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The work is devoted to the formulation and study of the solvability for a problem with missing conditions
on the characteristic boundary of the domain and an analogue of the Frankl condition on the segment
of the degeneracy for a hyperbolic equation. The difference between this problem and known local and
nonlocal problems is that, firstly, a hyperbolic equation is taken with arbitrary positive power degeneracy
and singular coefficients on the part of the boundary, and secondly, the characteristic boundary of the
domain is arbitrarily divided into two pieces and the value of the desired function is set on the first piece,
and the second piece is freed from the boundary condition and this missing Goursat condition is replaced
by an analogue of the Frankl condition on the degeneracy segment, and the value of an unknown function
on another characteristic boundary of the domain is also considered to be known. The conditions for the
coefficients of the equation and the data of the formulated problem, ensuring the validity of the uniqueness
theorem are found. The theorem of the existence of a solution to the problem is proved by reducing to
the problem of solving a non-standard singular integral equation with a non-Fredholm integral operator
in the non-characteristic part of the equation, the kernel of which has an isolated first-order singularity.
Applying the Carleman regularization method to the received equation, the Wiener-Hopf integral equation
is obtained. It is proved that the index of the Wiener-Hopf equation is zero, therefore it is uniquely reduced
to the Fredholm integral equation of the second kind, the solvability of which follows from the uniqueness
of the problem’s solution.
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Introduction

Many scientific and practical studies conducted in various fields of mathematics in most cases lead
to the study of models of gas dynamics problems, the theory of infinitesimal bends of rotation surfaces,
the instantaneous theory of shells and mathematical biology. The study of the fundamental laws of
gas dynamics by solving boundary value problems for partial differential equations with singularities
in coefficients is an urgent problem.

The development of the theory of degenerate hyperbolic and elliptic equations and mixed type
equations originates from the well-known fundamental works of G. Darboux (1894), F. Tricomi (1923),
E. Holmgren (1927) and S. Gellerstedt (1938).

After these works, the theory of boundary value problems for degenerate hyperbolic and mixed-type
equations began to develop rapidly. E. Holmgren, S. Gellerstedt, F.I. Frankl, M. Keldysh, S.G. Mikhlin,
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A.V. Bitsadze, K.I. Babenko, M.S. Salakhiddinov, A.M. Nakhushev, E.I. Moiseev, and many other
scientists made significant contributions to the development of this theory. Degenerate hyperbolic
equations with singular coefficients have the peculiarity that the well-posedness of the Cauchy problem
does not always take place. The initial problem in the usual formulation may turn out to be unsolvable
if the equation degenerates along a line that is both a characteristic or, the coefficients of the hyperbolic
equation for the lower terms are singular [1]. Therefore, it is natural to consider a modified Cauchy
problem when the initial conditions on the line of parabolic degeneracy are given with weight functions
2,3].

It is relevant to study the well-posedness of non-standard problems for degenerate hyperbolic
equations with singular coefficients. Especially if, in the formulated problems, local and non-local
conditions are given in a non-standard form, in particular, the Goursat condition is set on some part
of the characteristic; the Bitsadze-Samarsky condition is set on the boundary and parallel internal
characteristic, a Frankl type condition is set on the line of degeneracy of the equation, then problems
with such non-classical conditions are reduced to previously unexplored new non-standard singular
equations, the singular and non-singular parts of the kernel of which are not reduced to each other by
means of a fractional linear transformation.

Nowadays, there are many articles and books devoted to the theoretical and applied aspects of
degenerate hyperbolic and mixed-type equations [1-14]. It should be noted that the bibliography does
not pretend to be complete and mainly concerns issues close to this work.

The work is devoted to the study of the uniqueness and existence of a non-standard problem for a
degenerate hyperbolic equation with singular coefficients in a domain bounded by two characteristics
of a different family and a segment of the line of degeneration of the equation (characteristic triangle).
The peculiarity of this problem is that part of the characteristic boundary of the domain is freed from
the Goursat conditions, and Frankl-type conditions are set on the line of the equation’s degeneracy.

The purpose of this work is to find conditions for the equation coefficients and the data of the
problem, which ensure the validity of the theorems on the existence and uniqueness of the non-standard
problem posed.

The work consists of an introduction, three sections and a conclusion.

The first section provides a description of the domain and a restriction on the equation coefficients
for a degenerate hyperbolic equation. The statement of the main and auxiliary problems is given.

In the second section, the conditions for the equation coefficients and the data of the problem are
found, ensuring the validity of the uniqueness theorem of the problem solution.

In the third section, the existence of a solution to the problem is proved by reducing a non-standard
singular integral equation to a solution. Using the Carleman regularization method and the theory of
the Wiener-Hopf integral equation, this equation is uniquely reduced to the Fredholm integral equation
of the second kind, the solvability of which follows from the uniqueness theorem of the problem solution.

1 Problem formulation A

Let Q™ be the characteristic triangle of the half-plane y < 0 bounded by characteristics ACy and
BC of the equation

— (=) ™z + tyy + ao(—y) "D 2, + (Bo/y)uy =0, y <0, (1)

and segment AB, where A(—1,0), B(1,0), C; (O, —((m+ 2)/2)2/(m+2)>, m, g, By are some constants
satisfying conditions m > 0,—m/2 < fp < 1, —(m+2)/2 < ap < (m + 2)/2 [4-7].

Correctness of setting boundary value problems for equation (1) significantly depends on its numerical
parameters ag and g coefficients for the lower terms of the equation, on the parameter plane agO S5y

148 Bulletin of the Karaganda University



The problem with the missing Goursat ...

consider a triangle AjB;C bounded by straight lines
AGCG = Bo 4+ ap = —m/2; ByCy : fo —ag = —m/2; ASBG : fo = 1.

Let P(a, Bo) € AAFB;CG, ie. 0 < a,f <1, a+ <1, where a = (m + 2(8y + o)) /2(m + 2),
B = (m+2(Bo—ap)) /2(m+ 2).

Denote by Ag and By intersection points of the characteristics AC| and BCy respectively with a
characteristic coming from a point F(c,0), where ¢ € Jy = (—1,1) is an interval of the axis y = 0.

Let the linear function p(x) = 6 — kx, where k = (1 —¢)/(1 4+ ¢), d = 2¢/(1 + ¢) display the set of
points of the segment [—1, ] on the set of points of the segment [c, 1] and p(—1) =1, p(c) = c.

In the Goursat problem, the carriers of boundary conditions are boundary characteristics ACt and
BC,.

This work is devoted to the study of the correctness of the problem in the domain €27, for hyperbolic
equation (1) degenerating at the boundary of the domain, when the boundary characteristic ACy of
the domain Q7 is arbitrarily divided into two pieces AAg and AgC7 and on the first piece AAy C ACY
the value of the desired function is set, and the second piece AgCy; C ACY it is freed from the boundary
condition and this missing Goursat condition is replaced by an analogue of the Frankl condition [8-12]
on the degeneration segment AB.

Problem A. In the domain Q~ it is required to find the function u(x,y) € C(27) satisfying the
following conditions:

1) u(z,y) is generalized solution to the equation (1) from the class Ry [13].

2)

w(z,y) |poy=t1(z), 0 <z <1, (2)

3)
w(@,y) |aa,= a(z), =1 <z < (c—-1)/2, (3)

4)
u(z,0) = pu(p(),0) = f(z), -1 <z <¢ (4)

where 1 = const, 1(x) € C[0,1]NC2%(0,1), o(z) € C[-1,(c—1)/2]NC?*(—1,(c—1)/2), f(z) €
C[-1,c]NC?%(—1,¢), and 1 (1) = 0, 9a(—1) =0, f(c) = 0.

Condition (3) is an incomplete condition of the Course, since it is set only on AAy part of
characteristic ACh.

Condition (4) is an analogue of Frankl condition [14] on the degeneracy segment AB.

By virtue of the designation u(z,0) = 7(x) condition (4) we write in the form

7(2) = pr(p(x)) = f(2), = € [-1,d. (4%)

Let Q1 be a symmetrical domain to the Q= with respect to the axis y = 0, lying in a half-plane

y > 0andlet Q = Q- UQT UAB. The domain QF is bounded with characteristics ACy and BCy of
the equation

— Y " Uy + Uyy + aoy(m—Q)/qu + (BO/y)uy =0, y >0, (5)

where Cy (0, (m + 2) /2)%/(m+2)).

Note that if u(x,y) is a solution to equation (1) in a half-plane y < 0, then u(x, —y) is a solution
to equation (5) in a half-plane y > 0. Due to this property of solutions to equations (1) and (5) in a
symmetrical domain 2 we consider an auxiliary problem A*.

Problem formulation A*. It is required to find in the domain €2 the function u(z, y) € C(Q) satisfying
conditions:

1) u(x,y) is a generalized solution from the class R; in domains 2~ and Q7F;
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2) u(x,y) satisfies the condition

u(z,y) |Be,= Y1(x), 0 < <1, (6)

and conditions (3) and (4) of Problem A.
3) on the degeneracy segment y = 0, —1 < z < 1, a conjugation condition takes place

lim (—y)% Ou _ _ lim % Ou

iy aiy Py Fy = l/(m), x € JO, (7)

moreover, these limits at £ — +1 may have features of the order less than 1 — o — 3, where a + 8 =
(m+280)/(m +2) € (0,1).

Let u(x,y) is a solution to the problem A*, we show that u(x,y) |pc,= ¥ (x). It is obvious from the
form equations (1) and (5) that if u(x,y) is a solution to equation (1) in the half-plane y < 0 (y > 0)
then u(x, —y) is a solution to equation (5) in the half-plane y > 0 (y < 0). Hence from the design of
solutions (see below (9)) of equations (1) and (5) it can be seen that for symmetric with respect to
the axis y = 0 points (x,y) € O~ and (z,—y) € QT the equality u(z,y) = u(x, —y) takes place and by
virtue of continuity of solutions, this equality is also preserved for points of characteristics BC7 and
B(C5 then by virtue of (2) u(z,y) |pc,= u(z, —y) |Bc,= ¥(x), where y < 0, that is what needed to be
shown.

Hence the solution to the problem A* in domain 2~ will also be a solution to the A problem in
the same domain 7. Thus, the study of the problem A is reduced to solving the problem A*.

2 Uniqueness of the problem solution A*

The solution to equation (1) in domains Q~, Q7 satisfying modified Cauchy conditions:

y—0

- ou
3 . — . 1 507 =
lim u(z;y) = 7(x), z € J; lim |y 9y Fv(z), = € Jo, (8)

has the form [14]

1
x/ v [w—i—it_Q\y]W] (1+t)"%1 —t)~Pdt,
where T(a + 8) P2 —a-p)
_a+P)j1—a-p _ —a- at+p-1
NETQrE)” O T U Brd-ard-p>

By virtue of (9) from boundary condition (6) (taking place in domain Q) we have

X /1 Mds =U(x), ze(-1,1),

(s —x)~
v(w) = —yDi 1" P7(x) + Ti(z), = € (~1,1), (10)
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where D! | is a fractional differentiation operator.

_2P(1—B)l(a+f) <m + 2>"+5
IFa)'(1—a-p) 4 ’

m 1—a—p x
() = - AR pln (1),

Relation (10) is the first functional relationship between unknown functions 7(x) and v(x) brought
to the interval (—1,1) from the domain Q. Note, that relation (10) is valid for the entire interval
(—1,1).

Now by virtue of (9) from boundary condition (3)(taking place in the domain 7) we obtain

v() = YD () + Vo), @ € (~1,c), (11)

—l,x

where

C(2/(mA2)teF S z—1
L) =" ra-p Y Dil%( 2 )

Relation (11) is the second functional relationship between unknown functions 7(x) and v(z)
brought to the interval (—1,¢) from the domain Q.

Theorem 1. The problem A* when the condition
kotP < (12)
is met, can have no more than one solution.

Proof. 1°. Using (10) (¢ ¥q(x) = 0), we prove that

We calculate )

J=—~ /11 7(z) (Dals’_lo‘_ 7'(1‘)) dr = F(Oér:‘ﬁ)/lT(x) X

: d (Y r(t)dt J : (14)
bet Lor(s)ds
7(z) :/ (5= z)ot?’ x € (—1,1), (15)

where 7 (z) € C(J) N C?(J), 7 (1) = 7,(1) = 0.
By virtue of (15) equality (14) has the form

T et B / (4 / ==y | e ) (16)

It is not difficult to prove that

d [1 dt /1 71(s)ds
e (

dz ), t—z)o b [, (s—t)otB

—T(a+ /I —a—pg)m(z). (17)
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Therefore, taking into account (17) we write equality (16) in the form

1
J= AT —a-3) / (@) (2)dz. (18)
-1
Now by virtue (15) we transform (18) to the form
1 1
T1(8)ds
Here, changing the order of integration, we have
1 s
B 71(z)dx
J——’)/F(l—a—ﬁ)/;lTl(S)dS/_l m (20)
In (19) swapping integration variables s and x, we have
1 1
71(x)dx

Now summing up (20) and (21), we obtain

1—a—
J = — dd 22
// |S_xw (22)

Let us now use the following well-known formula for the function I'(z)

o r
/ t*Leos(kt)dt = (2) cos <ﬁ) , k>0, 0<z<1. (23)
. e 2

Let in (23) k = |s — z|, z = a + [ then from (23) we have

I 1
|s —z|ot8  T(a+ B)cos ((a + B)m/2)

| e eos (s = i e (24)

By virtue (24) we write equality (22) in the form

_ (1 —a— at+B-1
J__ZF(oH-ﬁ)cos a+57r/2/ & dé//T1

-T1(x)cos ((s — x rds = — T -a-p) atp-1.
(a)eos (s = a)¢) dods = — et D [T (25)

. { [/11 71 (t) cos(té)dt] : + [/11 1 (t) sin(tg)dt] 2} de.

Thus, by virtue (25) we obtain inequality (13).
20, Now using (11) ( Wa(z) = 0) and condition (4*) we show that integral (13) is not negative, i.e.

1
J :/ T(z)v(z)dz > 0. (26)

—1
Indeed . . .
J= / (@) (2)dz = / (@) (@)dz + / (@)(2)da, (27)
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here we transform the second integral of the right-hand part (27) i.e.

1
Jl—/ T(z)v(z)dz. (28)

In (28) by replacing the variable integration z = p(t) = § — kt, we get

5=k / Cl r (p(t)) v (p(1)) dt. (20)

Now we will find v (p(x)), for this purpose, we use relation (10) which is the case for the entire
interval Jy = (—1,1) in particular for z € (—1,1):

_ caB_ oy d [t T(t)dt
v(z) = _VDi,l T(z) = de/x (o z € (c,1).

Here, firstly, performing the integration operation in parts, then, performing the differentiation
operation, we have

1 7!
/) = T / (t_gidtaﬁ, v (e1). (30)

In (30) by replacing the variable x € (¢, 1) to p(z) (where p(z) € (¢, 1), and an argument z € (—1,¢))
we obtain

B ~ 1 7'(t)dt re(—le
) = 55y [y T = €L oy

Now, in (31) by replacing the variable integration ¢t = p(s), taking into account the condition (4*)
(f(@) = 0): 7(z) = 7 (p(2)) , 7*(x) = —pur’ (p(z)) , we calculate

L L R o (71 B ykotB-1 e dr(t) B
Vel =~ T By / @B~  pl(atB) o / TR

I L T(t) e e r(tydt ]
g e L e R M == |

__vww*lmd/*g 7(t)dt
 ul(a+B)e=0|dx )4 (z—t)lmaB|"

In (32) moving to the limit at ¢ — 0, we will have

’yk‘oH—B—l

v(p(z)) = —TDl_lojc A 7(z), z € (—1,¢),

due to this equality, relation (29) is written as
ka—i—ﬁ

1
Now, taking into account (4*) (¢ f(x) =0): 7 (p(z)) = 7(x)/p and relations (33) equality (27) has

the form . i .
J:/_1¢<><>dx—( Cr) [ (P @) o

B ’}/F(l —a— —(a+p3) LotB ath-1,,
20 (a + B)cos ( a—l—ﬁ 77/2 (1 )/ &t (34)

x{[/_ll (t—b)costgdt} [/1172 t—bsm(tg)dtr}dg,
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where

[T m(s)ds

T(z) = /_1 (@ — s)a+B’ z € (—1,¢),

m(z) € C[-1,¢] N C?(—1,¢), To(—1) = 75(—1) = 0, taking into account (12) from (34) it follows (26).
Therefore by virtue of inequalities (13) and (26) we have

Thus, the right-hand side of (25) is equal to zero, but both terms of the integral expression in (25) are
non-negative, therefore they are also equal to zero:

1 1
/ 71(t)cos(t&)dt = 0, / 71(t)sin(t&)dt = 0, (35)

-1 -1

for all £ € [0, +00] and in particular for £ = km, k = 0,1, 2, ..., for such values £ trigonometric systems of
functions cos(t€) and sin(t€) form a complete orthogonal system of functions in Ly[—1, 1]. Therefore, in
(35) 71(t) = 0 almost everywhere on [—1, 1], but by virtue of continuity of the function 7y (x) on [—1, 1]
it follows, that 71 (z) = 0 everywhere Va € [—1, 1], hence by virtue of (15) we conclude that 7(x) =0,
Vx € [—1,1]. Hence by virtue of (10) (¢ ¥1(z) =0) and also it follows, that v(z) = 0,Vx € (—1,1).
Now by virtue of (7), restoring the solution of the problem A* as solutions of modified Cauchy problem
with zero modified initial Cauchy data (8) (¢ 7(z) = 0,v(xz) = 0) according to the Darboux formula
(9) we obtain u(x,y) =0 B Q. Theorem 1 is proved.

8 The existence of a solution to the problem A*
Theorem 2. Let for the numerical parameters of problem A* inequality (12) be valid

k(1=20)/2 gin(6r) |In k|
o

<1, (36)

where 20 = 1 — a — (3, then the problem A* is unambiguously solvable.

Note that the set of numerical parameters of the problem A*, satisfying inequalities (12) and (36)
is non-empty. Indeed, if we suppose ¢ > 0, i.e. K > 1 and p > 1 then inequality (12) holds.
By virtue of (12) (k**# < u?) taking into account 260 = 1 — a — 8 from (36), we have

KO-20/25in(0m) [In k| _ KO=20/2 cos(((a+ B)m)/2) k| _
W ©

< peos(((a + B)m)/2) [In k|
I

1-c
1 < 1,
nl c‘

< |lnk| =

from here it is obvious that if ¢ € (0, (e — 1)/(1 4 €), then inequality (36) holds.

Thus,the set of numerical parameters of the problem A* is nonempty, since inequalities (12) and
(36) holds for the values of numerical parameters ¢ € (0,(e —1)/(1+e€) and p > 1.

Proof of Theorem 2.
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3.1 Derivation of the singular integral equation

From functional relations (10) and (11) excluding v(z), we obtain

DL r(2) + D" r () = i(‘l’l(x)—%(x)), z e (1,0 (37)

1,z

Applying the fractional integration operator Dgi@fl to equality (37) taking into account 7(—1) = 0
and identities
1—a— ~1
DL D (@) = 7(a),

DY BDO‘+6 L (@) = cos (1 — a — B)7) 7(z) — . — T

—1,x

T
y /1 1+ a2\ 77 r(t)dt
—1 1+1¢ t—x ’
equation (37) is written in the form
Va7 () dt
T(ﬂ?)—)\/1<1+t> t_x—F(:c),xE(—l,c), (38)
where ) .
= Sllat B g (W) () — Us(a))

(1 —cos(a+ B)m)’ v (1 = cos(a+ B))
Note that in (38) =z € (—1,c¢), therefore equation (38) has a singular feature only when the

integration variable is ¢t € (—1,¢). In order to highlight the singular part of equation (38) integration
interval (—1, 1) divide it into two intervals (—1,¢) and (¢, 1) and write (38) in the form

Ry (1 . x) T A/cl <Ht>1_w TR _ pa), ve (1. (39)

14+t t—x 14z t—x

In the second integral of the left-hand side of (39), by replacing the integration variable ¢t = p(s),
dt = —kds, p(—1) =1, p(c) = ¢, we obtain

¢ (1+a\' P r(t)at ©(14ps)) 7
T(ﬂ?)_>‘/ <1+t> tx_Ak/1< L+ > ” (40)
(( () s))ds = F(z), z € (—1,¢).
By virtue of condition (4*) equation (40) is written in the form
4\ r)dt  Me ¢ T4z \'70F
T(w)—A/ <1+t) t—x_u/1<1+p(s)> (41)
p(i)) + Fi(z), z € (—1,0),
g M (e ) s
Fy(z) = F(x) 1 /1<1+p(5)> p(s) —x

The singular integral equation (41) is typical that the kernel of the right-hand side of the equation
has an isolated first-order singularity for s = ¢,z = ¢, hence the integral operator of the right-hand
side of (41) is not a Fredholm operator.
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Temporarily considering the right-hand side of the equation (41) as a known function, we write it

" ¢ M4+z\"7P rt)dt
-3 [ (FE) Y ), e Lo, (12)
where
Ak [ 142 1=a=B 7(s)ds
w0 =3 [ () et R .

Theorem 3. If go(x) satisfies the Helder condition for z € (—1,¢) and go(z) € Ly(—1,¢),p > 1, then
the solution to equation (42) in the class of Helder functions H, in which the function (14 z)*+#=1r(z)
can be unlimited at the left end of the interval (—1,¢) and bounded at the right end of the interval
(=1, ¢) expressed by the formula

_ 9o(@) A ¢ ((c—2)(1+2)\’ go(t)at
T(x)_1+)\27r2+1+)\27r?/_1<(c—t)(1+t)> t—x (44)

The proof of Theorem 3 is identical to the proof of a similar theorem in work [13].

8.2  Deriation and investigation of the Wiener-Hopf integral equation

Substituting the expression for go(z) from (43) into (44), we have

o [ () R o ()

45
X/C< 1+t )29 7(s)ds + Fy(a) )
\LFp(s)) (p(s) =) T
where
N
T a1+ A2r2)
Fi(z) A ¢ e—z)1+2)\’ Fi(t)dt
Fy(z) = .
T+Xp2 14272 ), \(e—=t) (1 +1) t—ux
In the double integral of equation (45) changing the order of integration, we have
C 1 20
7(z) = Al/ < - ) QLIPS
1 \1+p(s)) ps)—= (46)
¢ (c—2)?(1+z)07(s)ds / <1+t>‘9 dt
X + Fy(z), z € (—1,0).
L e L 65) amem e + e e 10

Calculate the internal integral in (46)

A= [ (ijy Qe e} o

to do this, we decompose the rational multiplier of the integrand into simple fractions

1 1 1 1
C—2) () —1) <t—x 0 —t) () -
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then (47) has the form

oot [ () e [ ]

1
= p(s) s [Al(x) =+ A2( )] .
We calculate Aj(z) by the formula
/b (x —a)* b — :U)B_ldx _ mwetg(pm) B
o T -y (y—a)=(b—y)'=F

—@—aWH%%%mB—DF<L2—a—&2—ﬁ€ii).

Herea=-1,b=ca—1=0,a=1+6;80—-1=-60,3=1-0.
Thus,

c 0 c— —0
Ai(z) = /_1 (1+ t])f E - ) dt = (1+2)%(c — x)Prctg(1 — 0)r—

—a+mWBu+a—mF<La1+&c;x>: (49)

1+2\° U
= —mctg(Om) | —— —_— .
metg(0m) <c— a:> + sin(0m)

'M“):/i<ifgem§it

Here we will replace the variable integration t = —14 (1 +c¢)o and using the integral representation
of the hypergeometric function, we have

_ 1+4+c TA+60)I(1-0) 14
A2(8) = 150 r'(2) FQAH0. 1253750 )

Now we calculate

Here, applying the autotransformation formula
F(a,b,c;z) = (1 — ) PF(c—a,¢— b, c;z),

we have

(1+TA+0OT(1—0) (6—ks—c\° 1+ec
A = F(1-0,1,2; ——— .
2(5) 1406 —ks 140 —ks 11— — ks

Next, using the formula

I'(e)l'(c—a—Db)
I'(c—a)l'(c—b)

1
F(a,b,c;z) = ZaF<a,a—c—|—1,a+b—c+1;Z+>+
z

D(OM(a+b— o)
T'(a)T(b)

1
2971 — z)e bR <c—a,1—a,c—a—b—|—1;z+ ),
z

we have

0
An(s) = (14+T(1+6)I(1—-0) (1—1—5—]4:5) "

1+6—ks 6 —ks—c
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0—1
r'(2)r(6) ( 1+¢ > F<1_97_071_9;c 6+k3>+

H1+6)ra) \14+46—ks 1+c
r'2)r-o0) 1+c¢ s —ks—c\? c—0+ks
Tra—erm \T1s s 150 —ks) TATOOIFG )

Here, taking into account the equality

F(a,c,c;x) = (1 —x)™ ¢,

we have 0
™ 1+0—ks v
A = — . 50
2(5) sin(0m) <5 — ks — c) sin(0r) (50)
Now substituting the expressions for A;(z) and As(s) from (49) and (50) into (48) respectively, we
obtain ] 1
A = A A - -
(@05) = o [Ar(o) + a(s)] =
—netg(9m) (2 (Lo ksy o
g c—x sin(0m) \ 6 — ks —c '
By virtue (51) the equation (46) is transformed to the form
c /1 % r(s)d
T(z) = M\ (1 —)mctg(@w))/ < rr > 7(s)ds
1 \1+p(s)/) pls) —= (52)
T /C( 1+ >9< c—x )9 7(s)ds + Fy(a)
sin@m) S \1+p(s)) \p(s)—c) p(s)—a 2
By virtue of the identity 1 — Awctg(fm) = 0, the equation (52) has the form
Mar (€ 14+2 \ /[ c—z \’ 7(s)ds
= F —1,¢). 23
0= [ (o) Goee) sopos * e seco @
Thus, by virtue of the identities
p(s) —c=k(c—3), p(s)—x=k(c—s)+c—u,
equation (53) is written in the form
AT ¢ re—z\’ 7(s)ds
== F: —1 4
7(@) sin(0r) - kY /1 <cs> k(cfs)+c—x+Rl[T(x)}+ 2(w), w € (=1c), (54)
where Ry[7(z)] = s”i‘()(;fke I [(Hl_;x ) — 1} % is a regular operator.

In equation (54) we make substitutions s = c— (14 c)e™, x =c— (1+c)e” ¥, where t € [0, +00),
y € [0,400) and introducing notations

ply) = 7le = (14 ) ]2,
we write equation (54) in the form

1

+o00
o) = = [ Klu= 00t + Rols + Filo). (55)
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where

V2m3AM

F3(y) = Fale — (1 Y](0-3)y
sin(0m)k? (ker/2 + e~/2)’ 3(y) hle— (1 +e)e ¥]el’ "2

K(x) =

Rolp) = Ry [T}e(afé)y is a regular operator. Note that, since 20 = 1 — o — 8 then the following
inequality holds: 6—1/2 < 0. Equation (55) is the Wiener-Hopf integral equation [15]. Using the Fourier
transform, like the well-known characteristic special integral equation with the Cauchy kernel, This
equation is reduced to the Riemann boundary value problem and thereby it is solved in quadratures.
Fredholm’s theorems for integral equations of the convolution type will be valid only in one case, when
the index of these equations is equal to zero.

The index x of equation (55) will be the index of the expression 1 — K”\(z) with the reverse sign,
ie. x = —Ind(1 — K"(x)), here [15]

+o0 .
KMNz) = \/12? / K(t)eitdt —

A /+°° et A e T nk B
 KVsin(n0) J_o ket/2 +e-t/2  KYsin(0m) k- ch(nzx) N

1T

B M\ mlng e~
- kY/2H0sin(Or) ch(rx)

— A(2) = iB*(a),

where
A\ m2lnk cosT A mink sinx

= k1240 5in(07) ch(nz)’ (z) = kY240 sin(0m) ch(rz)
From (56) it can be seen that

A*(x)

(56)

(A @) _  Ar’(ink| 1
|B*(z)| | — kY/2t0sin(0r) ch(rzx)’

and A*(z) = O (1/ch(nx)),B*(x) = O(1/ch(wx)) for large enough ones |z|. Hence, by virtue of
condition (36) of Theorem 2 it follows that

1.

A" (@) | _  Aur?|ink] _k1/2*93in(97r)]lnk\<
|B*(z)| [ ~ kV/2H0sin|0r| i

Hence
Re(1 — K"(x)) > 0. (57)

Changing the argument of a complex-valued function 1 — K”*(x) on the real axis, expressed in full
revolutions and taken with the reverse sign [15] taking into account the inequality (57) the index x of
equation (55) is equal to

v = ~Ind(1 — K"(2)) = —[arg(1 — K"())]235 =

1 Im(1 = KM2)]*™ _ 1 [  B'(x) ]+
| = e o)

= o | Re(1 — KM a) 1= A% (2)

—00

1 tgD 12| =0
= —— |arctg— — arctg—| =
o 97 97 ’

since A*(f+o0) = 0, B*(£o0) = 0. Consequently, equation (55) is uniquely reduced to the Fredholm
integral equation of the second kind, the unambiguous solvability of which follows from the uniqueness
of the solution of the problem A*. Theorem 2 is proved.
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Conclusion

The paper investigates the issues of unique solvability for one class of problems in a non-standard
formulation for a degenerate hyperbolic equation with singular coefficients (1) in a bounded domain.

For equation (1), when the conditions 0 < «, 8 < 1, a+ 8 < 1 are hold, a non-classical problem
is formulated with missing Goursat conditions (3) on the characteristic boundary of the domain and
an analog of Frankl condition (4) on the boundary of degeneracy.

It is shown that the validity of the theorem on the uniqueness of the solution to problem A (1)-
(4) significantly depends on the ratio between the coefficient p in Frankl conditions (4), the location
of point ¢ lying on the line of degeneracy and on the coefficients a and Sy in equation (1).

The theorem on the existence of a solution to problem A (1)—(4) is proved by reducing it to the
problem of solving a non-standard singular integral equation with a non-Fredholm integral operator in
the non-characteristic part of the equation, the kernel of which has an isolated first-order singularity.
Further, using the Carleman regularization method, the theory of Wiener-Hopf equations, the problem
is equivalently (in the sense of solvability) reduced to an integral equation of the second kind, the
solvability of which follows from the uniqueness of the solution to the problem A.

In conclusion, we note that the constructive properties of solutions to equation (1) significantly
depend on the values of the parameters m, «, .

Issues of setting and studying the solvability of similar non-standard problems for other parameter
values when P (g, Bo) ¢ AAFB;Cj have not been investigated.
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AiiMaKTBIH HIeKapachIH/a ©3Telle/IeHEeTIH CUHTYJIdap KO3 DUIIMeHTTi
rurepOooJIaJIbIK TeHJley VIIiH »KericneiiTin I'ypca miapTer 6ap ecen

M. Mupcabypos!, A.C. Bepapimues?, C.B. Qpramesal, O.B. Maky16aii?

1 . .
Tepmes memaexemmir ynusepcumemsi, Tepme3d, Osbexcman;
2 A6at amomdaen: Kazax yammes nedazozurarss ynusepcumems, Aamamuo, Kasaxcman

2KymMbIc runepboJIalibIK, TEHIEY YIMH aiMaKThIH XapaKTePUCTUKAJIBIK, IMTEKAPACHIHIA YKETICIIeHTIH IapTTa-
PpBI MeH e3relesieHeTiH cermenTiHaeri @paHKIIb MIapTHIHBIH AHAJIOTBI Oap ecenTi KOIoFa, K9He OHBIH, eIy
MOcCeJIeJIepiH 3epTTeyTe apHaJiFan. by ecenTiy Gerisii JTOKAJIIbI KOHE JIOKAJIBIEMEC €CEIITEP/IEH aifbIpMa-
MIBLIBIFBL: OipiHIIieH, rumepboJIaIbIK, TUIITErT TEHJEY epiKTi OH JPperKesi e3TelleIeHeTIH »KoHe IeKapa
GeJslikTepiHeri CUHTYIISIPILIK KO3(DMUIMEHTTEpMEH aJIbIHAbI, eKIHINIIeH, aiiMaKThIH XapaKTePUCTUKAJIBIK
meKapachl €pikTi Type eki besikke GostiHesi 2KoHe GipiHIi GestikTe 13/1emiHml DYHKIUSHBIH MoHI Oepimed,

Mathematics Series. No.2(114),/2024 161


https://doi.org/10.31857/S0374064121010064
https://doi.org/10.31857/S0374064121010064
https://doi.org/10.1023/A:1012546418000

M. Mirsaburov, A.S. Berdyshev et al.

aJ1 eKiHIi GeJriK MeTTIK MapTTaH 0ocaTblIFaH KoHe OyJ1 kericneiirin ['ypca maprsl e3remniesieHy cermMeH-
TiHgeri @paHKIb MIAPTHIHBIH AHAJOTBIMEH aJIMACTBIPBLIAJIBI, COHIAM-aK, 6erici3 (pyHKIUSTHBIH aifMaKThIH
0acKa XapaKTEePUCTUKAJIBIK, IIeKAPAChIHAAFBI MOHI 6eJirisi 60T canasa ibl. KoWbIIFaH ecenTit KaJIFbI3IbIK,
JKOHIHEr] TeopeMaHbIH, SN H KaMTaMachl3 eTeTiH TeHIeyAiH KoadduimeHTrepi MeH ecentiy 6epijirex-
aepi ymiiH 2KeTKUTiKTi maprrap Tabouiran. Ecen memmiminiy 6ap 6osty Teopemachl siapochl GipiHrmm perri
OKIIIayJTAHFAH €PEeKINeJIiri 6ap TEeHIey/IiH XapaKTePUCTUKAJIBIK eMec Oeiriage dpearoJbMIiK eMec WHTe-
rpaJIJIBIK, OIIePaTOPbl 6ap CTAHIAPTTHI €MeC CHHIYJSPJIbIK, HHTEIPAJbIK TEHJIEYl eIy TYypaJibl eCerKe
KeJITipy apKbLIbI JoJesaene . Abiaral TeHaeyre KapaeMaHHBIH pery/Isipu3aliisijiay 9/IiCIH KOIIaHa OThI-
poin, Bunep-Xond maTErpansabik TeHaeyin kocambis. Bunep-Xond TenmeyiHiH HHIEKC] HOTe TeH eKeHIiri
JIRJIeJIJIEHTeH, COHIBIKTAH OJ1 eKiHmii Turnreri @pearoibMHIH HHTEIPAJJIBIK TeH/IeyiHe KeTipiie/i, aja OHbIH,
IS M/ITIT] ecen MIeNTiMIHIH YKAJIFbI3IbIFbIHAH TYbIH 1AM IbI.

Kiam cesdep: afiMaKTBIH IEKAPaCHIH/Ia ©3TeIIeIeHTeH TUIepOoIaIbK TeH ey, XkeTicreiitin ['ypca maprsr,
PpaHKIb MAPThI, CUHTYISIPIbI KO3hDUIINEeHT, dYyHKIUAIAPBIH TOJBIK OPTOIOHADb KYieci, CHHIYIISPJIIbI
nHTErpasiblK, TeHey, Bunep-Xond rexzeyi, mHIEKC.

3amada ¢ HegoCTAOMMM ycjioBrueM ['ypca Jijis BBIpOXK/IafoIerocs Ha
rpanuiie obJiacTu TunepoboInIecKOro ypaBHEeH!s C CUHTYJISIPHBIM
K03 duiimeHTOM

M. Mupcabypos!, A.C. Bepapimes?, C.B. Qpramesa!, A.B. Maky6aii?

L Tepmescruti zocydapemeenmuiti yrusepcumem, Tepmes, Yabexucman;
2 Kasazcrutl nayuonaivrod nedazozuveckutl yrusepcumem umeny Abas, Aamamo, Kazaxcman

Pabora mocssimena mocTaHoBKe M U3YYEHUIO BOIIPOCOB Pa3PEIIMMOCTU 3aJ[a9d C HEJOCTAIOIINMU YCIOBH-
sIMU Ha, XapaKTEePUCTUYECKOI rpaHuiie obsactu M aHajaoroM yciaobust OpaHKisl Ha OTpe3Ke BBIPOXKICHUS
JIsi TunepOoImIecKoro ypapaerus. OTiinane JTaHHONW 3a7a9N OT W3BECTHBIX JIOKAJIBHBIX M HEJIOKAJBHBIX
3a/1a4 COCTOUT B TOM, YTO, BO-IIEPBBIX, yPABHEHUE I'MIIEPOOIUIECKOrO THUIIA OEPETCS C MPOU3BOJILHBIM I10-
JIOKUATEJIbHBIM CTEIEHHBIM BBIPOXKJECHUEM M CUHTYJISPHBIME KO3(MdUIMEeHTaMN HA YacTU PAHUILI, ¥, BO-
BTOPBIX, XapaKTEPUCTUIECKAsT TPAHUIIA 00/IaCTH TPOU3BOIBLHBIM 00pa30M pa3bmBaeTcCst Ha JBa KyCKa, U HA
[IEPBOM KYCKe 3aJIaeTCsl 3HaUYeHUEe MCKOMOM (DYHKIMU, & BTOPOIl KYCOK OCBOOOXKIEH OT KPAEBOI'O YCJIOBHUS,
u 9TO HejocTraoulee ycsoBue 'ypca 3ameneno anasiorom ycioBust OpaHKisl Ha OTPE3Ke BBIPOXKICHUS, &
TaKyKe CUYNTAETCs] M3BECTHBIM 3HAUEHWE HEM3BECTHON (DYHKIMM HA JPYTroil XapaKTEPUCTUIECKON TpaHUIe
obnactu. Haliennl yciioBust Ha KO3 PUIMEHTHI YpaBHEHUSI U JaHHbIE C(hOPMYTUPOBAHHON 3aja9u, obec-
MEYNBAIOIINE CIIPABEJIMBOCTh TEOPEMBI €IMHCTBEHHOCTH. TeopemMa CyIecTBOBaHUsI PEIIeHUsT 3aa49u J0-
Ka3bIBAETCsT CBEJIEHUEM K 3aJa4e O PENIeHNN HECTAHIAPTHOTO CHHTYJISPHOIO MHTErPAJIHLHOTO YPABHEHUS C
HedPEeIroJIbMOBBIM UHTEIPAJILHBIM OIIEPATOPOM B HEXAPAKTEPUCTUYECKON YaCTU yPABHEHHUSI, si[PO KOTOPO-
ro UMeeT M30JIMPOBAHHYIO OCOOEHHOCTH MEPBOro MOpsijika. K MoJiyYeHHOMY ypaBHEHUIO, IIPUMEHsIsI METO,T
perynsipusarun Kapisiemana, mosrydaercss nHTerpajabHoe ypaBHernue Bunepa-Xomda. /lokazano, 9ro nHmekc
ypasaenusi Bunepa-Xortda paBeH HYIIIO, CIeI0BATEILHO, OHO OJIHO3HAYHO PELyIUPYETC K MHTETPAJTHLHOMY
ypasaennio ®PpeirosbMa BTOPOro Pofa, Pa3pelrnMocTb KOTOPOro CJeayeT W3 €JUHCTBEHHOCTH PEeIIeHUsT
3a/1a40.

Kmouesvie cro6a: BRIPOKIAIOIIEECsS HA TPaHUIEe 00JIaCTH TUIIEPOOINIECKOe YPABHEHNE, HEIOCTAIOIIEE YCI0-
Bue I'ypca, ycinosue PpaHKIIsA, CUHTYIAPHBIH KOIMDMUIMEHT, [TOJHAST OPTOTOHAJIbHAS cucTeMa (DYHKIHUI,
CHUHTYJIIPHOE WHTErpajbHOE YpaBHeHUe, ypaBHeHne Bunepa-Xormnda, WHIEKC.
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