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In the paper spaces of periodic functions of several variables were considered, namely the Lorentz space
Ly - (T™), the class of functions with bounded mixed fractional derivative W; - 1 <7 < 00, and the order
of the best M-term approximation of a function f € L, -(T™) by trigonometric polynomials was studied.
The article consists of an introduction, a main part, and a conclusion. In the introduction, basic concepts,
definitions and necessary statements for the proof of the main results were considered. One can be found
information about previous results on the mentioned topic. In the main part, exact-order estimates are
established for the best M-term approximations of functions of the Sobolev class WgF -, in the norm of the
space Lp -, (T™) for various relations between the parameters p, 11, 2.
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Introduction

Let N, Z, R be the sets of natural, integer, and real numbers, respectively, and Zy = NU {0}, R™
is m-dimensional Euclidean space of points z = (x1, ..., z,,) with real coordinates; T™ = [0, 27)™ and
["™ =1[0,1)™ are m-dimensional cubes.

We denote by L, -(T™) the Lorentz space of all real-valued Lebesgue measurable functions f that
have 2m-period in each variable and for which the quantity

=

1
I £] /(f*(t))Tt;Idt ,l<p<oo, 1<T<00
0

hSE

p,T T

is finite, where f*(t) is a non-increasing rearrangement of the function |f(277)|, T € I (see [1]).
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On estimates of M-term approximations ...

In case when 7 = p, the Lorentz space L, -(T™) coincides with the Lebesgue space L,(T™) with
the norm (see, for example, [2])

2w 2m P
fllp = [/ / |f(x1, .oy ) [Pday . dey, |, 1 <p < oo.
0 0

Let us begin by introducing some notation: a7( f) are Fourier coefficients of the function f € Ly (T™)

o m
by the system {e!™®) };czm and (7,7) = > yja;;
i=1

5s(f,m) = Y am(f) ™™,

nep(s)

where

p(3) = {k=(ki,....km) €Z™: 2571 < |kj| <2%,5=1,...,m},

and [a] is an integer part of a, 5 = (s1,...,5m),5; =0,1,2,...
For a given vector T = (r1,...,7n) > 0= (0,...,0) we set 7 = .- and

ngv) = U <§’7> <n p(g) )

57(7)( fT) = ZEGQW) az(f )ei®2) is a partial sum of the Fourier series of the function f (see [2]).
Let us consider an one-dimensional Bernoulli kernel (see, for example, [2])

F.(z)=1+ 221@4 cos(kx —rm/2), r > 0.

k=1
Next, for the vector 7 = (rq,...,7), 7 >0, j = 1,...,m, we set
m
Fr(@) = [[ F, (2)).
j=1

Let us consider a Sobolev functional class

W;T:{f: [ =pxFr, H(P

pr <1},
where 1 <p < o0, 1 <7 < 00,

)= 7 —u)Fy)(u)du
(¢ * F)@) = Gy | o =P @)

In case when 7 = p, the class W} has been considered in [3] and [4], so in this case, instead of
W}, we write W

The value
M —

fo Z bj€i<k(j>,j>

eM(f)p,T = inf

k(@) b, DT

is called the best M-term trigonometric approximation of the function f € L, -(T™), n € N.
If FF C Ly-(T™) is some functional class, then we set ens(F)p - = supsep enr(f)pr- In case when
T = p, instead of ey (F')p,» we wrire ey (F')p.
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The best M-term approximation of a function f € L3[0,1] by polynomials in an orthonormal
system has been first determined by S.B. Stechkin [5] and he has established a criterion for the
absolute convergence of the Fourier series in this system. The advantage of the M-term approximation
with respect to the one-dimensional trigonometric system over the linear approximation by M-order
trigonometric polynomials has been shown by R.S. Ismagilov [6].

Exact order estimates of the best M-term approximation of the Bernoulli kernel have been established
by V.E. Maiorov [7] and Yu. Makovoz [8], E.S. Belinsky [9,10]. In the one-dimensional case, the value
e M(WqF )p has been estimated by S. Belinsky [9]. At present, many important results on estimates of M-
term approximations of functions from various Sobolev, Nikol’skii—Besov and Lizorkin—Triebel classes

11

are known [11,12]. In the multidimensional case, for 1 < ¢ < p < 2 and r; > %(a — ), order-exact

estimates of the best M-term approximation of functions of W; in the norm of L,(T™) have been
obtained by V.N. Temlyakov [3,4], and for 1 < ¢ < p <2 and r; < %(% - %), E.S. Belinsky [10] has
proved the following theorem:

Theorem. Let 1 <g<2<p<ooandry=...=7, <ryp1 <...ry. Then

1_1

ent (WD), = M55 (g Ay D0-D01 7 (=5

in case L — 1% <r < %, where ¢ = q%’l.

Note that a generalization of this theorem on the Lorentz space L, ,(T™) has been proved
in [13-15].

Throughout the paper, A, =< B, means that there are positive numbers C,Cs independent of
n € N such that C1 A, < B, < (C2A,, for n € N and log M, where log M is the logarithm with base 2
of the number M > 1.

By the constructive method, V.N. Temlyakov [16,17] has established estimates for M—term approxi-
mations of functions of the class I/VqF in the space L,(T™) for 1 < ¢ <2 < p < oo and (%—%)p/ <r < %,

p/ = p%l and has raised the question of finding constructive evaluation method for % — % <r <
1

(7 %)p'. Further application of the constructive method is given in [18,19].

In the first section, some auxiliary assertions are formulated that are necessary for proving main
results. The main results of the article are formulated as a theorem and proved in the second section.
In conclusion, we compare the proved Theorem 1 with previously known results.

1 Augiliary statements

Theorem A. [20] Let 1 < ¢ < A <o0,1< 7, § <oo.If afunction f € Ly -(T™), then

m /7_
£l = ¢( 3 T[22 5(l5,)

sezm =1

Theorem B. [20] Let 1 < p < ¢ < 00, 1 < 11,72 < oo. If a function f € Ly, (T™) satisfies the
condition

Z H 2Sj7—2(1/p_1/q)||5§(f)||;?7_1 < 09,

sezm j=1
then f € Ly ., (T™) and the inequality
1/7’2

1flam <€ 2 TT27 02 lox()I

sezm j=1
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holds.
For a function f € Li(T™) we set

fr@ =Y. bs(f.2),1 €Ly,

1<(3,74)<l+1

Where’7:(717'-'17m)771:---:71/<71/+1 §§7m7 ’7]:%7 Tj >07j:17"'am~
Let us consider the following class defined in [5, 6]

Wit = {f € LuT™): |lfiglla < 270700,

where

Hflf”A— oD lan(f)

<(5,7)<l+17ep(s)

The following lemma is a consequence of Lemma 6.1 in [16] (see also Lemma 2.1 in [17]), which we
often use in proofs of main results.

Lemma 1. [15] Let 2 < p < oo and 1 < 7 < 0o, a > 0. Then for f € WZ’b’F there are constructive
approximation methods of the greedy algorithm type of G/(f) with the property:

I1f = Gar(H)llpr < C(m) M2 (log M)—Datd),

2  Main results

Theorem 1. Let 0 < ry = ... =1y, < ryp1 < ..., 2 < p < 00, 1 < max{r,2} < 1 < o0,
T2
To—1"

)If*—5<rl<(%—

/
7-2 —

M\H

(W s < CM™ 5572 (l0g, M2

Proof. Let us introduce some notation

Qn’y—U( ><n:0() SQn,"y(f7j): Z 6§(f’j)

(87)<n

A

For a natural number M, there exists a number n € N such that M = 2"n*~L.
Let v > 2. We set

1 1
ny = Qn—p(f - —2)(1/ —1)logn,

Also, let us introduce
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and

/ ! /

my = [2"%5?2”%%(”—1)% 4,

m !
where (5,1) = >~ sj,p = 1% and [y] is an integer part of a number y.

By G(l) is denoted the set of indices 5, [ < (5,%) < [+1, with the largest ||d5(¢)||2, and m; = |G(1)]
is the number of elements of G(I).
Let us consider the functions

Z fl(f%

n<l<ni

Z Z 5§(fvf)a

n1<l<ns 5¢G()

Z Z 5§(f7 f)

n1<I<ng 5€G(l)

Let us estimate ||F1||a. Applying Holder’s inequality for the sum and Parseval’s equality, we have

ni—1 n1 1
_m 5.1 1
IRlla=>" > DlagDi<27 %y D 2802 =
l=n 1<(5,7)<l+1 kep(3) I=n I<(5,7)<l+1
ni—1

-

m STy (l_1 1
=277 Y S 28G5 )lp2™ e (1)

I=n I<(5,7)<i+1

It is known that the Fourier coefficients of the convolution f = ¢ x F5 are equal to az(y)az(F7),
k € Z™. Therefore, using Parseval’s equality, it is easy to verify that

165(f)ll2 << 2757I65() 12, 5 € 2 (2)
Hense, from (1) and (2) we get
ny—1 . ny—1 . -
IFlla<272 > > 28025(flla<C D > 20022750 55(0)l. (3)
I=n [<(37)<l+1 I=n 1<(5,7)<l+1

If 2 < 71 < o0, then according to the inequality of different metrics for trigonometric polynomials
in the Lorentz space [20] we have

m 1_ 1
65(Pll2 < C (D (55 + 1)) " 7 105(llom-
j=1

From Lemma 1.6 [21] for p =2 and 2 < 71 < 0o we get

1
(q**)ﬁ 71 =

Do D s+ 15s(2) 112" C{ D 18Iz,

gEZ+ j:1 S€Z+

(4)
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By virtue of inequality (4) and Hélder’s inequality, we obtain

a1 S %)TI
S 2D a(f)s < 3 (Z (s;+1 ) 16s()ll2" |

1<, 1<(59)<l+1 j=1

&)
S/I
A
+
—

1
7

/
™

% Z 2~ 57 (r1— (Z 5 +1 ) % %)7—1 < (5)

3
=N

1

m 11y,
92— ,7)(7‘1— )7'1 (Z s+ 1 ) 2 71) 1
7=1

(v-1)%
<= T o,

IA

<l+1

where 7, = 1 <m < oo
(3) and (5) imply that

i O Y S L DS 1
IRlla<C 93] 2 moTin < ogmn=a)y i (6)
l=n

for a function f € W;Tl when r; < % and 2 < 7 < o0.
By Lemma 1 for the function Fj using a constructive method, one can find an M-term trigonometric
polynomial G/ (F}) such that

(v-1)% 1_1

1F) — Gar(F)[lpry < CM™227M01=3)n - T2 70, (7)

Therefore, according to inequality (6) and (7) and taking into account the definition of the number
n1 and the relation M = 2"n*~!, we obtain

1
7

! (8)

=

. “3n+i-D)
|Fy — G (F1)|lpr, < CM r~2'(log M)

in case when g =2 <p<o0,2<m < 00, 1<7'2<oo,7’1<%.
Let us estimate || F3|| 4. Applying Holder’s inequality for the sum and Parseval’s equality, we obtain

no—1 no—1

_m 5.1 1
IBslla=> > Do lapNi<2n® o Y0 28Nk <
l=n1 I<(8,7)<I+1,3€G(1) kep(3) I=n1 I1<(55)<l+1,5€G(1)
n2—1 11 " (-
oY Raent Y (S 0) T sl (9)
=1 I<(57)<l+1,5eG(l) j=1

Now, to the inner sum on the right side of inequality (9), applying Holder’s inequality for % + Tl, =1,
1

1 <71 < 00, we have

27l 11 i (-7 = o
IElase Y et i (Y (M) ) o).
I=nq I<(33)<l+1,5€G(l) j=1

Mathematics Series. No.2(114),/2024 9
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Then, using (2) we get

n2—1 11
IFsla<C > 25(14+1)2 7 x

l=n,

x( > (isjﬂ)

I<(37)<l+1,5€G(l) j=1

1 1)7. 1

o) I3) T IGW)

o \\H

na—1 11
<cy ol(z=r1) (1 4 1)7 7 x (10)
l=n1
“ (-3 L =
(Y (B n) T ) Mool
1<(3,7)<l+1,5eG() j=1
We set
m 1 1
- T—f—)n 1/71
S=( X (Ce+n) " o)
I<(53)<l+1 j=1
and
mi= |G| = 27 5P E a0 E ] 41
Then (10) implies that
n2—1 1 11 . =
IFslla < C > 272 (@4 1)2 7 §m)t <
l=n1
na—1 11 . ™ . ™ i/
<C Z 9—l(ri— )(l+ 1)2~ qsl{zflgslﬁyzy (v— 1) 2+ 1} 1 (11)
l=n1
T;, na—1 —I(r —l-i-;;/) 11 ~1+L} n2—1 11 .
SC{(anu—l) 27 Z 9 1—3 p7y (l_‘_l)ﬁ*qsl 21 + Z 2—Z(T1—%)(l+1>§775}
l=ny l=n;
+5 / )
Since 5, " =S/ and -1+ 2 =7,(—3 + % - 1%1 + %) then by (4) we have
na-l o 1, T 1+ ne—l /
Yoo T i = Y )i <
l=n1 l=n1
el I 1141 1y 1
<0y TG 1y ) e, <
l=n1
n2—1 11,1 1 11
<oy 2GR e
l=n1

for a function f € W3, and 2 < 71 < oo. Since r; — 7‘5(% - % + p%l - i) < 0, then, taking into
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account the definition of the number ns, from here we obtain

’

na—1 —l(ri—24+72) L T 1,1 1 1_1
Yo TG < or T RG T T <
l=n1
< O TG b )y DB G s ey (12)

for a function f e Wj_,2 <7 < oo.
Next, due to inequality (4), taking into account that a function f € W;l and r1 — % < 0, we have

no—1 L L1 no—1 L
Sl E G <oy el p )T <
l=ny l=n;
iy Lt 1 11 ! 11
<C Z 2= (r1—§)(l +1)27 7 < C2—n2(r1—§)(n2 +1)27 7 < (13)
l=n,

1

< 0277%(Tlfé)nf(”*l)g(h*%)n2_rl .

Now it follows from inequalities (11)—(13) that

!
-
11, 1

2
|Flla < Cf (2 1) 225 e L T L A

forafunctionfGWZTl,2<7’1<oo,1<7’2<oo 7“1—7'5(%—% p%_l—i)<0.

Since 2(r1 — 7o(3 — % pin - %)) 2:2 = B(ry — 1), then it follows that
11
IF3lla < C(2mnr 1) 5n=2)p2 7, (14)

Since 2 < p < oo, then by Lemma 1 for the function F3, by a constructive method, there is an M-term
trigonometric polynomial G (F3) such that

1 1

|1Fs — G (Fy)|[pry < OM ™3 (207175 2)p2 770

Hence, in accordance with (14), we have

1
7

i (15)

1 1
o T 2m)

=

Fs— Guy(F < OM 5573 (log M
|3 — Gar(F3)|lp,r < r—2/(log M)

forafunction]‘"EVVZT1 for 2 <p<oo,2<m < o0, 1<72<ooand7“1<7'é(%—
Let us estimate || F3||p.r. So,

+

S

no—1

51 (L -1)r To—T T 1/m
1Bl <C(> > 2SR s

I=n1 1<(5,3)<I+1,5¢G(1)

Taking into account that

L 1_1 .
65(f)ll2 <m; ™ 2~ lm2Tw G,

Mathematics Series. No.2(114),/2024 11
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for 5 ¢ G(I) and substituting the values of the numbers m; for 75 — 71 > 0, we have

no—1

- _1 1_1 . \T2—T1\ 1/T
1Pl <C(Y X 29VE (g (m, T2 G) T ) <
I=n1 1<(5,3)<I+1,5¢G(])
na—1 - _1 1_ 1 . \Te—T1\ 1/72
< C(Z Z 21(57;)7—227”171||(5§(S0)H72—1 (ml el 271r1l§—;Sl> ) <
l=n1 I<(5,7)<I+1,5¢G(I)
n2—1 o - oy — L Y 1_1N\T2—T
< C(Z ((2—l7251712n72n(y—1)72) T1 2—l7‘15’ll5_§) 2 lx (16)
l=ny
W5—2)T20—lrim 71 Ve =
w2350 > 185 (2)115 =

< (’,’7><l+1 5¢G(1)

Ty T ~ 1/7
= (2"~ 1 £ 31721 (Z 2—!( 1_7 Y(T2— Tl)l( 711)(72—T1)l—(%—%)715;1> /2.

l=n1

Using inequality (4), it is easy to verify that

1 1/
m (;‘*)TI

Si = D DB CERY 15s(2) 112" =<

I<Ey)<I+1 \Jj=1

<c| X &), <Clelen (17)
I<(37)<l+1 ’

for a function f € W;TI, 2< 1 <19 < 00.
Now it follows from inequalities (16) and (17) that

/
T2 T2-T1

|Fallpr < O "% 5520 x

no—1 ’
X(Z 2 _p721) T2~ Tl)l(%_ﬁ)(ﬁ_ﬁ)21(%*%)721(%_%)71247"171)1/T2 _
l=n1
= C(zn v- 1 2 T"2'1‘r‘;1 (Z 2_l7—2 p7'17'2 (7—2_7—1)_(%_%)%(%_%)72)1/7—2.
l=n1
Since
Ty 11 1011 1
T — T —T1) —(—— —) =71 — T 7_,_|_7_7’
' pTlTZ( 2= ™) (2 p) ! 2(2 p PN 27‘2)

then taking into account the definition of the number ng, from here we get

/
7'27'2 T1 1_

11, 1 1 11
[Fallpr, < 21y ~% 5 g 2 a2 <

1

<o Ine T (18)

forfunct10nf6W2Tlvvhen2<p<oo 2<m <1 <00, r1<7'2(% —i—%—%).

’UM—‘
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Now it follows from inequalities (8), (15), and (18) that
1f = (S@us(f) + Gar(F1) + Gu(F3))|lp.rs <
< = Gu(F)llprs + (15 — Gar (F3)llpms + [ F2llp o+
| 3 || oM Et og a4 | ST b))
p,72

< 77 >TL2 <'§7’y>2n2

p,72

. 7 1_1 ! 1
forafunctlonfEI/VQTJ1 when 2 < p<o0,2< 71 <71 <00, §—§<7"1<72(7—7+pjl—%).
Further, taking into account that 2 < 7 < 7 < 0o and 71 + ]% — % > 0, and successively applying

Theorem B, Jensen’s inequality, Theorem A, then Lemma 1.3 [21] and Theorem 1.1 [21], we obtain

| = sl =X 5 ool

5,9)>n2 I=n2 I<(3,7)<l+1

<

p,72

1

T2

i 3 ﬁzsﬂ"%ﬁ”ﬂra()ugn <

I=n2 I<(5,5)<l+1j=1

2\ 73
e 11 1 2
<C Z ollg=3)m Z 10:(f )||2T1 -
I=ng 1<(3,7)<l+1
0o - N - R
<o(X 2 X s )T co( i) <
I=ny I<(57)<l+1 M P

< 02*n2(71+%*%) < CM*%(T'FF%*%)

that leads to

1
71

_P(p i 1 1_
et (Fprs < 1 = (S@us (f) + Gar(F) + Gag (F3))llpre < CM 2572 (log M)

ForafunctlonfGWQnWhen2<p<oo 2<7'1<7'2<oo 1—7<7’1<7'2(7—7+— o)

pT1 2m2/°
Assume that 7'2(7 —= + 171 — %) <7 < . Then, taking into account the definition of the number
ny, we get

for a function f € Wy _ when Té(% — % -y <<l

(11), (13) and (19) imply that
HF3HA < <2nnu—1)—g(r1—%)n%(yil)(TliTé(%7%+%7%))n%7%

for a function f € W when (3 —
Hence, by Lemma 1 we obtain

P (y— _(1_1 1 1
1Fs — G (F3)l[p,m SCM—g(Tﬁ%_%)(logM)fé(u D(n=rb i3+ 272>>(logM)%7% (20)

Mathematics Series. No.2(114),/2024 13
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for a function f € Wy when (3 -1 + p71 - %) < 7‘1 < 3.

Let us estimate || F3||p -, in case When 72(7 - + p—n - %) <r; <

. (16) and (17) imply that

N[

1

1B llp.r, < C2"n47Y) LR (Z o lr(n =5 <w—ﬁ>—<é—;>>l<%—%>f2)” ” <

l=n1

< CM_g(”J“%_%)(logM) AGDIGE Té(%_%Jrﬁ_%))(logM)%*% (21)
in case when 7,(1 — % + pl 35) < 7“1 < 1.
Since 7'2(5 % + 1% %) <1y < 3, (8) implies that
IFy = Gar(F)[lpr < CM 572 (10g M)2 771 <
< oM By %)(logM)%(V b(r- 72(1_%+ﬁ_212)>(10g M)%_% (22)

(20)—(22) (see (18)) imply that

1f = (SQu~(f) +Gr(F1) + Gu(F3))|lpr <
<N Fy = Gu(F1)llpry + 1F3 — G (F3)l|pry + |1 F2llpr +

< OM Bt %)(IOgM)Lé(V H(n- Tz(l_;ﬂ’lﬁ_?i?))(logM);_Tll+H Z 5§(f)‘

<87’7)Zn2 P2
Then, taking into account that Té(% % + 1%1 %) < ry < 5 and following the same steps as in [20]
we have
|5 o], <ourtont Dugunfeeilbasess gtk
2 P,T2
<57’Y>Zn2
Hence,

eM(fpry < I = (5@ () + G (F1) + G (F3))l[pry <

< CM_%(”*;_%)(Iog M)%(”fl)(”*é(%*%*ﬁﬁiz))(10g M)

1
71

=

for a function f € WzF,n when 2 < p < 00,2 <71 <19 < 00, Té(% —
Let 1 < 71 < 2. Then by Lemma 1.5 [21] the inequality

1 1
+ _Tm)<rl<§

1
pT1

S

1/2
(X IsB.) " <e| X s, (23)
1<(5.7)<l+1 1<(5.7)<l+1 o
Since 1 < 73 < 2, then (see [1; 217])
105(f)ll2 < Cl105(f)ll2,7- (24)

It follows from inequalities (1), (23), and (24) that

ni—1
IPEXD SETH IS SR 0] I
I=n 1<(5,7)<l+1 -

14 Bulletin of the Karaganda University
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Now, given that the function f € I/VQF -, and the choice of the number n;, we get

(=12 (1~ 1)
2

|Filla < CM~50172) (log M)

for 1 < 1/2. Further, arguing as in the proof of inequality (8), we obtain

_ L
T

< oM BTy (25)

|~

|F — Gar(Fy)lprs < OMETT572) (log M)

[

in case when ¢ =2 <p<oo,1<m <2, 1<7'2<OO,T1<%.
Let us estimate ||F3|| 4. For this we set

. /
S=(2m Y IsE)”

I<(s,3)<l+1

and

i o= |G(1)] = [ F 520n % 1) 2} ey
In inequality (9) it is proved that

no—1

1E5lla <277 ) S 2Dss(f) <

I=n1 I<(5,7)<l4+1,5€G(1)

na—1

<277 )y oD > 165(f)l2- (26)

l=n1 I<(5,7)<l+1,5€G(1)

Applying Holder’s inequality to the inner sum and substituting the value of the number m; := |G(1)]
from (26), we obtain

no—1

m 1/2
IBslla <278 3520020 3T &) IG0Mx
l=n1 I<(3,7)<l+1,5€G(1)
no—1 / no—1
2 (3 sty Byt 4 3 2 mg) o
l=ny l=n1
Using inequalities (23) and (24) and taking into account the value of the numbers S, we obtain
na—1 ng—1
9~ I(r1— 2+2 ) &2 < 7"1—§+2 < Ir - ‘ )
> PSP Yy 2T v (2 Z 5N, . (28)
l=n, l=n1 I<(5,7)<l+1
Since a function f € Wy and
1 11 1 1 11 1 1
——t+ ==+ = — Tz ——+——--—) <0,
Moyt TG T Ty ey S TR T T Ty,
then from inequality (28) we have
N =32 62— 1 e gl —rh (b= =) gmma(n—rh(h— -5 )
Yool <o N T RET e ) < opT T 2 m)), (29)
l=n, l=n1
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Since the function f € VVQF - and 1 — % < 0, we can prove similarly that

no—1
> 2l(z—m) G < Con2la—ry), (30)

l=n1

Now it follows from inequalities (27), (29), and (30) that

<
hS
N
—
—~
?
C
N—
HM -
[\]
|
3
©
—~
<
=
|
L
—~
Nl
|
3=
+
S
|
S
3=
[\v)
~—
N
_l’_
[\)
3
V)
~—
|
|
5
=
S~—
——
A

forafunction]‘“EW;T1 When2<p<oo,1<7‘1§2and1<7‘2<oo,r1<7‘£( ,+%_i)

Therefore, according to Lemma 1, for the function Fj, by a constructive method, there is an M-term
trigonometric polynomial G (F3) such that

Fy — Gup(F)llpr < CM—3 (20"~ 1)~801=3) < opp~5m+5-2) 31
p, 72

for a function f € Wy for2<p<oo, 1 <1 <2,1<7 <00, T1<7'2(%
Let us estimate || 5], . To do this, note that if 5 ¢ G(), then

_1 ~
165(F)ll2 < 1y 227715 (32)

and

no—1

pmso(X X 2 sgE) T =

I=n1 I<(5,7)<1+1,5¢G(l)

| £

no—1 /72

—o(X X AERR (IR ss()IB)

I=n1 I<(5.7) <I+1,5¢G(1)

Further, if 79 — 2 > 0, then using inequality (32) and repeating the arguments of the proof (18),
we obtain
P
2

|Ballprs < C2M00 1) 573) < oy ~E D) (33)

forE;qunctlonfEVVQT1 when g =2<p<oo,1 <7 <2< 1< 00, r1<7'2(
Now inequalities (25), (31), (33) imply that

M\»—A
“G\H
+
M‘H
|
J]
3 [=
S~—

_P(p il 1 1
err(Ppirs < IIf = (Squs (F) + Gy (F1) + GR 1 (F3))lp.ry < CM 20570 (log M)

forafunctlonfGVVQT1 when 2 <p<oo, 1 <71 <2< m <00, r1<72(%
is complete.

Remark 1. In case when 71 = 2, Theorem 1 complements Theorem 4 in [14].
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Jlopeni keHicriringeri CoboJjieB KJacbIHbIH, V/-MYIIeJaiK
2KYBIKTAyJJapbIH Oarajiay TypaJibl

I. Akumes', A.X. MbIp3arainesa’

YM.B. Jlomonocos amwimdazo, Mackey memaexemmir ynusepcumeminiy, Kazaxcman duavans, Acmana, Kasaxeman;

18

2 Astana IT University, Acmana, Kasaxcman

2Kywmpicra GipHere affHbIMAJIBI TIEPHOATHI (DYHKITUSIAD KEHICTIKTEPi 3ep/e/ieHren, aTamn aiTkanaa Jlopenrr
kenicriri Lo - (T™), mekreyni apanac GesmieKk TYbIHIABICH 6ap DyHKIUAIAD KIAChI W; + 1 <7 < 00 KoHe
f € Lp(T™) GyHKIUACHIHBIY TPUIOHOMETPHUSIILIK, KOIIMYIIETIKTEPMEH €H, KaKChl M-MyIIestik KybIKTay-
JIapBIHBIH peTi 3eprTenreH. Makasa KipicreieH, Heri3ri 6eIiMHEH *KoHe KOPBITHIHIbIIaH Typaasl. Kipicmeme
HETri3r HOTMXKeJIeP i /ApJIesIJiey YIIH YFBIM/IAP, aHBIKTAMAaJap KoHe KaKeTTi TY2KBIPhIMIAD KapacThIPbLI-
ran. COHBIMEH KATap, OCbl TAKBIPHIN OOMBIHINA aJIJLIHFBI 3€PTTEYJIED Kalibl aKnapaTTbl Tabyra 60j1a-
nwt. Heriari 6emimme W3, -, Cobomen kmacel GyHKIMATAPBIHEIH, L;, -, (T™) Kenicririniyg HopMace! Go#bHIIA
P, T1, T2 TIapaMeTpJiepi apachlHIarbl KATBIHACTAD YIIH €H KAaKChl M-MyIesik »KybIKTayTapbIHbIH HAKTHI
perTik Garajiayiapbl aHBIKTAJFAH.

Kiam cesdep: Jlopenn kenicriri, CobojieB KJachl, apajac TYbIHIbI, TPUTOHOMETPHUSIJIBIK KOIMYIIETIKTED,
M-my1restik 2KybIKTaY.
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O6 omnenkax M-4jaeHHBIX NpubAmKeHnii kjaacca CoboJjieBa B
npoctpancTBe JlopeHna

I. Akumes', A.X. MbIp3araiuesa’

! Kasazemanerut duavas Mockoscrkozo zocydapecmeenmozo yrusepcumema umeny M.B. Jlomonocosa,
Acmana, Kazaxcman;
2 Astana IT University, Acmana, Kasaxcman

B pabore m3ydeHBI MpOCTpaHCTBA MEPUOANYECKUX (PYHKIWI HECKOJIBKUX IMEPEMEHHBIX, a8 WMEHHO IIPO-
crpanctBo Jlopenna Lo - (T™), kinace dbyHKIU ¢ OrpaHNIeHHON CMEIAHHOM APOGHON TPOU3BOIHOM W; .
1 < 7 < 00, u HOpsOoK Hammy4dmero M-wiennoro npubsmkennst yakuun f € Ly - (T™) Tpuronomer-
pudeckumu moauHOMaMu. CTaTbsi COCTOUT W3 BBEIEHUsI, OCHOBHOW YaCTH U 3aKJjJO4YeHUsi. Bo BBeaeHUU
PacCMOTPEHBI OCHOBHBIE ITIOHSTHUSI, ONPEIEJICHUsT U HEOOXOAUMBIE YTBEPXKJIECHUsI JJIs JOKA3ATEIbCTBA OC-
HOBHBIX Pe3yJibTaToB. Takke MOXKHO HANTH MHMOPMAIMIO O IPEAbLIYIINX pe3yjbTaraX 10 3Toil Teme. B
OCHOBHOM YaCTU yCTAHOBJIEHBI TOYHBIE IO MOPSJKY OINEHKHU JJIsi HAWIydImuxX M -dIeHHBIX TPUOIHKEHUN
byukuit kaacca CobosreBa I/V2F -, TI0 HOpMe TIPOCTPaHCTBa Ly 7, (T™") 17151 pa3/IMIHBIX COOTHOIMIEHHH MEXK-
Jly TIapaMeTrpaMu p, T1, T2.

Kmouesvie crosa: npocrpancrso Jlopenna, kiacc CoboseBa, CMeIIaHHAs [IPOU3BOAHAS, TPUIOHOMETPHYE-
CKUii ITOJIMHOM, M -4jieHHOe NpUO/INKEeHNe.
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