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On the existence and coercive estimates of solutions to the Dirichlet
problem for a class of third-order differential equations
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As you know, the third order partial differential equation is one of the basic equations of wave theory.
For example, in particular, a linearized Korteweg-de Vries type equation with variable coefficients models
ion-acoustic waves into plasma and acoustic waves on a crystal lattice. In this paper, the properties of
solutions of a class of the third order degenerate partial differential equations with variable coefficients
given in a rectangle were studied. Sufficient conditions for the existence and uniqueness of a strong solution
have been established. Note that the solution of the degenerate equation does not retain its smoothness,
therefore, these difficulties in turn affect the coercive estimates.
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Introduction

In the rectangle Q = {(x,y) : —7 <z < m;0 < y < 1}, the problem

o? ou? 0
Lt pou = —k(y) 55 = 5o + 0ly) g+ elyu+ pu = f(2y) € La(9), (1)
ul® (—7,y) = ul(7,y), a=0,1,2, 2)
u(z,0) = u(z, 1), (3)

is considered.

Suppose that the coefficients k(y), a(y), c(y) of equation (1) satisfy the conditions:

1) k(y) > 0 is a piecewise continuous function on the segment [0, 1] and k(0) = 0;

2) a(y) > dg, c(y) > 0 > 0 are continuous functions on the segment [0, 1].

Equation (1) degenerates along the line y = 0, i.e. at these points equation (1) changes order. This
means that solutions do not retain their smoothness, hence these difficulties in turn affect the coercive
estimates of solutions.

Many papers [1-13] and the works cited there are devoted to the study of partial differential
equations of the third order. From these works and from a review of literary sources, it follows that
previously differential equations without degeneracy were mainly studied.

To present the results obtained regarding this work, we will need the following designations and
definitions. By W3 (2) we denote the S.L. Sobolev space with norm ullyr 0= [Huyﬂg + Juz3 4 Hqu]%

5% (92) is a set consisting of infinitely differentiable functions and satisfying conditions (2)-(3).
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Definition 1. A function u(z,y) € L2(€2) is called a strong solution to problem (1)—(3) if there

exists a sequence of functions {u,} C C5% (), such that
lun = ull ) = 0 [[Lun = fll1, ) — Oasn — 0.

Theorem 1. Let the conditions 1)-2) be fulfilled. Then for u > 0, for any f(z,y) € L2(Q2) there is
a unique strong solution to the problem (1)—(3).

Theorem 2. Let conditions 1)-2) be fulfilled. Then for p > 0, for any f(z,y) € L2(2) there is a
unique strong solution to the problem(1)—(3) such that the coercive estimate

[ully 2.0 < CI(L A+ pl)ul,

is valid for it, where C' > 0 is a constant, || - ||2 is the norm of Ly(Q).

1 Proof of Theorems 1-2

In what follows, we denote by (L + pl) the operator corresponding to problem (1)-(3).
Lemma 1. Let the conditions 1)-2) be fulfilled. Then the following inequality

(L + pL)ully = (60 + A) [lully (4)

holds for all uw € D(L), where 69 > 0, 4 > 0. D(L) is the domain of definition of the operator L.

Proof. Consider the functionality < (L + pl)u,u >, u € D(L), where < -,- > is scalar product in
Ly(9). Integrating in parts, we get an estimate (4). Lemma 1 is proved.

Using the Fourier method, we reduce the problem (1)—(3) to the study of the following differential
operator with the parameter n (n = £0, £1,+2,...):

(ln + uD)z(y) = =2'(y) + (—ik(y)n® + ina(y) + c(y) + p)z(y),
where z(y) € D(l,,), D(l,,) is the domain of definition of the operator [,.
Lemma 2. Let the conditions 1)-2) be fulfilled. Then the following inequality
1l + pD)zlly = (80 + 1) 121l

holds for all 2(y) € D(l,, + pI), where || - ||2 is the norm of the Hilbert space L2(0,1). D(l,) is the
domain of definition of the operator [,,.

Proof. Let us denote by 002 [0, 1] the set consisting of doubly differentiable functions and satisfying
condition (3). Let 2(y) € C3[0,1] and consider the functional

1
<(n+pl)z,z >= /O (1217 + (c(y) + w) |=” + (in’k(y) + ina(y)) =]’ dy. ()

Hence, using the properties of complex numbers, we find that

1 1
| < (n+pl)z,2>| > /0 12" + (c(y) + w)|2|"]dy > /O (121> + (6 + p)|2I*)dy. (6)

From the last inequality, using the Cauchy-Bunyakovsky inequality, we have

| (Tn + p1I)z]ly = (80 + ) [2]]5 -

Hence, and by virtue of the continuity of the norm in Ls(0,1), we will be convinced of the validity
of the last estimate for all z(y) € D(l,,). Lemma 2 is proved.
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Lemma 3. Let the conditions 1)-2) be fulfilled and g > 0. Then for the operator (I, + pf) there is
a bounded inverse operator (I, + uI)~! defined on the whole Ly(0,1).

Proof. Lemma 3 is also proved as Lemma 2.3 of [14,15].

Lemma 4. Let the conditions 1)-2) be fulfilled and g > 0. Then the following estimates are valid
for operators (I, + uI)~! and d%(ln +ul)~L:

_ 1
H<ln+#D 1H2~>2 < (5_1_#; (7)

_ 1
[l + D)7,y < Tl 3 n #0; (8)

P (9)

2sa (64 p)2

d
— (L, + D)™t
de( + )

where ||-[[5_,5 is the norm of the operator from Ly(€2) to La(£2).

Proof. From Lemma 2 we have

1

I+ 1) Mpp < 57

Inequality (7) is proved.
Using inequality (5) and properties of complex numbers, we find that

1
< (ln+pl)z,z>>| /0 (in’k(y) + ina(y))|z|*dy|. (10)

Note that by virtue of condition 1)-2) the functions k(y) and a(y) do not change signs, therefore, from
the inequality (10) we find that

1
| < (4 pul)z,z>|> / lin’k(y) + ina(y)| - |z|*dy. (11)
0
From (11) and given a(y) > dp > 0 we have

[ + pd)zlly > [nldo |2, -
Hence, using the definition of the operator norm, we obtain the following estimate:
[+ 8Dy S s 00,
In| - 0o
Inequality (8) is proved.
Using inequalities (4) and (6) we find that

1 _
sl 2 [

Hence, according to the definition of the operator norm, we find

1
<

d
H(zn T S I
252 (64 p)2

dy

Inequality (9) is proved. Lemma 4 is proved.
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Proof of Theorem 1. Using Lemma 3, we obtain that

n=k

up(z,y) = Y (b +pD) " fuly) - €™
n=—=k
is the solution of the following problem:
(L‘f'/d)uk(ﬂ?ay) :fk(x7y)7 (12)
u(=my) = u(my), a=0,1,2, (13)
Uk’(x70) = uk(x7 1) =0, (14)

k .
where fi(z,y) = f(z,9), fu(z,y) = X faly) - ™, % = -1,

n=—~k

From inequality (4) and using the fundamentality of the sequence {fx(z,y)}, we have

lur(z, y) + um(z,y) | fe(x,y) = f(@,y)|ly = 0, as k,m — .

H2 — 6 +
From the last inequality and by virtue of the completeness of the Hilbert space La(€2) we have

ug(z,y) LQ—(>Q)u(a:,y). (15)

Further, using the equalities (12)—(15) for any f(z,y) € L2(2), we obtain that

n=oo

u(@,y) = (LA pD)7' =Y (ot u) fuly) - €™ (16)

n=—oo

is a strong solution to the problem (1)—(3). The theorem is proved.
Proof of Theorem 2. From (16) by virtue of the orthonormality of the system {ei"*}

00 2

D (n+pl) faly) - €™

n=—oo

=2 Z | (tn + 1) fa(y) - eiﬂxHig(O,l) =

L2(0,1) nETee

2
lullz =

<or N Hanwm—lu;,||fn<y>||%2(o,1>§§u1;\\<zn+m>—1u;2 Z @), 01) <

n=-—o00 n n=-—o00

_ 2
< s{ul;uanwn "o 1 @ )17 0 - (17)

Here we note that we used by virtue of the orthonormality of the system {e*}, i.e.

Z fuly Z 1 fn(y HL201)

2
”f z,y Hz—

From estimates (17), (4) and (7) we obtain that

2 L 2
[ull7y @) < (m) 1 @ 7,0
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From here we finally have

lully < £ )l (18)
where Cq = ﬁ
Next, we calculate the norm |lu,||, :
lual 7y = || D inlln +pl)~ ™ <sup [lin(ly +pl) "oy 27 D 1fa@)llT,0.0) <
n=-—00 Lo () n n=-—00

. —1112
< S{UI}) |n|2 ’ ||Zn(ln + IUI) 1”2_)2 ’ ||f(x7y)||%2(9) :

Hence and from inequality (8) we have

2 2 -1y2 2 2 1 2
el z5 0y < sup [nf [[in(l + 1) [y, - 1 @9l ) < sup Il —— 1@yl )
{n} {n} n|* - &

Hence
luall ) < C2llf (@), (19)

where Cy =

T
(0+p)2
Then, repeating the above calculations, we get the following estimate

eyl < Cs 1@ 9) ey (20)

where Cy = %.
Using the equalities (18)—(20), we find that

[l 2,1,0 <C ”f(x7y)||L2(Q) )

where C' = max{C1, Co, C3}. The theorem is proved.
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Yimiami perti muddepeHnnaJIIbIK, TeHAeyaepaiH 6ip KJjachl YITiH

184

Jupuxie ecebi merniMaepidiy 6ap 60Jybl >KOHE KOIPIUTUBTI
OaraJsiayJiapbl TypaJibl

A.O. Cyneitmberosa, B.M. Mycummos
M. X. Jysramu amomdazwve Tapas eHipaix ynusepcumemi, Tapas, Kazaxcman

Bimerinimizmeit yrmiammi perti mepbec TYBIHABLIB AudMOEPEHITHATIBIK, TEHIEYIep TOJIKLIHIAD TEOPUSChI-
HBIH, Heri3ri Tenjeysepinin 6ipi. Mbicasbl, affHbIMaJIbI KO3hdUIueHTTi chi3bikTaaran Kopreser—mae @pus
THUITI TeHJleyi NOHIBIK aKYCTHKAJIBIK TOJKBIHIAPIbl KPUCTAJIIBIK, TOPIAAFHI INIA3MAaJIBIK, }KOHE aKyCTHUKAJIBIK,
TOJIKBIHIAPFa MOIeb el . 2KyMbIcTa TIKTOpTOYPHITITa OepiireH affHBIMATBI KOIMMUITUEHTT] YITIHIT PeT-
Ti IepOec TYBIHBLIBI €CeJIEHIeH TeHIeyIep il Oip KJIaChIHBIH IIeITiMIepiHiH, KacueTTepi 3eprresred. Kymrri
mrenriMHig, 6ap OOJIybl MEH YKAJIFBI3AbIFbIHA KETKIIIKTI mapTTap aJblHFaH. KcejeHreH TeHIeyIiH MIenrimi
©31HIH TericTiriH cakTaMalTBIHBIH €CKEPCEK, OYJI KUBIHIBIKTAD ©3 Ke3eriHje KOIPIUTUBTI Oarajayra ocep
eresi.

Kiam cesdep: pesosibBeHTa, yrmHII perti auddepennuanabik TeHaeyiaep, Jdupuxie ecebi, KOIpruTuBTi
baraJiayJiap.

O cyimecTBOBaHMM M KO3PIIMTUBHBIX OIEHKAX PelleHuil 3a1a9u
dupuxije ajas ogHoro KJjaacca auddepeHnnaibHbIX ypaBHEHUIA
TpeThero MopsiJIKa

A.O. CyneitmbekoBa, b.M. Mycummon
Tapasckuti pecuornasvhnti yrusepcumem umenwu M. X. Jlysamu, Tapas, Kazaxcman

Kak u3BecTHO, ypaBHEHU: B YaCTHBIX IIPOM3BOIHBIX TPETHETO IOPSIKA SBJSAIOTCA OJHUM H3 OCHOBHBIX
ypaBHeHU# Teopuu BOJH. B wacTHOCTH, JMHeapu3oBaHHOe ypaBHeHue tuna Kopresera—me ®Ppuza c me-
peMeHHBIMU KoM DUIMEHTAMI MOJIETUPYET MOHHO-AKYCTUIECKHE BOJIHBI B IIA3MEHHBIE M AKYCTUYECKUe
BOJIHBI Ha KPUCTAJIJINYECKO peleTke. B maHHO# paboTe MCCIe0BAaHBI CBOWCTBA PEIEHHIl OJIHOTO KJIacca
BBIPOXKTAIONIUXCS YPABHEHU B YaCTHBIX MPOU3BOJIHBIX TPETHETO MOPSIKA C TIEPEMEHHBIMU KOI(MDPUITHEHTA~
MW, 33/IAHHBIX B IPAMOYTOJBHUKE. YCTAHOBJIEHBI JOCTATOYHbBIE YCIOBHS CYIIECTBOBAHUS U €IMHCTBEHHOCTH
CHUJIBHOT'O DEeIlleHUsI. 3aMETHM, UTO PeIlleHre BBIPOXKIAIOIIEr0oCsl yPABHEHUsI HE COXPAHSIET CBOIO IUIAIKOCTh,
CJIeJI0BaTeIbHO, 3T TPYAHOCTH, B CBOIO OYepPElb, BIUSAIOT Ha KOIPIUTHUBHBIE OIIEHKU.

Kmouesvie caosa: pe3obBenTa, qudepeHnnaabable ypaBHEHUsI TPETHETO MOPsiaKa, 3amada Jupuxite, Ko-
SPIIUTUBHbBIE OICHKH.

References

Ashyralyev, A., & Belakroum, K. (2019). On the stability of nonlocal boundary value problem
for a third order PDE. Third International Conference Of Mathematical Sciences, 2183(1), 1-4.
https://doi.org/10.1063/1.5136174

Ashyralyev, A., Ibrahim, S., & Hincal, E. (2021). On stability of the third order partial delay
differential equation with involution and Dirichlet condition. Bulletin of the Karaganda University.
Mathematics series, 2(102), 25-34. https://doi.org/10.31489/2021M2/25-34

Mabher, A., & Utkina, Ye.A. (2010). On the cases of explicit solvability of a third order partial
differential equation. Iranian journal of science and technology transaction a science, 34(2), 103—
112. https://doi.org/10.22099/1JSTS.2010.2169

Bulletin of the Karaganda University



On the existence and coercive...

10

11

12

13

14

15

Saut, J.C., & Temam, R. (1976). Remarks on the Korteweg-de Vries equation. Israel Journal of
Mathematics, 24 (1), 78-87. https://doi.org/10.1007/BF02761431

Belakroum, K., Ashyralyev, A., & Guezane-Lakoud A. (2018). A note on nonlocal boundary value
problem for a third-order partial differential equation. Filomat, 32 (3), 801-808. https://doi.org/
10.2298 /FIL1803801B

Gao, P. (2017). Stochastic Korteweg-de Vries equation in a bounded domain. App Math and
Computation, 310, 97-111. https://doi.org/10.1016/j.amc.2017.04.031

Xiang, S.(2019). Zero controllability of the linearized Korteweg-De Vries equation using the
reverse control approach. Siam Journal on control and optimization, 57(2), 1493-1515.
https://doi.org/10.1137/17M1115253

Aliyev, Z.S., Mehraliyev, Y.T., & Yusifova, E.H. (2021). On some nonlocal inverse boundary
problem for partial differential equations of third order. Turkish Journal of mathematics, 45(4),
1871-1886. https://doi.org,/10.3906/mat-2101-37

Lukina, G.A. (2011). Kraevye zadachi s integralnymi granichnymi usloviiami dlia linearizovannogo
uravneniia Kortevega-de Friza [Boundary value problems with integral boundary conditions for
the linearized Korteweg-de Vries equation|. Vestnik Yuzhno-Uralskogo gosudarstvennogo universiteta.
Seriia Matematicheskoe modelirovanie i programmirovanie — Bulletin of SUSU. Ser. Math. modeling
and programming, 234 17, 52—61 [in Russian|.

Dzhuraev, T.D., & Zikirov, O.S. (2008). On the Goursat and Dirichlet problems for equation
of the third-order. Nonlinear Oscillations, 11(3), 320-330. https://doi.org/10.1007/s11072-009-
0033-0

Muratbekov, M.B., Muratbekov, M.M., & Ospanov, K.N (2010). Coercive solvability of odd-order
differential equation and its applications. Doklady Mathematics, 82(3), 1-3. https://doi.org/
10.1134/51064562410060189

Muratbekov, M.B. (1991). Separability and estimates of the cross-sections of sets associated with
the domain of definition of a nonlinear operator of the Schrodinger type. Differential equation,
27(6), 1034-1042.

Muratbekov, M.B., & Muratbekov, M.M. (2018). One-dimensional Schrodinger operator with a
negative parameter and its applications to the study of the approximation numbers of a singular
hyperbolic operator. Filomat, 32(3), 785-790. https://doi.org/10.2298 /FIL1803785M
Muratbekov, M.B., & Suleimbekova, A.O. (2022). Existence, compactness, estimates of eigenvalues
and s-numbers of a resolvent for a linear singular operator of the korteweg-de vries type. Filomat,
36(11), 3691-3702. https://doi.org/10.2298 /FIL2211691M

Suleimbekova, A.O. (2022). Separability of the third-order differential operator given on the whole
plane. Bulletin of the Karaganda University. Mathematics series, 1(105), 109-117. https: //doi.org/
10.31489/2022M1/109-117

Author Information™

Ainash Ospanovna Suleimbekova (corresponding author) — Doctor of philosophy (PhD), Depart-
ment of Mathematics, M.Kh. Dulaty Taraz Regional University, 7 Suleymenov street, Taraz, 080000,
Kazakhstan; e-mail: suleimbekovaa@mail.ru; https://orcid.org/0000-0003-1865-4822

Bilibai Musilimovich Musilimov — Candidate of physical and mathematical sciences, Associate
professor, Department of Mathematics, M.Kh. Dulaty Taraz Regional University, 7 Suleymenov street,
Taraz, 080000, Kazakhstan; e-mail: bilanmus4d@mail.ru

*The author’s name is presented in the order: First, Middle and Last Names.

Mathematics Series. No.2(114),/2024 185



