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On conditions for the weighted integrability of the sum of the series
with monotonic coefficients with respect to the multiplicative systems
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In this paper, we studied the issues of integrability with the weight of the sum of series with respect
to multiplicative systems, provided that the coefficients of the series are monotonic. The conditions for
the weight function and the series’ coefficients are found; the sum of the series belongs to the weighted
Lebesgue space L, (1 < p < o). In addition, the case of p = 1 was considered. In this case, other
conditions for the weighted integrability of the sum of the series under consideration are found. In the
case of the generating sequence’s boundedness, the proved theorems imply an analogue of the well-known
Hardy-Littlewood theorem on trigonometric series with monotone coefficients.
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Introduction

The Hardy-Littlewood theorem concerning series with monotone coefficients in the theory of trigo-
nometric series states the following [1,2|: for the series ) . a, cosnz, where the coefficients a,
decrease to zero as n approaches infinity, to represent the Fourier series of a function f(z) € L,[0, 27],
where 1 < p < 00, it is both necessary and sufficient that » 7, ahnP=2 < oo.

An analogue of this theorem for the Walsh system was proved by Moritz F. [3]. For multiplicative
systems with bounded generating sequences p (1 < sup, p, < c¢) it was proved by Timan M.F.
Tukhliev K. [4].

The weighted integrability of the sum of trigonometric series with generalized monotone coefficients
was studied in the works of Tikhonov S.Yu., Dyachenko M.I. [5,6] and others. Weighted integrability
for the sum of series for multiplicative systems is considered in the works of Volosivets S.S., Fadeev R.N.
[7,8], Bokayev N.A., Mukanov Zh.B. [9].

In this paper, we consider weight functions with other conditions. This article is a continuation of
the article [10].

1 Notation and Preliminaries

This paper examines a series characterized by monotonic coefficients concerning the multiplicative
systems. We delve into the inquiry: what criteria regarding the weight function and series coefficients
ensure that the sum of the series falls within the L, space with weighting? Before delving into the
main discussion, we define multiplicative systems.
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Definition 1. Let {pr}32; be asequence of natural numbers p, > 2, k € N, supp, = N < co. By
definition, let us put ;
mog=1, my =p1p2---pn, n € N.
Then every point x € [0,1) has decomposition
)

Lk
xzzm—k, x € ZN|0, pk), (1)
k=1

where Z is the set of integers. Decomposition (1) is uniquely defined if z = n/my, takes a decomposition
with a finite number of nonzero zy. If n € Z, :={0,1,2,...} is represented as

oo
n = Zajmjfl, aj € LN [0,pj),
j=1

then for the numbers z € [0,1) we put by definition

o0
QT
p(x) = exp 2m’2 I neZy.
— pj
]7
It is known that the system {,}52,, called the Price system, is an orthonormalized system

complete in L'(0,1) (see [10] or [11]). Ifall py =2, then {t,}°°, coincides with Walsh system
in the Paley numbering.
Let LP(G), G:=10,1), 1 <p < oo, denote Lebesgue space with norm

1l = ( /| If(w)\”dx>p, Il = ess sup )]

Definition 2. Let ¢(x) be a non-negative measurable function on (0, c0). We say that () satisfies
condition By, if for all z > 1

T
where C' is a positive number independent of .

For example, the function ¢(t) = t* (a < 1) satisfies condition Bj.
To prove the main results, we need the following auxiliary assertions.
By

n—1
Du(2) =3 wnl(z), n=12,..,
k=0

denote the Dirichlet kernel of the system {v,,(z)}.
Lemma A. (see [11] or [12]) For any k € N and x € [0,1) the Dirichlet kernels have the following
properties:
mg, ecaux € |0 L ,

Dy, = T 2)

0, ecmmz¢ |0, mik
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2  Main Results

In this section, under certain conditions imposed on the weight function, a necessary and sufficient
condition is given for the function to belong to a Lebesgue space with the weight of the sum of series
for the multiplicative systems. The following theorem about integrability with the weight of the sum
of series with monotone coefficients is valid.

Theorem 1. [10] Let 1 < p < oo, %+%:1andsuppn:N<oo

f(z) :Zakwk(x), ar 4 0 at k — oo
k=0

and let ¢ () be a non-negative measurable function on [1, co). Then
19, If the function ¢P (z) satisfies condition By and

0 n+l  p
Zaﬁ'np/ 7 (x)dx<oo,
n=1 n

22

then ¢ (%) f(z)e Ly (0, 1).
20, If o (x) it satisfies the condition B; and ¢ (1) f (x) € L,y (0, 1), then it takes place (6).

Remark. If the weight function ¢ () has the form ¢(z) = 2, then in this case ¢P(z) and ¢~ (z)
satisfy condition B; at —I% <a< % and condition (7) has the form

oo
E af - POl < oo,
n=1

[—

; = 1 and ¢ (z) > 0 is some locally integrable on function on [0, 1].
| function f (x), belongs to space Ly, if

3 =

Let 1 < p < oo, +
Lebesgue measurable on [0,

—3

T ( / W@ e @ da:);’ < co.

t 1 f 7
A= sw ([ ([ @oten™as)”,
0<t<1 \Jo t
1
B, = sup </ (
0<t<1 \Jt T

The following theorem is true.

Let us put

3=

bS]
&
U
8
S~

AS)
—~
&
~_
S|
I
S
N———
N\
ﬁ
© |
E\
—~
2
QU
&
N———
hd\

Theorem 2. Let 1 < p < oo,% + 1% =1, supp, = N < oo, and ¢ (x) be some locally integrable
n

function on [0, 1] and
F@)=>ar(f) W (x),
k=0

where a (f) } 0 at & — oo. Then
19, If A, < oo and

o 1
Dp—Zafl-np/? P (x) dzx < oo, (3)
n=1 n+l
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that f (x) € Ly, (0,1) and
I1f

20 1f B, < oo u f(x) € Ly, then the series (3) converges and

p
pe = CoDp-

1£15.0 = CpDyp.

Combining points 1 and 2° of this theorem, we can formulate the following statement:
Theorem 3. Let 1 < p < o0, % + 1% =1, supp, = N < oo and ¢ () be a non-negative, locally
n
integrable function such that

max (Ap, Bp) < .

Then, in order for the function f(x) = 72 ax (f) Ui (x), where a (f) } 0 at & — oo to belong
to the class Ly, (0, 1) it is necessary and sufficient to satisfy the condition

00 1

D :Zag'np/? P () dx < oo.

n=1 n+1
In this case, there exists a relation
1
~ p
1, ~Dj.

To prove the theorem, we need the following auxiliary statements.
Lemma 1. Let a, | 0 at n — oo, supp, = N < oo and
n

n—1
S (2) = arty (@)

Then for any integer n > 1 and for any number z € (0, 1)

(5]
S @) <0 ay. (4)
k=0
Proof. At n < [1] inequality (4) is obvious, since |y (z)] =1, k=0, 1, 2...
Let n > [%], Then

[%] n—1
1S ()] < Zak + Z apy ()] .
=0 il
Using inequality
n—1 C
= < =
| Dy (2)] kzzoawk (z)| < @€ (0, 1),

and applying the Abel transform to the last sum, due to the monotonicity of the sequence {a,}, we
get,
5] B

5]
S (z)] < Zak + %GHH < ap +C (B] + 1) (1] 41 < Clzak-
k=0 k=0 k=0

8=

Lemma 1 is proved.
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Lu={uptrr, v={vp}roq, u, >0, v, >0 and

o0
”aHp,v = (Z ‘anvn|p>
n=1

Then to satisfy the inequality ||> ") _; akl,, < Cllall,, it is necessary and sufficient that

00 % -1 i
A = sup ( Z uﬁ) (Z vr_np,) < 0. (5)
m=1

! n=Il+1

=
+
<

I

Lemma B. [13] Let 1 < p < 0o

3=

LemmaC’.[14]Let1<p<oo%+;—l u(z) >0, v(z) >0, Pf(x)= [ f(t)dt. Then, to

satisfy the inequality [|Pf|,, < C'| fl],, it s necessary and sufficient that

B- {/tl (u (m))de}; {/Ot v ()] dm}pll < 0.

Proof of Theorem 2. 1°. According to Lemma 1 and by monotony of sequence a,, (f) we have

/ f (z pdm—Z/ |1f’da;—Z/n+1 (nfak) ) dx < (6)

It is clear that

(') 1 1
> [l pwas [ @@
n=Il+1" n+1 0

Now, we will show that condition (5) of Lemma B is satisfied. To do this, we will show that
A < CAp where Ap is from the condition of Theorem 2. Let us transform the second sum in (7).

1y P

gnp’ ( /7}1 ¢ () daz) . = lzjnﬂ < /’} o () dw) : : ( /’} 0" (2) dx) g X (8)

n+ n+1 n+1

Mathematics Series. No.2(114),/2024 201



M.Zh. Turgumbaev, Z.R. Suleimenova, M.A. Mukhambetzhan

By Holder’s inequality, we have

Mz/fdxz/’fwxm(mldxs (/fw(z)dx)é( N

n+1 n+1

Hence,

RSA

——
/N
P
- 3|~
S
&

Q
S
N——

D=
N
\

AN
i
O
ISH
S
N———

Then from (8) we have

Zn ’ ( [ % <x>dx>p SRR / G T R )

Therefore, by (7), (9) we get

1
o

A=sup (/0’¢p<x>dm>; (/ <w<m>>—p’dm>" <
< s ([ @) ’

3=

</t1 (v (2)) 7 da:) Y4 <o

Therefore, according to Lemma A and conditions A, < oo it follows that

/ |f (z \pdm<02ap / P () dx < oo,

n+1

that is f (z) ¢ (x) € L,y [0,1].
20, Due to the monotonicity of the sequence a,, (f)

00 1/n 00 n p 1/n
ay, (f) n? ¢" (z) dx < ( a (f)) ¢ (z) dx =
nZ::l /1/(n+ 1) T; kZ:O ' /1/(n+ 1)
oo |Mmp41—17T j p 1/.
=D { [Z a (f)] /1 el dx] <
n=0 j=my k=0 /] + 1
0o Mpg1—1 1
<> (AP [ o (@) da (10)
n=0 k=0 My 41
By equality (2)
m"—l
/ f(z) Dy, (x)dx = mn/ i x)dx < m,F [Tin] , (11)

where F (x fo |f )| dt.
Now from (10) and (11) follows that
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S (1) I ke o) dr <3 a ()P [m+F[ ! H
n=1 1/(n + 1) n=1 Mp41
/mn 0 1/mn 1 p
P(z)dr < ~F(x P(x)dr =
x/l/m+1w<> Z_%/l/m(x @) @

- ([ wom (2

According to Lemma C from the condition B), < oo it follows that

/</ 17 () dt) vl 3«"<C/\f )P dz.

Then from the inequality (12) we have
00 1

n
Za{;(f)np/l dx<C/ If () ¢ (2)|P dz < oo.
n=1 /n + 1

Theorem 2 is proved.
1

Remark. By direct calculation, it can be shown that the function ¢ (z) = (W); , >0
satisfies the condition from 1° of Theorem 2 (i.e. A, < 00) , but does not satisfy the condition from 1°
of Theorem 1 (i.e. ¢ (x) does not satisfy condition By).

1
In addition, the function ¢ (z) = (W) " a > 0 satisfies the condition from 2° of Theorem 1

(i.e. B, < 00), but does not satisfy the condition from 2° of Theorem 2 (i.e. ¢ (z) () does not satisfy
condition By).
Therefore, the conditions of Theorem 1 and Theorem 2 are, generally speaking, different.

3 About belonging to space Ly (0, 1) with the weight of the sum of series with monotonic coefficients

In the previous paragraphs, we considered the conditions for functions to belong to the class
Ly, (0,1) at 1 <p < 0.

In this section, we will consider the case p=1, i.e. questions of belonging of functions to space
L, (0,1).

Let ¢ () be a non-negative measurable on (1, co) function. They say the function ¢ (x) satisfies
the condition Bo, if for everyone xz > 1 the following inequality holds

/mgp(t)dthgo(a:),
1t

where C is a positive number independent of z.
We need the following auxiliary statement.
Lemma D. [15] If R, 1 0, 0 < B, 1 at n — oo, then the series

> Ry (Bpi1— Bn) andZB Rn_1— Ry)
n=1

converge or diverge at the same time.
The main goal of this section is to prove the following statement.
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Theorem 4. Let a | 0 at k — oo, supp, =N < oo and
n

w) = axty ()
k=0

and let ¢ () > 0 is measurable on [1, co) function such that

® (i) € L0, 1], écp <i) EL(0, 1).

S

@ (;) f(x) e L1(0,1).

20 If ¢ (z) satisfies the condition By and ¢ (2) f (z) € L1 (0, 1), that is the case (13) .
30. If ¢ (x) | at & > 1, positive function and

Then
10, If

d:c < 00, (13)

then

[,
llrn:,c_ﬂ)o(p(w)/1 dt , (14)

t

then there is a sequence ay | 0 at £ — oo, such that the function

= apy (x)
k=1

integrates on (0,1), ¢ (2) f (z) € L1 (0,1), however the theries (13) diverges.

T

Point 3 of this theorem shows that the condition Bs is essential for fulfilling point 2 of this theorem.

, i} we have
my+1 my

Proof. 1°. By lemma 1 for any = € [

my+1

z)| <C Z ag.
k=0

Therefore

IRIOTETES

SCl—i-ZamkH/k v () dw<Cl+Z /

k=1

<>|f d:c<§:mz: //m’“ <)d:p§

mk+1 /mk+1

dx<oo

20, From the conditions of Theorem 4 follows that follows that f (x) € L0, 1], hence, a,, = ay, (f)
and

1
Im,
Z ar = | f(x) Dy, (z)dx = mn/o f(z)dz.

k=0 0

Therefore, due to the monotonicity of the sequence a,,
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1/m mp—1 mpt1—1
n
1) f(z)dz = | (pnt1— 1) E ap + 5 ag | my1, > 0.

Let us evaluate

o0 Mnp41— 1

2/ Wasy S o thtSZ/ a | =

n=0 k=mn,

where R, = [° %dt, B, = ;”"0_1 ay.

Mn

(16)

By lemma D for the convergence of the series (16) it is sufficient for the convergence of the series:

=1
ZB nl_ n)gz
n:lmni

where

k=0 k=0

1

t
Applying Lemma D again, taking into account the conditions Bz and (15), we have

M1 — 1
IS 1 nt1—1 /mn
S > wlen-n X [T E [ (7)<
— k=0 /mnH

Vi - )
<> " 1) (/ dt><cz b F@le(3) do<oe,

3%. Let ¢ (2) | at > 1. From the condition 1¢ (1) EL follows that

Z/n ('Dt(;)dt:oo

n=1
Hence,
e 00
t
S [ E = .
n=0 Mn
Let’sput aqg =1 and if m, <k <myp1—1, n=0, 1, 2,..., then

-1
- > (t)
j=0 m;

mMn © (t) mp—1 00 1 My41—1
—2dt ap | < ay | D —D,l,
1 /mnl ¢ ( Z ) o "n+t1 Z s n)

It means , a, | 0 at n — oo. From the sequence definition {a,} using the Abel transform, we have

Zanwn Zmn 1Dy, () .

n=1

Mathematics Series. No.2(114),/2024

205



M.Zh. Turgumbaev, Z.R. Suleimenova, M.A. Mukhambetzhan

Then at x € { L 1 ) , k=0, 1, 2,... based on the property of the Dirichlet kernel by Lemma

Mpt1’ Mp
1 we have

k
F@)=>" AXp1my,
n=1

where f(z) >0, f(x){0in (0, 1).
Further, taking into account the condition ¢ (z) | 0, = > 1 we get that

[e(Drewsen [ rmwsemd (immmn> Y

k=0 \n=1 k
< Co(1)D AN =2p(1) Ao < o0,
n=1

ie. feLi,(0, 1)
Let us show that relation (13) does not hold, i.e.

Zan/ L(t)dt: 0.
t2
n=1 n

Based on property a, | 0 where this n — oo condition is equivalent to the divergence of the series

o0 fe'e) o0 00
_ e(t) ¢ ()
S = 321 My G, /mn 2 dt = n§:1 AnMy, /mn 2 dt.

According to the famous Kronecker theorem [1; 905] and (14), (17) we have

e%] n -1
Z o (t Z v (t
S - mn/ @t(z)dt [-_0 " /T;% SOt(Q)dt] -

n=1 Mn

l.e.

Point 3° of Theorem 4 proven.

Conclusion

In this paper, we have considered series with respect to the multiplicative systems with monotonic
coefficients. Conditions have been obtained for the weight function and for coefficients under which the
sum of the series under consideration is L, (1 < p < oo) integrable on the interval [0,1]. In addition,
the obtained conditions are compared with the previously known conditions for the weight integrability
of the sum of such series.
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Kosddburmenrrepi MOHOTOHIbI MYJIbTUIJINKATUBTIK >Kyiiejiep
OOIBIHIIIA KaTapJiap/IblH, KOCHIH/IbICHIHBIH CAJIMAaKThl MHTErPaJIdaHy
IIAPTTAPhI TYyPaJibl

M.2K. Typrembaes!, 3.P. Cyneitmenosa?, M.A. Myxamberzkan?

! Axademur E.A. Boxemos amwndaezo, Kapazandv yrusepcumems, Kapazandw, Kaszakeman;
2 .
JI.H. Tymunes amundaev, Eypasus yammuwk ynueepcumemi, Acmana, Kazaxeman

MakaJtazia 6i3 kKaTapaapAabiH Kodd UIeHTTePI MOHOTOHIBI OOJIFAH YKaFIal1a MYyJIbTUILIUKATABTI XKyiieaep
OOMBIHIITA KaTapjap KOCBIHIBICHIHBIH, CAJIMAaFbIMEH MHTETPAJIIBIIBIK, Moceaeaepin KapacTboipambr3. CanmMak
byHKIMACH YIIIH 2K9HE KATAPIBIH KOCBIHZABICH canMakied L, (1 < p < oo) Jleber kewnicririne xara-
THIH KO3 DUuImeHTTepi yImin maprrap Tadblaasl. COHBIMEH KaTap, p = 1 »Kafmailbl KapacTBIPBLIFaH. Byt
JKaFmaiiia KapacThIPBUIBIT OTBIPFAH KATap/bIH KOCBHIHIBICHIHBIH, CAJIMAFbIMEH WHTErPAJIBLIBIKTHIH 0acKa
maprrapbl TabbuIraH. ['eHepaTuBTi TIZ0EKTIH, MIEKTE/yl >KarJaibIHIa JOJIe/IJIeHIeH TeopeMaJsiap Xap/iu-
JInTTABYATHIH, MOHOTOHIBI KO3(MUIMEHTTepl 6ap TPUIOHOMETPUSIBIK KaTapjap TypaJibl Oesriii Teope-
MACBIHBIH, AHAJIOTBIH OLIIIipe/Ii.

Kiam cesdep: MyJIbTUILUIMKATUBTI XKYiiesep, KaTapjap KOCHIHIBICHIHBIH CAJIMAKThl HHTErPDAJIIaHYbl, YKaca-
) )
yIIbI Ti30eK, MOHOTOHIBI KO3(MUImeHTrep, Xapau-J[uTTiBys TeopeMacsI.

O06 mHTErpuUpyeMoCTH C BECOM CYMMBbI PsiJioB C MOHOTOHHBIMU
KO3 PuimeHTaMu mo MyJIbTUILIMKATUBHBIM CHCTEMaM

M.ZK. Typrymbaes!, 3.P. Cyneitmenosa?, M.A. Myxamberzkan?

! Kapaeanduncrkut yrusepcumem umeru axademura E.A. Byxemosa, Kapaearnda, Kazaxcman;
2 Bepasutickutl nayuorasvrul ynusepcumem umerny JI.H. Tymunesa, Acmana, Kazazcman

B crarbe Mbl M3yuniin BOIPOCHI HHTEMPUPYEMOCTH € BECOM CYMMbI PSIZIOB [0 MYJIBTHUIIJIMKATABHBIM CHCTE-
MaM IpU yCJIOBHM, 4TO KOI(MDPUIMEHTHI PsAJIOB MOHOTOHHBI. HaliieHbl yCJIOBUS JIJIsi BECOBO (DYyHKIUU U
k09 OUIMEHTOB pAMA, JJIsi KOTOPBIX CyMMa Psjia TPUHAJJIEXKHAT TpocTpancTBy Jlebera L, (1 < p < o0) ¢
Becom. Kpowme Toro, paccmorpen ciy4ait p = 1. B aToM ciiydae HaliJIeHbI Ipyrie yCJIOBUsI HHTEIPUPYEMOCTH
C BECOM CYMMBI PACCMAaTPUBAEMOro psijia. B cilydae orpaHnYeHHOCTH HOPOXK/IAIOIIEH 110CIIe/I0BATEILHOCTH
JOKa3aHHBIE TEOPEMBI TTO/IPA3yMEBAIOT AHAJIOT U3BECTHOM TeopeMbl Xapau-JIuTTiBy1a 0 TPUroHOMEeTpIYe-
CKHMX PAJIaX ¢ MOHOTOHHBIMU KO3 HUIeHTaMu.

Kmouesvie cao6a: MyJTbTUIIINKATABHBIE CUCTEMBI, BECOBasi MHTETPUPYEMOCTb CYMMBI PSIZIOB, 00pa3yolast
[I0CJIe/I0BATEIbHOCTD, MOHOTOHHBIE KO3 dUIMeHTHI, TeopeMa Xapau-Jlurtiasyna.
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