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A fractionally loaded boundary value problem two-dimensional in the
spatial variable

In the paper, the boundary value problem for the loaded heat equation is solved, and the loaded term
is represented as the Riemann-Liouville derivative with respect to the time variable. The domain of the
unknown function is the cone. The order of the derivative in the loaded term is less than 1, and the load
moves along the lateral surface of the cone, that is in the domain of the desired function. The boundary
value problem is studied in the case of the isotropy property in an angular coordinate (case of axial
symmetry). The problem is reduced to the Volterra integral equation, which is solved by the method of the
Laplace integral transformation. It is also shown by direct verification that the resulting function satisfies
the boundary value problem.
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Introduction

It is known [1]| that, as a rule, mathematical models of nonlocal physical and biological fractal
processes are based on loaded differential equations with fractional order partial derivatives. In mono-
graph [2], A.M. Nakhushev gave a detailed bibliography on loaded equations, including various applica-
tions of loaded equations as a method for studying problems in mathematical biology, mathematical
physics, mathematical modeling of nonlocal processes and phenomena, and continuum mechanics with
memory. In [3,4], a boundary value problem for a fractionally loaded one-dimensional heat equation
is considered. The load moves at a variable velocity. The conditions for the unique solvability of
the boundary value problem are established depending on the order of the fractional derivative. In
this paper, we study the solvability of a boundary value problem that is two-dimensional in the
spatial variable. In [5, 6], a boundary value problem for the heat equation is considered in a cone
in Lebesgue and Sobolev spaces. The BVP is reduced to a Volterra type integral equation of the
second kind, and the method of successive approximations is not applicable to it [5]. This fact follows
from the incompressibility property of the integral operator [7,8]. As a result, nonzero solutions of the
homogeneous equation arise |9, 10]. Singular integral operators defined in a bounded domain of the
hodograph plane are considered in [11]. In this paper, we show the unique solvability of the reduced
integral equation and the boundary value problem posed in a certain functional class.

The paper is organized as follows: in Section 1 we introduce some necessary definitions and
mathematical preliminaries of fractional calculus which will be needed in the forthcoming Section.
In Section 2, the statement of a fractionally loaded BVP of heat conduction is given. The loaded term
is represented as a fractional Riemann-Liouville derivative with respect to the time variable. Since
the boundary value problem is studied in the case of the isotropy property in the angular coordinate
(when passing to polar coordinates), the problem statement for this case is also given. In Section 3,
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the BVP is equivalently reduced to the Volterra integral equation, namely, to the generalized Abel
equation. Section 4 contains solving the integral equation (homogeneous and nonhomogeneous) using
the Laplace transform method. Further, the solution of the BVP in the case of axial symmetry is
obtained. Also in this Section it is shown that the obtained solution satisfies the BVP. Finally, Section
5 presents the main results of the paper, namely, theorems on the solvability of the integral equation
and the boundary value problem posed in Section 2.

Note that in this paper the order of the derivative in the loaded term is less than the order of the
differential part of the equation. In [12], the order of the derivative is greater than two, and the boundary
value problem was reduced to an integro-differential equation, which led to the non-uniqueness of the
problem’s solution.

Summing up the above analysis of studies, we can say that boundary value problems for loaded
differential equations are well-posed in a number of cases in natural classes of functions, i.e., in this
case, the loaded term is interpreted as a weak perturbation. In the case of violation of the uniqueness of
the solution to a boundary value problem, the loaded term can be considered as a strong perturbation
[13-15]. Everywhere linear equations are considered. An interesting method for studying semilinear
equations in the [16].

1 Preliminaries

Let us first recall some previously known concepts and results. The first one is the definition of the
Riemann—Liouville fractional derivative.

Definition 1 (|17]). Let f(t) € Li]a,b]. Then, the Riemann-Liouville derivative of the order g is
defined as follows

6 L drt o f(7) B
TDa,tf(t)Mdtn/a Wdr, B,a€Rn—1<pB<n. (1)
From formula (1) it follows that

DO f(8) = (), +Diyf(t) = f(t), neN.

We study a boundary value problem for the loaded heat equation, that is two-dimensional in the
spatial coordinate when the loaded term is represented in the form of a fractional derivative. The
considered problem is reduced to an integral equation by inverting the integral part.

It’s known [18] the function

2 g2
e = gz |~ 1o ()

is a fundamental solution to the equation

ou_at [ ou
ot r T@r’

where

o] (§)2n+u
I — _\2; _
v(2) ;n!F(n+y+1), 00 < 1 < 00

is the modified Bessel function.

It’s known ([18]; p. 76) that in the domain Q0 = {(r,t) |0 < 7 < 400; t > 0} the solution to the
boundary value problem of heat conduction
ow a0 ow
— = ——(r— F(r,t
ot  ror <T87“>+ (r,2),
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wli=0 = wo(r)

is defined by the formula

+00 t +oo
wnt)= [ Greu@ds+ [ [ G- e dgar )
0 0o Jo
The Green function G (z,&,t — 7) satisfies the relation
+o0
| cwer-na- (3)
0
Indeed,
+o0o 1 400 r2 _'_§2 T‘f
= — — I > —
0 G(Taé.vt)dg 202t 0 §exp< Aa2t ) 0 <2a2t> d§
1 r2 +o00 52 ré’
2%t p( 1 2t>/0 § oxp <_4a2t> 0 <2a2t) de
T 1
From [19] (formula 2.15.5 (4) when a« =2; v =0, ¢ = 228 P 4a2t) we have

+o00

1 TQ v+2
G('I",g,t)df = %exp —@ Al/ .

0

Since v = 0 => A2 = AY*2. Then we get equality (3).
We assume that the right side of the BVP’s equation vanishes at ¢ < 0 and belongs to the class

®(z,y;t) € Lo (A)NC(B), (4)
WhereA:{(:n,y,t)|x>O, —OO<y<+OO,tG[O,T}},B:{(CE,y,t)|$>O, —OO<y<—|—OO,tZO},
T — const > 0.

The classes in which the problem is studied are determined from the natural requirement for the
existence and convergence of improper integrals that arise in the study.

2 Problem setting
Problem 1. In a domain
G={(z,y;t)|Va?+y2 < t; t >0} (5)

we consider a boundary value problem, two-dimensional in the spatial variable for a fractionally loaded
heat equation:

2 8
ur = a“Au+ MprrDyu(z,y;t)} + O(z,y;t) (6)
o Vz2+y2=t/2
with the condition of solution’s boundedness:
lim u(x,y;t) =0, (7)
z2+y2—+o00
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and with the condition on the lateral surface of the cone:

et =gl ®)
\ Tety =t

where ®(z,y;t) is a given function belonging to the class (4), X is a complex parameter, RLDgtu(:U, y; t)
is the Riemann-Liouville derivative of the order 3, 0 < 8 < 1, i.e.

3 L 1 d [tu(z,y;T)
rRrDgu(z, yt) = 1“(1—,8)dt/0 Wdf (9)

Let’s move on to polar coordinates:
r=rcos¢;, y=rsing; 0 < ¢ < 2m; r>0.

Since the problem (6)—(8) is considered in the case of the isotropy property in the angular coordinate
¢ (case of axial symmetry), we obtain the following problem.
Problem 2. In a domain Qs = {(r,t) | 7 > 0; ¢ > 0} find a solution to the equation

ow a% 0 ; Ow(rt) 3
5= oo () + A { e Dhw (i)} L 0, (10)
that satisfies the conditions
rhﬁrgo w(r,t) =0, (11)
w(r,t)|r=t = g(t). (12)

Hear w(r,t) = u(r cos ¢; r sin ¢; t) is unknown function, F'(r,t) = ®(r cos¢; r sin ¢; t).

The temperature field is assumed to be axisymmetric, i.e., it is approximated by the functional
dependence of the temperature only on the value of r. Note that due to the axisymmetric nature of the
problem under consideration and the degeneracy of the definition domain (5) to a point at the initial
time, conditions (8) and (12) implies the matching condition at the cone top w|,—¢p = w|¢=o = ¢(0).

Now we have the following boundary value problem.

Problem 3. In a domain Qs = {(r,t) | 7 > 0; t > 0} find a solution to the equation (10) that
satisfies condition (11) and the initial condition

w(r,t)]i=0 = 9(0). (13)
3 Reducing the boundary value problem to an integral equation

We invert the differential part of problem (10), (11), (13) by formula (2):

400 t 400
wirnt)= [ Gre,t)g(0)de + A / / G(r, 6.t — Tyu(r) dedr + f(r1), (14)
0 0 0
where
p(t) = {rrDgu(ri }| . (15)
t “+o00o
f(rt) = /0 /0 G(&,r.t —7) F(€,7) dédr. (16)
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Taking into account equality (3), representation (14) can be rewritten in the form

w(r,t) = g(0) + )\/0 w(T)dr + f(r,t). (17)

Applying to (17) the operator of fractional differentiation according to formula (9), substituting
r = & into the resulting expression, by virtue of notation (15) on the left in (17) we obtain the function

p(t

~—

Since

(1 — B)pLDP /t (1)d —d/tl/T @i =L [ (e)/t‘”de—
R0 Jo T T Sy =P T )y Sy et T
¢ _ -8 ¢
Sy QEOUEE iy U
dt Jo 1-p o (t—0)°
then from (17) after the above procedure we obtain an integral equation
9(0) 4 A /lt (1)
=2 4B dr+ fi(t), 0<pB <1,
A S ) B A L A

where

fi1(t) = { reDGf (1)} (18)

_t
r=3

Thus, problem (10), (11), (13) is reduced to solving the Volterra integral equation of the second
kind, namely the generalized Abel equation:

() - mA— B) /0 (tﬂ(:))ﬂc“ = F(?@B)tﬁ thE), 0<p<l, 19)

where fi(t) is defined by formulas (18), (16).
4 Solving the integral equation

Solving the integral equation in the case of the homogeneous equation in BVP (6)-(8). Consider
the corresponding problem for ®(x,y,t) = 0 in equation (6), i.e. F(r,t) = 0 in equation (10). Then
integral equation (10) will take the form:

A / ") 9(0) -
t) — dr = =5, 20
"OTTTH b G- T B) .
where fi(t) is defined by formulas (18), (16).
Let ®(s) = L[u(t)] be the Laplace image of the function u(t). Applying the integral Laplace
transform to equation (20) we obtain:

AP(s)  ¢(0) 1
(I)(S) — 51_,8 = 817_67 Res > ’)\|1_B.
From here
__9(0) -
(I)(s)_sl—ﬁ_/\’ Res > |\|T-5. (21)
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Applying the inverse Laplace transform, taking into account formula 1.80 [20]

L tak‘*'ﬂ_lES%(:tata)} = (sf!j;aa)iﬂ; Res > |a|é,
where E, 4(2) is the Mittag-Leffler function, i.e.
00 Lk
Basl2) = kzzo T(ak +b)’
from (21) we get
ult) = (O P By g s (M), (22)

Due to the representation (17) of the solution to problem (10), (13) for F(r,t) = 0 in the domain
Qo, taking into account (22) we get

w(r,t) = g(0) + Ag(0) /OtT—BEl,B;lﬁ (Afl—ﬁ) dr.
Since [20] (formula 1.99)
/O ’ Eop M) dt = 2B, 01 (A2%); (b > 0),
then
w(r,t) = g(0) + Ag(0)t PE1_go_s <)\t1_5) . (23)
(23) is the solution to problem (10), (13) in the domain Q, since condition (12) takes the form

(13). Thus, the solution to problem (6)—(8) for ®(x,y,t) = 0 in the case of axial symmetry has the
form:

u(@,y;t) = 9(0) + Ag(0) t P Er gz (M'F), (24)

where 0 < # < 1.
Due to the formula

we have at b=1 and z = X\t!=#
MOE g (M) = Brgn (MW7) - 1.
Then (24) will take the form:
u(z,y,t) = g0 B (M), (25)
since E,1(2) = Eq(2).
It can be shown by direct verification that function (25) satisfies homogeneous equation (6) in the

case of axial symmetry.
The case of BVP (6)-(8) at 8 = 1/2 when ®(z,y,t) = 0.
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1
If 6 = B in BVP (6)—(8) then expression (9) can be rewritten as
1 1 d [tu(z,t,T)
D¢ t)=—=— | ——=—=dr.
RL Otu(x,y, ) ﬁdt/() \/ﬁ T
Let

u

= 9(0),
t=0

where

ot) =zt
\ zety =t

and ®(z,y,t) = 0.
Then the solution to BVP (6)—(8) has the form (see (24))

u(.y:t) = g(0)Ey (W)

when ®(z,y,t) = 0. Since [20] (formula 1.65)

(:I:z%) = e”erfc <$z%) ,

u(z,y;t) = g(O)e/\Qterfc (—)\225) )

E

D=

then

where 5 ;
2
erfc z = / e S d¢
VT Jo
is the complementary error function.

Solving the integral equation (19). Consider now equation (19). Let L[fi(t)] = Fi(s). Then, in the
space of Laplace images, equation (19) takes the form:

a(s) - 220~ IO o),

From hear

P(s) = 51(323, + Fi(s) + A

Fi(s)
sl=F — X\’

Applying the inverse Laplace transform, we get:

pu(t) = g(0)t"Ey_g1p (Atl_ﬁ) + 1)+ M) B _gap (Atl_ﬁ> : (26)

Then, taking into account function (26), representation (17) has the form:
t
w(r,t) = g(0) + A / (907 g5 (A7) dr + fo(r) ) dr+
0
t T
22 [ [ 1@ =0 B (e - 0)77) dodr + 1) =
0o Jo

= 9(0) + Ag(O) P B 55 5 (M) +

t
0

A /Ot Fi(r)dr + 22 /Ot fl(e)de/ (r—0)PE 515 (A(T - 9)1—5) dr + f(r,1)
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that is
w(r,t) = g(0) + Ag(0)t P Ey_g5_g (At1_5> + A/t fi(r)dr + X /t AO)I(0;)do + f(r,t), (27)
0 0
where
1(0;t) = /9 (T=0)PE 515 (A(T - 0)17[3) dr = (t=0)"""Ei-pa-p ()‘(t a 9)175) ‘

Then function (27) can be rewritten as:

¢
w(r,t) = g(0) + /\g(O)tl_BEl,g’g,fg ()\tl_f3> + )\/D fi(r)dr+

+ 22 /Ot(t — T)l—ﬂElfﬁ,Zf,B (/\(t — 7)1—ﬁ> fi(r)dr + f(r,t). (28)

Due to the formula

we have at b= 1 and z = \t! P
)\tliﬁEl—ﬁ;z_g ()\tlfﬁ> =Fi_3 (Atlfﬁ) —1.

Then function (28) takes the form:

w(r,t) = g(O) s (M'77) + A /O B (Mt =77 falm)dr + f(r0), (29)

where f1(7) and f(r,t) are defined by formulas (18) and (16), respectively. (29) is a solution to BVP
(10), (11), (13).

So, in the case of axial symmetry in the domain G, the function

u(@,y,t) = g(0)Ey_g (Atl—ﬁ) A /Ot Eis ()\(t . 7)1—5) fi(r)dr + f (\/sﬂ T2, t)

is a solution to BVP (6)-(8), where fi(7) and f(r,t) are defined by formulas (18) and (16), respectively,
and F(r,t) = ®(r cos ¢, r sin¢; t).

Checking that function (29) is a solution to BVP (10), (11), (13).

We first rewrite function (29) in the form (28). Since

d
7[ BB 595 (Atl—ﬁ)] =t B g1 5 (Atl—ﬁ) ,

dt
then

d ! 1 1

g ), =) s (Mt =7)'7) falr)dr =

— /Ot % (=1 Bz (Nt = 7)) | fa(r) dr =

= [ B (-1 ) A
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Then from (28) we have

%%5::Agant—ﬁﬁa_@l_ﬂ(Aﬂfﬁ)—+Af1@)+
t _ _ 6f('r,t)
2 - T B8 R — T 1-5 T)aT .
a2 0 ([ ow\ a9 [ 9f(rt)
T or <7“ar>— r or (at> 8D

By virtue of notation (15) and equality (26), we have

2

R Dpw(r,t)| = () = gt Bysis (M'77) + fi()+
+ )\/Ot(t — 1) P B g1 (M= 1)) falr)dr. (32)

Substituting (30)-(32) into equation (10) we get:

af(r,t) cﬁg (Taf(r,t)

ot - r Or or

>+me. (33)

By notation (16), we have

0 , o t p+oo
fg; .- é?t/o /0 Gt = T)F(€,7) dédr =

t +o00 _ oo
- / / WF (€, 7)ddr + G(&,7;0)F(€,0) dE;
0 0 0

. (ﬁgfﬂt < (//+oo (€ rt—T7)F (gf)mm7>.

It is known [21] that
1 1
I (z) ~ 1+0( -
0~ 7 (0 ()

when |arg z| < § and |z] = oco. Then lim;_,o G(§,7,t) = 0. Therefore, equality (33) takes the form:

/(/HmaGf”t D pe, ) (Kmn—/‘/+w ki TGf”t D) (e, 7)dedr + F(rt)

/t /+oo [36;(57;15 —7) B aja(rG(é,T‘,t - T))]F(f, T)dédT = F(r,t). (34)

T or
Since G(§,r,t) is the fundamental solution of the heat equation in polar coordinates, then

G a2 d(rG)

ot r Oor

=0(&—r)o(t),
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where 0 is the Dirac function. Then equality (34) takes the form:

+oo
/0 (& —1)i(t) = F(&, t)dE = F(r,t)

“+oo
/0 (& —r)F (& t)dE = F(r,t).

Hence, function (29) satisfies equation (10). Function (29) obviously satisfies condition (11) due to the
choice of classes for F'(r,t). Let us now show that function (29) satisfies condition (13). We have

w(r, Hli=o = (0) + lim £(r,) = (0)

due to equality (16).
So, function (29) is a solution to BVP (10), (11), (13).

5 Main results
Theorem 1. Equation (19) is uniquely solvable in the class u(t) € C([0;T]), for any function side
fi(t) € AC([0;T]), and the solution to equation (19) is determined by formula (26).

Theorem 2. Let conditions (4) and F(r,t) = ®(r cos¢, r sing; t) € Li(t € [0;T]) be satisfied for
the function ®(z,y;t), the function p(t) is defined by formula (26). Then in the class Ly (t € [0;T7)
the boundary value problem (6)—(8) for the case of axial symmetry has a unique solution defined by
formula

u(@,y,t) = g(0)Ey_g <)\t1_f3) +A /Ot Eis </\(t - 7)1—5) Filr)dr + f <\/x2 T2, t) :

where fi(7) and f(r,t) are defined by formulas (18) and (16), respectively.

Remark. Since equation (19) is a generalised Abel equation, its solution can be written as [22]

+ /Ot R(t — 1) fi(r)dr

d & )\(t—Tlﬁ)
B0 = i 2 T (- Ao

where

or

R(t) = %El,ﬁ (Atlfﬁ) .

After simple transformations, we get formula (26).
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M.T. Kocmakosa!, K.A. Mxanosal, JI.ZK. Kacbmosa?

1 .
Axademur E.A. Boxemos amuvndaev, Kapasandv ynusepcumemi, Koadanbaav, Mamemamuka uHCMuUmymo,
Kapazanow, Kasaxcman;
206iakac Caevirnos amuindaeo, Kapaeandw mernukasvs yrusepcumemi, Kapaeanow, Kasaxcman

KeHicTiKTIiK allHBIMAJIBIAAFBI €Kl eJIIIeM/Il OeJIMIeKTIK >KYKTeMeJIi
MIETTIK eceIl

7KyMpIcTa *KYKTeMesi »KBUIYOTKI3TIMTIK TeHJeyl YIIH INeTTIK ecell KaPaCTBIPBLIIBI, »KYKTEJINeH MYyIIe
VaKbIT alHBIMAJBICBIHA KATBICTHI Puman—JluyBuir Tysmasicel periage Oepinren. Benricis dyHKIusHBIH
aHBIKTAJIy OOJIBICHI KOHYC OoJIbIll TabbL1aabl. 2K YKTeIreH Myleeri TybIHIBIHBIE peTi 1-7eH Kimi, am »Kyk
KOHYCTBIH, Oyitip Geri GofibIMEH KO3Fasiabl *KoHE 13716l DYHKIUAHBIH aHBIKTAJIy OOJIBICHIHA >KATaJIbl.
Ilerrik ecen GypBINTHIK KOOPAMHATTAFBI M30TPONHs KAcHeTi (OChTIK CHMMETPHs KAFJIAibl) KarJaibiH-
na 3eprrengi. Ecen Bonbreppa mHTErpaamplK TeHAeyiHe KeaTipinai »kone Jlanaac nHTerpasbl TYpJeHIipy
ozicimen mrentini. AsbiHraH QYHKIUAHBIH MIETTIK ecenTep/ii KaHAFaTTaH/IbIPATHIHBI TiKeJIel TeKCepy apKpl-
JIBI KOPCEeTiJIIi.

Kiam cesdep: XKYKTeJTEH MIETTIK €Cell, KBIIYOTKI3TIMTIK TeH ey, u30Tponus, Boabreppa MHTErPAJIIBIK,
Terzeyi, Jlamtac Typaenaipyi.

M.T. Kocmaxkosa!, K.A. Mxanosa', JI.7K. Kacbmnosa?

! Kapazandumncrut yrusepcumem umenu axademura E.A. Byxemosa, Hnemumym npukiaoHot Mamemamur,
Kapazanda, Kasaxcman;
2 Kapazanduncrut mexnuveckutl yrusepcumem umenu Abwakaca Cazunosa, Kapazanda, Kazaxcman

JIpobHo-Harpy»keHHasi KpaeBasi 3aJia4da, AByMepHas I10
IPOCTPAHCTBEHHON ITepEeMEHHON

B pabore HaiijieHO pelieHne KpaeBoii 3a/1a49u JJIsi HAarPy>KEHHOI'0 YPaBHEHUST TEILIOPOBOJHOCTH, B KOTOPOM
Harpy»KeHHOe CJIaraeMoe IPeJICTABIEeHO B BUJEe MPOu3BoHON Pumana—/luyBuiiist mo BpeMeHHO! mepeMeH-
Hoit. O6IaCTb OIpeIeIEHUsT HEM3BECTHON (DYHKITUN — KOHYC. [1opsiToK TpOon3BOIHOM B HATPY2KEHHOM UJIEHE
MeHbIle 1,  HArpy3Ka JIBHKETCs 10 HOKOBOI ITOBEPXHOCTH KOHYCa, KOTOPBIN HAXOAUTCH B OOJIACTH OIIpe-
nesteHust uckomoit dyunknmn. Kpaesast 3a/iata nccietoBana B ciydae CBOMCTBA M30TPOIHOCTH II0 YIJIOBOM
KoopauHaTe (Corydaii oceBoit cummerpun). 3a1a9a CBeIeHa K MHTErPAJLHOMY yPABHEHUIO Bosibreppa, KOTo-
poe pelraercss METoJI0OM MHTerpajbHoro npeobpasosanus Jlannaca. HemocpepcrBennoit npoBepkoil Tak»ke
MMOKA3aHO, YTO MOJTyvIeHHass (PYHKIUS YIOBIETBOPSET OCTaBIEHHON 3a1a4e.

Karoweswie carosa: Harpy»KeHHasi KpaeBas 3aJiada, ypaBHEHHE TEIIONPOBOIHOCTH, W30TPOIHOCTb, HWHTE-
rpajbHOe ypaBHeHune BosbTeppa, nmpeobpasoBanue Jlammaca.
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