis JI00bIX KOHeYHbIX k. HTerpast f tio r(ty — 71)d7m Gyner orpanu-
YEHHBIM, TaK Kak 7'(f) yIoBJIeTBOpseT OIeHKE

C

~o
|9|3/26 1 , Ve R_,

r(@)] <

e C = const. Hyxxuo ormeruts [1], 4yto pesosbeenTa r(—t) mHTErpaidbHOro ypasHenust (18) yiosiersopsier
MHTETPAJbLHOMY yPABHEHUIO

2
r(—t) = —a72¢

ol

t
2 _a
+ /0 W@ T 7’(7’ — t)dT

Ioxcrasus (21), (23) B (24), nonyunm
o |Ge) 7] = 2| Ge) 5]+ [t -mn| () ] an e
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2d7‘

o+ o (g2 (4~ 1) o ()7

ITpumensist obparHble 3amensl K (17) u (19), moaydnm

viaty=vinw+ [ r[(;%) (5-3)]vinm () G +e

so1<t>=f1<t>+/0tr[(2m2 ( )}\ff (5) 52 jz

[Moxcrasum (16) B mOCsIEIHEE PABEHCTBO:
2 t

—e agzt:)gol(r)dr— (ka_ n )/t ! o1(T)dr+
ﬁ 2aﬁ 0 \/t—T

m

0= (g2 ) [ o=
e s

2m
k C
(G~ i) | e @)
B (25) B TpeTheM ciiaraeMoM HOMEHsIEM IOPSAJI0K WHTErDHUPOBAHMUS:
¢ aN2/1 1 a2 1 m _ _mPre
[ sz) (t‘T)] (5) \/1273/2{ <2af f) v RO
ka m o1 a2/ m ka
- (ﬁ— 2aﬁ>/o fgsm(é)dg}dfz—(m) (2aﬁ+ﬁ) x
f —plre_ PlranN2(1 1\] dr
0 VEV—E “‘““”1(@‘15/5 T{(zm) <t>} 7
a \2 [ ka m K 1 g aN2/1 1 dr
() (5 mm) [ O | \Ga) (5-7)] 5 -
a \2 m ka K ¢ 1 aN2/1 1 — izt
() (ivm + 75) [ AL = |G) (5-2) ] ar fencae-
a \2 ([ ka m ¢ t 1 aN2/1 1
~(an) (\/7T - 2a\/7?>/o {/g i —E {(m) (t - T>] dT} Pu(E)de
Takum 06pa3oM, Mbl MOXKEM Tepernucarsb (25) B BUe
(26)

c
Loy = @1(t) — M¢1=%,

rie

o= (5 + ) | s siz) [, el

() (az + 8 L L = [G) (G- 7)ot

2m
1 1

) (a2 () roone

Nurerpasbhoe ypasuenue (26) sBisierca ypasHenueM Bojbreppa co ¢iaboil 0COGEHHOCTBIO, TI0ITOMY HUMEEeT

m2tr k
——=e U p(r)dr + (\f

€IMHCTBEHHOEC peIIeHne
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4 Kaaceor edunecmeenmnocmu peuwsenus 00mopodroti kpaesoti 3adayu

Hcmnonsays coornomenus (7) u (3), 3ak/odaeM, 9To ofHOpoaHast 3a1a49a (1)—(2) uMeer HAPSLY ¢ TPUBHAIDL-
HBIM PEIICHHEM M HETPHBHAJBHOE PEIICHHE ¢ TOYHOCTHIO JI0 OCTOSHHOTO MHOMKUTENA B KJIACCE CYIIECTBEHHO
OrpaHMYeHHBIX (DYHKIMI ¢ BECOM, KOTODBI OIPENeIIsSIeTCsl CIAEYOMUM 06Pa3oM:

(@ +#72) " u(z, 1) € Loo(G), me. u(@,t) € Lo(G; (x +/2)71),

W3 U3/102KE€HHOrO BBIIIE CIEAYET, ITO KAGCCH, e0UNCMmEenHocmy, Ijis rpanudnoil 3agadu (1)—(2) onpenems-
I0TCST CIIEJIYIOIINM YTBEDIK JICHIEM.
Teopema. Kiaccamu eJMHCTBEHHOCTH pellleHus JJIs "paHuIHON 3aa4du (1)—(2) aBisiorcs

Lo, (G; [l ¢ t(1+a)/2]71) .
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M.T. Kocmaxosa, M.M. Pamazanos, A.C. Tokemesa, A.A. Xaiipky/osa

BypbInThIK 00JIBICTaFbI KBLIYOTKI3TIMITIK TEHJEY YHIiH
OIPTEKTI IMEeTTIK eCEeNnTiH >KAJFbI3 eMecC IeIliMi TypaJbl

Makasaa TyblHIAIFaH OYPBIITHL OOJIBICTA KBLIYOTKI3NIMTIK TeHaeyl yiiiH 6ipTeKTi IekapaJsblK, ecerl
KapacTeIpbuiael. KolbLTFaH ecenm Kaif KabaTThl TMOTEHITHAIIAD KOMETiMEH eKIHIIM TeKTi ICEeBI0-BOJIBTEPD
MHTErPAJIIBIK, TeHIEYiHe KeaTipiimi. AJbIHFaH MHTErPaIIbIK TeHAey peTTey omiciMen memmiaai. Ocbl Mak-
caTTa MHTErPAJIJIBIK, TEHJIEYIIH CUTIaTTAMAJIBIK 0O/ aifKbIHAJIIbl. AJIBIHFAH UHTErPAJIIbIK TEHIEY/IIH 03T
ANBIPBLIMIIBIK TEHIEYTe KEJATIPpYy TYpPaJibl JIeMMa JIQJIEJIEHII, OHBIH, IIenTiMi Ka3blIIbl. ©3€ri aflbIPhIMIbIK
0OJIATBIH TEHJIEYIiH PEe30JIbBEHTACHI VIIH OaraJiaybl KOHE OHBIH, IENIIMHIH, IIIEHeJINeH K IIIapThl KeJITipiji-
Ji. ARBIPDBIMJIBIK, ©3€KTi TEHJIey IIEIIMHIH affKbIH TYPJIEHIIPYi aJFaIlKbl HHTEIPAJIIBIK, TEHIEY/Il, YKAJFbI3
mrerriMi 6OIaTHIH 9JIci3 epekirestiri 6ap ekinmi Tekti Bosbrepp Termeyine kemripmi. [lemrimi omepaTopiibik
Typae X)Ka3bLiabl. Koiiblran 6ipTeKTi MeTTiK ecen aHbIKTAJIIbI, CAJIMAKTHI IIeireH Oy HKIMIAP KIAChIHBIH,
TYPaKThl KOOEHTKIlliHe AefiHri oI/ IIKIIeH HOJIIK eMecC IIenliMre ue 60oJaTbiHbl KopceTiiai. Koibuiran
MIETTIK eCell YIIH MeNiMIEeP/IiH KAJIFbI3/IbIK KJIAChl aHBIKTAJIIbI.

M.T. Kosmakova, M.I. Ramazanov, A.S. Tokesheva, A.A. Khairkulova

On the non-uniqueness of solution to the homogeneous boundary
value problem for the heat conduction equation in an angular domain

The article deals with the homogeneous boundary value problem for the heat equation in a degenerating
angular domain. Using a simple layer potentials the posed problem is reduced to pseudo-Volterra integral
equation of the second kind. The obtained integral equation is solved by the method of regularization. For
this purpose the characteristic part of the integral equation is allocated. Non-applicability of the method
of successive approximations is substantiated for its solving. We have proven the lemma on reducing the
obtained integral equation to an equation with a difference kernel and have written its solution. We give
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an estimate for the resolvent of the equation with a difference kernel, and the conditions for boundedness
of its solutions. The explicit representation of the solution to the equation with a difference kernel leads
the initial integral equation to a Volterra equation of the second kind with a weak singularity, which has
a unique solution. The solution is written in the operator form. It is shown that the posed homogeneous
boundary value problem has a nontrivial solution up to a constant factor in the class of essentially bounded
functions with defined weight. Classes of uniqueness for solution to the posed boundary value problem are
defined.
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O mpuBoamMoOCTH JUHENHOH [ .-cucTeMbl C TIOCTOAHHBIMA HA
amaroHaJmn kodddummnenramu K D.-cucrteme ¢ »KOPJAaHOBOI
MaTpulleii B ciiydae 3KBUBAJIEHTHOCTHU €€ OJITHOMY
YPaBHEHUIO BBICHIETO MOPsSIKa

B cratbe mpemnokena Merommka NpUBEIEHUs] JTUHEHHON CHCTEMBI C MOCTOSIHHBIMHU HA JUATOHATIH KO3(]-
dunmenTaMu K KAHOHUYECKOMY BHJY IIDU HEKOTODBIX YCJIOBHSIX, HajlaraeMbIX Ha COOCTBEHHbIE 3HAYEHUS
cucrembl. Vcnomb3yst JAHHYIO METOJIUKY, MOXKHO HCCJIEIOBATH CTPYKTYPBI | (6, w, w)-IepUONIECKHe Perre-
HUs JIMHEWHBIX CHCTEM yPaBHEHHUI C omepaTopoM audepeHInpOBaHNS Ha TJIABHON JHATOHAJI.

Karouesvie crosa: nuddepeHnnaabHbIi OnlepaTop, JUHEeWHAs CUCTEMA, IPUBOAIMOCTD, >KOP/IAHOBA MATPHIA.

B Teopunm KosebaHMiI 9YACTO BCTPEYAIOTCS yPABHEHMsI M CHCTEMbl ypaBHEHHIl ¢ omeparopoM andde-
PEHIIMPOBAHKUA [0 HAIPABICHUIO [VIABHOW JIMATOHAJM © = €T [POCTPAHCTBA BPEMEHHBIX HEPEMEHHBIX
(1,t) = (1, t1, ey tm) E RX RX ... x R=Rx R™, R = (—00,+00) Buzga

0 0
De_a_kj;aitja (1)

KOTODBIl TaK»Ke Ha3bIBaeTcs oneparopoum jauddepentmpoBanus no Jlu B cuty cucrembl

dt
— 2
ar @ 2)

riae e = (1,...,1) — m-BekTOD.

B uacrrocru, (6,w)-nepuogudeckue mo (7,t) cucremsl Buga Dex = f(7,t,2) ¢ muddepennuagbabiM ome-
patopoM D, TECHO CBSI3aHBI C TPOBIEMAMH MATEMATHIECKONW TEOpHH MHOTOYACTOTHBIX Kosebammii [1], The
w= (W1, ,Wm); 0 = wo, Wi, ..., Wy, — HOJIOKUTEJbHbIE PAIMOHAJIBLHO HECOU3MEPUMbIE IIOCTOsHHbIE. B [2] mpes-
JIOZKeH €11ocob n3yueHnst 3ana4 (6, w)-neprognvIeckux peneHnii Takux cucreM. JlabHeiliee nceae0Banne STuxX
po6JIeM BBIJIBUHYJIO U3yUeHHE CUCTeM [3], ComepKaIux XapakTepucTuky o =t — et oneparopa D..

Ipu uccrenoBaHuT KoylebaTeIbHBIX PelICHHH JIMHEHBIX CUCTeM YPABHEHHUi B YACTHBIX IPOM3BOJHLIX Iep-
BOTO IIOPSAJKA BOSHUKAET HEOOXOIMMOCTD IIPUBEICHUS MATPHUIL ¢ EPEMEHHBIMA 3JIEMEHTAMH K yJIOOHOMY BHJLY.
B sroit cBst3sm ormeTnMm pesyabrarhl Y. Sibuya [4, 5| m kommenTapun k HuM B MoHOrpadusx B. Basosa [6],
A.M. Cawmoitnenko 7] u MI.A. Jlanmo-Tarunesckoro [§].

ITocraBum 3amady 06 MCCIEIOBAHUN ITPUBOIUMOCTH JIMHEHHON CUCTEMBI C IIOCTOSTHHBIME Ha, JMArOHAJU KO-
s durmenTaMu BUIA

D.x = A(o)z, (3)

rue D, — omeparop Buza (1) ¢ xapakrepucruydeckoii cucremoil (2), a n X n — marpuna A(o), obuagamomas
CBOMCTBAMY TEPHOJUIHOCTH U TIAIKOCTH

Ao + kw) = A(0) € CO(R™), Vke Z™, (4)

kw = (kiwi, ..., kmwm) — KpaTHBI BEKTOP-NIEPUOJL, K CHCTEME € XKODJAHOBOII MATPHIEH B CIydae SKBUBAJIEHT-
HOCTH ee OJHOMY D -ypaBHEHHIO BBLICIIIETO MTOPSIIKA BUJIA

D™ = c1(0) D2 u+ co(0) DT 2u+ ...+ cpo)u (5)
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¢ 1 PepeHIUPYEMBbIMA  W-TIEPUOJANIECKIMA KO3 DUIUEHTaMA. 3/1eCh 3KBHBAJCHTHOCTh IOHUMAETCS B

CMBIC/IE TIepexojia U3 pemtenus (i, ...,T,) JuHeiHol cucrembl (3) K BekTop-dbyHkmun (u, Deu, ..., D~ tu),

[OJIyYeHHOl 13 pentenus u = u(o, 7) ypaBHenus (5) HA OCHOBE JIMHEHHONO HEOCODEHHOIO IIPEOOPA3OBAHUS.
IMocnenoBaresnbHo npuMenss oneparop De K obenM yacTsim ypasHenus (3), uMeem

D,z = A(o)x; (61)
Dlx = A*(0)x; (62)
D'y = A (o) (65—1)
D}z = A"(o)z. (65)
Tenepsb u3 ka0t cucremst (61), (62), ..., (6,) BbIOEpeM [-0e ypaBHEHHE U COCTABUM CHCTEMY

rie b;; — Koadduiuentsl npu ; [-oit crpoku npomnssegenns A'c — marpunsl A' U BEKTOpa .

Ypasuenns (71), ..., (7Tp_1) 3amIuIIEM B BUIE
Ty = Ty;
n
Deay = bu(o)z + Y bij(o)zy;
I#j=1
D%z =by o)z + Y. boj(o)zj; (8)
I#j=1
Dy =by_y(o)e + > bu_1j(0)z;.
I£i=1
Cocrasum marpuiyy (n — 1) X (n — 1)-ro nopsinka Buja
b11(0') b17l_1(0') b17l+1(0') bln(O')
o=| 0 e el e ®
bnfl,l(g) bnfl,lfl(()') bn,1’1+1(0') bnn(O')
u Marpuny B(o) mopsiika n X n Buga
1 0
bi(o
S (10)
bn—l,l(o—)

cucreMbl ypaBHeHuii (8).
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IIpeanonoxum, 910

det B*(0) #0, o€ R™. (11)

Jlemma. Ecm qyist cucremsr (3), obumamatomieit ceoiicrsom (4), Haiigercs Homep [ : 1 <1 < n, Takoii, uto
BhINOJIHEHO yesosue (11), To D.-cucrema (3) sKBUBaJeHTHA JMHEHHOMY D.-yPaBHEHHIO N-I0 HOpsiaKa Bujia (5)
OTHOCUTEBHO .

Torna u3 (10) B cuny (11) mmeem det B(o) # 0.

Hanee n3 nocnenanx n — 1 ypasaenuit cucreMmsl (8) onpesesnuM BEeKTOD:

T = (1, ey Tlm1, Tl 1y ooy Tny)
1 IPEJICTABUM €ro 4epes3
(Del‘l - bu(a)xl, ey Dgflxl - bn_lyl(a)xl) = A(m,Dexl, ey D?ilxl)

B BUJIE
. 1
T=DB" (o) Az, Dexyy ..., DM ay). (12)

Ioncrasus nosyvennoe Boipazkenue (12) B ypasuenue (7, ), UMeeM JIMHeHOe ypaBHEHNIe
DTx; = c1(0) DIty + .+ cn (o). (13)

O49eBHIHO, UTO JIMHEHHAS CBA3D MEXKIY (X1, T2, ..., Tp) 1 (27, Doy, ..., D"~ 1) peanusyercs MaTpuIei mpe-
obpasosanust B(c), onpeaenentoit coorromenusamu (9) u (10).

JleMMa JOKa3aHA.

JlomycTnM, 9TO XapaKTepUCTHIECKOE YPABHEHHE

N — e ()N — ()N — . — (o) =0 (14)

umeeT KOpHU A1(0), ..., A\s(0) KparHOCTEl K1, ..., k{, OOIATAIONIME CBOHCTBAMMY:
19) menpepoisroit uddepenmupyemoctn: (o) € C’,(,l)(Rm), j=1,n;
2°) mepuosmIHOCTH € HEPHOAOM W = (W1, ..., i ): Aj(0 + kw) = Aj(0), j =1,n, 0 € R™, k € Z™;
3%) smaxoonpenenennoctu \; (o) mist Kaxkoro j = 1, n:

a) mubo Aj(o) <0, Vo € R™;
6) mm6o \j(o) =0, Vo € R™,;
B) 6o \j(0) > 0, Vo € R™.

49) paznenennocTu:

a) mubo \;(0) # A\(o), Yo € R™ nna j # 1
6) 6o \j(o) = Ai(0), Vo € R™ st j # 1

T.e. COOCTBEHHBIE 3HAYEHH UMEIOT IIOCTOAHHYIO KPaTHOCTD JJId BceX 0 € R™.
1 BBIIIOJTHEHIH YCJIOBHIA — JIST TBEHHBIX 3HaYCHHR Aj(0), oI JICHHBIX 1 BHCHHA
1T OJTHE CJTO 10) — 49 cobcTBE 3HaYe Aj(o), ompenene 3 ypaBHE 14),
ypasHetue (13) SKBMBaJIEHTHO JIMHEHHON CHCTeMe

D,z = C(0)z, (15)
rue z = (21, ..., Zn) — BEKTOP-(DYHKIIUSI C KOOPAUHATAMUI
21 =x;, 2o =Dex;, ., zp= Dg_lxl; (16)

C(0) — coupoBoxKJaionias MaTPUIa XapaKTeprucTuieckoro ypasaenus (14) suua

0 1 0 0
0 0 1 0
C(o) = (17)
0 0 0 1
cn(0) cn1(o) cn—2(0) c1(o)
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Takum 00pa3oM, B KOHEUHOM cUeTe JinHeliHas cucreMa (3) cBesach K JuHeiiHON cucreme (15).
[Ipu ycaosustx 19) — 4%) uzsectno uz [9], uro cucrema (15) ¢ marpureit (17) TpuBOAUTCH K KOPJAHOBOM
dopme
Dey = J(o)y (18)

IPH [OMOIIU HEOCOOOro JIMHEHHOrO IPeodpasoBaHMUsI:
y = P(o)z, det P(o)#0. (19)
ITepecrasus [-oe ypaBHeHHE CHCTEMBI (3) Ha II€PBOE MECTO, €r0 MOYKHO 3AIIMCATH B BUJIE

D% = A(0)7, (20)
e T = (T, T1, .00y T1—1, Tl41, ey Tn), g(a) — MaTpHIa, IojaydeHHasd u3 Marpunbl A(c) myrem nepenoca [-oii
CTPOKHM Ha, 1-yI0 CTpOKY

ain(o) . am(o)

a11(0) aln(a)

0= | o) D ati | (2”
al+1,1(0) al+1,n(0)
anl(U) ann(a

Scno, uro marpuna (21) MoxkeT GbITH TIpeJICTABIEHA B BUJIE
A(o) = LA(o)L 71,

rae L — HeocoOeHHasi TOCTOSTHHAST MATPUILA, ITPe0OPa30BaHUS.
U3 (20) umeem T = Lx. B cuity coornomennii (8), (10), (16) nomyunm z = B(0)Z u Ha ocrose (19) onpeiesnm
y = P(0)z, TOraa cBa3b MEXKILY T U Y YCTAHABIUBAETCA COOTHONICHUEM

r=L"'2=L"'B'2=L"'B'Ply=(PBL) 'y (22)

CnenoBaresbHO, OJCTAHOBKO( (22) cucreMy (3) mpuBogum K cucreme (18), npryaem

J(0) = (PB)LA(0)(PBL)™%; (23)
C(0) = BLA(o)(BL)™". (24)

U3 coorromennii (23) u (24) momy
det[A(0) — AE] = det[C(0) — AE] = det[J (o) — AE]. (25)

Tak kak B cwry cooTHommenus (25) xapakrepucruaeckoe ypasaenue det[C'(o) — AE] = 0 coBmamaer ¢ ypas-
HenweM (14), To cobcTBeHHbIE 3HAYEHNS \;(0) KDATHOCTH N j SIBJISIIOTCST COOCTBEHHBIMU 3HAYEHUSMI U MaTPHIbI
A(o).

TakumM 00pa3oM, JOKa3aHa CJIeLyIONas TeOpeMa.

Teopema. Tpu Bomomaennm yemosnit gemvbt, (4), (11) u 19) — 49) aas marpmmer A(o) cucrema (3) meoco-
GEHHDIM JINHEHHBIM W-IIEPHOJANYECKIM U HEIPePbIBHO auddepeHimpyeMbiM IpeobpasosanneM (22) IpUBOAUTCA
k cucreme (18) ¢ xkopganosoit marpuneit J (o).

Hanpumep, paccMOTPUM CHCTEMY JBYX yDaBHEHUI

D.x1 = a11(0)r1 + a12(0)v2;
Dexay = azi(0)z1 + aga(o)zs.

W3 nepsoro ypaBHeHus nmeem
1

= — De — .
T 12(0) [Doxz1 — ar1(0)z1]
Orcrofia oIy IuM
1
D.xy = D%z — D.x1].
i) a12(0')[ eiCl all(a) {Eﬂ
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[ToscraBuB 1OJIyYeHHDBIE BBIPAyKEHUsI BO BTOPOE yPaBHEHHE CHUCTEMBI, yOeXK/1aeMcsl, YTO OHA IIPU YCJIOBUU
a12 # 0 IPUBOIUTCS K JINHEIHHOMY yDPaBHEHUIO

Dg:vl - [an(O') + GQQ(U)]DS.'L'Q + [au((f)agg(o’) — a12(0)a21(0)]x2 =0,

IpuIeM XapPaKTEePUCTUYICCKUE yYpPaBHEHUA 3aﬂaHHOI7'I CHUCTEMBI U IIOJIYyY€HHbIC YpaBHEHHA COBIIaIaXOT. ,ZLeI?'ICTBI/I—
TEJILHO,
all(o') - A CL12(O'

det[A(o) — AE] = det asn (o as(0) ~ A | =

=\ - [an(a) + a22(0)])\ + [Clll(O')CLQQ(O') — a12(0')a21(0')] = 0.

Ecmm
a11(0) + ax2(0) = M(o) + A2(0);

det A(o) = A (0)2(0)

u coberBennble 3HadeHUA A1 (0), A2(0) yIOBIETBOPSAIOT YCJIOBUSM IIEPUOAUIHOCTH, HUMDDEPEHIIIPYEMOCTH, Pas-
JIEJIEHHOCTY W 3HAKOOIIPEIEJEHHOCTH, TO COTJIACHO JIOKA3AHHON T€OpeMe TIEPUOMIECKUM W HENPEPBIBHO mudde-
PEHIUpYyeMbIM IpeobpasoBanueM P(0) 3ajanHasl cucTeMa IPUBOIAUTCS K JIMHEHHON cucreme ¢ Marpuneii J(o)
2KOPJIaHOBOI (DOPMBEIL.

Ecin A1(0) # A2(0), To J(0) = diag [M (o), A2(0)], a ecim A\g(0) = A1 (o) = A2(0), TO

g0 = (%7 i) )

B 3akjouenue oTMeTuM, 9TO UCC/IEA0BaHUE TOA00HOM 3a1a9u MOKHO Haditu B [9-12].
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A A. Kynbxymuesa, 2K.A. Caprabanos

2Koraprbl perTi 0ip TeHaeyTre 3KBUBAJEHTTLIIIN KaFdaiibIHIa >KOpAaH
MaTpuiaabl D ->KyiieciHe AuaroHaJija TypaKThl KodddunmueHnrrep MmeH
CBIBBIKTHI [ ->KyiieHl KeJTipy TypaJibl

Maxkanaga KyiieHiH MEeHIIKTI MoHIHE KATKBI3bLIATHIH KEHOIp MmapTTap Ke3iHie TUaroHaIbIHIA TYPAKThI
KO3 purmeHnTTepMeH 6epiireH ChI3BIKTHI »KYHeHI KAHOHJBIK, TYpre KeJTipy oIicTeMeci KapacThIPbLIFaH.
Bepinren osicTeMeni Kosjana OTBIPHII, HETI3ri JuaroHaJIarsl 1uddepeHIaIIay OlePATOPBIMEH ChI3BIKTHI
TeHeynep XKyhecinig (0, w,w)-NepuoATH MentiMIepi MEH KyPBUIBIMIAAPBIH 3€PTTEyTe GOIAIbI.

A.A. Kulzhumiyeva, Zh.A. Sartabanov

On reducibility of linear D.-system with constant coefficients on the
diagonal to D.-system with Jordan matrix in the case of equivalence
of its higher order one equation

In article proposed the method of bringing a linear system with constant coefficients on the diagonal to
canonical form under some conditions on the own values of the system. Using this method, you can examine
the structure and (0, w,w)-periodic solutions of linear systems of equations with differential operator on
the main diagonal.
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Bekosnbie BOSMYIIIEeHNA B 3aa49e TpexX TeJl C MaCCaMU,
N3MEHAIINNMUCA HEN3O0TPOITHO B PA3JIMYHBIX TEMIIaX

B craTtbe ucciienoBana 3ajiaua Tpex TeJ ¢ IMEPEMEHHBIMUA MaCCaMU, U3MEHSIONUMUCS HEUM30TPOITHO B Pa3-
JIMYHBIX TeMIax B obmeM ciaydae. V3-3a HEM30TPOIMHOrO M3MEHEHUs] MACC MOSIBJISIIOTCS PEAKTUBHBIE CHUJIBL.
Metomamu Teopun BO3MYIIEHUS MOTYyYeHbl KAHOHUYECKUE YDABHEHHS BEKOBBIX BO3MYIIEHHIl 33/1a9l TPeX
TeJI ¢ HEU30TPOITHO M3MEHSIIOIIMMUCS MAacCaMU B PA3JIMYHBIX TEMIIAX. 3AKOHBI U3MEHEHUsI MaCC CUUTAIOT-
¢ mpou3BoIbHBIME. HaiiteHbl mpubInKeHHO-aHAJTUTUIEeCKAE PEIIeHNsT YPABHEHM BEKOBBIX BO3MYIIEHUN
B aHAJIOTaX BTOPOI cucTeMbl jieMeHTOB llyankape o merony Ilukapa. Ha ocHoBe sTux pertenuit MOXKHO
c/esIaTh aHAJIU3 IBOJIIOIUN AHAJIOTOB 3JIEMEHTOB OpOUTHI. llosyueHHbBIE PE3yIbTaATHI MOYKHO HCIIOJIL30BATH
IIpU aHAJIN3€ JUHAMUYIECKON 3BOJIIOINY TPOMHBIX I'PABUTUPYIONINX CUCTEM C HEM30TPOITHO N3MEHSIONIUMUCH
MaccaMM IIPU HaJUYIUU PEaKTUBHBIX CHJI.

Karouesvie crosa: 3aa4ua Tpex Tesl, IIepeMeHHbIE MACChl, BEKOBbIE BO3MYIIEHNUs, AHAJIOTH BTOPON CHUCTEMBI
asnemenToB Ilyankape, meros Ilukapa.

Beedenue

OO6men3BecTHO, 9TO peaJbHbIE KOCMUYECKHE Tejla — HEeCTAIMOHAPHBIC, TAK KAaK CO BPEMEHEM HMX MACCHI,
pasMepbl, GOPMBI U CTPYKTYpa paclpee/ieHds MacCc BHyTPU TeJl U3MEHSIIOTCS. DTU HPOIEcChl 0COGEHHO HMH-
TEHCUBHO IIPOUCXOJAT B JIBOMHBIX U KpaTHBIX cucteMax [1-5]. B c¢Basm ¢ aTuM mcciemyercs 3aa49a Tpex Teul ¢
MaCCaMU, H3MEHSIONIMUCS HEM30TPOIIHO B PA3IMYHBIX TeMIax. Tella paccMaTpuBaioTCs Kak chepuIecKre Tea,
MIepeMEeHHOT0 pajuyca co chepUIeCKIM pacipeesienneM Mace (manee cepraeckne Tema).

CielyeT OTMETHUTH, 9TO B IIPODOJIEMe TpeX TeJl ¢ IePEMEHHBIMI MACCAMU, U3MEHSIOMIMUCA HEH30TPOIHO B
Pa3IMYHLIX TeMIaX B 00IIeM CiIydae, HEM3BECTHO HHU OIHOIO HMHTerpaJa. [losToMy paccMaTpuBaeMas 3aata
HCCJIE/yeTCsl METOJIAMA TEOPUU BO3MYyIIeHust [5—8].

1 Badawa mpex men ¢ HEUZOMPONHO UBMEHAIOUUMUCH MACCAMU
8 PASAUYHBLT MEMNAT

PaccvoTpum cucteMy Tpex B3auMorpaBuTupyiomux cepudeckux nedecHoix tes Ty, 11 u Th ¢ mepeMeHHbIMEI
MaccaMu
mo = mo(t), mip = my (t), mo = mg(t), (1)

UBMEHAIONIUMUCA HEU3OTPOIIHO B PA3JIMYHbIX TEeMIIaX (BaKOH U3MEeHeHUdA MacCC HpOHSBO.HbHBIﬁ) [5]

Mo T Mo My T Ty @)
mo T mo " mg’ my " omg
Ncxonga u3 ypasuenusa Memepckoro [9], 3alldlleM ypaBHEHUs JBUXKEHUsI 3aJa49u TpeX TeJl C IIepEMEHHbIMU
MacCCaMU IIPpU HAJMYINU PEaKTUBHBIX CUJ B abCOJTIOTHON cucTeMe KOOpAWHAT:

—

m; R; = gradg U +1i; Vs, U= f (

momq momso mimso >
* 5 * 9
ROI R02 12

rzie U; — abCoTOTHAS CKOPOCTD OT/IENTAIONINXCA JacTHII;

‘%:ﬁj_ﬁj#oa V‘?]a j=0,1,2 (3)
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—

— OTHOCHTEJIbHAs CKOPOCTh OTJEJISIOMNXCA YacTHIl; X; — paamyc-BeKTOp LeHTpa cdepudecKkux Ten; R, —
paccTosiHre MeXK Ty neHTpamu cdepudeckux tes; f — rpaBurannontasi mocrosgauas. Caenys JI.T. JlykbpsaoBy
[4], 6ymem cuurarh, 9TO peaKTUBHBIE CUJIbI IPUIIOXKEHBI K IIEHTPY COOTBETCTBYIOMUX ceprudeckux Tei. OBbraHo
B HabJII0ATENbHOM ACTPOHOMUM JIjisi KOHKPETHBIX HEOECHBIX TeJl OLPEeIEsIAITCs 3aKOHbI n3MeHeHus Macce (1)—

(2) u oTHOCHTENBHBIE CKOpOCTH OTHensommxcst dactul (3). [losromy Gyzem cuamrarh, uro sesumuaussl (1), (3)
U3BECTHBIE.

2 Vpasrenus 6eK06bT 803MYWeHUli 08YTNAGHEMHOT 3a0a4U MPET MeA ¢ HEUSOMPONHO USMEHANOUUMUCS
MACCAMU 6 PA3AUYHOLT TMEMNAT

OrmMeruM, 9TO ypaBHEHUsI ABUKEHUSI B OTHOCUTEILHON CHCTEME KOOPAMHAT, B KoopanHaTtax 2Ikobu, B 0CKy-
JINPYIONIUX 3JIEMEHTAX AIIEPUOIUIECKOIO JIBUMKEHUs 110 KBA3UKOHUYECKOMY CEYEHUIO, B aHAJOraX 3JIEMEHTOB
Akobu u lenone npusesenst B pabore [6].

Jasee uccaenoBanne ypaBHEHUN BEKOBBIX BO3MYIIEHUIN CBOJUTCS K PEIIEHUIO CJICAYIONEH CUCTEMbI HEaBTO-
HOMHBIX I depeHITnaIbHbIX YPABHEHMI:

. aR?eeK . 8R’>Lk86')6

gi - ; pi = ;

7~7_ — aR;kee% q _ aR:Gew
o¢, opi

e Rf... — Bosmymatonwe Gyukiwn [6-8|; &, 7;, pi, ¢; — aHAJIOrM BTOPOil cucreMbl syeMeHTOB Ilyankape

[5]. B macTosimeit paGoTe B pasoXKeHWH B PAJ] BO3MYyIIAOMEeil (GDyHKINN COXPAHEHBI CJIATAEMbIE ¢ TOTHOCTHIO

JI0 BTOPOH CTEIIeHN BKJIIOYMTENBHO MAJIBIX BEJUYUH My, Ma, €1, €3, i1, iz [6-8]. Takum obpasom, B aHamOrax
3 * *

BTOPOH CHCTeMBI j1eMeHTOB IlyaHKape BEKOBble BhIpaxkeHust st R .., RS, ., uMeoT Bus [7, §|

1 B
I = 55 a2 F F sex F ex @ exs
leex 'Y% ~2M10A% + Fo1 + 12 1+ ple + Pig (5)
1 4
R*squ = 5 2 + F02 + F12se7c2 + F 26ex T Vsen + (I)Zsen;
2 ’Y% 24190A2 P
bivia?  ,mimo f {ﬂhmz] _ 3binfa?
Foyr=— - ) F eexl — | ) F, sex —
o 29 Y2th1az T (S ven Pl 4A 19y (&6+mr):
byvsa3 mims f mims 3b2’>’2 a3
F - - F sex - ’ F, ex —
02 2w2 /721#20127 12 2= ’(/JQ o o p2e AN w (52 )

9arazp1272(2911 + 11#1) .
14\/E\/E’(/J2 (5152 + 771772)7

1z(t) .
= m {Flz(t)& + Fiy(t)m + —= A (&g + 771711)]} ;

Doger = m {—Fzz(t)fz + Foy (t)n2 + F\Q/Zg) [(—&2g2 + 772]92)]} ;

Vsew = -

q)leen = 3a1’yl (t)

Loy e g - . Mo = 10— .
Fr=—Vi—-—W#0, FK=—V-—W|-n V1 # 0.
mq mo meo mo mo

Awnanusz dopmyi (4)—(5) nokaspiBaer, 4TO ypaBHEHUsSI BEKOBBIX BO3MYIIECHUI DU HAJIMIMU PEAKTUBHBIX CHJI
B CJIyYJa€ HEU30TPOIIHOI'O UBMEHEHUA MaCC HE PACHICIIJIAIOTCA Ha JB€ CUCTEMbl OTHOCUTEJIbHO 3JIEMEHTOB giv n;, n
bi; G;-

OcCHOBHOI1 TIe/IbI0 HACTOSIIEH PABOTDHI SIBJISETCA BBIABUTH SBHbIA BuJ ypaBHenuil (4) u meromom ITuxapa
HaWTHU UX HpI/I6JII/I)KeHHbIe AHAJINTUYIECKUE PEIICHUA. Ha ocuose sTnx pemeHHﬁ TOJIYyIUTH SABHBIIT BU T ypaBHeHHﬁ
aHaJIOT'OB 9JIEMEHTOB Op6I/ITbI.
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3 KanoHuueckas cucmema ypaeHeHuﬂ 6EKOBHLL eosmyw,enua 6 aranoeaxr
smopoﬂ CUCTEMDBL INEMEHT OB Hyan%ape

VpaBHEHUsT BEKOBBIX BO3MYIIEHUIT JIJIsT SKCIIEHTPUIECKUX JIEMEHTOB &;, 7); IMEIOT BU/T

. OF; . oFn,,
51 _ lae%; m=— 1 :
8771 651 (6)
é _ 8F2*6€7€ . s 8F2*667€
2 87]2 3 T2 852 )

e

FYoen(&ismis Dis 4ist) = F(&iymi) + Ke(mpr — §11);
F3geo(&ismis i €5 t) = F' (&) + Kg(2p2 — €202);
F(&,mi) = Ko + K1(& +17) + K2(3 +13) + K3(&162 + mp) + Ka&i + Ksmi;
F'(&,m:) = Ko + K7 (67 +17) + K563 + 15) + K5(616a + mp) + Ki&a + Kgna.

Cne;gyeT OTMETHUTDL, YTO 3a/a9a CTAaHOBUTCA €Ie CJIO02KHEE N3-3a U3MEHEHUA MaCC HEU30TPOIIHO U, COOTBET-
CTBEHHO, ,D;O6aBJIeHI/IH peaKTI/IBHOfI cuibl. B ¢Bsi3u ¢ 3TuM B ,HaHHOfI IIOJACTaHOBKE ITOABJIAIOTCA HOBBI€ BEJIMYINHDI,
KOTOpPbIC UMEIOT BU/T

Ky — ~3a1Fia(H)n(t) Ks = 3a1 Fyy ()71 (1) .= 3a1 F12 ()7 (1)
201V 291vAL 21y

K —  3aaFaq(t)12(t) | Kl — 3azFoy(t)12(t) K — 3ag Fo, ()y2(t)

! 20vAs T 2pvA T ° 2Yphy

a sesmanubl Ko, K1, Ko, K3, K|, K{, K}, K4 nony4enst B padore [8]:
VpaBHeHNsI BEKOBBIX BO3MYINEHHI I OOJHUECKIX 3JIEMEHTOB P;, (; OIPENesIsIoTcs CIeIYIONIM obpa-
30M [8]:

131 _ aﬁfsen, tj1 — _8Ffsen;

(?ql (?pl (7)
o OFaen, . _OF5en
p2 = dgs q2 = s

rie .
FY ooy pis @iy t) = V1 F(p1,q1) + Ke(mpr — §1q1);

ESoen&imis i €6 t) = V3F (1, @1) + K§(02p2 — &202);
F(pi,a:) = K{(p] + ¢3) + K5 (p3 + ¢3) + K3 (p1p2 + 1142);

. fmimovy By . fmimory By . 1 . 1 . 2
= = B = — B = — B = — .
vi 8y V2 Sy T TV TAT TF Ay B N

4 IIpubnuosicenmno-anarumuveckoe pewenue YpasHeruli 6EK08HLT BO3MYWEHUT 8 GHAN02AL 6TOPOT CUCTIEMDbL
anemenmos Ilyankape no memody Iluxapa

BamnumieM B SIBHOM BHJe cucTeMy ypasHeHuit (6)—(7):

&1 = K5 + Kepy + 2K + Kai; i = Ky — Kequ + 2K161 + Ka&o; (8)
§o = K+ Kgpa + 2K5m + Kim; - 12 = K — Kggo + 2K358 + K585

P11 = —Ke& + 27 (1) (Kll - \/&) ;G = Kem + 297 (t) (ill - 1];2[\2) ;

P = — K& +205(1) (122 - J%) Lo = K+ 205(1) (ﬁ - fim) |
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Ucnonbayst meron [Tukapa, Hanumem permenus: ypasaernii (8), (9) B caemyromniem suje:

t

Se () =35 (to) + / I0* (1, 34, (to))dt, (10)

to

rie 117 (¢, 35) — npassle gactu ypasreruii (8), (9); S5 — smeMeHTsI &, 1;, Pis ¢i; Dk0=2>k (fo) — UX 3HAUEHUS
B HAYAJILHBIA MOMEHT BPEMEHHU.

Pemenus ypasaennii (10) mo3BOJISIOT aHATM3MPOBATH SBOJIIOIHI0 AHAJIOTOB YKCIEHTPUCUTETOB €;, HAKJIOHE-
HUil 4;, apryMeHTa, IePUIIEHTPOB w; W JABUYKEHUSI JOJITOTHI BOCXOAAIINX Y3J0B {);, JOJTOTHI IIEPUIEHTPOB T;:

2 2 2 2
62:9§¢+9m, Sin2i‘=9pi+9‘h'
7 A»L ) 7 Az ’
D, On. .
QO = —arctg=L; 7 = —arctg 97“ s owi=m— Qo 1=1,2.
Di &

CJejtyer OTMETHTB, YTO BCE BBIYUCJIEHUs] OBLIM MPOJIEJIAHBI ¢ IPUMEHEHHEM CHCTEMbI AHAJUTUYECKUX BbI-
qucsrennit Mathematica [9].

3axarouenue

B pabore paccmoTpena 3ajiada Tpex B3aUMOTI'PABUTHUPYIONINX CPepruiIecKuX HEOECHBIX TeJ C IMepPeMEHHBIMUI
MaccaMi, U3MEHSIIOIIMMUCS HEU30TPOIIHO B PA3JIMYHBIX TeMIIaxX B 00IIeM ciiydae. BriepBbie mosiyueHa cucrema
W3 BOCBMHU YPaBHEHUII BEKOBBIX BO3MYIIEHUN IIEPBOTO MOPAIKA B aHAJIOraX BTOPOU CHCTEMBI 3jieMeHToB [lyan-
Kape MpU HAJWYAN PEAKTUBHBIX cril. HaiifeHbl mpubImKeHHO-aHAJIATHIECKE PeIleHns] YPABHEHU BEKOBBIX
BO3MYIIIEHN B aHAJIOrax BTODOil cucrembl deMeHTOB Ilyankape mo merony Ilukapa. Ha ocuose sTux permnenuit
MOYKHO TIPOBECTH AHAJIN3 YBOJIIONUU AHAJIOTOB JIEMEHTOB OPOUTHI.

PesynbraThl HacTosdineit paboThl MOXKHO WCIIOJB30BATh PU aHAJIU3E JTUHAMUYIECKON 3IBOJIIOIUN TPOIHBIX
I'PaBUTUPYIONIAX CUCTEM C HEM30TPOITHO U3MEHAIONIUMUCH MacCaMy IIPU HAJUYUU PEAKTUBHBIX CHJI.
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Maccasapsbl 9p TYpJii KApKbIH/Ia U30TPOINCHI3 ©3repeTiH ynI JeHe

ot

© 0 N O

98

ecebiHgeri FachbIpJIbIK YUBITKYJIAp

Maxkastaza Maccagapsl op TYPJli KapKbIHIa H30TPOIICHI3 ©3T€PETIiH YIII JIeHe MOCeJIECi YKaJIIIbl 2KaFaaiiia Ka-
pacTeipbLTFaH. MaccaHbIH, H30TPOIICHI3 ©3TepyiHEeH peaKTWBTI KymTep maiiga 6o1aabl. TackIpabik yHBITKY
TEOPUSICHIHBIH, 9J[iCTEPIMEH MaccaJjiapbl 9P TYPJi KAaPKbIH/IAa MU30TPOIICHI3 ©3TrePEeTiH VI JieHe MOCeJeCiHiH
KaHOHJIBIK FACBIPJIBIK YVIBITKY TeHeysepi anabiHabl. [leHesnepin Maccasapbl Ke3 KeJreH 3aHbIIBIKIIEH 03-
repeni. Ilukap omiciniy kemerimen I[lyamnkape ajeMeHTTepi aHAJIOrTapBIHBIH, €KiHII >KYHeCiHIe FACBIPJIBIK
VHBITKY TEHJIeyJIePiHiH XKYBIK aHAJATAKAJIBIK IenriMaepi Tabbliabl. By menriMaepain Herizinge opoura
3JIEMEHTTEPI aHAJIOITAPBIHBIH, 9BOJIIOIMSICHI CUMTATTAJIbI. AJIBIHFAH HOTUKEJEP/Ii PEAKTUBTI KYIITED asChIH-
JIa M30TPOITHI €eMeC Maccajiapbl 6ap JUHAMHUKAJIBIK VI TPABUTAIMSIIBIK, KYHeJepiH Taamayaa KOITaHyFa
0ot IbI.

M.D. Minglibayev, G.M. Mayemerova, Zh.U. Imanova

Secular perturbations in the three-body problem with masses
changing anisotropically at the different rates

In this article we investigate the three-body problem with variable masses changing non-isotropically at the
different rates in the general case. In this case due to non-isotropically mass changes appear reactive forces.
Using the methods of the perturbation theory are obtained the canonical equations of secular perturbations
of the three-body problem with masses changing non-isotropically at the different rates. The mass change
laws are considered arbitrary. Using Picard’s method in the analogues of the second system of the Poincare
elements are found approximate analytical solutions of the equations of secular perturbations. On basis of
these solutions is possible to do the analysis of the evolution of the analogues elements of the orbit. It can
be used in the analysis of the dynamical evolution of triple gravitating systems with varying anisotropic
reactive in the presence of the masses forces.
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Construction of the solution of the boundary value problem for
integro differential equation with a small parameter in highest
derivatives

The article is devoted to the study analytical formula of solution of boundary value problem with initial jump
for a linear integro-differential equation of n+m order with a small parameter in the highest derivatives. In
this paper singular perturbed homogeneous differential equation of n+m order are constructed fundamental
system of solutions. With the fundamental system of solutions are constructed Cauchy function and
boundary functions. Using Cauchy function and boundary functions are obtained explicit analytical formula
of solution of considered local boundary value problem for singular perturbed integro-differential equation
of high order.

Key words: singularly perturbation, small parameter, boundary functions, Cauchy function, initial jump.

1 Statement of the problem
Consider the following integro differential equation with a small parameter in the highest derivatives

1l m+1

m . dnJr,ry n )
Ly= Zs An+r(t)W + Z A (t) dtk = Jr/ )y(J)(x,[-:)dx (1)
r=1 k= 0 ]:
with boundary conditions
diy diy [
hi = - = Q4, :?0,l4*17 h Y= —" = D4, :?0, 4’1, 2
V=G| T Y= g | Bi, i=0,p (2)

where £ > 0 is a small parameter, «;, B; are known constants independent of &, A, 1, (t) =1, m+n=10+p.

Assume that following conditions hold:

L A;(t) € ™t +1([0,1]), i =0,n+m, F(t) € C([0,1]) and functions H;(t,x) j = 0,1 —m + 1 are defined
in the domain D = {0 <t <1, 0 <z < 1} and sufficiently smooth.

II. A, (t) #0, 0<t<1;

II1.The roots j1 # po # ... # pm of "additional characteristic equation"u™ + A1 ()™t + ...+
+A,11(t)p + An(t) = 0 satisfy the following inequalities Rep; < 0, Reps <0, ..., Rep, < 0 and m <.

Similarly boundary value problem for ordinary differential equation was considered in [1]. In the particular
case, similarly boundary value problem for singular perturbed integro-differential equation for this case m = 2
and | = 2 was considered in [2,3].

2 Construction of the fundamental system of solutions

We consider the following homogeneous singularly perturbed equation associated with (1):

dn+r

Ley = Zs Anir(t) g + > Alt) 5 =0, 3)

The fundamental system of solutions of (3) in the interval 0 < ¢ < 1 has the following asymptotic
representation as ¢ — 0 [4]:

v (te)=yP() +0(e), i=T,n, ¢=0,n+m—T;
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t

yn+r(t75) = ;6.’1,‘]) E/MT(.’L')CLT (/’Lg‘(t)ynJrr,O(t) + 0(8)) , T'= 1,m, q= Ov” +m — 17
0

where functions y;0(t), i = 1,n are solutions of the problem

n

dkyio i—1 . .
ZAk(t) dtk =0, yJ(O )(0) = 6ij7 1=1,n, J = 1L,n,
k=0

d;; is a Kronecker symbol and functions y,,1,0(f), r = 1, m are solutions of the problem

pr(t) 'y:z+r,0(t) =+ QT(t) 'yn-&-r,O(t) =0, yn-&-T,O(O) =1, r=1,m,

where functions p,(t), ¢-(t),7 = 1,m are defined the following formula

pr(t) = (n+i)An (O (1), r=T,m;
=0
gr(t) = o (1) Y i Ay (g 2 (8) + Ana (Dpg M (1), 7 =T,m;
=0
s (n4i)! -
Cnti = iy L-0M

3 Construction of Cauchy function
Definition 1. Function K (t,s,€) is called Cauchy function, if it is a solution of the problem
L.K(t s,e)=0, t#s;
KU (s,5,6)=0, j=0,n+m—2, K" (s s,¢) =1,

and Cauchy function can be represented as

W(t,s,e)
K(t = —"
( ) 57 E:) W(S, 5‘) )
where W (s, ¢) is the Wronskian of the fundamental system of solutions yi(s,€),y2(s,€),. .., Yntm(s,€) of (3),

W (t,s,e) is the n + m-th order determinant obtained from the Wronskian W (s,e) by replacing the n + m-th
row with y1(¢,€),y2(t,€), - -+, Yntm(t, €).

4 Construction of boundary functions

Definition 2. Functions ®,(t,¢), i = 1,n + m are called boundary functions for the boundary value problem
(1) and (2), if they satisfy the following problem

L.®;(t,e) =0, i=1,n+m;
hp®;(t,e) =6k, t=1,n+m, k=1,1+p,

where d; is a Kronecer symbol and boundary functions ®,(¢,e), i = 1,n + m can be represented in the form

i) = 1,
where
hiyi(t,e) o Maypim(t.e)
() = haoy1(t,e) ... hoyntm(t,€)
hitpy (t,e) - PitpYntm (t, 5)

Ji(t,e) is the determinant obtained from J(¢) by replacing the i-th row by the fundamental system of

solutions hn (t7 5)7 Y2 (tv E)v e yn+m(t7 E) of (3)
IV. J(e) # 0.
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5 Analytical formula of solution
Denote by the right-hand side of equation (1)

l—m+1

z(t,e) = F(t) +/ Hj(t,z)yY (z,¢)dx. (4)
0

7=0
We seek the solution of differential equation L.y = z(t,¢) in the form

n+m 1 t
= Z Ci®;(t,e) + K(t,s,e)z(s,e)ds, (5)
= 0

where ®;(t,e), ¢ = 1,n+m are boundary functions, K(t,s,e) is Cauchy function, C;, i = 1,n+ m are
unknown constants, z(t, ) is an unknown function.
Substituting function (5) into equality (4), we obtain the following expression:

1l m-+1 n+m
z(t,s):F(t)+/ H;(t,x) Zcq)mx{—:)der
0 7=0 i=1
1l m-+1 t
+/ Z Hj(t,x) /K(J) (t,s,¢€)z(s,e)dsdz. (6)
o J=0

Replacing the order of sum and integral of equality (6), we obtain

n+m 1 l—m+1

o) = F() + > C, / S H(t2)09) (2, )+

i=1 o =0

/ 5€) ds/ll fl KOt 5, 2)da. 1)

0

Introducing of additional symbols of (7), we obtain the following Fredholm integral equation of the second
kind:

z(t,e) = +/Htss ,€)ds, (8)

0
where
n+m 1 l—m+1
Fte) = F(t) + ci/ H,(t, )09 (2, £)d
=1 0 7=0
l m-+1

H(t,s,¢) /ZHth(])(xse)d

V. 1is not an eigenvalue of the kernel H(t, s, €).
In view of condition V integral equation (8) has an unique solution, that can be represented in the form

1
2(t,€) )+ | R(t,s,¢)f(s,e)ds, 9)
vk

where R(t, s,€) is a resolvent of the kernel H (%, s, ¢).
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Substituting equality (9) into function (5), we obtain analytical formula of solution of boundary value
problem (1) and (2):
n+m
= > CiQi(t,e) + P(t,2), (10)
i=1
where C;, i =1,n+ m are unknown constants, functions Q;(¢,£), i =1,n+m, P(t,e) can be represented in
the form

t
1 -
Qi(t,e) = g—m/Ktsagolss)d, i=1,n+m; (11)
0
1 t
= K(t,s,e)F(s,e)ds, (12)
0

where ®;(t,e), i =1,n+m are boundary functions, K(t,s,¢) is Cauchy function, functions 3;(s,¢),
t=1,n+m, F(s,e) can be represented in the form

1
@@a:/‘ H,(s,2,6)09 (2,6)dx, i = T,nFm:
0

1
Hj(s,z,e) = H;j(s,x) + /R(s,p,e)Hj(p,x)dp, i=0l—m+1;
0

1
F(s,e )+ / R(s,p,e)F(p)dp.
0
Using boundary conditions (2) into solution (10), we find constants C; = «;—1, i = 1,1 and for determining

constants Cjy;, ©=1,p , we need to solve the system of algebraic equation

l
Cl+1(1+dl+1(1,6)) + CH_QdH_Q(l,E) + ... + Cl+pdl+p(17€) = BO 76(1,5) - Z Oéi_ldi(L&‘)
=1

Cl+1dl(i;1)1,5) + Cl“dl(i; (L,e) + ... + Cl+p(1+dl(gp1)(1 €)) = Bp—1—eP7I(1,e) —
l
~ > aiad? (1),
=1

(13)

where

d(1,¢) /K(” (1,5,€)@;(s,¢)ds, i=1,1+p, j=0,p—1;

el /K(])lse F(s,e)ds, j=0,p—1.

Let the main determinant A(g) = A 4+ O(e) of system (13).

VL A # 0.

Theorem. Let the conditions I-VI are valid. Then boundary value problem (1) and (2) on the interval [0, 1]
has an unique solution, expressed by the formula

Zaz 1Qi(t, e +ch+le+z(t e) + P(t,¢), (14)

=1 =

where Q;(t,e), i =1,n+m, P(t,e) are defined by the formula (11),(12), Cj44, i = 1,p are solutions of the
system (13).
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A.E.Mupsaxkymnosa, H. Ataxan

MakaJjiaga >KOoraprbl TYbIHABLJIAPBIHBIH, aJAbIHIA Killli mapaMeTpi 6ap
HMHTEerpaJiabl guddepeHnnanabiK TeHaeyJIep YIIiH IMeKapaJblK, ecell
IMENIiMiHIH, aHAJIUTUKAJIBIK (DOPMYJIACHI

Maxkasia »Koraprbl TYBIHIBLIAPBIHBIH AJIIbIHIA Kilml mapaMerpi 6ap n 4+ m perTi ChI3BIKTHI MHTETPAJIIbI-
nuddepeHnnaIbIK, TeHIeyIep YITiH 6acTalKbl CEKIpICTi MeKapaJIbIK ecell MIeIMiHIH aHAJUTUKAJIBIK (HPop-
MYJIACBIH 3epTTeyre apHAJFaH. 3ePTTeY KYMBICBIHIA N + M peTTi 6ipTekTi auddepeHnraiIbK TeHIeyiHIH
ipresi memtiMaep Kyiteci anbiaraH. Ipresi memntiMaep xkyiteciniy kemerimen Kommu dyHKImsACH XKoHe 11e-
KapaJblK dyHKImanap kKypblarad. Makanana Komum dyHKIuACH KoHe IIeKapasIbIK, PYHKIUSIAPIBI KOJI-
JIAHBII, YKOFAPFbI PETTI CUHTYJISIPJIBI AYBITKBIFAH WHTErpasIIbl-TiuddepeHIIAIbBIK, TEHIEY YIIMH KapacThl-
PBUIBIN OTBIPFAH JIOKAJIBI MIEKAPAJIBIK, €CEIl MIENTMIiHIH aHAJTUTHKAIBIK POPMYyIachl Oepisii.

A.E.Mupsakynosa, H.Ataxan

ITocTpoeHne pelnienunsi KpaeBoii 3aJja4un JIJisi HHTErpo-
anddepeHInaJIbHBIX YPAaBHEHNII C MAJIBbIM IIapaMeTpPOM
IIPU CTAPHIINX IIPOM3BOIHBIX

B crarpe uccnenoBanbl anamuTrdeckue pOPMYJIbI PEIIEHUN KPAEBOH 33/1a9M ¢ HAYAJIHHBIM CKAYKOM JIJTsT
JINHEAHBIX UHTErpo-auddepeHIaIbHbIX YPABHEHNN 1 + M HOPsIKa C MaJIbIM [IapaMETPOM IIPU CTaPIIUX
MpOou3BOAHBIX. B pabore mocTpoeHa (dpyHIaMeHTaIbHAS CUCTEMA PEIIEHU CHHTYJISIPHO BO3MYIIIEHHOTO O[HO-
pomaoro muddepeHnnaaIbHOro ypaBHeHus n+m mopsaaka. C moMoIbo QyHIAMEHTATbHBIX CHCTEM PEIIEHUT
nocrpoenbl dyukiuu Kommu u rpannyanbie dpyukiun. Mcenonb3ys dyukiun Komm u rpanunydnbie QyHKIUH,
MoJTyYeHa sIBHAsl aHAJUTHIECKast (DOPMyJIa peIleHnH pacCMaTPUBAEMOi JIOKAJBHOW KpaeBO# 3aJadd JIst
CHHTYJIIPHO BO3MYIIEHHOTO UHTErPO-AudDEPEHITNATHLHOTO YPABHEHHUS BBICIIIETO MOPSIIKA.
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Canonisation reper of complex of lines of theree-dimensional flag

The paper studies the three-parameter geometric image of the line — a complex of line of three-dimensional
space of the flag. It identifies the main forms that depend linearly on three basic parameters differentials. The
expression of the main correlations that isotropic plane passing through the beam aligns flag center beam.
There was a lock, leading to full canonization frame line complex. We obtain the geometric characteristics
of the structure of the canonical frame line complex. A condition in which the complex is obtained isotropic
complex of lines. Write down the equations of the tangent bundle of linear systems. Obtain basic complex
quadratic forms of complex. Also derivation formula obtained canonical frame set of three-dimensional
space of the flag. Noted all ruled surfaces, which has a touch of the second order linear isotropic complex.

Key words: metric, space, frame, complex, derivative formula, bivector, correlation.
Introduction

Flag spaces be projective n-space, the metric is determined by the absolute, consisting of a set of nested
m-planes, m = 0, 1,. . .,n -1, called a flag; flag spaces denote by F,,. Taking nonistropic line as an element

T:A+t617 (1)

where A and e; are vector functions of three parametric variables. Locally (1) defines the complex of lines.
Including the element into frame yields empirical forms

02 =w? 0 =w?, 08 =wd OF = Wi,

that linearly depend on three differentials du', du?, du® main parametric variables. Exclusion of the latter results
in the following relation
aw® + Bwi + ywi + xw? = 0. (2)

Consequently the main correlation [1] will take the following form
A+te; <> (R—A, (at —7y)ea+ (8 — xt)es,e1) = 0.

In this correlation of isotropic plane point that passes through the half-line (ray) is
C=A+ gel, (3)

this point in [2] is called flag center of the half-line. If we shall not analyze complexes with improper (nonintrinsic)
flag center, then we can write the main relation [2] in the following form

w? = fut 4w + xw?. (4)

The case of linear dependence of basic forms w?, w?, namely cylindrical complex [3] is excluded. By simple means

we get the following out of (4)
08 =nym3 —xm', 0y =7, 6x = —m3. (5)

Fixation

y=0,x=0,7'=0,75 =0 (6)
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leads us to full canonization of the frame. Geometrically the equation v = 0 means the conjunction of the
beginning of the frame with the flag center of the half line. Let us clarify the direction of vector es. Cluster of
tangent linear complexes is given by the following equation

Ap23 + p31 — Bpoz2 = 0. (7)
Moreover, the linear complex having half-line (ray) (1) can be given in terms of
{a]Ax e} =0, (8)

which connects Plucker coordinates of the line (1), i.e. minors of the matrix made up of uniform coordinates
of its two points: proper point (1 : 0 : 0 : 0) and improper — (0 : 1 : 0 : 0), defined by vector e;. In order to

find tangent linear complex we have to differentiate equation (8) and make a request (take it as a rule) that

resulting relation will be applied towards every linear plane w? : w$ : w?. This gives us

{a[Ax e} =0; (®)
{a[dA x e1]} + {a[A x deq]|} = 0. (9)

Let’s take a note that basic values of external product [3] of two analytical points is

,0); (10)
1

And if the line has Plucker coordinates

P = (po1,Po2, P03, P12, P31, P23) , (11)

then
{@,p} = ag1p23 + aozps1 + aospi2 + a12p03 + a31P02 + a23pPo1 - (12)

As a result of dA = wie;, dey = wiej, (i =1,2,3;j = 2,3) and relations (10), (12), (8), (9) we obtain
ao3 = 0, —w2a03 + w3a02 + w%a31 + w:falg =0. (13)

Here as a result of (4)
(Baoz + az1) wi + (yaoz + a12) Wi + (xao2 — ags) w? = 0. (14)

because (14) has a place of all the linear planes w? : w} : w?, is carried out identically, then

az1 = —Pag2, 12 = —Yao2, @03 = XA02-

Assuming A\ = %, we can write the following equation {a@,p} =0 in an expanded way

Ap23 + P31 + XPi2 — YPo3 — Bpoz = 0

or in a canonical frame in terms of (7). Isotropic linear complex [4], i.e. complex that has absolute line can be
produced when A = 0.

In reality, absolute line is a part of linear complex if and only if ag; = 0, i.e. when absolute line’s Plucker
Coordinates (0, 0,0, 0, 0, pa3) satisfy the complex’s equation. Flag axis [2] of the isotropic linear complex is vector
eo, as improper point defined by this vector corresponds in nil-system of improper plane. This is the end of
geometrical characteristic of buildup of canonical frame. Let’s take a note that linear complexes w? : w} : w?

stangent to the linear plane are defined by equations

By

2= — 15
Bl’ ( )

where

2\2 2 3 2 1.3 2 3
By = (wi)” —w?w}, Bs=dfwi—w'w] —wwj
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are basic quadratic forms of the complex. In order to obtain equation (15) let’s differentiate equation (8) one
more time and add it to the latter ones. In similar manner, i.e. following the method to find cluster (7), we
come to the equation (15). Out of the equation (15) it is visible that isotropic linear complex has a tangency of
second order with all the linear complexes, which satisfy the equation By = 0.

Derivative formulas of canonical frame of the complex are given by

dA = (wi +mw? + qw?) er + w?es + Pwies;

de, = w%ez + w:{’eg, des = (52&)% — glwf + §2w2) e3,des = 0. (16)

And external differentials of basic forms can be written as
Dw? =0, Dw? = (glwf — §2w2) Aw?, Dw? = (mwf + §1w2) Awi. (17)
Basic system of external differential equations are given by
(4B + €10 — &w®) Awi = 0;
déy Aw? +dm Aw? 4+ dep Aw? = (—2771§1wf + (ms2 — (61)*)w?) A w?; (18)

dés Nwi —dsi Aws +dse Aw? = ((91)?) — mis2)w? — 2616w?) Aw?.

System (18) is standard [3]. The arbitrary rule of its solution is one function of three arguments. Full system
of invariants of the complex is made up of six coefficents of derivative formulas of canonical frame (16). From
first equation of system (18) we can get such form through covariant derivatives

dﬂ = ,Blwf — §1wi°’ + 52(4)2.

Invariants of complex of lines. Classification of complexes of lines

Tangent plane of cylinder of the complex is parallel to bivector {(A+t€1),€1}w§:w§:o,

i.e. hasan equation

and plane corresponding to the point A + te; in main correlation has an equation
(R - A,tez - 563, 61) =0.

or in coordinates a following equation

gmg +x3 = 0.

This is the reason why flag angle of ¢ between these planes according to the known formula [5; 302], is equal
to g, i.e.
B = pt.

This formula, which resembles Chasles’ formula [3; 178] gives us geometrical characteristic of invariant 8. by
the analogy with theory of the complexes of Euclid space let’s call this invariant curvature.

Theorem 1. Linear plane w? = w} = 0 is a cylinder with anisotropic generators.

Proof is evident from (16) when w? = 0,w$ = 0.

Theorem 2. Invariant submanifold w? = w$ = 0 is a central linear plane.

Proof. Derivative formulas of canonical frame of linear plane w? = w3 = 0 have a following form

dA _ d61 _ d€2 o d€3 _
E - 5161 +5€35 E = €2, ds - 52637 ds — Y,

coinciding with the accuracy of labeling of invariants with derivative formulas of the canonical frame of linear
plane in F3 [6; 53]

dA de de de
— = kie1 + koes, disl = eg, d752 = kaes, CTSB

=0.
ds
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This means coincidence of canonical frames of coordinate based submanifold w? = w$ = 0 and linear
complex, i.e. linear surface w? = w} = 0 is central.
Theorem 3. Linear suface w? = w? = 0 is a family of lines of istropical plane, enveloping curve .

Proof. Coordinate based linear surface w? = w} = 0 as it can be seen from its derivative formulas of canonical
frame
dA del d€2 deg 0
— =me;, — =e3, — =—gez, — =0.
ds e ds 8 ds oo ds

Resulting from (16) is comprised of all the lines, belonging to isotropic plane and enveloping the flat curve.

Invariants &1, 3,& correspond to invariants ki, ko, ks of central linear surface, 7; — radius of curvature [7]
of curve [,&; = nllim%, where ¢ is an angle between vectors e,, corresponding to near points of curve [, &
— flag curvature of highly isotropic director of cylinder w? = wj = 0 . Marked geometrical characteristics of
invariants of linear complex occur from analyzing its coordinated based submanifolds. Tangent plane of cylinder
is defined by bivector {e,de;}, i.e. bivector

{e1,wies +wies}. (20)

As known, the main cylindroid of the linear complex is a cylindroid which has its director plane coinciding
with tangent plane of the cylinder. Bivector (20) is parallel to plane (19) if and only if wi = 0. All cylindroids
passing through the given half-line (ray) are characterized by the following condition (el,del,d2el) =0 or
wi (wiw§ + dw?) — widw} = 0. From here and from equation w{ = 0, expressing parallellism of planes (19) and
(20), we obtain equation of main cylindroid of the linear complex in terms of

wi)’ =0, wg = §2w% + qw? = 0.
The main correlation to the point M = A + te; is related by the plane
(R— A, teg — Bes,e1) =0,
and Chasles correlation [1] to the said point is plane
(R— A, ey, (w2 + tw%) es + (wS + twi’) e3) =0.

These planes coincide when ¢t = oo and t = 2% Consequently, one point of tangency is improper. Second point
[2] called affine center of the complex half-line, has a radius-vector

+ gel.

Inflexional centers of half-line (ray) are defined by equation
Got' = 26t° + (B — 21 8) 1* + 2618t —m f* =0,
where 7 is covariant derivative from 3, for which the following holds
dB = Br? — &1 + G,

Nulling one by one invariants of the complex, we obtain the following classes: 1) § = 0 — special complex.
i.e. array of clusters of lines in the tangent planes of the surface, described by the beginning of the frame; 2)
& = 0 — central linear surface is a highly isotropic conoid because strictional line of this linear surface is a
highly isotropic line; 3) {3 = 0 — central linear surface is a nonisotrpic cylindroid. In this case the beginning of
the frame is a center of symmetry of four inflectional centers, affine center of the half-line (ray) coincides with
flag center; 4) ¢ = 0 — cylinder of the complex degenerates into a nonisotrpical plane; one inflecional center is
improper; 5) 71 = 0 — curve [ degenerates into a point, beginning of frame is an inflectional center; 6) ¢; =0 —
tangent to a line described by flag center on a cylinder has a direction of a line of second order.

Complex of class 5 = 0 is defined with the arbitrary rule of one function of two arguments, the remaining 5
classes of complexes are defined with the arbitrary rule of two functions of two arguments.
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A.T. Mycun

Ymenmemai »kaJjiayabl KEHICTITIH/ETT Ty3yJiep KellleHHIH, KAHOHIBIK,
perepin cajy

Makasa ymresmemzal »KaJjiaysibl KEHICTINiHIH Ty3ysiep KerneHi GOJIBIT TabbLIATHIH YIIIapaMeTPJHK Ty3y-
CBIBBIKTBI T€OMETPUSIIBIK, KECKIHI OKBIN 3epTTeyre apHaabl. Herisri mapamerpiepmain muddepenruasi-
JapblHa CBI3BIKTHI TOyesai 6ac dopmasap epekiesnenin kepcerijiren. Coyiie apKbLIbl ©TETIH H30TPOITHI
JKa3BIKTBIFBIHA COYJIEHIH, XKaJIayJTbl IEHTPIH COKECTIKKe KOATHIH 6aC KOPPEISIUHbIH OpHeri Tabbltran. Ty-
3YCBI3BIKTHI KOMILJIEKCTIH, PEIIePiH TOJBIK, KAHOHIAHIBIPATHIH OEKy MapTTapbl KopceTiireH. Ty3yChbI3bIKThI
KeIIeHHIH KaHOH/IBIK, PeIlepPi CAJIbIHYBIHBIH I'€OMETPUSJIbIK, CHIIATTAMACHI aJbIHFaH. VI30TPONTHI CHI3BIKTHIK
KOMILJTEKCTI KECKIHAEHTIH mapT Tabbuiran. 2KaHaCYIIBI CBI3BIKTHIK, KOMILJIEKCTED IIOFBIHBIH, TEHIEY1 allKbIH-
nanran. CoHfal-ak aBTOPMEH KeIlleHHIH Heri3ri KBaJapaTThiK, (hopMaiapbl aHBIKTAJIFAH, COJI CUSIKTDI YIIOJI-
MIeM/Ii 2KaJ1ayJsibl KEHICTIMNHIEr! TY3yChI3bIKThI KOMIIJIEKCTIH KAHOH/IBIK PEIEPIHIH JIePUBAIASIBIK (DOPMYJIa-
Jlapbl ajiblaFaH. M30TpOnThl KOMIIJIEKCIIEH EKIHI PeTTi KaHacyaa 60JAThIH OAPJIbIK, TY3YChI3BIKTHI 6eTTep
OesrizieHreH.

A.T. Mycun

Kanouuzaius periepa KOMILJIEKCA ITPSIMbBIX TPEeXMePHOTro (pJjiaroBoro
MIPOCTPAaHCTBA

Crarbs MOCBSIIEHA U3y YEHHIIO TPEXIAPAMETPHIECKOr0 JUHEHIaTOro reOMeTPUIECKOro 00pa3a — KOMILIEKCa,
MIPSIMBIX TPEXMEPHOTO (DJIATOBOTO MIPOCTPAHCTBA. BhifeIeHbI TiiaBHBIE (DOPMBI, 3aBUCSIINE JIMTHEIHO OT TPEX
nuddepeHImaIoB OCHOBHBIX MapaMeTpoB. 1loydyeno BrIpakeHne IriIaBHOM KOPPEIANH, KOTOpas U30TPOII-
Ha IJIOCKOCTH, IIPOXOAIIEH Yepes JIyd, U IPUBOIUT B COOTBeTCTBHUE (DIaroBblil 1ieHTp Jjyda. Ormedena duk-
calsi, IPUBOJSAINAs K IMOJHON KAaHOHW3AINU Perepa JIMHeHIaToro KoMmiiekca. [lomydena reomerpuaeckast
XapaKTEePUCTUKA CTPOEHUs] KAHOHIMYECKOTO perepa JuHeidaToro komisekca. HaiineHo yciosue, mpu KoTo-
POM TOJIyYaeTCs U3O0TPOIHBIN KOMILIEKC IPSMBIX. BBINMUCAHO ypaBHEHUE ITyYKa KacaTeJbHBIX JIMHEHHBIX
KOMILTEKCOB. [loyd4ennl OCHOBHBIE KBaIpaTUIHBIE (DOPMBI KOMILIEKCA. TaK:Ke MOJIyIeHbl JIEPUBAIIMOHHBIE
dopMyJIbI KAHOHUYECKOrO periepa KOMILJIEKCA IIPSIMBIX TpexXMepHOoro ¢JaroBoro npocrpancrsa. Ormede-
HBI BCe JIMHEeNYaThle TOBEPXHOCTHU, C KOTOPBIMU CONPUKACAETCS U30TPOIHBIN JIMHEHHBII KOMIIJIEKC BTOPOTO
opsAIKA.

108 Bectauk Kaparanmuackoro yHuBepcurera



Canonisation reper of ...

References

1 Kovantsov N. I. Theory of complezes, Kiev: Publ. House Kiev University, 1963, p. 292.

2 Lyzhina T.V., Mandrikova N.A., Shcherbakov R.N. Geometrical collection, Tomsk: Publ. House Tomsk.
University, 1977, 18, p. 79-92.

3 Shcherbakov R. N. Bases of a method of external forms and line differential geometry, Tomsk: Publ.
House Tomsk. University, 1973, p. 236.

Lyzhina T.V. Geometrical collection, Tomsk: Publ. House Tomsk. University, 1973, 11, p. 75-91.
Rosenfeld B.A. Non-FEuclidean spaces, Moscow: Nauka, 1969, p. 548.

Musin A.T. Geometrical collection, Tomsk: Publ. House Tomsk. University, 1988, 28, p. 563-61.
Vlasova R.K. Scientists. rec. Latvian University, 1972, 172, p. 42—-46.

N O Ut

Cepust «Maremarukas. Ne 4(84)/2016 109



V.A. Roman’kov

UDC 512.54

V.A. Roman’kov

F.M. Dostoevsky Omsk State University, Russia
(E-mail: romankov48@mail.ru)

A polynomial algorithm for the braid double
shielded public key cryptosystems

We propose new provable practical deterministic polynomial time algorithm of cryptographic analysis for
the braid Wang, Xu, Li, Lin and Wang «Double shielded public key cryptosystems», where the authors
recommended the Artin braid groups B, as platforms for proposed protocols. We show that a linear
decomposition attack based on the decomposition method introduced by the author works for the image
of braids under the Lawrence-Krammer representation by finding the exchanging keys in the both two
main protocols by Wang et. al. These keys can be effectively computed in their original form too. Thus the
protocols proposed by Wang et. al. are vulnerable.

Key words: cryptography, protocol, braid group, cryptanalysis, attack, linear decomposition, representation.

Introduction

In this paper we discuss, following [1, 2|, a new practical attack on the two main protocols proposed
in [3]. This attack works when the platform groups are linear. We show that in this case, contrary to the
common opinion (and some explicitly stated security assumptions), one does not need to solve the underlying
algorithmic problems to break the scheme, i.e., there is another algorithm that recovers the private keys without
solving the principal algorithmic problem on which the security assumptions are based. This changes completely
our understanding of security of these schemes. The efficacy of the attack depends on the platform group,
S0 it requires a specific analysis in each particular case. In general one can only state that the attack is in
polynomial time in the size of the data, when the platform and related groups are given together with their
linear representations. In many other cases we can effectively use known linear representations of the groups
under consideration. The braid groups are among them in view of the Lawrence-Krammer representation. The
monography [1] solves uniformly protocols based on the conjugacy search problem (Ko et. al. [4], Wang et. al.
[5]), protocols based on the decomposition and factorization problems (Stickel [6], Alvares et. al. [7], Shpilrain
and Ushakov [8]), protocols based on actions by automorphisms (Mahalanobis [9], Habeeb, Kahrobaei et. al.
[10], Markov, Mikhalev et.al. [11]), and a number of other protocols. In this paper we apply our method to the
double shielded key exchange protocols 1 and 2 proposed in [3].

Construction of a basis

Let V be a finite dimensional vector space over a field F with basis B = {v1,...,v,}. Let End(V) be
the semigroup of endomorphisms of V. We assume that elements in V' are given as vectors relative to B, and
endomorphisms in End (V') are given by their matrices relative to B. Let < W > denotes submonoid generated
by W.

For an endomorphism a € End(V) and an element v € V we denote by v* the image of v under a.
Also, for any subsets W of V and A of End(V) we put W4 = {w%w € W,a € A}, and denote by Sp(W) the
subspace of V generated by W. We assume that elements of the field F' are given in some constructive form
and the «size» of the form is defined. Furthermore, we assume that the basic field operations in F are efficient,
in particular they can be performed in polynomial time in the size of the elements. In all the particular protocols
considered in this paper the field F' satisfies all these conditions.

There is an algorithm that for given finite subsets W C V and U C End(V) finds a basis of the subspace
Sp(W<U>) in the form {wf(l), . ,wf(t) }, where w; € W and a(i) is a product of elements from U.  Furthermore,
the number of field operations used by; the algorithm is polynomial in r = dimpz (V) and the cardinalities
|[W| and |U| of W and U, respectively.
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Using Gauss elimination one can effectively find a maximal linearly independent subset Ly of W. Notice

that Sp(LyV>) = Sp(W<U>). Adding to the set Ly one by one elements v®, where v € Ly,
a € U and checking every time linear independence of the extended set, one can effectively construct a maximal
linearly independent subset L; of Ly U LY which extends the set L. Notice that Sp(L5Y>) = =Sp(L;7Y>) and
the elements in Ly are of the form w®, where w € W and a = 1 or a € U. It follows that if Lo = Lq then Lg is a
basis of Sp(W<U>). If Ly # L, then we repeat the procedure for L; and find a maximal linearly independent
subset Lo of L1 U LY that extends L;. Keep going one constructs a sequence of strictly increasing subspaces
Lo < Ly <...<L;of V. Since the dimension r of V is finite the sequence stabilizes for some ¢ < r. In this case
L; is a basis of Sp(W<U>) and its elements are in the required form.

To estimate the upper bound of the number of the field operations used by the algorithm, observe first that
the number of the field operations in Gauss elimination performed on a matrix of size n x r is O(n?r). Hence it
requires at most O(n?r) steps to construct Lo from W, where n = |W| is the number of elements in W. Notice
that |L;| < r for every j. So to find Lj4, it suffices to perform Gauss elimination on the matrix corresponding
to L; U ng which has size at most r + r|U|. Thus the upper estimate on this number is O(r3|U|?). Since there
are at most r iterations of this procedure one has the total estimate as O(r3|U|? + r|W|?).

In this paper V is underlying linear space of a matrix algebra Mat,(F') of all matrices of size t X ¢ over F.
Let G be a subgroup of the multiplicative group of Mat;(F'), and A and B are two subgroups of G. Every pair of
elements a € A and b € B define an automorphism ¢(a, b) of V such that for every v € V one has v#(®%) = qub.
Let U be submonoid generated by all such automorphisms. Thus for every subset W C V one can effectively
construct a basis of subspace WV

The double shielded key exchange protocol 1 from [3]

At first we describe the protocol 1 from [3]. Recall that in [3] the Artin braid groups B,, were recommended
as platforms for the proposed protocols constructing.

In view of the Lawrence-Krammer representation of the braid group B,, we can assume that the group G
below is given as a linear group over a field F. So, we assume that G is a part of a finite dimensional vector
space V.

Alice and Bob agree on a non-abelian group G, and randomly chosen element h € G and two subgroups A
and B of G, such that ab = ba for any a € A and any b € B. We assume that A and B are finitely generated
and are given by the fixed generating sets {ay, ..., a,} and {b1, ..., b, }, respectively.

Alice chooses four elements ¢y, co,d1,ds € A, computes x = djcihcads and then sends x to Bob.

Bob chooses six elements f1, f2, 91,92, 93,94 € B, computes y = g1 fihfogs and w = g3 fi1xf394, and then
sends (y,w) to Alice.

Alice chooses two elements ds,dy € A, computes z = dzciycady and u = dj *wdy *, and then sends (z,u) to
Bob.

Bob sends v = g7 'zg5 ! to Alice.

Alice computes K 4 = dglvdgl = ¢y frhfoco.

Bob computes K = ggluggl = ¢y fihfaco which is equal to K4 and then K = K4 = Kp is Alice and
Bob’s common secret key.

Now we show how the common secret key can be computed. Let BzB be subspace of V generated by all
elements of the form fzg where f,g € B. We can construct a basis {e;zl;(e;,l; € B,i =1,...,7)} of BzB in a
polynomial time as it is explained in the previous section. Since v € Bz B, we can effectively write it in the form

T
v= Za(i)eizli, (1)
i=1

l

where a(i) € F for i = 1,...,r. In a similar way we construct bases {e;hl;(ej, ;€B,j=1,..,s)} of BhB, and

{e;wlg (e;,l; € B,k=1,...,q)} of BwB. Then we get presentations
y=> B(j)e;hl;, (2)
j=1

where 8(j) € F for j =1,...;s, and

" 1"

v(k)epwly, (3)

i
M=

b
Il

1

Cepust «Maremaruka». Ne 4(84)/2016 111



V.A. Roman’kov

where y(k) € F for k=1,....,q
Now we swap w by u in the right hand side of (3). By direct computation we obtain

q a
Zy( k)epul, = Z'y ekd1 Ywdy U =d;t Z’y el,;wlk =dytwdy ' = cihey. (4)
k=1 k=1 k=1

Then we swap h by ciheg in the right hand side of (2) and get

> Bli)eserheal; = er(Y Bj)ejhl;)ea = eryea = cig1 frhfagacs. (5)

j=1 j=1
At last we swap z by ¢1g1 fihfagaca in the right hand side of (1) and get

T T

Za(i)eiclglflhfggg@li = dgl(z a(i)eizli)dgl = lelthCQ =K. (6)

i=1 i=1

The double shielded key exchange protocol 2 from [3]

Now we describe the protocol 2 from [3].

As before we assume that the group G below is given as a linear group over a field F'. So, we assume that
G is a part of a finite dimensional vector space V.

Alice and Bob agree on a non-abelian group G, and randomly chosen element h € G and two subgroups A
and B of G, such that ab = ba for any a € A and any b € B. We assume that A and B are finitely generated
and are given by the fixed generating sets {a, ..., a,} and {b1, ..., b, }, respectively.

Alice chooses four elements c1,d; € A and fs, g € B, computes & = dy fihods and then sends x to Bob.

Bob chooses six elements c¢s,do,d3 € A and f1,91,93 € B, computes y = g1 fihcads and
w = g3 fi1xceds, and then sends (y, w) to Alice.

Alice chooses two elements dy € A and g4 € B, computes z = dyc1yfog4 and u = dl_lwgz_l, and then sends
(z,u) to Bob.

Bob sends v = g; *zd, ! to Alice.

Alice computes K4 = d;lvggl. Bob computes Kp = gg_luds_1 = ¢y fihfoco which is equal to K4 and then
K = K, = Kp is Alice and Bob’s common secret key.

Now we show how the common secret key can be computed. Let BzA be subspace of V' generated by all
elements of the form fzd where f € B,d € A.

We can construct a basis {e;zl;(e; € B,l; € A,i =1,...,r)} of BzA in a polynomial time as it is explained
in the previous section. Since v € Bz A, we can effectively write it in the form

r

v = Za(i)eizli, (7)

i=1

where a(i) € F fori =1, ..

In a similar way we construct bases {e;hl;(e; € B, l.;- € A,j=1,..,8)} of BhA, and {e,wl, (e, €
€B,l, € A,k=1,....q)} of BwA.

Then we get presentations:

where 8(j) € F for j =1, ..., s, and

where y(k) € F for k=1,...,q

112 Bectauk Kaparanmuackoro yuuBepcurera



A polynomial algorithm ...

Now we swap w by u in the right hand side of (9). By direct computation we obtain
q 1" " q 1" " q 17 "

> k)eguly =Y A (k)eds fwgy Ml = di (Y (K)egwly)gy = di togy !t = cihfa. (10)
k=1 k=1 k=1

Then we swap h by c¢1hfoin the right hand side of (8) and get

Zﬂ(i)e;clhﬁl; =) B(j)e;hly) fo = cryfo = c1g1frheada fo. (11)

j=1 j=1

At last we swap z by ¢1g1 f1heads fo in the right hand side of (7) and get

T T

Za(i)eiclglflh@dgfgli = dzl(z a(z)ezzll)gzl = lethQfQ =K. (12)

=1 =1

Two other, the shielded public key encryption protocol and the shield digital signature protocol in [3]
completely based on the protocols 1 and 2. They can be attacked by the procedures that has been just described.

The Lawrence-Krammer representation

Let B, denotes the Artin braid group on n strings, n € N, where N denotes the set of natural numbers.
R. Lawrence described in 1990 a family of so called Lawrence representations of B,,. Around 2001 S. Bigelow
[11] and D. Krammer [12] independently proved that all braid groups B,, are linear. Their work used new the
Lawrence-Krammer representations p, : By, — Gan(n,l)/Q(Z[til7 sT1]) that has been proved faithful for every
n € N. One can effectively find the image p,(g) for every element g € B,,.

Moreover, there exists an effective procedure to recover a braid g € B, from its image p,(g). It was shown
in [13] that it can be done in O(m?3logd;) multiplications of entries in p,(g). Here m = n(n —1)/2 and d, is a
parameter that can be effectively computed by p,,(g). See [13] for details.

Complezity of the proposed cryptanalysis

In this paper we proposed a polynomial time deterministic algorithm to recover secret; keys established
by the protocols 1 and 2 in [3]. We assumed that the group G in this protocols is linear. The authors of [3]
suggested that the infinite nonabelian groups B, with n > 12 can be taken as the platform groups for the
protocols 1 and 2 in [3]. By the Lawrence-Krammer representations the groups B,, are linear. Moreover, this
representations are effective computable and invertible. Unfortunately, in this setting the proposed protocols are
not secure. Our cryptanalysis in the above sections shows that the linear decomposition attack works effectively
in this case.

We present a cryptanalysis such that all used tools consist of only classical Gauss elimination process. It
is well known that the Gauss elimination process is a polynomial procedure. To estimate the upper bound of
the number of the field operations used by the algorithm, observe first that the number of the field operations
in Gauss elimination performed on a matrix of size n x r is O(n?r). Hence it requires at most O(n?r) steps to
construct Lo from W, where n = |W/| is the number of elements in W. Notice that |L;| < r for every j. So to
find L;1; it suffices to perform Gauss elimination on the matrix corresponding to L; U Lg-] which has size at
most r +7|U|. Thus the upper estimate on this number is O(r3|U|?). Since there are at most r iterations of this
procedure one has the total estimate as O(r®|U|? 4+ 7|W|?). When we derive solutions in (1)—(3) and in (7)—(9)
we can estimate the time complexity by a polynomial function depending of the dimension r of the space V'
and the parameter m = maz{|A|,|B|} as O(r3m?). With this estimation we can compute the secret keys in the
form of matrices. If the platform B, is given by an abstract presentation, we can use the Lawrence-Krammer’s
representation, and then its inverse. It was shown in [14] that both these procedures are polynomial in time.
Details can be found in [14].

Similar cryptanalysis can be applied to many other protocols based on (semi) groups presented as linear
(semi)groups. Moreover, in a number of other cases we can firstly transform our platform to the linear form,
and then apply our cryptanalysis. But in this latter case we should care about dimension of representation.
Moreover, we need in tractable inverse map. All such topics open new area of pure theoretical investigations
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in the representation theory. Fortunately, studying of algebraic algorithms with a point of view of its possible
practical application are led by many mathematicians. There are a lot of interesting and useful results in this
direction.

Supported by Russian Foundation for Basic Research, project 15-41-04312.
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B.A. PomanbkoB

Opimre HerizgeareH amiblK, KiJITi 6ap KOC MaHeabIiK
mudpaay xKyiieci yImiH MoJNHOMHUAJIIbI aJITOPUTM

Maxkanazma ambik KUITIEH KemepJsep mudpiay KyieciHae Heri3menreH KpUITOrpadusiiblK, TaJIgay VIIiH
aJITOPUTM YaKbIThl OOMBIHINA JETEPMUHJIIK MMOJIMHOMIBIK MPAKTUKAJBIK >KaHa JjoJjesgaeHerin Banra, Kcy,
JIu, JInn xone Bana «Double shielded public key eryptosystems» ycoiabLiast. ABrop miardopma OpHbIHA
B,, Apruna kemep rpymmnacbiH Kojganyra keHec 6epmi. OCbl XKYMBICTA ABTOPJBIH, YKYPri3reH ChI3bIKTHIK,
JIEKOMITO3HUITUSIBIK, OAFbITHI OeJTiKTereH oficke Heriznmesnren Jloypenc-Kpamep Tycinirine KaTbICTBI KEMeD
GejiHecine KosaHbLIbII Kepceriaren. Horuzkecinme [3] xarramara Herizjenren Koc GesliHreH Kinrrep Ta-
6bu1bl. By kirrrep omapapl aiikpia Typae ge Gescenai ecenreiimi. Ocbutaiima [3] xaTTamama ocasabrsn
OpHATBIJIFAH.
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IHoammEOMMAILHBII AJITOPUTM OJIA OCHOBaHHOI Ha KOCaX CUCTEMbI

[ R
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Mu@POBaAHUS C OTKPBITHIM KJIIOUOM JIBOITHOTO MIATA

B crarpe npemyioxken HOBBIN TOKA3yeMbIil TPAKTUIECKHI TE€TEPMUHUCTCKHM TOJTMHOMHUAJIBHBIN 110 BPEMEHN
aJrOPUTM JJIs1 KPUITOrPAMDUIECKOr0 aHAJIN3a, OCHOBAHHBIN Ha KOCAX CHCTEMBI NTU(PPOBAHUSI C OTKPBITHIM
kiitouoMm Bamnra, Kcy, JIu, Jlua n Banra «Double shielded public key cryptosystemss. PexomenmoBansr
HCIIOJIB30BAHUIO B KadecTBe 1y1ardopM rpymnmnbl koc Apruna B,,. [Tokasana, JiuHelHON JEKOMIIO3UITMOHHON
aTaKy, OCHOBAHHOI Ha METOJie PAa3JIOZKEHWsI, BBEJIEHHOM aBTODPOM, IIPUMEHMMOCTH K 00pa3aM KOC OTHOCU-
TeIbHO TpejcTaBienus Jloyperc-Kpamepa. B pesynbrare HalieHbI pa3/ieeHHbIe KIIOUYN B 000UX OCHOBHBIX
npoTokosax u3 [3]. Dtu xkmoun 3pHEeKTUBHO BEIYUCISIOTCS U B UX OPUTMHAIBHOM BHe. TeMm cambiM ycTa-
HOBJIEHA YSI3BIMOCTD IIPOTOKOJIOB U3 [3].
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O HeKOppPEeKTHOCTU OOpaTHOIl 3a/Iati YMCJIEHHOTO OOpaIlleHns
OJHOMEPHOII CBEPTKU

B craTbe MeTomOM UMCIEHHOTO MOIETUPOBAaHUs MMOKa3aHa HEKOPPEKTHOCTh OOPATHON 3a/1a9Yu YUCIEHHOTO
obparrenust ogHoMepHO# cBepTKHu. llocTpoena muckpernass Momenb cBepTku. [IpoBeseHBbI BBIYMCIECHUS B
cllydae OTCYTCTBUS M HAJU4IUs IIyMa. KOMIBIOTEDHBIMHM BBIYHC/IUTE]bHBIMU SKCIIEPUMEHTAMH ITOKA3aHO,
qT0 TpeHeOperkeHne OMUOKaMU, KOTOPbIe BO3SHUKAIOT MPU M3MEPEHUSX B MPAKTUIECKUX CIIYyYasiX, MOYKET
NIPUBECTH K HEBEPHBIM pe3yJbTaraM. ABTOpaMU NMPUBEIEHBI YUCJIEHHBIE IIPUMEDDBI U OJIMH IIPOCTOH Cr1oco6
MIPaBUJIBHOT'O YHMCJIEHHOI'O BOCCTAHOBJICHUSI CBEPTKH.

Kmoueswvie caosa: Momenb, CBEPTKA, HEKOPPEKTHAsE UM oOpaTHas 33/1a4i, PEKOHCTPYKIHS, MOTPENTHOCTD,
BBIYUCJIUTEJIbHBIN 9KCIIEPUMEHT.

Beedenue

B macrosiiee Bpemsi MareMaTHIeCKOe MOEJNPOBAHUE W KOMIIBIOTEPHBIE TE€XHOJIOIMU ITUPOKO PUMEHS-
0TCd B (QUABTPAINN 3AlyMJIEHHBIX CHTHAJIOB, 00pabOTKe CMa3aHHBIX, Je(OKYCHPOBAHHBIX M300pa’kKeHuil, B
PEHTTEHOBCKOIl ToMOrpaduu [jisi UCCAEJOBAHNN BHYTPEHHETO COCTOSIHUSI HEOTHOPOIHBIX OOBEKTOB Uepe3 HX
BU3yasm3armio. llorpedbHoCTH CeromusAIHeil TPAKTUKH TOPOXKIAIOT HEOOXOIMMOCTDH COBEPITEHCTBOBAHUS METO-
JI0B M YHCJIEHHBIX AJITOPUTMOB PEKOHCTPYKIINU 331849, IIPUBOIAIINX K IOBBIIIEHUIO KAIECTBA TOMOrPAMDUIECKIX
n300paKeHU.

TpyaHOCTH B peIIeHNN TaKUX 3a/a9 3aKJ/II0YAIOTCs [VIABHBIM 00Pa30M B TOM, YTO 3391 PEKOHCTPYKIIUU
SIBJISIIOTCST HEKOPPEKTHO HOCTABJIEHHBIMI O0OPATHBIME 33/IaaMHU, T.€. MAJIbIM IOIPEITHOCTSIM B HCXO/IHBIX JTAHHBIX
MOI'YT COOTBETCTBOBATH OOJIBIIIE TOTPEITHOCTH B PEKOHCTPYHUPYEMBIX (DYHKIUAX. DTO MPOSIBIIAETCS B BOSHUK-
HOBEHUU apTedaKTOB, JIOXKHBIX KOHTYPOB B BOCCTAHABJINBAEMBIX N300DAXKEHUIX, KOTOPbIE TOITBEPXKIAIOTCS B
[PAKTUIECKOM DeIeHnn 3Tux 3a1ad [1-4].

OCHOBHOIT MaTeMaTHIECKON MOJIE/IBIO 3aJ[ad BOCCTAHOBJIEHUsI CUTHAJIOB U PEKOHCTPYKIINN M300parKeHwmit
SIBJISIFOTCsI MHTErPAJIbHbIE yPABHEHUsI 1-ro pojia THa cBepTKy [2, 4, 5]:

oo

/H(t—ﬂfde:g(t), (1)

—00

rae  f () — MCKOMBII MCXOIHBI HEMCKAyKeHHBI curHas; ¢ () — UCKaXKeHHBI — PerucTpUpyeMblil CUIHAI;
H (z — 7) — annaparnas dyukinus (byskus paccesiaust toukn — OPT).

Kak wmsBecTHO, 3a/ada pelleHnss MHTEIPAJBHOIO YPABHEHUS IEPBOTO POJIA SIBJISIETCS HEKOPPEKTHOM, IO-
9TOMY JIjIsl €r0 pPelieHusl IPUMEHSIOTC MEeTO/bl TEOPUU HEKOPPEKTHBIX M 00parHbix 3aaad [7]. s pemenus
UHTerpaJbHbIX ypaBHenuii (1) Hanbosiee mOIXOAUT MeTO, peryisapusanuu Tuxonosa. [ToCKOIbKY [ IPAKTH-
YeCKOI peasn3aIiiil HHTEPEC MTPECTABIISIOT YHCIACHHBIE METO/bI, B HACTOSIIEH paboTe MbI yJIeJIseM UM OCHOBHOE
BHMMaHue. [Ipu dmciieHHOM perieHnn 0OpaTHOM 3a1a9i METOJIOM peryJisipusanuy TuXoHOBa OOBIYHO UCIIOJIB3Y-
1oTcst MeTog| peobpaszosanus Pypee (IID) u MeTo KBaAPATYD, & TAKIKE METO/bl UTEPAINH, HAIIPIMED, METOJI
urepaiun Jlanasebepa, Mero ureparusHoii peryigpusaiuu Opunmana [5-7].

Ha kagecTBO BOCCTaHABINBAEMBIX TOMOIPAPUICCKAX N300PAYKEHUI BJIUIIOT KAYECTBO ITPOEKIIMOHHDBIX JIAH-
HBIX (IIOIPEIIHOCTD, IIyM), 110 KOTOPBIM IIPOBOJUTCS PEKOHCTPYKIMs M300ParKeHus, U ajrOPUTM PEKOHCTPYK-
IIUH, KOTOPBIi JTOJZKEH OBITh YCTOWYIUBBIM K IMOTPEIIHOCTSM U IITyMaM IIPOEKIIMOHHBIX JaHHbIX. [IpuanHoit sTux
MIOT'PENTHOCTEN MOXKET ObITh HETOUHAsT (PUJIBTPAIMS TPOEKIIMOHHBIX JTAHHBIX U3-32 OCHOBHOI'O HEJIOCTATKA IIPE0d-
pasoBanus Pypbe, 6230t KOTOPOTO SABJISIOTCS TAPMOHMIECKHE (DYHKITUH U KOTOPOE MOXKET JIaBATh 3HAUNTEIbHBIE
[OIPEITHOCTHU [IPH CKAYKOOOPA3HBIX M3MEPUTEIbHBIX JAHHBIX C JeTeKTOpPOB (Tak HasbiBaeMblil adbdexr ['nb6ca
B 33Jla4aX BOCCTAHOBJIeHUs n306pazkenuii). [loaroMy HEOOXOAUMO COBEPIIEHCTBOBATH METObI PEKOHCTPYKIIHU.
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B rmakux ciyuasix BOZHHKaeT eCTECTBEHHBIN BOIPOC: a 4TO OYIeT, ecjiu IpU MOJIE/IMPOBAHWUY IIpeHeOpedh
ommOKaMy B HaYaJ bHBIX HaHHBIX! Hampumep, ncmonmb30BaHme OJHONW U TOH K€ PACIETHON CETKU It MOJIEJIN-
pPOBaHUS JAHHBIX M PEKOHCTPYKIIMH WHOTJA IIPUBOJUT, KA3aJ0Ch Obl, K XOPOIIeil PEKOHCTPYKIIUU ISl JTAHHBIX
6e3 myma. Takas curyalius He sABJISI€TCs] PEATUCTUIHOM, 1 BOCCTAHOBJIEHHBIE TAKUM 00PA30M CUTHAJIBI WU U300~
paXkeHUsl HE COOOTBETCTBYIOT JI€CTBUTEIBHOCTH, TaK KAK UX HEBO3MOXKHO COOTHECTU C KaKOW-JINOO peasibHOM
00paTHOI 3a/1a49eil, TOCKOJIbKY IIIYyM IIPUCYTCTBYET B JIIOOON 3KCIIEPUMEHTAJIBHON YCTAHOBKE.

B macrosimeit pabore Mbl Ha IpuMepe OOpAIeHNs OJHOMEDPHOM CBEPTKHU MOKAXKEM C ITOMOIIBIO YUCTEHHBIX
9KCIIEPUMEHTOB, YTO IPEHEOPEKEHNE OIMMUOKAMI B M3MEPEHUSIX TAHHBIX IPUBOJUT K HEBEPHBIM PE3YIbTATAM.

1 Henpepuieran modeav 0an 00HOMEPHOT CEEPMKL

MaremaTuieckne MOIEM MHOTUX HEKOPPETHO MOCTABICHHBIX 0OPATHBIX 33/1a9 B OOINEM BUIE MOXKHO 3aIlr-
caThb B CJIEJYIOIIEM BU/IE:

f=Au+e. (2)

3Jech 4 — KyCOYHO-HeNpephIBHas (DYHKIIHNS, ONpee/ieHHas Ha noaMuokectse RY; f € RF — unciosoit BekTop,
C TIOMOIIBIO U3MEPUTENILHEIX Ipubopos; R? — eBk/m10B0 mpocTpancTso pazmeproctu d; A — nuddepennuais-
HBIH MM HHTErPAIBLHBIH OIepaTop; BeKTop £ € RF o3mavaer ommbKy n3MepeHuii, KOTOPhIe BCErIa MPUCY TCTBYIOT
B IPaKTUYECKUX cuTyanusx. s BeKTOpa € BO MHOIMX CJIydasx CIPaBeIJiuBO HepaBeHCTBO ||e|| < &, rue 6 —
YPOBEHD TIOIPEITHOCTH.

ITpuBeieM MOCTAHOBKY TIPSAMOM 1 0O6PATHOI 38141 OTHOCHTEJILHO HAIlIel MaTeMaTuaeckon Momenn (2).

Ipamasn 3adava: «Jano u, mairu f = Au».
Obpammnas 3adava. «Ilo namabiM m3mepenus myMma f = Au + e u |le|| < 6, § > 0 HEOOXOAUMO U3BJIEYD

UHMOPMAITHIO O U».

Mbr 6yeM MOCTPOUTH MATEMATUIECKYIO MOJIE/Ib OJHOMEPHOH CBEPTKHU C MEPUOIUIECKUMU KPAEBBIMHU YCJIO-
pusimu. Pacemorpum nepuogmveckyto dyuknumio f : R — R, yaosrerBopsitonmit yeaosuwo f () = f (x4 n),
n € Z,tne R u Z— COOTBETCTBEHHO MHOXKECTBO JIEHCTBUTEIBHBIX U MEJIBIX JHCEJT.

HernpeprbiBHasT MOJIE/Ib M3MEPEHHIT OTHOCUTCS K 1-miepuomaeckoMy curHany f : R — R, KOTOpbIil pa3MbIBa-
ercs 1-mepmogmaeckoit byHknmeit pasmbrtus Touku. Jpyrune Hazsanus (GyHKIMN PA3MBITUS TOUKH: PA3MBINOE
ADPO, UMNYABCHOE L0, AOPO CEEPTKU.

Crauasa ¢ moMommpo GYHKIMA 1)y, KOTOpasi ONpPEeeIeHa Ha OTpe3ke [—a,a] € R ¢ HEKOTOPO# KOHCTAHTOM
0<a<1/2,

Yo (2) = Cualz + a)’(z — a)’c, —a<z<a, (3)

a
2 2
nocrpouM (bYHKIMIO pasMblTus To4ku ¢, rae nocrosunas C, == | [ (z+a)”(x — a) dx OIIPEJICTISIETCA U3
—a

CIIEIYIOMIErO YCIOBUSI HOPMUPOBKU:
a
/77/10 (z)dx = 1. (4)
—a

DyHKIUS PA3MBITUSI TOUKH 1) OIIPEIeIsieTcsi KONMUPOoBaHueM (byHKIMH Yy Ha KaXK bl OTPe30K [n — a,n + al,
n € Z, u OHa paBHA HYJIIO BHE 3TUX 0Tpe3KoB. [locTpoernast Takum obpa3oM MyHKIMS 1) OyIeT HeOTPUTIATETLHOM
U YEeTHOM:

(@) >0 1 ¥ (x) = ¥ (~a), Vo € R, (5)

Ha pucynke 1 npusenen rpaduk bysrnun 1y 1 GYHKIUE pa3sMbITus ToYku ¢ upu a = 0, 04.

404 003 0@ 901 0 001 002 003 O . 15 i a5 TFs o5 T %

Pucynok 1. @yukuus v (a) u Gyakuus pasmbirus 109k ¢ (6)
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Onpedeaenue. HenpepbiBHas MOJIE/Ib CBEPTKHU 3a/1a€TCsl CJEYIONUM UHTEIPAJIOM:
a
(4 * ) <x>:/¢<v>u<xw>dr (6)
—Qa

Huke ma pucynke 2 mokasana 3pdHeKTUBHOCTD CBEPTKH C KyCOUHO-HEIPEPHIBHON (DYHKITHET.

25 25

0.5 0.5

Pucynok 2. a — Curnasnbuas Gyukuus u (z); 6 — dyukuus (¢ * u) (z)

W3 pucynka BHUIHO, YTO 9TO CIJIA2KUBAIOIIEE CBOWCTBO CBEPTKH, I OHO COOTBETCTBYET HA3BAHUIO PA3MBITOE
AIPOo PYHKITUN PASMBITHS TOUKH.

Ormerum, uro dopmyna (6) e coorBercrByer Mozenu (2), TaK KAk B JIEBOH dacTu 3TOH (HOPMYJIbI He
HAXOAUTCH BeKTOp pasdMmepHoctu K. Oznako Gymem cumrarb, 9To (DYHKIM U OlpejesieHa Ha oTpe3ke [b,b + 1]
U MOKHO M3MepuTh 3HaueHus: ceeprku (¢ * u) (x) B k-roukax &1 = b, To = b+ %, T3 =b+ %, vy T =b+ %
[Tostoxkum

we= (¢ xu) (1), (0 *u) (T2) oy (¥ x 0) (21)] € RE, (7)

rorja (6) MoxkHO 3anucarh B Buje f = Au + ¢, u ona npumer Bug (2).
2 JTuckpemnasn modeav ceepmxy

JlJ1st 9mCIIeHHOrO perrieHusl Mbl JIOJIZKHBI [IEPEHTH OT HEIPEPLIBHON Mojeu (2) K JIUCKPETHO
f=Au+e, (8)
e f € RF, u € R", A — marpuma pasmepa k x n. Ctporo rosops, f B (2) u (8) pasHble — B HempepLIBHOM

CcJiydae U B JUCKPETHOM COOTBETCTBEHHO.

Yrobel mepeiiTn K AuCKpeTHON Momesau (8), HeoOXOMUMa TUCKpeTH3alysi HenpepbiBHOH Monemm (2). Hust
9TOTO OINPEJIENIUM CETKY CJIEJYIONUM 00pa3oM:

zj=b+ T7j:1,2,...,n. (9)
Tora nepuoguaeckyto GyHKIMIO ¢ (T) ¢ AefiCTBUTEIbHBIMU 3HAYEHUSIMU MOYKHO 3allUCATh B BUJIE BEKTOD (DyHK-
| u
T T
u=[ug,ug, . p)" = [ug (21) U2 (22) oy Uy ()] (10)
SameruM, uro Ax = x9 — 21 = 1/n.

I[anee MOZKeM allIIPOKCUMHUPOBATh UHTEr'paJl B (6) C IIOMOIIBIO KBaJApPaTyPHbIX CI)Opl\fIy.H YHUCJICHHOI'O MHTEe-

rpuposanus. st 0601t HenpepbiBHO# dbyHKIMY g : [b,b 4+ 1] — R MOXKHO 3aIUCaTh CIeyroliee NpUOIIKEeHHOe
PaBEHCTBO:

b+1 n
[ s@dexasygG)) (1)
b J=1

u C yBeJIMYICHUEM N HpI/I6HI/I}K€HI/Ie CTaHOBUTCA TOYHEE.
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Hnst ynoberBa Bo3bMeM k = 1 1 ©3MEPHUM CBEPTKY Ha TOM YKe COBOKYIHOCTH To4eK (9), Ha KOTOPBIX JUCKPe-
Tusupyercsa HeusBecrHas GyHkius u (). B obmeM ciyuae B 3TOM HeT HEOOXOJAUMOCTH, OJHAKO B 9TOM CJIydae
A Gyzer KBajpaTHON MATpUIEl 1 BO MHOIOM YIIPOIIAETCS 3a/a9a YUCJEHHOTO 00PAIeHUs CBEPTKHU.

[Mocrpoum MaTpuity A pasmepHoCTH 1 X N Takoii, uTobsl Au € RF ammpoxcmvuposas Au, ompeessembrit
(6). Oupenesum JUCKPETHYIO (DYHKIUIO PA3MBITUS TOUYKH:

T
pP= [p7v7p7v+17 -+-sP-1,P0yP1y- - - apfu—lvpv]

Benomuum, uro i Beex |x| > a > 0, g () = 0. Bozpmem v > 0 Kak HAUMEHbIIIEE LEJIOE YUCJIO, YIOBIETBO-
psomee HepasenctBy (v + 1) X Az > a, n nyets p; = o (jAz), Vj = —v,...,v. K npumepy, ecim a = 0, 04
u n = 64, kak Ha pucyHke 1, To v = 2. B cuty ycsiosusi HopMupoBku (6) 6ymeT BBINOJIHEHO CJIeIyIoliee npu-

v
GJIMzKeHHOE paBeHcTBO: Ax Z pj ~ 1. B mpakTuke npn HOPMHUPOBKE TUCKPETHOH QPYHKINN PA3MBITHA TOUKH
j=-v
GepeTcs ciemyrolniee COOTHOIIEHNE:
—1

v
p=|[Az > p;| b (12)
Jj=—v
TOTJIa
v
Az Y p;=1 (13)
j=—v
[TosTomy

a

[ ute;—a)ds ~ a0 Y b () ule; - o)~ Ac 3 pu,

“a l=—v l=—v

T.e. IUCKPETHAs CBEPTKA HAXOIUTCH CJIeAYIOmeil (pOopMyIIoit:

(pxu); = Z P, (14)

l=—v

I7ie Uj_; Aad caydaes j — [ < 1 m j — 1 > n onpenensdeTcs MepHOAMIECKIMA TPAHIIHLIMA yciopuamu. Torma

Az (p*u) ~ Au, (15)

" . T " "

u MBI Hafimem BekTop mamepennit f = [fy, ..., fx]" caemyromeit dopmymoii:
fj = Az(p*u); +¢;. (16)

BammceiBas (14) ¢ nomormpio MaTpunbsl A, moxydaeM Mozemb (3):

f a1 - Qg u; €1
= e St
fr K1 - Gkn Uy €k

[Mokaxkem it n = 64, Kaxoit Oyjer crpykrypa matpuisl A ceeprku. Kak Mbr ormernsn Boite, ecian a = 0,04,
T0 v = 2 u QYHKIWs Pa3MBITHsI TOUKH IPUHUMAET BUJ P = [p_2, P—1, Po, P1, P2). Torga cormacuo (14) nmeem

(p*u); = pur+p_1us+p_ous+ Patn_1 + Pily;
(p*xu)y = pui+pouz +p_1us + p_ous + Patn;
(p*u); = pour + prug + pous + p_1us + p_ous;
(pxu), = p_r1ur+p_oUs+ PoUun_2 + Prin_1 + Poln.

ITosTomy marpuna A Oymer umeer BU
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po p-1 p-—2 O 0 0 P2 D1

Pt po p-1 p—2 O 0 0  p2
P2 P11 Po -1 p—2 O 0 0

0 P2 P11 Po P-1 D2 0 0

A=Az (17)

0 0o - P2 P1 Po P-1 D2

p—2 0 - 0 p2 P11 po P

L P-1 P—2 - 0 0 p2 p1 Do |

Kaxk Bugyum, A — NUPKyJISTHTHAS MaTPUIA, & CHCTEMbI JJUHEHHBIX YPABHEHHI ¢ TaKO MaTpuIeil KO3 puImeHTos
MOXKHO PEIUTh C IOMOIIBI0 OBICTPOro npeodbpasosanus Oypbe, a TAKXKe JIPYTHMHU UTEPAIMOHHBIMEI METOIAMI.

Bosspainasice K 00iieMy ciaydaro onpegesierus p 1o dbopmyse (12), dopmyny upubiuxkenus (15) MoxKHO
3aImcaTh B BUJIE

Au =~ Au. (18)

Huzke ma pucynke 3 IpUBEJIEHBI Pe3yJIbTAThI BBIYUCICHUI JUCKPETHON MOJIEIN U PE3YJILTATDI COOCTABICHA
ux ¢ (¢ * u) () HenNpePbIBHBIMY JAHHBIMU CBEPTKH, opeesieMoii opmyaoit (6). Takzke Ha pucyHKe (B IpaBoii
YACTH) IMOKA3AHbI PE3YJILTATHI BBIYUCICHAN IpU J10OABJIECHUN IIyMa B UCXOHbIe janube u (x). Mbl cmomesupo-
BaJIN CJIyYafHbIl BeKTOP myist ciaydas k=64, 128, B3gB BEKTOP C HE3ABUCUMBIMU JIEMEHTAMU C TayCCOBCKUM
pacipeJieJleHueM, UMEIOUM cTagapTHoe orkionerue o = 0,05 - max |u (z)]. D10 coorBeTCTBYET OTHOCHTE B
HOMY ypOBHIO mryMa, 5%.

k=n=64 No-crime data with 5% noise

0 0.5 1 0 0.5 1
Ceeprka (1) * u) (z), onpenensiemas dbopmyioii (6), 0603HATEHA CIUTOMTHOMN JUHUEH,
a Pe3y/IbTATHI IPUOJIHKEHNST — TOYKAMHU
Pucynok 3. Pesynbrarsr npubsmmkenust no dopmyine Au ~ Au ms
Pa3/IMYHBbIX 3HaYeHUT k = n

Ha pucynke 4 npusejieHbl 5J1eMEHTBI MaTPUIbl A CBEPTKH, HEpaBHbIe HYJIO pu k =n = 32, k = n = 64.

of lution matrix A of matrix A

< - ° g =

"

e
"e
"
e
"e
"
LAl
"e
e
"e
"
"e

"
e
e
"e
L
"
"
"
"e
"e
"
e
e

20

25

30

o s 10 1s 20 25 30 o 10 20 30 a0 50 60
nz = 96 nz = 320

Pucynok 4. DiemenTtsl MaTpuripl A cBepTKH, HepaBHble Hy/0 pu k =n = 32 (a); k =n = 64 (6)
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Kak BumHO 13 pucyHka 4, KOJIMYECTBO 3JIEMEHTOB MaTPUILI A, HepaBHBIX HyJo, He npepbimiaer 10% or nx
00I1Iero 9uc/ia. DTO CBUJIETEILCTBYET O TOM, 4TO MaTpHUIla A sBJIsSeTCs pa3peKEHHOI.

3 IIpocmoe obpawerue ceepmry

B sTOM paszmese MpuBeIEHBI PE3YIbTATHI OOpaIleHust CBePTKU B orcyTcTBUe (¢ = () M IPU HAJUYUU [IyMa
C TIOMOIIIBIO CJIETYOITEH (hOPMYJIBL:

um A e AT (Aute) =f+ A7 (e). (19)

Naive reconstruction from ideal data with inverse crime Naive reconstruction from noisy data without inverse crime

a) B orcyrcrBue myma; 6) npu Hasnuuu mryma
Pucynok 5. PesyabraThl unc/ieHHOTNO 0OpallieHusi CBEPTKU

Kaszajioch b, ipocToe ofpalenne cBepTKU ¢ TOMONIbio opmydint (19) naer BIosiHe pueMyeMble pe3y/ibTa-
1ol (puc. 5 a). Ho 910 HeBepHO, TaK Kak B HAYAJIbHBIX JAHHBIX cojepzkarcs omubku usmepenuit. Kak ormedyeno
BO BBEJICHUN, BOCCTAHOBJIEHHBIE TAKIM IIyTEM JTAHHbIE HEBO3MOXKHO COOTHECTH € KAKON-/I100 peasibHOl 00PATHOM
zazgadeii. [Ipy HasmIMu nryma yke posiBJISIeTCs HEKOPPEKTHOCTH 3a1a4u obpalienus ceeprku (puc. 5 6).

ITosroMy HEOBXOIMMO TPUMEHSITH METOJbl PEryJsipH3aliil PelleHns HEKOPPEKTHBIX 3a1ad |1, 7], arober
YMEHBIIUTH IyBCTBUTEILHOCTD PEIeHUsI K OIMOKAM U3MEepPEeHMUIA.

4 Ipasuavroe obpawerue ceepmxu

TTokakeM 3/1eCh OJIMH MPOCTOH CIOCOD PABMIILHOTO IHCJIEHHOTO obparnennst ceepTku (puc. 6). Mer 6ymem
HCITOJTb30BaTh MOAUMDUIINPOBAHHYO (DYHKITUIO Pa3MbITHAsI TOYKH IIPU MOJEJMPOBAHUN JaHHBIX, B3sB a = 0, 041.
Onpegensemyto dopmynoii (6) dyuxmuo (1 * u) (z) Beraucaum npudiumxkenno B 1000 paBHOMEPHO DPACIIOJIO-
JKEeHHBIX TouKax uarepBada [0, 1], ucnonb3ys dopmyiy rpamnenuu ¢ 400 KBagpaTypHBIMU TOYKAMU JJisi OLEHKN
unTerpasa. lajee, UCob3ys CIUIARHBI, HHTEpIOJUpYeM 3HadeHus (1) * u) (x) Ha 64 TOUYKH CeTKH.

Naive reconstruction from ideal data without inverse crime Naive reconstruction from noisy data without inverse crime

il

a) B orcyrcrBue myma; 6) npu HAJIUYAA IIyMa
Pucynok 6. Pe3ynbrarsl mpaBmjIibHOIO YUCIEHHOTO OOPAIEHUS] CBEPTKHU
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Saxaouenue

B nannoit pabore paccMoTpeHa 3a/1aMa TUCJIEHHOIO OOPAIEHHsT OJHOMEPHOI CBEPTKH, ¢ TOMOIIBIO INCJICH-
HBIX KCIIEPUMEHTOB ITOKa3aHa HEKOPPEKTHOCTH 3Toil 3ajaun. [locTpoen muckperHbiii BapuaHT cBeprTku. llo-
Ka3aHO, YTO MPOCTOEe ObpaIleHne CBepPTKU 0e3 ydera OmnbOK M3MEPEHUil IPUBOJAUT K HEBEPHBIM DPE3YJIbTATAM.
[IpuBenen oam mMPOCTOil CIIOCOO MPaBUILHOTO OOpaleHus cBepTKU. IIpoBegEHHOE MOIETMPOBAHIE TTOKA3bIBa-
€T HeOOXOIUMOCTh M BayKHOCTH IMPUMEHEHUs] METOJIOB PEryJISPU3AIIN IPU PEIIEHUN HEKOPPEKTHBIX 0OPATHBIX
3a/1a4.

Cumcok Jmreparypbl

1 Baxywuncrxut A.B., Tonuwapcekuti A.B. HekoppekTHbie 3amaun. YucjaieHHbIE METO/BI U IIPUJIOXKEHUS. —
M.: Uzx-Bo MI'Y, 1989. — C. 199.

2 Betimc P., Max-/[onnesn M. BoccramnoBiienne m peKOHCTpyKIus m3obpazkenuit. — M.: Mup, 1989. —
C. 336.

3 Bacunenxo I'H., Tapamopun A.M. Boccranosiienne nzobpazkennii. — M.: Paawo u cssa3b, 1986. — C. 335.

S

TI'oncanec P., Bydc P. Tucdposasi obpaborka uzobpazkenuit. — M.: Texnocdepa, 2006. — C. 1072.

ot

T'onwapexuts A.B., Jleonos A.C., SHeoaa A.I. Meronbl pellieHrsI MHTErPAJIBLHBIX ypaBHeHUiT Ppearoin-
Ma 1-ro poxa tuna cseprku // HekoTopble BOIIPOCHI aBTOMATH3UPOBAHHON 00PabOTKN ¥ MHTEPIIPETAIIN
dusnaeckux sxcuepuMeHToB. — B, 1. — M.: Uzm-Bo MI'Y, 1973. — C. 170-191.

6 Medogpp B.II. PekoHCTPYKIMS N300paykKeHuil 110 OrpaHUYeHHBIM JJaHHBIM: Teopusi U IpUMEHEHHE B KOM-
ubioTepHoii Tomorpadun // Pekoncrpykius uzobpaxkenuit / Ilox pexn. I.Crapka. — M.: Mup, 1992. —
C. 384-436.

7 Tuxonos A.H., Tonuwapcxuii A.B. u dp. Perynsipusupyioniye ajJrOpUTMbI U allpUOpPHas WHQOOPMAIUs. —
M.: Hayka, 1983. — C. 200.

M.A. Cyuranos, M. /1. Komanosa, B.b. Ycremuposa

Bipemmemai yitipTKiHi TepicTrey Kepi ecebiHiH
KUCBIHCBI3IBIFbI >KalJjbl

Maxkasaza casIbIK MOJIEbIEY d1iciMen GipesrmeMal YHipTKiHi TepicTey Kepi ecebiHiH KUCBIHCHI3 ecen 601a-
TBIHIBIFBI KOPCETLITeH. Y HipTKiHiH auckper mozmeni kypblaran. 1y Goaran xoHe 6oMaraH yKarqaiiapra
ecernrreysiep Kyprizisired. IIpakTukaabik kKarmaiiap/ia eJieysep/ie naijia 00JaTbiH KATeJIKTep/l ecernke
aJMay KaTe HOTHXKeJIepre aJIbIll KeJly MYMKIHIIr KOMITBIOTEPJIIK ecenTey ToxKipubeaepi apKbLiIbl 3epTTe -
rera. CoHzaii-ak, aBTOpJap YHIPTKiHI CAHIBIK TIKTEy/iH Oip KapamailbIM TOCiIl YKOHE CAHIBIK, MBICAJIAD
KeJITipreH.

M.A. Sultanov, M.D. Koshanova, B.B. Ustemirova

On ill-posedness of the numerical inversion inverse problem of
one-dimensional convolution

In the article the method of numerical simulation shows the ill-posedness of the inverse problem of the
numerical treatment of one-dimensional convolution Built discrete convolution model. Calculation performed
in the absence and presence of noise. Computer computing experiments have shown that the neglect of an
error that occurs when measuring in practical cases, can lead to incorrect results. One easy way to restore
the correct numerical convolution, Numerical examples are also given.
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Yuciienubrii aJropuTM penieHuss oOpaTHO 3a1a4uu onpeaesieHus 30HbI
MAaJIO! ITPOHUIIAEMOCTH

B crarpe paccmoTpena obparHasi 3a/1ada BOCCTAHOBJIEHUS T'PAHUIIBI 30HBI MaJION IPOHUIAEMOCTH B ILJIACTE
110 U3MEPEHUSIM JIaBJIEHUS B CKBaXXmHax. VlcciemoBaHbl IMOCTAHOBKA 3aJa4M U PaCIpejiesieHue JTaBJIeHU
BHYTPH CJIOSI B CJIydae, KOTa JaBJICHUE He MEHSETCs MOomepeK crosi. MeTromaMu Teopun perneHus KpaeBbixX
3a/1a4 Ui SJUIAIITUYECKUX yPABHEHUN 3a/lada CBeJIeHa K MHTErPAJIbHOMY YpPaBHEHHUIO. ABTOpAMU IIPEJJIO-
2KEH WTEPAIIOHHBIN aJITOPUTM PeIIeHnsl 33/a9M, IIPOBEAEHbl BBIYUCINTEBHBIE PACYETHI JIJIsT MOJIEIbHBIX
3a/1a4.

Kmouesvie c106a: BBIYUCIUTENbHAS TUATHOCTHKA, I3MEPUMOE T10JI€, IPOHUIIAEMOCTD, HEOTHOPOIHOCTD, IIPsi-
Mas 1 0OpaTHas 33/]a9d, NHTErPAJIbHOE YDaBHEHHE.

Beedenue

B macrosimee BpeMmsi MIMPOKO PA3BUBAIOTCS TEOPETUYECKUE M IPUKJIAIHBIE HCCJIEIOBAHNSA B OOJIACTU BbI-
YUCAUTEIHHON JIMAIHOCTUKY, CBSI3aHHBIE C BOCCTAHOBJIEHUEM IIADAMETPOB Pa3JIMUHBIX Cpef (€CTeCTBEHHBIX U
HCKYCCTBEHHBIX) [0 U3MEPEHUSM PA3JIUIHBIX NOJEl (3JIeKTPOMATHATHBIX, aKYCTUUECKUX U JP. ). DTOMY CII0CO6-
CTBYIOT OI'POMHBIE BO3MOYKHOCTH COBPEMEHHBIX OBICTPOIECTBYIONINX KOMIIBIOTEPOB, TAK KaK B 38]aUaX BBITIC-
JIUTEJIHHOM IMATHOCTUKY HEOOXOIUMa CJI0XKHAA 00pabOTKa MOCTYIIAIONINX BXOIHBIX JAHHBIX (M3MepeHuil moJiei,
CUI'HAJIOB U T.11.). B GoJIbIIMHCTBE CJIy4YaeB P PENIeHUH HOJ00HBIX 3314 HE YJIAeTCs MOy YUTh AHAJTUTHIECKO-
0 TOYHOT'O DEIIeHNs, II0ITOMY OOJIbIIIOe 3HAYEHUE JJIsI TPAKTUYIECKUX TPUJIOKEHUHN IpeIcTaBiseT pa3paboTka
IHMCJIEHHBIX METOJIOB M AJTOPUTMOB UX DEIIeHus. B CBsI3U ¢ MHTEHCUBHBIM OCBOEHHUEM MeCTOPOXKIeHui (HedTs-
HBIX, FA30BbIX, YTOJbHBIX U T.JI.) U POCTOM KOJUYECTBA PaHee MPOOYPEHHBIX CKBAYKMH BOZHUKAET HEOOXOIUMOCTD
OIpeiesIeHrsi 30H MAJIOi ITPOHUIIAEMOCTH, ITO OOYCJIOBJIEHO HElle1ecoobpa3HocThio Oypenus. MeTom nHTErpasib-
HBbIX yPABHEHUIl sIBJIAETCS OJHUM U3 OCHOBHBIX METOOB DelleHus IOI00HBIX 3aj1a4 [1—4], mepcrekTuBHbIM Me-
TOJOM SIBJISIETCH MeTOJ OOBEMHBIX CHUHIYJIAPHBIX MHTErDaJIbHBIX ypasHenwuii [5, 6]. B macrosiueii pabore s
peleHns 00paTHO 3a[a91 BOCCTAHOBJIEHNS TPAHUIIHI 30HBI MAJIO IIPOHUIIAEMOCTH IIPEJJIOYKEH NTEePAI[HOHHBII
aJITOPUTM HA OCHOBE CBeJICHUS OOpATHON 3aJIauu K MHTErpajbHOMY ypaBHeHHio Ppenrogbma IEepBOro poja ¢
MOCJIETYIONIAM IPUMEHEHUEM METO/a pPeryiispusanuu THuxXoHoBa.

1 Hocmanoska npamoti u obpammotl 3ada4u

Ipamasn 3adaua. PaccMoTpuM 0CTATOYHO TOHKHUI HEOTHOPOJIHBIN CJIOM U OyJleM CYUTATh, YTO B HEM JIaB-
JIeHVe He U3MeHsieTcs nonepek, r.e. P (x,y,z) = P(z,y). BymeMm cuurarh, 9T0 BHYTPH 9TOTO CJIOSI IIPOHUIIAE-
MOCTb [TOCTOSTHHA, 38 UCKJIIOUY€HNEM HEKOTOPOI 30HbBI TIOJTHOI HEITPOHUIIAEMOCTH S, TPAHUIIA, KOTOPOil OrpaHnvYeHa
kouTypom C. Bue 3ombl Henmponumnaemoctun npodypeHo K CKBaXKuH, yCTbs KOTOPBIX 3aaHBI KOODIMHATAMUI

My, = (vx,yx), k € [1, K] (puc. 1).
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Pucynok 1. Cxema 30HBI HEITPOHUIIAEMOCTH

IIpenmnonaraercs, 9To Ha OOJILIIOM PACCTOSHUHU OT UCCJIELyeMO 00IaCTH JaBJIEeHIe PABHO IIOCTOSHHOMY ILjIa~
croBoMy gaBiennio Py. Ecim paboraer nuirb ojHa k-s1 CKBaXKuHa, B KOTOPOI JlaB/ieHne paBHO Py, TO JaB/ieHne
Ha, IJIaCTe P(k)(x, Y) SIBJISIETCH PEIIeHUEM CJIe/lyIoleil KpaeBoil 3a/1atm:

AP® (z,y) =P, -6 (x —x1) 0 (y — ) »

aP™ | _
on - 0’ (1)

rne Cr, — OKPY2KHOCTB O0JIBIIOrO pajuyca Ry.
Ob6pammasn 3adaua. Oupenennts KOHTYp C' 10 JIOMOJHATEBHON MHMOPMAIUH 110 N3MEPEHHBIM JIABJICHUSIM
B 3aKPBITHIX CKBAXKUHAX:

Pﬁ):P(k)(xmaym)v mG[LK]v m#kv kG[LK} (2)

Takum obpaszom, mbl umeeMm K (K — 1) u3aMepeHHbIX JAHHBIX:

PO Y

R (2) (2) (2)

p=| 07 P p (3)
Pl(K) P2(K) P}((K)

2 Csedenue kpaesotl 3a0a4u K UHME2DANBHOMY YPAEHEHUIO

s Toro, 9To0BI CBECTH KPAEBYIO 33Ja9y [Jist ypaBHeHus [lyaccoHa K MHTErpaJbHOMY yPaBHEHUIO, OyIeM
paccmarpuBarh dyukiuio I'puna nyis 3anaqn JAupuxite B kpyre paguyca Ry:
1 d (M, My)

G(M’MO):%IHTO'RO'PU\LM{))'

(4)
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3aece M — touka ¢ koopauHaramu (x,y); My — Touka ¢ KoopauHaramu (xo, Yo),

p (M, M) = \/(x —a0)” + (y = y0)* 7o = /a3 + 93, d (M, M) = \/(7”396 — R3wo)” + (rfy — Riyo)”.

Pemenue kpaesoit 3aga4uu (1) 6y/ieM UCKATh B CJIEAYIONIEM BHJIE:

P®) (M) =Py + Py - G (M, My) +Pk'7{M(M0)'G(M7Mo)dlMo- ()
c

DyuKIys, OnpeeIeHHas BopazkeHueM (5), YIOBIETBOPsET YPABHEHNIO I KPACBOMY YCJIOBHIO Ha BHEIIHEM KOH-
rype Cg,. loncrasnsaa (5) B xpaesbie ycnosus Ha C, MOTyIMM HHTErPAIBHOE yPABHEHHE JUIS IVIOTHOCTH IO-
rernuana p(M):

1

5100 = § 1 ()

c

oG (M7 MO)
8nM

9G (M, My)

dly, =
Mo 877,M

, MeCcC. (6)

Oupenenvs u3 ypasaenus (6) u (M), naxogum pasnenne P (M) B Toukax M, ¢ KoopauHaTaMu (L, Ym )
KOTJIa UCTOYHHK PACIIOJIOKEH B ToUKe My, ¢ KoopauaaTaMu (T, yx) (JJ1s TAKOTO JaBJIEHUST BBEJEHO OO03HAYEHUE

p¥ )). Torma corsacuo (5)

P®) (M) = Py + Py - G (M, My) + P - ]{M(M()) -G (M, Mo) dlpg, . (7)
C

Ecmu Boemosasiercs ycaosue Ry > D, rme D — makcuMaJjbHBIN JuameTp objactu S, TO MHTErpajbHOE
ypasrenue (6) MoxKeT 6bITh 3aIlUCAHO B CJIELYIOIIEM BUJIE:
OG(M,My) 1 x—mg  OGWM,My) 1  y—vyo (8)
Oz 27 p2 (M, M)’ oy 27 p2 (M, M)’

Kaxk BuHO, perenne nHTErpajbHOTO ypabHenus (6) He 3asucur or Ry. OnHako pacuer nasierus 1o dbop-
myste (5) 3aBucut or Ry, Tak Kak npu Rg > Dy (Do — amamerp o6JacTH, rjie pacCIuTHIBAETCS JaBJIEHNE)
dyukuua Tpuna (4) umeer ciemyromuit Bu:

1 Ro

IMosromy nmasnenne upu p (M, M) < Dy, cormacuo (5), nmeer Buf,

P, 1 P, 1
PR (My=Py+-F. — — i-j{ M) In———dl C. 10
( ) 0+27T p(M,Mk)+27T ,LL( 0) nP(M,Mo) Mo T ( )
C

3mecy C' = w (1 + f w(My) dl Mo)' IIpucyrcrBue muoOkuTENst In Ry CyIIECTBEHHO BJIUSIET HA TOYHOCTH
C

pacueToB, Tak Kak npu 6osbmmx Ry HeoOXomuMmo OyJer pemuTh UHTerpajbHoe ypasHenue (6) ¢ m10CTaToO4HO
BBICOKOI CTEIIeHbIO TOYHOCTH. B IPOTHBHOM CjIydae BO3HHMKAET CYyIIECTBEHHAs! ITOTPENTHOCTh. B ¢BsA3u ¢ sTuM
[IPUXOJUTCS BUIOU3MEHSTH [IOCTAHOBKY 3a1a4uu (1) mis caydas Goubinux 3Hadenuii Ry.

8 Iocmanoskxa enewnetd sadawu Hetimana

PaccmorpuMm pactipejiesienne nasiienust B cioe P (x,y) upu 6onbmux Ry, Torma P (x,y) 6yzer pelieHnem
cuaeaymoueil Kpaesoil 3a1a4u:
APW (z,y) = =P -6 (x —2x) 0 (Y — U) ;
ap®
an | =Y (11)
P(k) (xvy)_uo (il',y) _>-P0a 5524‘2/2 — 00,
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rie

Pk~1 1

uo (M) = 2 p (M, M)

(12)
— JnaBienue B Touke M ¢ KoopauHaramu (&,y) B OKPECTHOCTH UCTOYHHMKA M) U B OTCYTCTBHE 30HBI HEIIPOHU-
I[A€MOCTH.

Pemmenne 3amaqn (11) Gyjaem uckath B BUJIE

P = Py +ug (M) +u (M), (13)

riae u (M) — naBienue, BO3HUMKAIONIEE B PE3yJIbTATe HAJMYUsA 30HBI HenpoHuiaemoctu S, a Py — mwiacroBoe
JIaBJICHIE.
Hasnenve u (M) ynosiersopsier BHemHel 3anade Helimana:

Au(M) =0,
ouM)|  _  oug (14)
on |o = " onlc

u (M) — 0 na 6eckoneunocru. [losyuennas 3ajada CBOIUTCA K MHTErPAJbHOMY ypasHenuto. ljsi Toro 9robbi
YJOBJIETBOPUTH YCJIOBUIO Ha GECKOHEYHOCTH, perenue 3ajia4n (14) upegcrasuM B Buje

_ Pk T(M, O)
u (M) = 2k .C]{ﬂ(Mo)ln TRTALLS (15)

ByneMm cuanrtarh, 9T0 HaYAJI0 KOODJAMHAT MPUHAJJIEIKUAT HEOJHOPOTHOCTH S. DTO MPEJICTABIIEHUE SBJISETCS Pe-

r(MO) -, g mpu M — oo.

meHueM ypaBHeHus Jlamraca u cTpeMuTCs K HyJIIO Ha OECKOHEYIHOCTH, TaK KakK (M, Mo)
)

Iozncrasugas (15) B rpaHudHOe yCJIOBUE, IIOJYYUM MHTErPAIbHOE yDAaBHEHUE

o (M) — j{ 1 (Mo) K (M, Mo) dlag, = f (M), (16)
C

r(M
rae K (M, My) = 52— 1In f&ﬁo) (M) = 2t

B ciyuae, korga HEOZHOPOIHOCTD €CTh KPYT' PAJNYCA @, PEIEHNe MOXKHO IIOJIy4YUTh B IBHOM BUJIE:

u(r,p) = ﬁln ! (17)

21 \/r2 412 —2rr cos

2
rie {r1 = ‘;—D, 1= O} — ToYKa moJoxkeHus ncrognnka. Oynkiws (17) siisiercst pemenneM ypashenus Jla-

J1aca U CTPEMUTCHA K HYJ/IIO Ha 6eckoneunocru. Ocraercs OPOBEPUTH BBLIIIOJTHECHUE T'PAHUTHOTO YCJIOBUA

ou P 1 7 — 171 COS P (1 ro (ro — acosp) B

or|,._, 2 \r r24+r2—2rricosp) 2r la a(rd+a?—2argcosyp) |
:&. a — 1o Cos (18)

2m 134 a? —2argcosp’
Beruncsmmm Teneps, corsiacHo (14),

ou P, 0 P, a — T CoS P Oug
] I N Y e =k =200 (19
or|,_, 2r oOr|,._, ny/r? 1o o oSy 2 12+ 7102 — 2rrocosp or |,_, (19)

Urak, oKa3aHo, 4TO MpaHudHOe yciaosue 3a0a4qu (14) BoimosHsercs, T.e. (17) ABJIseTcs peleHneM 3a1a4u
(14) nyist kpyra.
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4 Hucaennoili ar2opumm npamoti 360a4u u Pe3YALMaAmbL PACHEMO8

YHucsieHHOE UCCIIEI0OBAHNE AJTOPUTMA PEIeHUs IIPAMOI 3a1a9u Oy1eM MPOBOAUTD JIJIs CJIyYas OTHON 3BE3/I-
HOIT obJsiacT HenpoBoxuMmocTu, KOHTYp C' KOTOpOil 3aiaH B MOJSIPHBIX KoopAuHaTaxX T = T (). B sToM ciydae
SIIPO MHTErpaJbHOrO ypasHeHus (16) MOXKHO NpPEeJICTaBUTH B BUE

K (M) = 752 i M = (1 () )3 Mo = (r () 0) (20)
K (o, 00) = ﬁ@) (r () cos e — - (100) cos o) - (r (i) cos p) + 7 (o) sin o+
+(r () sing — r (o) sin o) - ( () sing — ' () cos @),
rie
L) = \Jr2 (o) + (7 (902 9% (0200) = 72 () + 72 (90) — 27 (9) 7 (120) €08 (0 — 90) - (21)
ITocite HECTOXKHBIX TPEOOPA3OBAHUI TIOIYIUM SJIPO UHTErPAJTBLHOTO YPABHEHUS
K (¢, 00) = @ 112 () — (o) (r () cos (9 — o) + 7' (1) sin (¢ — 00)) } . (22)

3aMerTuM, YTO siPO ITOrO0 MHTErPAJBHOIO YPABHEHUS HE HMEET OCOOEHHOCTH IIPU COBIIAJICHUH APryMEHTOB:

K (¢, 00) = r2(@)+2r'% (@) —r(e)r' (¢)

2(g) upu o — . [IpaBasi acTh uHTErpasbHOrO ypasHenust (16) paBaa

_ f(o)
f(M) - _W‘

3aece M — rouka ¢ koopaunaramu (1 (@), @), My — rouka ¢ koopuunaramu (R, k), rae f (¢) = K (¢, o)
upu 7 (pr) = Ry wm

_ 2(p) = Ry (r (p) cos (¢ — i) + 77 () sin (¢ — ¢1))
T G+ 2R (Demlo—p) 29)

Yuurssast, aro diy, =1 (po) dpy, MOXKHO 3anmcarb WHTerpajbHoe ypaBHeHue (16) B Buje

2m

() + [ K (p,90) 1 (v0)
/

~

fle
dpg = — . (24)
)

Beenga noyio neussecrayio dynkuuio U (@) = p (@)1 (@), moayduM cieLyiomee HHTErpajbHOe Y PABHEHNE:

27

U (o) + / K (¢, 00) U (90) dgo = —f (). (25)
0

Heobxomumble jiist 06paTHON 3a7a49u JaHHbe, coriaacHo (15), BeraucaoTcs 1o dhopmyJie

27 2 2
Ry _+r —2R, 17 cos(p—@m —
PE(M) —ug (M) = ul®) = Py + £& JUe)n R e de. (26)

Brrancianrennsabie 9KCIIEPUMEHTBI IIPOBO/IUJINCH [JId CJIyvad, KOr/Zla KOHTYPOM C gBsieTCs IJUINAIC

ab ae

B VaZsin?p + b2cos2p a Vsin?p + 82(3082(,0’

7 () (27)

rze a, b — nosyocu simnca; a € = b/a — skcueHTpucuTeT UUICa. IIpu 3T0M CYUTAIOCH, YTO TOYKU U3MEPEHUs
7 BO3OYKIEHUsT HAXOMATCS Ha OKPY2KHOCTHU pajguyca R, , t.e. R,, = R, s jgioboro m. [losTomy pe3yabraTh
pacuera u®) 3aBucar or Gespasmepnoro napamerpa & = b/a, MecTa PaCIOIOKEHHs] NCTOUHUKA Q) U U3MEPEHHsI
Pm-

Ha pucymke 2 IpuBeeHb! 3HaUeHMsT aByerns u

npu € = 0,5, R, =3.

k) B 3aBUCUMOCTHU OT Py, IPUA PAZJIUIHBIX SHAYCHUAX Pk,
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PI/ICyHOK 2. 3nagenus JdaBJIEHUA B 3aBUCHUMOCTHU OT PACIIOJIO?KEHNA MCTOYHUKa U U3MEPEHUA

s nccaenoBaHus IyBCTBUTEIBHOCTH U3MEPSIEMbIX BEJTUYNH K ITOJIOYKEHHUIO U pa3MepaM 00JIaCTH HEIIPOHU-
AEMOCTH IIPOBOIMINCEH pacders! 3uadennii uF) B m Toukax okpyzxmocT: pagmyca R, = 3. IIpu pasimaHbix

(k) (k)

k
bopmax ssumuca (MeHseTCs SKCIEHTPUCHTET JLINICA € ) BHIMUC/IIACh Bestnduta ¢ (€) = u, ;. / uFe | e Ui

n ugfgx — MHWHHUMaJIBHOE N MaKCHUMaJIbHOE€ 3HAYCHUA ’U,(k) B TOYKaX U3MEPEHU.

J1st IpOBEPKU TOYHOCTH PEIIeHUs MPSMOM 3a1a9U IIPOBOJIUIOCH CPABHEHNE UMCIEHHBIX PACIETOB JJIsT 00-
JIACTH HENPOHUIAeMocTH, nuMmeromeil popMy kpyra mo dbopmyse (17), u permenns, OJyIEHHOTO € UCTIOIb30BA~
HUEM HHTerpaJbHoro ypasHenust (16) u dbopmyssr (15). IIposenenHoe ncciemoBatme MOKA3au0, 9To JABJIeHNe,
BBbIYHUCJIEHHOE C UCIIOJb30BaHUEM aHAJUTUYECKOI'O PEIIeHUs 3a4a49d U IIOJYYEHHOE C IIOMOINLIO MHTErpaibHO-
IO ypaBHEHHsl, COBIIQJAET C JOCTATOYHO GOJIBINONH TOUYHOCTHIO (IOTPENIHOCTH BBIYUCICHUN COCTABIISIET MEHee
0,001 %).

Ha pucynke 3 mpuBelieHbI pe3y/bTaThl PelreHusi MOJEIbHON 00paTHOM 3ajadu. 3JeCh CILIONTHON JuHuei
HOKAa3aHO TOYHOE PACIIOJIOXKEHUE SJUIMITUYECCKON HEOJHOPOAHOCTHU, IIYHKTUPHON JIMHUEN — BOCCTAHOBJICHHOE
PACIIONIOXKEHNE HEOMHOPOIHOCTH )1 JABJICHUSA ¢ BHECEHHONH IOrpemHocThio 2,5 %.

PI/IcyHOK 3. Pe3yﬂbTaTI)I BOCCTAHOBJIEHUST SJITANITUIECKON HEOIHOPOJIHOCTHU

ITpu pereHnn MOJIETBHON 381891 UCTOYHUK HAXOJWJICS B BOCBMHU CKBaxkMHax ¢ KoopzaumHaramu (0.0, 2.0),
PAaCIOJIOKEHHBIX Ha OKPY?KHOCTH ¢ pajuycoM 2 u marom 7 /4. Kpome Toro, npoBoAuIoCch H3MEPEHHe JABIIECHHUS,
JUIANITHYIECKAsT HEOIHOPOJHOCTh uMesia mapamerpbl ¢ = 1.5, d = 0,8, § = w/4— yroa moBopora 3JuIAICA,
¢ nmearpom (—0.25, 0.25).
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Paboma ocyuecmeaena npu durancosoti noddepocke Munucmepemea obpasosanus u wayku Pecnybauxu
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KinrieTkisrimTik aiiMarblH aHBIKTAay Kepi ecebiH IIelmyaiH,
CaHJIBIK aJrOpPUTMI

Maxkasaza yHFbIMAIaFbl KBICBIMHBIH OJIIIIEYIepi OOWBIHINA TIACTAFBI KINIIOTKI3MIIMNTIK aliMaFblH TIKTEY Kepi
ecebi KapacToIpbLTFad. KpicbiM KabaT Goiian e3repMeiTiH 2Karaaiiia ecenTid, KORbIIbIMbI MEH KabaT iIiHie-
Il KbICBIMHBIH, YJIECTipLIIMi 3€pPTTeJINeH, /UIMIITUKAJIBIK TEHIEYJIED YIIIiH IEeTTIK eCenTep/Ii IIeNry 9iCTePiHiH,
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YCBIHBLIFAH, YATLIIK ecernTep YIIiH ecernTeyyiep »Kyprisiirex.

M.A.Sultanov, G.B.Bakanov, I.E.Svetov, B.B.Ustemirova

A numerical algorithm for solving the inverse problem of determining

130

the low permeability zone

The inverse problem of reconstructing the boundaries of low permeability zones of the reservoir for pressure
measurements in wells. Formulation of the problem is investigated and the pressure distribution within the
layer when the pressure does not change across the layer, using the theory of solving boundary value
problems for elliptic equations, the problem is reduced to the integral equation. An iterative algorithm for
solving the problem, computational calculations performed for model problems.
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Quadratic Poisson algebras on k [z, y, z]and their automorphisms

One of the important directions in modern mathematics is applications of Poisson structures and to various
problems of mathematics and theoretical mechanics. These problems arise in dynamics of a rigid body,
the celestial mechanics, the theory of curls, cosmological models. Poisson algebras play a key role in the
Hamiltonian mechanics, symplectic geometry and also are central in the study of quantum groups. Note
that a development of the theory of Poisson structures in many respects was stimulated by the dynamics
of many-dimensional tops since the latter allows to make the abstract statements of many theorems more
vivid and substantial. Note also that some important examples of the Lie-Poisson brackets were already
known to Jacobi. In his examples the Poisson brackets appeared on a space of the first integrals of the
Hamilton equations. Until recently, an algebraic theory of Poisson structures was scarcely studied. At
present, Poisson algebras are investigated by the many mathematicians of Russia, France, the USA, Brazil,
Argentina, Bulgaria etc. This paper is devoted to the description of the automorphism group of Poisson
algebra P on polynomial algebra k [z, y, 2], such that {z,y} = 22, {y, 2} = 22, {2, 2} = y*. One interesting
Poisson relation between the homogeneous algebraically dependent elements is established and is proved
that the group of automorphisms Aut, P of algebra P is generated by automorphisms g, = (az, ay, az),
a€k*, 7= (y,2,x) and 6 = (z,ey,e°2), where € — a solution of an equation 2 4+ + 1 = 0.

Key words: quadratic Poisson algebras, automorphisms, polinominal algebras, rational function.

Introduction

One of the important directions in modern mathematics is applications of Poisson structures and to various
problems of mathematics and theoretical mechanics. These problems arise in dynamics of a rigid body, the
celestial mechanics, the theory of curls, cosmological models. Poisson algebras play a key role in the Hamiltonian
mechanics, symplectic geometry and also are central in the study of quantum groups. Note that a development
of the theory of Poisson structures in many respects was stimulated by the dynamics of many-dimensional tops
since the latter allows to make the abstract statements of many theorems more vivid and substantial.

Recall that a vector space B over a field k endowed with two bilinear operations x -y (a multiplication) and
{z,y} (a Poisson bracket) is called a Poisson algebra if B is a commutative associative algebra under z -y, B
is a Lie algebra under {x,y}, and B satisfies the following identity (the Leibniz identity)

{z-y 2y ={x,z} - y+z-{y 2}

It is well known [1—4], that the automorphisms of polynomial algebras k [z,y] and free associative algebras
k (x,y) in two variables are products of affine automorphisms

¢ = (o112 + a1y + B1, 0122 + axny + B2), a5, 05 € k
and triangular automorphisms

w:(a11’+f(y)7042y+ﬁ2)70417042 ek*7f(y) ek[y]762 Gk,

i.e are tame.
It was proved that the known automorphism of Nagata [5, 6]

o= (z+ (*—y2)z, y+22®—y2)z+ (2% —y2)z, 2),
of polynomial algebras k [x,y, z] in three variables and Anick automorphism |7, 8]

0= (x+z(xzz—zy), y-+(xz—2y)z,2),
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of free associative algebras k (z,y, z) in three variables over a field k of characteristic 0 are not tame, i.e are
wild.

In work [9] is proved that the automorphisms of two-generated free Poisson algebras k {x,y} over a field k
of characteristic 0 are time. Moreover [1, 4, 9], groups of automorphisms of algebras k [z, y], k (z,y), k{z,y} are
isomorphic, i.e.

Aut k[zq, 22] =2 Autk < xq1, 29 > Aut k{1, 22}

One of the main problems of affine algebraic geometry (see, for example [10]) is a description of automorphism
groups of polynomial algebras in n > 3 variables.

A classification of all homogeneous quadratic Poisson brackets in three variables is given in work [11]. Among
these algebras the most interesting is the Poisson algebra P on polynomial algebra k [z, y, 2], such that

{x,y} = 227 {y,z} = (E2, {va} = y2~

This paper is devoted to the description of the automorphism group of Poisson algebra P. In section 2
provided informations necessary, designations and definitions are. One interesting Poisson relation between the
homogeneous algebraically dependent elements is established. Further, in section 3 is proved that the group of
automorphisms Auty P of algebra P is generated by automorphisms ¢, = (az, ay, az),a € k*,7 = (y, 2, z) and
§ = (x,ey,e2z), where ¢ — a solution of an equation z2 + x + 1 = 0.

Results of this work in a short form are explained in [12].

Preliminary information

A vector space P over a field K endowed with two bilinear operations x - y (a multiplication) and {z,y}
(a Poisson bracket) is called a Poisson algebra if P is a commutative associative algebra under x -y, P is a Lie
algebra under {z,y}, and P satisfies the following identity

{z,y- 2y ={z,y}-2+y-{z, 2},

There are two important classes of Poisson algebras:

1) Symplectic algebras S,,. For each n the algebra S, is a polynomial algebra k[x1,y1,. .., Zn,ys]|, endowed
with the Poisson bracket defined by {x;,y;} = di;, {zi,z;} =0, {wi,y;} = 0, where §;; is the Kronecker
symbol and 1 <14,5 < n;

2) Symmetric Poisson algebras PS(L). Let L be a Lie algebra with a linear basis ey, e, ..., €, .... Then
PS(L) is the usual polynomial algebra Kle,eoa,...,ex,...] endowed with the Poisson bracket defined by
{ei,e;} = [ei, ;] for all 7, j, where [z, y] is the multiplication of the Lie algebra L.

Let is given a Poisson bracket {z,y} on polynomial algebra k[xi, s, ..., z,]. From Leibniz identity follows
that

V= ¥ (5o - 2ol ) e, 1)

1<i<j<n 81‘1 al‘j 81‘1 8l‘j

where f,g € k21,22, ..., 2.
For any elements f, g of rational function algebra k (21, za, ..., 2,,) we define an element { f, g} by a formula (1).
Lemma 1. For any f,g,h € k(x1,22,...,x,) the next equations are executed:
(a) {f, [} =0;
(b) {fg,h} ={f,h} g+ f{g. h};
©{f, 4} == {frgyh—g{f h});
(DS, 9} hy +{{g. 0}, [+ {{h, f}.,9} =0.

Proof. The statement (a) is trivial.
Let’s prove equation (b). Using a formula (1), we get

d(fg) Oh  Oh O(fg) B
( O aiffj_a%' Oz; >{xi’x1}—

{fo.ny = >

1<i<j<n

- of dg\ Oh Oh (Of | L dg o
— Z ((8;62.94‘]08%) 9z, 0z, <8xjg+ oz, {zi,z;} =

1<i<j<n
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of Oh  0h 3 dg Oh oh 0

Ox; Ox; Ox; Ox;
1<i<j<n 1<i<j<n v L

={f,htg+F{gn}.
For the proof of the statement (c) we use equation (b). We have

{f’%} :{f,g};lﬁfg{fa,ll} :{f,g}%ﬂi > <8f o) 8(,11)c’)f> {i,z;} =

1§i<jgn313] Ox; Ox;

af oh  9h 8
=the }77% 2 (a:iax] maj){x“x]} t }77 Q{f’h}*

1<i<j<n

1
= o h—g (1.h)).
Let’s prove the statement (d). For any a,b,c,d,p,q € k[z1,72,...,2,] we put f = ¢, g
consider added {{ © g E} in equation (d). Using statements (a), (b), (c) we get

e (s P ) I S ey A

{;{d,Z} z} {b2d({ca}b—a{cb}) } {b;;Q({d,a}b—a{d,b}),Z}—
= ({prtea-atemwba—p{m deav-ates .o -
{b; ({d,a}b—a{d,b}), }qup{ﬁ({d,a}bfa{d,b}),q}):

Pl ( Az {Pa {c,a}b—a{c,b}}b*dg — ({c,a} b —a{c,b}) {p, bzd} q) +

tyip (@ {e.a)b—a{e.}}pd — ({e.a} b~ afe.b)) {a.b7d)) +
+ﬁ ({p.c({d,a}b—a{d,b})} b d?q — c({d,a} b — a{d,b}) {», b2d2} q) -

o (@ e ({dabb— a{d, D} — c({d a} b= a {d, ) {a,¥})) =
b4dl4 ({p,{c,a}b—a{c,b}} b*d*q — d* ({c,a} b — a{c,b}) {p,b°d} q —
b {q, {e;a}b— a{e by} + pd® ({eab b — a {e, b)) {g,bPd} -
—{p,c({d,a}b—a{d,b})} b*d*q+ c({d,a} b — a{d,b}) {p,b*d*} q +
o {g,e({d,abb— a{d, b} — e ({d,a}b— a{d,b}) {g, b))

Making similar conversions with addeds {{ L } , %} and {{ ) 5 } , 5}, and summing them up, we get

A R P B SR LU S R

Corollary. The bracket {-,-} sets up the structure of Poisson algebra on rational function algebra

k (x17x27 71'77.)

Lemma 2. Let a,b,c be homogeneous algebraically dependent elements of polynomial algebra
k[x1,22, ..., Ty, ...] over a field k of characteristic 0. If {-,-} is a Poisson bracket on k [z1, Z3, ..., &y, ...], then

deg(a) a {b, c} + deg(b) b{c,a} + deg(c) c{a,b} = 0.
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Proof. Let’s consider a case when polynomials a, b and ¢ have identical degrees. Then there is a nontrivial
homogeneous polynomial F' (z,y, z) of degree p such that

F (a,b,c) =0.

If ¢ # 0 then having divided the last equation on ¢ we have

F(“,51)::0
C C

Since F'(X,Y,1) # 0 from here we get algebraic dependence of & and %
By [13], if f,g € k (z1, 22, ..., Zn, ...) are algebraically dependent then for all i < j we have

o1 09 09 0f _,
Ox; 0z;  Oz; 0w;

ie. {f,g} = 0. Therefore,

By Lemma 1 (c), we have
b 1
0= {Ccl’c} ] ({%,b}c—b{%,c}) =

- clz (012 ({a,b}c—a{c,b})c—;({a,c}c—a{c,c})b) - ClQ ({a,b}— “{Cc’b} - {“’Cc}b),

ie.
a{b,c} +b{c,a} +c{a,b} =0.
Now let deg (a) = p, deg (b) = q, deg (¢) = r. Then a9", bP", ¢P? are homogeneous algebraically dependent
elements of identical degree. Therefore,

a®” {bP", P} + 0P {1, a9} + P {a?", 0P} = 0.
Using Leibniz identity from here we get
pqr (pa {b,c} + gb{c,a} +rc{a,b})a? 1P 1P = 0.
Therefore,
pa{b,c} + qb{c,a} +rc{a,b} =0.

Lemma 3. Let p, q and r — pairwise coprime elements of k [z, y, z] and deg(p) = deg(q) = deg(r).
If p? + ¢* + r3 = 0, then p, ¢ and r are constants.

Proof. Turning on, if necessary, to algebraic closure of the field k, it is possible to consider what k is

algebraically closed. Let’s prove the statement of a lemma by induction on deg (p). If deg (p) = 0, then p, q,r € k*.
Let deg (p) > 0. Then
(—p)* = ¢ +1° = (g —mr) (g —72r) (g — 7)), (2)
where 71, 72,3 — roots of an equation 23 + 1 = 0. Note, that multipliers in the right part of this equation are
pairwise coprime, since p, ¢ and r are pairwise coprime, by lemma’s condition.
Since the left part of equation (2) is a full cube of a polynomial p from here we get

q—mr=ad
q—er=>=5 (3)
q—yr==2?

for some pairwise coprime polynomials a, b, ¢ € k [z, y, 2].
Let’s choose a, 3,7 € k such that a® = v3 — v, % = v — 73, 7> = 72 — 71. Then a; = aa, by = Bb, ¢; = ¢
satisfy an equation
at+b8 4+ =0
Obviously, deg (a1) = deg (b1) = deg (¢1) < deg (p). Therefore, according to the assumption of induction aq, by
and ¢; — constants. Then from the system of the equations (3) follows that p,¢ and r are also constants. This
contradiction finishes the proof.
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Main results

In this section we study automorphisms of Poisson algebra P on polynomial algebra k [z, y, z] such that

{z,y} =22, {y,z} =% {22} =y
Recall that Auty P denotes automorphism group of Poisson algebra P. The algebra P has automorphisms

Oy 1T YT, Y VY, 2z, Y€K

TIT =Y, Y2, 222

and
S:x—x, Y — ey, 2 — €z,

where € — root of an equation 22 + 2 + 1 = 0.
Theorem. Let k — any field of the characteristic 0 in which the quadratic equation z? +x + 1 = 0 is solvable.
Then the automorphism group Auty P of Poisson algebra P is generated by automorphisms ¢., 7 and 4.
Proof. Let 0 — any automorphism of algebra P such that

Therefore,
{a,b} =, {b,c} =a® {c,a}="0" (4)
Then we have
e (¢) < deg (a) + deg ()
2deg (a) < deg (b) + deg (c);
2deg (b) < deg (c) + deg (a).

Summing these inequalities up, we get deg (a) = deg (b) = deg (¢) .

Suppose that deg (a) > 2. Let’s consider the leading homogeneous parts @,b and ¢ of polynomials a,b
and c, respectively. Since o — automorphism of polynomial algebra k [z,y, 2] then the elements @,b and ¢ are
algebraically dependent and

(@b} =2, {bhe}=a> {ca}="0. (5)
By Lemma 2 we get
@B+ 4+ =0. (6)

If (E, b, E) = p, where p € k[z,y, 2], then there are the homogeneous polynomials a1,b1,¢1 €

€ k[z,y, z] such that
a=p-a;, b=p-by, c=p-c

and (a1,b1,c1) = 1. From equality (6) follows that
ad + b+ =0.

Therefore by Lemma 3 the elements a1,b; and ¢; are constants, that contradicts (5).
Thus o is affine automorphism, i.e.
T =1+ A
o. Yy— lQ + /\2;
zZ —r l3 + )\3 s

where [; — linear parts of automorphism o and \; € k, 1 <1 < 3. Let’s write

T =t =i+ any + a3z + A
o Y=ty = Q120 + ooy + 322 + Ag;
z = t3 = @137 + a3y + azzz + A3,

where
a1 12 (a3
J(o)=| az1 @ az | =A=(ay)
Q31 Q32 (33
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and det (A) # 0.
To find coefficients «;; (1 <14,j < 3) it is enough to substitute values t1,t2 and t3 in ratios (4) and to
compare coefficients at the corresponding degrees x,y and z. We have

{a112 + a1y + as1z + A\, @122 + a2y + agez + A2} =
2 2 2
= (192 — a12091) 27 + (12031 — aq132) Y + (21030 — assasy) 7 =

= (a13% + a3y + 33z + )\3)2 .

From here ay3 - as3 =0, a13-as3 =0, ags-azz =0 and A3 = 0. 3 cases are possible:
1) If gz # 0 then as3 = 0 and 13 =0, ie. t3 = assz.
Substituting value ¢3 in the second equation of ratios (4), we get

2 2 2
{12% + ooy + a2z + Ao, 332} = —a2a33y” + osazzr” = (1% + a1y +as12+ Ap)” .
From here 11 - g1 = O, Q11 - 31 = 0, Qo1 - (V31 = 0, Q31 — 0 and )\1 =0.

At a1 # 0 we have
t1 = 0112, ta = a2y + azez + Ao

The third equation of ratios (4) gives
{assz, ana} = (asey + azz + Xo)?,
wherefrom we get ags = 0 and Ao = 0. Therefore,

t1 = a1z, to = gy, t3 = @332,

2
where 11 - 33 = a3y, aq1 - a2 = o33 and agg - azz = af;. From here follows ag; = z—gg Then a3, — a3 = 0.

Therefore, aas = 33, (a2 = €3z OF (oo = €2aig3, where € — root of an equation 23 — 1 = 0. Thus, we have
01:T — (33T, Y —» 33y, Z —» A33%;
09 1T — 0533€2$, Y — Qi33€Y, 2 — (33Z2;
03 : L — (A33€T, Y — 0433€2y, Z — (33%.
2) If a3 # 0 then a3 = 0 and a3 = 0. Similar reasonings give
04 1T — (232, Y — (23T, Z — (23,
05 . T — (\23€Z, Y — a2362I, Z —r (23,
0 : T — 0523622’, Y — Q3€T, Z — (23Y.
3) If a3 # 0 then anz = 0 and agz = 0. In this case we have
07T — 13y, Y — 0132, Z —» (137,
08 : T — (\13€Y, Y — CV13€2Z, Z —r (137,
g9 : T — 041362y, Y — (\13€2, Z — (13T.
Thus, we got all possible automorphisms of algebra P. From here it is easy to conclude that
22 2 .
g1 = 41005337 0o =T 5 7—<)005337 03 =T 67—@&337
_ 2 =75 _ 52 .
04 =T Pagss 05 = TO0TPas3; 06 = TO TPas;s;

2
07 = TPoyss 08 = 0TPqa,s, 09 = 0"TPq,s-

Therefore the automorphism group of Poisson algebra is generated by automorphisms ¢,, 7 and §.
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Y.K. Typnicoekosa, I.'T. Azuena

klx,y, z] kKemMmyIesiikTep ajgredpachbiHaarbl KBaApaTThIK Ilyaccon

ajaredpaJjiapbl >kK9He 0JIapAblH, aBTOMOPQdU3IMAepi

Kaszipri 3amaHfbl MaTeMaTUKaHbIH ©36KTi OarbITTapbIHbIH 6ipi [lyaccoH KypBLIBIMIAPBIH MaTeMATHKA YKOHE
TEOPUSLIIBIK, MEXaHUKAHBIH 9P TYPJIi TpobyieMasiapbiHa KOJIIaHy OOJIbIN TabbLTaabl. Byt ecentep KaTThI IeHe-
Jiep JIMHAMUKACBIH/IA, acllaH MEXaHUKACBIHIA, KOCMOJIOTMSJIBIK, MOZe/bepe Ke3aeceai. [lyaccon anrebpa-
Jlapbl [aMUJIBTOH MeXaHUKACHIHIA, CUMILIEKTUKAJBIK I€OMETPHUSIA, COHBIMEH KATap KBAHTTBIK TOITAP/IbI
3eprTeysie MaHbI3ALI poJs aTkapasbl. Jlu—Ilyaccon »kakimamapbIHbIH Keibip MaHbBI3AbI MbICATIAPBI SIKOOM-
re Gesrisii GostraHbIH eckepre Kereitik. OHbIH MbIcasmapbiaga [lyaccon kakmmaigapbl ['aMUIbTOH TeHIEY-
JiepiHiH, GipiHII MHTEerpaJigapbl KeHicTirinme naiiga 6osran. CoHFbI yakbITKa feifin [lyaccoH KypbLIbIMIa-
PBIHBIH, aJIreOpaJIbIK, TEOPHUsICHI a3 3epTTesred. Kasipri yakosirra [lyaccon anrebpanapoia Peceit, @panrust,
AKIII, Bpasuiusi, Aprenruna, Bosrapus xkone T.0. ejiep/iy Kenreren MmareMaTukrepi 3eprreyie. Makamna
[z, v, 2] xenmymresikTep anrebpacsma {x,y} = 22, {y, 2z} = 22, {z,2} = y* Gomaremmait P Ilyaccon as-
reOpachIHbIH, aBTOMOPGU3MIEpPI TOOBIH CUIIATTayFa apHaJFaH. BipTekTi anrebpaJsiblk TOyes Il JIeEMEHTTED
apacblHa Oip IyacCOHIBIK, apaKaTbhIHAC TaralbIHIAJIbI, COHbIMEH Karap P anrebpacwiabiy, Auty P aBTo-
Mopdu3MIEp] TOGBI o = (o, ay, az), a € k*,7 = (y,2,x) xoue § = (z,ey,22) aBToMopdusMaepiHen
TYBIHIAATBIHDBL JIDJIEJIEH I, MYHIAFBL € — 2Z24+z+1=0 TeHeyiHiH TyOipi.
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KBagparuunbie anre6psr Ilyaccona Ha k[x,y, 2] u ux aBromopdu3Mbl
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OfHUM U3 aKTyaJIbHBIX HAIPABJIEHUN B COBPEMEHHON MaTEMATUKE SBJISIIOTCS ITPUJIOXKEHUsSI ITyaCcCOHOBBIX
CTPYKTYP K PA3JIMYHBIM IPOOJIEMaM MATEMATHKHA U TEOPETUYECKON MEXAHUKU. DTU 33Ja9/d BOZHUKAIOT
B JIMHAMHKE TBEPJIOrO TeJsia, HEDECHON MeXaHWKe, TeOPUU BUXPEil, KOCMOJIOIMYECKUX MOAeJsix. Ajrebpbl
Tlyaccona urpaiorT KJIIOYEBYIO POJIb B TaMUJIBTOHOBONW MEXaHWKE, CUMILIEKTUYECKONH I'€OMETPUU U TaKKe
SABJIAIOTCS [EHTPAJIBHBIMA B M3YYEHUM KBAHTOBBIX rpymi. OTMeTHM, 9YTO cCaMO Pa3BUTHE TEOPUH IIyacCOHO-
BBIX CTPYKTYD BO MHOI'OM OBLIO CTUMYJIUPOBAHO JIMHAMHUKON MHOIOMEDHBIX BOJIYKOB, TaK KaK IOCJIEIHSIs
MMO3BOJISIET CAEIaTh abCTpaKkTHbIE (DOPMYJUPOBKU MHOIMX T€OPEM 00Jiee HATJISIAHBIMUA U COAEPKATEHbHBIMMA.
SameTuM TakKe, YTO HEKOTOPbIE BaKHbIe TpuMepbl ckobok JIu-Ilyaccona 6b1mu uzsecthsl emie Axobu. B ero
npumepax ckobku [lyaccoHa BO3HMKJIM HA IIPOCTPAHCTBE IEPBLIX UHTErPAJIOB ypaBHeHuil amunbrona. 1o
MOCJIETHETO BpeMeH! ajrebpanmdeckasi TEOpHsl IMyaCCOHOBBIX CTPYKTYpP Obliaa MaJio u3ydeHa. B HacTosiee
BpeMs ayirebpnl [lyaccona ucciemytorcss Muorumu Maremarukamu Poccun, @pannuu, CIIA, Bpasuinn,
Aprenrunsl, Boarapun u T.;1. Hacrositast pabora mocBsiieHa ONUCaHUIO IPYIIIBI aBTOMOPGMU3MOB aJIredphbl
Ilyaccoma P wa amrebpe muorounenos k[z,y,z] maxoii, uro {z,y} = 2%, {y, 2} = 2%, {z,2} = y*. Ycra-
HOBJICHO OHO MHTEPECHOE IIyACCOHOBO COOTHOIIEHHE MEXKJIy OJHOPOJHBIMHU ajare0panvdecKu 3aBUCAMbBIMU
3JIeMEHTaMU U JO0Ka3aHO, YTO rpymnna aroMopdusmoB Auty P anrebpsr P nmopoxgaercs aBToMOpdU3MaMu
Vo = (ax,ay, az),a € k*,7 = (y,2,z) u § = (x,ey,£2), rie € — Kopenb ypasHenus x> + z + 1 = 0.
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O pa3spenmMocTH OJHOI BHEIMHEl KpaeBoil 3aJla4i C TPAaHUIHBIM
onepaTopoM APOOHOTO MOPSAKa

B crarpe B kKi1acce peryaspHbIX TapMOHMYECKHX (PYHKIWI M3yI€HBI CBOMCTBA HEKOTOPBIX WHTETPO -Tud-
depeHIaIbHBIX OIIEPaTOPOB, 060BIIAIOIIMX OEPATOPHI APOOHOrO AudbepeHInpoBanus B cMbIcae Amama-
pa. DTH onepaTophl MEPEBOIAT PETY/IsIpHBIE TapMOHUYeCKUe (DYHKIIUU B TaKue »Ke (DYHKIUU U SBJISTIOTCS
B3aMMHO OOPATHBIMHU HA PETYISPHBIX TADMOHUYIECKUX (DYHKIHIX. Bo BHENTHOCTH e TMHUYHOTO I1apa n3yIeHa
KpaeBasl 3a/1a4a ¢ TPAHUIHBIM OIIePaTOPOM JApOOHOrO nopsiaka. PaccMarpuBaemast 3a1a4a 0o0001aeT n3BecT-
Hylo 3ana4dy Helimana Ha rpaHuYHBIE OIEepaTOphl APOOHOrO Hopsiaka. JJokazaHa TeopemMa O CyIIeCTBOBAHNN
¥ eIMHCTBEHHOCTH perteHns 3aaa4qn. [loyaeno nHTErpasbHOe MpeaCcTaBIeHNe PEIeHUsT PACCMATPUBAEMOTT
3a/1a4u.

Karoueswie caosa: BHelHss 3a/1a4a, ypaBHeHus Jlamraca, npoGHasi mpou3BoHasi, oneparop Amxamapa, pe-
ryJsipHasi rapMOHHYecKas MyHKnus«, 3agada Heiimana.

Beedenue

Iycrs D — orpanuuennasi obsacts u3 R™, n > 3, ¢ riaakoit rpanuieii S. Ussecrao (cwm., nanpumep, [1]),
gro mobas bynkmms u (v) , npuHaexkamas Kiaaccy C2(D) u yrosrersopsiomas ypasaernio Jlamtaca

Au(z) =0, =zeD,

Ha3bIBAETCS TApMOHUYIECKOHN (yHKIMei B obaactu D.

IIpu uccemoBanmy KpaeBbix 3ajad Jjist ypaBHenus Jlammaca B 66CKOHEYHBIX 00IaCTAX JOMOJHATEIHLHO TPe-
Gyercsl peryJsipHOCTD pertenus. A umenHo dyukuus u (), rapMmoHndeckas B obactu D = R™\ D, HasbiBaercs
peryssipHoil (Ha GECKOHEYHOCTH ), €CJIM IIPY |T| — 0O BBIIOJIHIETCH YCIOBHIE

ju(@)| < Cle|=" 72, n >3, (1)

rae C' = const.
SameruMm, uro ecau g byHkiuu u(x) BbIOOJHAETCH oneHKa (1), To Juid JH060ro MyJIbTHHHIEKCA
B = (P1,P2,..., Bn) ¢ |B| = B1 + B2+ ... + B, BbIIONHSETCH OlLIeHKA (CM., HAIpuUMep, [2; 373]

o1Plu(x)
2 Oz FIBI=2) , n>3. )
o1 022 . 0zl <| | ) N @

IIycte Q = {z € R" : |z| < 1} — enunuunniit map, 02 = {z € R" : |z| = 1} — egunnunasa cdepa. O6o3ua-
g wepes 2y = R\ Q — BHemHOCTH equHIIHOro mapa, rae = QU (). IIycrs mamee u(z) — peryaapHas
rapmonuyeckas dyHkius B obactu Qy ur = |z|,0 = x/r.

JI1sT TTOCTAHOBKY 3319 HAM HEOOXOIMMO IIPUBECTH OIpeeseHne orneparopa JpodHoro guddepeHmpoBa-
aus. {1 IPOU3BOJILHOTO TOJIOKUTEIBHOIO Yucaa o > () ormepaTopoM JIpoGHOTO MHTErPUPOBAHUSA MOPAIKA (L B
cMbicsie Alamapa Ha30BeM BbIpakeHue [3]

J2u(z) = ﬁ ]O <ln :) " (tté)) dt.
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n
IOycte m—1 < a<mm=12,..., 6§ = rd% = Z@% — omeparop Jupaka u 6F = 5(5’“*1),
]=1 J

k=2,3,... Beipaxkenne

Due) = (coym-eue) = LU (Y ()"

Ha3bIBaeTCst onepaTopoM juddepeHupoBanus mopsijka « B cMblciae Ajamapa. B nasibHeiimen OyieM mosarath
JOu(z) = u(x).
Paccmorpum B obactu Q4 CIeAyONnLyio 3a1ady:

Au(z) =0, x€Qy; (3)
D%u(z) = f(x), =€ . (4)

Pemenmem 3amaun (3), (4) masosem peryispHyio rapmonmteckyio dymxmuo u(x) € C2(Qy)NC(Qy),
Qp = Q; U0, ans xoropoit D%u(x) € C?(24) u KoTopast yJOBJIeTBOpsieT ycloBUIO (4) B KJIACCHYECKOM
CMBICJIE.

Tax kax J2u(z) = u(z), To npu a = 1 nomyanm D%u (z) = (f'rd%)mu (x). CaenoBarenbHo, B cirydae o = 1
paccMarpuBaeMas 3aa49a (3), (4) coBmajjaer ¢ BHernHeil 3aadeii Hefimana nist ypasnenus Jlamiaca.

OrmeTnM, YTO BHYTPEHHHE KpaeBble 3aJIa4d ¢ IPAHUIHBIME OIIEPATOPAMHU JPOGHOIO MOPSIIKA H3YIAJINCH
B [4-9]. CpoiicrBa u npumMeHnenus onepaTropoB Tuia Anamapa paccMaTpuBaiauch B paborax [10-12]. Samerum
TaK>Ke, YTO BHEIIHNE KPaeBble 33/Ia4i ¢ TPAaHUYHBIM orepaTopoM Pumana-JInysniuis usydenst B pabore [13].

2 Cesoticmea onepamopos J u D

B sToMm mynKTe McciienyeM HEKOTOPBIE CBOMCTBa oriepaTopoB J& u D .
Jemma 1. Iycrs o > 0 u u(x) — peryispHas rapmMonuyeckas GyHkius B obiaacru 4. Torua cupasesyiusbl
HEPABEHCTBA
[J2u(z)| < Clz*™", [D2u(z)| < Claf*~™7". ()

Joxazamenavcmeo. Ilycrs u(x) — peryuspras rapmonndeckas dyukius B 4. B unrerpane J%u(x) mensiem
nepeMeHHyo t 1o (opMysie ¢ = 1S U, UCHOJB3Ys PEryJISIPHOCTh (DYHKIMAYL (), TOLYTIM

1 oo - d o0 - o0
|J%u(x)| = @/(lns)a 1u(sa:)?S < C’r%”/(lns)a Ysl=nds :CTQ*”/to‘flef("fz)tdt:
1 1 0

=C(n—2)2"2" [ s le75%ds =Cy|z|*™™.

ITepBoe nepaseHcTBO 13 (5) AOKA3AHO.
st okasaresbecTBa Broporo HepaseHeTsa u3 (5) npejacrasum Gynkiwo D u(z) B BUIE

D%u(z) = Fé;ll)ma) 7(1115)“—1 (r;>mu(sx)f.

Torma, UCIOIB3Ysl HEPABEHCTBO (2), MOJIYyIUM

|D%u(z)| < C|x|2*m*”/(1ns)a*151*"ds =Cy|z>™",  |z| = oo,

1

JlemMa mokaszaHa.
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Samevanue 1. Berogy B nasbHeilmeM MbI OyeM pacCMaTpUBATh PEryJIsIPHbIE MapMOHHYECKHE (DYHKINH B
4 ¥ moITOMY BCe UCCIIeAyeMBbIE Jajlee MHTErPAJIBI CXOISATCS.

Jemma 2. Ilycrs u(x) — perynsipHas rapMmonmdeckast Gynkmus B obsmacru §1p. Torna J%u(z) 1 D%u(x)
TAKIKe SIBJIIOTCS PETYIAPHBIME FapMOHNYECKUMHI DYHKIUAME B () .

[oxasameavemeo. Perynsprocrs dbyakuumit J*u(z) m D*u(x), T.e. BBIIOSHEHNE JJIs HUX OleHOK Tuna (1),
BeiTekaer u3 (5). JlokaxkeM, 4To jaHHbIe (DYHKIMN YOBJIETBOPAIOT ypaHeHuto Jlammaca. Ilpencrasum J%u(x)

oo
B Buge Ju(z) = ﬁ [ (Ins)* 'u(sz) % u npumenmm oneparop A. Torya
1

AJ[u] (z) = ﬁ /(s— 1)~ A (sz) ds| = 0.

Hanee, Tak Kak

A (ﬂg@) = (ﬁi n 2) Au(z), A(Q‘i)%@) = (rjr + 2>mAu(a:),

AD® [u] (z) = ——) 7(1115)’1—1 (rd + 2>mAu(sz)Cis —0, 20,

TO

dr

Jlemma nokasana.
Jemma 8. Tlyers 0 < «, u(x) — peryusipHasi rapmornydeckasi dbyaknus B . Torna st moboro z € Q4
CIIpaBE/IIUBLI PABEHCTBA,

J* [D%u(x)] = u(z), D [Ju(z)] = u(x). (6)

oxazamenavcmeo. Ilycrs © € Q0 u t > 1. Pacemorpum HKITHIO
Y + P y

SURERIRY § e
HeticTBuTeIHHO, .
t% / (1n %)QD“ [u] (T2) dTT =
= —¢ l1_>mt [(ln %)an [u] (T2) ﬂ + at/ (ln %)aA; (_tg) D [u] (1) dT—T =
= —a/ (ln %)a71D3 [u] (T2) dTT

t

Tak xax ’Dﬁ [u] (Tl‘)’ < Clrz|>~"=™,|rz| — 00, To, UCHONL3Ys ONpejiesienne omepaTopa D U paBeHCTBA

Jmee JnL—l—(a—l) (71)m716m71(]7_n_1_(a_1) — DC’é—1

— — ’ — )

nmoJgay4vaeM

C“”t[““x)‘arl(a)tjt ?(ln;)“<7$)pg—lu<m>f _

Cepust «Maremaruka». Ne 4(84)/2016 141



Bb.X. Typmeros, K.I. Ycmamnos

1 d TNY o1 T=00 7 TNl g dr
= TTa (oz)t% { (ln ?) D u(ra) . cv/ <ln z) D u(rx) . } =
t

1 d T\l dr
= ———t— In — Dot -
(o) dt /(“t) =u(ro) 7

t

ITosTopss sy uponeaypy eme (m — 1) pas, aust dysxuun Sy [u] () nosydyaem npencrasieHne

S, [ul (z) = (r_ (10)[) (ti) " f(ln 9 T meey(ra)dr

ITo ompenenennto oneparopa J& mocseHee BEIPA2KEHNE IPEICTABIISIETCS B BUJIE

(F—(l(i;n (t;t)m ]o(ln %)ailji”*au(m)dr =(-n™ (ti)mja [T~ ] (t).

[TokazkeMm, 9TO B KJIacce PeryJsipHbIX rapMOHHYIecKuX B )+ (YHKIHUI UMeeT MeCTO PABEHCTBO

T[T ] (t) = T [u) (t).

HeticTBUTEIHHO,
Jﬁ[JT-awn<mo::Fla)/"onz)“1rtm{_a)/"Qn;i)m_a_imanifff::
= Fla)t/(lnz>a_ll_‘(ml_a)/(lni)m_a_lu(sx)igdj_

~ o (7))

t t

Janee, 71 BHYTPEHHErO MHTErPAJIA TOCTIE 3aMEHbI TIEPEMEHHBIX [TOJIYIaeM
S
T\l sym—ae-1dr  T'(a)l'(m—«a
(7)™ (2 D@ n )
t T T I'(m)
Torna

t

[T )] (tr) = ——— / (1n§>m71u(sx)% = ] (k).

Orcrona m
311l () = (1" (15, ) ) =

= (;(12:; (ti)mf(ln %)mflu(ﬂv)d; = —t% Oou(Tx)CiT =u(tz).

Takum obpazom, s oboro ¢ > 1 crpaBe I TIBO PABEHCTBO

u(tz) = F(la)t/(ln;)a_lflpz W] (rz) dr.

142 Bectauk Kaparanmurckoro yHuBepcurera



O paspemuMocTu OJHON BHEIIHEH . . .

Ecnu Teneps momoxkum ¢ = 1, To

I'(«) r

r

/ (In7)* '771D° [u] (ra) dr = L/ <ln§)ails_1Dg [u] (s0) ds = J= [D2[u]] ().

ITeproe pasencTBo u3 (6) gokazano. Jljisi JOKa3aTebCTBa BTOPOrO paseHCTBa U3 (6) paccMoTpuMm jeficTBre
oneparopa D x dynkuun J*u(z). Nmeem

[eful) @) = (-0 () e o] @) = 0 (i) L) ) = (o)

Jlemma joka3aHa.
Takum 06pazoM, U3 yTBEPKIEHUS JEMMBI 3 CJIEJIyeT, 9To ornepaTopbl J* u DY sBisgOTCA B3auMHO 0OpaT-
HBIMH HA PETYJISPHBIX TapMOHUYIECKUX B () DYHKINIAX.

Ocnosroe ymeepotcderue

ITycreb v(x) — perysipHoe pemenue 3aaun Jupuxise B obaactu 4, T.e.

(Z) JZ‘EQ_;'_,
v(z) = ( ), 96689’ (7)
v (2)] < Cla|~072, o] = o0

NsgectHo (cM., HanpuMep, [1; 73], uro ecam f(x) € C(0N), To pemenne 3ama4uu (7) CyMECTBYET, €/IMHCTBEHHO

1 [PEJICTABIISETCS B BH/IE
@ = [Tl pas
v(z) = —
W, |£L’ |n 1
oN
Kak Mbl yke orMmeTmin, B ciydae o = 1 3amada (3), (4) coBmajaer ¢ BHernHeil 3ajgaueil Hefimana s
ypasrenust Jlamtaca. Mssecto (M., Hanpumep, [14]), uro g moGoro f(z) € C (9€)) pentenne BHermnedt 3a1a4n

Heitmana CyHIeCTBY€ET, €IMHCTBEHHO U IIPDEJICTAaBJILAECTCA B BUJIE

o0
t
- / vita) . (8)
t
1
rie v(z) — pemenue 3ana4n Jupuxie (7).
Cdopmynupyem OCHOBHOE yTBEpXKJEHHE OTHOCUTENBHO 3a1aun (3), (4).
Teopema. Iycts o > 0, f(x) € C(9N). Torma pemenne 3amaqan (3), (4) cyiiecTByeT, eAMHCTBEHHO U IIPEJI-

cTaBJideTcd B BUIE
u(x) = J2 [v] (2), 9)

rie v(x) — pertenne 3agaqau Jupuxie (7).

oxasamesvemeso. Ilycrs pemenue 3amaan (3), (4) cymecrsyer n sro u(x). IIpumenum k dbysxmmn u ()
oneparop D® wm obozmatmm D [u] (z) = v (z). Tlo mpemmomoxkenmo D% [u] (x) € C(y UON), Torma
v(z) € C (24 UIN). Iockoubky u(x) — rapmonnyeckas OyHKIusA B ()4, peryispHas B GECKOHEUHOCTH, TO B
CUJly yTBEpKJIeHUs JieMMbl 2 (hyHKIUs v(T) TakkKe ABJISETCA TapMOHUYECKOH B obynactu )y M peryssipHoil B
6eckoneunoctu. Kpome toro,

v(z) oo = D2 [u] (z) og = f () .

ITpumenum k pasercrBy D [u] (z) = v (z) oneparop J2. ITockonbKy MHTErpaJ BUIA

/1n7’ Tl (ra) dr
1

npu « > 0 mmMeer ciaabbie 0cOGEHHOCTH TP 7 = 1 W 7 = 00, TO OH ABJSETCA HENPEepPLIBHON (hyHKIHMEH 1Mo
x € Q4 U OS) upu HenpepbIBHOI peryiisipHoii rapmonndeckoil dyukuuu v(z) € C (Q4 U 9Q). Suauut, oneparop
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J% npumennM K peryisipabiM dyaknusam u3 C (24 U 9Q). B cuiry nepsoro pasercrsa (6) nosydaem (9). Kpome
TOrO, B CUJLy yTBEPXK/JieHUs! JeMMbl 2 dyHKIms J&[v](z) siBasgercs peryjispHoit B 6eCKOHEUHOCTH.

Takum o6pazom, dynkuus v(x) asiasgercs pemenuem 3anaau Jupuxiie (7). pudem,ecau f(z) € C (992), To
pellienne 9Toil 33/ja49u CyIecTByeT, eauncrsento u v(x) € C (Q4 U 09Q).

ITycrs, maobopor, dynkimst v(x) siBasercs pemenuem 3anaan Jupuxie (7) ¢ rpaHAYHBIM 3HAYEHUEM
f(z) € € C(09). Torna v(z) € C(Q4 UIN). Paccmorpum dbyuknmo u (z) = J*[v] (z). B cuny Broporo
pasencTBa u3 (6) OyueMm uMeTh

D% [u] () = D* [J* [v]] (z) = v (z).

Suaunt, Gbyukiys u(x) sABiIsercs rapMOHUYECKOl B (), peryJspHoil B 66CKOHEYHOCTH U
D2 [u] () [oo = v () o = [ ().

Teopema jokazana.
Samenanue 2. B caygae a = 1 dyuxius (9) coBuagaer ¢ pemenueM rerneil 3agaun Hefimana (8), mosry-
YeHHBIM B pabore [14].

PaGoma evinoanena npu dunancosot noddepoicke Gurancuposanus HaywHO-MeTHUNECKUT NPOZPAMM U NPO-
exmos KH MOH PK (npoexm 0819/T'®}).

Cumcok jmreparypbl

1 Buyadse A.B. Ypasuenus maremarudeckoii ¢pusuku. — M.: Hayka, 1982. — C. 336.
2 Baadumupos B.C. Ypasuenus maremarndeckoit pusuku.— M.: Hayka, 1981. — C. 512.

3 Kilbas A.A., Srivastava H.M., Trujillo J.J. Theory and Applications of Fractional Differential Equations.
— Amsterdam, Elsevier. North-Holland. Mathematics studies. — 2006. — P. 539.

4 Typmemos B.X., Mwpsaxacosa A. O pa3penmMocTu IpoOHBIX aHAJIOroB 3ajadn Helimana jijist GurapmMo-
Hudeckoro ypasaenusi // Becrn. Kaparany. yu-ta. Cep. Maremarnka. — 2015. — Ne 3(79). — C. 87-95.

5 Typmemos B.X., Topebex B.T. Mogudurnuposanubie oneparopbl Baspuna u ux npumenenus // Hudde-
penrmanbabie ypaBaerus. — 2014. — T. 50. — Ne 2. — C. 240-250.

6 Karachik V.V., Turmetov B.Kh., Torebek B.T. On some integro-differential operators in the class of
harmonic functions and their applications // Siberian Advances in Mathematics. — 2012. — Vol. 22. —
No. 2. — P. 115-134.

7 Krasnoschok M., Vasylyeva N. On a nonclassical fractional boundary-value problem for the Laplace
operator // Journal of Differential Equations. — 2014. — Vol. 257(6). — P. 1814-1839.

8 Torebek B.T., Turmetov B.Kh. On solvability of a boundary value problem for the Poisson equation with
the boundary operator of a fractional order // Boundary Value Problems. — 2013. — Vol. 2013. — No. 93.
— [ER]. Access mode: doi:10.1186,/1687-2770-2013-93.

9 Umarov S.R., Luchko Yu.F., Gorenflo R. On boundary value problems equations with boundary operators
of fractional order // Fractional calculus and Applied analysis. — 2000. — Vol. 3. — No. 4. — P. 454-468.

10 Bepovwes A.C., Typmemos B.X., Kadupxysose B.2K. Hekoropble cBOiiCTBa M IIPUMEHEHUsI UHTErPO-
nuddepennuaibHbIX onepaTopos Tuna Ajgamapa-Mapino B kiacce rapmonudeckux dyuxmii // Cubup-
ckuit Matemarndecknit xkypa. — 2012. — T. 53. — Ne 4. — C. 752-764.

11 Typmemos B.X., Baiimemosa H. O pa3penmMocTd HEKOTOPHIX KPAeBbIX 3aja4 ¢ oleparopom tuma Ana-
mapa-Mapmio // Becrn. Kaprana. yu-ta. Cep. Maremaruka. — 2012. — Ne 3(67). — C. 89-98.

12 Muratbekova M.A., Shinaliev K.M., Turmetov B.Kh. On solvability of a nonlocal problem for the Laplace
equation with the fractional-order boundary operator // Boundary Value Problems. — 2014. — [ER].
Access mode: doi: 10.1186,/1687-2770-2014-29.

13 Turmetov B.Kh., Torebek B. T. On solvability of exterior boundary value problem with fractional boundary
condition // AIP Conference Proceedings. — 2015. — Vol. 1676, 020096. — [ER]. Access mode: doi:
10.1063,/1.4930522.

14 Jlugpanos U.K. CunrynspHoe HHTErpaJbHOE ypaBHEHUE repBoro poja 3aga4dn Heitmana // duddepennu-
aJibHble ypapHeHus. — 1988. — T. 24. — Ne 1. — C. 110-115.

144 Bectouk Kaparanmurckoro yuusepcurera



O paspemuMocTu OJHON BHEIIHEH . . .

B.X. Typmeros, K.bl. Yemanos

Beamniek perTi oneparopJibl HIETTIK NIAPTTHI Oip CHIPTKbHI €CEITiH,

OipMOH/II MIENTIMILJIIT TypaJibl

MakaJsiaia peryiaspJibl TaApMOHUKAILIK, (DyHKIUAIAD KIAChIHAa AaMap MarblHACBIHIA OOJIIIEK PETTi TybIH-
IBLIAPIIBI 2KATIBLIANTHIH, KeH0ip nHTerpaiab-11nddepeHnuasIbK OepaToPIap/IbiH KACHETTEP] 3€PTTE/Ii.
Byt onteparopsiap peryiisipsibl rapMOHUKAJBIK, (DYHKIMSITIAPIbI PErYJISIPJIbl FTAPMOHUKAJIBIK, (DYHKIUsITapFa
OTKi3€e/ll JKOHE PEeryJIsip/ibl TAPMOHUKAJBIK, (DYHKIUSIAD KJIAChIHIa ©3apa Kepi bosagsl. Bipiik mapabiy
CBIPTKBI O0JIBICHI YIITIH GOJIIIIEK PeTT] olepaTop KATHICKAH IIETTIK ecer KapacThipbuirad. O ecentiy, rmeka-
pacbiH/a GeJiek peTTi oneparop Karbich, besriii Heiiman ecebin »xasnnbuiaitasl. Ecenriy memiMinin 6ap
6OJIYBI MEH KAJIFBI3BIFBI TypaJibl TeopeMa masenaerai. Cormaii-ak aBTopaap 3€pTTEITEH eCell MeNiMiHiH
WHTETPAJIIBIK, O©PDHEKTEJIYIH KEeJITIpreH.

B.Kh. Turmetov, K.I. Usmanov

On solvability of exterior boundary value problem with boundary

0 g O Ot

10

11
12

13

14

operators of fractional order

In this paper, in the class of regular harmonic functions we study the properties of some integro-differential
operators, generalizing the operators of fractional differentiation in the sense of Hadamard. These operators
convert regular harmonic functions in the same functions and are mutually inverse on regular harmonic
functions. In the exterior of the unit ball studied the boundary value problem with the boundary operator
fractional order. This problem generalizes the known Neumann problem on the boundary operators of
fractional order. We prove a theorem on the existence and uniqueness of the solution of the problem.
Obtained an integral representation of the solution of this problem.
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Teopembl BJIO2KeHUs, TeOPEMBI O cjefaX U INPOJOJI2KEHUN 11
aHU30TPONHBbIX NpocTpaHcTB Hukonbckoro-bBecosa BS‘?(Td)

B crarbe Ha ocHOBE HCIIOJIB30BAaHMST NHTEPIOJISIIIUOHHBIX CBOMCTB aHU30TPOIHBIX IPOoCcTpaHcTB JlopeHIa mo-
JIy9eHBI HEPABEHCTBA PA3HBIX METPUK W PA3HBIX U3MEPEHMUI JJIsi TPUTOHOMETPUIECKUX MoanHOMOB. Ha oc-
HOBE TeOpeMbl O IPEJICTABJIEHUH OIpEIeIeHbl AaHM30TPOIHbIE TpocTpancTBa Hukosbeckoro-becosa Bgﬂ(Td)
10 METPHKE aHU30TPOIHBIX IpOocTpaHcTB JlopeHna. 3amernM, 4ro B ciy4ae, korga d = di, yKa3aHHbIe
MMPOCTPAHCTBA COBIMAAIOT C KJIACCHYECKUMHU H30TPOMHBIMU TpocTpancrBamu Hwukonabckoro-Becosa, a B
caygae d = (1,...,1) — ¢ aausorponHbIME npocTpancrBamu Hukosbckoro-Becosa, uMeronmmn xapakrep
MIPOCTPAHCTB C JOMUHHUPYIOIMMMHA CMENIAHHBIMU MPOU3BOAHBIMU. ONMUCAHBI JIEMEHTAPHBIE BJIOYXKEHUS JIJIsT
9TUX MPOCTPAHCTB OTHOCHUTEIHLHO BCEX ITApPaMeTPOB, YIACTBYIOMNX B UX onpeenennn. Ha ocHOBe HepaBeH-
CTBa PA3HBIX METPHK IOJIyY€HA MpelesibHas TeOPeMa BJIOXKEHUsI JJIsd JIAHHBIX ITPOCTPAHCTB OTHOCUTEJIHLHO
CHJIBHBIX TTapaMeTpoB. [locTpoeH nmpumMep, MOKa3bIBAIOIIMI HEYJTY YIIIAEMOCTh YCJIOBHI HA apaMeTpPhl IIPOC-
TPAHCTB JJIsI COXPAHEHUsI CBOMCTBA BjIoyKeHUs. Ha OCHOBe HEpAaBEHCTBa Pa3HBIX U3MEPEHUI Oy I€HbI IIpe-
JleJIbHBIE TEOPEMBI O CJIeJIe W MPOJIOJIKEHUU Jjid (DYHKIMNA U3 paccMaTpuBaeMbIX rnpocrpascTB. OTMernM,
9TO YCJIOBUSI B YKa3aHHBIX TEOPEMax TaK:Ke sIBJISIIOTCs HeyaydinaeMbiMu. B ciyuae d = di u3 mosrydeHn-
HBIX T€OPEM BBITEKAIOT COOTBETCTBYIOIINE PE3y/IbTATHI, paHee mosydenbe B paborax C.M. Hukosbckoro u
O.B. Becosa Jij1s1 ©30TPOIHBIX IPOCTPAHCTB, & B ciydae d = (1,...,1) — pesyabrarer K.A. Bekmaran6erosa
u E.JI. Hypcynranosa Jijisi aHU30TPOITHBIX IPOCTPAHCTB C JIOMUHUPYOMIMMHI CMEIIAHHBIMYU [TPOU3BOTHBIMU.
Tlosryuennbre pe3yIbTaThl MOKA3BIBAIOT, YTO PACCMATPUBAEMBIE TPOCTPAHCTBA UMEIOT THOPUIHYIO CTPYKTY-
Py KJIACCHYECKUX U30TPOIHBIX [IPOCTPAHCTB M aHU30TPOIHBIX MPOCTPAHCTB € JOMUHUPYIONIMMHI CMEIIaH-
HBIMU IIPOU3BOAHBIMU. A UMEHHO (DYHKIMM U3 yKA3AHHBIX TPOCTPAHCTB MMEIOT OJIMHAKOBBIE IJIAIKOCTHBIE
¥ METPUYECKHE CBOMCTBA IO MEPEMEHHBIM, BXOJSIINM B OJIMH OJIOK ITEPEMEHHBIX, U PA3HbIE IJIAKOCTHBIE
U MeTPUYECKHe CBONCTBA OTHOCHUTEJILHO MIEPEMEHHBIX, BXOISNUX B pa3Hble 6sioku. I[losydennsie B pabore
pe3yJbTaThl B JAJTbHENIIIEM MOTYT OBITH UCIOJIB30BAHBI B TEOPUU KPAEBbIX 3a/1a9 yPaBHEHUN MaTeMaTuIec-
KO DU3UKY, B 387]a1aX TAPMOHNIECKOTO AHAJIN3a U TEOPHUH TPUOIMKEHNN B AHU30TPOIHBIX TPOCTPAHCTBAX.

Kmouesvie cao6a: aHU30TPOIIHBIE TPOCTPAHCTBA BecoBa, anHn3oTponHbie mpocTpaHcTBa JIopeHria, BiIokeHue,
cJIeJl, IPOJIOJI?KEHNE, HEPABEHCTBO PAa3HBbIX METPUK, HEPABEHCTBO PA3HBIX M3MEDPEHUN.

Mycrs mymsrumugexe d = (dy,...,dy,) € N*, T = { & = (21,..., zn) : @ = (25,...,2%) € [0,2m)%,
i=1,...,n}. Becryuae d=(1,...,1) n1s Topa T ¢ Beesem obozHauenue T™.
——
n—ITyK
ycrs f(z) = f(w1,...,7,) — wsmepumas B T ¢ bynxmua. Yepes f*(t) = f*v-*n(ty,...,t,) obozHa-
grM QYHKIMIO, TIOTyYeHHYIO IPUMEHEHUEM HeBO3pacTalomeil nepectanosku K gyukuun f(z) = f(z1,...,%,)
HOCJIEIOBATEILHO 10 MYJIBTUIEPEMEHHBIM 1, ..., T, IPU (PUKCAPOBAHHBIX OCTAJLHBIX IIEPEMEHHBIX.
ycrs myabrumbgekcsl p = (p1,...,0n), T = (r1,...,7,) Takue, uro ecau 1 < p; < 0o, 10 1 < r; < 00,
€CJIN XKe P; =00, TOU 1;, =00, ¢t = 1,...,n.

Ammzorpormbiv ipoctpancteoM Jlopermna Ly, (T4) (cm. [1]) nasoBem mMuOMKecTBO yHKIHIT, /JTsT KOTOPBIX
KOHEUHa CJIe/yIomas BeJINIuHa:

. Tn/Tn_1 1/rn
2 27 AN dt
1 1
Wl = { [ (o ([ (@ )" ) )
0 0 1 n
o dt 1/r
ITpu r = 0o BBIpaXKeHUE ( / lf)|" — noaumaerca Kak - sup | f(¢)].
0 t 0<t<2r

Jemma 1([1]). a) Iyers 1< pgp < p1 <oom 1< 7 < oo, Torma Ly, (T?) < Ly, (T?).
6) Hyers 1< p<oom 1< 19 < 7y < oo, Torma Ly, (T?) < Ly, (T%).

146 Bectauk Kaparanmuackoro yHuBepcurera



Teopembl BJIOXKEHWSI, TEOPEMHEI . . .

Iycrs E = {e = (e1,...,6pn) : & = 0mm ¢; = 1,4 = 1,...,n} — BepUIMHBI N-MEPHOIO €IUHUYHOTO
kyba B R", A = {A.}ccp — cemeiicTBO 6aHAXOBBIX MPOCTPAHCTB, SIBJISIIONIMXCS IIOJIIPOCTPAHCTBAME HEKO-
TOPOTO JIMHEHHOTO XaycaopdoBa IIPOCTPAHCTBA, KOTOPOE HA3LIBAETCS COBMECTHMBIM CEMEHCTBOM OAaHAXOBBIX

npocrpancTs [2]. [is snementa a mpocTpancTBa Y . A. onpesennm dyHKIHOHAT

K(ta; A)y= inf > taca.,

a= ae
eeE ecE

roe t° =1ttt
IMycrs 0 < 0 = (61,...,0,) < 1, 1 < r=(r1,...,7) < 00. Hepes Ay, = (A € E)p, 0603HATNM
JIHHEITHOE TIOJIMHOKECTBO MHOXKECTBA, ) i A, [Isl SIEMEHTOB KOTOPOTO BEPHO

. 1/7rn
27 27 ro/T1 Tn/Tn—1

r dt dty,
lall a0, = / tn O (/ (tim " K(t,a; A)" 1) —n < 0.
0 0 tl tn

Jdemma 2 ([1]). Hyere 0<0< 1, 1< r<oo, A={A:}ccp, B={Bc}ecr — ABa COBMECTHMBIX Ce-
MelicTBa 6aHaXOBLIX MpocTpancTs. Ecmn Hafiayres msa ektopa Mg = (MY,...,M9),..., My = (M{,..., M})
C TIOJIOYKUTETbHBIMIA KOMIIOHEHTAMHI TaKWe, ITO JJIsi JIUHEHHOTo omepaTtopa uMeer mecto 1 : A, — B, ¢ onen-

n
koit Hopmbl C H Mfl i ioboro € € B, ro T @ Ag. — By, ¢ HOpMOIL
i=1

n

—0; 0;
1N a9, 8o, < max e 1_[1 (M) % ().
i

1

Jdemma 3 ([1]). a) Myers 1 < po = (pY,...,0%) < p1 = (p},...,pL) < o0, pe = (p7*,...,05"),e € E,
0<60< 1ul<r<oo. Torna s npocrpancts Jlebera co cmemannoit merpukoit {L ,_ (T 4)}.cx cupasemiuso
PABEHCTBO

(Lpa (Td)ZE € E)or = Lpr(T d)v

rme 1/p= (1—0)/ po+ theta/ p.
6) OHyers 1< po = (0Y,...,00) < p1 = (p,...,pt) <oo, 1< 1rog=(r{,...;70), ri=(r},...,r}) <
< oo. Torma g 0 < 0= (01,...,0,) < 1lu 1< g=1(q1,...,qn) < 0O CHPABEIJIMBO PABEHCTBO

(L por (T )ie € E)eq < L pg(T7),

roe 1/p=(1—-0)/po+0/p1.

Jlemma 4 (HepaseHCTBO pasHbIX MeTpuK). Ilycth T ¢( ) — TPUrOHOMETPUYECKUIl MOJMHOM IOPSJIKA HE
BBITIe 88 = (s1,..., 3(111,. c ST s:l‘?b) 1o MysbTUNepeMentHoit x = (1, ... ,x}ll,. 2y, .z ). Torma mipm
L<pr=@l....,pL)<pa=(p},...,p2) <oo, 1<r=(ry,...,r,)< 0O HMEET MECTO HEPABEHCTBEO
=y 1/pj—1/p}
3 i (3
1Tl 00y <C IT TI(s3) 1Tl (1)

{i: pl<p?} =1

riae C — nonoxkuTenbHaA IIOCTOdAHHAA, HE 3aBUCAIIIadA OT S.

1 1
,ZZO’KJCLS(Ime./L’bCTTLSO. I/IS yCaI0BHUA JIEMMbBI MYJIbTUNHACKCHI — W — IIPpHHa/AJ/IE?KaT OTKPBLITOMY IIapaJlJIe/ICIINUIIe-
b1 D2

ny (0;1)™. CremoBateibHo, cyiecrByer napasuiesenuies Qp,( 0) ¢ meHTpoM B HyJie Takoii, 410 Qh(p%) c (0; )™
u Qh(p%) C (0;1)™. 3mech cropoHa h 3aBHCHT TOJILKO OT HapaMeTpoB pj; U po. OTMeTuM, 4TO /Jis BEPIIUH

1 1
{E uy napaJLIe/Ienune 0B Qh(p%) u Qn( p%) UMEET MECTO PABEHCTBO
DPi)ceE P2 ) ek
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s HepaBEHCTBa Pa3HbIX METPUK JJId IIPOCTPAaHCTB Jlebera co cMeranuoi l\leTpHKOﬁ JJIsl TPUTOHOMETPU-
YEeCKHUX IIOJIMHOMOB MMEIOT MECTO

' iy pi=/ot
ITsll s 7 <CIHH ne ITsllLe (zys € € B,

i=175=1

rie 7 — abcosroTHas IMOCTOAHHAS.
Hasee, corsacHo mpeabIayIeMy HepaBeHcTBy u Teopeme M. Pucca 06 orpaHMIeHHOCTH YaCTUIHBIX CYMM B
mpoctrpancTse Jlebera co cMenmmaHHON METPUKOI, TTOTydIaeM

1 -1
15 (N, (ra) <01HH /pt—1/p?

i=1j=1

<, H H l/zn 1/p}

1=17=1

|Ss(f )||Lp§(mrd) <

|f||Lp§(’]Fd); e€ k.

Ipumensis teMMbl 1 a) K oneparopy S s(f), momyuaem

1/ K 1/ 7
1S (ML, ey < CHH Ty ey

i=175=1

Host ,ZLOKaBaTeIH)CTBa TOYHOCTH B CMBICJIE HOPsijiKa HepaseHcTBa (1) I0CTATOYHO PACCMOTPETH IIOJUHOMBI

S
~ cosk;x;
TE( HT(’BZ x;), The Ts(lfgi)(a?i) = Z T”, TaK KaK COTJIACHO TeopeMe Xap/u- JIuTTiBysa B mpo-
k=1 i

CTPAHCTBAX HopeHua Ly, (Td) (em. [3]) mpu B; # 1/p; umeem

1/7; n
1/p';=Bi)ri—1 1/p’;—
11 (2 I
H (Td) (T) ‘
Lor Lpirs i=1 i=1

Hoa mynerumanekca d = (dy, ..., dpy, dpt1, - - -, dy) 0603naunM yepe3 d = (dy, ..., dy).

Jlemma 5 (HepaseHCTBO pasHbIX usMepenuil). Ilycts Ts(z) — TPUrOHOMETPUUECKUH IIOJIMHOM IIOPsiKa HE
BbIIE S = (S1,...,8m,Smsls---5Sn) U0 MYJbTUIEPEMEHHOW = = (Z1,...,Tm,Tmily---,Tn) 1 1 < p =
= (P1y- s Py Prntls -3 Pn) < 00, 0<r = ("1, T, "mtt,---,Tn) < 0o. Torga s npousBoibHO ukcu-
POBAHHO# MYJIBTHTOUKH (T i1, .., Ty) € TIm+1 x ... x T9 pmeer MecTo HepaBeHCTBO

n d; 1/ ny 5
pi —1/p;
ITsCses s gty )l pay O H H TN g, ey »
i= TTL :

rae C' — TOJIOKATeIbHAS TOCTOSHHAS, HE 3aBUCSIIAs OT S.
Hoxazamenvcmeo. CoryacHo HEPABEHCTBY PA3HBIX U3MEPEHUH JJjIsl TPUTOHOMETPUYECKHUX HOJUHOMOB B IIPO-
cTrpaHcTBe Jlebera co cMemanHOil METPUKON MMeeM

n d;
1/19 —1/p}
||TS('7"'7'71"771-"-1’"'axn)”Lﬁ([O’Qﬂ)m S H H ' ' ||TSHLP(Td)'
i=m+1j=1
Jlasee, IpUMeHSIST CXEMY, UCTIOb30BAHHYIO B JOKA3ATEIBCTBE JIEMMBbI, TOJIYYaeM JOKA3ATEIHCTBO JIEMMBbI.
HOycts o = (a1,..., ap) € R™, 1< g=(q1y--+s qn) <00, 1< p=(p1,...,pn) <00, 1< r=
= (r1,...,m) < 00. [l TPUTOHOMETPHYECKOTO Pafa f ~ > 1y aa ge’ (k) oGosHatnM Uepes
E a kei(k, z)7
kep(s)
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d;
rie ZZklxl — cxamspuoe mpomssenenne, a p(s) ={k = (ki,..., k,) € Z?: [2”_1] <
i=1 j=1
Smaszlw,di j| < 2% 4 = 1,...,n}.

ITo anasoruu ¢ [1, 4] arusorponsbiM npocrpancreoM Hukosbckoro -Becosa B! (Td) HA30BEM MHOYKECTBO

psizioB f ~ > kez 4 @ w€ P )1 KOTOPBIX KOHEYHA HOPMA

Iz = {2186 e, can ], -

rzie || - [|;, — mHopma jmckperHoro mpocTpanctsa Jlebera I,.

3amenanue 1. Oupenenennoe Takum 0OpasoM aHU30TPOIHOE MpocTpancTBO Becosa By (T4) B crywae n = 1
COBIIaJIAeT ¢ M30TPONHBIM IPOCTpaHcTBOM THIa Huxosbckoro-Becosa Byyf (T%) [2, 5], a B caygae d = (1,...,1)
— ¢ aHM30TPONHBIM IPOCTPAHCTBOM C JOMUHHUPYIOMEH CMemaHHOM HpOI/I3BO,ILHOI/I tuna Hukosnbekoro- BeCOBa

[e3 n

BA([0,2m)") [2, 5].

Cuenytomas JileMMa IOKa3bIBaeT 3JIeMEHTApHLIC BJIOYKEHUS aHM30TPOIHBIX IPOCTpaHcTB HHKOILCKOro-
Becosa [6].

_ (1 1 — (A0 0 _ (0 0
Jdemma 6. Ilycte —oo < o = (ag,...,0a,) < ag = (af,..., ap) <00, 1< ¢ = (¢f,...,q,) <
_ _ (] 1 _ 0 — (0 0 _

S q1 = (Q17"'7qn) S oo, 1 s p1 = (pla"'apn) S Po = (pla"'apn) < oon 1 S To = (rla"'arn) S rn =
=(r},...,r}) < oco. Torga

<
<

aoqo (d a1qy (d
Bpo'r‘() (T ) Bplrl (T )
o a d

/oxasameavcmeo cuepyer us cpoitcts mpocrpancts [ (A) w Ly, (T).

Hasee cpopMysImpoBaHbl IIpejiesIbHbIe TeOPEMbI BJIOXKEHHs PA3HBIX METPHK JIJIsl AHU30TPOIHBIX IIPOCTPAHCTB
Hukosnbckoro-Becosa.

Teopema 1. Tlycts —o00 < ag = (af,...,al) < a1 = ( b

— (0 0 _ (] 1

1<p0_(p1a"'apn)a pl_(pla"'vpn)<oo u = (le"-;rn
= ay — d/p1 cpaBeJIBO BJIOYKEHUE

’a'}L> < 09, 1< q = (qla'~-7qn) S 0,
) < oco. Torma mpu g — d/py =

Balq(’]rd) Baoq(’]rd)

pir Por

oxasameavcmeo. Ilycrs f € ByLl (T9). Torma, cormacHo HepaBeHCTBY Pa3HBIX METPHK (TemMa 4), Tory-
YaeM OIICHKY

r1r

1 lsgpeen = [[{20 18D zyorn ], <

S Cl H{2<a0+d(1/p1_1/p0)75> HAS(f)HLfZHT(Td)}qu -

= [ {2 APy, o f |, = Oz

P17
KOTOpas JOKA3bIBAET MCKOMOE BJIOYKEHUE.
VesoBue, pu KOTOPOM CIIPABEJIMBO BJIOYKEHHUE U3 TEOPEMbI, HEYJIydIlaeMo, a UMEHHO CIPaBEIJINBO CJIeIy-
foree

Ymeeporcdenue. Ilycts —oco < ap = (af,...,a%) < a; = (al,...,al) < oo, 1<q=(q1,...,qn) < 00,;
L<po=®....,00), pi=(}....,pL) <0, 1<r=(r,....,7n) <00 mw ayp—1/pp==a; —1/p.
Torma Jyist TPOM3BONIBHBIX € = (£1,...,6,) > 0u d = (01,...,0,) > 0 Haifimercsa byHkMs fi € Bg‘llﬂ(']l‘d) TaKasl,

+
ato fo & Big* (T U B 5 4(T9),

Joxazamesvemeo. Qusa byukiun fa(z H fa,(x:), Toe

=1

> cosk:lx1 ..cosky xh
foulwi) = Z Z Tk )R

ki=1 ki

COIJIACHO OIIEHKE HOPMBI OJHOMEPHOTO si/ipa Bepmysuin, mmeem

1A(fa)ll,, ey = [T 12 (f5:)

i=1

|me (Tdi) ~
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k. 1/"'i
n 2%i—1 , n
~TIE S wet/wsonm ~ T2t B0k — gd1/p =Pk,
i=1 \J;=2ki—1 i=1

Torma pu

+d<d6<m'n<(a +€)+d ap + d )
o+ — i —, P
oy - ’ po’ (po + )’

+
bymxunsa f € Bed(T?) u fy ¢ BGIHT) U B 5 0(TY).

Teopema 2. Tyetb 0 < a0 = (14 + oy Qumy Qg1 -+, Q) < 00, 1 <@ = (q1y -y Qs Qnt 1y - - -5 Gn) < % < 00,
1<p=DP1, s PmsPmtlr---sPn) <00, L <= (1, 0y Tm, Pmt1s.--,Tn) < 0o. Torma upu o; = d;/pi, ¢ =1

and ¢ =m—+1,...,n uUMeeT MeCcTo BJIOYKEHUE
ag (md aq (md
Bqu(T ) = Bp (T%).

Hoxazameavcmeo. CoryiacHO HepABEHCTBY Pa3HBbIX u3MepeHuil (jemma 5) u HepaBeHCTBY MUHKOBCKOIO II0-
JIydaeM

sl = [ 18l
<4209 3T A (A (A () =
5n=0  Sm41=0 Lpr(T4) Ig

< |4 2t@® Z Z |80 (A, (A (f)))HLW(W) -
85, =0 5'm+1:0
lg
oo (oo}
=192 > > A Dy || S
sn=0 Sm4+1=0 Iy
<0 9(@,5) Z 95n/Pn Z 98m+1/Pm+1 HAS (f)HLpT(Td) <
$n,=0 Sm+4+1=0 1-
oo (oo}
<Y e 1A Dl ), =
5, =0 Sm+1=0 7
= &1 [{2 180 (Dliyon }|, = ol lmgocra)
e o; =di/pi, i =1 ammi=m+1,...,n.
TMokazkem, uro ycaosust o; = d;/p;, ¢ =1 mpu i = m + 1,...,n 06eCreInBAIOT BBIOJHEHNE CBOHCTBA
Hf(mla sy Ty hm+17 ey hn) - So(xlﬂ cee 7xm)||L:5;(TJ) —0

upu  max |hy| — 0.
i=m+1,....,n

HeitcrBurenbuo, myctb N € N n

j=1,.

_ _ d . )
I'ny= {S— ($1y...,8n) EZ .Hmax( ma.)fdi\k;ﬂ,l) §N},

i=1

Tora
[f(z1se s @m, hmgrs - ha) — (@, 2w oy =
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=f(x1y oy Tm, Pt 1y - o5 Bin) —f(acl,...,xm,O,...,O)HLﬁ(Tg) =f(@1y e T, Pt 1y e oy Pon)—
—Srn(F521, oy Ty Pty - -y ) + S (F5 215 - oy Ty B 1y« - < s n) — Sen (F5 21, -+ o 2, 0,0, 0)+
+Sr (f521, ..y Zm, 0,...,0) —Sf(xl,...,:I:m,O,...,O)HLﬁ 1y < [ f(x1se oo Ty Bt - he)—
=Srn (fi21s - Ty Bt - )|y + 1ST8 (f3 20500 @y Bt - ) —
=Srn(fiza, o @m, 0,0 0)lpay + [[1S0n (f5 21, @m, 0,.0,0) = f(@1, oo @, 0,0, 0)][(pay =
=5 +1L+Is.

3aech Sty (f; 1, -y Ty Tt 1y - - - 5 Ty ) — dacTHYHAA cyMMa psifia Pypbe dyukuun f(x1, ..., T, Tt 1y - -+, Tn),
COOTBETCTBYIOIIAs TUIIEPOOIMIecKOMy KpecTy 'y .

Hnst onerku I1 u I3 Bocmosb3yemcst HepaBeHCTBaMu MUHKOBCKOrO, pasHbIX m3Mepenuii (semma 5) u Tesb-
nepa. Ilycre uanekc j = 1 ninm j = 3, Torma

Ij § sup ||f(x17"'7xm,$m+1a"'axn)7SFN(f;xla"'7xm>$m+17"'axn)”Lf,;(T‘i):
TnglyTn

= sw || Y Adfio) <Y s A, <

Tm+1s-+3Tn 3¢FN L,,(TJ) 5¢I‘N Tm+41y-++5Tn
P

<0 Z 9~ (@8) () [A(f;2)lp,, ey <

S¢FN
<G {2<0~S> Ay(fix } : H{2—<a,s>} <
125(52)llz, o s¢T |y, setw iy,
SOZ ||f_SFN(f)||B§,9(']I‘d) — 0 opu N — oo.
Juis onerku I BOCIOJIB3YEMCsl T€M, 9TO MOJUHOMBL STy (321, -+, Ty Tt 1y - « - 5 Ty ) ABIIAIOTCS HEIIPEPHIB-

HBIMIA QYHKIIASIMHA, TOTIA

||SFN(f;x1,...,J}m,hm_;,_l,...,hn) — SFN(f;xl,...,xm,O,...,O)HLW(W) —0

mpu  max |h| = 0.

i=m+1,....,n
Bameuwanue 2. B TeopeMe, B OTJIMYUEe OT TeOpeMbI O CJieJaX JdJisd IPOCTPAHCTB THUIIA IIPOCTPAHCTB Becosa ¢

JIOMUHUPYIONIEH cMelIanHoi npousBoaHoii [7, 8|, mokazauuoii mis oy > d;/p; upu i = m++1,..., n, paccMmorpen
peebHbI coyuail «; = d;/p; npu yesosun ¢; = 1 jist i = m + 1, ..., n (panee 310T 3pdekT ObLI 3aMedeH B
paborax O.B. Becosa [9, 10]).

Teopema 3. Tyetb 0 < @ = (@1, .oy Qmy Qi 1y -+ -5 Qp) < 00, 1 < @ = (q1ye v oy Gmy Gmtls -5 Q) < 00,
1 <p= (P, sPmsPmt1s--Pn) < 00, 1 <1 = (P10, Py Pty - -0 T) < 00, Torma s byskimn
o(x1, ..., xm) € ng(']f‘d) upu «; = di/p; u ¢ = 1 g ¢ = m + 1,...,n MOXKHO IIOCTPOUTH (DYHKIIUIO
f(x1, . Ty Tt 1, - -+, Tpy) OT M MYJIBTHIIEPEMEHHBIX, OOTATATONIYIO CJIETYIONIAMA CBONCTBAMMU:

1) fe Bffrq(Td) u Hf”BSﬂ(’JI‘d) < C||90||B§,§(1r5);

2) f(x1,...,2m,0,...,0) = p(x1,...,Tp).
Loxazameavcmeo. Ilycts ¢ € ng(ﬂrd). Ee MoxkHO mpemcTaBUTh B BUIE CXOOAINIETNOCST K HEH B CMBICTIE

Lﬁ’? (TJ) pAda

WK

o1, ..y Tm) = Asz(o(x1, ..y Tm)).

[}

w|

Nnmeem _
||30||B§§(Ta) = H{2<a’s> |As (‘P)HL,—,F(TH)}

Hus i = m+1,...,n Boibepem yukuuu f;(x;) u3 Bg‘rl (T%), rne oy = d;/p;, Taxue, aro f;(0) = 1, u
BB€JIEM HOBYIO (DYHKIIUIO

lg

n

F@1, o T, Tng1s ) = Y As(p(mr, . wm)) [ As (Fil@i)
s=0

i=m-+1
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Jytst 310l (pyHKIUYU OJTY IiM

||f||BgTq(Td) = H{2<O{’€> ||As (@)HLPT(T‘Z)}HZ =
q

= {2 185 @lpuern }|, TT 1illszee gy = € llellgacray -
+1

.

U3 ycnoeus f;(0) =1 gsi i =m + 1,...,n umeem

F@1, e @m0, 0) = (1, ).

YenoBust o = d;/pi, gi =1 upu i =m+ 1,...,n obecrednBaior HenpepblBHOCTL byHukimit f;(x;). Torma
Hf(xh oy Ty Tm41y - - - 71'n) - So(xla e ’xm)HLﬁ;('H‘E) =
n
= ¢($17~-~7$m)< 11 fi(%)—1> <
i=m+1 LI;F(T‘Z)
n
< lp@r,-e szl mny | [T filws) = 1) =0
1=m+1

npu  max |x;| — 0.

i=m+1,...,n

OTH paccyK/IeHUsI MOKA3BIBAIOT, UTO ( €CTh cjejl pyHKuun f.

3amevarue 3. Oneparop IPOIOIKEHHs, TOCTPOEHHBI 1IPU JIOKA3aTEJIbCTBE TEOPEMbI, — JIMHEHHBIN. 3/1ech
caeyer ormeruts pabory B.U. Bypenkosa u M.JI. Tosbamana [11], rae mokasaHo, 9T0 B IPEJEIBHOM CIydae
JJIs aHU30TPOIHBIX TPOCTPAHCTB BecoBa BO3MOXKHO IIOCTPOUTH TOJIBKO HEJIUHEHHBIN OMEPATOD MTPOIOJIKEHNUS,
OTHAKO 3TOT 3 peKT He HADI0IaeTC s JI/IsI TPOCTPAHCTB TUIIA IPOCTPAHCTB becoBa ¢ moMuHUPYIOIIeil cMenTaH-
HOI IPOU3BOJIHOMA.

10

11
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E. Teneyraznt

o d - . . . .
AHuzorponTtel BPE(T ) Hukosbckuii-BecoB keHicTikTepi yiiin emy

TeopeMaJiaphbl, i3/Iep K9HE YKAJFACy TypaJibl TeopeMaJiapbl

MakaJsaga aHu30TponThI JIOpeH | KeHICTIKTepiHiH HHTEPIIOIANUSIIBIK, KACUETTEPIH KOJIIaHy Heri3iHjae Tpu-
TOHOMETPUSIIIBIK, TIOJIMHOMIAP VIINiH 9p TYPJli METPUKAJBIK YKOHE OJIIEeMIIK TeHCI3IKTep aJbIHIbl. OKiJi-
JIK TypaJibl TeopeMa Heri3iHae aHm30TPONThl JIOpeHIT KeHIiCTiKTepi MeTpWKachl OONBIHINIA AHWU30TPOIITHI
Hukonscknit-Becos BS‘,?(']I‘d) KeHiCTiKTepi aHbIKTAAbl. d = d; KarmaflblHa KOPCETIJIreH KeHiCTIKTep
KJIACCUKaJBIK u3oTpontbl Hukosnbckuii-Becor kenicrikrepine coiikec xeserini, an d = (1,...,1) Gosran
JKaFmaiila cumarraMaaapbl YCTEM apaJjiaC TYbIHIbBLIAPHI 0ap KEHICTIKTep CHSIKTHI OOJIATBIH aHU30TPOIITHI
Huxkonbckuii-BecoB kenicrikrepine coiikec kesrerini Oaiikayapl. Makajaga oCbl KEHICTIKTED/II aHBIKTAyFa
KaTBICATBIH OapJIbIK IapaMeTpJiepre KAThICThI OChI KEHICTIKTEp YIIiH KapamaibIM €HYJIep CHUIIATTAJIIbI.
By kenicrikrep yrmiH KymrTi mapameTrpiiepre KaTBICTBL 9p TYPJIi MeTpUKAJIAp TEHCI3Airi HerisiHzge eHymiH
MIEKTIK TeopeMachl aJbIHJIbl. EHY KacHeTTepiH cakTay VIINH KEeHICTIK IapamerpJjiepiHe KONbLIATBIH MapT-
Tap/IblH, KAKCAPTHIIMAUTBIHBI >KAaNIbl KOPCETETIH MbICAJ KYPBLIIbl. KapacThIpbLIATBIH KEHiCTIKTep/Ieri
bYHKIUAIAP VIOIH op TYPJI eJImeMaep TeHCI3miri HeriziHme i3 XKoHe KajFacy TypaJjbl IMEKTiK TeopeMa-
Jlap aJIbIHJIBI. AWTBUIFAH TeopeMaJiaparsl [apTTap/IblH KaKCapPThUIMANTHIHBIH aifiTyra 6oanpl. d = di
GosrraH Karjaiiia ajblHFaH TeopeMasiapgaH —um3orponThl  KeHicrtikrep yimia C.M.Hukonbckuit xone
0O.B.BecoB GypbIH-COH/IBI YKAPUSAJIAFAH KYMBICTAPBIHJAFBI Colikec HoTmzKesaep mbraabl. And = (1,...,1)
OoJiraH »KarJaiifa ajblHFAaH TeopeMaJsap/iaH YCTeM apajac TYBIHAbLIAPBI 0ap aHU30TPONTHI KEHICTIKTED
ymin K.O.Bekmaran6eros xone E.J[.HypcynaranoB GypbIH-COH/IBI 2KapHsIaraH »KYMbBICTAPbIHIAFBI COUKEC
HOTHUKeJIep MbIFaabl. KapacThIpbUIFaH KEHICTIKTEPAiH, KYPhUIBIMBI THOPUITI OOJIATHIHBIH AJIBIHFAH HOTH-
JKeJIep KOPCETTi: KJIACCUKAJIBIK, U30TPONTHI KEHICTIKTEPEH »KOHE YCTEeM apaJjiac TYbIHIbLIAPHI 6ap aHU30-
TPONTHI KEHICTIKTep/IeH Typajbl. Aranm afTKaHIa, KeJITIpIITeH KeHICTIKTeperi dyHKIUIIapAbiH Oip ai-
HBIMAJIBLIAP OJIOTiHE €HEeTiH affHbIMAJbLIAD OOMBIHINA TEriCTIK K9HE METPUKAJBLIK KacueTTepi Oipzeit, as
op TypJi OJioKTapra €HeTiH allHBIMAJIbLIAPFa KATBICTHI TETICTIK »KOHE METPUKAJBIK, KACHETTepi op TypJii
6ostazbl. 2KyMbIcTa afibIHFAH HOTHXKEJIEPIl 9Pl Kapail MAaTEMATHKAJIBIK, (PU3MKa TEHEYIEPIHIH MeKAPaJIbIK,
ecerTepi TEOPUACHIHIA, FAPDMOHUKAJIBIK TAJIJAY €CeNTepPiHe *KoHe aHU30TPONTHIK, KEHICTIKTEPIHAeT] Ky bIK-
Tay TEOPHUSICHIHIA KOJITaHyFa 0018 IbI.

Ye. Toleugazy

Embedding theorems, theorems of a trace and approach for

anisotropic B33(T?) Nikol’skii-Besov spaces
In this paper, the inequalities of different metrics and different measurements for trigonometric polynomials
are obtained by using the interpolation properties of anisotropic Lorentz spaces. Further, anisotropic
Nikol’skii-Besov spaces Bg2(T?) on the metric of anisotropic Lorentz spaces are defined by using the
theorem on the representation. Note that in the case when d = d;, these spaces coincide with the classical
isotropic Nikol’skii-Besov spaces, and in the case d = (1,...,1) these spaces coincide with anisotropic
Nikol’skii-Besov spaces, having the character of spaces with dominant mixed derivatives. In this paper
the elementary embeddings are describes for these spaces with respect to all the parameters involved in
their definition. By using the inequalities in different metrics the limit embedding theorem is derived for
this spaces with respect to the strong parameters. An example showing unimprovability conditions on the
parameters of space for save the properties of the embedding is constructed. By using the inequality of
different measurements the limit theorems about the track and the continuation for the functions of these
spaces are obtained. Note that the conditions in these theorems are also the best possible. In the case d = d;
from the received theorems follows the corresponding results, which are obtained previously in the works
S.M. Nikol’skii and O.V. Besov for isotropic spaces. In the case d = (1,...,1) from the received theorems
follows the corresponding results, which are obtained previously in the works K.A. Bekmaganbetov and
E.D. Nursultanov for anisotropic spaces with dominant mixed derivative. The obtained results show that
the considered spaces have the hybrid structure of the classical isotropic spaces and anisotropic spaces
with dominant mixed derivative. Namely, the function of these spaces have the same smoothness and
metric properties to the variables included in one block, and different smoothness and metric properties
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with respect to the variables included in different blocks. The results obtained can be further used in the
theory of boundary value problems of mathematical physics equations, in problems of harmonic analysis
and approximation theory in anisotropic spaces.
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