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1 Introduction

The theory of derivatives and integrals of non-integer (fractional) order, called fractional calculus, is
becoming increasingly important both for the development of modern mathematics and for applications
in various fields of natural science. Both ordinary and partial differential equations of fractional order
have been used over the past few decades to model many physical and chemical processes and in
engineering [1-7].

Fractional partial differential equations have become especially important for modeling the so-called
anomalous diffusion processes in nature and the theory of complex systems [1]. Such equations are also
associated with fractional Brownian motions, the continuous random walk in time (CTRW) method,
stable Levy distributions, etc. [2,7|. Fractional differential equations also make it possible to study the
long-term and nonlocal dependence of many anomalous processes.

Since the fractional order equation generalizes the integer order equation, as well as a relatively
small number of systematized analytical and numerical methods for such equations, make this direction
a priority in the general theory of differential equations.

The mathematical theory of fractional differential equations is more or less fully investigated
for ordinary equations [1|, whereas for partial differential equations it differs from the situation for
the equation of one variable. In the scientific literature, analogs of the initial data problem and
initial boundary value problems for the simplest partial differential equations of fractional order were
considered mainly. Methods for solving such problems are considered in [1, 8-10].

The issues of solvability of local and non-local problems for various fractional order equations are
considered in [11-16].

Spectral properties, including Volterra property and the existence of eigenvalues, for a mixed
fractional order equation, as far as we know, are almost not studied. Note that the solvability issues
and spectral properties of local and nonlocal problems for a mixed parabolic-hyperbolic equation of
the second and third orders are studied in [17-24].
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The work is devoted to the study of the solvability and spectral properties of local and nonlocal
problems for the diffusion-wave equation of fractional order. The regular and strong solvability of the
tasks set in the domains with both characteristic and non-characteristic boundaries of the domain
is proved. The unambiguous solvability of the problem is established, theorems on the existence of
eigenvalues are proved, or the Volterra nature of the problems under consideration.

Consider equation

Lu(z,y) = f(z,9), (1)
where ( ) ( )
_ CDgxu z,y _uyy €r,Y), y>07
Lu(e,y) = { Ugz (T,Y) — Uyy(T,y), y <0, @
1 [ ug (t,y)
Dy 3 = ) 1.
0wt (z, ) I‘(l—a)/(a:—t)adt 0<a<
0

['(z) is Euler’s gamma-function, (2) is an integral-differential operator of fractional order « in the sense
of Caputo [1; 92|, f(z,y) is a given function.

2 Solvability and Volterra property of local and nonlocal problems for the diffusion-wave equation

Let Q@ = Qg U Q; U AB be a domain, where € is a rectangle ABByAy with vertices A (0,0),
B(1,0), By (1,1), Ap(0,1), ©; is a domain bounded by segments AB and smooth curve AD : y =
—y(x), 0 <z <, where 0,5 <1 <1; v(0) =0, l +~(I) =1, and characteristic BD : x —y = 1 of
equation (1), if I < 1 and y(I) = 0, if I = 1 (when D = B), located inside the characteristic triangle
O<z+y<z—y<Ll

With respect to the curve v (x), we suppose that v (z) is twice continuously differentiable function
and x £ 7 (x) are monotonically increasing functions, and 0 < +/(z) < 1, v(z) > 0, « > 0.

Problem M;jA. Find a solution to equation (1) satisfying conditions:

u(0,y) =0, 0 <y <1, (3)
u(z,1)=0, 0 <z <1, (4)
(ug — uy) |ap = 0. (5)

Definition 1. The regular solution to the problem M; A in the domain 2 will be called the function
u(z,y) € V, where

V = {u(az,y) cu(z,y) € C(Q)N C’l‘l(Q U AC), DG u(x,y), uyy(z,y) € C(Qo), u(z,y) € 02'2(Q1)},

satisfying the equation (1) in o U 21 and conditions (3)—(5).

In domain Qgconsider the following auxiliary problem:
Problem (. Find a solution to equation (1) for y > 0 satisfying conditions (3), (4) and

uz(2,0) —uy(x,0) =d(x), 0 <z <1, (6)

where 0(z) is a given function.

Lemma 1. Let be §(x) € C1[0,1]. Then for any function f(z,y) € C*(Qp) is a solution to problem
C allows a priori estimates.

D lue, )2, 0. + 2 / ey (E )12, 0y dt < C / 1) 20 i+ / Sdt|,  (7)
0 0 0
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1
where || f(z,y) H%Z(OJ) = [ f*(x,y)dy. Hereinafter symbol will denote a positive constant that does not
0

depend on u(z,y), not necessarily the same.

Proof of Lemma 1. We multiply equation (1) for y > 0 by u(z,y) and integrating from 0 to 1 over
y and taking into account conditions (3),(4) after some transformations we have

1 1 1
/u:cyDOz dy+/u (z,y)dy + 7(x /f u(z,y)dy, (8)
0 0 0
where
7(z) = u(z,0), 0 <z <1, 9)
v(z) =uy(x,0), 0 <z <1. (10)

It is known [10], that
1

/uwy D u(x,y)dy > - /D()yc (z,y)dy.
0 0

By virtue of the last inequality, from (8), taking into account (6) and the notations (9), (10) we obtain

1 1
/ D (@, y)dy + 2 / W, y)dy + 2 (2)7 (@) < 2 / w(,y) (@, y)dy + 2r(2)8(x). (1)
0 0

Integrating (11) over ¢ from 0 to z, taking into account 7(0) = 0 and using known inequalities we have

x

D (e )y +2 [ et o), de+ 7@ < [ [Jut )l o + 15Dy + 72(0) + 670) .
0

0
(12)
In the left part of (12), omitting the first two terms and applying the Gronwall-Bellman inequality, we

will have .

/TQ(t)dt < C'/ [H“(tay)H%Q(og) + ”f(tvy)H%Q(og) +67(t) | dt.
0 0

Taking into account the last from (12) we have

D, Ml )17, 0,1 +2/!uy DT 00) < / lu(t, )17 50,1y + 1 E DI Ty 0,0) +62(1) | dt. (13)
0

Similarly as above, omitting the second term of the left part in (13) and applying Lemma 1 in [10] we
have

D5 M@0 < Ty / 17 )1 0.0

we have

J 1t o de < € [ 1701 0 + 50 dr (14
0 0
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From (12)-(14) it is followed the validity of the a priori estimate (7). Lemma 1 is proved.

Now consider equation (1) in the domain ;. By virtue of the unambiguous solvability of the Cauchy
problem (1), (9), (10) for the wave equation, any regular solution of the B problem in the domain €
is represented as

u(eg) =5 |T© -+ - [vinyar| - [da [ n (15)
3

13 &1

where ¢ = z+y, n=xz—y, 4f1(&n)=f <£+77 & ’7) Due to the conditions imposed on the function

v (z), equation of the curve AD in characteristic variables £, n allows representation
§=A(), 0<n<1, and A(n) <.

In (15) satisfying condition (5) after some simple transformations we have

v(z) =71'(x) -2 / fig,x)dé, 0 <z <1, (16)
Azx)
The ratio (16) is the main functional relationship between 7 (z) and v () brought to the segment AB
from hyperbolic domain €.

Substituting obtained expression v (z) into (15), after some transformations we get presentation of
the solution u (§,7) in domain ;.

e / i / i (€rm) de. (1)
Alm)
Now in (7) assuming that 6(z) = 2 [ f1(£,z)d¢ it is not difficult to establish the validity of the

A(z)
following lemma.

Lemma 2. For any function f(z,y) € C*(Q), £(0,0) = 0 the solution to problem M;B allows a
priori estimate

xT

DG e ) By + [ Tt ) 0t < C | [ )Eyon de+ [ a [Irenfar. as)
0 0 3

0

Lemma 2 implies the validity of the following estimate

e, )l o) + ey @)y gy < CIF ) agey (19)

where L9(€2) is quadratically summable functions in 2.

Consider the following auxiliary problem C5. In domain € find a solution of equation (1), satisfying
conditions (3), (4) and (9).

The solution of equation (1), satisfying conditions (3), (4) and (9) in domain €y can be presented
in a form (8]

T 1

u(:l:,y) —/Ey1 (1’-.%'1,:1/,0) (.’I)l d.’IJl—f—/dl'l/E x_xhy?yl)f(xlvyl)dyla (20)
0
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where
g1 +o0 _
z v ( =y 2\ s ly+y+20) a
Pl =" ¥ [og (Hmmgrl) g (a0
n=—o00
[e.@]
e}:g (t) = nz() WZBM is Wright type function [8]. Differentiating (20) over y we have
T T 1
Uy (ﬁay):/Eyly (x_IlayaO) (331 dl‘l—’_/ 1/Ey 55—9517?/,?/1)f($1ay1)dyl (21)
0 0

and using known formulas [8], [18] after some calculations, going to limit in (21) for y — 0 we have:

1

v(z)= _/m(m_xl)Tl(xl)dml+/d5131/Ey (z —21,0,91) f (z1,91) dyn, (22)
0

0

where

= -8 1,1-8 ‘27’L’ . 1 -B 9 -8 1,1-8 27’1, 9
3 el () e v S (). e
n=-—o0o

Note that (22) is the main functional rate between 7/ (z) and v (z), brought to the segment from
domain €.

Excluding from the functional relations (16) and (22) the function v (z), with respect to 7/ (z) we
obtain the equation

/m (x—t)7T'(t)dt =Q(z), 0 <z <1, (24)

where .
Q(r) =2 / fi€,x df-i-/dﬂ?l/Ey r —x1,0,91) f (w1, y1)dys. (25)

A(x) 0

Lemma 3. [8] Let be 0 < 6 < 1. Then for functions E(x,y,y1) and Ey(x,y,y1) the following
estimates take place

B(z,y,y1)| < CaP871 0<u <1, 0<y1<y<1, 0<0<1, (26)
By (z,y,1)] < CPIFD"L 0z <1, 0<y1<y<1, 0<O<1. (27)
The proof of Lemma 3 is carried out using the inequality

yp—ltcs—legg_(_ywt—T) < pr—wG—I . t6+0T_1, 0<6<1.

By virtue of Lemma 3 and v(z) € C?[0,1], f(z,y) € CY(Q), £(0,0) = 0 from (25) it is not difficult to
establish that

Q(z) € C'[0,1] and Q(0) = 0. (28)

Thus, by virtue of (23), the problem M;jA is equivalently (in the sense of unambiguous solvability)
reduced to a Volterra type integral equation of the second kind with a weak singularity (24). Therefore,

8 Bulletin of the Karaganda University



Spectral properties of ...

by virtue of (28), there is a unique solution of equation (24) from the class C* [0, 1] and it is representable
as

(@) = Qz)+ / R(z—1)Q)dt, (29)

where R (z) is the resolvent of the integral equation (24)

o0

x), mi(x) =m(x), mpy1 (z) = | my(xz —t)my (¢)dt.
2 1 +1 O/ 1

From (29) taking into account 7 (0) = 0, we have

T x

T(x) = /R1 (x —t)Q(t)dt, where Ry (x) =1+ / R () dt. (30)

0 0

Substituting (30) in (17) and (20), taking into account (25) after some transformations we have

(.’E y / Ml l’ yaxlvyl)f('rlayl)dxdya (31)

where
M1 (:C7y>$1’y1) =0 (':U - xl) [0( )MOI (:U yaxlayl) +0 (_ )Mll (x,y,xl,y1)] ) (32)

MOl ($,y7$1,y1) :H(yl) E(x_Ilayayl /dZ/Eyl -z, )Rl (Z_t)Ey (t_x1707y1)dt +
~U1 /Ey1 —t,4,0) Ry (t —m) dt,

3
M (z,y,z1,y1) =0 (01 /Rl y (t—2x1,0,91) dt+
0
)

450 (o) 86 —m) Ba (€ —m) + 6 (~y1)8.n—m) 0 (m — )86~ &),

Where§1:$1+y17 =1 —¥Y, §:$+y7 n=x-y, 9(y):1’ y>oand9(y):07y<0
Taking into account explicit types of functions

MOl (x7y7xl7yl) ) Mll ('r7y7$17y1)

it is not difficult to establish that in (32) all terms are bounded, with the exception of the first —
Moy (x,y,21,y1), in which by virtue of Lemma 3, the summand may not be limited E (z — x1,y,y1)-
Therefore, it is enough to show that

0(x—21)0(y1)0(y) E(z —21,y,51) € Lo (2 x Q).

By virtue of Lemma 3 from estimation (26) by direct calculation we have

16z — 21)E(x — 21, y, 91) 17, (0x0) < C{2+0)B[1+ (2+0)8]} .
Therefore, M (z,y,x1,y1) € La(2 x Q).
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Lemma 4. If f(x,y) € La(Q), then Q(z) € Lo[0,1] and Q)17 01y < C I1£(2, )17, (q) -

Proof of Lemma 4 taking into account (25), (27) It is carried out by direct calculation using the
well-known Cauchy-Bunyakovsky inequality. From (29) we have

HT/ (ZU)HLQ(OJ) < CHQ(fU)HLQ(o,l) < CHf(x?y)HLQ(Q)' (33)

From (17) by virtue (33) by direct calculation it is not difficult to establish that

e, )l @y < C 1@ 9) | ygey (34)

where W (1) is S.L. Sobolev’s space. From (18) and (34) we have

Dg, H lul@, 917500y + S Ny (97500 @ + ul@, yllyr 0, <
T 9 ° T 1 9 9 (35)
<C bef(tay)HLg(O,l) + Ofdf{ LF(& o) dt+ [ f (@, )10 | -

Thus, summarizing the above statements, the following theorem is proved.

Theorem 1. For any function f(z,y) € C*(Q), f(A) = 0 there is a unique regular solution to the
problem M1 A (1), (3)-(5) and it is represented in the form (31) and satisfies the inequality (35). From
(35) or (19) and (34) it is followed the the validity of the estimate

[, )|, (o) + [ (@ 9) | Ly 0y + 1@ D) lwg 00y < ClFE W)L, @) (36)

Definition 2. The function u(z,y) € Lao(Q) is called a strong solution to problem M A, if there is
a sequence of functions {un(z,v)}, un(z,y) € V, satisfying conditions (3)—(5), such that

lun (@, ) = (@, ) |y = 00 | Ltun(@,y) — F(@,9) [y = 0 for n— o

Theorem 2. For any function f(x,y) € Lo(Q2) there is a unique strong solution u(zx,y) to the
problem M; A. This solution can be represented as (31) and satisfies the estimate (36).

The proof of Theorem 2 in the presence of a representation of the solution (31) and the estimate
(36) is proved in the same way as in [22-24].

By B; we denote a closure in space Lo(€2), of fractional differential operator given at the set of
functions V', satisfying conditions (3)—(5), with expression (2).

According to the definition of a strong solution to the problem M; A, u(x,y) is a strong solution to
the problem Mj A only and only then, when u(x,y) € D(B;), where D(Bj) is a definition domain of
operator Bj.

From theorem 2 it follows that operator Bj is closed and its definition domain is dense in La(€2);
there exists an inverse operator B it is defined in all Ly () and quite continuous.

In this regard, a natural question arises: is there an eigenvalue of the operator B ! and therefore
to the problem? The main result is the theorem on the absence of eigenvalues of the operator By L

Theorem 3. Integral operator

By f(z,y) =/ My (x,y, z1,y1) f (21, y1)dz1dys, (37)
o

where M (z,y,x1,y1) € L2(2 x Q) is Volterra in La(€2).
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Proof. To prove Theorem 3, we need to show that the operator By ! defined by formula (37) is
completely continuous and quasinilpotent. Since the complete continuity of this operator follows from

the fact that M (z,y,x1,y1) € La(2 x ), show that Bl_1 is quasinilpotent, i.e.

lim ||By

1
S [1BE, o) pa@) = 0

where B; " = Bl_1 [Bl_(n_l)} ,n=12..
From (37) by direct calculation, taking into account (32) is not difficult to obtain that

B "f(x,y) = // My (z,y, v1,91) f (21, y1)d21dys,
o

where
My (z,y, 21, 41) 2/ Mi(z,y, 22, y2) M(n 1) (22, y2, 21, y1)dwodzy, n=2.3...
Q
Lemma 5. For iterated kernels M, (z,y,z1,y1) there is an assessment
3\"t 1"
) N (7) (l‘ _ xl)n'y—l

M, < | =
| n(x7y>$17y1)| = <2 I‘(n’y)

9

where v = (2+6)5, N = Cd, C is coefficient from the assessment (26),

d= max ’($—$1)1_7M1(x,y,$1,y1) cif <L
(z,y)eQ
(:c1,y1)€Q

d= max ’Ml(x7y7x17y1)’7 Zf72 1.
(zy)eQ
(z1,y1)€Q

The proof of Lemma 5 we carry out by induction method over n.
For n = 1 the inequality
‘Ml(.’ll‘, Y, x1, yl)‘ < N(.’IJ - xl)’y_l

follows from representation (32) taking into account estimate (26).
Let be (40) valid for n = k — 1. Let ’s prove the validity of this formula for n = k.
Using inequality (40) for n =1 and n = k — 1 we have

|Mg(z,y,21,91)| = //Ml(%y,wz,yz)'M(k—1)($2>y2,$1y1)d932dyz <
Q

< //‘Ml(xuya 552792)‘ : ‘M(k—l)(x2ay2,$1ayl)|dﬁzd?/Q g
Q

2

1 3\ " I'"1(v)
< // O(x — z2)N(x — 22)7 " 0(x2 — 21) <> Nkili(xz — :vl)(kfl)vfldxgdyz <
Q

I'{(k = 1)1

3\ I 1(y) f - —1)y— _
= (2) Nkr[(k;-1)ﬂ/®‘”> Yag — 20)F D77y =

x1

Mathematics series. Ne 2(110)/2023
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1

k—1 k—1 k-1 k
N @) Nkr[r(k: —(1))7 2 1/07 (1= o) o (3) Nk?(zm (& =),

0

which proves Lemma 5.
Using the consistently known Schwarz inequality and Lemma 5 from the representation (39) we
have

2
-n 2 —n 2
| B f(ﬂfay)HLQ(Q)://‘Bl f(z,y)] d:cdy:// / My (z,y, z1,91) f(x1, y1)dzrdy: | dedy <
o o Lo

<// /\Mn($,y7$1,y1)|2dfﬁ1dy1 /’f@?l,yl)fzdﬂcldyl dxdy <
0 o )

§ 2n F2n(7) 9
< (%) e Ve

1
. 3N\" 2\ _I'"(v)
12 o = (1) (4 2)

From the latter it is not difficult to establish equality (38). Theorem 3 is proved.

From here we get

Corollary 1. Problem Mj A is Volterra nature problem.

Corollary 2. For any complex number A the equation Biu(z,y)—Au(z,y) = f(z,y) is unambiguously
solvable at all f(z,y) € La(2).

Let now 7 is a domain bounded by segments AB and characteristics AC : z +y = 0, BC :
x —y = 1 of equation (1) and smooth curve AD : y = —y(z), 0 < & < I, where 0,5 < [ <
1;,v(0)=0,14+~()=1,if I <1and y(l) =0, if ] = 1 is located inside the characteristic triangle
O<z+y<Lz—y<l.

A generalization of the problem in the domain €2 is the following non-local problem for equation
(1), where in the hyperbolic part of the mixed domain, the non-local condition pointwise connects the
values of the tangent derivative of the desired solution on the characteristic AC with the derivatives
in the direction of the characteristic of the desired function on an arbitrary curve AD lying inside the
characteristic triangle, with the ends at the origin and on the characteristic BC' (at a point B).

Problem M;B. Find a solution of equation (1) satisfying the conditions (3), (4) and

[ue — uy] [fo (8)] + 1 (t) [ue —uy] [7 (1) =0, 0 <t <1, (41)

where 0 (t), (6* (t)) is an affix of the intersection point of the characteristic AC' (curve AD) with the
characteristic coming out of the point (¢,0), 0<t<1, u (¢) is a given function.

In the case when o = 1, the problem M;B coincides with nonlocal problem for mixed parabolic
and hyperbolic equation with non-characteristic line of type change. In this case, regular and strong
solvability issues and Volterra property of problem M;B are investigated in [21-24|. Note that the
problem M; B, when p(x) = 0 coincides with the problem of Tricomi for diffusion and wave equation,
and in the case when p(t) = oo coincides with the problem M A.

Similarly, as in the case of the problem Mj A, the concept of a regular and strong solution to the
problem is introduced. Applying the methodology of proofs of theorems 1-3, the following theorem is
proved.

Theorem 4. Let be p(t) € C10,1] and p(z) # —1, 0 < 2 < 1. Then :

12 Bulletin of the Karaganda University
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a) for any function f(x,y) € C1(Q), f(A) = 0 there is a unique regular solution to the problem
MiB (1), (3), (4), (41) and it is represented in the form (31) and satisfies the inequality (35);

b) for any function f(z,y) € L2(f2) there exists a unique strong solution u(z, y) to problem M; B.
This solution can be presented in the form (31) and satisfies estimate (36);

c¢) the problem M; B is Volterra nature problem.

8 Solvability and existence of eigenvalues of local and nonlocal problems for the diffusion-wave
equation

In domain €2 of considered section 2 we investigate the following problem: Problem MsA. Find a
solution of equation (1) satisfying the conditions

u |AAOUA()BO = 0 ) (42)

Uz + Uy |apuBD = 0. (43)

Definition 3. The regular solution to the problem MsA in the domain 2 will be called the function
u(z,y) € W, where W = {(:U,y) cu(z,y) €C(QANCH(QUADUBD), Dg u(z,y), uyy(x,y) € C(Qo),
u(z,y) € C*2(Q)}, satisfying equation (1) in Qo U 4 and conditions (42)—(43).

Definition 4. The function u(z,y) € Lo () is called a strong solution to the problem M>A, if there
exists {un (z,y)}, un(z,y) € W, satisfying conditions (42)—(43), such that [lun (2, y) — u(z, y)| 1) — 0,
[ Lun (2, y) = f(2,9)llg = 0, for n — oco.

Similarly, as in section 2, the regular solvability of the problem MsA.

Theorem 5. For any function f € Ly (€2) there is a unique strong solution u(x,y) to problem MyA.
This solution can be presented in the form

u(w,y) = //K(%y;%l,yl)f($1,y1)d$€1dy1, (44)
o

where K (x,y;x1,y1) € Lo ( x ), and satisfies estimate (36).
Similarly as in the problem Mj A, the solution to problem MsA in domain € we seek in the form
(15). Based on (43) from (15) we find
e(8)
v©=-7©-2 [ fiEmn, 0= (45)
£

where n = ¢ (£), 0 < & < &y, ¢ (&) = 1 is an equation of the curve AD in characteristic variables £, n
and ¢ (§) =1, §o <& <1 in the case when D # B and n = ¢ (&), 0 <& <1 when D = B.
Substituting the resulting expression v (£) into (15), we obtain

n w(&1)
u(x,y) =7(n)+ /d& / J1 (&1, 1) dny. (46)
3 n

The formula (45) gives an integro-differential relation between 7 (z) and v (x), brought to the
segment AB from hyperbolic part ;.

Mathematics series. Ne 2(110)/2023 13
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Taking into account (22) and (45), it is not difficult to establish that the problem M>A is equivalent
to the following Volterra integral equation of the second kind

—/m(:L‘—t)T/(t)dt:‘I)(l‘), 0<z<1, (47)

w(z)
where ® (z) = -2 f Ji(x,m) dm — fdxle —x1,0,y1) f (w1, y1)dys.

Since m (z — t) is a kernel with a weak feature then there is a unique strong solution to equation
(47), and it is representable as

#(2) = D (2) + / Iz — 1) (1) dt, (48)
where I' (x) is a resolvent of equation (48):

ij , mi(x) =m(x), mjp (:E):/ml (x —t)m; (t)dt.

0

From (48), taking into account 7 (0) = 0, we have

T w(&1) T 1
T(r)=-2 [ d& Li(z—&) f(&,m)dn— [ dey | By (x—2,01) f(21,91) dyr,  (49)
jo] fof
where
I(x)=1+ (t)dt, Eq(z,y1) Ey (t,0,y1)I'1 (x —t) dt. (50)
[* -

Substituting (49) into (20) and (46), we obtain

x x (51)

u(x,y) =/d$1/E2 r—x1,9,%1) f (21, 91)dy1—2 /d§1 / By (z —&1,y) f1(§,m) dn, y > 0,
0 0 &1
(51)
U] w(&1) n w(&1)
:/d& / £ (€rm) dn1—2/d£1 / Ty (n— &) 1 (€0, m) din—
n 0 &1 (52)

3
1
/diEl/E1 n—x1,y1) f(z1,y1) dy1, y <O,
0

where
xT

EQ ($7y7y1) = E($7y7y1) - /Ey ($707y1)E1 (.’E - tv yl) dt.
0
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From (51) and (52) we get (44), where the kernel has the form

K (z,y;21,51) = 0 () {0(y1) 0 (x — 1) B2 (z —21,9,91) —
—0(—y1) 0 (x — &) Er (2 — &, y)} + 0 (—y) {=0(y1) 0 (n — 1) Ex (n — z1,51) +

) (53)
#00m) 306 - 90— €)0m —1) -0~ &)Ti(n-)| |
From (44), (51), (52) and properties of the solution to the first initial boundary value problem for
the diffusion equation [8], as in Theorem 2 it follows all statements of Theorem 5.
By By we denote a closure in Ly (€2) of the operator given on a set of functions from W, satisfying
conditions (42),(43), with expression (2).

Theorem 6. Let be v (x) # 0. Then there exists A € C such that equation Bou(z,y) = Au(z,y) has
non-trivial solution u(x,y) € W.
Proof. From theorem 5 it is followed, that By is inversible and B, !is an operator of Hilbert—Schmidst,

defined by the formula (44). Then By 2 = (By 1)2 kernel operator in Ly (2).

Therefore, for the operator By 2 we apply the result of V.B. Lidskii [25] on the coincidence of matrix
and spectral traces. It is also known that for the kernel operator, represented as the product of two
Hilbert-Schmidt operators, the Gaal formula [26] trace calculation takes place. Using formula of Gaal,
we calculate the matrix trace By 2

SpBy? = // dxd@// K (z,y;21,y1) K (21,9152, y) deidy;. (54)

Taking into account the representation (53) from (54), after simple transformations, we obtain

1 1 x plx—E&2)—x
SpBy% = [dx [ dy | Ei(2,y)déf e (z — &) — E1 (n2,y)dnz+
[ /
. 1 »(&) n w(&1)
+4/d€ / dn/d& / O(m—&ET1(m—&[T1(n—=&)—0(m—n)]dn=A+B.
0 3 13 n

We will show that A + B > 0. Indeed, taking into account (50) and ¢ (t) # t will take place A > 0, if

E, (t,0,y1) > 0. (55)

We represent the function Ey (¢,0,y1) in the form

12T 10 121 + 1 | 1,0 12(n +1) — 1]
E,(t,0,y1) = 5 Z {61,5 <_t +ep ]|

Due to the properties of the Wright function [8; 46] e1 B( z) > 0, z > 0, therefore, from the latter
we get the justice of inequality (55). Also, from (50) it easily follows that

Fi(n—=&)—0(m—n) >0,

therefore B > 0.
Thus, A+ B > 0, as an integral in the positive direction of a non-negative and identically non -
zero function. From here we get that SpB; 2 > 0. Further, applying the results of [25], we have
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DM (By?) =) A (By') >0,
k=1

o0
where Ag (BQ_ 2) are eigenvalues of operator By 2 It means that > /\% > 0, where )\ are eigenvalues

k=1"k

of the problem (1), (42) and (43). This implies the existence of the eigenvalues of the problem M;A
for the diffusion-wave equation of fractional order. Theorem 6 is proved.

In conclusion, we note that the most interesting is the fact that in problems M;A and MsA, in
the case when point D coincides with point B, the Volterra property or existence of the problems
eigenvalues depend on the derivative directions of the desired function given in the non-characteristic
curve of the hyperbolic part of the boundary.
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H. Ouin, A.C. Bepapimes

A6at amvimdazv Kasax, yammo nedazozukarviy yrusepcumemi, Aamamol, Kasaxeman;
Axnapammuolk oicone ecenmeyins, mernoN02uAlap uncmumymaot, Aamamo, Kaszaxeman

Beamniek perti muddy3nsaibIK-TOJKBIHIBIK TE€HAEY YIIiH JIOKAJIbIi
2KOHe JIOKAJIb/II €éMeC ecelTep/IiH CIeKTPJK Kacuerrepi

Makasmana 6emex perTi quddy3uAIbIK-TOTKBIHIBIK TEHIEY YIIiH JIOKAJIbI] KOHE JIOKAJIbII eMeC eCenTep-
JiH IIemiM/IiIik Mocesenepl MeH CHeKTPIIK KacueTTepi 3eprresred. CHIATTAybIII YKOHE CHIATTAYBIII eMeC
nmekapaJsapb 6ap 0b/bICTapAa KOWBLIFAH €CENTEPIH PEeryIsp »KoHe KYIITI mentiMairiri morennenai. Ecern-
TepiH Gipereit memnriMiiri gosesaeHin, MeHImIKTI MoHIep/iH 6ap ekeHiri nemece Bosbreppa Tumingeri
€ecell eKeHIIr TypaJjbl TeopeMaJjiap J2JIe/IIeHTeH.

Kiam cesdep: nuddy3usiyibIK-TOMKBIHIBIK TEHIEY, OOJIIEK PETTI TEHAEYIIEDP, MEKAPABbIK €CenTep, KYIITi
mremnrim, Bosibreppa Kacueri, MEHITIKTI MoH.

H. Aguin, A.C. Bepapimes

Kasaxckul nayuonarvhoili nedazozuveckuts yrusepcumem umenu Abas, Aamamo, Kazaxcman;
HUncmumym un@opMaGUOHHBIT U GBIHUCAUTIEADHHLT MeTHoA02Uul, Aamamo, Kazaxcman

CriekTpaJjibHbIE CBOMCTBA JIOKAJBHBIX W HEJOKAJbHBIX 3a1a4 JIJIs
andpy3nMOHHO-BOJTHOBOTO ypPaBHEHUA APOOHOIO IMOPSIKa

B crarbe ucciieioBaHbI BOIPOCH Pa3pENIMMOCTI U CHEKTPAJIbHBIE CBOMCTBA JIOKATBHBIX M HEJIOKAIBHBIX 3a-
nad s 1uddy3noHHO-BOJIHOBOIO ypaBHEHUs NpOoOHOro mopsiaka. Jloka3aHbl peryspHas U CHIbHAs pas-
PEIIIMOCTH IIOCTaBJIEHHBIX 3aad B 00JIACTSX, KAK C XapaKTEPUCTUIECKOH, TaK U C HEXapaKTEePUCTHIECKON
rpaHuneit o6acTy. YCTaHOBJIEHA OJHO3HAUYHAs PA3PEIINMOCTD 3a4ad, U JOKA3aHbl TEOPEMBI O CYIIECTBOBa-
HUAN COOCTBEHHBIX 3HAYMEHHI MO0 BOJBTEPPOBOCTH PACCMATPUBAEMBIX 331at.

Kmouesvie caosa: muddy3nOHHO-BOJIHOBOE YpaBHEHME, YPaBHEHUsT IPOOHOTO TOPSIKA, KPAaeBble 33 1a4M,
CUJIbHOE DellleHne, BOJIbLTEPPOBOCTb, COOCTBEHHOE 3HAYEHUE.
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