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Cones generated by a generalized fractional maximal function

The paper considers the space of generalized fractional-maximal function, constructed on the basis of

a rearrangement-invariant space. Two types of cones generated by a nonincreasing rearrangement of a

generalized fractional-maximal function and equipped with positive homogeneous functionals are constructed.
The question of embedding the space of generalized fractional-maximal function in a rearrangement-

invariant space is investigated. This question reduces to the embedding of the considered cone in the

corresponding rearrangement-invariant spaces. In addition, conditions for covering a cone generated by

generalized fractional-maximal function by the cone generated by generalized Riesz potentials are given.

Cones from non-increasing rearrangements of generalized potentials were previously considered in the works

of M. Goldman, E. Bakhtigareeva, G. Karshygina and others.

Keywords: rearrangement-invariant spaces, non-increasing rearrangements of functions, cones generated by
generalized fractional-maximal function, covering of cones.

Introduction

In this work two types of cones of non-negative monotonically non-increasing functions on the
positive semiaxis generated by generalized fractional maximal functions and equipped with corresponding
positively homogeneous functionals are introduced. We give the conditions on the function ®, under
which there are pointwise mutual covering of these cones.

In the work of Hakim D.I., Nakai E., Sawano Y. [1|, Kucukaslan A. [2]|, Mustafayev R., Bilgicli
N. [3], Gogatishvili A. [4] a generalized fractional-maximal functions of another type were defined, a
particular case of which is the classical fractional-maximal function.

It is known that the maximal function is a very important operator in the theory of functions.
With their help, many important issues of the theory of function and harmonic analysis are solved.
The generalized fractional-maximal functions are also closely related to the generalized Riesz potentials,
considered in the works of Goldman M.L. [5-7] (see also [8-10]).

The study of various properties of operators using a generalized fractional-maximal function is
sometimes easier than the study of such operators using a generalized potential.

In this paper, we aim to determine the cones of non-negative measurable functions generated by a
generalized fractional-maximal function and to investigate the properties of such cones.

1 Definitions, notation, and auziliary statements

Let (5,3, 1) be space with a measure. Here is ¥ is o-algebra of subsets of the set S, on which
is determined a non-negative o-finite, o-additive measure p. By Lo = Lo(S, %, ) denotes the set
of p-measurable real-valued functions f : S — R, and by Lar a subset of the set Ly consisting of
non-negative functions:

Ly ={f€Ly: f>0}

By L(')F (0, 00;J) we denote the set of all non-increasing functions belonging to Lg .
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Definition 1. [11] A mapping p : L — [0,00] is called a functional norm (short: FN), if the next
conditions are met for all f, g, f, € L, n € N:

(P1) p(f)=0= f =0, u— almost everywhere (briefly: pu— a.e.);

plaf)=ap(f), a >0; p(f+g) < p(f)+ p(g) (properties of the norm);

(P2) f<g, (u—ae.)=p(f) <plg) (monotony of the norm);
(P3) fut £ = plfa) = p(f)(n — 00) (the Fatou property);
(P4) 0<p(o) <oo= [ fdu<cop(f), f € Lg (Local integrability);

)

(P5) 0 < p(o) < oo = p(xe) < oo (finiteness of the FN for characteristic functions (x.) of sets
of finite measure).

Here f, 1 f means that f, < fni1, le fn=f (p-ae.).

Definition 2. Let p be a functional norm. The set of functions X = X(p) from Lo, for which
p(|f]) < oo is called a Banach function space (briefly: BFS), generated by the FN p. For f € X we
assume

1f1lx = p(I£1)-

Let Lo = Lo(R™) be the set of all Lebesgue measurable functions f : R* — C; Ly = Lo(R"™) be
the set of functions f € Ly, for which the non-increasing rearrangement of the f* is not identical to
infinity. Non-increasing rearrangement f* is defined by the equality:

frt) =infly € [0;00) 0 Apy) <1}, 1€ Ry = (0;00),

where
Ar(y) = pnf{z € R": |f(2)| >y}, ye€l0,00)

is the Lebesgue distribution function. It is known that f* is a non-negative, non-increasing and right-
continuous function on Ry ; f* is equimeasurable with |f], i.e.

p{t € Ry s f7(0) >yt = pn{z € R": [f(z)] >y},

here p is the Lebesgue measure (on R™ or on R, respectively, see [1]).

Let f# : R® — R™ denote a symmetric rearrangement of f, i.e. a radially symmetric non-negative
non-increasing right continuous function (as a function of r = |z|, z € R™) that is equimeasurable with
f. That is

t

Un

Sl=

FE) = £ o™ 1) = fF <( )

here v, is the volume of the n-dimensional unit ball.
The function f** : (0,00) — [0, 00] is defined as

)7 T7tE]R+7

t
=7 [ £ te Ry,
0

It is clear that f** is a non-increasing function on R .
Really, let t; < to, then

to t1 to
) = o 0/ £r(o)dr = 0/ row sy, [ e s
t1
< o [reir ey 20
to to
0
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Hence, we have

t1 t1 -
. 1 N to — 11 N 1 to —t1 . B
o) < ty Jrdr+ toty /f (rydr < <tz+ taty >/f (r)dr =
0 0 0
7
= fr(r)dr = f(t)
1
0

Definition 3. A functional norm p is said to be rearrangement-invariant if

7 <g = p(f) <plg)
Banach function space X = X(p), generated by a rearrangement invariant functional norm p will be
called a rearrangement invariant space (in short: RIS).

Ezample 1. Let S = R™, u = u, be the Lebesgue measure in R", 1 < p < oo; u € Lo(R™), 0 <
u < oo, (p-a.e.); u€ Lé"c(R"), % IS L;‘?C(R"), % + }% =1.
The space X = L, ,(R") with a norm fx = fr,, i.e.

1
1fllx = ( / IfUIpdu) 1< p<oss |fllx = o, p=oo
Rn

is a BFS. Associated space:
X =Ly 1 (R™).

Everywhere in this work, we denote rearrangement invariant space (in short: RIS) by £ = E (R”),

and by E' = E'(R") the associated rearrangement-invariant space and E = E(R.), E/ E'(Ry)
their Luxembourg representation, i.e. such RIS that

1Ale =117 Ngllz = lg™lz- (1)

Let € be a set of all nonnegative, finite on R, decreasing and right continuous functions:
Qo ={g: R+ = [0;00); gl g(t+0)=g(t), t€ R}

Definition 4. A function f : Ry — Ry is called quasi-decreasing and is denoted by f | (quasi-
increasing and is denoted by f 1) if there exists C' > 1, such that

f(tg) < Cf(tl) if t1 < tg

(f(tl) < Cf(tQ) if 1 < tg).

Throughout this work we will denote by C', C', Cy positive constants, generally speaking, different
in different places.
By the notation f(x) = g(x) we mean that there are constants C; > 0, Cy > 0 such that

Cif(t) < g(t) < Caf(t), tE€R,.

Definition 5. Let n € N and R € (0;00]. We say that a function ® : (0; R) — Ry belongs to the
class A, (R) if:

(1) @ is non-increasing and continuous on (0; R);

(2) the function ®(r)r" is quasi-increasing on (0, R).

For example, ®(t) =t € A,(0), 0 < a <n.
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Definition 6. [12] Let n € N and R € (0;00]. A function ® : (0; R) — Ry belongs to the class
By, (R) if the following conditions hold:

(1) @ is non-increasing and continuous on (0; R);

(2) there exists C' > 0 such that

T

/@(p)pn_ldp < Co(r)r", re(0,R). (2)
0

For example,

B(p) = p™ " € By(oo) (0 < a <n):  B(p) = znef € B.(R), R€ R,.

For @ € B),(R) the following estimate also holds

T

/(I)(p)p”_ldp >n to(r)r", r € (0, R).

0
Therefore ,
/ B(p)p" Ldp = ()™, 1 € (0, R), 3)
0
O e B(R)={0<D|; &(r)r". 1, r € (0,R)}. (4)

Definition 7. Let ® € A,,(c0). The generalized fractional-mazimal function Mg f is defined for the
function f € L} (R") by

loc

(Ma f)() = sup B(r) / F()ldy,

r>0
B(z,r)

where B(x, 7‘) is a ball with the center at the point z and radius r. That is, consider the operator Mg:
L} (R") — Lo(R™).

loc

In the case ®(r) = r*", a € (0;n) we obtain the classical fractional maximal function M, f:

(o)) = [ 1f)ldy

r>0
B(z,r)

We denote by Mg = MZ(R™) the set of the functions u, for which there is a function f € E(R")
such that

u(z) = (Mg f)(z),
ullpre = inf{llflle: f € E(R"), Mef=u} ()

such a space Mg will be called space of generalized fractional-maximal function.
Note that in the works of Goldman M.L., Bakhtigareeva E.G [4-5], the generalized Riesz potential
was considered using the convolution operator:

A: E(R") — Lo(R"),

Af(@) = (G o) =20 [ Gl =) f )y,
J
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where the kernel G(z) satisfies the conditions:
G(z) = @(|lz), =€ R", (6)
® € B,(o0); Jc€ Ry
The kernel of the classical Riesz potential has the form
G(z) =|z|*™", a € (0;n).

Note that, unlike the operator A the operator Mg is not linear.

Definition 8. Define S = {K(T')} for T' € (0, o] as a set of cones considering from measurable non-
negative functions on (0,7, equipped with positive homogeneous functionals py M) K (T) — [0,00)
with properties:

(1) he K(T), a=0=ah e K(T), pr(ah)=aprm(h);

(2) pr(r)(h) = 0= h =0 almost everywhere on (0, 7).

Definition 9. [5] Let K(T'), M(T) € S7. The cone K (T') covers the cone M(T') (notation: M(T") <
K(T)) if there exist Cyp = Cy(T') € Ry, and C1 = C1(T) € [0,00) with Cj(c0) = 0 such that for each
hi € M(T) there is hy € K(T) satisfying

pr(r)(h2) < Coprrery(h1), ha(t) < ha(t) + Crpn(ry(h), t € (0,T).
The equivalence of the cones means mutual covering;:
M(T)~ K(T) < M(T) < K(T) < M(T).

Let E is rearrangement-invariant space (briefly: RIS). We consider the following two cones of
decreasing rearrangements of generalized fractional maximal function equipped with homogeneous
functionals, respectively:

Ki=KMg :={he LT(Ry):h(t) =u*(t), t Ry, u € My},

prcy (h) = inf{[lull e - w € ME; u*(t) = h(t), t € Ry} (7)

Ko=KMR:={h:h(t)=u*(t), t € Ry, uc ME},
prcs(h) = inf{||ull e - w € ME; w*™(t) = h(t), t € Ry} (8)

This means that the cones K7 and K5 consist of non-increasing rearrangements of generalized fractional
maximal functions.

Note that in the works of Goldman M.L. [5], Bokayev N.A., Goldman M.L., Karshygina G.Zh.
[9-10] cones generated by generalized potentials are considered. They study the space of potentials
HY = HY(R"™) in n-dimensional Euclidean space:

HER") ={u=Gxf:f€ER")},
where E(R") is an rearrangement invariant space (RIS).
lullge = inf{||fllz: f € ER"); G * f = u},

M(T) = KME(T) = {h(t) = u*(t),t € (0;T),u € H},
pur)(h) = inf{|lullgo : v € Hg;u*(t) = h(t),t € (0;T)};
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M(T)= KMS(T) = {h(t) = u™*(t),t € (0;T) : u € HE},

pir(h) = inf{llull g : w € Hsu™(t) = h(t).t € (0:T)}.
In the following Theorem 1 [13] gives the estimate for a non-increasing rearrangement of a generalized

fractional maximal function (Mg f) by non-increasing rearrangement of the function f.

Theorem 1. Let ® € A, (c0). Then there exist a positive constant C, depending from n € N such
that

(Maf)'(t) < C sup sd(s"/™)f*(s), ¢ € (0,00),

t<s<oo

for every f € L (R™).

In the following theorem we give the compares of the cone generated by a generalized fractional-
maximal function and the cone generated by the generalized Riesz potential.

Theorem 2. Let ® € B,(c0) and kernel G(z) satisfies the condition (6). Then cone generated
by the generalized potential covers the cone generated by the generalized maximal function, i.e.
KMg < KM§.

Proof. Let h1 € K Mg’, then according to the definition of K Mg) there is a function u; € M, such
that hy(t) = uj(t). So there is a function f € E(R") such that

ui () = (Mg f1) (),

1f1llz < 2[udllpre-

Therefore
||U1HK1 < 4:0K1 (h1)>

| flle < Cprar(h).

Therefore, by Theorem 1 and taking into account the monotonicity of the function ® | and denoting

% 1/n
(1) = / @(55 ) e,

we have:

s

mt) = (Maf)'(t)<C sup B(s") / f*(r)dr =

t<s<oo
0
1 2sd§ s
— - s 1/ny | * <
tfllfoo0<ln2/ §>q)(‘9 )- [ s
s 0
y o) /
< . —_— . * <
C S ln2 : d§ /f (T)dr <
Zs gl/n
< - sup / / T)drd§ <
t<s<oo
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/f*(T)dT+

f*(T)dT'/(D(fl/n)dfgC- <¢(t)-/tf*(r)d7'+
¢ 0

IN

Q
\
”L
3
\

“’;

w(s)f*(f)d7> <O (G ) (1) = halt).

We put that
ho(t) = C - (G * f#)"(t),t € Ry.

Consequently hy(t) < ha(t). So
K, =KME < KM,

pary(ha) < C|fF e = Cllflle < 2Cpxa(h).

Theorem 2 is proved.

Lemma 1. The following covering takes place
K < K.
Proof. Let hi1 € K1. Then there is a function u; € Mg such that
hi(t) = ui(®), lwllae < 20K, (ha).

For u; € Mg we find f; € E(R") satisfying

wi(@) = (Mo f1)(z) = sup &(r / f(6)de,
r>0 B(ew)

11l ERny < 2[uallpe-

Hence hi(t) = (Mg f1)™(t) and (see (1), (2), (3)),

[l = 1l pers < 4om, (o).

By inequality
wi(t) < u'(t), tE R,

We set
hg(t) = UT*(t) € K.

Then we have hi(t) < ha(t). Moreover (see (8), (5), (4), (7))
pix(h2) = [urllare < [l f1llmn) < 4px; (ha)-

We proved K7 < K5. Lemma 1 is proved.
The following theorem shows that the embedding of the space of generalized fractional linear spaces
in the RIS X (R") is reduced to the embedding of the cone K1 = K1 M in the space of the RIS X (R.).
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Theorem 3. Let ® € By (00). The embedding
ME(R") < X(R") 9)
is equivalence to the next embedding
K1 ME(R,) > X(Ry), (10)
Proof. From embedding (9) it follows that there is a constant C; € R4 such that for any u € M
gy = Nullxqen) < Cullullagogan- (11)
For h € Ky = KlME;I> we find the function u € Mg such that u* = h and
[ullare @ny < 208, (h). (12)
From (11) and (12) it follows that h = u* € X (R,)
1hll g, < 2Cipm (h).

i.e. holds (10).
Conversely let the embedding (10) hold. For u € Mg (R") and h = u* € K; Mg (Ry) we get

HhH)E(R+) < COPK1(h)7
but pg, (h) < HUHME(R")’ so the last estimate is
lull x @) = vl 5@,y < Collullypgny,  Yu€ MER™).
That is MZ(R") < X (R™). Theorem 3 is proved.
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LI H. Dymunes amwimdaes. Eypasus yammows yrusepcumemi, Acmana, Kaszaxeman;
2Yegua Povim axademuacoinsr, Mamemamuka unemumymu, Ipaza, exus

Kannbuiagral 6eJIeKTi-MakcuMaJiabl PYHKITMSIMEH TYbIH/IaFaH
KOHYCTap

2KywmpicTa aybICTHIPMAJIBI-HHBAPUAHTTHIK, KEHICTIK HETI3iH/Ie XKAJIIbIIAHFAH OOJIIIEKTi-MaKCUMAJIIBI PYHK-
mus KEeHICTirl KapacToIpblirad. 2Kanbluianral OeJIeKTi-MakCuMaJ bl (DYHKITUSIHBIH, OCIEeATIH aJIMacThl-
PYBIMEH KYPBIJIFaH XKoHe OH OIpTeKTi (DyHKIUIIApMEH *KabIbIKTaIFaH KOHYCTapIblH €Ki Typi KYypacThIPbI-
sran. ZKannbutanran GeeKTi-MakKCuMa bl DYHKIUS KEHICTITIH aybICThIPMAJIbI-HHBAPUAHTTHIK, KEHICTIK-
Ke eHri3y moceJieci 3epTresi. by cypak KapacTbIpbLIATHIH KOHYCTBI COMKEC aybICThIPMAJIbI-UHBAPUAHTTHIK,
KeHicTiKTepre eHrizyre okesemni. COHbIMEH KaTap, *KaJIbLJIAHFAH OOJIEKTI-MaKCUMAJIbI (PYHKIMSA apKbl-
JIBI TYBIHJIaFaH KOHYCTHI >KaJIIbIJIaHFaH PUCC TOTEHINATBI aPKBLIbI TYBIHIAFaH KOHYCIEH Kaly mapTTapbl
Oepisiren. 2KaJmblLIanraH MOTEHIIAAJIAP/IBIH, OCIIENTIH aJIMACTBIPYJIapPbIHbIH, KOHycTapbl Oypbin M. osbi-
maH, D. Baxrturapeesa, I'. Kapmbiruna xkone 1.6. eHOEKTEPiHIE KAPACTHIPHLIFAH.

Kiam cesdep: aybICTBIpMAJIBI-UHBAPUAHTTHIK, KEHICTIKTED, (PYHKIMSHBIH, OCIIEHTIH aJIMaCThIPYIAPhI, YKaJl-
MBLTAHFAH OOJIIIEeKTi-MaKCUMAJIIbl DYHKIUSIAD aPKbLIbI TYBIHAAFAH KOHYCTAP, KOHYCTAP/IBIH, Ka0y/Iaphl.
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1 Lo o
Espasutickut nayuonasvrol yrusepcumem umernu JI.H. lymunesa, Acmana, Kasaxcman;
2 Unemumym mamemamuru Axademuu nayx Jexuu, Hpaza, Yexua

Konycol, mopoxkeHHble 0000MIeHHO APOOHO-MaKCUMAaJIbLHOM
dyukiueii

B pabore paccMOTpeHO poCTpaHCTBO 0600IIEHHOM APOOHO-MaKCUMAIBLHON (DYHKITUN Ha OCHOBE IT€PECTaHOBOYHO-
WHBAPWAHTHOTO MPOCTPAHCTBA. 1l0CTPOEHBI /1Ba BUIa KOHYCOB, ITOPOXK/IEHHBIX HEBO3PACTAIOIIEH MepecTa-
HOBKO# 0DOOIIEHHON JIPOOHO-MAKCUMAJIbHON (DYHKIMEH U CHAOXKEHHBIX IOJIOYKUTETbHBIMUA OJTHOPOIHBIMU
dyukmonasamu. VccaeaoBaH BOIMPOC O BJIOYKEHUHW IMMPOCTPAHCTBA OOOOIEHHBIX JIPOOHO-MAKCUMAIbHBIX
GYHKIHUI B IepeCTAHOBOYHO-MHBAPUAHTHOE MPOCTPAHCTBO. DTOT BOIPOC CBOJUTCS K BJIOXKEHHUIO PACCMAT-
PUBAEMOr0 KOHYCA B COOTBETCTBYIOIINE IT€PECTAHOBOYHO-MHBAPHAHTHBIE IPOCTPAHCTBa. Kpome Toro, mpu-
BEJIEHBI YCJIOBUSI JIJIsI MTOKPBITHSI KOHYCA, MOPOXKIEHHOTO ODODOINEHHON IPOOHO-MaKCUMAJIBHON (DYyHKIUENT,
KOHYCOM, TIOPOXKJIEHHBIM 00001eHHbIM TToTeHImaoM Pucca. Konychl n3 HeBo3pacTamommux mepecTaHOBOK
0600IIIEHHBIX IOTEHIUAJIOB ObLIN n3y4deHbl panee B paborax M. lonbamana, 9. Baxrurapeesoii, I'. Kaprbi-
TUHON U APYyTHUX.

Karoueswie cro6a: 1epecTaHOBOYHO-NHBAPHAHTHBIE IIPOCTPAHCTBA, HEBO3PACTAIOIINE [I€PECTAHOBKH (DYHK-
Wi, KOHYCBI, TOPOXKIEHHBbIE 000OIMEHHBIMA JTPOOHO-MAKCUMATBHBIMU (DYHKITASIMUA, TOKPBITHE KOHYCOB.
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